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BORDER AGGREGATION MODEL

BY DEBLEENA THACKER AND STANISLAV VOLKOV1
Lund University

Start with a graph with a subset of vertices called the border. A particle
released from the origin performs a random walk on the graph until it comes
to the immediate neighbourhood of the border, at which point it joins this
subset thus increasing the border by one point. Then a new particle is released
from the origin and the process repeats until the origin becomes a part of the
border itself. We are interested in the total number & of particles to be released
by this final moment.

We show that this model covers the OK Corral model as well as the ero-
sion model, and obtain distributions and bounds for & in cases where the
graph is star graph, regular tree and a d-dimensional lattice.

1. Introduction. Consider a finite connected graph G (for simplicity G will
denote also the set of its vertices) with some designated vertex called origin vg
and some non-empty set of border vertices B. We define recursively set of sticky
vertices S, € G, with Sy = B. The process runs as follows: a particle starts some
sort of random walk originated at X( = vg on G, and whenever it comes within the
immediate vicinity (i.e., one edge away) from a sticky vertex, random walks stops
and this particle joins the sets of sticky vertices. Then a new particle starts a random
walk at vy and runs until it stops, and the process restarts again, until vg becomes
sticky itself, at which point the process stops completely. We are interested in
random quantity £ = £(G), the total number of particles emitted from the origin
during the lifespan of the process, which always satisfies

dist(vo, B) <§ < |G| — B,

where dist(A, C) for A, C C G is the number of edges in shortest path connecting
A and C, and |G| and | B| denote the number of vertices in G and B, respectively.
Formally, define a sequence of subsets S,, n > 0, such that So =B and S, =

Sp—1 U{w,} where w,, € G is defined as follows: for n > 1 let X,("), t=0,1,2,...

be a random walk on G such that X (()") = vg and

t, =inflr = 0:dist(X,"”, Sy—1) =1}, va =X
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Then
& =inf{n > 1 :dist(vg, Sy—1) = 1} > 1.

We call the above model border aggregation model (BA model for short).

We study the BA model on a variety of graphs, namely, the star graph, regular
d-ary trees, and the integer lattice for dimensions d > 2. Incidentally (Yuval Peres,
personal communications; also [18]), the BA model on a finite piece of the integer
line is equivalent to the OK Corral model of [14, 15, 20], where its asymptotic
behaviour has been completely analysed. Note that BA model was called internal
erosion model in [18]; however, we feel that the term “border aggregation model”
is more appropriate. The authors of this paper also guess that on a disk of radius
N in R? the number of eroded points, which coincides with the number of emitted
particles in BA model, grows asymptotically at the rate of N, « < 2, the conjec-
ture which we partially solve here.

According to [18], the model on 74, d > 2, can be viewed as an “inversion” of
the classical diffusion-limited-aggregation model (DLA), in which particles per-
forming random walks are released at infinity, and they stop once they reach some
nearest neighbour of the cluster, which initially consists only of the origin. When
d =2, Kesten [12] showed that with probability one the maximum radius of the
random cluster is eventually at most of the order n?/3, where n is the number
of accumulated particles; the corresponding order for d > 3 is n?*/?. Therefore,
heuristics suggest that releasing N3/ elements, one can only reach a maximum
distance of N from the origin. This leads to the conjecture that for d = 2 with high
probability the number of emitted particles & in the BA model should be at least of
the order N3/2, and for d > 3, at least N9/2 particles must be emitted. One should
note here that in our proofs (see Section 4) we improve the estimates obtained by
Kesten [12] rather than using the “inversion” directly.

In Section 4, we obtain a slightly worse lower bound of N*/3 for case d = 2. In
Section 5, we show that if d > 3, then £ must grow at least as N/ with probability
converging to one, which we believe is the correct order.

These results were further improved in [10, 11] where it was proved that the
maximal error for the DLA cluster is O(log?) and O(/logt), respectively, for
d =2, and d > 3; moreover, the fluctuations (appropriately normalized) of the
cluster converge in law to a Gaussian-free field. Similar results were also obtained
independently in [1, 2]. The model has been also studied on the comb lattice in [3],
and similar limiting shape theorems have been obtained.

Another model similar to the BA model has been studied in [16]. The authors
introduce a process where one particle is placed at each location in the interval
[0, N], and at every step a randomly chosen particle from [1, N] is moved to the
left until the whole process coalesce at the origin. The authors show that the ran-
dom time until the coalescence grows asymptotically at the rate of N3/, and the
variance is upper bounded by N>/2.
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The rest of the paper is organized as follows. In Section 2, we study the BA
model on star graphs. In Section 3, we obtain quite sharp bounds for £ on regular
trees. In Section 4, we analyse the model on the two-dimensional lattice and a
comb lattice; in Section 5 we obtain the results for higher dimensions. In the latter
two cases, we obtain nontrivial lower bounds only.

Finally, we mention that throughout the paper for any two positive sequences
{an}n>1 and {by}n>1, any ~ by denote the fact that limy_ oo any /by = 1.

2. Star graph.

e M)
-

B I

9
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Let G consist of K > 2 pieces of {0, 1,2,..., N 4+ 1} C Z sharing a common
origin vg = 0, and let B be the K endpoints (N + 1) of each of the segment. Let X
be a simple random walk on G.

IfK=2thenG={—-(N+1),—-N,...,—1,0,1,...,N,N + 1} with vg =0
and B={—N — 1} U{N + 1}. Let X be a simple random walk on G. As it was
mentioned in the Introduction, this model is equivalent to the OK Corral model of
[20] with the initial number of shooters equal to N, so 2N — & gives the number
of survivals in the positive or negative group, and it is asymptotic order is N3/4, as
it was shown in [15], where the distribution was found explicitly.

Using the elementary properties of simple random walk it is easy to de-
duce that the border aggregation model on this star graph is equivalent to the
following urn-like model. Let X;(0) = N, i = 1,2,..., K. Given the vector
X(j) = X1(j),....,Xk(j)), j=0,1,2,..., we independently sample ¢(j) €

{1,2,..., K} such that

. Xe(H™!
P¢(j)=k)= ——
CD=0=5F Yo

and let
XG+DH=X{y)—-1(0,0,...,0, \1/ ,0,...,0).
¢(j) place

In other words, at each moment of time exactly one of the X;’s decreases by 1, and
the chances of the kth segment to be picked are inversely proportional to its length.
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Again, in case K = 2 this is exactly the OK Corral model. For K > 3, let Sy (K)
be the number of the number of empty sites by the time one of the arms is filled
with sticky points; then Sy(K) = NK — &. We will show that Sy (K) ~ N3/ for
any fixed value of K.

