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LIMIT THEOREMS FOR INTEGRATED LOCAL EMPIRICAL
CHARACTERISTIC EXPONENTS FROM NOISY
HIGH-FREQUENCY DATA WITH APPLICATION

TO VOLATILITY AND JUMP ACTIVITY ESTIMATION

BY JEAN JACOD AND VIKTOR TODOROV1
UPMC (Université Paris-6) and Northwestern University

We derive limit theorems for functionals of local empirical characteristic
functions constructed from high-frequency observations of Itd semimartin-
gales contaminated with noise. In a first step, we average locally the data
to mitigate the effect of the noise, and then in a second step, we form lo-
cal empirical characteristic functions from the pre-averaged data. The final
statistics are formed by summing the local empirical characteristic exponents
over the observation interval. The limit behavior of the statistics is governed
by the observation noise, the diffusion coefficient of the It6 semimartingale
and the behavior of its jump compensator around zero. Different choices for
the block sizes for pre-averaging and formation of the local empirical char-
acteristic function as well as for the argument of the characteristic function
make the asymptotic role of the diffusion, the jumps and the noise differ. The
derived limit results can be used in a wide range of applications and in par-
ticular for doing the following in a noisy setting: (1) efficient estimation of
the time-integrated diffusion coefficient in presence of jumps of arbitrary ac-
tivity, and (2) efficient estimation of the jump activity (Blumenthal-Getoor)
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1. Introduction. In this paper we study the limit behavior of statistics based
on empirical characteristic functions formed from discrete irregularly-sampled ob-
servations of an It6 semimartingale contaminated with observation noise. The
asymptotic setting of the paper is one of fixed time span and mesh of the ob-
servation grid going to zero. The limit results derived here are rather general and
can be applied for making inference regarding various quantities associated with
the diffusion coefficient of the semimartingale and its jump component.

The statistics of interest are constructed as follows. We first average locally the
data in order to mitigate the effect of the observation noise. This is done using the
so-called pre-averaging technique of [9] and [18]. We then construct the real part of
the empirical characteristic function (ecf) of the first-difference of the pre-averaged
increments on local windows of asymptotically shrinking length. In a final step, we
aggregate the local characteristic exponents over the observation interval.

By constructing the ecf over blocks of increments with sufficiently fast shrink-
ing time span, the time variation of the characteristics of the semimartingale and
that of the variance of the noise has an asymptotically negligible effect on our
statistics. Therefore, the analysis of the real part of the ecf over the blocks can be
performed as if the observed process is Lévy (i.e., one with constant character-
istics) plus i.i.d. noise. Using the Lévy—Khintchine formula, the ecf of the incre-
ments of a Lévy process observed with i.i.d. noise over a shrinking time interval
is determined by the diffusion coefficient, the behavior of the Lévy measure of the
jumps around zero as well as the variance of the noise.

By deriving the limit in probability of our statistics for different values of the
argument of the characteristic function used in their construction, we can sepa-
rately identify the diffusive and the jump part of the semimartingale as well as the
variance of the observation noise. In particular, we can consistently estimate the
diffusion coefficient and quantities pertaining to the jump compensator. We further
derive associated Central Limit Theorem (CLT) results. By varying the asymptotic
order of the argument of the characteristic function as well as that of the two local
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windows, used for pre-averaging and calculation of the ecf, we get a wide range of
limit results depending on whether the diffusion, the jumps and/or noise dominate
the asymptotic variance of the limit. In addition, we derive higher-order CLT when
analyzing the limit behavior of differences of the statistics for different values of
the argument of the characteristic function used in their construction.

Our results have a wide range of applications. First, using the proposed statis-
tics we can construct efficient estimates of the integrated diffusion coefficient in
the simultaneous presence of jumps of arbitrary activity (but of locally mixture-of-
stable type), observation noise and irregular sampling. The problem of estimating
the diffusion coefficient from high-frequency data has received a lot of attention.
Barndorff-Nielsen and Shephard [3], Barndorff-Nielsen, Shephard and Winkel [4]
and Mancini [17] propose jump-robust estimators in a setting of no noise. The rate
of convergence of these estimators, however, drops when the jumps are of infi-
nite variation. Jacod and Todorov [11, 12] propose an alternative estimator, again
in the no-noise setting, which allows for efficient estimation even when jumps
are of infinite variation (provided they are of locally mixture-of-stable type). An-
other strand of the literature has developed noise-robust estimators of the diffu-
sion coefficient. Examples include [2, 5, 9, 15, 18] and [23]. These papers either
do not allow for jumps in the underlying process or restrict its activity. The pro-
posed estimator in this paper can work in the simultaneous presence of noise and
jumps of arbitrary activity and it remains rate-efficient even when the latter are of
infinite variation. To the best of our knowledge, this has not been done in prior
work.

Second, using the limit results of the current paper, we can develop estimates
of the jump activity (Blumenthal-Getoor) index of the semimartingale in a noisy
setting, both when the diffusive part of the semimartingale is present or not. Esti-
mation of the jump activity index has been studied extensively in earlier work, with
different methods of estimation and different setups affecting the rates of conver-
gence of the estimation. In the no-noise setting and when the diffusion coefficient
is present, [1, 6] and [14] use truncation based estimators. In the no-noise and no-
diffusion setting, [20] and [22] use power variations and [19] uses local empirical
characteristic functions. Finally, [13] adopt some of the above-mentioned no-noise
estimators to noisy setting by doing initial pre-averaging of the raw data. The es-
timators that we propose here are more efficient than the ones based on truncated
power variations considered in [13], and unlike [13], we derive the rate of con-
vergence and a CLT for our estimators when the underlying process contains a
diffusion.

The paper is organized as follows. In Section 2, we present our setting regarding
the underlying process, the observation scheme and the noise. In Section 3, we
construct our statistics from the high frequency data. Section 4 contains our limit
results. All proofs are given in Section 5.
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2. The setting. Our setting contains three basic ingredients:

1. an underlying one-dimensional process X;

2. at each stage n, a strictly increasing sequence of observation times 0 =
Tn,0)<Tn,1)<---;

3. at each stage n, a sequence of variables (x;' : i > 0) which represents the
observation noise; that is, at time 7 (n, i) one does not observe directly X7, ;), but
instead X7(,,;) + /', to account for the so-called microstructure noise in financial
data.

All these objects are defined on a probability space (€2, F, IP), and we now describe
the assumptions for each of the three ingredients.

2.1. The underlying process. We start with the underlying process. The pro-
cess X is a one-dimensional It6 semimartingale, relative to some cadlag filtration
(Ft)r>0, and it takes the form

t t
@1 Xf=Xo+/0bsds+/0odes+6*<,p—g)t+6/*p,,

where W is a Brownian motion, p is a Poisson measure on R x E with deter-
ministic compensator g (dt,dz) = dt ® n(dz). Here, E is a Polish space and 7 is
a o -finite measure on E. For a function ¢ on Q2 x Ry x E and a random measure
v on Ry x E, the notation ¢ * v; stands for the double (ordinary or stochastic)
integral fé Jg @ (s, 2)v(ds, dz). The process b is optional, the process o is cadlag
adapted, the functions § and §' on 2 x Ry x E are predictable and such that the
integrals in (2.1) make sense (this will be implied by our assumptions below).

We also assume that the volatility process o is itself an Itd semimartingale,
which can thus be written as

t t t
o,:ao+/ b;’ds+/ H;’dWS+/ H dW;,
(2.2) 0 0 0

+87 % (p—q)i +68 xpy,

with b, H?, H'” optional and §°, 8" predictable. Choosing the same Poisson
measure p to drive both X and o is not a restriction, and we use W and W' in (2.2)
to allow for general dependence between the diffusion components of X and o.

The Itd semimartingale assumption for o is satisfied in many applications, for
example, when o is modeled as Lévy-driven SDE. Such an assumption, however,
rules out models in which o is driven by a fractional Brownian motion; see, for ex-
ample, [7] and [8]. We conjecture that our results can be extended to such settings
(with possibly different—worse or better depending on the Hurst parameter—rates
of convergence) but we leave such an extension for future work.

For the assumptions, we need to introduce two properties relative to a generic
(F:)-optional process V, with some ¢, g’ > 0 and where K is a constant depending
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onV:
E( sup |V, = Vrl?) < KE((S - T)7)
(2.3) se[T,S]
for any two finite stopping times 7' < S,
|E(Vs — Vr)| < KE((S — T)9)
(2.4)

for any two finite stopping times 7 < S.

We will denote the first property above as (2.3), 4/, and the second one as (2.4),,.
If V is a bounded It6 semimartingale with bounded characteristics, then it satisfies
(2.3)2,1 and (2.4);. If in addition V is of finite variation, (2.3);,1 holds as well.

We also recall that the process X = § * (p — g ) has a jump measure 1 whose
(F¢)-predictable compensator v factorizes as v(dt, dx) = dt ® F;(dx), where F; =
F; », called the “spot Lévy measure,” is the restriction to R \ {0} of the image of
the measure A by the map z — §(w, 1, 2).

For an arbitrary positive measure F' on R, we consider the “tail function” de-
fined for x > 0 by F(x) = F((—00, —x)) + F((x, 00)). Further, F denotes the
measure defined by ﬁ(A) = %(F(A) + F(—A)) and where —A = {x : —x € A}.
When F is a signed measure, we denote by | F| its “absolute value” (the smallest
positive measure such that |F| — F is also a positive measure), and by | F| the tail
function of | F|.

With this notation, we next state our assumption for X.

ASSUMPTION (H). We have (2.1) and (2.2), an integer M > 1, numbers r, r’,
Bi,....,Bm suchthat 0 <r < By < --- < B2 < B <2 and nonnegative adapted
cadlag processes a', ..., a™, with the following properties: for each r’ € (81, 2)
we have a sequence 7, of stopping times increasing to infinity, a sequence J, of
[0, 1]-valued Borel functions on E with [ J,(z)n(dz) < oo and a sequence '), of
numbers such that, with the notation

M
. Bmal
(2.5) F/(dx) = F;(dx) = ) Mﬁﬁl{kmf”dx,
m=1
we have
Ibl|7 |Ut|, b;f ) H[U‘a |Ht/a 9a;n = Fl’lv

!/
r
’

2
s Lso 1,292200 st (1,0)20) < Jn(2),

26) t<1, — 18(t,2)|" ,|87(t,2)
— r
x>0 = |F/|x)<—.
xr
Moreover:

(i) the processes bynr,, Hf\, and §(t ATy, 2)/Jn(2) " forall 7 satisfy (2.3)2.1
with K =T,
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(i1) the processes (a{”‘mn)l/ P form=1,...,.M satisfy (2.3)2,1 and (2.4); with
K=T,.

We note that if (H) holds with some r it also holds for any 7 € (r, 8p7). Since
we allow the processes a;" to be identically 0, we can always add another index
in (r,2) with the associated process a; identically O: this is of course immaterial
and it looks a priori strange. However, we use the above formulation for a unified
representation, which nests also the case where M = 1 and at1 (w) = 0 identically.
In this case, (2.5) reduces to F/ = I:}, and the last condition in (2.6) becomes
Ft(x) <Tn/x".

Assumption (H) restricts the behavior of the Lévy measure of X, but only
around zero (and only when at least one of a;" is not identically zero). We note in
that respect that the measures F/ in (2.5) are a priori signed measures. The restric-
tion of the Lévy measure around zero is to be like that of a sum of time-changed
stable processes. The parameter r controls the degree of deviation of F; from that
of the mixture of time-changed stable processes. In many parametric jump spec-
ifications, (H) will be satisfied with M =1 and r < $1/2. In the Lévy case, for
example, this will hold when F;(dx) = f(x)dx and f(x)/x*“/31 converges to a
positive constant as x — 0 and has a bounded first derivative in a neighborhood of
zero. This is the case for many parametric jump models, for example, the tempered
stable and the generalized hyperbolic.

Assumption (H) is satisfied for the class of time-changed Lévy processes with
absolute continuous time change (the drift, diffusion and jumps can have separate
time changes), provided the jump part of the Lévy process behaves around zero
like that of a sum of stable processes. Although less obvious, (H) is also satisfied
for the class of Lévy-driven stochastic differential equations [provided (H") below
holds], that is, when X takes the form

t t M o
(2.7) X,:X0+/ bsds+/ osdWy + f&?’_dzg’+5/*p,,
0 0 0
m=1

with b, o, 8’ and W, p as above, and where the processes ¢} are cadlag adapted
and the processes Z™ are independent Lévy processes with no drift and no Gaus-
sian part, and also independent of W and p. We denote by F” the Lévy measure
of Z™, so the “no drift and no Gaussian part” means that the characteristic function
of Z" is

(2.8) E(e"4T") =exp<t/ (e —1— iux1{|x|§1})Fm(dx)>.
R
Accordingly, we replace (2.2) by
t t t
0,:0*0—}—/ b;’ds+/ HSUde-I-/ H° dW,
0 0 0

(29) v
+Zf0 HE™ dZ" 487 % (p — g )i + 8 # pi,
m=1
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where each H°" is cadlag adapted. The next assumption implies in particular that
the Blumenthal-Getoor index of each Z" is B,,.

ASSUMPTION (H’). We have (2.7) and (2.9), and also numbers 2 > 8; >
o> By >r>0,and by, oy, b7, H’, H/?, §'(t,2), 87 (t,2), 8§ (¢, z) satisfy the
same conditions as in (H). Moreover, we have a sequence t, of stopping times in-
creasing to infinity and a sequence I',, of numbers such that, forallm =1,..., M:

(i) ift <7, then [07"| < T, and |H”"™| < Ty;
(i1) the processes |E;"M"| satisfy (2.3)2,1 and (2.4); with K =T'y;
(iii) for some constant «,,, &), > 0 the signed measures F"" (dx) = Em (dx) —
it Lo<lx|<1) dx [Where F™(A) = J(F™(A) + F™(=A)), as in (2.5)] satisfy

|F,|(x) <a,,/x" forall x > 0.

As proved below (see Lemma 8), any process satisfying (H') also satisfies (H).
Therefore, henceforth, we always use the more general formulation (2.1).

2.2. The observation scheme. We next describe how observations take place.
At stage n, that is, for a given frequency of observations, the successive observa-
tions occur at times 0 = T(n,0) < T(n, 1) < --- for a sequence T (n,i) of (pos-
sibly random) finite times. We will assume a rather special form for the sampling
scheme, which involves a positive process A; and a double sequence (®7 :i,n > 1)
of positive random variables, and at each stage n, the sampling times 7 (n, i) are
defined recursively in Z, starting with T (n, 0) = 0 and using the formulae

A, i+ 1) = Aphr,iy Py,
Tn,i+1)=Tm,i)+ An,i+1).

Here, A, — 0 is a nonrandom sequence which plays the role of an “average mesh
size” of the observation grid at stage n. Note, however, that the sampling times
T (n, i) and the inter-observation lags A(n, i) are observed up to the time horizon
t, whereas A, is a nonobservable mathematical abstraction, which should not enter
the various statistics constructed by the statistician.

We assume the following for the process A, and the sequence ®'.

(2.10)

ASSUMPTION (O). There are a sequence (t,,;) of (J;)-stopping times increas-
ing to oo and constants I',,, I'(p) such that:

(i) the process A; is cadlag adapted with 1/Ty,, < A; <T, for all t < 7;
(i1) the stopped processes A;az,, satisfy (2.3)1,1 with K =T
(iii) for each n the variables (®7 :i =0, 1, ...) are mutually independent and
independent of F, and, for all p > 0:

@.11) E(@!)=1.  E(®},)") <T(p).
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The number of observations up to time ¢ is N;' 4 1, where

(2.12) N/ = Z Lir(n,iy<t)>

i>1

and we prove in Section 5 that the process 1/A; is like the “density” of observa-
tions, in the sense that

1
(2.13) A N8 A, ::/ —ds.
0 Ag

t

Part (ii) of (O) is somewhat restrictive. It is possible to assume only that each
V = Ataq, satisfies (2.3), 1 for some g € (1,2). This is at the expense of more
complicated proofs and slower rates of convergence in some of the cases below,
and the case ¢ = 2 is unfortunately excluded.

A regular scheme A(n,i) = A, obviously satisfies (O) with A; = 1. A Poisson
scheme, for which the counting process N" is Poisson with parameter 1/A, and
independent of X, also satisfies (O) with A; = 1. This happens when we take &
to be exponential with parameter 1. More generally, assumption (O) allows the
F7n,i)-conditional law of A(n,i + 1) to vary over time.

2.3. The observation noise. At stage n we do not observe X7, ;) for i =
0,1,..., butrather Y = X7, ;) + x/', where x/" is “noise.” The typical situation
considered in the literature is when, for each n, the (x/");>0 are i.i.d. centered and
independent of X and of the sampling times. Here, we want to relax this assump-
tion significantly, while keeping the property that the variables x/' are centered and
mutually independent as i varies, conditionally on the o-field H] = Foo V K5,
with K = a(dD? :0 < j <i). We also denote by (#}) the smallest filtration con-
taining (F;) and with respect to which T'(n, i) is a stopping time for all i > 0.

