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RIGOROUS RESULTS FOR THE STIGLER-LUCKOCK MODEL
FOR THE EVOLUTION OF AN ORDER BOOK!'

BY JAN M. SWART
The Czech Academy of Sciences, Institute of Information Theory and Automation

In 1964, G. J. Stigler introduced a stochastic model for the evolution of
an order book on a stock market. This model was independently rediscovered
and generalized by H. Luckock in 2003. In his formulation, traders place buy
and sell limit orders of unit size according to independent Poisson processes
with possibly different intensities. Newly arriving buy (sell) orders are either
immediately matched to the best available matching sell (buy) order or stay in
the order book until a matching order arrives. Assuming stationarity, Luckock
showed that the distribution functions of the best buy and sell order in the or-
der book solve a differential equation, from which he was able to calculate the
position of two prices J¢ < J§ such that buy orders below J¢ and sell orders
above J_?_ stay in the order book forever while all other orders are eventually
matched. We extend Luckock’s model by adding market orders, that is, with
a certain rate traders arrive at the market that take the best available buy or
sell offer in the order book, if there is one, and do nothing otherwise. We give
necessary and sufficient conditions for such an extended model to be positive
recurrent and show how these conditions are related to the prices J¢ and J§
of Luckock.

1. Introduction and results.

1.1. Definition of the model. We will be interested in a stochastic model for
traders interacting through an order book as is commonly used on a stock market
or commodity market. In the more theoretical economic literature, the sort of trad-
ing system we are interested in is also known as the continuous double auction.
In our specific model of interest, traders arrive according to independent Poisson
processes and place either a buy or sell limit order for exactly one item of a certain
stock or commodity. If the order book already contains a suitable offer, then the
new limit order is immediately matched with the best available offer, that is, a new
buy limit order at a price x is cancelled against an existing sell limit order at the
lowest possible price x” < x, if such a sell limit order exists, and vice versa for
new sell limit orders. Orders that are not immediately matched stay in the order
book until they are matched with a new incoming order, or, if such an order never
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F1G. 1. Simulation of the “uniform” Stigler—Luckock model with I = (0,1), A_(x) =1 — x, and
A4 (x) = x. On the left: the state X 50 of the order book after the arrival of 250 traders, starting from

the empty initial state. On the right: the distribution function x — X ([0, x]) of the random signed
measure Xy, after the arrival of k = 10,000 traders.

comes, forever. See Figure 1 for a numerical simulation. This model, in discrete
time and for a specific choice of the parameters, was invented by Stigler [23] and,
in its full generality, independently by Luckock [13]. The model was subsequently
again independently reinvented by Plackovd in her master thesis [19] and by Yu-
dovina in her Ph.D. thesis [27, 28]. We will generalize the model by also allowing
market orders, that is, with a certain rate a trader arrives that takes the best available
limit buy (sell) order in the order book, if such an order exists, and does nothing
otherwise.

To formulate this model in more mathematical detail, let / = (/_, I1) C R be
a nonempty open interval, modeling the possible prices of limit orders, and let
1 :=[I_,1.]C[—00,00] denote its closure. Let A+ : I — [0, co) be functions
such that:

(A1) A_ is nonincreasing and left continuous, while A is nondecreasing and
right continuous.
(A2) limy; A_(x)=A_(J-) and limy4/7, A (x) = A4 (14).

We interpret A_(x) and A (x) as the demand and supply functions, which describe
how many items per time unit traders are willing to buy or sell at the price level x.
More precisely, let i+ be finite measures on / such that

(1.1) p—(x, I+]) =Ar_(x) and wui([I-,x])=xri(x) (xel).

Then the restriction of p_ (resp., u4) to I will be the Poisson intensity at which
traders place buy (resp., sell) limit orders at a given price, while u_ ({/+.}) [resp.,
u+({1-})] will be the Poisson intensity at which traders place buy (resp., sell)
market orders. Note that u_ ({/_}) =0 = 4 ({I+}) by assumption (A2).

We let 7, (k > 1) denote the time when the kth trader arrives at the market, we
let oy € {—, 4+} be a random variable that indicates whether this trader wants to
buy (—) or sell (), and we let Uy, € I denote the price associated with this trader,
where Uy € I for limit orders and U, = I4 for market orders. Then

(1.2) 0 ={Uk,or,w):k=1,2,...} withO<t <) <---
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is a Poisson point process on 1 x {—, +} x [0, 00) with intensity H“e® £, where £ is
the Lebesgue measure on [0, 0o) and p is the finite measure on I x {—, +} given
by u({o} x A) = us(A) for all o € {—, +} and measurable A C I. We let

(1.3) ltl :=p+) and |u|:=pu(l x {— +}) =u_|+ |l

denote the total masses of the measures @4 and w. To avoid trivialities, we assume
that |u| #% 0. Our assumption that the point process IT in (1.2) is Poisson with
intensity © ® £ implies that (7x — t4x—1)k>1 are i.1.d. exponentially distributed with
mean 1/|u|. Moreover, the random variables (Uk, o )r>1 are i.i.d. with law 7t :=
||~ ' and independent of (T )k=1-

By definition, a counting measure is a measure that can be written as a finite or
countable sum of delta measures. We represent the state of the order book at a time
t > 0 by a signed counting measure of the form

(1.4) X=xt-x",
where X~ and X' are counting measures on I satisfying:

(i) there are no x,y € I such that x <y, X*({x}) >0, ¥~ ({y}) > 0,

(1.5)
(i) X ((x,1)) <ooand XT((I_,x)) < oo forall x € I.

We interpret X~ (A) [resp., X (A)] as the number of buy (resp., sell) limit orders
in a measurable set A C I, and let Sqrq denote the set of all signed measures that

can be written in the form (1.4) with X'+ satisfying (1.5). For any &’ € Soq, we let
06 M_(X):=max({I_}U{x e I: X({x}) <0}),
’ M4 (X) :=min({I1} U {x € I : X({x}) > 0}),

which can be interpreted as the highest bid and lowest ask price in the order book.
The state of our Markov process changes only at the times 7y, 72, ... and we
denote the corresponding embedded Markov chain by

1.7 Xy =&y, (k > 0) with 79 :=0.

Our previous informal description of the model then translates into the following
definition. Given the initial state X( € Sorg, we inductively define (X¢)i>1 as

(1.8) Xy =Ly, 00 (Xk=1) (k>1),

where for each (u,0) € I x {—, +}, we define a “Luckock map” Lo : Sord =
Sord by

X — Sunmy(x) ifo=—uAnMi(X)el,
(1.9 Lyos(X):=1X+8uvm_(x) ifo=+,uvM_(X)el,

X otherwise.
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For example, if 0 = +, then this says that a new sell limit order is added at the
price u, unless the current best buy offer M_(X’) is higher than u, in which case
this offer is taken, which amounts to adding a delta measure at M_(X’). The rules
for sell market orders are the same, except that these are not added to the order
book if no suitable buy offer exists.

It is easy to see that (Xy)x>0 is a Markov chain; in fact, using terminology
from [12], we have just given a random mapping representation for it. We call the
Markov chain in (1.8) or, more or less equivalently, the corresponding continuous-
time Markov process (&X;);>0 the Stigler—Luckock model with parameters A+. In
the special case that there are no market orders, this is the model introduced in [13].
The authors [19, 23] considered only the case that p_ = p is the uniform distri-
bution on a set of 10, respectively, 100 prices. In [8], infinite piles of limit orders
are used as a construction that is mathematically equivalent to market orders. As
we will see, the introduction of market orders is natural also from a mathematical
point of view and helps us understand the model without market orders.

We let

(1.10) Vimax ;= A—(I-) Ady(I3) and Viy:=supi_(x) A A4 (x)

xel
denote the maximal possible volume of trade and the maximal possible volume
of trade at a fixed price level, respectively. We will sometimes need the following
stronger conditions on our demand and supply functions:

(A3) A are continuous on I, A_ is nonincreasing, and A is nondecreasing.
(A4) The function A, — A_ is strictly increasing on 1.

(A5) The functions A_ and A4 are > O on /.

(A6) The rates A4 (/) and A_(/;) of market orders are both >0.

(A7) W < Viax-

In particular, (A3) implies (A1) and (A2). As shown in Appendix A.1, (A3) and
(A4) are not really a restriction, since every Stigler—Luckock model satisfying (A1)
and (A2) can be obtained as a function of a Stigler—Luckock model satisfying (A3)
and, under mild extra assumptions, also (A4). Condition (AS5) also comes basically
without loss of generality, since sell orders on the right of the first point x where
A_(x) = 0 are trivially never matched, and similarly for buy orders at the other
end of the interval. The conditions (A6) and (A7) are restrictive, of course.

Conditions (A3), (A4) and (A7) imply that there exists a unique point xyw € /
such that

(1.11) A—(xw) = Ay (xw).

Classical economic theory going back to Walras [26] says that in an infinitely
liquid market, the equilibrium price is xw, which is why we call xw the Walrasian
price. Note that Vyy := A_(xw) = A+ (xw), which is why we call this the Walrasian
volume of trade.
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1.2. Luckcock’s differential equation. The following theorem is essentially
proved in [13], but for completeness we will provide a proof in the present set-
ting. Below, if f : I — R is a continuous function of bounded variation, then we
let df denote the signed measure on I such that df((x, y]) := f(y) — f(x). If
g : I — R is a bounded measurable function, then gd f denotes the measure d f
weighted with g, that is, gdf((x, y]) := [} gdf. We call any pair (f_, f}) of
continuous functions of bounded variation such that (1.13) below holds a solution
to Luckock’s equation.

THEOREM 1 (Luckock’s differential equation). Consider a Stigler—Luckock
model with supply and demand functions A+ : 1 — [0, 00) satisfying (A3) and
(AS). Assume that the model has an invariant law on Sorq and let (Xy)i>0 denote
the corresponding stationary process. Then the functions f+ : I — R defined by

(1.12)  fo(x):=P[M_(Xp) <x] and fi(x):=P[Mi(Xr) > x] (xel)
are continuous and solve the equations:
(i) f-diy+2r-dfy=0,
(1.13) (i) fyrdi-+Arpdf-=0,
(i) fo(I)=1= fy(I),

We remark that although Theorem 1 shows that the equilibrium distributions of
the best buy and sell order in the order book can more or less be solved explic-
itly [depending on our ability to solve (1.13)]; this does not automatically mean
that Stigler—Luckock models as a whole are “solvable.” For example, we do not
know how to explicitly calculate the joint distribution of M_(X) and M (X) (as
opposed to its marginals). Also, it seems to be quite hard to get information about
the equilibrium distribution of seemingly simple functions of the process like the
number of sell (or buy) limit orders in a certain interval.

Theorem 1 motivates the study of solutions to Luckock’s equation (1.13).

PROPOSITION 2 (Solutions to Luckock’s equation). Assume (A3) and (A6).

Then Luckock’s equation has a unique solution (f_, f). One has:
(1.14)

i f-U)=0 & A_:=;—/I+Ld<i>>0
- AUy Jiooay a7

. 1 | 1

Both formulas also hold with the inequality signs reversed. The functions (f—, f+)
also satisfy

(1.15) Ap(Lyp) = fU)rp (o) =2-(1-) — frTp)r-(1).
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If the solution (f—, f4) to Luckock’s equation satisfies f_(/_) A f+(I4+) >0,
then we call such a solution valid. See Figure 3 for a plot of (f_, f4) for one
particular model; in this particular example, (f—, f4) is not valid. By Theorem 1,
a necessary condition for a Stigler—Luckock model to have an invariant law is that
the solution to Luckock’s equation is valid. We conjecture that this condition is
also sufficient, but stop short of proving this. (Note however Theorem 3 below,
which goes some way in this direction.)