The crucial observation here is that we can couple the process with K indepen-
dent continuous time processes in the same fashion as it is done in [15] using the
idea of Rubin’s construction from [6]. Indeed, let Y;(z),i =1,2,..., K, t >0, be
K independent pure death process all starting at Y;(0) = N with the death rate at
level k equal to 1/k. Fix K > 2 throughout. Let

t; =inf{z : ¥;(t) = 0}, T= min 1 =71, i* =argmint;,

i=1,2,...,.K
(1) K K
SNK)=) YD = ) YD)
i=1 i=1,ii*

that is, i * is the index of the process which dies out first. It is clear from the context
that T depends on K, but we simply write 7, instead of 7(K), as this does not create
any ambiguity. Then the definition of Sy (K) is consistent with the definition given
earlier in this section.

Observe that for any i > 1, there exist independent random variables {&; , k =
1,2, N} such that &; x ~ Exp(1/k), such that

N
(2) =) &k
k=1

Then t; satisfies the following central limit theorem (CLT).

THEOREM 1. Let t; be as defined above. Then, as N — o0,

2
n—N—

3) 2, N, 1),

/1)

V3
where —25 denotes convergence in distribution.
PROOF. It is easy to see from (2)
al N(N +1) N?

‘L',]_Zk 27

N(N+DQN+1) N3
6 3

N
Var(tj) =Y k*=

k=1
The rest of the proof now follows from an easy application of the standard CLT
for the sum of independent random variables. [
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THEOREM 2. Let t; be as defined above. Then, as N — 00,
N2

T — 5 1
sup IP( < x) —Px)|<RI5h N = (’)(—),
xeR N_% ~N

V3
where
1N 13
Ly:= N Zj:l Elg1j = Jl N~1/2,

(v 2, Var(&r )32

PROOF. The proof is an easy application of Theorem 12.4 (Berry—Essen the-
orem) on page 104 in [4]. O

THEOREM 3. Let fn. ;(x) denote the density function of
NN+ 12 3

=7 | —

N3/2/\/§ "W N3

where zy = (NH)*/_ \/3N(2 2N) and n(x) = L\/Zi/z) is the density func-
tion of N'(0, 1) Thenfor every € > 0,

sup| fiv.i (x) —n(x)| = o(N~1/279)

xeR

— 2N,

as N — oo.
The proof of this theorem is similar to the proof of Lemma 2 of [15].

PROOF OF THEOREM 3. By the Fourier inversion formula (e.g., Theo-
rem 3.3.5 in [9]),

1 00 .
4) fni(x) —n(x) = Eﬁ eI (o (1) — e 12) dt,

where

. T, —N(N+1)/2 . 3. —1
ltlT i /F—ltz}v —lTZN

on(t):=FEe N3 =Ee

kH1 N3/2/«/_

is the characteristic function for M, satisfying [ |gn(¢)|dt < oo once

N3/2//3
N >2. /
For |f| < +/N, using series expansion —In(l —a) = a +a?/2+a3/3+--- we
have

ikt/3 N 20 (itk)/3i/?

N
itzy +Ingy (1) = —Zln(l - W) Z D NI L

k=1 1j=1

iA (it)j3f/2
= N.j=aj2—1°
i ]NJ/
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where

N ! + ! =1
IR AT /=t
AN’ijj“z;ka L Liow,  jz2
- j+1 2N =

by interchanging the order of summation. Hence

. I 1.
Inpy (1) = —itzy + (5 + ﬁ)”\/”’

o1 1 5\ (it)I377?
+ Z[l— +-—+O(N )]W

[ 2 i3 83 N 9t4+3i\/§ )
2 4 NUZ 20N 10 N3/2
12 i3/ t 9/ 1 \2

— e ) -2 (=) -t o).
2{+2(ﬁ) 10(ﬁ>+ }+ (/)

As in the proof of Lemma 2 in [15], we divide the area of integral in (4) into
two parts; [—N‘s, N‘S], where 0 < § < min(1/2, €/4) and its complement.

—i—---}—l—@(lz/N)

N 2
‘/ e " (on (@) —e7)dt

N§

§ .
- fN |e_izx_§| . ‘e—%[#(ﬁxuo(l))] 1)
=/
33

N(S
=/
—N% |8/ N
— O(N_(l/2_48)).

The integral over the complement is also dealt in similar fashion as in Lemma 2 in
[15].

®)

(1 +0(1))‘dz

(6)

—itx _ _2 ‘ 2 B |
flzlzN8€ (pn (@) —e” 7)dr §A|ZN6(\¢N(1)|+6 )dt = o(N 1),

where the last equality can be obtained by using bounds similar to equations (12)
and (14) of [15], using the fact that
) B 1
t = —_—
[ow @) kE[] 1+ 3k212 /N3
B 1
T2+ OWN DI+ A2+ ON D+ -
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Now from (5) and (6) it follows that for all x € R,

| fv.i(x) —n(x)| = O(NTU274) 4 o(NT1) = o(N~1/279)), O
The CLT and Theorem 3 implies that 7; has the following representation:
N2 N3/2
i =— +——ni + O(N),
=5 Nl + O(N)

where n; are i.i.d. normal N (0, 1) random variables.
Our first observation is that for each K there exists constants C (v, K) > 0, such

that
. E[(Sn(K))"]
B vy =00

Indeed, for K = 2 we already know the result from [14],

. El(Sn(2)"] F(G+y) F(G+y)
7 lim —————=(2/3 2/3)Y =:C®,2).
M Jim = = @ i =@ (v,2)
We will use this limit to obtain the result for general K > 3. Note that by symmetry
i* has a uniform distribution over {1, ..., K}.
Let a = (aj,q2,...,0ax_1) € Zf_l, lo| =y + -+ + ag_1 and () =

v!
aylap!ag

ol ( £ ol |- 5, o)

K-1
= D (;)E[nyz’ai(f)l{f=fk}:|
a:la|=v i=1

= > <)1_[IEY () iz=r4)]

o:la|=v i=1

— be the multinomial coefficient. Then

using the symmetry, and the independence of each of Y;(7) conditioned on the
event {T = 1k }. It is easy to see that for any i,

() = B[] (D)1 (r=r)] = /Ooo Y $)B(y > 8) - P(tk—1 > 5) fry (5) ds

< /OOO Y[ ($)P(t1 > 5) fr (5) ds,

where f7, denotes the density of Tx. Now note that 7(K') stochastically decreases
in K, therefore, the expression on the RHS is smallest when K = 2, therefore,
assuming K = 2 in the RHS, we get

o0 ) 1 )
() < /0 VP > ) f(5) ds = SE[(Sw(2)*],
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where the last equality follows from symmetry between Y| and Y. Consequently,
using the limit in (7), we have

IR

o) 4 2)

E[(Sn(K))” 2\V* k-
fimsup ELEV D' _ (_) Sy
Nooo (N34 3
COROLLARY 1. The sequence of N3/4) is uniformly bounded in 1L’ for every
v=1,2,....

ola|=v

Introduce integer-valued function m; : {1,2,..., K — 1} = {1,2,..., K} \ {j}
such that

. i ifi <j,
m;(i)=1. e
i+1 ifi > j,
and let

Ny . Ymp (D)

(V=S >0 =12 K-

where i* is defined in (1), be the lengths of the K — 1 rays which have not been
filled in by the time 7.