It is obviously no restriction to “standardize” the noise by singling out a pos-
sible modulation via an (F;)-adapted process, times a new noise which has H_-
conditional variance of 1. Therefore, we assume that, for a suitable (F;)-adapted
process y,/, the ith observation at stage n is

(2.14) Y!'= X7+ X' = X1ty + VI el -
We will use two different assumptions for the noise, which we state next.
ASSUMPTION (N-1). We have (2.14), a sequence 1,,, of (F;)-stopping times

increasing to oo, and for each integer p > 1 a cadlag (F;)-adapted process yt(p )
and constants I'(p),, such that:

(i) The stopped processes ¥, At,, and yffﬁm satisty (2.3)2,1 with K =T,.
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(i) We have yt(l) =0and yt(z) =1.
(iii) For all n the variables &' are independent as i varies, conditionally on HZ,
and satisfy for all integers p > 1 and all Borel subset B of R:

215) E(())" | HE) =vin s Ple] € BIHL) =P(e! € B | Hj,).

ASSUMPTION (N-0). We have (2.14), a sequence T, of (F;)-stopping times
increasing to oo, and constants I'(p) and I, such that:

(i) The stopped processes y, ATy satisfy (2.3)2,1 and (2.4); with K =T",.

(ii) For each n the sequence (¢}');>0 is independent of the o -field H}_ and i.i.d.
as i varies and satisfies for all p > 0
(2.16) E(e) =0, E(E))=1,  E(|") < oo.

Henceforth, we will use the notation y; = (y,/ )2 for the (H%,-conditional) vari-
ance process of the noise. We note that the last part of (2.15) is equivalent to saying
that & = f/"(w, /), where f" is an ’H’%(n’i) ® R-measurable function on 2 x R
and € is a variable which is independent of HJ_.

Assumption (N-0) implies (N-1) with yt(p ) identically equal to a constant for all
p € N. (N-0) is satisfied in the case of a white noise independent of X. (N-0) also
holds in the case of a “modulated” white noise, that is, when the H7_-conditional
moments of the noise are time-varying. In particular, this allows for dependence
between the observation noise and the unobservable X.

For financial applications where X is an asset price, there is typically a rounding
effect, that is, the observed price is integer-valued (prices can move only by mul-
tiples of ticks), and this effect is nonnegligible if one is sampling the price very
finely. The presence of rounding is basically incompatible with an Itd semimartin-
gale plus a white noise (even a modulated one), that is, assumption (N-0).

This is why we introduce the weaker assumption (N-1), which accommodates
some kind of “additive noise plus rounding.” Many versions are possible, the
simplest one being as follows. For any x € R, we denote by [x] = max(n € N :
n < x) its integer part and by {x} = x — [x] its fractional part. At each stage
n, we have an i.i.d. sequence (g“l.” :i > 0), independent of H}_, with the density
5110 + 51,2 + (1 —@)l(o,1) for some « € [0, 1). The observation at time
T(n,i)is

Y =[X1@.i) + ']

With the notation Z; = {X;}(1 — {X;}) and Z(p); = (1 — {X;:}? — (—{X;})?P, a
computation shows us that (2.14) and (2.15) are satisfied with, for each integer
p=1,

y[/:Va+Zf1
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1
y[(P) — W(o{l{p>2} +Z:Z(p—1);
[(p=1)/2] .
+a 7, Z(p—2j — 1)),
; @Hip -2t t

hence (ii), (iii) of (N-1) holds. Moreover, (H) implies that, up to a localization,
X satisfies (2.3)2,1, which in turn implies that (again up to a localization) Z; and
Z(p); satisfy (2.3)2,1 as well. Then, as soon as o > 0, one obtains that (i) of (N-1)
holds. So, we have (N-1). However, although X also satisfies (2.4)1 (up to a local-
ization once more), the process Z; does not satisfy (2.4)1, so (i) of (N-0) cannot
be true and this example cannot satisfy (N-0), even if we were to appropriately
weaken (i1) of (N-0).

3. Construction of the statistics. In what follows, it is convenient to single
out some special cases, and toward this aim we introduce the following additional
notation:

0 ifGtEO, 13 ﬁl ifUtEO,
K1 = =
! 1 otherwise, 2 otherwise,
3.1

o — 0 under (N-0),
2711 under (N-1).

Our ecf-based statistics are constructed in two steps. We first “de-noise” the
observations, and then we compute local empirical characteristic functions. The
first step needs a window of size h, while the second step needs another window
of size k, and a sequence u,, > 0 of reals (both &, and k,, are positive integers). We
will specify later the conditions on these tuning parameters, but in any case they
should always satisfy the following, for some ¢ > 0:

kn A By Ay A K2R2 A, — o0,

n>n''n
(3.2) w2
K2hy A, 3 A2, = Ubhy Ay, uZ(hy M) ALE — 0.

n
3.1. Pre-averaging. The first step in the construction of our statistics is to
effectively “de-noise” the data which we do via pre-averaging [9, 18]. The pre-
averaging method amounts to average the data over a window of %, successive
increments, with the help of a weight (or, kernel) function g on R, which satisfies

g is continuous, piecewise C ! with a piecewise Lipschitz derivative g’,

1
s¢0,1) = g(s)=0, fog(s)2ds>o.
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With g and the sequence &, and B € [1, 2) we associate the numbers (indexed by
n>1landi, jeZ)

gl =gG/hy), g =g —3l

—Zg,, Pu=h> @) P = Z!gl!’g

hn ieZ ieZ hn ieZ

which satisfy, as n — oo,
b= [ g@idu, = [ g wrdu,

(3.3)
P — P = f}g(u)]ﬂdu.
Recall that we observe Y/, as given by (2.14). More generally, for any process
V we write V" = V7, i), and also A7V = V" — V" |, for example, A’ X is the
ith increment and A}Y =Y/ — Y/" | is the ith observed (noisy) increment. If V"
is any array of variables, we set

hp—1 hn—1
—n n
Z gjAL V= Z 8;Viyj-
j=0

We note that the variable V” implicitly depends on 4, and g. When A, =2, we
simply have Vl.” =g /2)Al 1V The effect of the pre-averaging on the noise
is to reduce its asymptotic order of magnitude by a factor of /A, while at the
same time the order of magnitude of the pre-averaged It6 semimartingale remains
unchanged. Thus the asymptotic size of the noise relative to the Itd6 semimartingale

after pre-averaging shrinks.

3.2. Local empirical characteristic functions. Below, we use the pre-averaged
variables Y/, and we set w, = 2h,k,. For any y € R\ {0}, we denote

n 1 — n
(34 L(y); = k—Z s(uny( z+21h Yi+(21+1)h,,))’

which is the real part of the empirical characteristic function from a block of pre-
averaged increments. In the no-noise setting, integrals over time of this statistic
have been used by [21] for recovering the Laplace transform of the volatility pro-
cess. Here, we will work with the characteristic exponent, that is, we transform
L(y)? as follows:

()t =—log| L ”\/1
c<y>,-——og( ), h—).

n
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For bias correction, we will need further an estimate for the (locally integrated)
variance of the noise, and for this we set

(3.5 = Z ,Y"

Wn 124

and, with f(x,y) = 2(€* ™ + > —2), we denote

R [N /wn]l—1 1
con= Y (c<y>1wn—2 FEOY 0, €2 )
(3.6) J=0

2 2
¢ny n ]nw,,>

The last two terms on the right—hand side of (3.6) are bias corrections which are
needed because of the nonlinear transformation of the local ecf and the presence
of observation noise.

The above statistic can be viewed as the noise-robust analogue of the statis-
tic proposed by [11, 12] for efficient volatility estimation ([16] use also the latter
statistic for the purposes of testing for presence of diffusion in a no-noise setting).
As we show later, C (y)# can be used not only for efficient estimation of the diffu-
sion coefficient but also for estimating quantities associated with the jumps of X.

We conclude this section with introducing some additional notation. For y €

(0, 2), we set
 siny
xn=[ " Eay,
0o Yy

which is a convergent integral for all > 0, but absolutely convergent when y > 1
only. We also set

t t
¢ = (01)?, C; =/ csds, A} =/ a;'ds,
0 0
(3.7

ve(y,y) =21y +2y)’ = |y +y| -
V(. Y) =vs(y, ¥) + y22 sl D) — y*s(1, ¥') — y ¥y, 1).

Our key theorems in the next section describe the behavior of the centered pro-
cesses

y2uzdn
2k,

N 2 M -
(3.8) Zy)r=Cy) — Ci— 2 |y ulin @ x (Bm) A

nm=1
The centering terms in Z(y)} are scaled versions of C; and {A}"},,>1, with the
asymptotic magnitude of the scales depending on the order of magnitude of u,, and
ky. Since u,, — oo, the centering term involving C; is asymptotically the largest,
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followed by the term involving Atl, etc. We note that in the centering of C 07
above there is no term due to the noise. This is because we have already performed
bias correction for the noise in the construction of C(y)} [the last summand in

(3.6)].
4. Limit behavior of the statistics.

4.1. Convergence in probability. We start first with establishing convergence
in probability of v, Z(y)} toward O for an appropriate normalizing sequence v,.
The next theorem states the general result.

THEOREM 1. Assume (H), (O), and (N-0) or (N-1). For any t > 0 and y # 0,

we have v, Z(y)} LN 0 if the tuning parameters hy,, ky, u, and the sequence v,
of positive numbers satisfy (3.2) and, for some € > 0 (as small as wanted) and all
m=1,...,.M,

. 2 2 Bi+ iy ”8 2
r & n
k2<k +u;, +ul! +h +k3h6A2+uhA
5 2
+Z_’;+uk3 2/Sm(k hy A )ﬂm)_)o
4.1) " "2
v u (h Ap)?
k=1 = k—%(u h,A, + 0 1 )—)0,
2.4
VU
k=1 = —rn 5.
knh,%An

This is a general “abstract” type of consistency result. It will allow us to esti-
mate in a consistent way the integrated volatility C;, the biggest index 81 and the
associated A!. We will illustrate this in Section 4.3. In addition, it should be also
possible to use the above result to estimate the next indices S, B3, ... (and the
associated A2, A3, ...), but for simplicity we will not discuss this in this paper.

4.2. Central limit theorems. We continue with a CLT associated with the con-
vergence in probability result in Theorem 1. By this, we mean a result stating that,
for a suitable sequence v, the variables v, Z(y)} do not go to O but converge in law
to a nontrivial limit. Depending on the choice of the tuning parameters and whether
the underlying process X contains a diffusion, the CLT can be determined by the
diffusion component of X, the jumps, the noise, or any combination of them. In ad-
dition, in some of the cases, the CLT for the difference Z(y)" — y?Z(1)" becomes
degenerate and we derive a higher-order CLT (joint with the CLT for Z(y)}). We
summarize these limit results in two different theorems, corresponding to the cases

=0and k= 1.
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Before stating them, let us recall that a sequence U, of R?-valued variables on
(Q,F,P) converges foo-stably in law to a limit U if the variable U is defined on
an extension (2, 7, P) of (Q, F,P) (ie., Q=QxQ and F = F ® F' for some
extra_measurable space (2, F), and Pisa probability measure on (SZ F ) such
that ]P’(A x Q') =P(A) for all A € F), and if E(f(U,)Y) — E(f(U)Y) for any
bounded continuous function f on R? and any bounded F,-measurable Y.

Concerning the tuning parameters, we need a set of conditions in the spirit of
(4.1), which has the following form, for a sequence v,, as described in the theorems
below, and for some ¢ > 0 (arbitrarily small), some integer P (arbitrarily large) and
alm=1,..., M:

2, 2 2oy uy POV
n r
kr%(k +u +ul(hyAy) P +7h% )—)O,
772 8 8 2B 2P
Un( Uy Uy Un 28 B Uy
— + + +u, P (kphp Ap)Pm 4 )—>O,
KZ\RSA, ' k3h6AZ © f3 T m e hETIA,
= 8 2 8
Ap) u, A
42 =1 o ”( 8 (hy ) 4 nfinAn)” |ty A
k2 k3 hy
12A2
+ u,(12+ﬂ'+8)vshnAn ) — 0,
= 4
v U
=1 —ntnrn_ _50.
K2 = knthn

Finally, ) below is a fixed finite subset of (0, oo) with cardinal ¢g. We start with a
CLT for the case when X does not contain a diffusion.

THEOREM 2. Assume (H) with k1 =0, (O) and (N-0) or (N-1), and also (3.2),

B3
hy A
(4.3) ﬂun—"” — 7,
un' M3 A, +uf

and (4.2) with v,, = v, given by

h3A,
“4.4) v, =k +
ut +up' A,

Then for any t > O the g-dimensional variables (v,Z(y)}))yey converge foo
stably in law to a variable (Z(y);)yey defined on an extension (Q .7-" IP’)
of (2, F,P), which conditionally on F is centered Gaussian with variance-
covariance given by [recall (3.7) for Yg(y, y')]

E(Z():Z2(y'), | F)

t - 1
:/0 (1¥p, (v, ¥)PY x (BDag rs + (1 — n)yzy/zwzyf)k— ds.

4.5)
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When 1 = 0, the above CLT is driven by the noise, when n = 1, the CLT is
determined by the jump component of X, and when 5 € (0, 1), both the jumps and
the noise drive the limit.

The above theorem gives a CLT for the differences Z(y)} — y2Z(l)”, with a
nondegenerate limit as soon as n > 0 in (4.3). On the other hand, if n = 0 the limit
for this differences is degenerate and the proper rate should be v,, = k, h'%#.

n

However, in this case (4.2) cannot be fulfilled. Therefore, it is not clear whether in
this case a genuine CLT for the differences Z(y)} — yZZ(l)’,1 does exist.

We next state a CLT for the case when X can contain a diffusion. To state the
result, we introduce the two rates

h3 A k
(4.6) vp = ky 2" v = ﬂ—”/z
ut(1+h2A,)? +un1h3A up

Clearly, v, /v), < K, so (4.2) with 7, = v, implies (4.2) with v,, = vj,.
THEOREM 3. Assume (H) with k1 = 1, (O) and (N-0) or (N-1), and also (3.2)
and
th h2
-, P
ub' h3A, +u4(1+h2An)2 1+h2A

4.7)

(a) Under (4.2) with v, = vy, for any t > 0 the g-dimensional variables
(nZ(y)})yey converge Foo-stably in law to a variable (Z(y);)ycy defined on an
extension (52, F , ﬁ’), which conditionally on F is centered Gaussian with variance-
covariance given by

~ t ~
Bz z(y), | F) = fo (5, (3. Y) BB x (Bryal g
4.8)

o
+ (1= my*y? (0 peshs + (1 — n')dn/s)z)K— ds.

S

(b) Under (4.2) with v, = v}, plus

4.9 8=F1 (
(49) VY

for any t > 0 the q + 1-dimensional variables (v,Z(1)}, (v,(Z(Y)} —
2Z(l) ))yey) converge Foo-stably in law to (Z(l);, (Z(y), )yey), where Z(1);
and (Z'(y);) yey are defined on an extension (Q ]-" IP’) and are, conditionally on

F, two independent centered Gaussian variables with variances given by (4.8) for
Z(1); and by

(4.10) E(Z' 0z (y), | F) =g, (3. ¥)8P x (BDA].

+(hi8,)°) -
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Part (a) of the theorem shows that the CLT for (v, Z(y)})yey) can be determined
by the diffusion component of X, the jumps and the observation noise (their role
in the asymptotic variance is controlled by n and n’). In part (b) of Theorem 3,
we present a joint limit result for (v, Z (1)}, (v, (Z(y)} — yzz(l)’;))yey). For this
result, we need the condition in (4.9) which guarantees that the jump component
of X is the leading term for the difference (v),(Z(y)} — yzZ(l);’)), that is, the dif-
fusion component of X and the noise play only an asymptotically negligible role.
When this is not the case, similar to Theorem 2, there is no choice of the tuning
parameters satisfying (4.2) with v,, = v}, and a sequence v;, ensuring a nontrivial
limit in part (b) of Theorem 3.

Finally, as for the convergence in probability result in Theorem 1, we have a
wide range of choices for our tuning parameter that satisfy Theorems 2 and 3.
The choice of the tuning parameters can be optimized according to the specific
application in mind as we will show in the next section.

4.3. Applications. We now illustrate some applications of the developed limit
theory. We will focus attention on the estimation of the integrated volatility C; and
the leading jump activity index B1. These problems have received a lot of attention
in recent work. Our theory will allow estimation of C; and 8; in more general
settings than previously considered and in many of the cases we will be also able
to achieve faster rates of convergence than those of existing estimators and even
rate efficiency.

We will develop the estimators, derive their rate of convergence, and provide a
CLT for them. To make the inference feasible, one will need consistent estimates
of the asymptotic variances of the estimators. Such estimates are relatively easy to
derive using Theorem 1 (and consistent estimators for the variance of the noise),
and for brevity we will not provide explicit expressions for them. In addition, the
optimal choice for the tuning parameters u,, h,, k, in many cases will depend
on the unknown jump activity index g1. Therefore, for a feasible estimation, one
will need a preliminary estimator of 81 based on an initial part of the sample of
shrinking time span. Again, for brevity we will not further discuss this here, leaving
instead the details pertaining to these issues for future applied work based on the
theoretical results of the current paper.

