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CUBATURE ON WIENER SPACE FOR MCKEAN-VLASOV SDES
WITH SMOOTH SCALAR INTERACTION'

BY DAN CRISAN AND EAMON MCMURRAY
Imperial College London

We present two cubature on Wiener space algorithms for the numerical
solution of McKean—Vlasov SDEs with smooth scalar interaction. First, we
consider a method introduced in [Stochastic Process. Appl. 125 (2015) 2206—
2255] under a uniformly elliptic assumption and extend the analysis to a uni-
form strong Hormander assumption. Then we introduce a new method based
on Lagrange polynomial interpolation. The analysis hinges on sharp gradient
to time-inhomogeneous parabolic PDEs bounds. These bounds may be of in-
dependent interest. They extend the classical results of Kusuoka and Stroock
[J. Fac. Sci., Univ. Tokyo, Sect. 1A, Math. 32 (1985) 1-76] and Kusuoka [J.
Math. Sci. Univ. Tokyo 10 (2003) 261-277] further developed in [J. Funct.
Anal. 263 (2012) 3024-3101; J. Funct. Anal. 268 (2015) 1928-1971; Cuba-
ture Methods and Applications (2013), Springer, Cham] and, more recently,
in [Probab. Theory Related Fields 171 (2016) 97-148]. Both algorithms are
tested through two numerical examples.

1. Introduction. In this paper, we analyse the error in two different algo-
rithms that use cubature on Wiener space to weakly approximate the solution of
a McKean—Vlasov SDE with smooth scalar interaction. By scalar interaction, we
mean that the dependence on the measure is through the integral against a scalar
function, so the McKean—Vlasov SDE takes the form

t d .t )
X =x+ [ Vol Eleo(x))ds + Y [ Vi(x3 Bl (x2)]) 0 B
i=1

where ¢; € CZ’O(RN; R), V; € CEO(RN“; RM) and B = (B!, ..., BY) is a Brow-
nian motion. We wish to approximate E[ f (X7)] for f Lipschitz continuous and
T > 0 a fixed time.

One common way of approaching this problem is to consider a discretisation
of the equation, such as the Euler—Maruyama scheme, along with a Monte Carlo
approximation. At each time step, an approximation of the law of X7 is then given
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by the empirical distribution of the entire Monte Carlo population. However, es-
timating the error due to approximating the expectation inside the coefficients by
the Monte Carlo estimator is exactly the problem one wishes to solve in the first
place. This leads to a more difficult analysis than for classical SDEs. Nonetheless,
this analysis has been carried out under a number of different assumptions when
the coefficients have the form

v,-(X;‘, [ nitx; =) Py an)

[different from (1)]. This type of scheme was studied in papers by Bossy, alone
[4] and along with Talay [5]; Kohatsu-Higa and Ogawa [23], and Antonelli and
Kohatsu-Higa [2]. In all of these papers, the total error is composed of a discretisa-
tion error of order ~/h or h, where h is size of the largest time step, and statistical
error of order N;,gz where Njsc is the number of Monte Carlo samples. A Mil-
stein discretisation is also analysed in Ogawa [39]. In [41], Tachet des Combes
proposes a deterministic numerical scheme based on discretising the PDE satisfied
by the density function of the solution to (1). More recently, in [40], a multi-level
Monte Carlo scheme has been analysed for equations of the type (1).

Systems of the time (1) have been studied in [26]. The particle representa-
tion of the solution of equation (1) appears explicitly in [28]. A generalization
of the model can be found in [20]. Section 1.8 in [25] presents the origins of this
model which can be traced back to the Vlasov equation for plasma which was then
augmented by McKean with a stochastic term. In the same section, the Landau—
Fokker—Planck equation is discussed. However, the nonlinearity is different here
as, in the case of Landau—Fokker—Planck, the coefficients depend on the convolu-
tions (shifted expectations), rather then just the expectations. The introduction of
diffusive noise can be considered as arising from natural scaling of various finite
state space models; see Section 5 in [24]. Equation (1) appears in many applica-
tions: for example, see [37] for an applications to Mathematics Biology, [6, 34] and
the more recent [8] for applications to mean field games and [11] for an application
to asset pricing through competing traders valuations.”

Cubature on Wiener space is a high-order alternative to Monte Carlo methods.
It is part of a class of methods called Kusuoka—Lyons—Victoir methods that have
been shown to be highly effective in practice; see, for example, [19], [38]. Applica-
tions include the nonlinear filtering problem [10, 17, 33, 35], backward stochastic
differential equations [13, 14] and calculating Greeks [42] in finance. Convergence
of the cubature approximation for some path dependent functionals has also been
shown in [3]. The starting point of the cubature on Wiener space method is to view
X7 as a functional of the Brownian path (B;)sc0, 7], say

X5 =y 7((Bseo.r),  axr:Co([0, T]; RY) — RY,

2The authors would like to thank Vassili Kolokoltsov and Tom Kurtz for pointing out relevant
references to the model considered here.
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and to view the expectation E[ f(X7)] as an integral over the Wiener space
@ E[£(X5)] = [ (/ o) @P(dw)

where Q = Cy([0, T]; R?) and P is the Wiener measure. The key idea of the cu-
bature on Wiener space method is that one can approximate such integrals by re-
placing the Wiener measure, P, by a discrete measure supported on finitely many
bounded variation paths, called a cubature measure. If the cubature measure is
chosen so that iterated Stratonovich integrals of Brownian motion up to some or-
der have the same expectation under the cubature and Wiener measures and the
time interval [0, 7'] is small, then by considering the Stratonovich-Taylor expan-
sion of the solution of the SDE, one can show that the target expectations under
the cubature and Wiener measures agree up to some high order error. When the
time interval is not small, [0, 7] can be partitioned into sub-intervals and the ap-
proximation performed over each sub-interval. In the original paper [36], dealing
with ordinary SDEs, evaluating the functional ax 7 at a bounded variation path w
amounts to solving an ordinary differential equation (ODE) and evaluating inte-
grals such as (2) under a cubature measure amounts to computing weighted sums
of solutions of ODEs. The complication for McKean—Vlasov equations like (1)
is that the functional o, 7 depends on the paths {(Eg; (X{))se0,71:1 =0, ...,d}
which are unknown. Instead, one must include an approximation of the functional
o, 1 in the design of the algorithm.

To our knowledge, the first algorithm involving cubature on Wiener Space in re-
lation to McKean—Vlasov SDE was introduced by Chaudru de Raynal and Garcia-
Trillos [18]. Their idea is to partition [0, T] into {0 =1y <t <--- <t, =T} and
over the interval [¢;, t;] to replace Eg; (X;) appearing in the coefficients with the
cubature approximation of the Taylor expansion of the path ¢ = E¢; (X;) around
tj up to some order, . The global error can, as in the original case, be decomposed
as a sum of local errors, and these local errors naturally split into an error due to
the approximation of E¢; (X;) in the coefficients, and an error due to replacing the
Wiener measure by a cubature measure. In [18], the authors consider the case of
smooth and bounded uniformly elliptic coefficients and prove that the error is of
order n~1@+DAU=D/21 where n is the number of time steps and / is the degree of
the cubature formula. In this paper, we show how to extend the error analysis to the
case when the coefficients satisfy a uniform strong Hérmander condition. One of
the reasons the authors of [18] choose to impose a uniformly elliptic condition on
the coefficients of equation (1) is the lack of available sharp derivative estimates
for time-inhomogeneous parabolic PDEs (which are necessary for the error anal-
ysis) under any more general conditions. For this reason, a secondary goal of this
work is to develop derivative estimates for time-inhomogeneous parabolic PDEs
under more general conditions and to analyse the error for the cubature on Wiener
space algorithm in this case. These estimates may be of independent interest. They
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extend the classical results of Kusuoka and Stroock [31] and Kusuoka [30], further
developed in [9, 12, 15] and, more recently, in [16].

In the second algorithm, which we call the Lagrange interpolation method, over
the interval [¢;,#;41], one simply replaces E¢; (X;) with the Lagrange polyno-
mial which interpolates the cubature approximation of the quantity E¢; (X;') at the
previous r points in the time partition.

For both algorithms, we deduce upper bounds for their corresponding rates of
convergence when approximating E[ f (X7)]. The bounds are presented as explicit
functions of the type of partition used, the number of points in the partition, the
smoothness of the the function f, the cubature order, the order of the Taylor ex-
pansion (for the first algorithm) and, respectively, the order of the Lagrange ap-
proximation (for the Lagrange interpolation algorithm). See Theorem 1.4 below
for details.

The paper is organized as follows: In the following, we present a brief introduc-
tion of cubature on the Wiener space followed by a detailed description of the paper
framework, the assumptions, the algorithms and the main results. In Section 2, we
collect a number of preliminary results required to prove the main result. The proof
of the main result, Theorem 1.4 is done in Section 3. In Section 4, we test both al-
gorithms on two numerical benchmarks. We complete the paper with an Appendix
containing derivative bounds for time-inhomogeneous parabolic PDEs under the
so-called UFG condition which may be of independent interest. These bounds are
the cornerstone of the convergence analysis of the numerical algorithms. Several
other generic results used in the earlier proofs are also incorporated in the Ap-
pendix.

1.1. Cubature on Wiener space. First, we detail what we mean by a cuba-
ture method on Wiener space. We need to introduce notation for iterated integrals
with respect to components of the (d + 1)-dimensional process (B%, B!,..., B
consisting of time and the d-dimensional Brownian motion. We use the following
notation for multi-indices on {0, ..., d}:

A:={2tu | J{0.1,....d}* and A :=A\{2, (0)}
k>1

We endow .4 with the concatenation operation

axpBi=(ar,....,a Bl ..., B, a=(i,...,o),B=(B1,....,0) €A

and we define o’ = (1) and —« := (02, ..., o), so that @ = o’ * —«. We define
the following n-tuples lengths:

o k, ifa=(ar,...,ap),
ol =
0, ifa =0,

||| := || +card{i :a; =0,i =1, ...,d}
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and define the set A(l) := {a € A: ||a|| <[} and define A (/) similarly. For @ € A,
we denote by I (Y) the iterated Stratonovich integral of the process Y over the
interval [z, s5]:

N Sn 52
IIO’[S(Y)::/;/; /t YS1Onglo"'Ongf:llOdBSO;".

Similarly, for a bounded variation path v = (a)l, R a)d) € Cpy([t, s]; R4 ), we set
»?(s) = s and denote the iterated integral of the stochastic process Y by 1 t"fs [w](Y):

S [Sh s
It‘)"s[a)](Y) ;:/ / / Yy, dwtsxll dwgnnjll dwtsxnn_
t t t
With this notation in hand, we can define a cubature formula (we follow here [36]).