THEOREM 4. We have

(8) M By = (@1, 6 L)),

where ¢ is a nondegenerate jointly continuous random variable satisfying

o K—1
PG >ay,....¢xk-1>ag- 1)—5/ |:1— <£a2+w)] Tzdw

=: G(a)

forany a= (aj,aa,...,ax—_1) € ]Rffl. Moreover, the joint density of ¢ is given
by

3 K—1
fe@) =ajay---ax—1 K[z } eXP{——[Z 4__(2" ) “
Therefore, 4;2 = (@{12, e, 4512(—1) has the density

% L= ) 1 /K=l 2
T =\ e e"p:_i[;b" 7(2””) “

forb e ]R_If*l, and thus @{ 2 is some sort of a joint normal distribution, condi-
tioned on all its components being non-negative.
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COROLLARY 2. As N — o0, we have:

(a) %fﬁ —> nwherei=1,2,..., K and the CDF F,(x) is

1—132__”1 _0;[1— (ixz—i-w)}[l—@(w)][(_]e_w;dw if x > 0;

1/K if x =0;
0 ifx <0,

that is, n is a mixture of an atom at 0 and a continuous distribution on R ;

(b) As N — oo, we have ng/li) —> ZK | &i, and moreover, E[ng/’?]v —

E[ZIK | ¢il" for any positive integer v.

PROOF. Part (a) immediately follows from Theorem 4 and the definition of
¢™) To show part (b), define the function g: R~ — R as g(x) := ZI.K:_lei
for x = (x1,...,xg—1). It is easy to see that g(-) is continuous and g(g“(N)) =
SN(K)/N 3/4 From (8) and the continuous mapping theorem (see [9], Theo-
rem 3.2.4), we have g(¢ ™)) 2, g()= ZiK:_ll i

Finally, the statement about convergence of expectations follows from our
Corollary 1 and Corollary on page 348 of [5]. [

PROOF OF THEOREM 4. By symmetry,

P >ay, ..., k-1 >ak—1)

>

]P({l >ay, ..., k-1 >ag_1,i" =])

j=1
K —

Yi(7) R
ZP(W > 1)V # T :J)
= -

P Y1(7) Yg—1(7)
W >dAdly ..., W

Il
=

>ag_1,i" =K>.

Define the stopping times, t; = t;(a) :=inf{r : Y;(¢) < aiN3* fori=1,2,...,K,
and recall that {i* = K} = {T = tg}. It is easy to see that

Y1 (7) Yo(7) Yik—1)(7) :
P(N3/4>a1, N3/4 >Cl2,...,(1\]f/)4>a[(_l,l*zl()
9) _ [~
= P(r1 > 5)P(12 > 5) - - - P(rg—1 > ) fr (s)ds
—00

=In+11In,
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where fr, (-) is the density of the stopping time g,

In :=/ P(r1 > 5)P(12 > s5) - - - P(rg—1 > 5) fr, (5) ds,
An

I1yn = / P(r1 > s)P(12 > 5) - - -P(rg—1 > 5) fri (s)ds  and
Ay

N? NN N? N3¥2IN
Ay =|———F—Fb7—, —+ ——|.

2 V3 2 V3
We will now estimate the integral Zy . Using the representation of ¥ with the ex-
ponential random variables &; x, we have

N(N +1) —a}N3/*
2 b

N
Elnl= )  El&d~

k=|a; N3/4|

N3 _ a?NZ.ZS N3

N
Var(z;) = Z Var(&; x) ~

k=|a; N3/4| 3 3
Similar to (3), it is easy to see that
Tay, — N(N+1);afN3/2 D
(10) — 2, N, D).
V3

Applying the change of variables s = w + w% for w € [—1,1]in Ly, we

get
N3/2 N [K-1 N(N +1) N3/2
Z :—/ IP’(r o> +w >
NG _lnN[Hl ran. 2 J3

j=

N(N +1) N3/2
X er( 5 +w 7 )dw.

From (10), it follows that

N(N+1)—a§N3/2

N(N +1) N3/2 j———st— V3,
P(o= *"’ﬁ)zp< el > e +u)
/3
V3,

Fix a small & > 0. From Theorem 3, we have
N32 (N(N+1) N2
fTK( +w
V3 2 N&]

sup > —n(w)‘ =o(N~1/279)),

weR



1614 D. THACKER AND S. VOLKOV

By the dominated convergence theorem, we have for all N large enough

1 ]nNK_l «/_ w?
T 11— —2+ )} —7d
5= e [ o)

= o(N_(l/z_e) InN)

(11)

and at the same time

InN K-1 \/g w2
G(a 1—-® —a-z—i—w)}e_T dw
‘ ( ) «/ —InN 1_[|: ( 2 !
(12)
oo 1172
5/ edewzo(Nfl).
InN
By Theorem 2,
ZIn < [ fords
Ay
N2  N2InN N2 N N
(13) —u»( - N ) p( N )
K= + NG +P\x = 5 7

=2(1 — ®(InN)) + O(ﬁ) = O(ﬁ)

Combining (11), (12) and (13) we get the desired convergence in distribution.
Finally, we need to show that the limiting random variable ¢ is jointly contin-
uous and find its density. Since all the partial derivatives of the expression inside
the integral sign in the definition of G(a) are continuous, we can interchange in-
tegration and differentiation by Leibniz integral rule to obtain that ¢ has the joint

density
(1)K~ 3k=1G(a)
dajp---0ag—_i
_K-1g oo K=1 4 2
_EDTTK n—[l— <£a2+w)} ~T dw
21 —00 i da;
_ alaz--'aK—lK3% /00 exp{_sz—l—w\/gZiaiz—f— %Zia?
(2m)K/2 —o0 2

_alaz'--aK_lx/E 3 4 1 5 2
T Qn/3) &2 exp{_é[,zaf_?(lzaf> ”

where the sum is takenoveri =1,2,..., K —1. O

}dw
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3. Binary tree (and other regular trees).