4.3.1. Estimation of B1. We start with the estimation of f1. For the general
case when X can contain a diffusion, we first set for y > 0

C'»f =Cy} =y Cwy
(4'11) n 2 n 2 l B 2\ Bm TB m
=Z(y);, —y Z(Q1), + o Z(y m oy )unm(pnmx(ﬂm)At )

" m=1
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Then, observing that the function f(x) = 422_14? is C® on the interval (0, 2), with

a C* reciprocal function f —1 a natural estimator for B1 is, for example,

Sl 6’(4)?)

An easy computation shows the consistency B\,” SN B1 in restriction to the set
{A,1 > 0} on which the “component” with index B is present, as soon as we have
(4.1) with the sequence v,, = k,/ uf ! Therefore, we obtain consistent estimators
for 81 on the set {At1 > 0} as soon as the tuning parameters h,, k,, u, satisfy (3.2)
and

k u4—2,31 u8—2;31 u8—2,31 oy

n n n n —

— + + + +u="*Plh, A, > 0,
Wbt RN, KGRSAL T hSA2 n

Mi_zm (hn An)z

(4.13) k=1 = ui_zﬁ'hnAn + 3 — 0,
n
4-26
knuy
=1 — = 0.
KD 1A, —

There is a wide range of tuning parameters achieving the above condition, pro-
vided we know that B; is strictly bigger than some known number « € (0, 1].
For example, one may choose the integers 4, in such a way that h,ll1 Afl — 0 and
inf, h,% A, > 0, and then u, = (thn)l/8 and k, = [u} ]. With this choice, we have
consistency, and a single tuning parameter, regardless of whether x1 and «, equal
Oorl.

If we further know that x| = 0, that is, that X does not contain a diffusion, we
do not need to use the differences 6’(y)? but rather we can use directly C (7. In
particular, in this case, another sequence of estimators, which are consistent on the
set { At1 > 0}, is naturally given by

_ 1 cQ)r
(4.14) B = log<A( i )
log2 c(Hy}

We note that given the above estimates of 1, we readily get an estimate of A/
using C’ (y)} or C (y)7. Hence the analysis of the estimation of Atl is similar to
that of the estimation of B and for brevity is not discussed further.

We turn next to the rate of convergence of the estimation of 8; and an associated
CLT that can allow quantifying estimation uncertainty. For simplicity, we restrict
attention to the typical case of M =1 and r < B1/2 (or, equivalently for what
follows, M > 2 and B, < B1/2).

Concerning the estimator in (4.14), which works only when «; = 0, the joint
convergence of v,Z(y)} for y = 1,2 to a nondegenerate limit is enough: we can
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apply Theorem 2 and the rate of convergence is uﬁ 1/2 (this explains the restrictions
r < B1/2 or By < B1/2), so we need to “maximize” u,, of course within the con-
straints (3.2), (4.3) and (4.2). Actually, we cannot really achieve “best” rate, but
only the best one up to some arbitrarily small ¢ > 0, as exhibited in the next result,
which readily follows from Theorem 2 upon using the Delta method, and in which
(4.3) gives us n = 1. Below, a,, < b,, means that both sequence a, /b, and b, /a,
are bounded.

THEOREM 4. Assume (O) and (H) with k1 = 0 and either M = 1 and r <
B1/2 or M > 2 and By < B1/2. Let t > 0 and also ¢ € (0,1/5) be arbitrarily
small. Assume also either one of the following two hypotheses:

(i) we have (N-0) (so k2 = 0) and the tuning parameters satisfy

3 = —2py
ﬁl Z 5 = hn = n ’ Up < An )
__k
K A
n — n E)
3 3 _ 1528 _2(-¢)
_5/315_ = hnAAn 2 ) MHXA}’! ! )
(4.15) 4 2
_28
ki’l = An 2l 9
3 -g —5535
ﬂ1§1 = hy=x A, up <Ay,
__h
k - A 15-68 ,
n — n ’
(i1) we have (N-1) (so k2 = 1) and the tuning parameters satisfy
3 1248 _ 6(—e)
12+7, 1247,
/3125 = hp <A, ﬁl’ up < Ay ﬂl’
__2A
k A R
n — n 9
3 3 —7A ~ S
1+ 1+
ZS,BIEE = hnAAn lv ul’lXA}’l lv
(4.16)
_ 2B
k A 21+
n — n )
3 _18-58 6(1—¢)
30—11 30—-118
ﬂlEZ = hp <Ay ﬂl, up < Ap 1,
2[51
30-T16,
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Then the sequence uf 1/ 2(,3\,/"’1 — B1) converges stably in law, in restriction to the
set {A tl > 0}, to a variable which is defined on an extension of the probability space

and which, conditionally on F, is centered Gaussian with variance
16 +28-281 +16.31 — 17 .4

4.17) 4(10g2)2¢ P x (B1) A}

‘We turn next to the case when X can contain a diffusion, so we use the estimator
(4.12) and Theorem 3, and the rate is again u,[f 1/2 Exactly as before, we cannot
fully achieve the best possible rate. Using again the Delta method, we arrive at the
following result [in case (i) below we have n’ € (0, 1) and n = 0, and we use part
(b) of Theorem 3; in case (ii) we have ' = n = 1 and, therefore, we use part (a) of
Theorem 3].

THEOREM 5. Assume (O) and (H) with k1 = 1 and either M =1 and r <
B1/2 0or M >2 and By < B1/2. Let t > 0. Assume also either one of the following
two hypotheses:

(i) we have (N-0) (so k2 = 0) and for some ¢ € (0, é — B1 A2 — B1))) the
tuning parameters satisfy

16 ! ~ftoh —
Br>— = hnxm, up < Ap ) kn < Ay >

(@.18) 16 1 _2(-¢) _ B1(-2¢)
Bi<— = h,x Uy < Ay 1e=h kn < Ay 1=

11 VA
(i) we have (N-1) (so k3 = 1) and for some ¢ € (0, 1/5) the tuning parameters
satisfy
2458 6(1—¢) 21

_-TIp; A B-TIAp A BT
, Uy < Ay , ky, < A, .

4.19) hy, < Ay
Then the sequence u,[f 1/2 (3;’ 1 B1) converges stably in law, in restriction to the set
{At1 > 0}, to a variable which is defined on an extension of the probability space

and which, conditionally on F, is centered Gaussian with variance
1
41+P1 (log 2)2¢ D x (B1) A}

8 ( Vg (44 n Ve (22 29529 )
(16 —4P)2 " (4—28)2 (16— 4P)(4 —2P1) )’

(4.20)

These two theorems are not directly applicable for three reasons. One is that we
need consistent estimators for the conditional variances, and this could easily be
taken care of. The second reason is somewhat more important: the choice of the
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tuning parameters in the various sets of conditions above depends on A, which is
not observable, so we will need to replace A, by 1/N;' [making use of (2.13)].
The third reason is that those conditions also depend on the unknown value S,
and hence a preliminary estimate for it is needed. As mentioned before, we leave
these practical considerations for a follow-up work.

We finish this section with a brief discussion of the achievable rates of conver-
gence for estimating B1. We start with the case of no diffusion (k; = 0, so Theo-
rem 4 applies) and the stronger assumption (N-0) for the noise. As a benchmark,
we note that in a parametric model where X is a B1-symmetric stable process and
the noise is i.i.d. Gaussian, using empirical characteristic function, we can esti-

_pd-= 6)
4+2p

mate B at the rate A, . Our estimator can achieve this parametric rate when
B1 > 3/2. For lower values of 81, the achievable rate in our nonparametric setting
drops. This is due to the effect from the presence of the drift term in X, the varia-
tion of the characteristics of X as well as the generality of our sampling scheme.
Comparing the cases k2 = 1 and k2 = 0, when there is no diffusion, we notice that
the weaker assumption for the noise slows down the rate of convergence. This ef-
fect is pretty small for high levels of 8; (less than 10% loss in rate of convergence
for B; > 3/2) and more significant for low values of ;. Finally, we can compare
the rate of convergence of our estimator of 8; in the no diffusion setting with the
one based on power variations in [13]. The rate of convergence for the latter is

Br=c)

derived for 8 > /2 and the best possible is A, 1% This is much slower than
the one achievable for our estimator B\,’"’l

Turning to the case when X can contain a diffusion, we can see that, as expected,
the rate of convergence of the estimator drops. Focusing on the case of k, =0, we
note that the loss of rate efficiency compared to the no diffusion case is relatively
small for high levels of B: it is 19% for B; = 3/2 and it approaches 0% for B
approaching 2. To the best of our knowledge, the rate of convergence of estimators
of B in the simultaneous presence of diffusion and noise have not been analyzed
thus far.

4.3.2. Estimation of C;. We continue with the estimation of C; and of course
we assume k1 = 1. Consistent estimators of C; are easy to construct. We take, for
example, y = 1, and rewrite (3.8) as

C'=C,+R"+S"

~ 2k,
where C}' = p C(1),,
u

T2
(4.21) U 400" x (B ) 4
/3}?1_2 n m
Z b
. 2k,,
S =

U fn
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Since u, — oo, we have R} RN 0, hence as soon as S}’ 2 0 the statistics cr
above are consistent estimators for C;. In view of Theorem 1, this holds as soon as
the sequence v, =k / u% satisfies (4.1). Therefore, we have consistency as soon as
the tuning parameters h,,, k,, u, satisfy (3.2) and

kn 1 u kn
0, =1 =
T aa, Tignear 7 “ WA,

(4.22)

2 — 0.
There is a wide range of tuning parameters achieving this. For example, we may
choose the integers 4, in such a way that &3 A2 — 0 and h) A2 — oo, and then
Uy = h,l/ *and kn, = [uy]. This way we have consistency while using a single tuning
parameter.

Concerning rates of convergence and an associated CLT, things are different. Let
us first mention that, when X is continuous and the noise is an additive Gaussian
white noise and sampling is regular, we know that the optimal rate for estimating
Ciis 1/ A}/ 4: so this rate is a natural benchmark.

This optimal rate is achieved by the estimator 6{’ only when f; < 1 (which
implies that the bias term R} in (4.21) is negligible at this rate) and k2 = 0. In the
case when 1 < 1 but k» = 1, that is, when the weaker assumption for the noise
holds only, the rate of convergence of C\f drops slightly. This result is a trivial
application of Theorem 3(a), with n =0 and ' = 1/2 in case (a) and n = 0 and
n’ =1 in case (b) and is given in the following theorem.

THEOREM 6. Assume (O) and (H) with k1 =1 and B; < 1.

(a) If (N-0) holds (so k3 = 0) and if the tuning parameters satisfy for some
e€(0,1/12)and all &' >0

/
n

A4

1 u
U, =

h, <

(4.23) VA

1 1
—z—¢ —z+¢
6 !

. / 1 A —&
with u,, — 0, u, A~ — 00,

the sequence A, b 4(6 ' — C;) converges stably in law to a variable which is defined
on an extension of the probability space and which, conditionally on F, is centered
Gaussian with variance

Y 2
(4.24) 4/t(csks + %ys> )Lids.
0 s

(b) If (N-1) holds (so k2 = 1) and if the tuning parameters satisfy for some
e€(0,2(B1 A (1= B1)))

12581 +¢ 3 2B +¢
24—T118 T 24-T118 T 24118

(4.25) h, = A, , u, = A, L ky = A, ,
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126 —¢
the sequence Ay, W (C I — C;) converges stably in law, in restriction to the set
{A,1 > 0}, to a variable which is defined on an extension of the probability space
and which, conditionally on F, is centered Gaussian with variance

-2
49~ (1 51
4.26 — —ds.
(4.26) o7 Jo Va9
In part (b) above, the rate is always faster than A, 3/ 13, and approaches the op-

timal rate A,, /4 as B1 becomes close to 0. Therefore, the loss of efficiency due to
the weaker assumption for the noise is at most 8% in terms of rate of convergence.
We can also observe that we have exactly the rate A, 3 13, irrespective of the value
of B in (0, 1), if instead of (4.25) we take

3

_ 1 _ _
(4.27) B =< AP, up=AL B, k= A, T

Sl

Now we turn to the case B; > 1. In this situation, the bias term R in (4.21) is
no longer negligible and we need to de-bias our estimators. We will restrict our
attention to the case M = 1 and, similar to [11], we can use

. o _ 2k (C)" —4C(1)1)? )
' C Ui C@; —8C)F +16C(D} )

Then we need to use part (b) of Theorem 3, with " = 1/2 in case (a) and ' =0 in
case (b) below, and always n = 0.

(e -

THEOREM 7. Assume (O) and (H) with k1 = 1 and r < B1/2 and either M =
1or By < B1/2.
—1/4

(a) Under assumption (1) of Theorem 5, the sequence A, (6{" — Cy) con-
verges stably in law to a variable which is defined on an extension of the probabil-
ity space and which, conditionally on F, is centered Gaussian with variance given
by (4.24).

_ 24-6p
(b) Under assumption (ii) of Theorem S, the sequence A, 0 (Cl'—=Cy) con-
verges stably in law to a variable which is defined on an extension of the probability
space and which, conditionally on F, is centered Gaussian with variance given by

(4.26).

The results of the above theorem hold irrespective of whether 8; is smaller or
bigger than 1, and the rate in case (b) of Theorem 7 is faster than the rate for
6{’ in part (b) of Theorem 6 when §; < 1, but of course we need the additional
assumptions r < 81/2 and either M =1 or B < f1/2 for Theorem 7. Note also
that under (N-1) and upon making the choice (4.27) for the tuning parameter, we

also have the convergence of A, 3/13 (6 't — C;) to exactly the same limit as above.
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5. Proofs. We begin with the following lemma.
LEMMA 8. If X satisfies (H'), it also satisfies (H).

PROOF. We assume (H'). Observe that (H')(iii) implies that B, is the
Blumenthal-Getoor index of F™, and f(|x|’/ A1) F™(dx) < oo for any r’ > B,,.

Let p™ be the jump measure of the Lévy process Z™. This is a Poisson random
measure with compensator ¢ " (dt, dx) = dt ® F"(dx), and by hypothesis the p™
are independent when m varies, and also independent of W and p. We aggregate
the measures p and the p™’s as follows: we replace the space E by the union E
of E and M copies Ey, ..., Ey of R\ {0} (another Polish space), and set p(A) =
P(ANE)+Y"_, p™(ANE,) for any Borel subset A of E. This is a new Poisson
random measure, with compensator g (dt, dz) = dt ® 11(dz), where (A) = n(A)
when A C E and 5j(A) = F,,(A) when A C E,, for some m.

We consider the functions f,, and f;, on E defined by

_ 0 ifz ¢ Ey,

fm(@) = . _¢ "
xlx<n ifz=xeE,,

_ 0 ifz ¢ E,,

@ = o
xlx>1 ifz=xe€E,.

By virtue of (2.8), each Z™ has the representation

Z!" = (xlgr<p) * (0" —q™), + lye=1) * 27" = finx @ — @i + fr * D,
Therefore, the processes X and o of (2.7) and (2.9) can also be written as

t t _ _
Xt:X0+/0 bsds+/(; ades+8*(§—§),+8/*§t,

(5.1) _ o g b oo v
op=o00+ | byds+ | HIdWs+ | HS dW;
0 0 0
+8° @~ +8° xD,.
where
5(0.9) 0 ifz=z€ekE,
,2) = _ e
a1 fmn (@) ifze E,,
- 8'(t, z ifz=z€kE,
§(t,7) = _,fl ) otz
o, fn@ ifz7 € E,,
(.7 = 87(t,2) ifz=z€kE,
’ H”" fu(2) ifze E,,
S/U(t Z)_ S/G(I,Z) ifZ=Z€E,
’ HZ" f1(2) ifze E,.
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Letting J, be an n-integrable bounded function such that (2.6) holds for &', 57,

8%, it is clear that 8, 8, 37, 3 satisfy the same for the 7j-integrable function J,,
defined by

Jn(Z) ifE:ZEE,
@, (x| A1) ifT=x€E,

for a constant @, depending on the bounds on &, H"" when t < 1, [recall that
here r’ is arbitrary in (81, 2), implying f(|x|’/ A DF™(dx) < oo for all m]. It is
also obvious that § satisfies (H)(i).

It remains to prove the existence of a decomposition (2.5), such that F; and a”™
satisfy (2.6) and (H)(ii). The spot Lévy measure F; of § x (p — g) is given by, for
any Borel subset A of R\ {0},

Fi(A) = Zf (&) x) F™ (dx),
m=1"{IxXI=1}

hence the symmetrized measures F, and ﬁm satisfy the same relationship. Then
(2.5) holds with

a;’” — O!m |,Bm
ﬂm
F/ m ﬁmatm
t(dx)_ 1a(@)'x)F™(dx) + 3 T8 dx
m=1 {I<lx|<1/iEm) x| P Pm

am
_/ 'Bn;itdx).
{1/ <lxi<ty x| 1A

Our hypothesis on o7}* implies that each a;" is cadlag adapted satisfying (2.6) and
(H)(ii). Moreover, when ¢t < 7, we have |[0}'| < T, and |F"™|(x) <T,/|x|" for
x > 0, hence after a simple calculation

/

7 |r m|B 1 Fn
|;|(X)§Z<F o +2(1+ |57 |'")( x<1}+ 1{x>1})> prl

m=1

for a suitable constant I'), depending on r, I',, M only. So, we have the last part of
(2.6). This completes the proof. []

5.1. Strengthening the assumptions. Below, we take 7’ = 1 when 8] < 1, and
7' =r’ otherwise, so in all cases 7’ can be used in place of r’ in (H), and can be
chosen arbitrarily close to 81 when 81 > 1. The finite set ) is fixed throughout,
and y and y’ are always in ). It is also not a restriction to assume that A,, < % for
all n.