DEFINITION 1.1 (Cubature formula). A set of Ncyp bounded variation paths,

W1, .y, ONew € Cpo ([0, 17; R?), for some Ncyp € N, together with some weights
Moo os ANey € RT such that 2 3 = 1 define a cubature formula on Wiener
Space of degree [ if, for any o € A(l),
Ncub
E[I§ (D] =Y A1, [0;1(1).
j=1

We note that for a given / € N, Lyons and Victoir [36] proved that there exists a
cubature formula on Wiener Space of degree /, with concrete examples given, for
certain pairs (I, d), in [36] and [19]. From the scaling properties of the Brownian
motion, we can deduce, for0 <t < s,

1
E[77,(D] = Y 3l [t 9)](1),
j=1
where w;(z,s) is the rescaled path defined by w; (7, s)(u) = /s — ta)j(s%l), ue
[z, s]. In other words, the expectation of the iterated Stratonovich integrals /;% (1)
with o € A(l) is the same under the Wiener measure as it is under the cubature
measure,

Ncub
@t,s = Z )‘jga)j(lys)'
j=1
Once we have a cubature measure Q and a partition IT,,, we can extend this to
a measure Q™ on [0, T'], supported on (N¢yp)" paths along a tree. We use the no-
tation My to denote multi-indices over {1, ..., Ncup} of length exactly k. We use
this set to index the nodes in the cubature tree after k time-steps or, equivalently,
the unique path leading to that node. To create the tree, one first creates the paths
by concatenating the rescaled paths: for p = (p1, ..., pn) € M,, define the path

wp(t) =wp(ti—1) +wp, (ti—1, ) (1) whent € [t;_1,1).
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Then one can attach a new weight to each path by
Ap:=T] Ap-
Pi€p
Finally, we can define a measure on all paths along the tree by

QM= > Apda,.

peEM,

1.2. QOutline and main results. In this section, let us make more precise our
contribution. We introduce the following processes:

d t .
3) X =x+y / V(X2 Egi(X3Y)) 0 dB
i=0"%
and
d t .
4) X =x+ ) / Vi (X5*Y Eg; (X%7)) 0 dB.
i—0 Ky

The first is just the McKean—Vlasov SDE started from x at time s. The second pro-

cess starts from x at time s as well, but with the path u > E[g; (X S’Y )] appearing
in the coefficients instead of the McKean—Vlasov term. This process is therefore
not a true McKean—Vlasov process but an SDE with coefficients depending on
time and a parameter, y. We introduce the operators

Puf @) i=BLF(X™)] and P () == ELF(X)]
We note that X (}’x = X%x,y |y=x, so the quantity we wish to compute is

Po.r f(x) =Py 7 f(X)]y=x-

Now, let us denote by E,y (¢i) a generic approximation of IE[(pi(X?’y )]. Later, we

will introduce specific approximations EtT Y (¢;) and EIL Y (¢;), corresponding to
the Taylor and Lagrange interpolation methods, respectively. We then introduce
the approximating process

d . .
Exit mxt Y [V X B ) odB,
i—0YS

and the operators
E.y . E s,x,y E.y . E y s,x,y
Pii7g(x):=E[g("X;"”7)] and QO g(x):=Eq,,[e("X;" )]

In a similar way, we will denote the local approximation operator by Qf ;¥ and,
once a partition I, of [0, T'] is fixed, we define

E x,I1, . E.x E . x
Qo " =001 Qi forz € [tj,tj4+1).
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Then Qg 7)5 o f(x) will be the final approximation of Py r f(x), with the global
error

(5) E(T,x,1,T1,) == (Por — Q57 ™") ().
‘We note that

sup |E(T,x, 1, T < sup (P — Q57 ™) f)].

xeRN x,yeRN

Now, for fixed y, {Psy’ ;10 <s <t <T}forms a two-parameter semigroup of oper-
ators. This allows us to decompose the global error of the scheme as follows:

[PgT QO t Qll B’ an 1, tn]f(x)

— y
Z QO tJ l] Lit1 Q[] t]+1] l‘j+1,Tf(x)'

Then, since || Qg ’tjy, dlloo < @ ]lco, We are left to estimate the local error

E, :
[Pl‘if,l‘j+| - Qtj,l%;qr]]u} (t_]+] ) -x)
uniformly in x and y, where
(6) w(t,x) =P f(x)

solves a parabolic PDE with coefficients depending on the parameter y € RV . The
resulting error analysis relies on regularity estimates for the solution of this PDE.
Now, let us specify what the approximation E; (¢;) is for each scheme. First,
the Taylor method: we wish to perform a Taylor expansion of the path ¢ +—
Eg; (X ?’x ), but since the coefficients in the SDE satisfied by X%* are of the form

V; (X?’)C ,Ep; (X ?’x)), we instead consider the Taylor expansion of this more gen-
eral form. For a pair of functions g € C;° (RY xR;R) and ¢ € Cye (RN R), Itd’s
formula yields

E[g(X)™, Ep(X{™))]
%) = g(x. o)) + f £28) (X0, Ep(X%))]

+E[(@y9) (X" Bo(X)™)) [E[(LEe) (X0™)] du.

where 9y is the derivative in the second argument of g and L7 is the differential
operator

Y= Vo Ego(X)™)) + 5 ZVz Egi (X29))%.
l 1
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Note that each term under the integral in the right-hand side of (7) is again a prod-
uct of terms of the form E[g (ngx ,Ep(X 8*" )1 for different functions g and ¢. Let
us denote by S the set of all paths (S;);¢q0,7] of the form

S =E[g(X"", Ep(X;"™))]

for some g € C‘b’O(RN x R;R), and ¢ € C;° (RN R) and denote by S the set of all
paths (St)te[O,T] of the form

_ nony
S=>TI5".

i=1j=1

where 11 and n, are positive integers and S/ € S for i =1,...,n; and j =
1,...,np. Fort € [0, T], we introduce the notation 7 : S — S for the map

Eg(X"*, Ep(X*")) > E[(£7g)(X**, Ep(X*))]
+E[3,8) (X, Ep (X)) E[(L70) (X*)],
so that the expansion of G = (G;);>¢ defined as
G, :=E[g(X)", Ep(X))]

in (7) can alternatively be written as
t
(8) G, :Go—i-/o Ts(G)ds.

For the Taylor expansion, we would like to apply 7 to the term 7 (G). To do so,
we extend 7 to an operator from S to itself by linearity

ni ni
()=
i=1 i=1
and a product rule
ny ) np np .
7'(]_[ SJ) => [] s/7(s%).
j=1 k=1 j=1,j#k

Since now we have 7 defined as an operator on S, we can iterate the expansion in
(8) to get the Taylor expansion of order ¢ > 1,

q .k 1

Nk
) G,—gk!(%) (G) + GED

/0 TG ds.

Now, for all s € [0,T], k > 1 and G € S we define (’7}Q)k(G) to be the same
expression as (7;)K(G) with all expectations under P replaced by expectations
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under Q. Then the approximation of Eg; (X?’y ) for the Taylor method, which
we henceforth denote by E ST Y (¢i), is

q
1
ElY @)=Y E(’];jQ)k(Epi(XO’y))(s —t)%  fors e lt;, tj1).

To define the approximation for the Lagrange interpolation method, we denote
by L[{(#, x,-)}i.‘: 1] the Lagrange interpolating polynomial of degree at most k — 1
with L[{(t,-,xi)}le](tj) =xj forall j =1,...,k (see p. 149 for further details).
We define the approximation of order r by

E (i) = LI (6= B9 g (X2 M2 V10 relttjml.

In other words, E; (¢;) for t € [t j»tj+1] is the unique polynomial of degree mini-
mal degree which passes through the points

Iy 0, o 0,
(thrl—((jH)Ar)’IEQ ¢i(th+y1—(<j+1)Ar)))’"'»(IJ’EQ ‘pi(thy))-

That is, if the time index j is greater than r — 1, we interpolate through the last
r cubature approximations of E; (X?’y ) along the partition. If j <r — 1, we in-

terpolate through all of the available previous points. We now detail Algorithms 1
and 2.

REMARK 1.2. The Taylor method requires finding an expression for the quan-
tity (T)K(Egp;(X%¥)) fork=1,...,q and i =0, ..., d either by hand or using
some symbolic computation. The Lagrange interpolation method does not require
this; the interpolating polynomial is defined at each time step as part of the algo-
rithm.

We state next the main assumptions of the paper. To do this, we introduce the
notation Vo) for iterated Lie brackets of the vector fields. In this setting, each
Vo, ..., Va: RN x R — R and we think of these as vector fields V; (-, x") on RY
parametrised by the second variable, x’ € R, with the Lie bracket between any two
given by

[Vi, Vil(x,x") = 3x Vj(x, x") Vi (x, x") — 0 Vi (x, x") Vi (x, x'),

where dV;(x, x") 1= (dy, Vl-k(x, x"))1<k.1<n is the Jacobian matrix of V; and simi-
larly for 9, V;. Then, for « € Uy {1, . ..,N}k and i € {1,..., N}, we define in-
ductively

Vi) == Vi, Viaxi1 :== [Vi, Vi1l
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Algorithm 1 Taylor method

Set ET (1) = Yo (1 — 1)K (T By (XO))

Define X f;jll as the solution of the ODE:

d

i=0

Set the associated weight: A . = Ay

Store - ey Ap@i (X7, )

1: Set (X2, Ag) =(x,1)
2. forO0<j<n-—1do
3 Let 7€ be as in the main text.
4 for p € M; do
5: for0<i<ddo
6
7 end for
8 for 1 <[ < Ny, do
9
x/=xP.
10:
11: end for
12: forO0<i<ddo
13:
14: end for
15: end for
16: end for

17: Final approximation of E[ f(X7)] is

> Apf(Xy)

PEM,

ASSUMPTION 1.3.
8 > 0 and m € N such that, for all £ e RV,

inf

(x,x")eRN xR

(A1) Uniform strong Hormander condition: There exist

> Valx,x). &) = 8182

acUP {1,.. . N}k

(A2) Smoothness of coefficients:

¢ €CP(RY;R),  VieCPRY xR;RY) i=0,...,d.

(A3) We assume the paths in any cubature formula we use are absolutely con-

tinuous.

