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In this paper, we study a method to sample from a target distribution
7 over RY having a positive density with respect to the Lebesgue measure,
known up to a normalisation factor. This method is based on the Euler dis-
cretization of the overdamped Langevin stochastic differential equation as-
sociated with . For both constant and decreasing step sizes in the Euler
discretization, we obtain nonasymptotic bounds for the convergence to the
target distribution 7 in total variation distance. A particular attention is paid
to the dependency on the dimension d, to demonstrate the applicability of
this method in the high-dimensional setting. These bounds improve and ex-
tend the results of Dalalyan [J. R. Stat. Soc. Ser. B. Stat. Methodol. (2017) 79
651-676].

1. Introduction. Sampling distributions over high-dimensional state-spaces
is a problem which has recently attracted a lot of research efforts in computa-
tional statistics and machine learning (see [11] and [1] for details); applications
include Bayesian nonparametrics, Bayesian inverse problems and aggregation of
estimators. All these problems boil down to sample a target distribution = having
a density w.r.t. the Lebesgue measure on R?, known up to a normalisation factor
x> e U@y fra e~V dy where U is continuously differentiable. We consider a
sampling method based on the Euler discretization of the overdamped Langevin
stochastic differential equation (SDE):

(1) dY, = —VU(Y,)dt + v/2dB?,

where (B,d )r>0 1s a d-dimensional Brownian motion. It is well known that the
Markov semigroup associated with the Langevin diffusion (Y;);>0 is reversible
w.r.t. w. Under suitable conditions, the convergence to 7 takes place at geometric
rate. Precise quantitative estimates of the rate of convergence with explicit depen-
dency on the dimension d of the state space have been recently obtained using
either functional inequalities such as Poincaré and log-Sobolev inequalities (see
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[3, 4, 9]) or by coupling techniques (see [15]). The Euler—Maruyama discretiza-
tion scheme associated to the Langevin diffusion yields the discrete-time Markov
chain given by

() Xit1 =X — vkt VU (Xi) +/ 2Vk41Zik 41,

where (Zy)r>1 is an i.i.d. sequence of standard Gaussian d-dimensional random
vectors and (yx)r>1 is a sequence of step sizes, which can either be held con-
stant or be chosen to decrease to 0. The idea of using the Markov chain (Xj)x>0 to
sample approximately from the target 7 has been first introduced in the physics lit-
erature by [34] and popularized in the computational statistics community by [17]
and [18]. It has been studied in depth by [35], which proposed to use a Metropolis—
Hastings step at each iteration to enforce reversibility w.r.t. & leading to the
Metropolis Adjusted Langevin Algorithm (MALA). They coin the term unadjusted
Langevin algorithm (ULA) when the Metropolis—Hastings step is skipped.

The purpose of this paper is to study the convergence of the ULA algorithm.
The emphasis is put on nonasymptotic computable bounds; we pay a particu-
lar attention to the way these bounds scale with the dimension d and constants
characterizing the smoothness and curvature of the potential U. Our study covers
both constant and decreasing step sizes and we analyse both the “finite horizon”
(where the total number of simulations is specified before running the algorithm)
and “any-time” settings (where the algorithm can be stopped after any iteration).

When the step size yx = y is constant, under appropriate conditions (see [35]),
the Markov chain (X;,),>0 is V-uniformly geometrically ergodic with a stationary
distribution 7,,. With few exceptions, the stationary distribution 7,, is different
from the target 7. If the step size y is small enough, then the stationary distribution
of this chain is in some sense close to . We provide nonasymptotic bounds of the
V -total variation distance between 7, and 7, with explicit dependence on the step
size y and the dimension d. Our results complete and extend the recent works by
[13] and [12].

When (yx)k>1 decreases to zero, then (Xg)r>0 is a nonhomogeneous Markov
chain. If in addition )_;2, yx = 0o, we show that the marginal distribution of this
nonhomogeneous chain converges, under some mild additional conditions, to the
target distribution 7, and provide explicit bounds for the convergence. Compared
to the related works [23-25] and [26], we establish not only the weak convergence
of the weighted empirical measure of the path to the target distribution but a much
stronger convergence in total variation, similar to [12], where the strongly log-
concave case is considered.

The paper is organized as follows. In Section 2, the main convergence results
are stated under abstract assumptions. We then specialize in Section 3 these results
to different classes of densities. The proofs are gathered in Section 4. Some gen-
eral convergence results for diffusions based on reflection coupling, which are of
independent interest, are stated in Section 5.
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Notation and conventions. B(R?) denotes the Borel o-field of RY and
F(RY) the set of all Borel measurable functions on R?. For f € F(R?) set
| flloo = sup,cgrd | f(x)|. Denote by M(R?) the space of finite signed measure
on (R?, B(RY)) and My(R?) = {x € M(R?)|(R?) = 0}. For u € M(R?) and
f e F(RY) a p-integrable function, denote by w(f) the integral of f w.rt. u.
Let V : R? — [1, 00) be a measurable function. For f € F(R?), the V-norm of f
is given by || fllv = sup,cra | f(x)|/V (x). For u € M(R?), the V-total variation
distance of u is defined as

Il = sup
FEF®), [ fllv<1
If V=1, then || - ||y is the total variation denoted by || - ||Tv.

For p > 1, denote by L? (;r) the set of measurable functions such that = (| f|?) <
oo. For f € L?(r), the variance of f under 7 is denoted by Var_{ f}. For all
functions f such that flog(f) € L'(x), the entropy of f with respect to 7 is
defined by

[, 1w
Rd

Entx (/) = [, £ () log(f () dm o).

Let 1« and v be two probability measures on R?. If i < v, we denote by du/dv
the Radon—Nikodym derivative of p w.r.t. v. Denote for all x,y € R4 by (x, y)
the scalar product of x and y and || x|| the Euclidean norm of x. For k > 0, denote
by C¥(R?), the set of k-times continuously differentiable functions f : R¢ — R.
For f € C2(RY), denote by V f the gradient of f and Af the Laplacian of f. For
all x € R? and M > 0, we denote by B(x, M), the ball centered at x of radius M.
Denote for K > 0, the oscillation of a function f € C O(R?) in the ball B(0, K)
by osck (f) = supp g x)(f) — infg(0,x)(f). Denote the oscillation of a bounded
function f € C°(R?) on R by oscga (f) = supgd (f) — infge (f). In the sequel,
we take the convention that 377 =0 and [[}, = 1, forn, p e N, n < p.

2. General conditions for the convergence of ULA. In this section, we de-
rive a bound on the convergence of the ULA to the target distribution 7 when the
Langevin diffusion is geometrically ergodic and the Markov kernel associated with
the EM discretization satisfies a Foster—Lyapunov drift inequality.