We introduce the following strengthened assumption [recall k> as defined in
3.D]:
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ASSUMPTION (SHON). There is a constant I" such that:

(1) We have (H), (O) and (N-«») with 71 = oo, we write J = J;, and moreover,
we have [8'(-,z)| < T'J(z) and |87 (-, z)|?> < T'J(z) (so &', 8 are bounded) and
87 =0.

(i1)) We have for all ¢

(5.2) AN/ <1+Tt.

LEMMA 9. If Theorems 1 or 2 or 3 hold under (SHON), they also hold under
(H), (O) and (N-k2).

PROOF. (1) According to the classical localization procedure, based on stop-
ping (F;)-adapted processes such as X, o, A, v at or strictly before (F;)-stopping
times, it is enough to prove Theorems 1 or 2 or 3 under the Assumption (i) of
(SHON). So below we assume (SHON)(i), which in particular implies y, > 1/T°
for a constant I'.

(2) In this step, we construct another sequence ®;", with the associated sampling
scheme (7'(n,i)) and counting processes N," by (2.10) and (2.12), in such a way
that we have:

(i) this scheme satisfies (O) and (5.2),
(5.3) (i) P(B')—1
for all #, where B]' = {T'(n,i) =T (n,i) for all i with T'(n,i) <t}.
The construction of @ is as follows:

on_ @ ifist

where £, =inf(j >1: 8" < jA, —1),
T ifi> 6, n=inf(j 2 1287 =8 = 1)

j
Si=A,) 9.
i=1

Observing that £, is a stopping time for the discrete-time filtration (K}');>0, it is
clear that CD;” satisfies (2.11), with the same constants I"(p), relative to K, hence
a fortiori relative to K" = o (@7 : j <i).

Recall that A, > 1/ . Then T'(n,i) =T (n,i) > (iA, — 1)/ T fori < £,, hence
T'(n,£,) =T, L,) > (L, —1)A, —1)/T,whereas T'(n, £, + j) — T'(n, £,) >
JjA,/T. We then deduce that T'(n, j) > ((j — 1)A,, — 1)/ T for all j > 0. Since
T'(n,k+1) >t implies N;" < k, we deduce that indeed N;" < k as soon as kA, >
I't + 1: so indeed (5.3)(1) holds.

We now turn to (5.3)(ii). Since T'(n,i) = T(n,i) when i < {,, whereas
T(n,i) > S}/ T, this is implied by the property

(5.4) (>0 = P(S} =1) -1
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Observe that S\ | — 1= Ay D173 (@7 — 1) + (Alt/Ag] — ). (2.11) implies
E(®Y —1]K"_) =0and E((} — 1)? | K'_;) < K for some constant K, whereas
o is K7 - measurable hence a classical argument yields

[t/An]
E((SE/a, = 1)) <280 + AﬁE( 3 (@F - 1)2) <2A2 4+ K1A,.
i=1

We deduce that Sj; JA] LN 7, hence S, e 2R+ as well, and thus 6, = inf(z :
Sﬁ/A 1= — 1) satisfies P(6, <t) — O for any ¢ > 0. Clearly, 6, = £, A,,, whereas
Se >S” 1>0 1—A,>6,—2. Thc&:rlI[D(SZ <t)<P@, <t+2)—0.We
thus have (5.4), and (5.3) is proved.

(3) In the previous setting, we also construct a new noise process as fol-
lows. Let (p;)i>1 be a sequence of ii.d. N (0, 1) variables, independent of all
T(n,i), T'(n,i), €! and of Foo. Then we set &' = &' if T'(n,i) =T (n,i) and

" = p; otherwise, and also Y/ = X7/(,.;) + )/T,(n p&i"- We have yr =y if
T'(n,i) =T (n,i), and otherwise Y. l’ " is a fictitious observation. However, the fam-
ily (Y/") satisfies (SHON)(i) and (5.3), hence also (SHON). Thus, by our hypoth-
esis the variables Z’(y)? constructed in the same way as Z(y)/, on the basis of the
sequence Y;" and the sampling scheme 7" (n, i), satisfy the claims of Theorems 1
or 2 or 3 for any given ¢.

Since obviously Z(y)} = Z'(y)} for all y € ), in restriction to the set B},
whereas IP(B;') — 1, we readily deduce that indeed the variables Z(y)} also sat-
isfy these claims: this completes the proof. [J

Below, (SHON) is in force. Recalling y; = yt , this implies for some constants
[ > 1 [big enough to have (5.2)] and I'(p) and all p we have [recall that if a
process V satisfies (2.3), 4 or (2.4), then 1/V satisfies the same, as soon as both
V and 1/V are bounded]:

b1, |Ut|»a;na b? ) yt,’ V;”»)tt’ 1/x <T,
}Vt(p)} <T'(p),
8.2 <J@. el <J@.
|8'(,2)| <TJ(2), Lis 1,020y < T'J(2),
(5.5)  X;. 00, 0, 1A, (@™)/P and y,, y/] if iy = 0, satisty (2.4)1,
X¢, by, 01, HY, J(S(([)lz/)r/ Vs Vi yt(3) Ao 1/, (a]) 1/Bm satisfy (2.3)2.1,

Ar and 1/A; satisty (2.3)1 1,

r ; r
F,(x) A }Fz|(x)5x—r-
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Below, K is a generic constant, changing from line to line, and possibly depend-
ingonr,r’, M, By, I', and sometimes on some extra parameter g such as a power
or on the set )/, but never on n and the various indices i, j, ... or variables u, y, ...
which may occur. Analogously, if U, = U, (i, y,...) and U, (i, y, ...) are two se-

quences of variables possibly depending on y € )’ and on indices i, . .., we write
U, = O(U,), respectively, = o(U,), if U, =0 implies U, = 0 and U, /U, (with
the convention 0/0 = 0) is bounded uniformly in n,i, y, ..., respectively goes to
O uniformly in i, y, ... as n — oo.

We end this subsection with a general consequence of the properties (2.3) and
(2.4) relative to an arbitrary filtration (£;).

LEMMA 10.  Suppose that a (L;)-adapted cadlag process V satisfies (2.3) 4/
respectively, (2.4),, with some constant K for all finite (L;)-stopping times T < S.
Then we also have (5.6), o, respectively, (5.7), below, with the same constant K,
for any pair S, T as above:

(5.6) E( sup |Vs—Vrl?|Lr) < KE((S—T)7| Lr),
s€[T,S]

(5.7) [E(Vs — Vr | L7)| < KE((S —T)? | Lr).
PROOF. We prove that (2.3), . implies (5.6), ., only, the other case being

analogous. We fix two (£,)-stopping times 7' < § and let ¥ = E(supsc7 ¢;|Vs —
VTIq, | L7) and U = E((S — T)? | Lr). We need to prove that the two Lr-
measurable sets By ={Y > KU} and B_ ={—Y > KU} have a vanishing proba-
bility. Define another stopping time 7', < § by setting 7, =T on By and 7| = §
on the complement B . Observe that E(supe[u’ s11Vs — VT# |q’ | L) vanishes on
B¢ and equals Y on B, hence as soon as P(B) > 0 we have

IE( sup |V — VT“q/) =E(Y1p,) > KE(U1g,)
selTL,S]

=KE((S—T)%1p,) =KE((S — T})?).
which contradicts (2.3),/ ,. Therefore, P(B4) = 0, and P(B_) =0 is proved anal-
ogously. [J
5.2. Properties of the sampling scheme. We first prove (2.13):

LEMMA 11. We have the convergence (2.13).

PROOF. We use the variables S;’ of the proof of Lemma 9, in which E:l =
S[ntA,,] ‘% t was proved, and we set

It/An]
A} =AN!,  H'=T(n.[t/An])=Ay Y A P
i=1
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By the subsequence principle, it is enough to prove that any infinite sequence

ny contains a subsequence « such that A — A, for all ¢, for all w outside a null
set. Note also that, from any subsequence one can extract a further subsequence
such that the convergence E:’ — ¢ holds, outside a null set again, locally uniformly
in time. In other words, it is enough to show that if E? (w) — t locally uniformly in
t for some given w, then we have A} (w) — A;(w) for all ¢ (then the convergence
is automatically locally uniform).

Therefore, below we assume E:l (w) — t locally uniformly, and omit to men-
tion  in $" and also in A and H”. The definitions of H" and §" imply H/' =
5 Aur dS.. (5.5) yields Hl''  — H' < K(Stﬂ S7), hence by Ascoli’s theo-
rem, from any subsequence we can extract a further subsequence n’ such that H n
converges locally uniformly to a continuous nondecreasing limit H. Picking any
e > 0, we denote by 1| < fp < --- the times at which ¢ — A; has a jump of size
bigger than ¢, and set A; = [0, 7] \ (Ui>1( — &, t; + €]). The modulus of continu-
ity w;(p) of AY = Ay — lel Alg; 1y <5y on [0, 7] satisfies limsupp_)o wy(p) <e,
whereas Hs”/ — Hj locally uniformly, so lim sup,, supc 4, |4 '~ Ang| < €. Thus,

for n’ large enough, |H}" — [3 A, dS; | <2eS; + K [, dS; , which in turn goes
to2et+K [, ds < Ke. Since ¢ is arbitrarily small, we get H” f(; AH, dfn — 0.

Another application of S — s for all s yields fo AH, dS — fo AH, ds Thus
fo An, ds, so H is continuous strictly increasing and its inverse H~!is A, as
deﬁned by (2.13). Therefore, H is uniquely determined and the original sequence
H" converges to H = A~!,
Now, the definitions of A} and H;' imply that they are right-continuous inverses
one from the other, hence A} — Ht_1 = A, and the proof is complete. [

We already introduced (#}), the smallest filtration containing (;) and with
respect to which T'(n, i) is a stopping time for all i > 0, and the o -field K7, gen-
erated by the variables (®} :7 > 1). We will also need the filtration (ﬂ?) which
is the smallest one containing (F;) and such that C?  C ﬂg (below we prove the

intuitively obvious fact that ﬁ? is bigger than H}').
Unless it vanishes identically, the noise is not measurable with respect to the
previous filtration. To accommodate the noise, we define the following o -fields:

(5.8) G; =ﬂr}(m~) Vol j<i),
Gr=Hl Vol j<i),

with the conventions Gy = Fo and QO = ’HO and QO = ’H . Note that the pre-

averaged variable Y” is G!' ;, -measurable.
n
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LEMMA 12. (a) We have H} C H, and H''y =H. .

(b) Any cadlag (F;)-adapted process satisfying (2.3)4 4/, or (2.4)4 for all finite
(Fr)-stopping times T < S satisfies the same for all finite (ﬁ?)-stopping times
T<S.

(c) Any (F;)-martingale is a (ﬂ?)-martingale, hence a (H})-martingale as
well.

(d) Any integrable H} -measurable variable Y satisfies

(5.9) E(Y | G) =E(Y | HE (i)

PROOF. First, (¢) is a well-known result because (ﬁ?) is the initial enlarge-
ment of (F;) by the independent o-field K, and it is also a trivial consequence
of (b).

For (a), we first prove by induction on i that each T'(n,i) is a (ﬂ?)—stopping
time. This is obvious when i = 0, and we have (recalling oy > 1/T")

{T(,i+1) <t}={T,i)<t}NA
with A = { ?-I—l < (l‘ —T(n, i))/(An)&T(n,i))}-

If T(n,i)is a (ﬁ?)—stopping time, and since @7 118 ﬁg—measurable, we have
Ae ﬁ'}(n’i), and thus {T'(n,i + 1) <1} € H, . This, being true for all ¢, implies
that T (n,i + 1) isalso a (ﬁ?)-stopping time. Therefore, H} C ﬁ? for all ¢, includ-
ing t = 0o. On the other hand, ﬂzo = Foo V K, is obvious, and @7 is H’}(n’i)—
measurable by (2.10), so K7, C H'. This yields H”, = H..., and (a) is proved.

Before showing (b), we give a description of the (ﬁ?)—stopping times S. We
consider ®" = (®7)i>0 as an E-valued random variable, with the Polish space
E = RT* and its Borel o-field £. Since ﬂ? =F: v KL, we have {S >t} =
{(w, ®" (w)) € B} for some F; ® E-measurable subset B; of Q x E. Setting
S/(a),a)f inf(s € QF : (w,p) ¢ By), so {w: S (w,¢) >t} = Nseonio.ni :
(w, @) € By} belongs to F; for all ¢, and we readily deduce that

S(w) =S (0, D" (w))
(5.10) where (i) S is F ® £-measurable on Q x E,
(i) S'(-, @) is an (F;)-stopping time for each ¢ € E.

At this stage, we can prove (b), say in the case of (2.3), 4/, the other case being
analogous. Let 7 < § be two finite (ﬁ?)-stopping times, with which we associate
S and T’ as in (5.10). Upon replacing T’ by T’ A §’, we can assume 7’ < §’
identically. Let p be the law of 3" [a probability measure on (E, £)]. By the
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independence in Assumption (O), we have

B sup (Vs—vrl?)= [E( sup Vo= Vp "))
selT.S] SNIT'(.).5'(.9)]

< K/E(|S’<-, 3 — T'C.)|")u(dd) = KE(S — T|).

where the inequality above follows from (2.3), ,/, applied with the (F;)-stopping
times S’(-, ¢) and T'(-, ¢). This proves the claim.

For (d), let Y" and Y” be the left- and right-hand sides of (5.9). It is enough
to prove that E(Y'ZZ') = E(Y"ZZ') for any bounded H’}(n’i)—measurable Z

and 0’(8;1- : j < i)-measurable Z'. When Z' = ]_[3._:11 fi (8’;) for bounded Borel
functions f;, we have E(Z' | H}) = ]_[3;11 E(fj(e) | HE) by (N), and each
E(f;(e]) | HE) is ’H’}(n’i)—measurable [use the last part of (2.15)], hence E(Z’ |
H" ) as well. By a density argument, it follows that E(Z' | H%) is ”H’}(n’i)—
measurable for any 0(87 : j <i)-measurable Z’. Therefore,
E(Y'ZZ\=E(YZZ')=E(YZE(Z' | F))
=E(Y'ZE(Z' | HL)) =E(Y'Z2Z'),

and the claim follows. [

This lemma will be used very often, typically without special mention. Its claim
(c), for example, implies that X and o are semimartingales satisfying (2.1) and
(2.2), relative to the filtration (ﬁ?), with W, W’ being (ﬂ?)—Brownian motion and

g still being the (ﬁ?)—compensator of p, and the same if ﬂ? is substituted with
‘H}'. Another application is the following estimate, easily deduced from (2.11) if we
condition with respect to H';(n’ iy» hence true as well if we condition with respect
to G!': for all integers j > 1 and all p > 0 we have

(5.11) E((T (i + ) — T, D))" |G) < Kp(jAn)?.

In particular, in combination with Lemma 10, this yields that, for any cadlag (F;)-
adapted process V, we have forall j =1, ...,2k,h, (so jA, < K)and p > ¢/,

IE( sup Vs = Vel | g?)
S€[T (n,i),T (n,i+))]

(5.12) <K(Ap? if V satisfies (2.3)¢ ¢
E(V(rtn,iy+)ATsi+) — Vi) | G|
<K(Ap? if V satisfies (2.4),.
This and (5.5) imply the following estimate, uniform in z € E:

(5.13) E( sup |8(z.5) = 8(z. T(n, )] | gf) <KJ@Y" jAn.
S€[T (n,i),T (n,i+j)]
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Moreover, when x, y > 0, we have x#» — yfn = g, yPrn=1(x — y) + O(|x — y|Pm)
if B, > 1 and xP» — yPn = O(|x — y| + |x — y|#») if B,, < 1. Therefore, using
(5.5) again, we deduce for p > 2

N

(514) se[T (n,i), T (n,i+j)]
7 m 2
|E(afnr(n,i)+s)AT(n,i+j) —at o |G <K@ Ay)Pn/2,

B(sup[al —af )" [ GF) S KA,

5.3. Estimates—]1. The estimates (5.12) will not be enough for our purposes,
and we proceed to complement them. The setting is somewhat complicated (be-
cause of our future needs), and to obtain notation and statements as simple as pos-
sible we fix n and i, but it is important to keep in mind that the (varying) constants
K or K, below do not depend on n, i.