As is common with cubature on Wiener space methods, when the terminal func-
tion f is not smooth, we will use an uneven partition of the time interval [0, T].
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Algorithm 2 Lagrange interpolation method

1: Set (X2, Ap) =(x,1)

2: for0<j<n—1do

3: for p ./\/lj do

4 for0<i<ddo .
5 Set EF(1) := LUt k. X penn;, Apei XD_NHLG™V 1)
6: end for
7
8

for 1 </ < Ny do
Define X ,I;fl as the solution of the ODE:

d
1 l :
dx?* =3 Vi(XI" EF @) doj(tj. t;41) (@),

i=0

X/ =xP.
9: Set the associated weight: A . = A pA
10: end for
11: for0<i <ddo
12: forO<k=<((j+1)Ar)do
13: Store ZPEM_/'+1—I< Ap(p,-(X,’;H_k).
14: end for
15: end for
16: end for
17: end for

18: Final approximation of E[ f (X7)] is

> Apf(Xp)

peEM,

Here, we introduce the Kusuoka partition and a modified version. We denote by
I1); the Kusuoka [29] partition of the interval [0, T'] with (n 4+ 1) points and pa-
rameter y > 1, defined by

i\ Y
tj:T<1—<1—i>> for j=0,....n—1,
n

t,=T.

We denote by IT,"" the modified Kusuoka partition, with  smaller steps at the
start whose size is determined by the overall order of the method we require. It
is defined as follows: for a fixed integer r and real parameter y, we fix the first
(r +1) points as 1o =0, g1 — tr = Tn~"/®+D for k =0, ...,r — 1. Thereafter,
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and we split the rest of the interval [#,, T'] using the Kusuoka partition, that is,

Jj—=r\” .
tj=(T—t,)(1—(1— ))-Hr, jelr+1,...,n—=1},

n—r
t,=T.
Recall that £(T, x, [, [1,), as defined in (5), is the global error of the respective

algorithm approximation. Then we have the following result, which is the main
result of this work.

THEOREM 1.4. Let f € CZO(RN; R). Then, assuming (A2), the error for the
Taylor method satisfies the following:

n—1
sup [E(T,x,1,T1,)| <C Y (tjp1 — A,
x€RN j=0

where A(q,l) :=(q +2) A ([ + 1)/2. Under the same assumptions, the error in
the Lagrange interpolation method is

sup |E(T, x,1,T1,)|

x€RN
U ey — 1y D .
ECZ m H (fj+l—tj—k)+(fj+l—tj)(+)/ .
=0 © k=0

Now, suppose f is only Lipschitz continuous. Assuming (Al1)—(A3) and that we
use the Kusuoka partition T}, with y > [ — 1, we can bound the error in the Taylor
method according to the size of m

(10) m=1: sup |E(T, x,1,TT})| < Ccn~Ba:h=1/2,
xeRN

(11) m=>2: sup |E(T. x,1,T1))| < Cn~B@D,
xeRN

where B(q,l) = (g + %) A % Assuming (A1)—(A3) and that we use the modified
Kusuoka partition 11" with y € (I — 1,1), we can bound the error in the Lagrange
interpolation method according to the size of m:

(12) m=1: sup |E(T, x,1, 1) | < Cn=PED2 (0 — ) =112,
xeRN

(13) m=>2: sup |E(T, x, 1, TIV")| < Cn=PD (1 — ryn) =112,
xeRN

where D(r, 1) = (r — %) A %
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REMARK 1.5. 1. Let us comment on the term (1 — r/n)~"/? appearing in the
error for the Lagrange interpolation method. This term comes from the need to
take small steps at the start (for an accurate polynomial approximation) and end of
the partition [due to blow up of the derivatives of u” (¢, -)]. We need to take r small
steps at the start, leaving n — r steps split in the style of the Kusuoka partition.
This term reflects the need to balance the size of r and n. Since it goes to zero
as n — 00, it can be bounded by a constant for sufficiently large n. For example,
in the case m = 1 for a second-order method, one must use a cubature formula of
degree [ = 5 and choose r = 4. Then, for n > 10, we have that (1 —r/n)_l/2 < 3.6.

2. The uniformly elliptic case covered by [18] is the case m = 1. Choosing the
parameter r appropriately, we also recover the same rate for the Lagrange interpo-
lation method up to the multiplication of the term (1 — r/n)~"/2.

3. In the case where m > 2, we lose 1/2 an order of convergence. This is due to
the difference in the way we split the error, which we explain in Section 3.

REMARK 1.6. The cubature method will still converge even if the test func-
tion is not chosen to be Lipschitz, but only bounded and measurable. However,
in this case, a control on the rate of convergence of the cubature method will not
be possible, regardless of the choice of partition (Kusuoka, uniform) or the choice
of the method (Taylor, Lagrange). A similar result was obtained by the first au-
thor for the cubature method applied to classical SDEs (not McKean—Vlasov); see
Theorem 3.7 in [10]).

2. Preliminary results. First, we have a lemma on the existence, uniqueness
and moment bounds for the solution of equation (4).

LEMMA 2.1. Under assumption (A2), there exist unique strong solutions to
equations (3) and (4). Moreover, for all s € [t, T], the mapping x — Xﬁ’” is

P-a.s. smooth, and for all multi-indices n on {1, ..., N},
(14) sup ||8)’C7X;’x’pr <00 Vp>1.
x,yeRN

PROOF. Under assumption (A2), existence and uniqueness of strong solutions
to equations (3) and (4) is easy to prove and can be found in, for example, [21].
Now, we note that we can view (Xé’x’y )selr, 7] as the solution of an SDE with
coefficients

W (s, 2) = Vi (2, Egi (X27)),
depending on time and a parameter. Due to Assumption 1.3 (A2), the map s
h(s) := Eg; (X?;x) is continuous in view of the path continuity of the process

X?;x and Lebesgue’s dominated convergence theorem. Therefore, Itd’s formula
applied to ¢; (X?;x ) shows that the map A(s) is continuously differentiable with
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a bounded first derivative. This allows one to apply Itd’s formula to £3 (pi(Xg?x)
and get that the map s > EL3 ¢; (X%¥) enjoys the same properties as A (s). Iter-
ating the procedure, one obtains that the map (s, z) — Wiy (s, z) is smooth, with
bounded derivatives of all orders, with all bounds uniform in y. The differentia-
bility in z is assumed, and the differentiability in s comes from the smoothness of

each ¢;, which allows us to apply 1td’s formula to ¢; (X?’y ), giving
0 [Egi (X)) = E[(L30i) (X))
Then Kunita [27], Theorem 4.6.5, guarantees that the moment bound (14) holds.
]

In the next lemma, we collect some results on the regularity of u”(f, x) [de-
fined in (6)] and the pure cubature part of the error. We use the notation, for
¥ € CGRV;R),

1¥ll2,00 := sup {|¥(x)| + [V x)| + [V ()]}

xeRN
LEMMA 2.2. Let je€{0,...,n—2}andt €0,T).
1. If fe Cgo (RN R), then for both schemes corresponding to E = E T and
E=E"L
sy sup [P, — 06 Ju (a1 0| < Cltjr — 1),

ti,t; ti,t;
Jotj+l Jotj+l
x,yeRN

Moreover, the first two derivatives of u” are bounded:
(16) sup Huy(t,-)Hz’oo <C.
(t,y)€l0, TIxRN
2. If f is Lipschitz, then

sup |[Pf§”j+1 - Q?;vtj+l]uy(tj+1’x)|
x,yeRN
A7) 141
SCY (T —tj00) P (tj1 — 1) D2,
k=l
In addition, the first derivative of u” is bounded
(18) sup |Vur(@t,x)|<C

(t,x,y)€[0,T]xRN xRN
and we have the estimate on the first two derivatives:
(19) sup [ (¢, ) |,00 = C(T =),
yeRN
Finally, for both schemes corresponding to E = EL and E = ET |
E.y

(20) sup [P, — 05 1f )| < Clifliuiplt — 512
x,yeRN
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PROOF. We think of (X;’x’y)se[,j] and (EXﬁ’x’y)se[,,T] as the solutions of the
SDEs with coefficients

W?'(s, 2) == Vi(z, Eg; (X2)),
Ew?(s,2):=Vi(z, El (@),  i=0,...,d,

respectively. We think of { Wl-y t,-),E Wl.y (t,):i=0,...,d} as vector fields on
RV depending on time ¢ € [0, T] and the parameter y € RV. In the proof of
Lemma 2.1, we explained that Woy,...,Wg € CI?O([O, T] x RN;RN) with all
bounds uniform in y. The same is true of the functions © Woy LB Wg . To see
this, we note that for the both schemes, the map s — E3 (¢;) is a polynomial,
therefore, smooth with bounded derivatives on [0, T'].

We use the notation W[ﬁl] and £ W[fx] for iterated Lie brackets of the vector fields
introduced just before Assumption 1.3. Then we note that for all (s, z, y) € [0, T] x
RN x RY and o € Ug= {1, ..., N},

2_ . 2
(Wiey (5,2, 8)" = inf (Vi) (. %), &),
so that

inf Wy ,2), 2> inf Vi i /’ 2.
(s,z,y)E[O,T]xRNxRN< fon (8-2) d _(Z,xf)e]RNx]R( 1 (2, ), £)

Hence, under the uniform strong Hérmander condition (A1),

i 2
inf 2 W n g =6l
(5,2,y)€[0, T]xRN xR weU o NJE

so the vector fields {Wiy :i=1,...,d} satisfy a uniform strong Hérmander con-
dition. Exactly the same holds true for the vector fields {¥ Wl-y :i=1,...,d}. This
uniform strong Hérmander condition is stronger than the UFG condition, hence,
we have the results of Section A.3 available to us, subject to slight modification
since the coefficients in the current setting also depend on a parameter.

Now, for f € C)° (RV; R), by differentiating under the expectation and using
the moment bounds on 3y Xﬁ’x’y contained in (14) we see that for all multi-indices
non {l,..., N} with length at least one,

sup |87u”(t, x)| < oo,
x,yeRN
so (16) holds [recall that u” (¢, x) was defined in (6)]. The one step cubature error
contained in (15) follows from a stochastic Taylor expansion, noting that for all

B € A,

sup \Wguy(t,x)} < 00.
x,yeRN
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This again follows from the boundedness of derivatives of u” (¢, -) and Wl.y (t,")
uniformly in y.

For f Lipschitz, the bound in (17) is the same as (77), adapted to the case where
coefficients also depend on a parameter. Both estimates (18) and (19) come from
Corollary A.10 adapted to the case where coefficients also depend on a parameter.