If a Stigler—Luckock model has an invariant law, then the quantity in (1.15)
can be interpreted as the volume of trade, that is, the expected number of orders
(of either type) that are matched per unit of time. Indeed, since the process has
an invariant law, sell limit orders, which arrive at rate A4 (I4) — A4 (I_), are all
eventually matched, while 1 — f_(/_) =P[M_(X;) > I_] is the fraction of sell
market orders that are matched, so (A (I+) —A+(I-)) + (1 — f_(I-)A+ (=) is
the total rate at which sell orders are matched, which equals the left-hand side of
(1.15). The right-hand side of (1.15) has a similar interpretation in terms of buy
orders.

1.3. Positive recurrence. Let (Xy)r>0 be a Stigler—Luckock model with dis-
crete time [i.e., the embedded Markov chain from (1.7)], started in the empty ini-
tial state Xo =0, and let T denote its first return time to O, that is, 7 :=inf{k > O :
X = 0}. We say that a Stigler—Luckock model is positive recurrent if E[t] < oo,
transient if P[t = oo] > 0, and null recurrent in the remaining case. The main re-
sult of the present paper is the following result, that gives a more or less complete
characterization of positive recurrent Stigler—Luckock models. Below and in what
follows, we let Sin denote the set of all finite configurations X' € Sy, that is,

ord
those for which X~ and X1 are finite measures.

THEOREM 3 (Positive recurrence). Assume (A3) and (A6). Then a Stigler—
Luckock model is positive recurrent if and only if the unique solution (f—, fi)
to Luckock’s equation satisfies f_(I_) A fy(I+) > 0. If a Stigler—Luckock model
is positive recurrent, then it has an invariant law v that is concentrated on Sgrr(li.
Moreover, the process started in any initial law that is concentrated on ‘S'(f)ir'(‘]l satis-

fies
(1.16) IP[Xg €-]—v]| k—> 0,

— 00

where || - || denotes the total variation norm.

Under rather restrictive additional assumptions, a version of Theorem 3 has also
been proved in [8], Theorem 2.1 (3). We will prove Theorem 3 by constructing a
Lyapunov function. Instead, the authors of [8], being unable to find a Lyapunov
function, used fluid limit methods.
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1.4. Restricted models. Assume that the demand and supply functions A_
and A, satisfy (A3) and (AS). Then, for each interval J = (J_, J4) such that
J =[J_, Jy] C I, the restrictions of A_ and A to J satisfy (A6). We call the cor-
responding Stigler—Luckock model the restricted model on J. By Proposition 2,
Luckock’s equation has a unique solution for this restricted model, and by Theo-
rem 3 we can read off from this solution whether the restricted model is positive
recurrent. In the present section, for fixed / and A1, we investigate the set of all
subintervals J C I for which the restricted model is positive recurrent.

We note that if (X4)x>0 is a Stigler—Luckock model on I and X|; denotes the
restriction of the random signed measure Xy to a subinterval J C I, then it is in
general not true that (X | )x>0 is a Markov chain. In particular, this is not the same
as the restricted model on J. Nevertheless, we will see that under suitable condi-
tions, there exists a special subinterval J C I (below, this is called the competitive
window) such that in the long run, we expect the model on / to behave basically
like the model restricted to J, with all buy limit orders on the left of J and all sell
limit orders on the right of J never being matched and as a result staying in the
order book forever.

Assume (A3) and (AS) and for I < J_ < J4 < Iy, let A_(J_, Jy) and
A1 (J—, J4) denote the expressions in (1.14), calculated for the process restricted
to the subinterval J. For fixed J_ € I, respectively, J € I, we define

$—(Jp) =sup{J_ € (I_, Js) : A_(J_, J;) <O},

(1.17) .
¢ (J_):=inf{Jy € (J_, 1) : Ar(J_, Jy) <0},

with the conventions sup & := I_ and inf & := 1. Let

(1.18) R:={(J_,J;p) el xI:J_ < Jy and the restricted
. model on J is positive recurrent}.

The following lemma says that the set R is bounded by the graphs of the functions
¢+, as well as (trivially) the line J_ = J4.

LEMMA 4 (Positive recurrence of restricted models). Assume (A3) and (AS).
Then ¢_(J;) < J4 and J— < ¢ (J_) for all J_, Jy € I. Moreover, a point
(J=,Jy) € I x I belongs to the set R from (1.18) if and only ¢_(J;) < J_,
Jy<odir(Jo),and J- < J;.

In Figure 2, we have pictured the set R and the graphs of the functions ¢4
for the “uniform” model with / = [0, 1], A_(x) = 1 — x, and A4 (x) = x. For this
model, one can check that the solution of Luckock’s equation for the restricted
model on J satisfies f_(J_) =0 if and only if J_ = ¢_(J;), and likewise one has
f+(J4) =0if and only if (J_, J;) lies on the graph {J4 = ¢ (J_)}. The graphs
of the functions ¢ intersect in a unique point, which in the light of (1.15) must
satisfy A_(J_) = A+ (J4).
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FIG. 2. Restrictions of the uniform Stigler—Luckock model with I = (0,1), A—(x) =1 — x, and
Ay (x) = x to a subinterval (J—, J1). The solution (f—, f+) to Luckock’s equation for the restricted
model satisfies f4(J+) > 0 in the vertically striped area and f_(J-) > 0 in the horizontally striped
area. The intersection of these areas corresponds to the set R of subintervals on which the restricted
model is positive recurrent. The intersection of the curves J— = ¢_(J+) and J4 = ¢ (J-), indi-
cated with a dot, corresponds to the competitive window.

1.5. The competitive window. In this subsection, we focus on subintervals
J = (J-, Jy) that are “symmetric” in the sense that A_(J_) = A4+ (J4+). Let
A2V (), A—(I2)] = T and A3 : [Ay(1-), A4 (I)] — T denote the left-
continuous inverses of the functions A_ and A, respectively, that is,
AZN (V) :=supfx e T:a_(x) > V},
(1.19) _
A (V) i=inflx e T Ay (x) > V).

Assuming (AS5) and (A7), we define a function @ : [ Vi, Vinax] — [0, oo] by

e _fv:v{M(A:ll(W)) " A_mll(W)) } d<%>

Note that P is increasing since 1/ W is a decreasing function.

PROPOSITION 5 (Symmetric subintervals). Assume (A3), (AS) and (A7), let
V € (Vw, Vmax], assume that J = (J_, J1) := ()C1 V), )U_r] (V) satisfies J C I,
and let (f—, f+) be the unique solution to Luckock’s equation on J. Then:
W) IfoeV) < Vo2, then f-(J-)>0and f+(J1) > 0.
(i) Ife(V)= VV}Q, then f_(J_)=0and f+(J;+)=0.
(iil) If D(V) > Viy2, then f_(J_) <0 and f1(J3) <O.
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Theorem 3 and Proposition 5 motivate us to define Luckock’s volume of trade
as

(1.21) VL :=sup|{V € [V, Viax] : ®(V) < Vig?},

and the competitive window as J¢ = (J¢, J{) := ) )L:Ll (VL)). Further mo-
tivation for this definition comes from the following observation.

LEMMA 6 (Competitive window). Assume (A3), (AS)_and (A7) and that Vi, <
Vmax- Then there exists a unique subinterval J such that J C I and:

(i) The unique solution (f—, f+) to Luckock’s equation on J satisfies f_(J_) =

0= f+(J4).
1) Ao <A_(J)on(J-,Jy]and Ay < Ayp(Jp) on[J—, J).

This subinterval is given by J = J€.

We note that Viy < Vi always, but it is possible the VI = Vppax. For example,
this happens for the model with 7 =[0, 1], A_(x) = (1 — x)%, and A, (x) = x% if
0 < a < 1/2. Another example are models of the form I=100,14+1], A_(x) =
I+Xr—x)Aland Ay (x) =x A1, where A € [1 — 1/z, 1) with z as in Lemma 7
below; compare the discussion in [8], Section 5.1.

Since VL us usually much larger than Vyy, the Stigler—Luckock model is highly
nonliquid. As such, it is not a realistic model of a real market, though it may be
a useful first step towards building more realistic models. The special case where
buy and sell limit orders are uniformly distributed on the unit interval is of some
special interest. Numerically, the constant Vi, from Lemma 7 is given by Vi =
0.78218829428020.

LEMMA 7 (Uniform model). The Stigler—Luckock model with T = [0, 1],
A_(x)=1—x and Ay (x) = x has a competitive window (J, J{) which is given
by 1 —J¢ =J{ = VL, where VL = 1/z with z the unique solution of the equation
e *—z4+1=0.

1.6. Discussion and open problems. Kelly and Yudovina [8], Theorem 2.1 (1)
and (2) have shown that there exists deterministic constants J such that

(1.22) liminf M_(X;)=J* and limsup My (Xp) = J] a.s..

k— 00 k— 00
For the uniform model of Lemma 7, they moreover show [8], Corollary 2.3 that
JI=J§, where (J¢, JY) is the competitive window as defined below (1.21). Their
methods apply more generally, although they need certain technical assumptions,
in particular, that the measures p4 from (1.1) have densities w.r.t. the Lebesgue
measure that are bounded away from zero and infinity.
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We conjecture that liminfy_ oo A+ (ML (Xg)) = VL a.s. holds generally under
the assumptions (A3), (A5) and (A7). Assuming moreover that VI < Vpax, We
conjecture that if Xj|;c denotes the restriction of X; to J€, then, starting from
any finite initial state, the law of Xj| e converges as k — oo to a limit law that is
concentrated on Syrq, and that this limit law is an invariant law for the restricted
model on J°. Indeed, (1.22) says that in the long run, the price of the best buy
offer almost never drops below J¢ and the price of the best sell offer almost never
climbs above J§, which allows us to treat limit sell orders at prices below J€ and
limit buy orders above J{ as market orders. Simulations (see Figure 1) seem to
support these conjectures.

Proving these conjectures remains an open problem. Theorems 1 and 3 allow
us to conclude, however, that if A4 (J+) > Vi, then the restricted model on J does
not have an invariant law while if A4 (J4+) < Vi, then the restricted model on J is
positive recurrent. Further motivation for the conjectures comes from the study of
similar models. In [24], a “one-sided canyon model” is studied that is in many ways
similar to the Stigler—Luckock model except that there is only one type of points
as opposed to the two types (buy and sell orders) of a Stigler—Luckock model. This
“one-sided” model also has a competitive window that can be calculated explicitly
and in fact the analogues of the conjectures above have all been proved for this
model, mainly due to the hugely simplifying fact that for this model, restricting
the process to a smaller interval does again yield a Markov chain.

In this context, we also mention a model for email communication due to
Gabrielli and Caldarelli [6]. This model is even simpler than the previous one
since not only is the restriction of the process to a subinterval Markovian, but even
just counting the number of points in a subinterval already yields a Markov chain.
For this model, it has been possible to solve subtle questions about the behavior of
the stationary process near the boundary of the competitive window [5].

The models mentioned so far belong to a wider class of models that also in-
cludes the Bak Sneppen model [1] and its modified version from [16], as well as
the branching Brownian motions with strong selection treated in [14]. All these
models implement some version of the rule “’kill the lowest particle” and seem to
exhibit self-organized criticality, although this has been rigorously proved only for
some of the models.

As mentioned before, the Stigler—Luckock model describes an extremely
nonliquid market, and (mainly) for that reason is not a realistic model for a real
market, although it may perhaps be used as a first step towards more realistic mod-
els. In recent years, there has been considerable activity in the search for simple,
yet realistic models for an order book. An attempt to make the Stigler—Luckock
model more realistic by introducing market makers is made in [18]. Often, authors
assume that new orders arrive relative to the current best bid or ask price [4, 9-11,
15, 20]. For mathematical simplicity, it is sometimes assumed that the order book
is “one-sided” in the sense that all buy orders are market orders and all sell orders
are limit orders [10, 11, 25]. A very general model is formulated in [22]. We refer
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the reader to the overview article [3] or Chapter 4 of the book [21], for a more
complete view on this topic.