We have a bounded sequence 0}1 of numbers with which we associate the pro-
cess

2hy—1
Or= D 01T miti—1.Tmi+)).
j=1
We denote by A? the set of all cadlag (#H}')-adapted processes V satisfying V; =0
fort <T(n,i).If V€ A7 and U is a (H})-local martingale we define the pro-
cesses (all in A7)

t t
L(V), = f OyVeds, L'(V,U) = / ©,V, dUj,
0 0

t s
LV(V), = f @;( / ®UVUdv) ds.
0 0

and also (for 0 < j < ¢) the variables

(5.15)

Vie=Viy = sup Vs = Vrgivhl-
se[T (n,i+j),T(n,i+j+0)]

Suppose that we are given nonnegative H. o, i)-measurable variables ¥ and ¥
and H'}(n,iﬂ)—measurable variables W; for j =1,2,.... We let PD), 73(\/1}),
P(¥;) be the sets of all V € A’ such that, for all 0 < j <2k, and all reals z >0
and constants K, with K| = 1, we have

for POW):  [E(Vrwitj) = Vi | H i)l
<V, j=1,...,2h,,
(5.16) for POD):  E((Voon)? | Hiuiy) < P,
for P(W)):  E(AG i+ j+DVjnl* | H s )
<K.W;AS,  j=1,...2h,
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These classes should indeed be indexed by i and n, as well as the process defined
just below, but as already written we omit these indices.

There is of course a connection between W and the W j’s, expressed in the fol-
lowing lemma:

LEMMA 13. IfV € A?, we have for all p > 2

2h,—1
Ky hp/z ! Z |VJ J+1| |HT(n 1))

ifVisa (%?)-local martingale,
2h,—1
R BVl | H )
j=0
otherwise.

(5.17) E((Vo.on,)? | Hruiy) <

Hence if V. € P(¥;), we have V € ﬁ(@) with

2hp—1
o U

(‘I’j | /Hr;"(n,i))’
(5.18)

=0
2h,—
Z (Wi | Huiy) iV isa (H])-local martingale.

PROOF. The second part of (5.17) follows from VO 2, < Z —0 Vi j+1 and
Holder’s inequality. When V is a (#}')-martingale, the Burkholder—Gundy in-
equality for the discrete-time local martingale (V7(,,i+j))j>0 and Holder’s in-
equality imply

2h,—1 p/2

V4 2

E( 'sup |VT(n7i+j)|p | /H;E(n’i)) §E<< Z (VJ',J'-H) ) ‘,Hg‘(n,i)>
05]52/1"—1 j=0

2h,—1

<K hp/2 ! Z |Vj /+1| |HT(nz))
j=0

whereas V21, <supg<j<op,—1(VT i+l + Vj j+1), hence

2y—1

_ » . _

Von,)P <2° sup | Vrgiepl? +2070 Y (V40P
0<j=<2h,—1 j=0

and the first part of (5.17) follows. The last claim is obvious (take p = 2 above).
O

Next, we give some criteria for a process V € A to belong to these classes.
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LEMMA 14. (a) If V' is cadlag (Fr)-adapted and satisfies (2.3) 4, then
Vi=V/ — VmT(n ;) belongs to PW) N PY;), with U = K (hyAp)9 and v, =
K(Ap)?.

(b) If V' is cadlag (Fy)-adapted and satisfies (2.4)4, then V; =V} = V/ AT (i)
belongs to P(V), with U = K (h,A,)4.

(c) For w=1,2, let Y¥ € A! be a square-integrable martingale for the fil-
tration (H’}(n’i) Vv Fp), with predictable brackets (YV,Y"); = fot alds with af
bounded. Then if M = [j ®VdYY, where ®! = ©, and ©? = @), the product
V = M'M? belongs to PN P(Y;) with

(5.19) U=K(haAn)? W =KA(My [P+ (M | + An).

PROOF. (b) and the claim V € 7’5(\’13) in (a) readily follow from (5.12) for V'.
In view of (2.10), A(n,i + j + 1) is ’HT(n i) -measurable, so by Lemmas 10 and
12 (5.12) for V' implies IE(VJ i | HT(n itj) < KAMm i+ j+ 1)? in the case
of (a). It follows that V € P(¥;) with ¥; = K(A,)?.

Now we start the proof of (c). Observe that, under a regular version of the
7-[’%(,1 iy-conditional probability, the new sampling scheme T'(n,i)=T(n,i+ j)
for j >0 satlsﬁes (O) for the filtration F, = HT iy v FT(n.i)+:- Thus Lemma 12
implies that Y. T(n i)4¢ 1S @ square- mtegrable martingale for (HT(n iy4¢) and for
(HT(n iy+1)- Since ¥,” =0 when ¢ < T'(n, i), it follows that Y%, hence MYV a
well, are square-integrable martingales for (#}') and for (7—[ ). By Itd’s formula

— V() + V@ + VO, V(1>z=[0 M am?,

t
V@), = /0 M2am!, V@) =M, M3,

and it suffices to prove the result for each V (k). This is obvious for V (3), be-
cause this process is absolutely continuous with a bounded density, so V (3) k=
K(T(n,i+k)—T(m,i—+ j)) for j <k and because of (5.11).

Next, Doob’s inequality and the boundedness of «;” and ®}" and (5.11) im-
ply first that E((M] k)2 | HT T l+j)) < K(k — j)A, for any j < k, and also that

IE((MJ’JH) | HT(n,lﬂ)) < KA(n,i+ j+ 1). The same arguments also yield
—2 =n
E(VD i1 1 Hrit))

T(n,i+j+1) .
=< 49/+1E</ o (MS‘) o ds ‘ %T(ﬂ,i+./))
T(n,i+j)

. . —1 —n
SKA(n’l+J+1)((M0,j) +E((M ]+1) | 1,4 ))

<KA@m,i+j+1)My,) + KA, i+ j+ D2
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Then, by conditioning on HT(” i+j)> We see that V(1) € P(¥;) with ¥; ’j given

by (5.19) and, since V(1) is an (H}')-martingale, it also belongs to 77(\11) with
V=K (hyAp)? by the second part of (5.18). The same obviously holds for V (2),
and the proof is complete. [

LEMMA 15. Let V € A! and U be a square-integrable martingale for the fil-
tration (HY}(”’I.) vV Fy) with predictable bracket (U, U); = fot o ds with ag bounded
(note that U = W satisfies this).

(@) If V e P(W)) NP(V) we have L(V) € P(W)) N P(V'), where

Wi =K (W, +(Vo,)?)A;
| 2=
J:
(b) IfVeP(¥;)N 73(\/13), the process L'(V, U) is a local martingale relative
to (H}') and (H;), and L'(V,U) € P(W) N P(W'), where

(5.20)

Wi=K(¥; + Vo NH)A

(5.21) 1 2l

V' =Kh,A, (@ +o- Y E(v; | H’%(n,n))-

If further V is bounded and U = W, we also have for all p > 2
E(IL" (V. W)z Giram|” | H n.i))
(5.22) 1 Pl
< Kp(hAp)P"? (\p o ZO E(¥; | H’%<n,,-))>-
j=
() If Ve P(¥,;) NP(®) NP(V) we have
[E(LMV) T nit2m) | M i)l

2h,—1
<K(hA\y+(hA)3/2f+A ZE\/ IHnm))

=

523 EL WTwisam) [ Hre)l

< KhaA, (hnAnW + ((ha A+ AV T

2h,—1
+ A, Z IE\/>|’HT(,“)>
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PROOF. (a) The process V' = L(V) is continuous and belongs to A}. We
have, uniformly int € [T (n,i + j), T(n,i + j + 1)],

t
Vi~ Vigiep =01 [ Veds=O(Vo 1Al +j+ 1),
T(n,i+j)
hence V’MH < K(Vo,j +Vj,j+1)A(n, i+ j+1). Thus, since Vo,j is ’H'}(MH)—
measurable, we have V' € P(¥}) with W} given by (5.20). Then (5.18) applied
to V' yields V' € (") with & = h, Y70 E(W) | Hk(, ;). which is smaller
than W’ as given by (5.20), and the proof is complete.

(b) Exactly as in (b) of the previous proof, U is a square-integrable martingale
for the two filtrations (#}') and (ﬂ?), so the process V' = L'(V,U) is a local
martingale for these two filtrations as well, and it vanishes for ¢ < T'(n,i). The
same argument as in (b) of the previous lemma again yields forall p >2if U =W
and for p =2 otherwise, and upon using the Burkholder—Gundy inequality,

/

E((V 1) | Hriv )

» T (n,i+j+1) 5 N\ =
SKp9j+lE<(/T(n,i+j) s (Vo) ds) 'HT(”’i+j)>

< KpA, i+ j+ DI (Vo ) +E((Vjs0)? | Hrgisj)-

Using this with p =2 gives us V' € P(¥)) for W} as stated. The proof that V' €

P(U’) with U’ as stated is the same as in Step (a), upon using now the second part
of (5.18) for V'. B
Assume further V bounded and U = W. Then obviously (V; j41)? <

Kp,(Vijs0? and (Vo )P < Kp(Vo )% hence E((V) i ))P | M) <
Ky AR (E(W) | Hi,) + ©). Applying the first part of (5.17) to the (H])-
martingale V', we readily get (5.22).

(c) (2.10) yields the decomposition

2h,—1

L(V)T(n,Zhn) = Z 87+1(é‘;l + é-]’n 4 le'/n),
j=0

where
é‘jn = An)\.T(n,i) VT(n,i‘i’j)q)?‘f'j"'l’

¢ = A VT it )y AT it)) — Arn,i) Py g1

. T(n,i+j+1)
= [ = Vi ds.
T (n,i+j)
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(O)(ii) yields E({” | HT T(ni+ J)) = A, VT(n i+j)AT(n,i) and a similar property for

(”‘ Then |E({” | HT T, l))| < KA,V, and (5.5) applied to A; and the Cauchy—

Schwarz inequality yield |E(§’” | He i) = Khi>AY?8172 whereas |E(§”” |
T(n’l))| < KAE(Y; N2 | HT(W)) is obvious. The first part of (5. 23) follows.
In the same way, we have L" (V)7 .2n,) = Z?h”o_l 071 o g“ ¥, where

2h,—1
1 2 2
gj’? =A; Z O 1 A7 iy VT it ) Pt 11 Pkt 1
k=j+1
5 2h,—1
, 2 2 2
G =00 22 0O inyy = 2 i) VIeit ) @iy i
k=j+1
2h,—1
R .
(7= Ay Y O AT ity = A it i) VIt A, i+ j + DO,
k=j+1
i _gn T(n,i+j+1)(T( 1 —s)d
=g vy +/ ni+j+1)—s)ds
j JHVTOED) iy
n5 ; T(n,i+j+1) L
¢ —0]+1f o Ve = Vi) (T i+ j+ 1) —s)ds
T(n.i+j)
2hn—1 T(n,i+j+1)
+ Y 6L A, z+k+1)/ (Vs = Vr@,itj)) ds.
Pt T(n,i+j)

By successive conditioning and the same arguments as above, we see that
|IE(§" ! | H i)l < Ky A2, and also that |IE(§" Y HE T(n.i))| is smaller than

Kh3/2 Y2W/2 ity =2, 3, than K A2 /2 if w = 4, and than K h, A2E((W;)!/? |
HT(n’ i) if w=5. Since h, A, — 0, All these estimates give us the second part of
(5.23). O

After these general technical results, we introduce some processes more specif-
ically related to our problem. For any y > 0, we set

U '=e YO0 YY) =) 4+a()ih +y )"
with c(V)! = Y uZhn Apdncy,

(5.24) Yy =y uihy v,

M
a(y)] =4 |ylPrubnhy, Angfr x (Bu)al”,

m=1
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and also
VI ) =0+ ) +U(ly =Y =20 U();,
V# 1AY/] -
V(p ) = @2 TO) = Viy, I — 2V (L D),

2UMTUONY
V() =V )+ ¥V, D —y?ve, D =y vy, 1))
Upon increasing I' if necessary, we have

1
(5.25) UM =L

In view of (5.5), (5.12) and (5.14), for U" = U(y)" hence for U" = VE(y, y),
=V(y,y)" and U" =V (y, y)" as well [upon using (5.25)], we have for j =
1,...,w, =2h,k, and p > 2

E(UZ ivjy = Uruiy | G| < K xn.js
E(UDTitrp = U0 7anl” 16" < Kx(pn.js
Xn,j = Uy, hn JAn +K2Lt l(jAn)l/Z
M
(5.26) + h, A\, (/qu%jAn + Z ugm (J'An)ﬁmm),
m=1
X(Pnj =uzPhy P jA

M
+ (hn Ap)? (:quﬁPjA,, + > ulbn (jAn)lA(Pﬂm/Z))

m=1

Moreover, an expansion of the exponential function gives us

h2

V(. ) =2ul by Ay, (v, )PV x (Br)a) he

V#(y,y/)?=0< Bii, A, +—+K1u (huAy) )

1_ 2
+2y y/2 4<hnAn¢nCt)»t + h_¢nyl‘)
n

2 4.8 1 4
+ 3y y u (hnAn¢ncz)\t + h_¢n)/z>

(5.27) —|—0( Bin, A, +h—4+lqu 8 (hnAp) )

~ M
Vi) = O(uﬁlhnAn +o5+ mufi(hnAn)“),

n
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V(y,Y) =2y Agul U g (v, )P x (B1)a; A

2 1 4
+ 5)’2)’/2()’2 - 1)()’/2 - 1)“2 (hnAn%Ct)w + h—¢n)/t)
n

+o< Bin, A, +h + k1ud (hy, n)“).

n

5.4. Estimates—?2. Inthis subsection, we prove various estimates for a number
of arrays of variables, which we presently define. Since we take differences of two
successive pre-averaged values, it is convenient to introduce the following:

n n —/n —=n : .
g =—¢&», & =-8 ifl<j<h,—1
(5.28) J J J J

m

g] = g;.l_hn’ g/]n = g.r;_hn lf hn 5 J 5 2hn -

= = 2h,—1
so that Vi’fi_h” - V= Z 2 /”A:Z_HV Recalling y/" = yr(n,i) and o' = o7 (n,i)

1

and writing 8} (z) = B(T(n, i), z), we set

2hy—1
Y = Z g;'n1(T(n,i+j—1),T(n,i+j)](t)’ p?’ = U9 / Vi dWs
j=1

2hp—1

[e¢} .
o= [ [ S@uri o - adndn. o =y ngﬁf

pr=plt ol ol B =¥ =T,
and

1 kp—1 . . .
G & (cos(¥0n, (jkutn) = U T (0 20y (jlry) W =1,
1 kp—1

0" =1 12(:) (cos(¥P3, (ji,41) = COS(PI, (jryan) W =2,
1 ol n n .
k Z (U T 28 Gty — U OV, o)) if w=3,

1
£} = Z EM,

U5 jumy 2

eome= () fleoni=3)

O§j<[Nt"/wn]

Q= m (Q M N QQ)’)n,z)-
yey
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We also introduce a (long) list of numerical sequences which all go to 0 by (3.2),
and where P is an arbitrarily large integer,

0] = By Ay + st Uiy A) V2T 2572,
+ u5+1h;P/2A’11/2 + Kzuﬁh,jl/zA}/z
1 (T A 4w A+ iS22
Ful(ha AT+ ubn2 A3,

n = I+ u (ha A+ ul) (hy AT,
oz,3l =uyhy,Ap + Kzuflhf/zA,]/z + uih;s,
at =uPrh, Ay + 0 h P ALY futh T el (hy A2,
ozg = uik,, Ay + Kzu%k;/zh;”zA,ll/z

M
+ Z ugmkfm/z(hn An)1+ﬂ"7/2 =+ I{]M%kn (hn An)za

m=1
a(p)n = (e5)" + ek, 772,
(P = (@) + a2k P/% + u2Pkyh P Ay + 1Pk (hy A )P

M
+ Z u][;ﬂmkrll/\(mgm/z) (hnAn)P'f‘l/\(Plgm/z).

m=1
LEMMA 16. Forall p>2andy € ), we have
[E(cos(yp}) — cos(yp}') 1 G7)| < Ka,,

(5.29) B ; )
E(|eos(ypi) — cos(ypf)|” 1G/) = Kat.

PROOF. (1) Since [;° Yy dt = 0, we have yp! = 0(6)", where 0(k)! =
>4 _10())} and

o)} = ypj,
)t — o S AR/ N
0( )i = YUn 0 (G.v o; )Ws dWs,
2h,—1
0B =yun Y ZrWL —vi"eN

Jj=0

0@4)" = yu, /O /E (5(s,2) — 8" @)W (p — ¢ )(ds. d2),
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oo .
0(5); = yu,,/ (bs — b)Yl ds,
0

oo .
0(6)! = yun/o /ES/(s,z)lﬁs"’lp(ds,dz).
(2) This step is devoted to proving the following estimates, for any a > 7 and
p=2,
E(|o"! " 1G7) < K pr1uf) (h )",
(1" 167

) <

) < Kqulh, Ay,
E(|02)" | G) < K prrul (hy A,) 1 HP2,

) <

) <

(5.30) .,
E(0@)][" 1G]) < Kuj) (has) 772,
E(0)!*1G) < Ku2(hyAn)®,
PO©)] #01G}') < KhyAn.
By virtue of Lemma 12(d) we can always condition on H’%(n’i) instead of G;'.