Finally, when f is Lipschitz,

[P — 051 )] = [BLF (X7)] = Eglf(Fx7)]]
< [EL (X)) = f@)] + [Eolf (X)) = £ @)
< fllLip(E|X;™7 — x| + EglE X7 — x]).
That E| X, — x| < C|t — 5|'/? is a standard result for SDEs with bounded coef-

ficients. For the other term,

Ncub .
BolFX;™ —x| = Y ailFxi Y ),
i=1

where £ X} i the solution of the ODE along the ith cubature path. Then we
have
Eo|* XY — x| < Clr — 5],

due to a standard estimate on the solution of an ODE with bounded coefficients.
O

Before we discuss how accurate the polynomial approximations are, we need
a lemma concerning the time partitions we use and a type of sum involving its
increments which will appear in the error analysis.

LEMMA 2.3. 1.Leta>b>0,lety > % and let tj be times in points in the
Kusuoka partition, then there is a constant C = C(y) > 0 such that

n—2

1) Yo — 1) T — 1) < Cn @D,
j=0

2. For the partition TI},",

1 JA(@r=1)
22 S tin1—tip) <Cn~ "
(22) GEOAD k];{) (tjt1—tj—x) <Cn

andfora>b20andy>%

n—2
@3) Y =T =) = Cnm DA — /)T,
j=0
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PROOF. 1. This is proved in a slightly different format in Crisan and Ghazali
[10]. First, note that

=2 (-]

Then we use that (1 — ) <2(1 — £ for j € {0, ..., n — 2} to get

. 1V_1
1—]+> .
n

1
(24) = =€ (
n

By definition,

n
so that
n—2
Yo =) (T =) "
j=0
) . _ . _
S SLR] (B8 R (L
-« n n '
j=0
Reordering the terms, we get
n—2 n—1 i\ aly—D—by
@) Yt = )T~ = Y (2) |
, , n
j=0 j=1

We note that

—1 . —1—
n J>a(y D—by

>o!(2

1
</ Lar=D=by 4.
n 0

j=1

and the condition y > Z%; guarantees that the exponent a(y — 1) — by > —1, so
that the integral is finite.

2. First, note tiv1 —tj—k = (Zj+1 - tj) + (tj - tjfl) +---+ (lj,kJrl - tj,k).
There are (k + 1) terms in this sum, and, in the case j < r — 1, from the definition
of the first r steps of the partition, the biggest of these is 7n~"/U+!D Hence, 11—
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ti—k < (k+ 1)Tn~"/U*+D_ So, in this case,

1 JNG=1)
m kl;{) tjp1 —tj—x) = (+1)'1_[(tj+1 ti—k)

< G s rero
J

=Tin™"

In the case j > r — 1, there is a constant K such that for each interval 7; | —t; <
K/n,sothattj ) —tj < K(k+1)/n and

1 (rnj)—1 r—1
A H (tj+1 —tj—k)— n(fj+1 —tj—k)
" k=0

1r71
< ﬁk]ll((k-l- 1)/n

=K'n"".

Now considering the sum Z’;;g(r 1 —t)NT —t j+1)_b , we split it into two parts:
when0<j<r—1,tj41—t;=Tn"UtD <Cn~land T —1;41 > T(1 —rn7 "),
using that r <n/2. So,
r—1
S a1 — )T —tjp) P <Crn (1 —rn~1)7"
(26) j=0
<Cn %(1- rn_l)_h.
For r < j <n — 2, the same analysis as in Lemma 2.3 gives
1 1 —r\v !
tj+1—l‘j§C—(1—]+7r> .
n n—r
By definition,
L\ Y
T —tj01 = (T —t,)(l _ M) > T(1 —r/n)(l - Hir) .
n—r n—r

The proof then follows as in the first part of this lemma to give for y > Z%l

n—2
Yt =t (T —tjs) P <CA=r/n)P(n—r)~@b.
j=r

We then note that —— =

1
n—r E'l—r/n

. Combining this with (26) gives the result. [J
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LEMMA 2.4 (Polynomial approximations). For the Taylor approximation,
there exists a finite collection of functions H C C° (RN ; R) such that

sup  [Eg; (X9) — E]Y (g0)|

s€ltj,tjp1]

<C{(tj+1 —t])q+ + Z| QE .10, P({tj)W(y)|}.
veH

(27)

For the Lagrange interpolation method,

sup  |[Eg; (X9Y) — EY ()]

SG[l‘j,l‘_H.l]

JNG=1
<C ; [ s —1-0)
28 G+ DA AL

k=0

JAG@r=1) Eo
Y l@E™ B, el

PROOF. Taylor method
Now we recall, for the Taylor method with s € [#;,7;41],

q
1
T, ._ k 0, k
EIY (g) .—;ﬁ(ﬁ_?) (Bgi (X)) (s — 1))".
We will estimate the error |Eg; (X, 0.y ) — Iy (¢i)] by splitting it into

[Eoi (X{7) = E{ (00)]

(29) 0 - ~ T
< |Eg;(X;7) — EY ()| + |EY (pi) — E; Y (gi
where
q
~ 1
EY(g) =) E(Wj)k(Ewi(XO’y))(S — 1)k, seltj, tit1)
k=0

is the truncated Taylor expansion of s > E¢; (X?’y ) of order g around ¢;. It is
straightforward that

[Egi (X9Y) — EY(91)| < C(s —1j)47!
and
|E) (¢1) — ET’y<¢,->|

(0 Z = AL = (T B (X)),
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Now, recall that 72‘ (Eg; (X 0.x)) € 8, so it can be written as a sum of products of
terms of the form

Eg(X,™. Ep(Xy™)),

for some g € C;° (RY xR;R),and ¢ € Cye (RN ; R). For this type of term, the error
in replacing expectations under P with expectations under Q" can be bounded by

Eg(Xy™" . (X)) — Egm g (X0 Egna@(X,)))|
< [Ep(X;") — Egnao(X,")]
HEé’( L Egm. g ( ) —Egqm.g(X g’x»EQ“nﬁﬂ(Xg’x))’-
Due to the form of T*(E¢; (X%*)) € S, the error
[(T)* = (T2) 1 (Eei (x°))

can be decomposed as a sum of products of such errors for different functions
g and ¢. We define H; x to be the collection of these functions appearing in the
expression for 7% (Eg; (X%)). Then the error

[T = (T2 i ()]

can be bounded by a constant multiple of

Y [Egn By (X)) = X l(ef M - A vl
IPE'H,,]( YeEH k
So,
sup |EY(¢i) — EIY(¢))
Se[l‘j,l‘j+1]
<cZ VR t;)* Z >l IQE e pg)

i=0 Y et 1

and the largest term in the outer sum on the right-hand side occurs when k = 0, so
using this and defining H := Ufizl H, 0, the estimate (29) becomes

sup  |Eg; (X9Y) — EIV ()]

s€ltj,tjv1]

<C{(t,+1 — g Y |(0F

veH

ET , ¥,y

P&f,.)vf<y>|}-

Lagrange method
Let z € Ck+1 ([0, T]; R). Recall that we denote by

L[(t1,x1), ..., (tx, xp) ]
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the Lagrange interpolating polynomial passing through the points

(t17x1)’ AR (tk’xk)'

It is a standard result (see, e.g., Chapter 25 in Abramovitz and Stegun [1]) that the
error in approximating z(¢) with the polynomial L[(¢1, z(#1)), ..., (f, 2(t))] for
anyt €[0,T]is

1 k
B 2@ = Lo, 2@), - (1 2@0)]@0) = 2@ [T« = 1),
! P

where £ is some point in [0, T']. Note also that we can write L[(z1, x1), ..., (tx, Xk)]
terms of the Lagrange basis polynomials L; : [0, T] — R as

k
Lt x1), .. (e, x0)](0) = Y xjL (1),
j=1
where
k
t—1
Lioy=]] - t
i=1,ij ] "
So, the difference between polynomials interpolating different points on the same
time grid is given by

k
L[(t1,x1), ..., (tx, x) | (@) — L[(t1, Y1), -, (t, yo) (1) = Z(Xj —yj)L;(t)

j=0
and, in particular,
k
(32) sup |L¥[x1, ..., x () — L¥[y1, ..., yel(0)] < C(T) Z lxj — yjl.
1€[0,T] j=1
Now, recall the definition of the Lagrange interpolation approximation is
L, p 0, 1
E (00 = LIt B g (X2 ) HEE P10, reltj tinl,

and consider the same object but with all expectations under the Wiener mea-
sure, [P:

L P 1
) = L[ (- Epi (X 1 k))}M(r )](f) teftj, tjr1].
Then we can split the error error Eg; (X, 0.y ) — Ejf Y (¢;) into

[Egi (XY — EFVF (0] + [EF T (o) — EFY (0]

We are able to control using the first term suing (31) and the second term using
(32). The result follows immediately. [
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3. Proof of Theorem 1.4. For the Taylor method, our proof is essentially the
same as that in [18], when f € C}° (RN;R). When f is Lipschitz, however, we

split the local errors differently. In [18], the error is split into’

[ lj lj+| Ql‘j l‘j+]]
33) £y

= [Pljalj+1 = Pyl
The term [P,y ti — P,ﬁ’,i .
generators of the processes X and £ X applied to u”, which in turn depends on
an estimate on V2u”. In the uniformly elliptic case with f Lipschitz, in [18],
IV2u?(t, x)| < C(T —t)~'/2. However, in the Hormander case, |VZu? (¢, x)| <
C(T — t)~™/2, where m is the order of the Hérmander condition, which could be
very large. Instead, here, we split the error into

Ju” +[ t, t]+1 Qt] tjﬂ]

Ju” is then estimated in terms of the difference of the

[ tj t]+| Ql‘j Ij+1:|

:[Qt,' tit1 Ql‘J l‘j+1]uy+[ l‘] tj+1 Qt, tj+1]

We control the term [Qt tin Qtj - Ju” using only the Lipschitz constant of u”
which is uniformly bounded in time.

(34)

3.1. Smooth bounded terminal condition. We introduce the generator associ-
ated to the process X%
1 d
LY = Vo(-, Ego(X27)) EZ - Eg; (XO))?,

and note that, as defined in (6), u” (¢, x) = t’T f(x) solves the PDE
(8 + L7)u”(t,x) =0
u’ (T, x) = f(x).

In the analysis of each scheme, we split the local error into

(35)

E, E,
(36) [P — Qo i, ) =[P}y = P Ju? (1, )
E, E,
(37) F [P = Qi ] @41, ).