1.7. Methods. The results in Sections 1.2, 1.4 and 1.5 are mainly a reworking
of similar results already proved by Luckock in [13], although Proposition 5 is a
significant improvement over [13], Proposition 4. Nevertheless, Luckock already
derived the differential equation (1.13) and showed how it could be used to cal-
culate the competitive window for a given model. Throughout his paper, however,
he takes stationarity as a model assumption, where in fact, “stationarity” for him
means the existence of two prices J_ < J; such that buy orders on the left of
J_ and sell orders on the right of J; are never matched while the process inside
(J—, J_) is stationary in law.

From a mathematical point of view, the existence of such a stationary process
requires proof. Moreover, one would like to prove that the process started in an
arbitrary finite initial state converges, in a suitable sense, to such a stationary state.
For Luckock’s original model, these problems remain open, but for positive re-
current processes with market orders, these questions are resolved by Theorem 3,
which is the most important contribution of the present paper.

The proof of Theorem 3 is based on a Lyapunov function. We equip the space
Sg‘r'é with a topology such that X'(n) — X if and only if X*(n) = X%, where =
denotes weak convergence. We also equip Sgrr(‘i with the Borel o -algebra associated
with this topology. We call a function F : Sgrr(‘j — R Lipschitz if there exists a
constant L such that |F(X + §;) — F(X)| < L for all x € I. For any measurable
Lipschitz function F : Sgrltli — R, write

(1.23) GF(X):= /{F(LM,U(X)) — F(X)}u(d(u, 0)),

where L, , is the Luckock map defined in (1.9) and p is the measure defined below
(1.2). Then G is the generator of the continuous-time Markov process (X});>0.

It turns out that there is a useful and explicit formula for GF when F is a
“linear” function of the form

(1.24) F(X) :='/Iw_(x)X_(dx)+flw+(x)/l’+(dx) (Xesg;}i),

where w4 : I — R are bounded “weight” functions such that w_ is left continuous
and wy is right continuous. The values of w_ and w4 in the boundary points /_
and I are irrelevant for (1.24), but for notational convenience, we define w_ (1)
and w4 (1) by left, respectively, right continuity, and use the convention that

(1.25) w_(I_-):=0 and w4(I}):=0.

With this convention, the following lemma describes the action of the generator on
linear functions of the form (1.24).
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LEMMA 8 (Generator on linear functionals). Assume (A3). Then, for functions
of the form (1.24), one has

(1.26) GF(X)=q-(M_(X)) +q4+ (M (X)) (X eShy),

ord

where g+ : I — R are given by

Iy
g-()i= [ widi — wo(9A4 (),
(1.27) !

g+(x) = —/; w—_di_ —wi(xX)A_(x).

PROOF. We observe that |’ AI,Z () W+ dA is the rate at which F (X)) increases
due to sell limit orders being added to the order book while the product of
w_(M_(X)) and AL (M_(X)) is the rate at which F(X) decreases due to buy
limit orders being removed from the order book. In view of our convention (1.25),
the latter term is zero when the order book contains no buy limit orders. The two
terms in g4 (M4 (X)) have similar interpretations. [

Formula (1.27) tells us how to calculate the functions g+ from (1.26) from the
weight functions w. It turns out that under the assumptions (A3) and (A6), one
can uniquely solve the following inverse problem: if g+ are given up to an additive
constant, then find w+ such that (1.27) holds. This is shown in Theorem 11 below
and more specifically for indicator functions of the form g_ = 1;;_; and g4 =
lz,7, in the following theorem, that moreover specifies the additive constant.

THEOREM 9 (Special weight functions). Assume (A3) and (A6). Then, for
each z € 1, there exist a unique pair of bounded weight functions

Z,— Z,—
(w27, wi™) = (w—, wy)
such that w_ is left continuous and w. is right continuous, and the linear func-
tional F*~ = F from (1.24) satisfies

(1.28) GFX) =l (vy<) — f-(2) (X eSh),

where (f_, f4) is the unique solution to Luckock’s equation (1.13). Likewise, there
exist a unique pair of weight functions (w> ™, wi’+) = (w—_, wy) such that the
linear functional F=+ = F from (1.24) satisfies

(1.29) GF(X) =1lm ()2 — [+ (@) (X e Sin).

Figure 3 shows plots of weight functions as in Theorem 9 together with the
solution of Luckock’s equation, for one explicit example of a Stigler—Luckock
model. Theorem 9 is closely related to Luckock’s result Theorem 1. Indeed, if a

Stigler-Luckock model has an invariant law that is concentrated on Sgr‘é, then the
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lower left picture shows the weight functions wy ~ = wy’ while the lower right picture shows the

weight functions wa+ for z=0.75.

fact that the functions in (1.12) are given by the solution to Luckock’s equation
follows from Theorem 9 and the equilibrium equation E[G F (&;)] = 0.

Theorem 9 is more powerful that Theorem 1, however, since it gives an inter-
pretation to the solution to Luckock’s equation even if such a solution is not valid.
Also, we have fairly explicit expressions for the weight functions (wii, wii)
(see Lemma 16 below), and their associated linear functions F* are useful also
in a nonstationary setting. In particular, we will prove Theorem 3 by constructing a
Lyapunov function from the functions F I-.= and F1+7 [see formula (3.5) below].

We hope that the linear functions F=* from Theorem 9 will also prove useful
in future work aimed at resolving the open problems mentioned in Section 1.6. In
Appendix A.4, we have recorded some concrete ideas on how the functions F%+
could possibly be used to attack the conjectures of Section 1.6.

1.8. Qutline. In Section 2, we investigate two differential equations: Luck-
ock’s equation (1.13) and a differential equation that allows one to solve the weight
functions w in terms of the functions g from (1.27). In particular, we prove The-
orem 9 in Section 2.3, Proposition 2 in Section 2.4 and Proposition 5 and Lemmas
4,6 and 7 in Section 2.5.



1504 J. M. SWART

After the preparatory work on the differential equations in Section 2, the analy-
sis of the Markov chain, which is contained in Section 3, is actually quite short. In
particular, we prove Theorem 1 in Section 3.1 and Theorem 3 in Section 3.3.

The paper concludes with four appendices. In Appendix A.1, we show that
the assumptions (A3) and (A4) can basically be made without loss of general-
ity. Appendix A.2 collects some facts from the general theory of Markov chains
needed to translate the properties of our Lyapunov function into properties of the
Markov chain. In Appendix A.3, we have collected (without proof) some formu-
las for Stigler—Luckock models that take only finitely many values, and that are
analogues to our integral formulas for continuous models but cannot easily be de-
duced from them. Appendix A.4 collects some concrete open problems with some
ideas on how to approach them.

2. Analysis of the differential equations.

2.1. Lebesgue—Stieltjes integrals. For any interval J C [—o0, oo] that can be
either closed, open, or half open, with left and right boundaries J_ < J4, we let
B(J) denote the space of bounded measurable functions f : J — R. If a function
f :J — Ris of bounded variation, then the limits

flx—):= lip; f (x#J-) and
@2.1) '
fx+) = lylfil f (x #Jy)

exist for all x € J \ {J_} resp. x € J \ {J4+}. For such functions, if J_ € J, then
we set f(J_—):= f(J-), and we define f(J1+) similarly. We let By, (J) denote
the space of functions f € B(J) that are of bounded variation and satisfy f(x) €
{f(x=), f(x+)} for each x € J, and we let

(2.2) BE(J):={f €Bw(J): f(x£) = f(x)Vx € J}

denote the spaces of left (—) and right (4) continuous functions f : J — R of
bounded variation. Each f € By, (J) defines a finite signed measure d f on J
through the formula

(2.3) df ([x,y) == fOy+) — f(x=)  (x,yeJ,x<y).

The set of atoms of df is the set Dy :={x € J : f(x—) # f(x+)} of points of
discontinuity of f. For each finite signed measure p on J, we can find functions
feB,(J)and g € B;:,(J ) such thatd f = p = dg, and these functions are unique
up to an additive constant. We equip BgEV(J ) with a topology such that f, — f if
and only if d f;, converges weakly to df and f,(x) — f(x) for at least one (and
hence every) point x € J \ Dy. It is known ([7], page 182) that if J is a closed
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interval, then f, — f in this topology if and only if:

(1) sup||dfull < oo, where | - || denotes the total variation norm,
n

(i) dfu(J)—>df(J),

2.4)

(iii) /|fn(x) — f(x)|dx — 0, thatis, f, — f in L' norm
J

w.r.t. to the Lebesgue measure.

In line with earlier notation, we write g d f to denote the measure d f weighted
with a bounded measurable function g. We will make use of the product rule which
says that

(2.5) d(fg)=fdg+gdf  (f.g€Bw(J),DyNDy=02),

and also of the chain rule which tells us that if f € Byy(J) takes values in a com-
pact interval K and F : K — R is continuously differentiable, then

(2.6) d(Fof)=(F'of)df  (fe€Bw().Dy=09),

where (F o f)(x) := F(f(x)) denotes the composition of F and f. All our inte-
grals will be of Lebesgue type, which coincides with the Riemann-Stieltjes inte-
gral if both functions involved are of bounded variation and do not share points of
discontinuity.

If g : [a, b] — R is a function of bounded variation and ¥ : [a, b] — R is non-
decreasing, then we write dg < dyr if dg is absolutely continuous with respect
to v, that is, if for each s < ¢, ¥ (s—) = ¥ (t+) implies g(s—) = g(t+). We will
sometimes use the substitution of variables rule, which says that

b (b)
@.7) f fdg= fwf) (foy ")d(gow™)  (f € Bla.bl.g € Byla.bl),
and which holds provided ¢ : [a, b] — [—00, 00] is a nondecreasing function such
that dg < dy, and ¥~ : [ (a), ¥ (b)] — [a, b] is a right inverse of .

As a general reference to these rules, we refer to [2], Section 6.2. In the substi-
tution of variables rule, the condition dg < di guarantees that f oy ~! oy differs
from f only on a set of measure zero under dg.

We will need one more result that we formulate as a lemma. The result holds
in any dimension but since we only need the two-dimensional case, for ease of
notation, we restrict to two dimensions.

LEMMA 10 (Integrals along curves). Let D C R? be a closed, convex set that
is the closure of its interior. Let F, g1, g2, f1, f> be continuous real functions on
D such that f| and f> are moreover Lipschitz. Assume that for all x1, x{, X2, xé
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such that x| < x|, xa < x5, and (x1, x2), (x], x2), (x1,x3) € D,

x|
F(x},x2) — F(xi,x2) = [ g1(,x2)dfi(-, x2),

X1

(2.8)

x/

F(x1,x5) — F(x1,x2) = " ea(x1, ) d (i, ).

x
Let [t—, t+] be a closed interval and let y : [t—, t1] — D be a continuous function
of bounded variation. Then

t
(2.9) F(V(f+))—F()/(f—))=_/;+{(glOV)d(fl0)’)+(820V)d(f203/)}-

PROOF (SKETCH). Formula (2.8) shows that (2.9) holds for any continuous
function [f_,7+] — (y1(¢), y2(t)) € D of bounded variation such that moreover
either y; or y» is constant. It follows that (2.9) also holds for any finite concate-
nation of such curves; call such curves simple. Then it is not hard to see that any
y :[t—, t+] — D that is continuous and of bounded variation can be approximated
by simple curves ™ in such a way that y ™ (t_) — y(r_) and dyl.(") converges
weakly to dy; for i = 1, 2. In particular, this implies that ™ converges uniformly
to ¥ so by the continuity of g; (i = 1,2), also g; o y™ converges uniformly to
gi o y. In view of (2.4), the Lipschitz continuity of f; (i = 1,2) moreover implies
that d(f; o y ™) converges weakly to d(f; o y). Using this and the continuity of
F, taking the limit in (2.8), which holds for y("), we obtain that the formula also
holds for y. U

2.2. The inverse problem. The main result of the present subsection is the fol-
lowing theorem.

THEOREM 11 (Inverse problem). Assume (A3) and (A6). Then, for each pair
. . + ~ . . . .
of functions (g—, g+) with g+ € By (1), there exists a unique pair of functions
w8 w8y = (w_ wy) withws € Bt (T) and wi (1) =0, as well as a
unique constant c(g—, g+) € R, such that the linear functional F$—8+) = F from
(1.24) satisfies

(2.10) GFE8)(X) =g (M_(X)) + g4 (M1 (X)) — c(g—, g4).
The proof of Theorem 11 will be split into a number of lemmas.