The claim for ,0" ! follows from Burkholder—Gundy inequality and IG”tﬁ" <K,

plus (5.11). A trivial reformulation of Lemma 2.1. 5 of [10] entails that, for any
predictable function on Q@ x R} x E Wlth 18”(t,2)|” < KJ(z) and any two (H}')-

stopping times T < S, we have fora >7 and Z=68" % (p —q)

E(1Zs — Zr|* | H2) < KE( f 1872, 2)|* din(dz)
(S, TIxXE

5 (av2)/2
+ (f 8" (2, 2)|*" dtn(dz)) ]HT>
(8, TIxXE

since J is bounded and n-integrable, J¢/" "is also n-integrable. This with §” (¢, z) =
87 (z2)y"" and (5.11) yield (5.30) for p%. If 8”(t, z) = (8(t, z) — 87 (2))y¥;"" and
V=46, z)/J(z)l/’/ it also implies witha =7 and T =T (n,i)and S =T (n,i +
2h,) and 1’ is the finite measure n/(dz)J (2)%" n(dz):

T ~
E(Zs— Zr|? | HY) < K/EE(/S |Vi— V| din'(dz) \ H’;)n/(dz).

Then (5.30) for #(4)! readily follows from (5.11) and (5.12) (and the sentence
which follows it) applied with each V2, plus Holder’s inequality. Next, (5.5) and
[ J(2)n(dz) < oo yield

PO (6)! #0|G") < %E(/RME J@ v} [p(ds, dz) ) Gf’)

< KE(T(n,i+2hy) = T(n,i) | G}),
and hence (5.30) for 6(6) by (5.11).
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Next, we apply (a) of Lemma 14 with V' = b, hence V; = b; — biar(n.i), and
(5.20) to obtain the claim for 6(5) which is equal to yu, L(V )y, [with the nota-
tion (5.15) and 0}’ = g;-”].

Analogously, Lemma 14(a) with V' = o, hence V; = 0; — 0} AT (n,i)» and (5.22)
yields the claim for 6(2)}, which is equal to yunL'(V, W)y, .

(3) We turn to estimates for ,0? 3 and 6(3)7 . First, we have for all p > 2

E(|pf " 1G) < Kpufh, P>,
E(|63)!P |G < Kpulhl=P12A,,.

The first part above follows from Burkholder—Gundy inequality and |g g " < K/hy,

because the (¢ : j > i) are independent and centered with bounded moments,
conditionally on H7 . Analogously,

(5.31)

p 2hy—1 5
E(l0@3);|”1G}) < 1+p/2 Z Vit —y" P,

Then the second part of (5.31) follows from the last part of (5.12) applied with
V=y.

However, (5.31) is not quite enough for us, and we need some further estimates,
here and later on. For any integer w > 1, we denote by J,, the family of all w-
uplet j = (ji1, ..., jw) of integer between 1 and 24, — 1. Within J,, we single out
the subset J;, of those j’s for which at least one j,, is different from all others,
and J;, = Jy \ J,,. When j € J,, the integers j, form =1,..., w take £ = £(j)

dlstmct values ji,..., j, and for each m there are s, > 1 1ntegers Jrequalto j,,,
and further s,, > 2 and [ < w/2 when j € J,, whereas s,, = 1 for at least one m
when j e J),.

With this notation, we set
W, 3
D" =E((yp")" | HE),

]

D" =EOG)] (o))" | M),

l
Dy =y ()" Y TT (@)™ (o).

jeJlm=1

(5.32)

Recalling the properties of the noise, and in particular yt(o) =0, we see that

Dlnwy /n Z l_[ —/n sm (Sm))H_/m

jeJrm=1

w

(5.33) DY =yl W (g myw

1
< 2 (v T )

JE‘]w+1 m=1
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Recall |§/j"| < K/ hy, whereas #J, < Kwhnw_[(w+l)/2]. We have )/,(2) =1 and, for
q > 3, the process y,(q) equals a constant when x> = 0 and satisfies the last part
of (5.12) and is bounded when «, = 1, and y, satisfies the same in all cases, plus
the first part of (5.12) when x2 = 0. Then a simple calculation shows us that, for
p=24,

—nw, Uy
|D?,w,y| + |D:’ w y| < le{wEZ}h[(T”l)/Z']’
n

ugwhnAn

n,w,y -—n,w,y
B(D™ = D7 1G) = Kukolwzn) oty
n

(5.34)
oy W, A, uy  (h )2
IE(D;""" | GI')| < Ky n[w/z]+1 + 2Ky = w/21+1 °
hy, hy
2w+2
mw,y2 u hnAn
E(|D"" 7 1G}') < Ku Zz[w/21+2 :
n

(4) Since |cos(u + v) — cos(u)| < K(1 A |v]) and |cos(u + v) — cos(u) —
vsin(u)| < Kv?, we deduce from (3.2) and (5.30) and 1/7 < 1 that
E(|eos(ya) — cos(yol)* 167) < Ked2.
E(cos(y2}) — cos(8(3)!) | G7)
< K (hnAn + it (hy ) 12T,
(5.35) E(cos(0(3)!) — cos(0(2)7) —O(3)} sin(0(2)F) | G')
< KupAy < Khy Ay,
E(cos(9(2)") — cos(ypl') — 6(2)! sin(yp!') | GI)
< Kty (ha An)* < Khy Ay

The first estimate above yields the second part of (5.29) for p = 2, hence for all
p > 2 as well.

Next, we evaluate E(0(3)] sin(@(2)]) | G). Set 6 = 0(2)} — yp}">. A Taylor
expansion of the function f(x) = sinx around 6" and the fact that the derivatives
£ of f are all bounded by 1 yield, for any even integer P > 2,

B P—-1 1 N
00) sin@Q)7) = 3 — f O (v} )"0}

w=0 "

+0(yo"? | [0 G3)2)).
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Since E(@(3)! | H1.) = 0, we have E@@3)!sin@)") | G = X, L™,
where [with a,, = (—1)[*/2]]
ayE(D;"" cos(y8}') 1 G}')

=O(E(D"™ + D" |((B)* A1) |GF)  ifw< P isodd,
n" = awE(Dl{"’w’y sin(yé\i”) | G")

=O(E(|D;""8"| | GM) if w < P is even,
O(E(D/" " 1Gr) ifw=P.

We have @” =02)" + y,of’1 + yp,-" ’2, hence if we combine (5.30) and (5.34) plus
the Cauchy—Schwarz inequality and u,% < Kh, and (5.31) for the last estimate
below, we see that

Ky (hnAp +u> 724,

naw _ + 11Ut h 2 A3 4 uln 12 AL2) if w < P is odd,
hi= Kyh, A, if w < P is even,
KuPHtip—PI2Al/2 ifw=P.

Then we end up with
IE(@3)!sin(0(2)") | G")| < K (hnAn PN, it h 2 A2
(5.36)

u5+1A,11/2 M%A;/Z
P T2
n n
(5) Now we estimate E(6(2)] sin(yp;') | G;'), assuming k1 = 1, otherwise this
vanishes identically. First, | sin(yp]') — sin(y,ol."’l + y,ol."’3)|2 < K|pf’2|7/ and (5.30)
and (5.31) yield
(5.37)  |E(0@)7 (sin(ypl!) — sin(yol" + yoi?)) 1 G| < Kul /2 (h, A0)%2.

Next, expand f(x) = sin(x) around y,oi" I and use (5.30) and (5.31) to get
3
. 1
@@ sin(yo"! + o) 1G1) = 30 — vl + O An/ hn).
w=0 "
where
E(6Q)! sin(yp]"") | ) if w =0,
o = LEO@F £ (o) 00 )" 1 GF)
=E@Q) " (o)D" 16) w1,
Then (5.30) and (5.34) yield
n,l
V. = 0’

l
w=2,3 = [ < Kulh, VRO £ (o) 1G7)]-
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Thus [v/] < Ku# A,/ hy < Khy A, by (5.30), whereas f@ = — f yields |v]"?| <
K|vf’0|, hence

5
. u, A
B sin(p" +59/"%) 197)| = Ko + K (ha s 250 ).
n
Another expansion of the function f, around O this time, yields vin’0 =7"!

l
—n,3
U;

+
+ v}, where

w

o = B! ()" 167).
v | <E(0@7 |0 1G7) < Kufi(haan)"?
[use (5.30) again], so we deduce
[E@@) sin(vp]"" +y0}"") 1G7)]
(5.38) < K(|E;”1} [0+ A+ S (hn D)

5
u A
+ = +u2h,‘/2A,%>.

n

(6) It remains to evaluate E?’w for w =1, 3. Omitting the indices n, i we write

1 .
S=Tm, i), T=Tni+2h), M,:/ v aw,,
NS
t t
= HE W= Wi+ [ Haw+ [ [ 57600 - o). d2),
tAS tANS JE

t ,
M| = / Y dWy.
tAS
Observe that
ot =uol My, Q)T = yua (kD) + Q)+ 1 (3)}),

where
T . s
()} = My, M(Z)?zf w;“(/ b° dt) dws,
S N
T . s
M(3)?=/S w;“(/s (H? —Hg)th> dWs.
Then

3
(539 [P < Kul T jvwxl  where vy i =E(u(k)] (M7)" | GF).
k=1
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Since | [§ b7 dt| < K(s — S), Doob’s inequality and (5.11) yield IE((,u(Z)?)2 |
g < K (h, A,)3. For the case k = 3, we first apply Lemma 14 to V' = H?, then
(5.22) with V, which gives estimates for the process V" = L'(V, W) (with 9;’ =1),

and finally (5.22) again to the process V" (with 0;’ = g"). Upon observing that
w(3)! = L'(V")r, and after some calculations, we end up with IE((M(3)I'.’)2 |G <
K (hyAy)3. Using the first estimate in (5.30) and u%hn A, — 0 (since k1 = 1 here),
we thus get

(5.40) k=23 = |uToys| < KhyA,.

Since Y, M, M’ are martingales for (#}') with integrable powers of any order,
and moreover (M, Y); = HY f(; Y ds (recall that W and W’ are orthogonal), we
have by a repeated use of Itd’s formula

6
v, =E(61 1G),v31 =) _E(& | G7),

k=2
where

T .
o= /S (W)Y, ds,

;2=(3+12HS/ o (fw M,YtdW,) s,

e
§4_6HS/S e (/ Mzdyt)ds

¢s= (3 +6HY) /S ' (ws”*i)z( /S (W)Y, dt) ds,
=12 [ ([ ) s

First, Lemma 14(a) implies ¥ € P(¥;) N P(\Il) with ¢¥; = KA, and U=
Kh,A,. With the notation (5.15), we have g1 = L(Y) (with 0" = (g’")2 hence
(5.23) yields

(5.41) [uvy 1| < Ku2((hnAp)? 4 1y AY?) < K (hy Ay 4 u>h, A7),

Next, Lemma 14(c) implies MY 5 P(W)NP(V) with ¢ = K(A2 +AMo,j)*+
(Yoj)z) and U = K (h,A,)? then (5.21) with 9” = gJ yields that V =

L'(MY, W) belong to P(¥;) N P(¥) with ¥ = K(hnA,,)3 and VU; = KA, (A2 +

AnMy ;+ AnMy ;+ Mo ;M ), whereas & = L(V)r (with 07 = (¢/")%), hence

(5.23) yields for k =2

(5.42) IE(%k 1 GM)| < K (haAn)>.
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Note that U =Y satisfies the assumptions of Lemma 15 and M " (resp., M?) be-
longs to MY € P(¥;) N P(¥) with U = K (h,A,)* and with ¥; = K(A2 +
A(Y0 )% (resp., ¥; = K(A2+ A(My ;)?)) (for the case of M’ we first use (5.21)
and the fact that M’ = L(Y, W) with 9}1 = g}”). Then the same argument shows
that (5.42) holds for k = 3, 4. Furthermore, ¢5 = L”(Y) and ¢ = L” (M) with
07 = (¢7')?, so upon using (5.23) we get |[E((k | G)| < K (hn An)* (hn Ay + V/Ay)
for k =5, 6. Summarizing, we deduce

lutvs 1| < K (hyAp 4 uth2 A3,
and upon using (5.37), (5.38), (5.39), (5.40) and (5.41), we end up with
IE(O(2)" sin(ypl') | GM)| < Kt (hn Ay + uzhy AL
+uth2 A2 4 ubhl 2 A2 4+ ub(h,A,)7?
FwhT Ay A ul T, A,)2).
In turn, this combined with (5.35) and (5.36) gives us the first part of (5.29). 0
We can in fact cut the p;"* for w = 1,2 into pieces corresponding to sub-

intervals [T (n,i + j), T(n,i + j+ D] of [T(n,i), T(n,i + 2h,)] when 0 < j <
| <2h,, as follows:

nl T(n,i+l) .

s n n,i

Pi,j,l=“n‘7i/ Y dW,
T(n,i+j)

543 2 T (n,i+l) .
(5.43) p{fj’,:un/ . /8?(z)1ﬁ§’”@p—g)(ds,dz),
T(n,i+j) JE
.1 2
Prja = Pija Oi

SO ﬁlﬂo n, = pl."’l + ,01'.1’2. In all the sequel, since i is an index, we write t = +/—1.

LEMMA 17. There are Gi'-measurable real-valued variables B(y); q and
B'(y); , satisfying

1 ) M
‘B(y):%q — =Y R Ancy =23 [y Prulbn Ayl )P x (Bu)altn i,

2 m=1
(5.44)
S KMZAI’U
B0, | < KubiA,,  1<qg<hy = B!, =B
for 0 < g < 2h,., and such that, if B(y)!;, =Y} _;. | BO)!, and B'(y)! ;=
Zf]=j+1 B/(y)l’.iq, we have, for all 0 < j <1 < 2h,,

(545) B | Gf, ;) = e BT OLD Lol - Ha)).
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PROOF. (1) Setv, 4 = yung;” (80 [Un,gl < Kuy) and V" = (87 1(7(n,i),00)) *
(p —gq). We have

VPR = Dl Mg Mg =Tng(of Al W+ AT V).

‘We also consider the two functions of v € R:

Gl (v) = /]R(l — cos(vx)) Frn.i)(dx),

H' () = /R (1x — sin(x)) Fron (dx),

which satisty G} (v) + |H (v)| < K (V% A |v|P1) because F;(1) =0 and F,(z) <
K /zP1. Observe that, conditionally on g 4—1- the process 0 Wr(nitqg—1)41 —
Wrm,itqg—1)) + VT(n’iJrqi])H VT(n’i+q71) for t > 0 is a Lévy process with Lévy
measure Fr(n,i) and variance ¢} for the Gaussian part, independent of the variable
lﬂ Then

;q" ( g |gl+q 1) E(e M1g-1%7149g |g+q 1)
(5.46) 1
where @ =A, (2 [ qcl +Gi(Vp,q) + LHl-”(ﬁn,q)).
Note that |O7| < K u,’f A, and ©F is G'-measurable. The moment properties of
®" imply |E(e® Pitq | gl+q ) — €= K|z|?, uniformly in z € C with Re(z) <

i+q
0, yielding

(5.47) ¢ — e M%) < K(0)? < Ku2P A2,

The variables ©/ = zfn:q ! satisfy |0 < Kuh (I —q+1)A,forg=1,....1,
so (5.12) yields
E(le” Mg Ogt1 _ e—}‘?+q71®;n+1| 16 01)
5.48 1
o < K074 [E(]A] 1G] go1) < Kulh A7
+1 i+q — l+q L Fitg—1 u

Now, with the notation 'y = exp(: Zm —q M), we will prove that
(5.49) [E(T) |Gy y1) — e 197 | <20uP (1 — g + 1) A2,
for ¢ =1,...,1, by downward induction on ¢, and where C is a constant ay

least as big as the constants K showing in (5.47) and (5.48). When g = [, this
readily follows from (5.46) and (5.47). Now, applying successively (5.49) for

g + 1, (5.48) and (5.47), and using also the G +q—measurability of /,LZ and the
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m

n 13 n
gl.+q_1—measurab111ty of Aitg—19g41

lan,..| < |by,..|:
E(FZ | gin—i-q—l) = E(Fg+lemq | g;l+q—1)

= E(eWie M |Gl 1) +2C01(( - q)uf A2)

we get with a,, . = O1(b,, ) meaning

n _an ,_‘/n 1
_ E(e‘“"e Aig—19g41 | gtn+q*1) +2C0O, ((l —q+ E)MEA,%)

_an Q/n 1
= C;e Mirq-19g41 4 2C0, ((l —q+ §>u£A%)

=19 £ 2004 (1 — g + Duf A2).
Then (5.49) is proved and, applied with ¢ = j 4 1, it yields
E(e"70r |Gl ) = e O 1ol — ja2).
This is (5.45), upon taking

1
550 BOV,= (5Tl + Gl@ug)). BN = H )

(2) It remains to prove (5.43). The function H is odd with |H/" (u)| < K ubr,
whereas v, ; = =V 5,+; When 0 < j < hy, hence the second part of the claim.