Equation (36) is the error due to approximating the E¢; (X ?’y ) by E} (¢;), and (37)
is a one-step cubature error. Now,

E. , tix.y
[P’i”jﬂ - Ptjvgﬂ]“y(tj-l-lvx) = E[“y(th’ Xt/+1 y) ”‘y(tj+1’E Xt)]':i y)]

ity . )
_ E/ ey LBy (s.E X9Y) ds.
t

J

3Recall that u” was defined in (6).
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Using the Lipschitz property of the coefficients, we get

d
(£ = L5 (5.5 X )| < €l (5. ) |y, 00 _[Ei (X07) = E3 ()]
i=0

Now we recall from Lemma 2.2 that ||u” (s, -)||2.00 < C when f € CgO(RN; R), so

, , ti1 &
38) [P — Pl w1, x) <C /, > Eei(X) = EY (9] ds
b i=0

Now, to control the right-hand side above, we use Lemma 2.4 and we split the
proof depending on the individual scheme.

3.1.1. Taylor method. Using Lemma 2.4, for the Taylor method, (38) becomes

ETy

[Pgsfjﬂ - Pfjvfjil]uy(tf“’x)

(39) ,

< Cljer = |t =1 L N0 = B Jw o]
veH

Summing up the local errors, the global error is then given by
ET. y.10,
[Pos, = Qs "1 ()

n—1 T ,
40) <C Z{(zm — DT gt —1) Y0 T =B v

j=0 veH

+ (741 _tj)(l+1)/2}-

The above holds for any f € C;° (RM; R). In particular, we can take f = 1 for any
Y € ‘H. Doing this and repeatedly applying the discrete version of the Gronwall
inequality,

n—1
[POan o Qgt:]f(x) = Cexp<q Z(tj-i-l _ tj))
41) - j=0

X ) {1 = )T 4 @ — 1) D)
j=0
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3.1.2. Lagrange interpolation method. Using Lemma 2.4, for the Lagrange
interpolation method, (38) becomes

; EL,
[Pli'vljﬂ - Ptj,t_,»il]”y(fjﬂ,x)
JNr=1)
=CU =N G A tiv1 —tj—
(42) <C(tj4+1—1j) TEDY k];[() (tjs1 —tj—k)

JnG—=1) BT
Xl - R el
k=0
The global error is then given by

(73, — 06,1/ ()

n—1 l j/\(r_l)
“3) < C;}[(IHI - fj)im kl}) (Tj+1 = 1j—1)

Jjn(r—1)
ET y.1I,
k=0

Taking f = ¢; for any i =0, ...,d and using discrete Gronwall inequality, we
obtain

[P, — QF 1 f ()

n—1
(44) < Cexp<r D (tjm —zj))
j=0

ey R T T e s
]Z:(:){((J—i‘l)/\r)! kl;{) (tjr1 = tj—r) + (i1 — 1)

3.2. Lipschitz terminal condition, m = 1. In this case, the estimate we have on
the first two derivatives of u” is ||u” (¢, -)[|2.00 < C(T — 1)~12, Using this estimate
we get, similar to (38),

[P} — pEY Ju (11, x)
tj,tjt1 tj,tjt1 j+1
(45) _1/2 t.i+1 d 0
< -t 2 [ Y B (X0) ~ B0 ds.
=0
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3.2.1. Taylor method. The same arguments as the previous section give the
global error is

[P, — OF ] £ (x)
n—2
<O @ = 1) PG =) 4 G = 1)

(46) /=0

x Y | QE .10, p&tj)¢(y)| + (t 41 _tj)(l+1)/2}
veH

+[P_ .~ tn I tn]f(x)

Since ¥ € C;° (RV; R), in particular it is Lipschitz. The above estimate holds for
all Lipschitz f, so taking f = i € H and using the discrete Gronwall inequality,
we get

[Pg,, = 0 ] (o)

n—2
< CeXP(Z(T —ti) VP (1 — tj))
i—0
7) !

n—2

X Y (T =100 P[40 = 1))77 + @ — 1))
j=0

+[ th—1,In Qt,, ltn]f(x)
Now, we recall that in this setting we use the Kusuoka partition I}, withy > —1.
Using Lemma 2.3, we can see that Z?;(l)(T — tj+1)_1/2(tj+1 — t;) is bounded

independently of n. For the other two sums, we also use Lemma 2.3 and for the
final term we use (20) to get

[P, = 0 " f @) = Cum D2 =D ),

Noting y > [ — 1 gives the result (10).



CUBATURE ON WIENER SPACE FOR MCKEAN-VLASOV SDES 155

3.2.2. Lagrange interpolation method. The same arguments as the previous
section give the global error is

(73, — 06,1/ ()

n—2
<CY (T—1j0) 2
=0
1 JA@r=1)
(48) X |:(tj+l - tj){m k]}) (tj+1—1j—k)

y ESy.0 I+1)/2
+ Z |(sz,,:y’ n—POyt k) i|}+(tj+1_tj)(+)/i|

+ [P h = Q. 1,,,]f(ﬁf)

Since ¢; € Cp° (RV; R), in particular it is Lipschitz. The above estimate holds for
all Lipschitz f, so taking f = ¢;, i =0, ...,d and using the discrete Gronwall
inequality, we get

EL,y,Hn

[Py, — Qs "1 ()

n—2
< Cexp(r YT —tj) V2t — ;j)>

j=0

”‘T(T _ thrl)—1/2 in(r=1)

X,Z:;) ((G+DAr) kl;lo (l‘j+1—l‘j—k)+(tj_,_1_tj)(l+l)/2:|

(49)

+[ th—1,In Qtn 1s fn]f('x)
By part 1 Lemma 2.3,
n—2
ST = tj ) 2ty — )2 < Cnm DR — )2
j=0
Now, we recall that in this setting we use the modified Kusuoka partition IT},"" with
y >1— 1. We note

n—2 Jn(r—=1)
Z(T_tj—i—l)_l/z— 1_[ (tj-H tj—k)
= G+hAant A

n—2 - 1 Jne=1)
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with the left-hand term in the product above being bounded uniformly in n by part
1, Lemma 2.3 and the second term being less than n~"~1 by part 2 of the same
lemma. For the final term in (49), we use (20) to get

[ fa_lotn Qtn 0 tn]f(x) <C(n —V)_V/Z,

then noting that
(n— r)—V/Z — n_V/Z(l _ r/n)_V/Z < n—(l—l)/Z(l _ r/n)_l/z
when y € (I — 1,[), we finally obtain
[P, — QE" M ] p(x) < C (=D (1 = rjmy ™2 4 n= ),

This proves the result (12).

3.3. Lipschitz terminal condition, m > 2. When f is Lipschitz and m > 2, we
split the local error into

E,y, I, LI,
50) [Py, = Quyit" Tutjn, ) = [07 4], = Qt, e D, x)
(51) +[Pti,tj+1 _Qtj’,ljll]u(tj‘l*lvx)-

Equation (50) is the error due to approximating the E¢; (X ?’y )by E ty (¢i), and (51)
is a one-step cubature error. For the term in (50), we note that

T E,y, 11
H:Q;]J tjilH - Qtj tyj+1n]uy(tj+l’x)|

U) = (40, " Xﬁfﬁ’yﬂ

(52) —EQI‘[”M (tj+1 X

f+1

< ”Vuy(l‘j_H, ')”ooE@“n |Xt]:,x,y E Xt] X,y )

j+1 lj+1
Now, using the Lipschitz property of the coefficients, we note that

LjsXsYy  E o ljsXsy
J J
L+l Xf,+1

EQI‘In }X
Ncup d_ i 1%,y 0
<> ka/ [Vi(X{™ " (wr), Egi (X5)
k=1 i=0"1
ti,x, j
— Vi(*X¢ (@), Es (@) dl (1), 1j41)(s).

We recall the rescaled path a)};(tj, tiv1)(s) = J/tj+1 — t]a)k( il ) so that, under
the assumption that wy is absolutely continuous,

d 1 d
sup | ——wr(t), tj+1)(8)| £ ——= sup |—wi(s)|
seltj,tja1l ds jj Vi1 —1j sefo.11lds
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So, there exists a constant C which depends on

d
max sup | ——awy(s)
k=1,...,Ncuw s€[0,1] ds
such that
1.X,y  E X,y
E@Hn |Xl‘j+1 - ij+1
1
=Cr—
NGTST

d t_‘+1 ) ‘
XD / T Egn [ X9 —F XU 4 B (X00) — Eq(gi) ds.
i=0°""

Then, using Gronwall’s inequality, we have
tj,x, Ij,x,
Egm [X¢/ " =P X007 <Cftjer =t sup [Egi(X)Y) — Es(e)].
’ s€ltj,tj41]
Now, going back to (52), we have

I E,y,I1
|[Q§_),',tjﬁ_1 - Ql_,‘,?]]'+1n]uy(tj+l’x)|

(53) T
<C fji+1 —1tj sup |E(Pi(Xg’y) - Es(‘ﬂi)|-

s€ltj,tj+1]

From this point on, the arguments depend on the individual scheme.

3.3.1. Taylor method. Using Lemma 2.4, (53) becomes
7, Ty, ET y,1,
H:Qtyj,t]url - Qtj,ljil ]My(tj+l,-x)|
(54) <C(tj+1 —tj)l/z{(tj—i-l —fj)q—H
ET y,10,
+ Xl = ol
veH

Since r € Cl‘,’o (RN R), we can use the global error from the last section for smooth
terminal conditions contained in (41) to obtain

v. 10, ET,y,Hn
H:Ql‘j,tj+] - Qtj,thq ]My(lj+1,x)‘
1/2
<C(tjy1 —1

J
x4 a1 =17 D [ — )T 4 (i — ) VL
i=0
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Now, we simply use that t; | —¢; < C/n to get
[on - Qgi}i’ln"]uy(fjﬂ,x)l
(56) < Cn—l/z{n—(qH) + n{n—(q+2) + n—(l+1)/2}}
< C(n= 3D 4112,
Combining with the local cubature errors and summing up, we get the global error

[P, — OE ] f(x) = Cu=@ 1/ 4 y= 0212,

3.3.2. Lagrange interpolation method. Here, we only consider the modified
Kusuoka partition IT);"". Using Lemma 2.3, part 2 and Lemma 2.4, inequality (53)
becomes

) EL, )
|[Qtyj,l‘j+1 - Qlj,lji_]]uy(tj-‘rl’x”
(57) JnG=1) .
<C(tj+1 — fj)l/z{n_r + > Q- Poy,,j_k)<ﬁi|}-
k=0

Using the local error for functions ¢; € C;° (RN R) contained in (44), we get

EL,

||:Q1.};-,[j+1 - Ql‘j,l‘jil]uy(tj+lax)|
(58) j
<C(tj+1— tj)l/z{n_” +r Y n "+ (i1 — ti)(l“)/z}}.

i=0
Now, we simply use that ;| —; < C/n to get
ELy
‘[Q[yj,[j+1 - Q[j’[jil]uy(tj_}_],X)‘
(59) <Cn V2 e + 0D — ) 2))
<Cm'* " 40721 —r/n)71?).