Consider the following assumption on the potential U':

L1. The function U is continuously differentiable on R¢ and gradient Lips-
chitz, that is, there exists L > 0 such that for all x,y € R,
IVUGx) = VU)| < Lix - yll.

Under L1, by [20], Theorems 2.4-3.1, for every initial point x € R4, there ex-
ists a unique strong solution (Y;(x));>o to the Langevin SDE (1). Define for all
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t>0,x eR?and A € BRY), P,(x, A) =P(¥,(x) € A). The semigroup (P, );>0 is
reversible w.r.t. , and hence admits 7 as its (unique) invariant distribution. In this
section, we consider the case where (P;);>¢ is geometrically ergodic, that is, there
exists k € [0, 1) such that for any initial distribution g and ¢ > 0,

3) lmoPr — 7w llTv < Cuo)x’,

for some constant C (i) € [0, +00]. Denote by &7 L the generator associated with
the semigroup (P;);>0, given for all f € Cz(Rd) by

Y f=—(VU,Vf)+Af.

A twice continuously differentiable function V : R¢ — [1, 00) is a Lyapunov func-
tion for the generator <7 L if there exist 6 > 0, B >0and £ C B such that

) GV < -0V + Blg.

By [35], Theorem 2.2, if £ in (4) is a nonempty compact set, then the Langevin
diffusion is geometrically ergodic.

Consider now the EM discretization of the diffusion (2). Let (yx)x>1 be a se-
quence of positive and nonincreasing step sizes and for 0 <n < p, denote by

P
®) Tnp= v  Tn=Tin.
k=n

For y > 0, consider the Markov kernel R, given for all A € B®R4) and x € R? by

Ry(x, A) = /A<4ny)—d/2 exp(—(@y) |y —x +yVU®|*) dy.

The discretized Langevin diffusion (X}),>0 given in (2) is a time-inhomogeneous
Markov chain, for p >n>1and f € IF+(R"'), Ef"[f(Xp)] = Qﬁ’pf(Xn) where
Fn=0(X¢,0<{=<n)and

n,p __ n __ 1,n
Qyp_R]/n"'R]/ps Qy_Qy ’

with the convention that for n, p > 0, n < p, Q{,”n is the identity operator. Under
L1, the Markov kernel R, is strongly Feller, irreducible and strongly aperiodic.
We will say that a function V : R — [1, 00) satisfies a Foster—Lyapunov drift
condition for R, if there exist constants y > 0, A € [0, 1) and ¢ > 0 such that, for
all y € (0, y],

(6) R,V <AV +yc.

The particular form of (6) reflects how the mixing rate of the Markov chain de-
pends upon the step size y > 0. If y =0, then Ro(x, A) =6+ (A) for x € R? and
A € B(R?). A Markov chain with transition kernel Ry is not mixing. Intuitively,
as y gets larger, then it is expected that the mixing of R, increases. If for some
y >0, R,, satisfies (6), then R, admits a unique stationary distribution 7, . We use
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(6) to control quantitatively the moments of the time-inhomogeneous chain. The
types of bounds which are needed, are summarized in the following elementary
lemma.

LEMMA 1. Lety > 0.Assume that for all x € R and y € (0, y1, (6) holds for
some constants A € (0, 1) and ¢ > 0. Let (yx)k>1 be a sequence of nonincreasing
step sizes such that yx € (0, 7] for all k € N*. Then for all n > 0 and x € R?,
Q)’iV(x) <F, Ty, c v, V(x)) where

(7) F(ha,c,y, w) =2 +c(—A" log(L)) .
PROOF. The proof is postponed to Section 4.1. [J
Note that Lemma 1 implies that sup;-{Q% V(x)} < G(%, ¢, y1, V (x)) where

(8) G, c,y,w)y=w+c(=1" log(k))_l.

We give below the main ingredients which are needed to obtain a quantitative
bound for |5, Q{,’ — 7 ||tv for all x € R?. This quantity is decomposed as follows:
forall0<n < p,

|8 Qﬁlz7 -7 “TV

< 5.0} Q;’/H,p =820} Pryyy ey + 18 Q) Pryy, — 7 gy

To control the first term on the right-hand side, we use a method introduced in [13]
and elaborated in [12]. The second term is bounded using the convergence of the
semigroup to 7; see (3).

€))

PROPOSITION 2. Assume that L1 and (3) hold. Let (yx)i>0 be a sequence of
nonnegative step sizes. Then for all x € RY, n>0, p>1,n<p,

8 Q;’: - 7T||TV
(10) p—1 1/2
< 2‘“%(2 {2 /3) Ay, x) + dy,3+1}> +C(8, Q%) e,
k=n

where K, C (8 Q;ﬂ) are defined in (3) and

— 2 Ak
(1 Ay, %) ‘2‘;‘3/11@ IVU@|2 08 (y, d2).

PROOF. The proof follows the same lines as [12], Lemma 2, but is given for
completeness. For 0 < s < ¢, let C([s, ], R4 ) be the space of continuous func-
tions on [s, ] taking values in R4, For all y € R4, denote by ,u,{ p and ;1,{ »
the laws on C([I",, '], R?) of the Langevin diffusion (Yz(y))r,,gzgrl, and of the
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continuously-interpolated Euler discretization Y, ), <t<r,» both started at y at

time I',. Denote by (Y;(y), Y;(y)) >, the unique strong solution started at (y, y)
at time t = I',, of the time-inhomogeneous diffusion defined for r > I';,, by

_ d
1) :dYt_ VU(Y,)dr +~/2dB?,

dY, = —VU(Y,t)dt ++/2dB¢,
where for any continuous function w: Ry — R% andr > T,

(13) VU (W, 1) = Z VU Wr)Lry.r (@)
k=n
Girsanov’s theorem ([21], Theorem 5.1, Corollary 5.16, Chapter 3) shows that
W, p and i, p are mutually absolutely continuous and in addition, i, p-almost
surely

dus. 1 -
" =3 fr VU 0) = VO ()., 4R, 0)
1
R O IE )
Under L1, (14) implies for all y € R?
rp
KL ,I2,) <47 [ EIVU(F ) = FT(F(0.) ] ds
(15) <4~ 12/ E[|VU (Y (y)) — VU (Yr,(»)]*] ds
p—1
<42 Y020 [ VU@ P a0 + i .
k=n

By the Pinsker inequality, |8, Q%" — 8yPr, .1, llTv < ~V2{KL (i plin. p)}' /2.
The proof is complete by combining this inequality, (15) and (3) in (9). U

In the sequel, depending on the conditions on the potential U and the techniques
of proof, for any given x € RY, C (8, Q) can have two kinds of upper bounds,
either of the form — log(y;,,) W (x), or exp(al,) W (x), for some function W : R —
R and a > 0. In both cases, as shown in Proposition 3, it is possible to choose n as
a function of p, so that lim, , o | Q’; — mr||tv = 0 under appropriate conditions
on the sequence of step sizes (Vk)k>1.