LEMMA 12 (Differential equation). Assume (A3) and (A6), let g+ € Bli(f)
and let wy € Bli(f) satisfy wi(I+) = 0. Then the linear function F™~*+) asso-
ciated with (w_, wy) satisfies (2.10) for some c(g—, g+) € R if and only if:

1) wydrip +drpw-) =—dg-,

2.11)
(i) w_di_ +d(_wy)=—dg,.
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PROOF. Defining functions g+ as in (1.27), Lemma 8 tells us that (2.10) is
satisfied for some c(g_, g+) € R if and only if there exist real constants cy such
that g+ = g+ + ¢+, or equivalently, if there exist ¢/, € R such that

g-(x)=c_ +/ ) {wydry +d(w_2ry)} (x e[1-, 1)),
(2.12) o

g+(x)=c — ./(1 x]{w_ dr_ +d(wiro)} (x e (I, 11]),

which is equivalent to (2.11). U

We can integrate the differential equation (2.11) explicitly. Let A1 € Bli (I) be
any pair of functions such that

(2.13) dhy = —Ayrdgys,

thatis, h_(x) =c_+ f[x’ ) A_dg_ and similarly for 4., where cL are some fixed,
but otherwise arbitrary constants.

LEMMA 13 (Integrated equation). Assume (A3) and (A6), let g+ € Bgi(f) be
given and let hy € Bgi(?) be as in (2.13). Then a pair of functions wy € BQ—LV(T)
satisfies (2.11) if and only if there exists a constant k € R such that:

(i) dw_=Kih+d(L)+—det>,

_ re) Al \og
h_ 1 1 h
(2.14) (i) dw, =" d(——>4———d<—i>,
A s/ Ay e
K + ]’l_ + /’l+
(1) w-4+wiy= s .

Moreover, given (2.14) (iii), the equations (2.14) (i) and (ii) imply each other.

PROOF. Multiplying the equations (2.11) (i) and (ii) by A_ and A, respec-
tively, and then adding both equations, using the product rule (2.5) and (2.13), we
obtain
(2.15) d(A-(rqw-)) +d(Ay(A—wy)) =dh_ +dh,

which shows that there exists a constant x € R such that (2.14) (iii) holds. Given
(2.14) (iii), we can rewrite (2.11) (i) as

dh_ h_+h dh_
(2.16) Mkw)):—w+w++~——=(w—Ei——i—i)ﬁ++——a
Y Ay Y

Dividing by A4 and reordering terms, this says that
d()urw,) —w- d)ur (K +h_+ h+) d)\‘+ dh_
P T 2 *
+ A_AT Ay

2.17)

’
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which using the product and chain rules (2.5)—(2.6) can be rewritten as (2.14) (i).
In a similar way, we see that given (2.14) (iii), (1.13) (ii) is equivalent to (2.14) (ii).
Differentiating (2.14) (iii), using the product rule, we obtain

1 1 1 /h_
dw_ +dw, = Lcl(—) + Ld(—) +— d(—>
) T D) T

ho (1 h 1 1 . /h
e ) s \ag) Ty

which is the same as we would obtain adding the equations (2.14) (i) and (2.14) (ii).
We conclude that (2.14) (i) and (ii) are equivalent given (iii). [J

(2.18)

For later use, assuming (A3) and (A6), we define a constant I" by

1 I+ 1 1
)
A4 (1) A \Ag

o /”Ld(L)
oA UOa(Y) oAy \AL)

where the equality of both formulas follows from the product rule (2.5) applied to
the functions 1/A_ and 1/A. Note that I > 0 since d(1/A_) is nonnegative while
A+ are strictly positive by (A6).

(2.19)

LEMMA 14 (Existence and uniqueness). Assume (A3) and (A6). Then, for
each pair of functions g4+ € Bbiv(T), there exist unique functions wy € Bsf,(f)
that solve the differential equation (2.11) together with the boundary conditions
w4 (1) = 0. These functions are given by

‘ B kKthy (1N 1 (h
(i) w(x)—f[l’x){ A d<)\+>+)\_d(k+)}’

o v [T )]

where h4 are as in (2.13) and

21) =T [/_{”_m<i) N Ld(h_—)} ) +h+<1+>],
L A S V. _(I)hy (1)

with I' > 0 the constant from (2.19).

(2.20)

PROOF. By Lemma 13, w4 solve the difference equation (2.11) together with
the left boundary condition w_(/_) = 0 if and only if there exists a k € R such
that (2.20) (i) and (2.14) (iii) hold. In view of the latter equation, w+ also solves
the right boundary condition w4 (/1) = 0 if and only if

K+ h_ + h_|_

(2.22) w_(I4)+0= T(m.
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In view of (2.20) (i), this says that

(2.23) f {"+h+d(i)+id<h_—)}=K+h_(1+>+h+<1+>’
Uil A AAe /A A I (k4 (1)

or equivalently (note that since 4 _ is left continuous, it has no jump at 1)
h 1 1 h_ h_(1 hi(l
/ {—+d<—>+—d<—>}— (I4) +hy (1)
o LA \Ay Ao \Ag A—(Lp)A4(14)

{ 1 Iy 1 1

o)

A—(I4)A4(14) _ A Ay

which by the fact that the constant I" from (2.19) is nonzero is equivalent to (2.21).
O

(2.24)

PROOF OF THEOREM 11. Immediate from Lemmas 12 and 14. [

2.3. Luckock’s equation. In the present subsection, we prove Theorem 9. We
start by proving that Luckock’s equation has a unique solution. By definition, a
solution to Luckcock’s equation is a pair of functions (f_, f+) such that fi €
B/ (1) and (1.13) holds.

LEMMA 15 (Luckock’s equation). Assume (A3) and (A6). Then Luckock’s
equation has a unique solution (f—, f1), which is given by:

o (Ho=gar )

o (D)o=mm [ i)

where k is given by

(2.26) k=KL =T <k(1+)+/\+(1) ’

(2.25)

and I" > 0 is the constant from (2.19).

PROOF. Setting vy := f_/A_ and v_ := f{ /A4 and dividing the equations
(1.13) (i) and (ii) by A_ and A, respectively, we see that these equations are
equivalent to v4 dA4 = —d(A+vs), which is equation (2.11) with w4 = v+ and
g+ = 0. Now Lemma 13 tells us that (f_, f3) solves (1.13) (i) and (ii) if and only
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if there exists a constant ¥ € R such that:

o 5=

2.27) (i) df%)—x+in)

Giy Srelo X
e A Ah:

Moreover, of these equations, the first two are equivalent given the third one.

It follows that (f—, f) solves (1.13) (i) and (ii) together with the left boundary
condition f4 (/_) =1 if and only if (2.25) (i) and (2.27) (iii) hold. In view of the
latter equation, the right boundary condition f_(/4+) =1 is satisfied if and only if

I+ 1 K

(2.28) —( 1)+ ) A (I1).

By (2.25) (i), this says that

(2.29) v [ () s =
| s ) Ty T aoa

which is equivalent to (2.26). [

PROOF OF THEOREM 9. Let G be the space of all pairs (g, g+) with g1 €
BQ—LV(T) and set W :={(w_, w4) € G : wy(I+) = 0}. We equip the spaces B&(T)
with a topology as in Section 2.1, G with the product topology, and VW with the
induced topology. For any interval J, we let M (J) denote the space of finite signed
measures on J, equipped with the topology of weak convergence, and we let R :=
MII-, 1) x M(I-, 1], equipped with the product topology.

Let ¢ : W — G be the linear function that maps a pair (w_, wy) € W into the
pair (g, g+) € G defined in (1.27) and let D : G — R be the map

(2.30) D(g—, g+) = (dg—, dg+).
Setting ¢ := D o i, we see that
(2.31) d(w_, wy)=—(wydriy +dOyw_), w_dri_+d(r_wy)),

so Lemma 14 tells us that ¢ : WW — 'R is a bijection.

We claim that the maps v, D, ¢ and ¢! are continuous with respect to the
topologies on W, G and R. The continuity of D is immediate from the definition
of the topologies on G and R and the continuity of i follows from (1.27). The
continuity of ¢ is easily derived from (2.31), while the continuity of ¢~ follows
from the explicit formulas in Lemma 14 and the continuity of the functions /4
from (2.13) as a function of g, for a given choice of the boundary conditions.
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Let 1 (W) denote the image of WV under ¢ and define & : G — v (W) by 7 :=
Vop loD.Sincemoy =9 o¢p~ ! o(D o) =1, we see that 7 is the identity
on Yy(W). Since Domwr = (Do) o ¢ "o D =D, we see that 7(g) =m(g) if
and only if D(g) = D(g’). These facts imply that for each g € G, there exists a
unique g € ¥ (W), namely ¢ = 7 (g), such that D(g) = D(q), that is, for every
g € G there exists a unique g € ¥ (V) and unique constants c+(g—, g+) € R such
that

(2.32) (8- 8+) =(q- +c—(g-. 8+). q+ + c+ (8-, 8+))-

Since ¥, ¢! and D are continuous, so is 77, and hence also the maps c+ : G — R
are continuous. In fact, they are the unique continuous linear forms on G such that

() c (1,0)=1, c_(0,)=0, c_(Yw_,wy))=0

Y(w—,wy) €W,
(2.33) .
(i) cr(L0)=0, O D=1 cr(Yw_,w)=0
Y(w_,wy) e W.

The map (g—, g+) — c(g—, g+) from Theorem 11 is given by ¢ = c_ + ¢4, that
is, ¢ is the unique continuous linear form on G such that

(2.34) ¢(1,0) =1, c(0,1) =1, c(Y(w_,wy)) =0 V(w_,wy)e€W.

Let (f-, f4+) be the unique solution to Luckock’s equation, and observe from
(2.25) that f are continuous on /. We claim that

(2.35) c(g-.g0) =g () f- (L) — /Tf— dg_ + g4 () fr (1) + /7f+ dg..

Clearly, (2.35) defines a continuous linear form on G. We will show that this linear
form satisfies (2.34). The boundary conditions (1.13) (iii) imply that ¢(1,0) =1 =
c(0, 1). Recall that for (w_,w4) € W, ¥(w_, wy) = (g—, q+) is defined as in
(1.27). Then

(o ws)) = —(w A )ID f- () + [ f- i dhs +dworp)
(2.36)
— A £ = [ ffw- dre + d(wgao)),

By partial integration, using the continuity of f1 and AL, as well as the boundary
condition w_(/-) =0, we have

@3~ IS+ [ fodw i) == [@orpdr.
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Inserting this into the first line of (2.36) and treating the second line similarly, we
find that c(yy (w—, w4 )) equals

[ fowsdis = @oan)df )+ [ = fowe @+ ia)dgy)
238 ! !