Let G = G4,k be aregular d-ary tree (d > 2) with root vy truncated at level K,
that is, it is vg and all the vertices of distance no more than K from the origin; thus
IG|=1+4+d+d*+---+d¥X. We assume that all X most remote vertices are the
border, and the random walk moves only upwards (away from the root) with equal
probability.

Let us now assume that d = 2 and for the rest of this section deal only with
the binary rooted tree, unless said otherwise. Let £x denote the total number of
emitted particles on G g until vy becomes a part of the border. Then

3 with probability 1/2,

e 1, = 2, = 1 il
& & £ 4 with probability 1/2

and in general

(14) Exky1=1+n(Ex. 6K).

where & and &; are two independent copies of £éx and 1(a, b) is the number of
tosses of a fair coin required to reach either a heads or b tails, whichever comes
first. The recursion (14) comes from the fact that the root of one of the two sub-
trees, parented by vg, has to become sticky in order for the process to stop on the
next step, and the paths of the process on these two sub-trees are independent of
each other.

Note that min{a, b} < n(a,b) <a+b —1 and

P(n(a,b):E,aheadsexpired):(E:;)%, a<t<a+b-—1;
P(n(a,b):E,btailsexpired):(Z_])l, b<t<a+b—1
t—b)2t
yielding
P(n(a,b)=e)=[<£_1>+<£_1>]1, min{a, b} <t <a+b—1,
£—b t—a)l2t

with the convention (7) = 0if y <0.
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Fi1G. 1. Distribution of &g.

TABLE 1
Distribution of &4

k 4 5 6 7 8

_ 1 1 5 15 5

PEa=hb 5§ 2 6 & o

TABLE 2
Distribution of &5

k 5 6 7 8 9 10 11 12 13 14 15 16
Pes=k) A 3 45 535 1335 355 SIS 30525 9075 32175 75075 10725
5= 64 64 512 4096 8192 2048 32,768 262,144 131,072 1,048,576 8,388,608 8,388,608

Using (14), we can, in principle, get the distribution of £ for any positive
integer K . For example, the distributions of &4 and &5 are given in Tables 1 and 2.
For &g, the distribution is shown on Figure 1. We have also computed

E& =3.5, [E&=589..., [E&~9.82,
Ete~ 164,  E&~276,  Etg~46.38.

Our guess is that £k, appropriately scaled, is asymptotically normal for large K.
Unfortunately, we do not have a proof of this fact, and leave this as a conjecture.
One can also generalize the recursion (14) for regular d-ary trees with d > 3, but
the formula quickly becomes quite messy and not so useful.

3.1. Lower and upper bounds for £x. Here, we deal with a regular d-ary tree
again, dropping the restriction d = 2. Observe that the number of particles which
get stuck onlevel i,i =1,2,..., K — 1 (i.e., distance i from the root), is at most
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d'~! since whenever a vertex v becomes sticky, none of its sisters on the tree can
be reached (if a new particle reaches the parent of v, it stops and becomes sticky).
Therefore, since initially all the points on level K are border points, a nonrandom
upper bound on & is given by

(15) &g <[d* 2 4+dX 3+ 1d+1]+1< dK‘l[d—ll +d‘<K‘“},
where the last term “+-1” corresponds to the very last particle emitted at vy which
immediately becomes sticky. The trivial lower bound for £éx is K, but we will show
that with a high probability £k is in fact much larger.

Let |v| = dist(v, vg) be the height of the particles on a tree, and let Lev; = {v :
|v] =i} be the set of d’ vertices on level i. Let 5; be the index of the particle
which was first to get stuck on level i, that is, n; = inf{n > 1 : v, € Lev;}. Trivially,
nkx—1 = 1; we will show that ng_,, is quite large for m > 2. This will allow us to

get the necessary bound as

NK—1<ng—2<---<n<n=& — 1.

Fix some m > 2. Observe that for a vertex in Levg _,, to become sticky, at least
m particles of random walk should pass through it on their way up. Since each
vertex at level Levg_,, is equally likely to be visited by the random walk (until
there is at least one sticky particle at this level), the quantity nx_,, is stochasti-
cally larger than ¢ = ¢k, the number of independent trials of a discrete uniform
random variable with A = dX~"" equally likely outcomes required to reach one of
the A outcomes at least m times. Note that for m =2 and A = 365, this is exactly
the famous birthday problem; therefore,

t—1 . t2
Pilga2>1t)= l_[<1 — #) ~exp{—W}

i=1
and in particular if 7 (K) is any positive function such that ;(K% J 0 then
Ptk > 1(K)) > P(nx—2 > 1(K)) > P(¢k 2> t(K)) — 1 as K — oo.
For larger m, we do the following estimation. We have
P(¢k m <t) =P(one of A outcomes is reached > m times during ¢ trials)

< A -P(outcome “1” reached at least m times during ¢ trials)

=2 ()w(-3)"

AN | t\1+o(1)
=2 () a1 (m)W

=m

(16)

t" 4+ o(t™)
= mAm=1
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if t < A and m < t. By Stirling’s formula, the logarithm of the RHS of (16) is
approximately

mlnt — (mInm —m + O(lnm)) — (K —m)(m — 1)Ind
(17)
=mlnt — K(m — 1)Ind + m*Ind + O(mInm).

We want this quantity to be negative and to go to —oo, but preferably slowly.
Equating the RHS of (17) [but the O(:) term] to O gives

= gKA=1/m)=m _ ;K —[m+%]

and substituting this into the LHS of (17) we get
—m(nm +1Ind — 1) + O(Inm).

Since we want 7 to be as large as possible, we choose an integer m = +/K + z such
that |z| < 1/2. Then, indeed, t = dK—K/m=m A — qK—m and m <« t; moreover,
the RHS of (17) becomes —(% + o(1)VKIn(K) = —oo as K — oo. Hence,
taking into account that m + % < 2\/f + (’)(1/\/?), we get

(18) P(¢k m > dK_Zﬁ_O(K_I/z)) -1 as K — oo.

Since nx > {k.m, combining with (15), we have the following statement.