PROPOSITION 3. Assume that L1 and (3) hold. Let (yx)k>=1 be a nonin-
creasing sequence satisfying limg_ 100 'y = +00 and limg_, o0 Y = 0. Then
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lim, 0 [[6x Q) — 7wllTv =0 for any x € R? for which one of the two following
conditions holds:

(i) A(y,x) < oo and limsup,_, ., C(3, Qﬁ)/(—log(yn)) < 400, where
A(y, x) is defined in (11).

(i) Y9, sz < +00, A(y,x) < 0o and limsup,_, ;,,1log{C(6xQ})}/Tn <
+00.

PROOF. 1. There exists po > 1 such that for all p > po, k" > y,, and klr <
y1. Therefore, we can define for all p > po,

(16) n(p) E minfk € {0,.... p — W10 > yepy)

and n(p) > 1. We first show that liminf,_, . n(p) = 0o. The proof goes by con-
tradiction. If liminf, . n(p) < 0o, we could extract a bounded subsequence
(n(pr))k=1. For such sequence, (Vu(p)+1)k=1 is bounded away from O, but
limg—s 400 «Tnro+ e = () which yields to a contradiction. The definition of n(p)
implies that xn(».r < Yn(p)> showing that

limsup C (8, Q}")ic " »-»

p—>+00

(p)
) C,0y") .
<limsup ——X = Y lim sup{y,(p)(—log(¥u(p)))} = 0.
p——+o0 —10g(Vn(p)) p——+oo

On the other hand, since (yx)«>1 is nonincreasing, for any £ > 2,

p
Yo Y <Vt Taort1p < Yoy a1 108y +1)/ log (k).
k=n(p)+1
The proof follows from (10) using lim_ oo ¥ (p) = 0.
2. For all p > 1, define n(p) = max(0, [log(I'y)|). Note that since
limy, 4 oo I'x = 400, we have lim,_, o n(p) = +00. Using Z,’Z‘]’ sz < 400 and
(Yk)k=>1 1s a nonincreasing sequence, we get for all £ > 2

p
li —
pm, 2 ne=0
k=n(p)

which shows that the first term in the right-hand side of (10) goes to 0 as p goes
to infinity. As for the second term, since limsup,,_, | ., 10g{C(8x Q%)}/ I'n < +00,
we get using that (yx)r>1 is nonincreasing and n(p) <log(I"p),

C (8, Q)P )i mrr
< exp(log(k)Tp + [{log(C(8: @37))/ Tuipy ). — 108K Tu(p))

< exp(log(K)Fp + [sup{log(C(&x Q]k/))/ Te}, — log(K)]yl log(Fp)>.

k>1
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Using « < 1 and limg_, oo 'y = +00, we have lim,_, oo C (3, Q;ﬁ(p))/(rn(p),p =0,
which concludes the proof. [J

Using (10), we can also assess the convergence of the algorithm for constant
step sizes yx = y for all k > 1. Two different kinds of results can be derived. First,
for a given precision ¢ > 0, we can try to optimize the step size y to minimize the
number of iterations p required to achieve ||§, Q{f — 1|ty < €. Second, if the total
number of iterations is fixed p > 1, we may determine the step size y > 0 which
minimizes ||8y Qf,) —7|1tv.

LEMMA 4. Assume that (10) holds. Assume that there exists y > 0 such that
Cx)= SUP,, ¢(0,7] SUPp>1 C (6 R;ﬁ) < +00 and sup ye(0,7] A(y,x) < A(x), where
C(6 R ») and A(y, x) are defined in (3) and (11), respectlvely Then for all ¢ > 0,

W€8€f||5 R —mlrv <eif

—d +Jd? + (2/3) Ax)e2(L2T)!
-1 y
A7) p>Ty™' and y< 24(0)/3 nr

where
= (log{C(x)} —log(e/2))/(— log(x)).

PROOF. For p> Ty~ !, setn=p — [Ty ~']. Then using the stated expres-

sions of y and T in (10) completes the proof. [J

Note that an upper bound for y defined in (17) is €>(L>Td) ™. The dependency
of T on the dimension d will be addressed in Section 3.

LEMMA 5. Assume that L1 and (3) hold. In addition, assume that there ex-
isty >0and neN, n>0, such that C,(x) = SUP,, ¢(0,7] C(BXR;) < 400 and
Sup,, (0,51 A(y.X) < A(x). Forall p > n and all x e RY, if y =log(p — n){(p —
n)(—logk)}~' <y, then

[6xR? — 7|y < (p =) {Cr()(p —m)™'/2

+log(p —n)(d + A(x) log(p — n)(p — n)_l)l/z}.
PROOF. The proof is a straightforward calculation using (10). [

To get quantitative bounds for the total variation distance ||&y Q{,’ — 7 ||Tv, it is
therefore required to get bounds on «, A(y, x) and to control C (8 Q’}’j). We will
consider in the sequel two different approaches to get (3), one based on functional
inequalities, the other on coupling techniques. We will consider also increasingly
stringent assumptions for the potential U. Whereas we will always obtain the same
type of exponential bounds, the dependency of the constants on the dimension
will be markedly different. In the worst case, the dependency is exponential. It is
polynomial when U is convex.
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3. Practical conditions for geometric ergodicity of the Langevin diffusion
and their consequences for ULA.

3.1. Superexponential densities. Assume first that the potential is superexpo-
nential outside a ball. This is a rather weak assumption (we do not assume convex-
ity here).

H1. The potential U is twice continuously differentiable and there exist p > 0,
a € (1,2]and M, > 0 such that for all x € RY, |lx —x*|| = M,, (VU (x), x —x*) >
pllx — x|

The price to pay will be constants which are exponential in the dimension. Un-
der H1, the potential U is unbounded off compact set. Since U is continuous, it
has a global minimizer x*, which is a point at which VU (x*) = 0. Without loss of
generality, it is assumed that U (x*) = 0.

LEMMA 6. Assume L1 and H1. Then, for all x € R,
(18) Ux) = pllx —x*|* /@ + 1) —aq  withay=pMS/(a+ 1)+ M L/2.

PROOF. The elementary proof is postponed to Section 4.2. [

Following [35], Theorem 2.3, we first establish a drift condition for the diffu-
sion.

PROPOSITION 7.  Assume L1 and H1. For any ¢ € (0, 1), the drift con-
dition (4) is satisfied with the Lyapunov function V.(x) = exp(¢U(x)), 0. =
cdL, & = B(x*, K.), K. = max({2dL/(p(1 — o}/ @D M) and B, =
¢dL sup{yegg}{Vg (»)}. Moreover, there exist constants Co < 00 and v > 0 such
that for all t € Ry and probability measures jvy and vo on (R4, B(RY)), satisfying
mo(Ve) +vo(Ve) < 400,

o Py — voPrllv, < Cee™ s lo — vollv, . o Py —lly, < Cee™ V" uo(Ve).