= [witf-drs+isdfi) = [wotfidio+ridf)=o,

where we have used (1.13) (i) and (ii) in the last step. This completes the proof of
(2.35).
In particular, formula (2.35) shows that

(2.39) c(Iy_z,0)=f-(z) and ¢(0, Iz 1)) = f+(2) (zeD),
which together with Theorem 11 implies Theorem 9. [

2.4. Some explicit formulas and conditions. In the present section, we prove
Proposition 2 as well as two lemmas (Lemmas 16 and 17 below) giving explicit
formulas for the weight functions of Theorem 9.

PROOF OF PROPOSITION 2. The fact that under the conditions (A3) and (A6),
Luckock’s equation has a unique solution has already been proved in Lemma 15.
In order to prove (1.14), it suffices to prove part (i); the other part then follows

by symmetry. Let A, _ = fII:' L d(x%)' Then (2.25) (ii) says that

At
2.40 _(Io)=Ar_(I- — kL Ay t.
(2.40) fo) =2 ( ){x_(m kL +}
Filling in the definition of x7 in (2.26), we see that f_(I_) > 0 if and only if
(2.41) ! r—l( ! + : )A
. > _.
o (Iy) (L) AT

Using also formula (2.19) and the fact that I > 0, this can be rewritten as

(2.42) (;er_) ! >< L, 1 )A+_
A—(I-)rq(1-) A-(I1) A-(Iy)  Aq(-o) ’

which can be simplified to (1.14) (i). The same argument also works with all in-
equality signs reversed.
To complete the proof, we need to show (1.15). Consider the weight functions

(2.43) w_ = —1(1_’]_'_] and Wy = 1[[_’1_'_),

which correspond through (1.24) to the linear function F(X) = X' (I). For these
weight functions, the functions g+ from (1.27) are given by

q-(x) =A+(I4) — A ()1 (x),

(2.44)
g+ (x) = —A_(I-) +A-(I4) 17 (x),
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so Lemma 8 tells us that
GF(X) =2 (I)y_x)=1_y + AU L my(x)=14)
() — A_(I0).

By Theorem 11, the weight functions w are in fact uniquely characterized by the
requirement that

(2.45)

(2.46) GF(X)=—A (I )y _x)=1_) + AU ) 1 m(y=1,) + ¢
for some ¢ € R. Defining weight functions w4 by
(2.47) Wy = (I w ™ A @ pwt
and denoting the corresponding linear function by F, we see from Theorem 9 that
GF(X) = —2r(I )\ xvy=1) + AU Lar, (v)=14)
+ A (o) f-(2) = A1) f+-(I4).
We conclude from this that wy = w4 and the constant from (2.46) is given by
(2.49) hp (1) = (=) = ¢ = hp (1) fo (1) = A= (1) fr(I3),
which proves (1.15). 0

(2.48)

We next set out to derive explicit formulas for the weight functions (w®*, wi’i)
from Theorem 9. To state the result, we define functions u4 - : I — R by

NI B S Ly }
Ut =T {A_(I+)A+(I+) /x )v—d()%)’

e
up—x) =T {A<I)A+<I>+/z_ A o))

In view of (2.19), we observe that u_ (/_) =1 = u4_(Il4). Moreover, u_4 is
nonincreasing with u__ (/) > 0 while u _ is nondecreasing with u_ (/_) > 0.
By partial integration, our formulas for u_ and u_ can be rewritten as

u_y(x):= F_l{m + XI+ i d()\%)},

]

Combining this with our previous formulas and (2.19), we see that

(2.50)

(2.51)

F—]

(252) M_+(X) + u+_(x) = m + 1
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LEMMA 16 (Formulas for special weight functions). The weight functions
from Theorem 9 are given by:
D w0 =A@ (U4 @) = Leza) (—+(6) = L),
(i) wi ) =A_@T[us—(xVz)—up—_(x A2),
[
(

(2.53)
(i) w T ) =2 @T[u—y (x A2) = 1u_1(x V 2),

(i) wit () = Ay @T (U1 (@) = Tz (14— () = Lp=zy).
PROOF. We start with formula (2.53) (ii). Since wf’_ = 0 which agrees with
the right-hand side of (2.53) (ii), we assume from now on without loss of generality
that z € [, I+). We apply Lemma 14 with g_ = 1{; ;] and g4 = 0. For the func-

tions A+ from (2.13), we choose the boundary conditions h_(I4) =0=hy(I_),
which means that

(2.54) h_(x)=/ ))» dljj_g=—A2-@1_ ) and hy=0.
[x, 1+

Since h4 =0 and h_(I4+) =0, formulas (2.20) (i) and (2.21) now simplify to

c+ho (1 , 1
255 wy(x) = —f d(—) with k =T d< )
C20 % B A TA y

Here, by (2.54),
1 h_ h_ h_ h_ 1
fimeGo) =l e e Go)

=0l i Go)]
TN T uany )]

(2.57) Kk =A_(Dus+_(2).

(2.56)

which shows that

Using the fact that u_ (/) =1, it follows that

1 1
W)= @ue@ [ d(r_)

1 1
ot [ La()
( ) {x<z} (x2] )L+ L

= @ {us— @[ = = ()] = Ty 14— (@) — ug— ()]},

which can be rewritten as (2.53) (ii).

(2.58)
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We next prove (2.53) (i). By (2.14) (iii), (2.54), (2.57) and (2.53) (ii),

wito ="
Ay
(2.59) @) -1
= )\_(z)qu* ‘ e @D (ug—(x V) = Duj—(x A2).
Aht

For x < z, using (2.52), this yields
uy_(z)—1

uuxx)zx_(mr{r—l T

~ (4= = Dy (0}

(2.60) -1

=@ @ ~ D5 w00}

A_hy
=A@ (- (@) — 1) (u—y () — 1),
while for x > z, again with the help of (2.52), we obtain

”{_‘ﬁ) — (14— () — 1)u+_<z)}

-1

uu(x)zA_(@F{Fl

(2.61)

I
=x<z)ru+(z>{ -

=i (@QTur—(Du—4(x).
Combining the previous two formulas, we arrive at (2.53) ().
Formulas (2.53) (iii) and (2.53) (iv) can be proved in exactly the same way.

Alternatively, they can be derived from (2.53) (ii) and (2.53) (i) using the symmetry
between buy and sell orders. [

—us—_(x)+ 1}

Assume (A3) and (A6) and for z € I, let F* be linear functionals defined in
terms of weight functions (wfi, wi’i) as in Theorem 9. We will in particular be
interested in the case z = I+ and introduce the shorthand

(2.62) w® == E wft) = wii’i and F® .= plet

We will prove Theorem 3 by constructing a Lyapunov function from F(~) and
F™®); see formula (3.5) and Proposition 18 below. The next lemma prepares for
the proof of Proposition 18.

LEMMA 17 (Extremal weight functions). Assume (A3) and (A6), let (f—, fi)

denote the solution to Luckock’s equation and let (w(_i), wf)) be defined as in
(2.62). Then for x € 1, one has

N () U=+ (X) () g (x)
e 1 wl UQ_'A+u;)’ i) wi (x)= )
' L () LU (X) : )y =)
(1) w2 '(x)= AR iv) wi’'(x)= 7A_(1+) .
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Moreover,

() fils)>0 & ing[w@(x) +w @] >0,
(2.64) e
(i) fU)>0 & ing[wi‘%x) +wP ] >o0.

Both formulas also hold with the inequality signs reversed.

PROOF. We only prove (2.63) (i) and (ii) and (2.64) (i); the proof of the other
formulas follows from the symmetry between buy and sell orders. By Lemma 16
and the facts that

-1 r-!
(2.65) u_y(Iy) = PRTAYII) and uq_(I-)= ()
we have:
i v = A_(I_)F[F—_1 — lp=1 }]
A—(I-)A(1-) B
(2.66) X (-4 (x) = Lix=1_})
r-1

() e
i) w(” () =A_(I)T[ug_(x) 1]x_(1_))\+(1—)'

For x # I_, these formulas simplify to (2.63) (i) and (ii).
Adding formulas (2.63) (i) and (iii) yields

1 . 1
(D) Ay

(2.67) w2 @) +wP ) = [ }u_+(x)

(1)
Since u_4 is nonincreasing and continuous, the infimum of this function over
x € [ is equal to the value in x = [, that is,

inf[w ™ (x) + w™ ()]

xel

(2.68)

:[ 1 N 1 ] r-! 1
A(o) A Uiy Ay

Using the fact that I' > 0, we see that the expression in (2.68) is positive if and
only if
1 1
(2.69) + >T
Ar(U)A+(Uy)  A—(Tp)A ()
Taking into account (2.19) and (1.14) (ii) (which also holds with the equality signs
reversed), this is equivalent to f4 (/) > 0. [
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2.5. Restricted models. In the present subsection, we prove Proposition 5 as
well as Lemmas 4, 6 and 7.

PROOF OF LEMMA 4. To prove that J_ < ¢4 (J-) for all J_ € I, it suffices
to show that Ay (J_, J_ 4+ ¢) > 0 for ¢ > 0 sufficiently small. Here,

1 J-+e 1 1

(2.70) A+(J_’J_+8)_k+(J_)k+(J_+g) + . d<k+>.
By assumptions (A3) and (AS5) and the fact that J_ € I, the first term tends to
a positive limit as ¢ |, 0 while the second term tends to zero. By the symmetry
between buy and sell orders, we see that also ¢_(J4) < J4 forall J; e 1.

Using (A3), we see that for fixed J_, the function A (J_, J4) is nonincreasing
as a function of J, and hence that A (J—, J+) > 0 if and only if J+ < ¢4+ (J-).
Similarly, A_(J_, J;) > 0 if and only if ¢_(J;+) < J_, so the second claim of the
lemma follows from Theorem 3, where we use that for I < J_ < J; < I, the
restricted model on (J_, J ) satisfies (A6) since the model on [ satisfies (AS5). [J

PROOF OF PROPOSITION 5.  Recall from Section 1.4 that for any subinterval
J such that J C I, A+ (J—, J1) denote the expressions in (1.14), calculated for the
process restricted to the subinterval J. We will prove that

(2.71) Ve —@(V) = A_(AZ V), 2 (V) = AL (2N v), a5 ()

forany V € (W, Vmax] such that I_ < AZI(V) < )JFI(V) < I4+. By Proposition 2,
this then implies Proposition 5.

We will first prove (2.71) for Stigler-Luckock models in standard form (see
Appendix A.1). Let D be the set of all pairs (J_, J;.) € R? such that /_ < J_ <
Jy<Ilyand A_(J-)=A4(J4),and let T :=sup{J+ — J_: (J_, J4+) € D}. Note
that D # @ and T > 0 by (A3) and (A7). We define a curve y : [0, T] — D with
y (@) = (y- (), y+()) by

y—@):=inf{J_el:A_(J-) <Ay(J-+1)} and
Y+ (@) = y—(1) +1.

Using (A3), it is not hard to see that y_ is nonincreasing, y4 is nondecreasing, and
y is Lipschitz continuous with Lipschitz constant 1. Using also (A4), we see that
¥ (0) = (xw, xw), where xw is the Walrasian price where in fact xw = 0 since we
are assuming A4 are in standard form.

Forany J_, J', Jy, J| with J_ <J’ and J; < J|, we observe that

A+(J/,J+)—A+(J_,J+):/Ji/{ ! i}d( ! )

(o) Ao\

, T 1 1 1
Al J3) = Al ) = f, {M(J—) " T_} d(ﬁ)'

(2.72)

(2.73)
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Since the model is in standard form, the functions Ay are Lipschitz continuous
with Lipschitz constant one. Since we are also assuming (AS), it follows that k;]
are locally Lipschitz on {(J_, J1) : J C I}. Therefore, we can apply Lemma 10 to
conclude that

Mty =2stro) + [ - ()

hpoys Aoy Aioy-

A Preratb e L bovry
0 lApoy—  A_oyy) \Ajpoyy

for any r € [0, T'), where T :=sup{r € [0, T]: I < y_(t) <y (t) < I.}.