For the first part, we first observe that, recalling that F, is the symmetrized version
of the measure F; and since the cosine function is even, we have

G;l(u):/R(l — cos(ux)) Fr.i) (dx).

Then, recalling (2.5), for simplicity, we write M = |F%(n 0 |, with its tail function

M, and also T = T'(n,i). The last part of (5.5) yields G} (v) = Znﬁle Ay (V) +
O(A’(v)), where

1 — cos(vx)
A, (v :/ al—dx,
= f ey PO

A'(v) = -/{-XIfl}(l — cos(vx)) M (dx).

First, by symmetry, change of variable and integration by parts, and for v > 1,

V] —cosx

] —cosx

_ 2,8mv5ma’}’/0 — g dx +0(1)

= 2afvP" x (Bn) + O(1).
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Second, 1 — cos(vx) < |vx|2 A 2 and Fubini’s theorem yield
o /v 1/v
A’(v):2M(l/v)+v2/ xM(x)dxﬁK(v’—l—vz/ xl_’dx)gl(vr.
0 0

Therefore, we get G} (v) = 2ZM a?vﬁmx(ﬂm) 4+ O(v") as v — o0, hence by

m=1

substituting v with v, ; and using (5.50), we have the first part of (5.43). [

LEMMA 18. We have for any p > 2
IE(cos(yo}') = U7y |G| < Ka,,

E((cos(yo") = U7 (€0s(y' 0f') = U (Y ) 7(uiy) 1 G)
(5.51) !

= EV#(Y» Nrwn T O(ey),

E(lcos(yoi') = UM il” 16 < Kpa,.

PROOF. (1) In a first step, we compute the variable IE(e‘y"’tle3 | Q\i”), and for this
we set for v e R

W) = E(e | GF).
The properties (2.15) or (2.16) yield [W} (v) — 1 +v?/2 + w?(y ) /6] < Kv*,
hence also, with the notation w,, ; = yung/j”yi/” (s0 [Wy, j| < Kun/ hy),

2h,—1

n3
]E(elypi | gln) = 1_[ lp?i-l—j)A;z ES An + O(”i/h;%z)’
j=0
2h,—1 W,
A= T1 (1= 5 = G0, )
j=0

We can go further and compare A, with the variable

2h,—1 —2 —3
n ws . W
=11 (=752 - =¢200)
! 2 6
Jj=0
ha—1 —2 9 =6
we w)
_ | — n,/> nj (0,3 2)’
J=0
where the last equality comes from wy jip, = —w,,; for 0 < j < h,. Since

each factor in the definition of A, has an absolute value smaller than 1 for all
3
n large enough, we have |A, — A | < KZ?ZI_I Z—§‘|()/(3))?+j — (). Since

E((y O — G < Kia/TA, by (5.5), we deduce
E(|An = AL 1G1) < Kiaun A%/ 3.
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Moreover, |A) — exp(— 3 o w2 D= Ku?/h? and Zj 0 w2 Y, =up,/hn,
hence

n3 _ n
(5.52) E(E(e™ |Gl —e " WTan| | GF) < K (kaudh 3P AV 4 udn3).
(2) We complement (5.24) with (for some fixed y)
UM = O k—aWih g YO
so U(y)! =U/"U/™. Observe that
n n,l n,2 n3
B(e7 | G7) = B o m (0! 1 67) 1 ),
s0 (5.52) gives us
(B — U3y 167
< |E(e"Phoam — Uiniy 1G] + K (kb 32 AV utn ).

(5.44) yields [B()! o o — €0k 1y =80V by | < Kthhn Ay and B (3) 5, =
0, so (5.45) implies
|E (e P02 — Uiy | G| < K (uhhn Dy + ubhn AZ) < Kulhhy A

Taking the real part above, we deduce the first part of (5.51). Upon using
cos(x)cos(x’) = %(cos(x +x") + cos(x — x)), the second part of (5.51) is a trivial
consequence of the first part, plus the definition of V*(y, y")". For the last part,
since the integrand is bounded, it suffices to show it when p = 2, in which case it
follows from the second part with y’ =y and (5.27). O

LEMMA 19. Forall p > 2, we have

EE)"1Gh,,) =0()).

(5.53) B "e()"11,,) = iV#(y y)T(n7jwn)+O(a3+Z—f),
E(E0);" " 1G],,) =0@(p)n),

(5.54) E(E()"16%,,) =0()). E(E()5"7 1G1,,) = O@(p)).

(5.55) B0} 1G4,) =0(@). E(§)3" 1G),,) = O@(p)).

PROOF. We have S(y)?)’" = é Zfial Z(y)})’, where £(y)}" is the /th sum-

mand in the definition of £(y)}"". When w = 1, 2, we also set £ (y);" =E((»)}" |
Gohy (k1)) and S/ =)} — ¢
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(1) (5.51) yields Ig“(y) | < Koe , and the first part of (5.53) follows. Next,
E(y)} "E(y' )} " is the sum of the k2 terms a;; = ¢(y);¢(y)},/ k2. For the off-
diagonal terms, say when / < [’, we have E(q; 1/ | gghn(jkﬁ,,)) = §(y),1§(y/);/l/k,%,
whereas |§(y)ll| < K: hence the Q;’wn -conditional expectation of the total con-
tribution of those off-diagonal terms is O(ozf,'). (5.51) again gives us E(a;; |
G oty = ﬁV#(y, bk sy + O@a/ky). In view of (5.26) for
V¥(y. )", we deduce E(ar1 | G},,) = 52 (V¥ Y)i ju,) + Ot + ), and
the second part of (5.53) follows.

Finally, 5()’)171 = A" + A", where A" = - Zk” l{’(y);1 and A” = kl,l X
Zk” l{( ) . We have seen |A’| < Ko and, by the Burkholder-Gundy and
Holder s inequalities, we have for all p > 2

419300 = Ko ( (S o) a1

1=0
kn—1

1
pkp/z Z E(¢01)" 1G5, )

which is smaller than K ey /k2/? by (5.26). The third estimate in (5.53) follows.

(2) For (5.54), we argue in exactly the same way, except that we now use (5.29)
(the proof is in fact quite simpler). For (5.55), the first estimate directly follows
from (5.26), and the second one from the same and Holder’s inequality. [

LEMMA 20. Forall p>2and j < [t/w,], we have

E(E()} 1G},) =0(, + o + ),

1
. =V ),

+ O(“S + % +a(2)n + \/&(Z)n&(Z)n),
E(lEWI71G7,,) =0@(p)n +a(p)n).

EEWjE0)] 1 Gw,) =
(5.56)

PROOF. In view of (5.25) and of the previous lemma, the first and last parts of
(5.56) are obvious. For the second part, in view of (5.53) it is enough to prove that

EE0)"E()"" 165,)] < K (a +—+ <2>n+¢a<2>na<2>n),

for all z,w =1,2,3 but z=w = 1. These properties follow from the Cauchy—
Schwarz inequality and (5.55) withg =2. [
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We also need some estimates on the variables )71” of (3.5).

LEMMA 21. Forall p > 2 and all integers j < [t/w,] and k > 2, we have
E(,Y\Jn | g;‘lw”) = 2)/T(n,jwn) +O(kphy Ay + k2 knhn Ay),

1
(( ) | g]wn) (2)/T(n,jwn))k +O(knhnAn + kovknhn Ay + o h )7
nfln
on\k
E((Y7)" = @yrojun)’)’ 1 G2,
1
= O(knhnAn + ko knhy Ay + o )

PROOF. The properties of the noise and (5.12) with V = X and V = y imply
forall p >0

E((A7Y")*16/) =E((A7X)" + v + ¥4 1GF)
= 2Vin +O(A, +Kk2v Ap),
E(|a7Y"?1G7) < K.
Then (5.12) with V = y again yields the first part of (5.57).

Next, leti < j; < -+ < jg <i+wy, < [t/w,] with j; > ji_1 + 1. The properties
of the noise and successive conditioning allow us to write

k k—1
([T o) =22 T )
=1

=1

+ O(A, + K2V Ap)
k—1
2
~5(2 o T2 o)
=1
+Oknhn Ay + k23 knhn Ay)
k—1
=1€;<2y;§€_1 [T(anym ‘g”)
=1
+ O(knhy Ay + ko knhn Ay + Ap),

and we deduce by induction that
k
E(]_[ (A" Y™ ‘ g”) 29" + Oknhn A + k233 Knltn B+ B).
=1

In the expansion of (f/\i”)k as a sum of wﬁ terms of the form ﬂf‘zl(A’}[ Y™)2, the
number of terms for which |j; — j.| <1 for at least one pair (/,r) is less than
Kw,’i_l, so the second part of (5.57) follows (notice that \/A,, < kph, A, +1/kyhy
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always). This, upon expanding the square ((?J’-’)k - Qyr@, jwn))k )2, yields the third
part. [

5.5. Reducing the problem. Below, we basically reproduce Section 6.2 of
[11], with a few changes. Observe that

F(XMy Ty =VE, vr,
and the two arguments of f above go to 0 as n — 0o, uniformlyiny € Y and ¢ > 0.
We have log U (y)} = —Y(y)} and, by construction, L(y)’]’. = U(y)'}(nvjwn)(l +
& (y)”) Moreover, U(y); > 1/T" by (5.25) and there is a nonrandom integer no

such that i, > 2T" for n > ng, implying L(y)” > 1/h, whenever 1 + £(y)"
Hence we deduce that, if j <[N/"/w,],

n = no, W€ = ;=Y 70 jw,) — log(1 + S()’)?),
and in particular |’c‘(y):f| < K. Again on the set €2, ; and for n > ng, we can expand
log(1+x) around 0 and f around the pair (T(y)’}(n’jwn), T2y T jw, )) to obtain
(since [£(y)}| < 1/2, and with ﬁ(y)f} being suitable (J;’wn -measurable variables
with [5()’] < K)

J—2

O =YD T, juy — O] + 5 Ié(y) > +0(em).
FEM, 20 =V 07w juwy T PDED] +D2Y)jEQ2y)]
+O(lE P + e @y ).
In turn, this yields on the set €2,, ; and for n > n( again,

1 ~ N A n
(e}, c2y)})

- n n
C()’)j - T(y)T(n,jwn) - m

1
=—£0)} - —(ﬁ(y)Z*E O +P2y)1EQRy)])
(5.58)
|€_.(y)n} - —V(y y)T(n Jwn)

@@ﬂﬁ+@@wﬂz
o = o).
n
Recall w, = 2k,h, and set N* = [N'/w,]. Observe that Z(y)} = V,"’y +
Y7V nyl , where
.1 1 1
Vi = (@mw—hfwwwxamwyi—ymanQ,
Nt/n

,V,2
thy :Z<T()’)?(n,jw”) ¢ny2”n an>

j=0



564 J. JACOD AND V. TODOROV

2
L)
ey Z [y 1P @ x (Bm) AT
2k =’
Ny |
7 = 3 (€00 = Y0V — 5 S COY 2200
j=0 "

The reason for summing up to N,”, instead of N, — 1, is that the jth summands
above are measurable with respect to g;’j +1)w, and, in order to apply classical
results for triangular arrays we need that, for any n, the sum over j is taken up to a
stopping time for the discrete-time filtration (g?j +1)w,)j=0: this is true of N/", but
not of N, — 1 in general.

We also introduce the following processes:

N/n

th’yﬁ_Z( ‘g( ) ’ ——V(y y)T(n jwn))

j=0
n,y,4 Nt/n 1 — n n — n n
Vit =~ gi(p(w,-s(y)j +P2y)5ECY))),

N/n N/n n2 I’£2
oy M e + ey
- Y0 R =Y (e o)

j=0

By virtue of (3.8) and (5.58), we then obtain

4
Z(y)y —vihy — Z V;“’y’l <KR"” on 2, ,,forall s <t.

=1

Therefore, for Theorems 1-3 it is enough to prove (i) below, and either (ii) or
(iii) or (iv), for appropriate rates v,, v, with v, /v, — 0 in (iv), depending on the
case:

@ P)—1, v o fori=1,2,3,4,
7. R 550,
(5.59) () V"™ -0,
(i) (0, V") yey converges Foo-stably in law,
/)

iv) (vn vl (v, V, ’y)yey) converges Fno-stably in law.

We prove (i) in the forthcoming subsection, and (ii)—(iv) in the next one.
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5.6. Technical lemmas.
LEMMA 22. We have P(2,, ;) — 1, as soon as

(5.60)

(@(p)n +a(p)n) > 0 for p large enough.
knhnAn

PROOF. Since N/ < K;/w, A, by (5.2), the claim is implied by the following
consequence of (5.56):

i (K, /wn An]
P((Q(y)m)><2pE(Z|5(y) |p)<2” > E(E0)

Jj=0 Jj=0

a(p)n +A(pn

<K .
Ll kg A, O

LEMMA 23.  Let G be a cadlag bounded (F;)-adapted satisfying (2.3)2 4 and
_ q
(2.4)7 with q < 1. As soon as v;((knhnAn)qA% + A?) — 0, we have

N
G = v;<w,,AnZ(GA)T<n,jwn) / Gy ds> — 0.

Jj=0
PROOF. Recalling (2.10), we have G" = ¥} | G/!, where

nd _
G, =v,

T (n,w, (N{"+1))
/ Gyds,

t

T(n, (]+1)wn)

Z / GT(n,jwn))dS,

T(n, jwn)
N/I’l
G ==V, AnGrn, juy) Z AT, juwy+m—1) (P 4m — 1)
j=0 m=1
NI
G Zv AnGT(n, jwy) Z()\T(n Jwatm—1) = AT (n, jw,))
j=0 m=1

and we will show G™' > 0 for [ = 1,2, 3, 4.

The first part of (5.12) with p =g =1 for V; = A; plus N/' < (1 +T't)/A, by
(5.2), hence N/* < K;/kphnA,, yield E(|G?’4|) < Kv), kyhy Ay, which goes to 0
by hypothesis (recall g < 1).

For the case [ = 1 we need a preliminary result. By (3.2), there is some ¢ > 0
such that k,h,A; — oo. Set B, = {A(n,i) < A,I[E ti=1,...,N/'}. (2.10) and
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Ay <T imply A(n,i) <T'A,®}. Then, upon using (2.11) with p =2/¢ and again
N <1 +Tt)/A,, we get

[(A+T1)/An] [(1+T2)/An]
P(By)< Y. PIO/AL>1)<(TA)? > E(®})) < KA.
i=1 i=1
Since T (n, w,(N,"+1)) < T(n, N]'+wj) and |G| < K, we see that forall ¢’ > 0
we have

/

Kv
LE(A, "+ T(n, N/ +wy) — T(n, N/ + 1)).

PG| > &) <P(BS) +
Hence, since the set {T'(n,i — 1) <t < T'(n, i)} belongs to G, (5.11) yields

P(GT| > ¢)

/
< KA, + (AI €

o0
+ ZE((T(H, i +wy) —T(n, i))1{T(n,i—l)§t<T(n,i)})>
i=0

<K;

(AI f+w, A, ZP Tni-1)=<t<T(n, ’)))

i=0
< Kt,s/(An + U;Arll_e + U;hnknAn) =< Kt,s/(An + v;lhnknAn),

where the last inequality comes from our choice of €. The claim for / = 1 follows.
For the cases [ = 2 3, we use a martingale-type argument. We denote by { the

Jjth summand in G, , and use the property that for each n the sequence (;‘ :j=0)
is adapted to the discrete-time filtration (g( f +1yw,)j=—1, Whereas N; M is a stopping
time for this filtration, Then, with the notation g“}” = E(gj’.’ | Q;’wn), the claim is

implied by the convergences ZlN:’nl |§J’.”| L. 0and Zj\”:nl (g‘J’.’)2 2. 0. n view of
(5.2), so Nt/” < K;/w, A,, it is thus enough to show that

(5.61) Oy :=supE(|Z]"]) = olknhnAn). 6y :=supE((¢7)?) = 0(knhnAn).
J J

Note that the results of Section 5.3 apply for any sequence h, of integers
with h, A, < K, and below we use them with &, A, instead of h,,, and also with
97 =1, hence ®; = 1, in (5.15), and with i = jw,. When [ = 2, we have §]'-’ =
v L(V)T(,1 (+Dwa) with the _process Vi =Givrn, jwg) G1(n,jw,)» Which be-
longs to P(¥;) NP(Y) OP(\D) with W; = = KA? and U = K (kyhp A )‘7 and ¥ =
K (kyhy Ap))9. (5.20) and (5.23) yield 6, < Kv) k,h, Ay ((k h, A )q’\ Aq/z)

and ), < Kv/?(kyh, Ap)*+9, hence (5.61) holds for [ —
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When [ =3, we use (2.10) and E(®], | | G;') =1 and IE((CIDZ’.’H)2 |G <K to
get 0, =0 and 0/ < Kv/?k,h, A2, hence (5.61). O

n

LEMMA 24. We have v, th,y,l i) Oforl=1,2,3,4 as soon as

v a5 al
v, — 0, " <a3 + a2+ 2+ \/a(z)na(z)n) -0,
knhn Aﬂ kn kﬂ
2 (@) +a2), _
66) i ( o+ a(4>n) ~o0,
02 (lqufl(h,,A”)4 N ub n u%ﬁl (hnAn)z) 0.
Kl A k? k2 ki

PROOF. (1) If I =1, on the set €2,; we have |’c\(y);?| < K, and thus
f(’c\(y)”.,?(Zy);f) < K forall j < N;” + 1, whereas (5.57) implies E(|?[’\’,t,,, D<K
because N/" is a stopping time for the filtration (g;’wn)jzo, SO E(|th’y’2|) <K
and the claim follows from v,, — 0.