PROOF. The proof, adapted from [35], Theorem 2.3, and [31], Theorem 6.1,
is postponed to Section 4.3. [

Under H1, explicit expressions for C. and v have been developed in the liter-
ature but these estimates are in general very conservative. We now turn to establish
(6) for the Euler discretization.

PROPOSITION 8. Assume L1 and H1. Let 7 € (0, L™Y). For all y € (0, y]
and x € R4, R, satisfies the drift condition (6) with V_(x) = exp(U(x)/2),
K = max(M,, (8log(1)/p?)V/@=D) ¢ = —2log(M)A~7 sup(yep e ky) V()
and = e~dL/CA-L7),
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PROOF. The proof is postponed to Section 4.4. [J

THEOREM 9. Assume L1 and H1. Let (yx)x>1 be a nonincreasing sequence
with y1 <y, y € (0, L_l). Then, foralln >0, p>1,n < p,and x € Rd, (10)
holds with log(k) = —vy 2 and

. L2<oz +1 [aa PECEOICRR)
P ap

2/a
(19) +2log{G (%, c, 1, V(x))}}) ,

C(8:0)) < CipF (A, Tim, e, 11, VX)),

where Cy 2, v12 are given by Proposition ], F by (7), V, A, ¢ in Proposition 8, G
by (8), ay in (18).

PROOF. The proof is postponed to Section 4.5. [J

Equation (19) implies that for all x € RY, we have sup,.,C (5 0}) =
G(X,c,y1, V(x)), so Proposition 3(i) shows that lim,_,  [|8x Q’; —mlltv =0
for all x € R4 provided that limg_, 1 o0 Y% = 0 and limg_, y o ['x = +00. In addi-
tion, for the case of constant step size yx = y for all k > 1, Lemmas 4 and 5 can
be applied.

Let V : R? — R, defined for all x € R¢ by V(x) = exp(U(x)/2). By Corol-
lary 7, (P;):>0 is a contraction operator on the space of finite signed measure
w € My, n(VY?) < +o0, endowed with the norm || - lyy1/2. It is therefore pos-
sible to control ||§, Qﬁ — 7 ||yy1/2. To simplify the notation, we limit our discussion
to constant step sizes.

THEOREM 10.  Assume L1 and H1. Then, for all p > 1, x e R and y €
(0, L_l), we have

(20) [8:RD — |12 < Crpar?? V2 (x) + B(y, V (x)),

where log(k) = —v1,4, C1/4, V14, 01/2, B12 are defined in Proposition 7, V, A, ¢
in Proposition 8, G in (8) and

B*(y,v) = L*max(1, C,)(1 + y)(1 — k) 2 (2G (., ¢, v, v) + Biy2/61/2)
x (yd+37'Y?IVUI312G (. c, v, v).
Moreover, R, has a unique invariant distribution m,, and

7w =y llyr2 < By, .
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PROOF. The proof of (20) is postponed to Section 4.6. The bound for
lm — mylly12 is an easy consequence of (20): by Proposition 13 and [30], The-
orem 16.0.1, R, is v 1/2_uniformly ergodic: limf_)+OO ||8xR5 — 7y |ly12 =0 for
all x e RY, Finally, (20) shows that for all x € R?,

I =yl = lim (18R =y + [8RE =y e} < By, V)
Taking the minimum over x € R¢ completes the proof. [

Note that Theorem 10 implies that there exists a constant C > 0 which does not
depend on y such that |7 — ), ||y12 < cyl/2.

REMARK 11. [t is shown in [37], Theorem 4, that for ¢ € C®(RY) with poly-
nomial growth, m,(¢) — m(p) = b(P)y + (’)(yz), for some constant b(¢) € R,
provided that U € C*®RY) satisfies L1 and H1. Our result does not match this
bound since B(y, 1) = (’)(yl/z). However, the bound B(y, 1) is uniform over the
class of measurable functions ¢ satisfying for all x € R%, |¢(x)| < V1/2(x). Ob-
taining such uniform bounds in total variation is important in Bayesian inference,
for example, to compute high posterior density credible regions. Our result also
strengthens and completes [29], Corollary 7.5, which states that under H1 with
o =2, for any measurable functions ¢ : R¢ — R satisfying for all x, y € R?,

() — (] < Clix = yI{1+ Ixl* + l1y1},

for some C >0, k> 1, |m,(¢) — ()| < CyX for some constants C > 0 and
x € (0, 1/2), which does not depend on ¢.

The bounds in Theorems 9 and 10 depend upon the constants appearing in
Corollary 7 which are computable but are known to be pessimistic in general; see
[36]. More explicit rates of convergence for the semigroup can be obtained using
Poincaré inequality; see [3, 9] and [4], Chapter 4, and the references therein. The
probability measure 7 is said to satisfy a Poincaré inequality with the constant Cp
if, for every locally Lipschitz function #,

1) Var,, {h} < Cp /Rd | VA7 (dx).

This inequality implies by [9], Theorem 2.1, that for all # > 0 and any initial dis-
tribution g, such that puo < m,

(22) lwoPr — 7 ltv < exp(—t/Cp)(Var, {duo/dr})

[2], Theorem 1.4, shows that if the Lyapunov condition (4) is satisfied, then the
Poincaré inequality (21) holds with an explicit constant. Denote by

n 2, —-dJ2
(23) D, & (4n{1‘[(1—Lyk>} Zyi(l—Lyi)“) .

k=1 i=1

1/2
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THEOREM 12. Assume L1 and H1. Let (yi)r>1 be a nonincreasing sequence.
Then for all n > 1 and x € R?, equation (3) holds with

log(k) = (=075 {1 + (4B1 /2K o /m2)e K12}~
d d+1)/2
SRl Chd Ny AR}
PIT((d +1)/2)

where T is the Gamma function and the constants B1,2, 01,2, K12, aq are given in
Proposition T and (18), respectively.

C(5:00) <

PROOF. The proof is postponed to Section 4.7. [

Note that for all x € R?, C (8, Q;’,) satisfies the conditions of Proposition 3(ii).

Therefore, using in addition the bound on A(y, x) for all x € R4 and y € (0, L
given in Theorem 9, we get limy_, ||0x QfZ — v =0if lim,— 1 5o ', = 400
and lim,— {0 D7 yk2 < 4o00.

3.2. Log-concave densities. We now consider the following additional as-
sumption.

H2. U is convex and admits a minimizer x* for U. Moreover, there exist n > 0
and M, > 0 such that for all x € RY, ||x — x*|| > M,

(24) U(x) —U(x*) > nlx —x*.