Since A_(y—(s)) = A+(y+(s)) for all s € [0, ], the first integral in (2.74) is
zero. Set ¢ := A, o y4 and ¢~ (V) :=inf{t > 0: ¢(t) > V}, and observe that
y(d)‘l)(V) = (A:I(V), AII(V)) since the latter is the smallest interval J such
that A._(J_) =V =A4(J+), and qb_l is left continuous. Using the substitution of
variables W = ¢ (¢) [recall (2.7)], using also the fact that

(2.74)

1
(2.75) At (y(0) = At (xw, xw) = —5»
VW
we can rewrite (2.74) as

Ar(A vy, 2N (v))

(2.76)
- VLVZV * /V:/{)u,_()»:ll(W)) * x_(x;II(W)) } d(%)’

which holds whenever V < Vpax. This proves (2.71) for A . The equality for A_
follows in the same way, or alternatively, one can use the fact that

Ay(J, ) = A_(J-, Jy)

(2.77) _(1_1><1+1)
IRV A VA VAV A IRy

which follows from partial integration of the formulas in (1.14) and shows that
Ar(J_,Jp)=A_(J_, J;) whenever A_(J_) = A+ (J4).

This proves (2.71) for models in standard form. Since by Proposition 20 in
the Appendix, any Stigler—Luckock model can be brought in standard form,
to prove (2.71) more generally it suffices to show that the quantities Viy,
Ai()cl V), )Jrl (V)) and @ (V) do not change when we bring a model in standard
form.

By Proposition 20, for any demand and supply functions A/, satisfying (A1) and
(A2) on some interval I’, there exists demand and supply functions A in standard
form on some interval I, together with a nondecreasing function v : I — T that
satisfies ¥ (/+) = I, and that is right continuous on /, such that u/, = uy o y!
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and (A.7) holds. It is not hard to see that as a result of (A.7), the supply and demand
functions A4 and A/, have the same Walrasian volume of trade.

In fact, we are only interested here in the case that A/, satisfy moreover (A3),
(A5) and (A7). In particular, (A3) says that /; have no atoms in /', and hence ¥ is
strictly increasing, so (A.7) is trivial in our setting. Since v is strictly increasing, it
has an inverse ! : T’ — I which is a continuous, nondecreasing function. Since
Wy =t o w_l, the functions A/, are given in terms of A+ by

2.78) M) =r(w ') (veT).
Since
(2.79) re(AZN (V) =sup{rs(x) 1 x €T, Az (x) = V),

these quantities are the same for the model in standard form and the transformed
model, and hence the same is true for ® (V). By the substitution of variables for-
mula [see (2.7)], also

O )
(2.80) / —d<—> and / < )
vy Ag - vy A g

are the same for the transformed model, and hence this is also true for A4+ ()Cl V),
-1
AL (V). O

PROOF OF LEMMA 6. Assume that J C I satisfies J C I and (i) and (ii).
Since f_(J-) =0= fy(Jy), by (1.15), we must have A_(J_) = A4 (J4). Call
this quantity V. If V = V4, then it is easy to check that Ay (J_, J4) = V\;z >
0, which by Proposition 2 contradicts fi(J+) = 0, so we must have V > V.
Assumption (ii) implies that J = (AZI(V), )\;I(V)). Now Proposition 5 tells us
that ®(V) = V\gz, and hence V =V and J = J°.

Conversely, if VI < Viax, then J€ := ()CI(VL), A;l(VL)) satisfies J C I and
Proposition 5 tells us that the solution to Luckock’s equation on J satisfies
f-(J-) =0= fy(J4) while (i1) holds because of the way X;l have been defined.

O

PROOF OF LEMMA 7. For the uniform model with A_(x) =1 — x and
Ay (x) =x, we have

1
@8 Vw=5,  Vmx=1, Al (V)y=1-V, and A" (V)=V

It follows that the function ® from (1.20) is given by
PV)y=-2 v d(l)—2/2 ! d
a 121 —-W \W N 1/V1—% Y

2 1
—2 {1+—}dy 4—2v" £ log(V=" = 1)).
v y—1

(2.82)
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Setting (V) = V\;z gives

(2.83) —vl=log(v = 1) & eV =vloj,

which tells us that Vi, = 1/z where z solves f(z) :=e % —z+ 1 =0. Since the
function f is continuous and strictly decreasing with f(1) =e~! and f(z) —
—oo for z — 00, the equation f(z) =0 has a unique solution z, and this solution
satisfies z > 1. [J

3. Analysis of the Markov chain.
3.1. A consequence of stationarity. In this subsection, we prove Theorem 1.

PROOF OF THEOREM 1. Let v be an invariant law, let Xy be an Syq-valued
random variable with law v and let (U1, o1) be independent of X¢ with law 1z :=
||~ ', as defined in Section 1.1. Then stationarity means that X := Ly, 4, (X0)
has the same law as X¢, where L,  is the Luckock map from (1.9).

Set M1 := M4 (Xp) and let ;t+ be as in (1.1). We claim that:

) /A PM_ < x]pus (dx) = /A A_()P[M, € dx],
3.1
(ii) /A]P’[M+ > x|pu_(dx) = /A Ar(x)P[M_ € dx]

for each measurable A C I that is contained in some compact subinterval
[J—, J+] C I. Indeed, stationarity implies (see [24], Lemma 10) that for any mea-
surable A C I, sell limit orders are added in A with the same frequency as they are
removed, that is,

(3.2) P[X](A) = X§ (A) + 1] =P[X](4) = XJ (A) —1].
Recalling the definition of the Luckock map in (1.9), we see that this means that
(3.3) Ploy=+,U1eA,M_<U]=Ploy=—,M; € A, My <Uql.

Since (Uy, o1) has law ix and is independent of M, it follows that
G4l [ s @OPIM- <x1 =1l [ PIM. € dxlpe (1. 14),

which up to the factor I~ is (3.1) (). Similarly, equation (3.1) (ii) follows from
the requirement that buy limit orders are added in A with the same frequency as
they are removed.

By (A3), the measures w+ do not have atoms in /, and hence by (AS5) and
(3.1), the same is true for the laws of M. It follows that P[M_ < x] = f_(x)
and P[M; > x] = fy(x) (x € I) and f1 are continuous. Since by (1.1), —dA_
and dA are the restrictions of the measures p_ and w4 to I, respectively, we can
rewrite (3.1) (i) and (ii) as (1.13) (i) and (ii). Since f_(I+) =P[M_ <I;]=1 and
f+(_-) =P[M,; > I_] =1, the boundary conditions (1.13) (iii) also follow. [l
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3.2. A Lyapunov function. It follows from Theorem 1 that if a Stigler—
Luckock model is positive recurrent, then the solution to Luckock’s equation must
satisfy f_(I_) A f+(I4+) > 0. Theorem 3 states that this condition is also sufficient.
We will prove this by showing that

3.5 V) = (FO@) V) +(FP@X) V0P  (¥esh)

is a Lyapunov function. We note that this is the only place in the paper where we
make use of a function of a Stigler—Luckock process that is not linear (namely V).
In view of Theorem 11, we have fairly good control of linear functionals, which as
in Theorem 1 (which depends on Theorem 9) allows us to more or less explicitly
calculate the marginal distributions of the best buy and sell offers M_(X) and
M4 (X) in equilibrium. Proving that a Stigler—Luckock model is positive recurrent,
however, always entails proving something about the joint distribution of M_(X)
and M (X). Indeed, the following proposition can be used to give a lower bound
on the probability, in equilibrium, that the order book is empty, which corresponds
to the event that M_ (X)) = I_ and at the same time M (X) = I, but this bound
is not very explicit or sharp. It seems that such information cannot be obtained
from linear functionals and indeed for no choice of weight functions (w_, w4 ) is
a linear function of the form (1.24) a Lyapunov function.

Recall the definition (1.23) of the generator G of a Stigler—Luckock model. We
have the following result.

PROPOSITION 18 (Lyapunov function). Assume (A3) and (A6), and that the
unique solution (f—, f+) of Luckock’s equation (1.13) satisfies ¢ := f_(I_) A
f+ (1) > 0. Then there exists a constant K < 0o such that the function in (3.5)
satisfies GV(X) < K forall X € S(fjrra Moreover, for each &' < ¢, there exists an
N < oo such that

(3.6) GV(X)<—¢ whenever|X_|+|X+]2N.
PROOF. Let us write F(X) := (F()(X), F(X)) and let | - | denote the

euclidean norm on R2. Let us also write V (X) = v(F(X)) where v: RZ —> R is
the function

3.7) v(21,22) ==/ (21 V 0)% + (22 V O)2.

Set

(3.8) W= sup|(w(__)(x), w(_+)(x))| v sup|(w5r_)(x), w(+) (x))],
xel xel

which is the maximal amount by which F (X) can change due to the addition or
removal of a single limit order. Since the function v is Lipschitz continuous with
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Lipschitz constant 1, we can estimate
GV(X) = /{V(LM,G(X)) — V) 1, 0))

(3.9) < [1F(Luo () = F@Olu(dw, )
<WOA_(2) + Ay (1) = K.
Let
R (=) +) . (=) +)
(3.10) 8= ;g[w_ (x) + w7 (x)] /\)1Cr€11;[w+ (x) +wi”’ ()],

which is positive by (2.64) and our assumption that f_(I_) A fy(I+) > 0. Since
adding a limit order to the order book always raises F () + F() by at least §,

(3.11) FOX) + FP@) > 8(x | +]xT)).

This shows that ﬁ(X) takes values in}he half space H :={(z1, 22) € R2:z142z0 >
0} as long as X # 0, and moreover |F(X)| is large if |X | + |X 1] is.
For any z =(z1,22) € R2 with z; + z2 > 0, let us define
z1vO0
p1(2) = and

V(@1 V02 + (z2 v 0)2

22Vv0
VIV 02+ (22 V0>

Then, for any y, z € H, we can write

(3.12)

p2(2) ==

(3.13) v(z) =v(y) + p1(M(z1 — y1) + p2(y)(z2 — y2) + R(y, 2),

where for any y, z that differ at most by the constant W from (3.8), the error term
R(x, y) can be estimated as

(3.14) Ry, <ClyI™"  (v,zeH,|lz—y|<W)
for some constant C < oo. It follows that we can write
(315 GV(X)=pi(F(X)GF T (X) + po(F(X))GFD(X) + E(X),

where the error term can be estimated as

EQ)| =| [ REQ), F(Lua O)a(d,0)
(3.16)
< COU) + Ay (ID)|[F )|,
which in view of (3.11) can be made arbitrary small by choosing |X ™| + |XT|
sufficiently large.
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By Theorem 9 and the way we have defined the weight functions wi_)

wg), one has

and

GFOWX)=—f_(1-) if|x~|#0,
(3.17)
GFPDWX)=—f.(1y)  if|xt|z0.

It follows from (2.63) and elementary properties of the functions in (2.50) that
(3.18) w(__) >0, wﬁ__) <0, w(_+) <0, and wf) >0 onl.
In view of this, we have

X7 |=0 = FOW=<0 = p(FA))=0,
Xt|=0 = FPWX) <0 = p(FX))=0.
Combining this with (3.17), we obtain that

(320)  pI(F(X))GF(X) + pa(F(X)GFPD(X) < — (X #£0).

(3.19)

Inserting this into (3.15), using our bound (3.16) on the error term, and using also
(3.11), we see that by choosing |X~| + |X | large enough, we can make GV
smaller than —¢’ forany ¢’ <e. O

3.3. Positive recurrence.

PROOF OF THEOREM 3. If a Stigler—Luckock model is positive recurrent,
then it it is possible to construct a stationary process (Xg)xez that makes i.i.d. ex-
cursions away from the empty state 0. In particular, positive recurrence implies the
existence of an invariant law v that is concentrated on Sgr?i and satisfies v({0}) > 0.
By Theorem 1, it follows that Luckock’s equation (1.13) has a solution (f—, f4)
such that f_(I_) A f4(I+) = v({0}) > 0.