Combining with the local cubature errors and summing up, we get the global error

L v.r
[P({tn _ Qi A ]f(x) < C(n3/2—r +n—([—2)/2(1 _ r/n)—l/Z)

4. Numerical examples.

4.1. Example 1. In this section, we implement and compare both algorithms.
We consider the following example with dimensions N =d = 1:

1
X?’x:x—i—/ E[X%*]ds + By,
0
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which has the explicit solution
X} =xe' + By.

In this case, EX ?’x = xe' so the Taylor approximation of order g is easy to com-
pute:

0,x\ I\ x k
TIEX)) =)

Et .
k=0 "

We choose the Lipschitz terminal function f(x) =x* :=max{x, 0} and, by inte-
grating the Gaussian density, we can compute

O\ xe' ; xe'
iy = o 3) o1 0(-5)

where ¢ and ® are the density and cumulative distribution function, respectively,
of a standard Gaussian random variable. We use the cubature formula of degree 5
contained in Lyons and Victoir [36]. We use a fourth-order adaptive Runge—Kutta
scheme to solve the ODEs. We choose our parameters in order to achieve the op-
timal rate of convergence as given by Theorem 1.4. Since the coefficients are uni-
formly elliptic, expect to be able to achieve order 2 convergence with a cubature
formula of degree 5. So, we only need to choose g > 1 and y € (4, 5) to achieve
quadratic convergence in the Taylor method, and » > 3 in the Lagrange interpola-
tion method. We choose the parameters (x, T, y, g, r) = (0.5, 10, 4.5, 2, 3) and the
results are presented in Figure 1. We fit a line to the last four points on the log-log
error plot and calculate its gradient as an estimate of the rate of convergence.

We see that both methods achieve the expected quadratic convergence rate. In
this simple example, the convergence is quite smooth and the Taylor method per-
forms better than the Lagrange interpolation method.

4.2. Example2. We implement an example where the coefficients are not uni-
formly elliptic and N = d = 2. We write X'™* = (X!, X?) to lighten notation
slightly.

The example we consider is

X! <x1> /f [2 + sin(EX?)] 1 /f Xx? >
— E dB ? dBy,
(Xf) %) o x| CAB T Jy \x1) o4
where the coefficients are

Vo

2+ sin(x/)) ’

0, Vi(x1, x2, x") =< X

X
Va(x1, x2,x") = <x?) p1(x1, x2) = x2,
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F1G. 1. log—log error plot comparison between the Lagrange interpolation and Taylor methods for
Example 1. The gradient of each solid line is given by a linear regression on the last 5 points.

forall (x1, x2,x’) € R3. We note that at x; = 0 the coefficients degenerate. Second,
we note that

X
Vi x2. ) = (2 + sin()lc/) - x1> ’

Since x; and 2 + sin(x’) — x; cannot both be zero at the same time, we see
that Vi, V5 and V{(; 2y span R?. The coefficients therefore satisfy Assumption 1.3
(A1), the uniform strong Héormander condition, for m = 2. For m = 2, with a cu-
bature formula of degree 5, we expect to achieve a convergence rate of 3/2 ac-
cording to Theorem 1.4. To do so, we have to choose y € (4,5) and r > 7/2.
We choose the parameters (x1, x2, T, y,r) = (1,0.5,1,4.5,4), with the terminal
function f(x) = x™. We implement the cubature formula of degree 5 in dimension
d =2 from Lyons and Victoir [36]. In this case, the cubature measure is supported
on Ncyp = 13 paths. We could not find an explicit solution, so we compare the cu-
bature approximation to a Monte Carlo approximation with Euler—Maruyama dis-
cretisation. The results are presented in Figure 2. In this example, the convergence
is not as smooth as Example 1, but the log-log error plot looks approximately linear
after 7 steps. After this, the performance of each algorithm is remarkably similar.
Empirically we observe second-order convergence, whereas Theorem 1.4 predicts
arate of 3/2.
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FI1G. 2. log-log error plot comparison between the Lagrange interpolation and Taylor methods for
Example 2. The gradient of each solid line is given by a linear regression on the last 5 points.

APPENDIX: DERIVATIVE ESTIMATES FOR TIME-INHOMOGENEOUS
PARABOLIC PDES

In this section we obtain estimates on the derivatives of the solution of the linear

parabolic partial differential equation (PDE)
O +Lou(t,x)=0,  (,x)€[0,T) xR,
(60)
u(T,x)=f(x), xeRY,

where f is either Lipschitz or continuous and bounded, and L; is the time-
inhomogeneous differential operator, written in Hormander form,

1 d
Lo=Wol) + 5 D Wi)*.
i=1

The connection between parabolic PDEs and stochastic differential equations
has been well studied. Under various types of conditions on the vector fields
Wo, ..., Wg and terminal condition f, the solution to (60) is given by u(t, x) =
E[f(X ’T’x)], where (XI*)se. 77 solves the following Stratonovich SDE driven by
a Brownian motion B = (B!, ..., Bd), with the convention BtO =1,

(61) X“‘_x+zf u, X"*) o dB..
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In the homogeneous case, Kusuoka and Stroock [31] under a uniform Hérmander
condition and subsequently Kusuoka [30] under the weaker UFG condition, estab-
lish sharp estimates on the derivatives of the solution of (60). Crisan and Delarue
[9] extend this analysis to semi-linear equations. To our knowledge, these results
have not been obtained without using Malliavin calculus.

When the vector fields defining the time-inhomogeneous stochastic differen-
tial equation are smooth in time and space, we can consider the space-time pro-
cess (f, X ?’x) 1€[0,T] ON RN+ and adapt existing results in the literature. There are
three main works we draw on: we first show how to adapt the results of Kusuoka
[30] to derive gradient bounds in the directions of the vector fields except Woy;
we then adapt an argument from Crisan and Delarue [9] to prove that the time-
inhomogeneous semigroup is a generalised classical solution to a parabolic PDE,
and finally using this PDE as a tool, we adapt a result from Crisan, Manolarakis
and Nee [15] to derive gradient bounds in the direction of all the vector fields,
including Wj.

We introduce the first assumption which we make throughout this section.

ASSUMPTION A.1. W, ..., Wz € Cg°([0, T] x RV; RV).
Under this assumption, (61) has a unique strong solution. Now, let us define

the space—time process (X ))Se[t 71 := (s, X5%)sepr. 1), taking values in RN+
which solves the equation

v (t,x t s i
(62) thv):(x>—|—/t (W( (,x)>dl/t+2/< (tx))OdBu'

Defining ¥ := (¢, x) € RVt and Wy, ..., W, : RVt 5 RV+! g5 follows:
V¥ e RVNTL. Wo(;?):z( 1~), Wi@):z( 0~>
Wo(x) Wi (%)
fori=1,...,d,

we can rewrite (62) more compactly as
63) Xi—%+ Zf W.(X%) 0 dBL.

As we shall see, by working under the relaxed UFG condition (see Assump-
tion A.2), the solution of the PDE (60) is not necessarily differentiable in each
co-ordinate direction in R". The solution of (60) remains differentiable in certain
directions, determined by the vector fields Wo, e Wd. We now explain what we
mean by such a directional derivative.
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We can identify vector fields, U : R — R with differential operators acting
on sufficiently smooth functions ¢ : R” — R by

(64) VyeR"™:  Up(y):=Vo®) U =) U (y,e().
i=1

We can define a directional derivative of ¢ in the direction U, even when 9y, ¢ does

not exist classically for all j =1, ..., m. Let wg(y) be the solution to the ODE
dws(y)
=U(ws(y)), s >0,
(65) ds (10: ()
wo(y) = y.

We say that ¢ is differentiable in the direction U if the function s — @(w;(y)) is
differentiable at 0. Then we denote

d
Up(y) = gw(ws ()ls=0,
which coincides with (64) when ¢ € CH(R™; R). In fact, we will see that the semi-
group associated to equation (61) is differentiable in directions determined by com-
mutators of the vector fields. The Lie bracket, or commutator, between two vector
fields U and W is then defined the differential operator

(U, Wlp:=UWg) - W{Uyp),
which can be identified with the vector field

(U, W](y)=aW()U(y) —oU ()W (y),

where 0W (y) := (ayj wi () 1<i, j<m 1s the Jacobian matrix of W and similarly for
aU.

Since we have assumed the vector fields Wo, el Wd to be smooth, we can
repeatedly take commutators of them. Recall the notation A for multi-indices on
{0, ..., d} from Section 1.1. We define W[, for « € A inductively by forming Lie
brackets on RV+!:

~

W[,’] =W; W[a*i] = [W[a], Wil fori =0...,d,a € A.

We note that for all o € A (m) [i.e., for & # (0)] the first component of the vector
field Wiy is zero. So for a € A;(m), a derivative in the direction Wi, of a function
RN*1 5 (1, x) — ¢(t, x) € R only acts in the x variable. We can therefore write
{W[a](t) :a € A1(m)} and think of these as differential operators parametrised by
t and acting in the x variable. Only the vector field W, acts in the 7-direction.

With these concepts in mind, we can now introduce the second assumption we
make on the vector fields.
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ASSUMPTION A.2. UFG(m) condition: there exists a positive integer m such
that, for all o € A with ||| > m, there exist ¢y g € C;°([0, T] x RV: R) with

Wi (t, x) = Z §0a,,3(tax)w[/3](tax)-
BeAL(m)

REMARK A.3. Assumption A.2 is not sufficient to obtain the regularity of
the law of the associated nonhomogeneous (time dependent) diffusion process X.
Indeed, as observed in [7], the process X may not have a (smooth) density with
respect to the Lebesgue measure even when the vector fields Wy, ..., Wy satisfy
the Hormander condition. However, as we show below, Assumption A.2 suffices
to allows us to derive gradient bounds of the corresponding (time-inhomogeneous)
semigroup. These results hinge on the integration by parts formulae included in
Theorem A.7 below which give representations of directional derivatives

Wiy 1 () - - Wiay 1 (0 (Prs £)(x)

of the semigroup P f. In order to duplicate the results in [7], we would need to
deduce integration by parts formulae (and subsequent bounds) for quantities of the
form

Prs(Wia (1) - - Wigy 1 (0) ) (x).

For classical SDEs, such results were obtained in the paper [15]. As the differen-
tiability of the transition kernel of the solution time-inhomogeous stochastic dif-
ferential equation (61) is not required for the analysis of the cubature method (or
for it to work), we did not need to develop the corresponding integration by parts
formulae here.