THEOREM 5. With probability at least 1 — K_(%‘H’(l))‘/?, we have for d > 2,

In(d — 1
1+ (lid) —o(l) < K —log &k <2VK + O(K™'/?).
n

4. Two-dimension aggregation on Z2. Let the graph G be a box [—N, ...,
N1? C Z? with the origin vg = (0, 0). We can define the model in two alternatives
ways:

(a) (box model) B={(x,y) € G:|x| =N or|y| = N} is the border of the box
[-N,.... NI

(b) (disc model) B= {(x,y) € G :{/x2+ y2 > N — 1}, thatis, G can be viewed
as the disc of radius N and the “sticky border” is the circumference.

Figure 2 shows the aggregation process at the time when the process has stopped,
compare with illustrations in [18]. In what follows, we study only case (b).

Let &y, as before, denote the number of emitted particles until the origin be-
comes part of the border. It is trivial that N <&y < N 2 however, we want to geta
finer asymptotic of £ ; we conjecture that £y ~ N* where o & 1.7 (see also [18]);
however, we believe it is a very hard problem. We have managed, though, to show
that £y is at least of higher order than N*/37¢; please see Theorem 6 below.
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FIG. 2. Aggregation process on 72 with square () and circle (b) borders.

4.1. Lower bound for the BA model on a disc.

THEOREM 6. For every € > 0, we have

P&y < N%_E) -0

as N — oo.

The proof will be based on obtaining detailed bounds for the DLA of [12, 13]
via strengthening of the result of the main theorem in [12]. In accordance with
notation of these papers, let B C Z? be a finite connected subset, d B be the set of
points adjacent to B, S, is a simple symmetric random walk on 72 with So = x,
7 =inf{n : S, € B} the a.s. finite hitting time of B, and S; is the point where the
walk hits B for the first time. Let also for x ¢ B,

H(x,y) =Py (S: =), M(y)=|xlliLnOOH(x,y)-

The latter limit exists and satisfies } ,cpu(y) = 1 according to [19], Theo-
rem 14.1. Suppose that B contains the origin. Let r = rp = max,cp |x| be the
“radius” of B. Kesten [13] showed that

const

JrB

where the constant does not depend on B. We want first to generalize this result
for finite starting point x.

u(y) <
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PROPOSITION 1. There is a constant C > 0 not depending on anything, such
that

H(x,y) < ¢
Y T Jrp

or all B containing the origin and x satisfying |x| > P2 Inrpg.
8 8 g B

PROOF. Throughout the proof, we fix the set B and will write r = rp for
simplicity. In accordance with the notation in [19], let P,(x, y) denote the n-step
transition probability from x to y for a SRW on Z?2,

Gulx,y) =) Pi(x,y), Ax,y) = lim [G,(0,0) = Gu(x, y)].
k=0

that is, G, (x, y) is the n—step Green function (see [19] Definitions 1.4 and 11.1).
We use the representation for H (x, y) from [19], formula (14.1) and the proof of
Theorem 14.1 there which states that

H(x,y)—pu(y) =) A, 0)[I(, y) — 1i=y]
teB

= Z[A(x, 1) —Ax,0) ]I, y) — [A(x, y) — A(x, 0)],
teB

where I1(¢, y) > 0 denotes the probability that the first hit into B starting from
¢t will be at point y € B and satisfies > ,.p [1(t, y) = 1 by Lemma 11.2 in [19].
Hence

|H(x,y) — u()| <A, y) — A@x, 0)] + D _|A(x, 1) — A(x, 0)|T1(z, y)
teB

(19) §rtnezg;|A(x,t)—A(x,O)\(l—F;gH(t,y))
=2max|A(x,1) = A(x,0)].

Next, we need to estimate how quickly the difference between A(x,?) and
A(x, 0) converges to 0. From the proof of Proposition 12.2 in [19] and the transla-
tion invariance of the walk, it follows that

Ax,t) — Ax,0) = nli)ngo Gp(x,0) — Gu(x,t)
= lim G,(x,0) — G,(x —t,0)
n—oo

1

=a(x—t)—a(x):w

/_Z/_ZQ-RdOIdGZ = (%),



BORDER AGGREGATION MODEL 1621

where

i(1614+1260)
0 = ¢i 01426 R=1 e~ o1 ind o cos(61) 4 cos(6>)

1—¢ ¢ 2

is the characteristic function of the walk. While it follows from [19] that the in-
tegral (x) — 0 as |x| — oo, we still have to estimate the speed of this conver-
gence. Assume w.l.o.g. that |xz| > |x1| so that |x2| > |x|/2. Split the area of inte-
gration [—, 7]? into two parts: where |61 < & and the remaining part, and write
(*) = (I) + (1) where (I) is the integral over the first area and (II) is the integral of
the remaining area.

First, we obtain two useful inequalities:

, 1101 + 120
|1 o 6—1(1191+t292)‘ — z)sin(%ﬂ <|t101 + 120|

< V2 max(|t], |T2|)\/m = 2"\/@

and if |u| < 7 then
u’ L 5 2
1 —cos(u) > 3 = 2 —cos(#;) —cos(6r) > 5(91 +63).
Integrating Q - R by parts w.r.t. 6, for |61]| > €, we get

1 b4
(I) - (27‘[)2 /e<91<n d01 —/-—n dGZQ R

1 R . ¢! (x1014x202)
_ _2/ d@l[,—
2m)? Je<|)|<n 1x2
i T 9R
_ do / I 4
(27)2%x; /e<|91|<n - Q392 ?

using the fact that €T = ¢~ITX2 — () a5 x € Z. Since

b 7 pl(x101+x262) g p
e Y

R ithe 1 ONF0D)[D _ cosh; — cosBy] + [e " O11110212) _ 1]5in 6,
90, (2 — cosf — coshy)?

and | sinf,| < |0;| we conclude that
T 4\t
eriulml <[ ol g,
e<|0y|<m —7 2 —cosf; —cosO,
T 2r|62],/0% + 63
+ d91/ 5
e<|61|<m —7 (2 —cosf; —cosb)

d6, = (Ia) 4+ (Ib).
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Let us write r = rp to simplify the notation. Since |f2| < r, we have

T do, do; do,
(TIa) < ZOr/ do, / ———— <20r // 5 5
e<|01|<m - 91 +Q 82<912+922<47'[2 91 +92

27 q ,0
=20r/ f dp = 4077 In(27e™")

by switching to polar coordmates. Similarly,

T [62]dO;
e<|0|<m -7 (91 +92)3/2

T 1 1
:2001”/ — — ————=4d6
€

O Jn2 462
=200r(1 + o(1)) In(s71).
Consequently,
(Ia)+ (Ib)

| <
|()|_ 4712x2

On the other hand, for |#;] < & we have

_50+107 +o(1) 2r
m? xl

In(e™").