It is shown in [2], Lemma 2.2, that if U satisfies L1 and is convex, then (24)
holds for some constants 1, M, which depend in an intricate way on U. Since
the constants n, M), appear explicitly in the bounds we derive, we must assume
that these constants are explicitly computable. We still assume in this section that
U (x*) = 0. Define the function W, : R? — [1, +00) for all x € R? by

(25) We(x) = exp((n/4)(|x —x*|* + 1)'73).

We now derive a drift inequality for R, under H2.

PROPOSITION 13. Assume L1 and H2. Let 7 € (0, L™']. Then for all y €
(0, y1, W, satisfies (6) with . = e_2_4’72(21/2_1), R. =max(1,2d/n, M),

(26)  c={(n/4)(d + (n7/4)) — log(h) | RV /A7 [+ 07 14))

PROOF. The proof is postponed to Section 4.8 [
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COROLLARY 14. Assume L1 and H2. Let (yx)k>1 be a nonincreasing se-

quence with y1 <y, vy € (0, L_l]. Then, foralln >0, p>1,n< p,and x € R,
27) Ay, x) = L*(4n'[1 +10g{G (A, c, y1. We(x))}])%

where A(y, x) is defined by (11) and G, W, X, c, are given in (8), (25), Proposi-
tion 13, respectively.

PROOF. The proof is postponed to Section 4.9. [J

If U is convex, [5], Theorem 1.2, shows that 7 satisfies a Poincaré inequality
with a constant depending only on the variance of 7.

THEOREM 15. Assume L1 and H2. Let (yx)k>1 be a nonincreasing sequence
with y) <y, y € 0, L71. Then, for alln >0, p>1,n < p and x € R4, (10)
holds with A(y, x) given in (27),

2 —1
(28a) log(x) = (—432/Rd X —/};{d yr(dy) n(dx)) ,
(28b)
. (27'5)(d+1)/2(d— ! nd/sz]i
c.0p)=( Y r(d/2+1))Dn<y)exp(U<x>),

where Dy (y) is given in (23).
PROOF. The proof is postponed to Section 4.10. [

Forall x e R?, C(8, Q;’/) satisfies the conditions of Proposition 3(ii). Therefore,
if lim,—, ;oo 'y = +00 and lim,,—, 100 >} ykz < +o00, we get limg_, 4 o || 85 Q{Z —
7|ty =0.

There are two difficulties when applying Theorem 15. First, the Poincaré con-
stant (28a) is in closed form but is not computable, although it can be bounded by
a O(d~?). Second, the bound of Var,; {d5y Q’; /dmr} is likely to be suboptimal. To
circumvent these two issues, we now give new quantitative results on the conver-
gence of (P;);>¢ to 7 in total variation. Instead of using functional inequality, we
use in the proof the coupling by reflection, introduced in [27]. Define the function
w:(0,1) x RY — Ry forall e € (0,1) and R > 0, by

(29) w(e, R) = R? /{287 (1 — ¢/2))?,

where @ is the cumulative distribution function of the standard Gaussian distribu-
tion and ®~! is the associated quantile function. Before stating the theorem, we
first show that (4) holds and provide explicit expressions for the constants which
come into play. These constants will be used to obtain the explicit convergence
rate of the semigroup (P;);>0 to w which is derived in Theorem 17.
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PROPOSITION 16. Assume L1 and H2. Then W, satisfies the drift condition
(4) with 0 =n?/8, £ =B(x*, K), K = max(l, M,,4d/n) and

B=(/H)((/HK +d)max{1, (K> + 1)~ exp(n(K*+1)/2/4)}.

PROOF. The proof is adapted from [2], Corollary 1.6, and is postponed to
Section 4.11. [

THEOREM 17. Assume L1 and H2. Then for all x € R?, |8, P, — 7|ty <
2A(x)e /4 + 4w, where
log(w) = —log(2)(0/4)
(30a)
> [log{9_1,8(3 +464_100)(2_1’(8/77)lOg(40_1'B)))} +10g(2)]_l,
(30b) A(x) — (1/2)(Wc(x) + 0_1ﬂ) + 29—1ﬂe4719w(27|,(8/7]) lOg(49*|ﬁ))’

the function W, is defined in (25), the constants 6, 8 in Proposition 16.
PROOF. The proof is postponed to Section 5.1. [

Note that the bound that we obtain is a little different from (3). The initial con-
dition is isolated on purpose to get a better bound. A consequence of this result is
the following bound on the convergence of the sequence (5, Q;’,)nzo to .

COROLLARY 18. Assume L1 and H2. Let (yx)k=0 be a sequence of nonnega-
tive step sizes. Then forallx e R4, n>0, p>1,n < p,

p—1

12
8.0 = ally =272 0400 + )
k=n

+2A (5x Qﬁ)e_ernﬁ»l,p/“' + 4wrn+1,p7
where A(y, x), @ are given by (27) and (30a), respectively, and
A(8: Q%) = (1/2)(F (A, T, y1. ¢, We(x)) + 67! B)

(31)
n 29—1ﬂe4‘19w(2_1,(8/n)10g(49_1ﬂ))’

the functions F and W, are defined in (7) and (25), the constants A,c,0, B in
Proposition 13 and Proposition 16 respectively.

PROOF. By Theorem 17, Proposition 13 and Lemma 1, we have for all x € R4,
[50 03 Pry 1, = iy = Al Qe 10l 4 20y T,

Finally, the proof follows the same line as the one of Proposition 2. [J]
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Contrary to (28b), (31) is uniformly bounded in n. By Corollary 18 and (27), we
can apply Proposition 3(i), which implies the convergence to 0 of |5, Q{,’ —7|tv
as p goes to infinity, if limg_, 1 yx = 0 and limg_, { o 'y = +00. Since log(B)
in Proposition 16 is of order d, we get that the rate of convergence log(z) is of
order d~2 as d goes to infinity [note indeed that the leading term when d is large
is bw(271, &/n) 10g(49_1/3)) which is of order d?]. In the case of constant step
sizes yx =y for all k > 0, we adapt Lemma 4 to the bound given by Corollary 18.

COROLLARY 19. Assume L1 and H2. Let (yi)k=0 be a sequence of nonneg-
ative step sizes. Then for all ¢ > 0, we get |6y R{,’ —n|tv < ¢ if p and y satisfy
(17) with

T = max {46~ log(8¢ "' A(x)), log(16s")/(—log(=))},
AG) = (1/2)(G(h, y1, ¢, We(x)) + 07" 8) + 2071 get 0@ &/mloz(407 1))

where A(y, x), @ are given by (27), (30a), respectively, the functions G and W,
are defined in (8) and (25), the constants A, c, 0, B in Proposition 13 and Proposi-
tion 16, respectively.