Conversely, assume (A3) and (A6) and that the (by Proposition 2 unique) so-
lution to Luckock’s equation satisfies f_(I_) A fy(Iy) > 0. Let P denote the
transition kernel of the discrete-time process (X)i>0 and for any nonnegative
measurable function f : S — R write Pf(x) := [ P(x,dy) f(y). Write

ord
(3.21) Cy:={x eSSl |1x|” +|xXT < N).

Multiplying the Lyapunov function V of Proposition 18 by a suitable constant, we
obtain a nonnegative function f and finite constants K, N such that

(3.22) Pf—f<Klcy— 1.

Let 7o := inf{k > 0 : X} = 0} denote the first return time to the empty configura-
tion. By assumption (A6), there exists a constant & > 0 such that

(3.23) Pleo<N+1]>¢ (x € Cpn).



1524 J. M. SWART

Moreover, (A6) guarantees that PY[7yp = a] > 0, which shows that the model is ape-
riodic from 0. Applying Proposition 21 from Appendix A.2 in the Appendix, we
conclude that the Stigler—Luckock model under consideration is positive recurrent
and (1.16) holds. [

APPENDIX

A.1. The model in standard form. By definition, we say that a Stigler—
Luckock model is in standard form if

(A.1) (X)) —A_(x)=x (xel).

Note that for a model in standard form, dA — dA_, which is the total rate at which
limit orders arrive in I, is the Lebesgue measure. Clearly, a model in standard
form always satisfies (A3) and (A4). Let py : I — [0, 1] be the Radon-Nikodym
derivative of dA; w.r.t. the Lebesgue measure and let p_ :=1 — p,. Then

I
Ao(x)=A_(1y) +/ p—(x)dx and
(A2) )

hop () = hp (1) + f[ () dr.

In particular, a model in standard form is uniquely characterized by its interval /,
rates of market order A+ (/%), and the function p .

In the present section, we will show that under mild additional assumptions,
each Stigler—Luckock model satisfying (A1) and (A2) can be brought in standard
form. To demonstrate the idea on a concrete example, consider a Stigler—Luckock
model (X;);>¢ with I = (0, 2n) where n > 1 is some integer, there are no market
orders, and

(A3) P+ =1, iseven; (€D

Assume that Xy = 0 (the empty initial state). Define a function ¢ : [ — I’ :=
(0,n+ 1) by ¥(x) := 1+ [x/2], and let &) := X, o Y1 (r > 0) denote the im-
age of &; under ¥. Then (X/);>0 is a Stigler—Luckock model where limit orders
are placed at discrete prices only. More precisely, for each k € {1, ..., n}, in the
original model, buy and sell limit orders arrive in (2k — 2, 2k) with rate one each,
in such a way that sell limit orders arrive on the left of buy limit orders. After
applying the map , all these orders arrive at the price k, where they still match.
Our aim is to show that this construction works quite generally, that is, given
a fairly general Stigler—Luckock model (X/);>o with parameters I” and A/, , we
can find a Stigler-Luckock model (X;);>¢ in standard form with parameters /
and A4, as well as a nondecreasing right-continuous function ¥ : I — I’, such
that X/ = X} o ¥ (t > 0). We will see that moreover, the parameters of (X});>0
determine those of the model in standard form as well as the function v uniquely.



THE STIGLER-LUCKOCK MODEL 1525

We first investigate which functions i have the property that the image of a
Stigler—Luckock model under v is again a Stigler—Luckock model. Clearly, it suf-
fices if i is strictly increasing, but as our previous example showed, this condition
can be weakened.

LEMMA 19 (Transformed Stigler—Luckock model). Let (X;);>0 be a Stigler—
Luckock model on some nonempty open interval I C R with demand and supply
functions A satisfying (A1) and (A2). Let I' C R be an open interval, let r : [ —
I’ be nondecreasing, and assume that

(A.4) fl v_(dx) /1 V(@) <y and y(0)=v () =0,

where v 1= 4 —|-/"t,’0jE with u+ defined in (1.1). Extend r to I by setting v (I+) :=
I . Then X} := X, o w1 (t = 0) is a Stigler—Luckock model with demand and
supply functions A/, and related measures ', asin (1.1) given by 1/, == pu40 v L

PROOF. The condition (A.4) guarantees that a.s., of all the orders that are at
time zero in the order book or that arrive at later times, a buy and a sell order match
in the original model X’ if and only if they match in the transformed model 7. [

We wish to show that a general Stigler—Luckock model (X/);>( can be obtained
as a function of a Stigler—Luckock model (&});>0 in standard form. We will need
a weak assumption on the initial state of (X/);>¢. To formulate this properly, we
need some definitions. Let u be a finite nonnegative measure on R :=[—00, 0]
and let supp(u) denote its support. Then the complement of supp() is a countable
union of disjoint open intervals. If for each left endpoint x_ of such an interval
(x—, x4), we remove x_ from supp(w) if it carries no mass, then we obtain

(A.5) supp, (1) = {x e R: u([x,y)) > 0Vy > x}.

The set supp, (u) is the support of 1 with respect to the topology of convergence
from the right, where a sequence x, converges to a limit x if and only if x, — x
in the usual topology on R, and moreover, x, > x for n large enough. A basis for
this topology is formed by all sets of the form [x, y) with x < y.

PROPOSITION 20 (Standard form). Let (X]);>0 be a Stigler—Luckock model
with demand and supply functions A/ : 7 — [0, 00) satisfying (A1) and (A2).
Assume that ), are not both constant and that

(A.6) X} is concentrated on supp (1’ + i),

where |1, are defined in terms of X'y as in (1.1). Then there exist demand and sup-
ply functions A+ in standard form on some interval 1, as well as a nondecreasing



1526 J. M. SWART

function y : T — T that maps I into 1', satisfies ¥ (I1) = I'., and that is right
continuous on I, such that @'y = p+ o v and

(A7) /IM—(dx)/IM+(dy)1{x<y and ¥ (0)=v(y)} = 0.

Moreover, these conditions determine 11, .+, and  uniquely. Finally, there exists
a Stigler—Luckock model (X;);>0 with demand and supply functions A+ such that
(A.4) holds and the process X' := X; o = (t > 0) is equal in law to (X));>0.

PROOF. Let x(y):=A (y)—2_(y) (v e 7). Since Ay satisfy (A1) and (A2),
the function x is nondecreasing on I, and continuous at I’.. We claim that our
conditions imply that we must choose

(A8) () I.=x(I}), (i) y@=sup{yel:x(»=x} (xel).

Indeed, x (1) = A/, (I_) — A”_(I") is the rate of sell market orders minus the total
rate of buy orders for the process X”. Since ¥ maps [ into /" and u/, = puy o vl
this must equal the same quantity for the process X, that is, Ay (/) — A_(I_),
which equals /_ by the assumption that &’ is in standard form. The same argument
shows that I, = x(I'). Let p be the restriction to I of py + u_ and let p’ be
similarly defined for the process X”’. Then p is the Lebesgue measure on I by the
assumption that X is in standard form. Define v ~! : I’ — [I_, I,) by

(A.9) vl () i=inflx e I 1y (x) > y) (yel),

where the infimum of the empty set is := I_. Then, for y € ',

(A.10) v (L, y) = {x ey () e (1L, y)) = (-, v~ ().

Letting x (y—) denote the left-continuous modification of x, using (A.8) (i) and
the fact that p’ = p o ¥~ !, it follows that

A1) xGo) =x(I)+p (I y)=1-+p((I_. v M) =¥~ (.

where in the last step we have used that p is the Legesgue measure. This proves that
x (y—) is the left-continuous inverse of i, and hence that ¥ is the right-continuous
inverse of x, completing the proof of (A.8) (ii).

In particular, this shows that I and i are uniquely determined by our conditions.
Conversely, choosing 7 and ¥ as in (A.8), our arguments show that p’ = p o !
and that X and X’ have the same rates of buy and sell market orders. Let p+ denote
the restrictions of p+ to 7, and let p/, be defined similarly for the process X’. To
complete the proof, it suffices to show that we can satisfy p, = p+ o v~ and
(A.7). Let p+ : I — [0,1] and p/, : I’ — [0, 1] be defined as the Radon—Nikodym
derivatives

d dply
A12 = d pl .= )
( ) P+ and pg o'




THE STIGLER-LUCKOCK MODEL 1527

To specify p+ in terms of p, it suffices to specify p. Letting x (y—) and x (y+)
denote the left- and right-continuous modifications of y, we have, for y € I,

(A.13) xOH) = xM=p2({y}) and x(y) —x(-) =, ({¥}).
We will choose

(A.14) p+(x):=pL(y) if ¥ (x) =y, p({y}) =0,

and

P—() =1 (). x o+ .
(A.15) ity () =y, p((y}) > 0.
P+() =1 (v 0

In view of (A.13), choosing p+ in this way ensures that p/, = p+ o w_l. Moreover,
(A.15) guarantees that if v is constant on an interval of the form [x (y—), x (y+)),
then buy orders are placed on the right of sell orders, so that (A.7) is satisfied. It
is not hard to see that this is the only way to choose p+ such that p/, = p+ o vl
and (A.7) is satisfied.

Note that (A.4) simplifies to (A.7) if &) is the empty initial state. In view of
this and Lemma 19, our proof is complete if X" is started in the empty initial state.
To prove the statement for more general initial states, we must show that if (A.6)
holds, then we can choose A such that Xy o w_l = Xé and (A.4) is satisfied. We
choose

(A.16) XfF =X oxz!

where y_ and x4 denote the left- and right-continuous modifications of the func-
tion x, respectively, that is, a buy (resp., sell) limit order of Ajj at the price y is
represented in Ay by a buy (resp., sell) limit order at 1 (y) [resp., x—(¥)].

Let ¥ (1) denote the image of I under ¥. Since x4 are the left- and right-
continuous inverses of ¥, we have x4 (y) € I and ¥ (x+(y)) =y forall y e ¥ (1)
We claim that (1) = supp, (u_ 4+ p/,) N I'. Indeed, for any y, y, € I’ with
y1 < y2, one has ¥ (I) N [y1, y2) = & if and only if x—(y1) = x—(y2). By (A.10)
and (A.11),

(A.17) o' ([y1, y2)) = p(lx 1=, x 29)) = x (2—) — x (1),

so ¥ (I) N[y}, y2) = & if and only if p'([y1, y2)) = 0. In view of this, (A.6)
guarantees that XO’ = Xp o ¥~ !. [Indeed, the only reason why we need (A.6) is
that the image of &; under ¥ can only contain limit orders in (1), which is
supp, (u” +u/)N1I']

To complete the proof, we must show that (A.7) and our choice of Ay imply
(A.4). The only way (A.4) can fail is that there exists some y € I’ such that
X—(y) < x+(¥), and hence i is constant on the interval J := [x_(y), x+(»)),
while

(A.18) /Jv,(dx)fjmr(dy)l{xq} > 0.
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Since we represent a buy (resp., sell) limit order of X[ at the price y by a buy
(resp., sell) limit order of Ay at x4 (y) [resp., x—(¥)], the only atoms of XO+ in the

interval J must be located at x_ (y) while X, cannot have atoms in J. In view of
this, (A.7) implies that (A.18) cannot hold. [J

A.2. Ergodicity of Markov chains. Let (£, ) be a measurable space and
let P be a measurable probability kernel on E. For simplicity, we assume that the
one-point sets are measurable, that is., {x} € £ for all x € E. It is known [17], The-
orem 3.4.1 that for each probability measure p on E there exists a Markov chain
X = (Xy)k>0, unique in distribution, such that X¢ has law p and the conditional
law of X1 given (Xo, ..., Xr) is given by P, for each k > 0. (This statement is
not quite as straightforward as it may sound since for general measurable spaces,
Kolmogorov’s extension theorem is not available.)