el (110141202) |
anj == [ / a6
(271)2 1611<¢ 2 — cos(@l) — cos(62)

5r // \/92+92
72 0

]|<8 91 +92

_5r[41 I P WP \/712—4—624—71]
_; JTH(;‘F + )+ n(m_n>
= g[ln(%re) +ln(g_1)] e+ (’)(83) — (’)(rg ln(g_l)),

. _ 1
Therefore, by setting ¢ = e We get

1 —1

rme ) e ) +r81n(8_1):|

x|

[rln(r3/2(lnr)2) 1n(r3/2(lnr)2)]
= const +
x| (Inr)2/r

const[ 3Inr +4Inlnr n 3lnr +41n1nr]

= r
2 |x| (Inr)2/r

<3-const 1+ (1)
< > «/70\/7.

|A(x, 1) — A(x, 0)| = | ()| < | (D] + D] < const[
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Now the result follows from (19), Theorem from [13], and the condition of our
theorem about |x|. [

Next, we want to strengthen Kesten’s result from [12], where he studied the
following model. Suppose that the initial sticky particle is located at the origin
0 € 72, and the particles emitted at infinity (for a more rigorous definition, please
see [12]). Let r(n) be the diameter of the aggregate A, of n particles. Kesten in
[12] showed that a.s. r(n) < Con?/3 for a fixed constant C5 > 0 and all but finitely
many n. We will get a more precise estimate for all n even in the case where the
particles are emitted not at the infinity but at some point, sufficiently remote from
the origin.

PROPOSITION 2 (Strengthening Kesten’s theorem for Z2). Consider the
above model with the exception that the particles are emitted from a fixed finite
point z € Z*. Then there are constants Cy, Cs, ng > 0 not depending on anything,
such that for all n > ng satisfying n>/*Inn < |z|, we have

P(r(n) > C4n2/3) < e Csvn,

PROOF. We assume that n = n; = 2% for some positive integer i; if this is not
the case, then we can always find such i thatn;_; <n < n; andsincen; /4 <n <n;
and A, C A, the result will follow.

For \/n = 2! we have a trivial bound r(2%) < 2. Now for k =i,i + 1,...,2i
we repeat Kesten’s argument. Note here that our Proposition 1 together with the
trivial bound r(A,) < n imply that the inequality (8) from [12] still holds, possibly
with a different constant; that is, the probability that the particle gets adsorbed at a

specific point of A, is bounded by f/@ for some Cg > 0. Then the collection of

inequalities (9) in [12], that is,

Ce2X
(20) r@*) —r@) < +2K2 forall 2F <1 < 2kF!
)— NGO
holds with probability at least 1 — v (k) where
2k/2

U(k) — 47_[22](4-1 (2) X 2k < yzk/z

for some ¥ < 1 and all k larger than some nonrandom ko (see equation (18) in

[12D.
From now on, assume that i > kg, that is, n > 4k0 Then (20) holds for all k =
i,i+1,...,2i —1 with probability exceeding

2i
@1 T S S
k=i

m=2i/2

i/2
)/2 yvr
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Next, suppose that inequalities (20) indeed hold for 2k <[ <2kt If for | = 2%,
we have (1) > (C¢2¥)2/3 then

P2 — r(25) < (C628)P + 242,

If the above inequality does not hold, then either for all / € [2¥,25F!] we have
r(l) < (Cg2)%/3, and thus r(2¥t1) < (C2%)%/3 as well, or there is some I, €
[2K, 2%+17 such that |r(l,) — (C62X)%/3| < 1. In the latter case,

k+1y < Co2* k/2
r(27) < r(l*)—i—m +2

Ce2k
< [(Cez")z/3 +1]+ 8% 4ok

< 3(Ce2)Y3 242,
Combining the inequalities involving r(25*1), we conclude that
P24 3CH0% 125 4 r(24) 4C 2% 4 1(2Y)

if k is not too small. Summing this up for k =i,i + 1,...,2i — 1, we finally get
_ 2i i 2/3
r(n)=r(27) <r(2') +4Cy Zzz

2/3
1— 22/ 3
with probability exceeding the quantity in the RHS of (21). [

<2 4 23 <cp¥=c,oni

COROLLARY 3. Let @ > 0 be small. Consider again the model from Proposi-
tion 2, with the same z. Then there are constants Cy4, Cs,ng > 0 depending only
on o, such that for all n > ng satisfying n < |z|'~% we have

P(r(n) > C4n2/3) < e Csvm,

PROOF. The crucial point in the proof of Proposition 2 where we used the
fact that |z| > n3/?Inn was that we can apply Proposition 1 only as long as the
set B containing the origin has the radius r = r(B) satisfying r3/?Inr < |z|. The
estimate r(A,) < n which we used in the beginning of the proof of Proposition 2
is, however, too crude, as we know that A, does not grow that fast with very high
probability. Therefore, one can repeat the arguments of this proposition almost
verbatim, estimating the probabilities conditioned on the past behaviour of the
adsorption process not to grow faster then s%/3 by time s for s < n, so that in
particular r(n) < C4n*/3, and thus r(n)3/?Inr(n) < O(nlnn) < |z| as it would be
required by the conditions of Proposition 2. [
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Now we present the proof of the main result, based on estimation of crossing
times of the sequence of rings separating the border from the origin.

PROOF OF THEOREM 6. Let B(R) = {v € Z2: |v| < R} be the set of points
in Z? inside the circle of radius R; fix some very small positive § such that

) e

<=
18—65 2

and let rp = k3%, k € Z,, and for now assume that N = r, for some positive
integer z. Consider the rings Ry = B(ry) \ B(rx—1). Observe that the width of Ry
is = (3 — 8)k*~%, and thus it is larger than wy, := k>%.

The Nnext step is to show that with high probability the number of particles &
required to cross R; and come to the next ring Ri_ (even if there is more than
one “arm”, that is, a connected component of stuck particles) is at least of order
wi’? = k339 with high probability.

Consider our adsorption process from the moment when some particle gets ad-
sorbed in R; for the first time. Let 0 B(r) be the set of vertices where this could
have happened, namely

dB(ry) ={v e B(ry) :3u ¢ B(ry), u ~ v}

“the internal border” of B(ry). Note that card(d B(ry)) < 8ry.