PROOF.  The proof follows the same line as the one of Lemma 4 using Corol-
lary 18 and that sup,,-. A(§ Q)’j) <A(x) forallx eR4. O

In particular, with the notation of Corollary 19, since max(log(8), log(c)) and
—(log(w))~! are of order d and d? as d goes to infinity, respectively, T is of
order d?. Therefore, y defined by (17) is of order d~3 which implies a number of
iteration p of order d> to get ||6x QJIZ — 7 |ltv < ¢ for € > 0; see also Table 1.

Corollary 19 can be compared with the results which establishes the dependency
on the dimension for two kinds of Metropolis—Hastings algorithms to sample from
a log-concave density: the random walk Metropolis algorithm (RWM) and the hit-
and-run algorithm. It has been shown in [28], Theorem 2.1, that for ¢ > 0, the hit-
and-run and the RWM reach a ball centered at 7, of radius ¢ for the total variation
distance, in a number of iteration p of order d* as d goes to infinity. It should be
stressed that [28], Theorem 2.1, does not assume any kind of smoothness about
the density 7 contrary to Theorem 17. However, this result assumes that the target

TABLE 1
For constant step sizes, dependency of y and p in d, ¢ and parameters of U to get
16 Rf,’ — |ty <€ using Corollary 19

d & L

y 0@d=3) O(e?/1og(e™ 1)) O(L™?)
p O@d) O 2log? (e~ 1)) o(L?)
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distribution is near-isotropic, that is, there exists C > 0 which does not depend on
the dimension such that for all x € R,

CHix)? < fR e y)Pmdy) < Clix%

Note that this condition implies that the variance of 7 is upper bounded by Cd.

To conclude our study on convex potential, we also mention [8] which stud-
ies the sampling of the uniform distribution over a convex subset K C R? us-
ing coupling techniques. Let C > 0. A convex set K € R? is C-well rounded if
B(0, 1) C K C B(0, Cd). [8] shows that a number of iteration of order d° as d
goes to infinity is sufficient to sample uniformly over any C-well rounded convex
set. Comparison with our result is difficult since we assume that 7 is positive on
R4, continuously differentiable, while [8] studies the case of uniform distributions
over a convex body. An adaptation of our result to noncontinuously differentiable
potentials will appear in a forthcoming paper [14].

3.3. Strongly log-concave densities. More precise bounds can be obtained in
the case where U is assumed to be strongly convex outside some ball; this assump-
tion has been considered by [15] for convergence in the Wasserstein distance; see
also [6].

H3 (M;). U is convex and there exist Mg > 0 and m > 0, such that for all
x,y € R? satisfying ||x — y| = M,
(VU@) = VU (), x —y) = mlx -yl

We will see in the sequel that under this assumption the convergence rate in (3)
does not depend on the dimension d but only on the constants m and M.

PROPOSITION 20. Assume L1 and H3(M;). Let y € (0, 2mL~2). For all y €
0, 71, V(x) = |lx — x*||? satisfies (6) with A = e~ 2"+7L* qnd ¢ = 2(d + mM?).

PROOF. The proof is postponed to Section 4.12. [

THEOREM 21. Assume L1 and H3(M;). Let (yx)r>1 be a nonincreasing se-
quence with y1 <y, y € (0, 2mL’2). Then, for all n =0, p > 1, n < p, and
x € RY, (10) holds with

log(k) = —(m/2)log(2)
x [log{(1 4 em@@ " max(LM)/Ay (| L max (1, My))} +log(2)] ",
C(8:0%) <3+ (d/m+ M2+ F'2(A, Tipcom. |x — 2*]%),

2 =],

A(y,x) < L*G(\ ¢, y1,
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TABLE 2
For constant step sizes, dependency of y and p in d, ¢ and parameters of U to get
ll6x Qf} —n|ltv < & using Theorem 21

d & L m My
% 0@ O(e?/1og(e 1)) O(L™?) O(m) oM
p O(dlog(d)) O log?(e™ 1)) O(L?) Om=?) oms)

where F,G,w are defined by (7), (8), (29), respectively, and A, c are given in
Proposition 20.

PROOF. The proof is postponed to Section 5.1. [

Note that the conditions of Proposition 3(i) are fulfilled. For constant step sizes
yx =y for all k > 1, Lemmas 4 and 5 can be applied. We give in Table 2 the
dependency of the step size y > 0 and the minimum number of iterations p >
0, provided in Lemma 4, on the dimension d and the other constants related to
U, to get ||y Qf; — m|ltv < ¢, for a target precision ¢ > 0. We can see that the
dependency on the dimension is milder than for the convex case. The number of
iteration requires to reach a target precision ¢ is just of order O(d log(d)).

Consider the case where 7 is the d-dimensional standard Gaussian distribution.
Then for all pe N, y € (0,1) and x € R4, 5, R{,’ is the d-dimensional Gaussian
distribution with mean (1 — y)Px and covariance matrix o, Iz, with 0, = (1 —
(1 —y)>P+D)(1 — y/2)~ 1. Therefore, using the Pinsker inequality, we get

|6xRE — 7|3y < 2KL(8,RZ|x)
<d[log(oy) — 1 + o, {1+ (1 —)?||x||*d'}].

Using the inequalities for all # € (0, 1), (1 — V<14t —1)"2 and for all
s €(0,1/2), —log(l —s) < s + 252, we have

[8:RE — 7|3y <d{y?/2+ (1 = )P0 = y/2)(1 = (1 = y)2P+D) 72
+o, (1= )P )%

This inequality implies that in order to have [|§;R, — 7|Tv < ¢ for ¢ > 0, the
step size y has to be of order d~!/? and p of order d'/?log(d). Therefore, the
dependency on the dimension reported in Table 2 does not match this particular
example. However, it does not imply that this dependency can be improved.

3.4. Bounded perturbation of strongly log-concave densities. We now con-
sider the case where U is a bounded perturbation of a strongly convex potential.
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H4. The potential U may be expressed as U = Uy + Uj, where:

(@) U :RI>R satisfies H3(0) (i.e., is strongly convex) and there exists L1 >
0 such that for all x,y € R?,

[VUI(x) = VUi ()] = Lillx = ylI.
(b) U :RY — R is continuously differentiable and || Uz || oo + || VU2 ||l oo < +00.

The probability measure 7 is said to satisfy a log-Sobolev inequality with con-
stant CLg > 0 if for all locally Lipschitz function 4 : R¢ — R, we have

Ent,; (%) < 2CLs / VA dr.