(2) If I =2, and in view of (5.24) plus the convergences ¢, — ¢ and ¢, — ¢
and QNS,’? — ¢P, it suffices to prove the following properties:

2— N
u],;vn (anhnAn Z(C)L)T(n,jwn) - Ct) = 0 when k1 = 1,
n j=0

B N
Uy v
z ‘ (2kl’lhl’lAl’l E (am)\)T(n,]wn) _A;’l’l) £>() fOI'mI 1,...,M,

2 N
u,v ~
h (ZVT(n,jwn) - Yjwn)'

The first two properties follow from the previous lemma applied with G = cA
[sog=qg=1by (5.5)]and G =a"A (soq=pBn/2and g =1 A B, by (5.14)),
because krzlh,% A, — oo and respectively v,, — 0 and u%hn(Sn — 0 when «; =1,
and Enu,/f'” (kphy A,)Pmil2 / kn, — O under (5.62). The last property follows from the
same martingale argument as in the proof of Lemma 23, upon using Lemma 21
and (3.2) and v,, — 0.

(3) In the cases [ = 3,4, we again use a martingale argument, with 6, and 6,
as in the proof of Lemma 23, relative to v, V"> ! instead of G} ! When! =3, by
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(5.56) and |V (y, )" < K (ki (ha Ap)? + uh72 + ub hy Ay) we get
5
o
6, < K, (ai +8 8, + \/a(z)na@)n),
n

n

+
kq kah ki

When [ = 4, (5.56) gives us 6, < Kv,(a) + ) +a))/k, and 6] < Kv2(@(2), +
a2,/ kﬁ. In both cases, (5.62) implies (5.61), and the proof is complete. [

854 A4 8 2ﬁ1h2A2
9,§§K53(5(4)n+&(4)n+/{1u” g 7 n)

LEMMA 25. We have v, R;"” 0 if

Un (5(2)n +a(2),

5.63
(5:65) Kl Ao i

+a3)n +&(3)n) — 0.

PROOF. The claim readily follows from Nt/” < K;/w, A, and (5.56). [
We need another auxiliary result.

LEMMA 26. Under (5.62) and ﬁnoz,ll/knhnA,1 — 0, for any continuous
square-integrable (F;)-martingale M we have
Ny

_ 0o P
(5.64) Un Y B((M7 (. (j+1ywn) — M7, juw))E) 1 GFy,) — 0.
=0

PROOF. In the whole proof ¢ is fixed, and the (varying) constant K may de-
pend on ¢. Recalling (5.2), we have N/ < my, where m, = 1+ [(1+T't)/w, An],
and we have m, < K /k,h,A,. By a classical result, it suffices to prove the claim
when the continuous martingale M is either orthogonal to W and bounded, or is
W itself.

(1) We begin with some preliminaries. First, we use the following notation:

M} = M7, Gi+ywy) = Mr @ jwys  M" = Mr@,ivon,) — Mro,i-

Using Doob’s inequality and the properties of the approximate quadratic variation,
plus the fact that M is a (H})-martingale by Lemma 12, we see that

mpy — 5 (mn+l)w11_2hn 5 (my+1Dwy, )
E(Zwy) )=E( S )=E( 5 <A¢M>)
(5.65) =0 i=0 i=1
= E(M7r,(mp+ 1wy — Mo)” < K.

(The last inequality is obvious when M is bounded; when M = W it comes from
E(T (n, (my + Dwy)) < K(my, + Dw, Ay <K
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With any arrays (', z!') or (n7,,z}) of variables, with |z}| < K, we associate
the variables
N/l’l
S({n?’zz n_v” ZZ nMn an)

— N/ k,—1

n

S'({nf. 2}, = k_ =02 D2, B0, 2, Man+21h | Gl)s
j=01=0

— N k,—1

n

" ll’ i ]wn+21h +m
S (It D=2 2 2
n

j=01=0
2hy
X Z E n]w”—&-Zlh mA]w,,+21hn+mM | gjwn)
and consider the properties
Az: E((nf)*1G},) <an. and  Vyan/(knhalsy) = O,
A/1: |E(77f21‘7," | gln)| <a,, and vua,/(knhyAy) — 0,
Ay EB((n!)* 16" <an, and  Tan/(k2h,A,) — 0,
Al [E(f ATM 1 GY)

<a,, and 7vua,/(k,A,)— 0,
Ay E(P)*16!,) <an, and Tla,/(k2A,) — 0.
The last part of this step is devoted to proving the following:
A = S, =0,
(5.66) Ajor Ay = S({n%z), — 0,
Alor Ay = S"({n? 1)), — 0.

The claims under A and A} are obvious because N,” < m, and |z;?| < K. Assum-
ing A/, for example, (5.65) and the Cauchy—Schwarz inequality yields

n n 2
E(S"({nf" 21,17
52 my kn_l — 2
< Kk_gE«Z Z |E(’7?wn+2lhnMﬁun+2lhn |g?wn)|> )

j=0 =0

my kp—1
(Z Z n]wn—I—Zlh |gjwn) (( jwn+21h ) |gjw,,)>

j=0 1=0
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n
<K m,,an (ZZ an+21h )

j=0 [=0
-2 2
< Kvnmnan < 2vnan ’
ky kihn Ay

implying S’ ({n}", 2} Dn 2, 0. The proof of (5.66) under A, or A/ is analogous,
hence the claim.
(2) By the definition of £(y)”, the left-hand side of (5.64) is 3 SHEY,
2{ D, where 2} = 1/U ()7, iy, Lemma 19 yields that the arrays EWM")
satisfy A, with a, = «(2), when w = 2,3, hence (5.62) and (5.66) yield
SEEW ™. 2! D —5 0 in these cases. Now, S({S(y)?’l,Z?})n = §'({cos(yp}"),
2" + S'AUDT iy 2 2"y if 2t = Z; when jw, <i < (j + Dwy, and since
M is a martingale the array (U (y)’ (n )) satlsﬁes A} with a,, = 0. Thus we are left

to show that S’ ({cos(yp!), z/" D N 0.

Toward this aim, we set p;' = ,oi T4 o;° 2 Expanding the cosine function around
P, for any integer P > 2 we have

P+l
cos(ypf') = ) I
w= O
(—l)w/z(ypf’3)w cos(ypr) ifwisevenand 0 <w < P,
Y =1 (=)®@D2(ypm3)  sin(yp!)  ifwisoddand 1 <w < P,
(|,0n3|P+1) ifw=P+1.

Note that E((y" "2 | g7) < Ku2P+2/pP+! by (5.31), so the array (n}""*)
satisfies A}, for P large enough because v,a, !V kphy A, — 0 is assumed, so
S/({n?’PH,zl/.”})n L, 0. Observe also that if nY =Em"" | HY), we have
S’ Un" 2D = S'Un!"", 2" Dn because M and z!" are H” -measurable,
whereas with the notation (5.32) we have for 1 <w < P

weven = " =(=1)"2D"" cos(ypl),
wodd = "= (—1)(w+1)/2D?’w’y sin(yp;').
(5.34) yields that n;"’l = 0 and, when w > 3 is odd and upon combining with

(5.30) and u2 < Khy, the array (n,"") satisfies A3 with a, = Kh,A,. Thus for
all w odd we have S'({n;"", 2" Dy o
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Now, suppose that w is even. Since Iﬁ?’w’y | < K by (5.32), we see that with the
new array z/" = z"D;"""” which is bounded again and G!"-measurable, we have

S' ({2, = DS (0 2, + S (™ 2,

W,y

| = D -,

l
(5.34) again yields that n;/"’w satisfies A’ with a, = Kh,A,, hence S’({n”n v,

P
Summarizing the previous partial results, we deduce that we are left to prove
that, for any variables z}' uniformly bounded and G;'-measurable, we have

P
(5.67) S'({cos(yp}'), 2}'}), — O.
(3) For simplicity of notation, we argue with complex valued Variables below,
and with the notation (5.43) we have o' = ,ol 0.2h, . We have M’” = Zl f Az+l

so by successive conditioning (recall (5 9) and the (H})- martmgale property of
M) we get

S'({eos(vp}'). z7'}), = Re(S"({nf'1. i 1)),
nan _ E(etyﬁ;l’o'%” | gin—i-l)'
With the notation of Lemma 17, if B; = B(y)” +B'(y)}, and B; = E(y)?,mh” +
(B (0! 55, - (5.45) yields 0, = Y3 _ '}, where

1
— Pl M1 BB ,

m2 _ ‘yﬁirfo,l(e_}‘?ﬂﬁl — e_)‘:'lﬂlel)’

The array (n;f’lw) satisfies A with a, = uzﬂh2A4 O(Az) in the case w = 3, and
with a,, = uﬁﬂh2A3 = O(A,) in the case w = 2 (use |B;| < Kunh A, and the
third part of (5.12) with V = 1), so S”({nll 2 n P, 0 in these cases, and it

remains to prove S”({U, 72 Dn Lo

(4) We first assume that M is orthogonal to W. Let W/ = Wy iti—1)+1 —
W1 @n,i+i—1) and p’ be the restriction of p to [T (n,i +1 — 1), 00) x E, shifted
intime by —T(n,i +1 — 1): so W and p’ are still a Brownian motion and a Pois-
son measure with compensator ¢ , relative to the smallest filtration (£}) to which
they are adapted and with £{j = K7 Vv G -1 Moreover, by Lemma 12 they have
the same properties for the filtration ([,t) which is the smallest one containing
(£}) and such that K5 C_Z;S, and the process M, = M7 (n.i+1—1)+t — MT(n,i+1-1)
is a continuous bounded (£, )-martingale orthogonal to W.
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Now, A(n,i +1) is Lij-measurable and p;' Pi_118 L An.i+1) -measurable. By the

representation property for (£]')-martingales, the bounded variable e Pii-1l s
the sum of an L£{j-measurable variable, plus two stochastic integral with respect to

W' and p’ — g, on the time interval [0, A(n,i + [)], thus E(e_‘yﬁzlfl’lMA(n,,-H) |
o) =0. We deduce S”({nZ’ll, Z'Hn=0.
When «; = 0, we drop W’ from the definition of (L£}). Then the variable

_ o . . . . .
e YPil-11 ig the sum of an L}-measurable variable plus a single stochastic in-
tegral with respect to p’ — g , so the orthogonality argument above applies also

when M = W, and S”({nl ;- 2Dy = 0 again in this case.
(5) Finally, suppose M = W and k1 = 1. Analogous with (5.46), we have

wpt_ / n
E (e =1 W iy 1 £6)
_an n ns n nomyyl
=e )Li+l—1¢l+1An(Gz (v”»k)_HHl (v’lvk))E(etyu”Ul 81 WA(n.erl) W/A(n,i—H) | £8)’

and since W/, Ani+]) is NV (0, A @} +1An)’ conditionally on L]}, we deduce that,

l+] 1
with AY; = yo['g/",

E(eP P11 Wy iy | £6) = CAT jtn A hf g @ e M P,

which in turn gives us

E(’??ll AL W I L) = LAY g Ay ®F e Ploi M P Bt 1B
Exactly as for (5.47), we then deduce (since here § = 2)

E(n ALy W 1 Gy) = LAY Anklyy e Plor=Hai B L Ol AY).
Then, using the second part of (5.12) for V = A plus |L;_1| < K, we get

(’E(nznllAzHW | gz‘n+l—1) - ‘Azr'l,l“nAnk?elﬁ’rﬁo’hl_wgq’ | gzn)
< K(u) A} + uyhyA2),
and thus (5.45) yields, because u,51A3 + u3h A3 <uuyhy, A2
E(n! AL W | GF) = (A juy Ay he™ 180 4 O(uyhy A2).
Now, recalling (5.45), the real part of the above is
E(Re (i} ALy W) | G) = A} jun A sin(A7 B' (0] g,.25,,) + O(unhn A7)
= O(ultPrh, A2).

In other words, the array (Re(nl ; )) satisfies A} with a, = K un+’3 'h, A2
Since v, /k hp\, — 0, we have in particular vnunH /2(h A )1/2/k — 0 if

k1 = 1, which 1mphes vnu,1 1h Ap/k, — 0 by (3.2) and 7 > By: therefore,
S”({m 72 Dn R 0, and the proof is complete. [
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5.7. Proof of the main results. At this stage, and under (5.60), (5.62) and
(5.63), we are left to proving (ii)—(iv) of (5.59), according to the case. Toward
this aim, we introduce a series of conditions:

o
(5.68) T Z|E (EG) G )| =0,
o
(5.69) 3ZE HOHE IQ,wn) 0,
j=0
wn
(5.70) ZZE EGVEG)1Gh,) —> T3y,

where I'(y, y") will be defined later, depending on the case at hand. Let us mention

< K+ .
the following facts, based on (5.56) plus the consequence N,”" = gl At ) of (5.2):

1. We have (5.68) as soon as
Uy

5.71

(@) 4o +ad)— 0.

2. We have (5.69) as soon as %(&(3),1 + @ (3),) — 0, hence under (5.63)
and v, — 0.
3. Under (5.62), (5.70) amounts to having

_2 N/ﬂ
(5.72) 2 Z V. 9, = T(.Y),.

A (very) tedious but elementary calculation shows us that, under (3.2), the set
of conditions (5.60), (5.62), (5.63), (5.71) is indeed equivalent to (4.2), and thus
by the previous lemmas

(5.73) 42) = (5.59)(), (i), (5.64), (5.68), (5.69).
In connection with (4.3), we also set
ubl' n3 A B EYN
s W ="—"—">x -
uBh3 A + ud (1 + k1 h2A,)2 L+ hAp

PROOF OF THEOREM 1. We fix ¢ > 0 and we need to prove (5.59)(ii) with
v, = v, satisfying (4.1). By a classical convergence result for sums of triangular
arrays, since N," is a stopping time for the discrete-time filtration (g;’wn) j>0 and
each ’;‘(y):f is gyj Dy -measurable, the three conditions (5.68), (5.69) and (5.70)
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for 'y/ =y apd F(y,').)), = 0 imply v, V" 2. By (5.27) and N/* < Ii%{:&’j

again, the third condition is implied by

—2

k2

The above plus (5.73) are indeed equivalent to (4.1) under (3.2), hence the result.
(]

4
IgRE (ﬂl+h3A +K1uhA>—>0.

PROOF OF THEOREM 2. We have k| = 0 here and v2/k2 = h3A,/(u? +

uflthn) = nn/u;ﬂl. If v,, = vy,, a simple consequence of the estimate (5.27)
is

2 g 1 2.2+ 2
k"V(y )} = wa (¥, (v, Y)Y x (B e + (1= 0) Yy, 7,)

n
+ o(w, Ap).
Lemma 23 applied with v/, = 1 and with G equal to a' or 2/ or 1/ (which all
satisfy the assumptions of that lemma) plus (3.3) and 1, — n by (4.3) and (5.56)
yield (5.72) with I'(y, y"); given by the right-hand side of (4.5), for all 7.

Now, by another classical result for the F-stable convergence in law of trian-
gular arrays, the property (iii) of (5.59) with the limit (Z(y);)yey holds as soon
as, for all + > 0, we have (5.68), (5.69), (5.70), and also (5.64) for any continuous
square integrable martingale M. Then the claim follows from (5.73). U

PROOF OF THEOREM 3. We have k| = 1 here and v, and v), are given by
(4.6).
(a) Note that v2/k2 = 1, /ul", s0 if (5.27) yields
2
v, ~
LV (v, Y)) = wa D (na¥p, (v, )Y x (B
gy = s (5,0 x B
+ (1= m)y2y 2 (M bncirs + (1= 1) 6 11)) + 0wy A).
Then the results follows exactly as for the previous theorem, upon using v,, = v,.
(b) We have v/?/k2 =1 /uf1 and we now set v, = v),. The property (iv) of
(5.59) with the limit (Z(1);, (Z'(y):)yey) holds as soon as we have (5.64), (5.68)
and (5.69) for all r and all M, plus the following (again for all ¢) instead of (5.70):

N/n
23 (EM?1G8,,) — T, Dy,
=0
N/n J P
(5.75) v’zzE EY] =y EMNEW)] =y 6D 1G],,) — Ty,
j=0

N/Vl

UV, ZE EO)) =y E())EW)] Igjwn) 0,

j=0
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where I'(y, y); and T'(y, '), are the right-hand sides in (4.8) and (4.10). Now, we
have (5.74), and (5.27) also yields

v — ~
V(3 Y) = wa Mg, (v, )LV x (B)a; + o(waAp),

n

[\

Un ),
kn

At this stage, again the same argument as previously gives us the result. [J

V() =o(wyAp).
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