A.1. Kusuoka-Stroock processes. This class of process was introduced by
Kusuoka and Stroock [32]. They will appear as Malliavin weights in our inte-
gration by parts formulas. The definition and properties we give here record the
regularity and growth of these processes with respect to different parameters. The
results allow one to develop integration by parts formulas in a systematic and trans-
parent way, which automatically leads to nice derivative estimates.

DEFINITION A.4 (Kusuoka—Stroock processes). Let E be a separable Hil-
bert space and let r € R, M € N. We denote by ', (¢, E, M) the set of functions:
®; : (¢, T] x RN — DM-°(E) satisfying the following:

1. For all s € (¢, T], the map RN 5 x > ®,(s,x) € LP(Q) is M-times con-
tinuously differentiable for all p > 1.

2. For any p > 1, any multi-index @ on {1, ..., N} and m € N with |a| +m <
M, we have

(66) sup sup (s —1)~"/? I 8?®;(S,X)HDm,p(E) < 0.
xeRN se(t,T]
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REMARK A.5. 1. The number M denotes how many times the Kusuoka—
Stroock function can be differentiated and r measures the growth in (s — ¢).

2. This definition is slightly different to that in [32]: here our processes are
defined on (¢, T] instead of (0, 7] and we require continuity in L? (£2) rather than
almost surely.

We record here some properties which help when building Malliavin weights
later.

LEMMA A.6. (a)If d, € KL, R, M) is F-adapted, and we define
. s .
W, (s, x) :=/ ®;(u,x)dB,
t

forie{l,...,d} and I'(s,x) := fts O, (u, x)du, then \IJ,i € ICZH(I,R, M) and
I € Kl (. R, M).
b)Y If D, ; € CH(t, R, M;), i =1,...,n, then

min; r;

icbt, € Jomaxi i (t R, mlnM)

q1t+q :
and l_[?zl CD;,,' S ,CrH_,,,_'_r]G (t, R, min; M;).

PROOF. The proof is essentially the same as the proof of Lemma 75 in [15].
O

A.2. Integration by parts and derivative bounds. We are now in a position
to prove the main integration by parts result.

THEOREM A.7. Assume that U/I?G(m) holds and fix s € (t T]. Then, for any

ap,...,a, € Ai(m), there exist <I>l aay € Ko(t,R) and P? .y € Ko, RM)
such that for f € CPRY; R),
Wieen1 () - - Wia ) () (Pr s £)(x)
(67) llay 14+ e |
(-0~ 7 E[f(x" Nol, L (5,%)]
and
Wi 1 () - Wi 1 () (Prs £)(x)
(68) _ Nleog I Hlley I fx
=@ -1 2 E[V £ (X05) 07 4.y (52 2)]-

Moreover, for f continuous and bounded or Lipschitz, Py s f (x) is differentiable
in the directions {W[a] @) :a e Ai(m)} with

69)  Sup [Wies (1) Wi () Prs N < Cllfllols — 1) 7

xeRN
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and

(10)  sup [Wiay1(0) -+ Wiy (O Proc Y| < Cll Flliipls =) 2

xeRN

in each case, respectively.

REMARK A.8. We emphasise here that each Wi,,1(¢) is a differential oper-
ator acting in x, parametrised by ¢, applied to the function x — P; 5 f(x). These
results are not valid, for example, W[al](u)Pt, s f(x) when u # t. We develop es-
timates on the derivative of (¢, x) — P, f(x) as a function on [0, T] x RY in
Proposition A.15.

PROOF OF THEOREM A.7. Since the UFG condition is precisely the UFG
condition introduced in Kusuoka [30] on RV¥*! we can use the results there.
We use the notation ﬁs g(xX) = E[g(f(f)] for a suitably integrable function g :
RN+ 5 R, By Kusuoka [30], Lemma 8 (see also [15], Corollary 32), we know for
any ai, ..., a, € Aj(m), there exist @}, € Ko(R) and &7, € Ko@®RN )
such that for g € Ci°(RV 1, R),

g lI+--+lenl ~

W10+ Wiam OB @ = (s =)~ T E[g(RD) DL, (5, 9]

.....

and

Wia 1) -+ Wia) (1) (Pyg) (®)
lleeq [I4++-+lleyy 1 Il

=(s—-n" 7 E[VE(X))PZ, 46D

Now for any function f e C.° (RV;R), we can extend it to g € C)r (RN+1: R) by
g(t,x) := f(x). We then immediately have the integration by parts formulas (67)
and (68). We get the bound stated in (69) with the constant

C= sup sup E|®] (5, %)

t,aq,..., «,
SE[t,T] xeRN

and a standard approximation argument gives the same estimate for bounded and
continuous f. Similarly, we obtain the bound in (70) with constant

C= sup sup E|d? (s, x)

t,aq,..., oy
SE[t,T] xeRN

and a standard approximation argument allows one to obtain the same bound for
f Lipschitz with ||V f|« replaced by || fllLip. U
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A.3. Uniform Hormander setting. In this section, let us consider a stronger
assumption than the UFG(m) condition. Suppose that a uniform strong Hérmander
condition of order m holds, that is, we have the following.

ASSUMPTION A.9. USH(m): There exists § > 0 and m € N such that for all
£ eRN,

inf > (Wit 2. £ = 811

(”Z)E[O’T]XRNaeA>1(m)
In this case, we recover differentiability of x — P; r f(x) in all directions.

COROLLARY A.10. Assume USH(@m) holds. Let n be a multi-index on
{1,..., N} andlet f be Lipschitz. Then

sup [8" (P, 1 £)()| < CIl fllLip(T — 1)~ r1=Dm/2,

xeRN

PROOF. First, let f € Cp° (R¥; R). For the first-order derivatives,

OLE[f (X7")] = " E[0* £ (x7")aL (X7")"].

k=1

For the higher order derivatives, we note that there exist F, € C3°([0, T] x RY; R)
such that

acAsq(m)

where ¢ is the jth standard basis vector in R To see this, define W(t, x) to be
the N x card(Ax1(m)) matrix whose columns are the vector fields (Wq])ge A= (m)
evaluated at (¢, x). USH(m) guarantees that WWT(t, x) is invertible. Then

Fla.x)=WwwT ', x)ej),

satisfies the above relation. Then, for the second-order derivatives,

N
OVVELS (X)) = 37 oJE[" £ (X510, (X5)']
k=1

N
=3 Y Fl W@ (E[" F(X5)al (X5 ).

k=1 (XGAzl(m)
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We note that 8)’; (X %x)k € Ko(z, R), so we can apply the IBPF in Kusuoka [30]
Lemma 8 to obtain the existence of H; , € Ky(#, R) such that

N
=2 FJ(e.2)(T — 7 V2E[* £ (XF") Hy.o (T, )]

N
= (T — 1) "> E[0" f(X3")Hyi,jk (T, )],

k=1
where
Heiji(T.x):= Y (T—0""D2FEI ¢t x)H o(T,x) € Kot, R),
O(E.AZ|(m)
and we have used that for all @ € A= (m), ||| = || < m. We get the bound
PR N -
sup [0UDE[f(XF)]| < (T =72V flloo Y, sup E|H, i ji(T.x)|.
xeRN k—1xeRN

We can iterate this argument to arbitrary order. Then we can get the bound for a
Lipschitz f using the same approximation as before. [J

A.4. Connection with PDE. In this section we make use of the integration by
parts formulae of Theorem A.7 to extend the notion of classical solution to the PDE
(60) to the case when the solution is not classically differentiable in all directions.
The notation and arguments in this section closely follows Crisan and Delarue
[9], who provide a similar notion of solution to semilinear PDEs with coefficients
which do not depend on time. The idea is very simple: it is a standard result that
for a terminal condition f € C}° (RN;R) the PDE (60) has a classical solution.
For f €C, (RV; R), we consider a sequence of smooth approximations (f7);>1
to which we can associate solutions (v;);>1 to (60). For each v;, we can use the
integration by parts formula of Theorem A.7 to write the derivatives Wi2 @ v, x)
in a form which does not depend on any derivatives of f;. We then show that the
PDE still holds in the limit [ — oo.

We introduce some function spaces we will need to define what we mean by
a classical solution. We denote by B(0, R) the open ball in RY of radius R > 0
centred at zero. Let ¢ € C;°([0, T — 1/r] x B(0, R); R) and define

Wo,1
@110, 7—-1/R1xB(0, R): 00

1= 9ll10,7-1/R1xBO,R);00 + [Wo (D 10 71/ R15B(0. R):00-
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Define D%so([o, T — 1/R] x B(0, R)) as the closure of C;°([0,T — 1/R] x
B(O, R) R) in Cp([0,T — 1/R] x B(0, R); R) with respect to the norm
Il ”[0 T 1/R1xB(0,R);00" And define

1,00 o 1,00
Dg(10,T) x RY) = RO] Dy([0, T — 1/R] x B(O, R)).

Now, take ¥ € C;° (RV; R) and, for any ball B, define

1 lg e = 115,00 +Z Wi )% 5.0

i=1

and

d
llg o =iy o'+ S IWA OV 5.0

i=1

We define D%V?f) (B) to be the closure of C;°(B; R) in Cp (B; R) with respect to
W(z) 2,
I-lg

2 2
DW‘gj’)(RN N Dy (B, R)).
R>1

DEFINITION A.11 (Classical solution). We define a function v : [0, T'] x
RN — R to be a classical solution to (60) if the following three conditions are
satisfied:

1. ve D i ([0.T) x RY) and for each t € [0, T), v(t, ) € Dy (RY), such
thatfori =1,...,d,

[0,7) x RN 5 (1, x) > (Wi (t)v(t, x), Wiz(t)v(t,x))

is a continuous function.
2. Forall (r,x) €[0,T) x RV,

Wov(t, x) + = Zw%a x) =
1 1
3. limg,y)— (7.0 V(t, ) = f(x) forall x e RV,
REMARK A.12. 1. Note that since, in general, the space D%{,C()f) (RN) is dif-

ferent for each ¢ € [0, T), our definition requires that v(¢, -) belongs to a different
space at each time t € [0, T').
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2. If ¢ € CL2([0, T) x RN;R), then ¢ € D%j"([o, T) x RY) and ¢(z,-) €
D%",C(’?) (RM) for all ¢ € [0, T). Moreover,

||¢||[VOV?'T1_1/R]XB(O,,);OO < Cr{l®ll0.7-1/r1xB©0.r);00 + 13D llj0.7-1/RIxBO, R); 00
+ IV l{0,7—1/R1xB(O, R): 00}
”‘p”I‘f;}/(g,)I’?z),oo < Cr{l# ) Bo.r):00 T 1V ) B0.R):00
+ V2o, e, R);00 1
where

Cr =1+ [Wolljo,7—1/R1xB(0,R);00

d

+ Z” Wiz, ')”IB%(O,R);oo + [awi(z, ')”]B(O,R);oo‘
i=1

It is then clear that our definition truly is an extension of the usual definition of
classical solution.