Then [9], Theorem 2.7, shows that for all # > 0 and any probability measure pg <
7 satisfying duo/dm log(dug/dm) € L(r), we have

d 12
(32) o P, — mliry < e~/Cts {2Entﬂ (%)} .
T

Under H4, [4], Corollary 5.7.2, and the Holley—Stroock perturbation principle
[19], page 1184, & satisfies a log-Sobolev inequality with a constant which only
depends on the strong convexity constant m of U; and oscga (U2). Define

2mLq
(33) w = )
m+ L

Denote by x} the minimizer of Uj.

PROPOSITION 22. Assume H4. Let (yi)r>1 be a nonincreasing sequence with
y1 <2/(m+ Ly). Then, forall p>1and x € R4,

p
[y =5iPepe.dy < [T - wm/2 e i
k=1

12w (2d + (1 + 20 VUL I1Z).

PROOF. The proof is postponed to Section 4.13. [

THEOREM 23. Assume L1 and H4. Let (Yi)ren+ be a nonincreasing sequence
with y1 <2/(m + L1). Then, foralln, p > 1,n < p, and x € R%, (10) holds with
—log(k) = mexp{—oscp«(U2)} and

C2(8:01) < L1e™ "2 x — x1|* + Liyu (v + 20 ") | VU213, + 208cg4 (U2)
+2Ly (1 — @y (2d + (v + 20 ) |IVUL 1A
— d(1+log(2y,m) — 2L1yy),
Ay, x) <2L3{ |3} = x* [P +20 71 2d + (11 + 27 IVU21%,))
+2|VUL|%.
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where @ is defined in (33).
PROOF. The proof is postponed to Section 4.14. [

Note that sup,,-;{C(3x Q]’j)/(—log(yn))} < 400, therefore, Proposition 3(i)
can be applied and lim,_, (|5, Q;’,’ — mlltv = 0 if limg— 400 yx = 0 and

4. Proofs.

4.1. Proof of Lemma 1. By a straightforward induction, we get for all n > 0
and x € R?

(34) Q’;V(x) <AV (x) +CZyi)\‘Fi+l,n_

i=1
Note that for all » > 1, we have since (yx)r>1 is nonincreasing and for all ¢ > 0,
A =1+ [5 A% log(x)ds,

n

Z yi)\‘r‘i+1.n

i=l
n

<> v [] (1+1"log()y;)

i=1  j=i+l
| n n n
< (=A""log(M)~ Z )/i: H (1+ A" log(M)y;) — l_[(l + A" log(A)y))
i=1  Uj=it1 j=i
< (=" log(h)) .
The proof is then completed using this inequality in (34).
4.2. Proof of Lemma 6. By L1, H1, the Cauchy—Schwarz inequality and
VU (x*) =0, for all x € RY, ||x|| > M,, we have
1
UG — Ux) :/ (VU + 1(x — x*)), x — x*)dt
0
Mp
> /”Xfx ” (VU(x* +1(x —x*)),x — x*)dr
0
1

+

flx—x*|I

> —MgL/Z—I- olx —x*|%(a + 1)71{1 — (M, /||x — x"H)O’Jrl }.

(VU(x*+1(x —x*)), t(x — x*))ds
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On the other hand using again L1, the Cauchy—Schwarz inequality and VU (x*) =
0, for all x € B(x*, M),

1
Ux)—U(x*) = / (VU(x* 4+ 1(x —x*)),x — x*)dr > —M[%L/Z,
0
which completes the proof.

4.3. Proof of Proposition 7. For all x € R, we have
YV ) =c(l = = |VU®|*+ (1 — )" AU @)}V, (x).

If o > 1, by the Cauchy-Schwarz inequality, under L1-H1 for all x € R?,
AU(x) <dL and |VU@)|| = pllx — x*|¢~! for ||x — x*|| > M. Then, for all
x ¢ &,

V() g1 = O f—plx —x*|** 7V + (1 = )7L}V (x) < —d LV, (x),
and sup, ¢, ALV (x) < ¢dL supyeg 1 {Ve (0}

4.4. Proof of Proposition 8. By HI, for all x ¢ B(x*, M),
(35) [VU@)| 2 plx ="

Since under L1, for all x, y € R4, Uy)<Ux)+(VUX),y —x)+ (L/D]y —
x||2, we have for all y€(0,y)and x € R4

R, V(x)/V(x)

= (my) 2 [ exp((UG) — U2 = @)y = v+ VU |) dy

< Gmy) 2 [ exp(=47y [VU@ = @) (A =y Lolly = xIP)dy

<(1—yL)y P exp(—47y VU ),

where we used in the last line that y < L~!. Since log(1 — Ly) = —L foy(l -
Lt)~'dr, forall y € (0, 7], log(1 — Ly) = —Ly (1 — Ly)~'. Using this inequality
we get

(36) R, V(x)/V(x) <17V exp(—4_1 y|VU(x) ||2)
By (35), for all x € R?, ||x — x*|| > K, we have
(37 R,V (x) <AV V(x).

Also by (36) and since for all £ > 0, ¢’ — 1 < re’, we get for all x € R?
R,V(x) —A"V(x) < )J’()fzy —1)V(x) <=2y log(MA™Y V (x).
The proof is completed combining the last inequality and (37).
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4.5. Proof of Theorem 9. We first bound A(y, x) for all x € R?. Let x € R,
By L1, we have E,[||VU (X)|I?] < L*E.[|| Xx —x*||*]. Consider now the function
¢ : Ry — R defined for all 1 > 0 by ¢ (1) = exp(Aq (f + By)*/?) where Ay, =
p/2(a+ 1)) and By, ={(2 — oz)/(aAo,)}z/“. Since ¢ is convex and invertible on
R4, we get using the Jensen inequality and Lemma 6 for all k > 0

B[ Xe — 7] < 63 (Ealga (| X6 — 2 |D)]) < 63" (/25 B [V (X0)),

where V (x) = exp(U(x)/2). Using that for all r > 0, d)ojl(t) < (Aoj1 log(t))z/“
and Lemma 1, we get

sup [ X — "] = (45" [aa/2 + B3 +10g{ G (s ), V()]
=
Equation (19) follows from Proposition 7, Proposition 8 and Lemma 1.

4.6. Proof of Theorem 10.

LEMMA 24. Let u and v be two probability measures on (R?, B(R?)) and
V :RY — [1, 00) be a measurable function. Then

1/2
Il =iy < V2{p(V2) + n(V)} 2 KLY ().
PROOF. Without losing any generality, we assume that u < v. For all 7 €

[0,1], tlog(t) —t 4+ 1= [ — )u="du = 27" (1 — 1)%, and on [1, +00), t +>
20 +1t)(tlog(t) —t+1) — (1 — nH?is nonincreasing. Therefore, for all + > 0,

(38) 11— 1] < 201+ 0)(rlog(r) — 1 +1))'72.