Let us arbitrarily index points of d B(rx) as v;, j =1,2,... , card(d B(rx)). For
each v; € dB(ry), construct the corresponding “DLA arm” A’/ C Ry as follows.
Initially, all A/ are empty sets. Whenever a particle gets adsorbed in a point v j €
dB(ry), set Al = {v j}- If a particle gets adsorbed at some previously empty point
v € Ry \ 0 B(ry), then for every u such that u ~ v and every j such that u € A/ with
u ~ v, attach v to A/, thatis, A/ — A/ U {v} (observe that as a result point v € Ry,
can simultaneously join a number of different “arms”.) Finally, if the particle gets
adsorbed outside of Ry, do not change any of the arms.

Formally, let ¢ be the index of the particle emitted from the origin counting from
the first time a particle got adsorbed in Ry at some point v € d B(r). Then

(22)

A{ =9 for all but one i for which A’i = {v}.
Now recursively define Af ,t=2,3,...,as follows: for each j,

A{ U {v} if the ¢ 4 1st particle got adsorbed at v such that v ~ A{ ,

Al =1
Al otherwise.

It is clear from the construction that for any arm A/, the probability to get adsorbed
near any of its points is smaller than the corresponding probability for the process

described in Proposition 2 in particular, the number of particles in A/ might grow

slower than the number of emitted from the origin particles, that is, card(A}) <t
[unlike the Kesten’s DLLA model where card(A(t)) = t].
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Setn=n; = (wk/C4)3/2 K3 15‘SC I3 Then

— 1-2
n=Cy ] 58 = 00, F )
so we can apply Corollary 3 with « € (0, 6_‘3—25) to show that after n particles were
adsorbed inside of Ry, for each arm A/ we have
P(r(A]) > wi) = P(r(A)) > C4n??) < e C5V7,

where 7(A;) denotes the diameter of the arm Aj,. For a path of sticky particles
to cross the ring Ry, it is necessary that the diameter of at least one of the arms
exceeds wg. The probability that it took no more than the n particle to cross Ry is

PG =ny) = IP’(U{r(A") > wk}) <Y P(r(AY) > uy)
J j
< 8rpe™ CsVE — g3, CaH I IC _ ok

(since there are at most 8r such arms) for all k£ large enough.
Fix an arbitrary &’ > 0 and choose ko so large that 3 "2, ‘e
with probability

—k < ¢/, As a result,

Z
1-> e F>1-¢
k=ko
the number of particles required to form a path that crosses all the rings
R;,R,_1,..., Riy+1, Ri, 1s no less than

4 s 4
AL NITET® N33 i,
.

3158 5
Z”k_ 152 = 15 — 5 A5 =N
k=ko Ci” i x 5C, 5C, 5C,

[see (22)] provided z > 2k and N is sufficiently large. This implies that
4
P(ey < N3 %) <.

Finally, if N # z>~? for an integer z, we can always find N’ such that N’ = z°
and N/2 < N’ < N and apply the argument for the rings starting with N’. [

-6

4.2. Comb lattice. The comb lattice G is the graph whose vertices coincides
with the vertices of Z2; however, all the horizontal edges are removed except those
lying on the horizontal axes. Thus, a simple random walk located at point (x, y) €
Z? goes only up or down (y = 1) with probability %, unless y = 0 in which case

either of the coordinates can decrease or increase, all with probability %.

Suppose the origin is vg = (0, 0) and the initial sticky border consists of two hor-
izontal lines located at distance N from the horizontal axes, that is, B = {(x, y) €
G : |y| = N}. As before, let £ = &y denote the number of particles to be emitted
from the origin before the origin becomes sticky.
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Comb lattice, N =3

THEOREM 7. For some 0 < c) < ¢3,
P(61N3/2 <éy < 62N3/2) — 1

as N — oo.

REMARK 1. Simulations strongly suggests that E[%] ~ 1.5 for large
enough N. This leads us to believe that % should be very close to 1.5 for all N
large enough with high probability.

The proof of Theorem 7 will immediately follow from Lemmas 2 and 3 below.
Consider the column j, j € Z, that is, the set of points K; = K j+ U KJ-_ where

K ={(.y),y=0,1,...,N},

KJ-_={(j,y),y:O,—l,...,—N}.

The columns are gradually getting filled with sticky particles (it should be noted
that many columns will not be completely filled); let hj-’ (m) be the distance from

(J, 0) to the closest sticky particle in K j+ at the time when the mth particle is being
emitted from the origin; similarly, define h; (m) for K i

Suppose that when the mth particle is emitted, all hj-c(m) > N/2 forall j € Z.
Consider the embedded random walk restricted to the horizontal axes (y = 0),
and denote it by W, € Z, Wy = 0. Eventually, the particle gets stuck during an
excursion to one of the columns when it reaches the sticky border there; thus this
walk is defined only until some random stopping time t = t(m), and the column
in which it gets stuck is either K * ) or K ) where x (m) = Wy (). We shall say

x(m x(m

then that the walk W,, “dies” at time t(m).
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It is easy to see that up to time 7 the process W, is essentially a simple random
walk on Z'. From elementary calculations, given that W,, = j, the probability the
walk dies before ever visiting j + 1 again (which means it reaches a sticky border
in either K ji before departing for j — 1 or j + 1) is given by

1/2 _ hT+hT
1 T ohth— + -’
V24 e 2hHh Rt +h

(23) qjn=qjn(m) =

where we omitted the subscript j for simplicity (one can use, e.g., the electrical
networks method, see [8]). Consequently, if all hj-c > N /2 (and by the initial con-

ditions we know that hji <N — 1) then

24 I 2 2
—_ ; —_—<<—,
N-Urn=NIT2TN

Under the above assumption min; hf( j) = N/2, we can compute the probability
that the mth particle eventually gets stuck at point j by

o0
1
pim):==>_>" > (=g, )0 —qn2)--- (A —qi_;s—1) - qy.s>
s=01€eLy ;
where Ly ; is the set of all paths [ = (0, £1,*,...,%, j &1, j) of SRW on Z! of
length s ending at point j. Using (24), we get that

1
(25) FPi2N <pjm)=<2pj.1n,

where p;.,, is the corresponding probability for the process which gets killed with
a constant rate y € (0, 1). This quantity, however, we can compute.

| .[1—*¢V(2—'V)Tj
pj:)/_ 2_,)/ 1_y .

In particular, if y = % where N is large and a = O (1),

LEMMA 1.

a [1 «/Za}m
Pjiy N JNJ

PROOF. Letg; = qi(j ) denote the probability that the random walk gets killed
at j, provided it starts at point i € Z'. We have the following easy recursion:

(1— y)%’—l erql'+1 i
q4i = 1 +q;
y+d _y)‘b 1 Tqi+1 ifi=].