With this definition in hand, we have the following theorem.

THEOREM A.13. Assume that U/I::G(m) holds and let f : RN — R be con-
tinuous with polynomial growth. Then v(t,x) := P; 1 f (x) is a classical solution
to (60). It is also the unique solution amongst those which satisfy the following
polynomial growth condition: there exists q > 0 such that

lot,x)|<Cc(1+1x))?  Vtel0,T],x eRN,

The proof of uniqueness relies on an It6 formula valid for functions differen-
tiable in the directions of the vector fields. We will also need a stochastic Taylor
expansion based on this formula in Section A.6 for the analysis of the error in the
cubature on Wiener space algorithm.

LEMMA A.14. Let v:[0,T) x RN — R satisfy part (1) of Definition A.11
and be of at most polynomial growth. Then, for allu € [t,T),

ul d
v(u, XL*) =v(t, x) +./z |:Wo(s)v(s, X0 + %; Wl-z(s)v(s, Xg’x)i| ds
(71) J
+Z/ Wi (s)v(s, X"*) dB.
i=177
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PROOF. This can be proved by a mollification argument as in Proposition 7.1
in[9]. O

We can now prove Theorem A.13.

PROOF OF THEOREM A.13. Existence: Denote by (f;);>1 a sequence of mol-
lifications of f. Since f is continuous, f; converges to f uniformly on compact
subsets of RY. Since v;(t, x) — v(t, x) = E[fi(X7") — f(X7)], it is clear that
v; converges to v uniformly on compact subsets of [0, T] x R . Therefore, v is
continuous up to the boundary at t = 7. Now, consider the integration by parts
formula for W;v; and Wl.zvl provided by (67) as part of Theorem A.7. We get

Wiv(t,x) = (T = )"\ PE[fi(XF) @}, (T. 1],
Wit x) = (T — ) "BLfi(XF) @} . (T. 1],

where, crucially, CD}’ i) <I>ll’ (i) are independent of f;. Then, considering the differ-
ences W;v;(t, x) — W;v,, (¢, x) and Wizvl(t, x)— Wizvm(t, X) over compact subsets
of [0, T) x RN, we see that (W;v;, Wizvl)lzl converges uniformly on compact
subsets of [0, T) x RY. This proves that W;v, Wizv exist and are continuous. Now,
each f; € Clof’ (RN R), so associated to each, there is a classical solution v; of the
PDE (60). Since Wovl = —% Zflzl Wizvl, and Wizvl — Wizv uniformly on com-
pacts in [0, T) x RY, we get that v € D:)T’/:O([O, T) x RV). Moreover, taking the
limit in the PDE satisfied by v; shows that it is also satisfied by v.
Uniqueness: Using the Itd6 formula in Lemma A.14, we have foru < T,

ul d
v(u, X5¥) = v(t, x) + / [Wo(s)v(s, X0y + % > WEs)v(s, XQ")] ds
! i=1

d u )
+Z/ Wi (s)v(s, X*) dBL.
i=1"1

Using part (2) of the definition, the drift term is zero and
d ., .
(72) v(u,XZﬂ:v(t,x)—l—Z/ Wi(s)v(s, Xo*)dB..
i=17"

Now, using that v has polynomial growth and X.* has moments of all orders,
we can easily show that the left-hand side of (72) is square integrable, and so the
right-hand side is also. Hence the right-hand side is a true martingale and we can
take expectation in (72) to get

Ev(u, X)) = v(t, x)
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and using part (3) of the definition (continuity of v at the boundary t = T') we can
take u /' T to get

Ef(X7") = v(t, x),

which proves uniqueness. [

A.5. Derivatives in the direction ﬁ;o. In Theorem A.7, we established in-
tegration by parts formulae for derivatives of x + P; 7 f(x) in the directions
{W[e1(t), @ € A1(m)}. However, 0 ¢ A;(m), so we have no control over deriva-
tives in the direction Wo. Using that P, 7 f (x) solves PDE (60) we are now able to
estimate derivatives in the Wg direction.

PROPOSITION A.15. Assume UfG(m) holds. Let o = (1, ..., ) € A and
use the notation Wy (t) = Wy, (1) - - - Wy, (t). Then the function v(t, x) := P; 7 f (x)
is differentiable in the directions Wo(t), Wi(@), ..., Wu(t) and the following
bounds hold for all t € [0, T): for f continuous and bounded,

(HalH+ e )
(73) sup |Weo (v (t, x)| < Cll flloo(T — 1)
xeRN
For f Lipschitz,
(Hvt1H+ Hllanl)
(74) sup |We (v, x)| < Cll fllLip(T — t) .
xeRN
PROOF. Thinking of the Wo, Wi, ..., Ws as differential operators acting on

functions in .
C>®([0, T] x RN;R), Corollary 78 in [15] shows that W,, « € A satisfies the
following convenient identity:

lleell

(75) Wov =3 > Capro..ps Wipi1 - - Wig v,

i=1  Bi,...picAL
81 ||+~-~+||/3i I=llell

where ¢y ;... € R. The importance of this identity is that the left-hand side
contains derivatives possibly in the direction Wo whereas on the right- hand side,
there are only derivatives in directions W[a a € A; which does not include Wo
Hence,
[Wovl = C sep IWigi1 -+ Wigvl,

.....

€Ay,
181 ||+ +||ﬁ, =l
this being exactly the type of term we can control by Theorem A.7. [J

Now, define, for ¢ € Cgo([O, T —1/R] x B(0, R); R), the norm

w, . o~
”(p||[0,¥—l/R]x]B%(0,R);oo = Z ||Waﬁl)”[O,T—l/R]x]B(O,R);oo,
aeA(n)
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and define ﬁ"([O, T — 1/R] x B(0, R)) as the closure of C;°([0,T — 1/R] x
B, R); R) in Cp([0, T — 1/R] x IE%(O, R); R) with respect to this norm. Then
set

D([0,T) xRY):= (| D"([0,T —1/R] x B(0, R)).

R>1,n>1

LEMMA A.16. The function v(t, x) := P: 7 f (x) is a member ofﬁoo([O, T) x
RN) forall f € C,(RV; R).

PROOF. We take a sequence ( f7);>1 of smooth approximations of f and asso-
ciate a v; to each. For any n € N and any o € A(n), we can use the identity (75)
to write Wg (t)v; (¢, x) as a linear combination of terms of the form W[ﬁ](t)vl (t,x)
where 8 € Aj(n). This allows us to apply the integration by parts formulae in
Theorem A.7 to write

Wa (t)vr (2, x) =t IV2E[ f;(X77) @10 (T, 1)]
for some &, 4, € Ko(t, R). This converges over compact subsets of [0, T) x RN,

g

The above lemma is used in the next section where we need to perform a
stochastic Taylor expansion of v(¢, x) := P, 1 f(x) for Lipschitz f.

A.6. Stochastic Taylor expansion.

PROPOSITION A.17. Let f be Lipschitz continuous and assume that U/I?G(m)
holds for some m € N. Then, u, the solution of equation (60) admits a stochastic
Taylor expansion for s < T,

u(s, Xt = > Wau(t,x)I7;(1) + R, 1,5, %),
acA(l)

with the following estimate on the remainder:

1+2
(76) sup [R(Ls,t,x)|, <C D (T —s5)~® D25 — )72,
xeRN k=I+1

This leads to a one-step cubature error estimate of
sup [E[u(s, Xi™)] — Eq, , [u(s, X;)]]
xeRN
amn 1+2
<C Y (T—s5) " D22
k=Il+1
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PROOF. For any g € C;°([t, 5] x R¥: R), the following Stratonovich-Taylor
expansion is contained in, for example, Kloeden and Platen ([22], Theorem 5.6.1),

gls, Xty = Y Wag(t.x)I% (1) + R, 1,5, x)
aeA(l)

where

RUts,x, 0= Y I (Wag(-, X")).
—peAl),p¢A()

It is not immediate that this expansion is valid for g = u, the solution of equa-
tion (60) since it is not differentiable in all directions. However, the Stratonovich—
Taylor expansion follows from repeated application of the Itd formula contained
in Lemma A.14. We recall Lemma A.16, which says that (+,x) — P17 f(x) €
D([0, T) x RV). This guarantees we can apply It6’s formula as many times as
we wish and so the Stratonovich—Taylor expansion is still valid. We then have the
following estimate for g = u:

sup |R(l,s,t,x),

xeRN

= X Weu(x)],

—BeAD).BEAD)

(78) [+2 " P
< > supsup [Weu(p, )1 (D]
j=i+1B€AG) (p.x)elt,s]xRN
1+2 _ _
<C > sup  sup |Wgu(p,x)|s — 1)/,

j=l1+1BEAG) (p.x)elt.s]xRN

where we have used the standard moment estimate on iterated Stratonovich in-
tegrals ||Ifs(1)||2 < C(s — n)IBI/2 A similar estimate holds under the one step
cubature measure, Q; :

sup |[Eq,,R(,1,s,x)|
xeRN
(79) 142 _ .
<C Z sup sup |Weu(p, x)|(s — 1)7/2.
j=1+1B€AU) (p.x)elt,s]xRN

This is a standard estimate on iterated integrals of bounded variation paths. The
constant C depends on d, [ and the length of the cubature paths. Inequali-
ties (78) and (79) give us control over the error in approximating P; ;g(t,-) by
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Qt,sg(t» ')’
sup [E[u(s, X3*)] —Eq, , [u(s, X5*)]]
xeRN
= sup |(E—Eq,,)R(,1,s,x)|
xeRN '
1+2 " )
<C Z sup sup }W,gu(p,x)|(s—t)]/2.

j=1+1B€AU) (p.x)elt,s]xRN

To bound

’

sup |W,3u(p,x)

(p.x)Elt),tjp1]xRN

we use the estimate provided in (74) and taking the supremum over p € [¢;,1;41],
we get

(1]

(2]

(3]
(4]
(5]
(6]
(7]

(8]

(9]

[10]

(11]

sup sup |Wsu(p.,x)| < C(T —t;4) =72,
(p.x)€ltj tjp1]xRN BeA()) 0
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