We let P¥ denote the kth power of P. For any measurable real function
f: E — [—00, 00], we write P¥ f(x):= [ P¥(x,dy) f(y), as long as the inte-
gral is well defined for all x € E. For any probability measure & on E we let
wP*(A) := [p 1u(dx) P*(x, A) (A € ). Then uP* is the law of Xy if X has law
W. An invariant law of X is a probability measure v such that vP = v. We let
ln — v|| denote the total variation norm distance between two probability mea-
sures @ and v.

For any point x € E, let P* denote the law of the Markov chain X started from
Xo = x. Let 7, := inf{k > 0 : X = x} denote the first return time to x. We say
that the Markov chain X is aperiodic from x if the greatest common divisor of
{k >0:P*[t, = k] > 0} is one.

Markov chains satisfying the conditions (A.19) and (A.20) below behave in
many ways like positive recurrent Markov chains with countable state space. In
particular, (A.19) says that f is a Lyapunov function that guarantees that the return
times to the set C have finite expectation, while (A.20) says that once the chain
enters C, there is a uniformly positive probability of entering the atom 0 after a
finite number of steps.

PROPOSITION 21 (Ergodicity for positive point recurrent chain). Fix a point
0 € E. Assume that there exists a measurable function f : E — [0, 00), a measur-
able set 0 € C C E and constants F, K < oo such that sup,.c f(x) < F and

(A.19) Pf—f<Klc—1.
Assume moreover that there exist constants € > 0 and k > 0 such that
(A.20) Plrg<k]>¢ (xeC).

Then E*[tg] < oo for all x € E, and the Markov chain X has a unique invariant
law v. If moreover X is aperiodic from 0, then

n
(A21) [P —v| — 0

for each probability measure  on E.



THE STIGLER-LUCKOCK MODEL 1529

PROOF. Let 7¢ :=inf{k > 1 : X} € C} denote the first entry time of C. Then
[17], Theorem 11.3.4 tells us that E¥[t¢] < f(x) + K1¢(x) (x € E). Since after
each visit to C, by (A.20) there is a probability of at least ¢ to visit O in the next
k steps, it is not hard to deduce that E*[tg] < oo for all x € E. Again by [17],
Theorem 11.3.4 and the fact that, in the light of (A.20), C is petite as defined in
[17], Section 5.5.2, we have that X is positive Harris recurrent. In particular, by
[17], Theorem 10.0.1, X has a unique invariant law v. Since E*[7g9] < oo for all
x € E, it is easy to see that v({0}) > 0. By [17], Theorem 10.4.9, v is equivalent
to the measure i from [17], Proposition 4.2.2, so aperiodicity from 0 as we have
defined it implies yr-aperiodicity as defined in [17], Section 5.4.3. Now (A.21)
follows from [17], Theorem 13.3.3. [

A.3. Discrete models. Often, it is natural to consider Stigler—Luckock mod-
els where the interval [ is of the form I = [0, n], with n > 2 an integer, and the
measures (4 that determine the rate at which orders arrive are supported on the
set of integers {0, ..., n}. One motivation for this is that real prices take values that
differ by a minimal amount, the so-called tick size. Also, the numerical data for the
uniform model shown in Figures 2 and 3 are based on approximation with discrete
models with a high value of n.

Although, in the light of Appendix A.1, discrete Stigler—Luckock models are in
principle included in our general analysis, in practice, when doing (numerical) cal-
culations, it is more convenient to replace the differential equations for the general
model by difference equations. It turns out that these difference equations can be
solved explicitly much in the same way as the differential equations of the general
model.

In the discrete setting, it is convenient to reparametrize the model somewhat. We
replace the set {1, 2, ..., n} of possible prices of buy orders by {4, 6, ...,2n + 2}
and we let 2 (instead of 0) be the value of M_(X) that signifies that the order
book contains no buy limit orders. Likewise, for sell orders or M (X), we replace
the set of possible prices {0, 1,...,n} by {1,3,...,2n + 1}. Note that in this new
parametrization, a buy and sell order that were previously both placed at the price
k are now placed at the prices 2k 4+ 2 and 2k + 1, respectively, and hence still
match. We let & (2k + 2) [resp., XI’L (2k + 1)] denote the number of buy (resp.,
sell) limit orders in the order book at a given time and price. We define demand
and supply functions

(A.22) A_:{3,5....2n+1} >R and Ay:{2,4,....20) >R

in such a way that A_(2k + 1) [resp., A+ (2k)] is the total rate at which buy (resp.,
sell) orders are placed at prices in {2k + 2, ...,2n + 2} (resp., {1,...,2k — 1}).
In particular, A_(2n 4 1) and A4 (2) are the rates of buy and sell market orders,
respectively.
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For any function of the form f : {k,k+2,...,m} - R, we define a discrete
derivativedf : {k+1,k+3,....,m — 1} - R by

(A.23) df(x) == fx+1) — f(x—1).

For sums over sets of the form {k, k + 2, ..., m}, we use the shorthand

(A.24) dg= Y g,
k

and we define Zi_z g:=0. We let
(A.25) ffx)=f(x+1) and f*(x):=f(x—-1)

denote the function f shifted by one to the left or right, respectively. It is straight-
forward to prove the product rule

(A.26) d(fg) = f'dg+g"df.
We also have the following special case of the chain rule:
1 d
" o(L)=-
f f'f
Let
(A.28) w-:{2,4,....,2n} >R and w4 :{3,5,....,2n+1} >R

be weight functions satisfying w_(2) := 0 and w1 (2n + 1) := 0, and define a
linear function F by

2n 2n—1
(A.29) FX) =) w_(0)X () + Y wi(x)X"(x).
x=4 x=3

Then, in analogy with Lemma 8, one can check that

2n—1
GF(X)= >  widip—w_(M_(X)Ap(M_(X))
M_(X)+1
(A.30) 1
— > wodhe —wi (M (X))A- (M4 (X)).
4

In analogy with Theorem 9, one can show that if the rates of market orders
A—(2n 4+ 1) and A4 (2) are both positive, then, for each z € {2,4,...,2n}, there
exist a unique pair of weight functions (w® ™, wi’+) = (w—, w4) and a unique
constant f (z) € R, such that the linear functional F=+ = F from (A.29) satisfies

(A.31) GF(X)=l{m, (x)>z) — f+ ().
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Also, for each z € {3,5,...,2n + 1}, there exist a unique pair of weight func-
tions (w® ™, w} ") = (w_, w4) and constant f_(z) such that the linear functional
F*>~ = F from (A.29) satisfies

(A.32) GF(X) =1lim_(x)<z) — f-(2).

It is possible to derive nice, explicit formulas for these weight functions. In
analogy with (2.19), define

e Sl
A—@n+ 1A+ (2n) T A Ay
1 S VA
)
A—(3)A+(2) 24: At \A_
where the equality of both formulas follows from the product rule (A.26) applied to

the functions 1/A”_and 1/Ay.Set I :={2,4,...,2n}and I} :={3,5,...,2n+1}.
In analogy with (2.50), define

u_p(x):=r"1 ! —2n21id<i) (x € Ip)
IR o@uA DA Q) A Ay ’

1 =l 1
-1
Uy_(x):=r {4)L YN 24 : k— <—k)} (x ely).

Then, in analogy with Lemma 16, one has

(A.33)

(A.34)

wi () =A@ [us—(x vz) — ui_(x A2) (x,zel),

W (1) = A (@T (U4—(2) — Lpez)) -y (x) — xezy)
(xelp,zel),

woT @) =A@ u—r(x A2) = 1Ju_t(xVz)  (x,z€lp),

w0 =A@ (4 () = 1esag) (04— () = T

(x € I,z € Ip).

(A.35)

Moreover, the functions
(A.36) f-:{3,5,....2n+1} >R and f;:{2,6,...,2n} >R

from (A.31) and (A.32) satisfy the discrete version of Luckock’s equation, which
reads

() fodip=—-A_dfy  on{3,5,...,2n—1},
(A.37) (i) frdi_=—i,df-  on{4,6,...,2n},

(i) fr(@=1=f_Qn+1).
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The solution to this equation can explicitly be written as

(i) (f*)(>—k+<2)+xfkL (—) (x € Io),
3

i (5= e a(;5)  wem
YUY T e+ L\ r e,
where K is given by

(A.39) =k =T ()L_(2n+1)+)n+(2) ’

and I" > O is the constant from (A.33).

(A.38)

A.4. Suggestions for future work. Several open problems concerning Stig-
ler—Luckock models remain. In particular, these include:

L. If a Stigler—Luckock model has a competitive window (J€, J{), then show
that in the long run, buy orders below J¢ and sell orders above J§ are never
matched.

II. Show that all orders inside the competitive window are eventually matched.
III. Assuming (A3) and (A6), if the solution to Luckock’s equation satisfies
f—(I-) A f+ (1) =0, then show that there is an invariant law on Srq.

Under certain technical assumptions, Problems I and I have been solved in [8], but
Problem III remains completely open. In view of this, and also since the methods
of [8] fail for certain extensions of the model such as the one discussed in [18], let
us investigate how our methods could possibly be applied to these problems.

Let (Xx)k>0 be a Stigler-Luckock model on an interval / and let X|z be the
restriction of X to a subinterval Z = (z—, z4+) C I. (Note that this is not what
we have called the restricted model on Z; in particular, the latter is a Markov
chain, while X |7 is not.) To solve Problem I, one would need to show that if Z is
slightly larger than the competitive window, then the process Xy |z is transient, in
a suitable sense, while Problems II and III could be solved if one could show that
if Z is slightly smaller than the competitive window, then the process X |z spends
a positive time in the empty state, with some uniform bounds on the expected
number of buy and sell orders in Z.

In this context, it is natural to look at linear functions F as in (1.24) such that the
weight functions w-. are supported on Z and G F (X') depends only on the relative
order of M1 (X) and z1. It appears that such weight functions exist and form a
two-dimensional space. Using notation as in Theorem 9, let us define

(A.40) Wi i=w " +w*t T and g o=wttT 4w
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Then it appears that there exists a unique constant ¢ € R such that
(A41) W4 = W4 + cw+

are supported on Z. Moreover, it seems that the two-dimensional space we just
mentioned is spanned by the “symmetric” weight functions (w_, w4) and the
“asymmetric” weight functions (w* , wY ) defined as

(A.42) wr i=—1_ .1 and wi =1 ).

Letting F and F* denote the corresponding linear functions, a natural way to attack
Problem I is to show that if the competitive window J° satisfies J° C Z, then there
exists a function 4 (F, F*) that is subharmonic for the generator G in (1.23) and
that shows that F(X;) — oo a.s. in such a way that | F*(X,)| < F(X}).

Also, a natural way to attack Problems II and III is to find a “Lyapunov style”
function V that depends on F, F*, and perhaps some other functions of the pro-
cess, and that solves an inequality of the form (3.6).

To conclude the paper, we mention a few more open problems, for which we
have nothing more concrete to say.

IV. Show that the invariant law from Problem III is unique and the long-time
limit law started from any initial law.

V. Investigate existence and uniqueness of solutions to Luckock’s equation
with assumption (A6) replaced by the weaker (A5) plus perhaps some conditions
involving the function ® from (1.20).

VL. Investigate whether the restricted model on the competitive window is
null recurrent or transient.
VIIL. Prove a limit theorem for the shape of the stationary process near the
boundary of the competitive window, in the spirit of [5].
VIII. For the model on the competitive window, investigate the tail of the dis-
tribution of the time till a limit order is matched.
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