2
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The characteristic equation A% — %)\ + 1 =0 has the roots

1+Jy2—-y) I-VyQ2—-y) 1
)\.1=1—>1, )\.2=1—:)\—<1
-y -y 1

We have different solutions for i > j and i < j; moreover, g; must go to 0 as
Jj — Zo0; these solutions have to be symmetric around j. Therefore, we must

have ¢; = C)leifj‘. Using the recursion at j =i, we obtain C =y + (1 — y)CX,

yielding C = l—(lym = /ﬁ. Consequently, pj., =qo = /% -Alzjl. The rest
is a simple calculus. [

LEMMA 2.
1
P(gN < §N3/2) =o(1)
for N large.

PROOF. As long as hj.c > N /2, we know from the RHS of (25) and Lemma 1
(with a = 1) that

2 1 1
i(m) < —[1 - —} .
P JNL T UNR2
Therefore, the probability that there will be at least one particle among the first
N3/2 ones which gets stuck at column KJj-E for |j| > N /2 is smaller than

1/
N2 > 2 [1— E] ~4Nfooe_x/%dx
= JNL VN ¥
ljl=5
=4N/me_y\/§dy
1

=44/ 2Ne_‘/§ =o(1).

For the columns with j from —N /2 till +N /2, this probability is at most ﬁ We
can thus couple our process with independent Bernoulli trials conducted %N 3/2
times, which has the average }TN . Hence, by the large deviation principle (see,
e.g., [7]), the probability that amongst particles with indices m = 1,2, ..., %N 3/2
more than %N get stuck at a particular column j is bounded above by e—const/N ,
and hence the probability that at least one h]i, j < |N/2|, becomes smaller than
N — %N is less than N - e—comstvV/N — o(1). Consequently, all the h;fL indeed remain

higher than N /2 for the first %N 3/2 emitted particles. The statement has been
proved. [
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LEMMA 3.
P(gy > 20N%%) = o(1)
for N large.

PROOF. Consider the SRW W, during the first N steps, assuming it is not
killed earlier. We have by the reflection principle

P( IIllaXN (W, | > ﬁ) SP(E?K/(W’[ > «/ﬁ) +]P’(’r11;i2 W, < —«/ﬁ)

n=1,...,

— ZIP’(maglc W, > «/N) —4P(Wy > v/N)
n<

=4[1 - d(1)]=0.63...

and hence with probability at least & 0.36. . . the walk stays within [—+/N, ++/N]|
for the first N steps. At the same time, the walk is killed at each step with proba-
bility at least 1/N, hence it does not survive until N + 1 with probability at least
1—(1—1/N)N~1—e"1=0.63..., that is, the particle gets stuck in one of the
columns K;—L with |j| < +/N.

Consequently, each particle emitted at the origin with probability at least 0.36 -
0.63 = 0.2268 gets stuck at point inside

A:={(x,y)eZ*:|y| <N, |x| <+/N}

independently of the past. Since |A| <4N3/2, and 20 x 0.2268 > 4, by the large
deviation principle with probability converging to one, 20N3/2 points should suf-
fice to fill up A, and hence make the origin sticky. [J

5. Aggregation on Zd, d>3. Assumed >3 andlet G=[—-N,..., N]3 C
Z4 be a cube of the d-dimensional lattice with the sticky borderB={x € G : |x| >
N —1}. Let £y be the number of particles emitted before the origin vg = 0 becomes
sticky. Trivially, N < &y < 2N)?.

In the analogy with Section 4.1, we will prove the following lower bound for
&y (compare this with [12] for the case d > 3).

THEOREM 8. There exists a cg > 0 such that P(§y > chd/z) —las N —
Q.

PROOF. Recall that the Green function in dimension d

©.y) const
8W.Y) ™~ a3
lyld=2

(see, e.g., [17], Theorem 4.3.1) gives the average lifetime number of visits to y of
the SRW on Z¢ starting from point 0. Since the probability of return to y of a SRW
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starting at y is a constant smaller than 1 independent of y (due to the transience of
the walk on Z¢, d > 3), conditioned on the first visit to y, the number of visits to
y starting from x has a geometric distribution with the same finite mean for all y;
therefore, if X, denotes a SRW on Z then

(26) P(X,,:yforsomenzllX():O)f””%
y

for some constant ¢ > 0 and sufficiently large y.
Recall that B(k) = {x € G : |x| < k} is the ball of radius k distance around the
origin and let

R(k) = Bk + 1)\ B(k)

be the “shell” of radius k. Let v, be the index of the first particle to get stuck on
R(k).

Denote by py(n) the probability of a particle getting stuck in R (k) for the first
time, given there are already n sticky points yy, ..., Yy, in R(k 4+ 1). In order for
this event to happen, we need at least that a SRW starting from 0 hits a point of
R(k) adjacent to one of y;’s before reaching the boundary B; denote these points
yi'.....y,, € R(k). Obviously, n" < dn due to the fact that y;" must be adjacent to
some y; and at the same time ly;'| < ly;l.

It immediately follows from (26) that

pi(n) < P(SRW starting at 0 ever reaches the set {y/, ...,y })

<n' min P(SRW starting at 0 ever reaches y’)
yeR(k)

c-dn
<—.
- kd-2
Suppose the particle with index vi1 is the first particle to become sticky on
R(k + 1). If the next (n — 1) particles do not get stuck at R(k), the number of
particles at R (k4 1) becomes at most n. Therefore, the probability that vy — vg41 >

n, which is equivalent to the event that none of the particles with index vgy; + £,
£=1,2,...,n gets stuck at R(k), is at least

ﬁ(l— Z€2> . ca’n(n—{—l).
U™ ke 2442

Plugging n = ¢+ k92 for a suitable constant ¢; > 0, we get

1
]P’(vk — Vi1 > C1V kd=2 | ]:vk+1) > g,

where F, ., is the history of the process up to the time viy. Consequently, the
random variables (vy —viy1) fork = N/2, ..., N can be coupled with independent
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random variables 7y taking value c1,/ (N /2)4-2 =: c; N4/>~! with probability 1/3,
and 0 otherwise, such that vy — Vg1 > ng. This in turn yields

P(ey < caN¥?) <P(vyjn — vy < caN¥?)

N
sP( D e Schdﬂ) =o(1)

¢=N/2

as long as ¢4 < ¢2/6 by the standard Chernoff bound. [J
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