Then we have

lu—vlly= sup
FEFR), || fllv =1

[, reaue = [ redveo

du
= sup /df(x){d— — l}dv(x)
FEF@RD,|Iflly<1!/R v
</ v 1lave
_— = v(x).
— JRd o dv *

Using (38) and the Cauchy—Schwarz inequality in the previous inequality com-
pletes the proof. [

PROOF OF THEOREM 10. First note that by the triangle inequality and Propo-
sition 7, for all p > 1,

(B9 7 —8:00] 12 < Crpac?? VI2(x) + |8 Pr, — 808 |10
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We now bound the second term of the right-hand side. Letk, = [y —17and qy and
r, be respectively the quotient and the remainder of the Euclidean division of p by
ky . The triangle inequality implies ||y Pr, — &x Q;’j ly12 <A+ B with

(gy—Dk (@y—Dky ~(qy—Dky+1,p
A= H‘SXQVV yPF(qyfl)ky.p —8:0y" "0, ’ ”Vl/z’
b (i—1)k ik
11— l
B= 2”596 Qy ’ Pr(ifl)knyLp —38:0y” PFiky+l,p “ vi/z-
i=1
It follows from Corollary 7 and k,, > y‘l that
qy , (i—1k ik
(40) B < ZC1/4KqV_l ||8XQV VPF(i—l)ky+1,iky _8xQ7y||vl/2-

i=1

We now bound each term of the sum in the right-hand side. For all initial distri-
bution v on (R4, B(RY)) and i, j > 1, i < j, it follows from Lemma 24, [22],
Theorem 4.1, Chapter 2, and (15):

v @/ —voPr, 1512
<2(w0 Q%7 (V) +voPr, ; (V) KL(w Q) |w Pr )
<2L*(w Q%' (V) + voPr, ;(V))
< =Dy d+(7/3) s .}on;"—l(uvunz)).
Proposition 7 implies by the proof of [31], Theorem 6.1, that for all y € R and

t>0: PV(y) <V(y)+ Bi1/2/61)2. Then, using Proposition 8, Lemma 1 and k,, >
y~Lin (40), we get

i~k iky 12
{sup }||5x Oy Pr(i—l)kerl,iky —6x0y ”Vl/2

<27' 1+ ) L22G (A, ¢, V(X)) + Bi1y2/01 2}
x {yd +37"Y2IVUI2,,G(r, e, V().

Finally, A can be bounded along the same lines. [J

4.7. Proof of Theorem 12. Denote fory > 0,r) : R? x R? — R¥ the transition
density of R, defined for x,y € R by

(41) ry (X, y) = @ny) " exp(—@y) "y —x + y VU ).
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Forall n > 1, denote by g, : R? x R? — R< the transition density associated with
Q7 defined by induction by: for all x, y € RY,

1
(x,y) =ry (x, ),
@) qy (x,y) =1y, (x,y

+1
q (x,y)Z/qu,’f(x,z)rml(z,y)dz forn > 1.
LEMMA 25. Assume L1. Let (yi)r>1 be a nonincreasing sequence with y; <
L.Thenforalln>1andx,y € R4,
exp ' (U(x) —U () — Qo) 'lly — x|
2oy, [Ti; (1 — Ly;)4/? ’
where oy, =Y i 2yi(1 — Ly,-)_l.

qy(x,y) <

PROOF. Under L1, we have for all x, y e R?, U(y) < U(x) + (VU (x),y —
x) + (L/2)|ly — x||?, which implies that for all y € (0, L)

ry(x,y) < (4ry) " exp2~ (U (x) — U(y))

— (1 =Ly)dy) y —xI?).

Then the proof of the claimed inequality is by induction. By (43), the inequality
holds for n = 1. Now assume that it holds for » > 1. By induction hypothesis and
(43) applied for y = y,,+1, we have

(43)

gy x,y)

n —d/2
< <4nyn+1>—d/2{znoy,n [Ta- Lm)} exp(2~ (U(x) = U(y)))

i=1

x fR exp(=(20y.) "z = x> = (1= Lynr)@ras) ™ lz = yI1%) dz

n —dj2
< (4nyn+1>—"/2{2nay,n []a- Ly,-)}
i=1
x (04 + (1= Lyns1)/Qyas) ™2
x 2m P exp7H(UM) = UM) = Qoyus) Iy = x1P).
Rearranging terms in the last inequality completes the proof. [
LEMMA 26. Assume L1 and H1. Then [pa e YW dy < 9y where
def , 20TV —1)!
= e'¢ R
niT((d +1)/2)

(44) Yy

and agy is given in (18).
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PROOF. By Lemma6, forall x e R?, U(x) > p|lx — x*|| /(e + 1) — ay. Using
the spherical coordinates we get

400
[V ay sen{@m @R T @+ D) [ e e,
R 0
Then the proof is completed by a straightforward calculation. [

COROLLARY 27. Assume L1 and H1. Let (yi)k>1 be a nonincreasing se-
quence with yy < L. Then foralln > 1 and x € R?,

ds, 0y

) 2, —d)2
" B Vi
: }fwuexpw(x)))(ém[g(l Lm] ZI—L%’) |

i=1

Var {

where Uy is given by (44).

PROOF OF THEOREM 12. We bound the two terms of the right-hand side of
(10). The first term is dealt with the same reasoning as for the proof of Theo-
rem 9. Regarding the second term, by [2], Theorem 1.4, & satisfies a Poincaré
inequality with constant log_1 (k). Then, the claimed bound follows from (22) and
Lemma 27. O

4.8. Proof of Proposition 13. Set x = n/4 and for all x € R, ¢(x)=(|x —
x*||> + 1)/2. Since ¢ is 1-Lipschitz, we have by the log-Sobolev inequality [7],
Theorem 5.5, for all x € R,

(45) R, We(x) < eXRV¢(x)+X2V < eX«/HX—J/VU(X)—X*||2+2)’d+1+X2)"

Under L1 since U is convex and x* is a minimizer of U, [33], Theorem 2.1.5,
equation (2.1.7), shows that for all x € R4,

(VU x —x%) =2 QLT VU@ + 1% = [ Loz, s
which implies that for all x € R4 and y € (0, L1, we have
(46) lx =y VU @) = x*[* < [x = x* [ = 2y nllx = x* [ Le—snza,)-

Using this inequality and for all 4 € [0, 1], (1 — u)1/2 — 1 < —u/2, we have for all
x € RY, satisfying |lx — x*|| > Re = max(1,2dn~"!, M),

(Jx =y VU = x* | +27d + 1) = g (x)
<1 =2y 2()(n]x —x*| - d))"/* — 1}
<—r¢~ ' @0lx =2 = d) < =y /D |x = 2"¢~ @) = =27y
Combining this inequality and (45), we get for all x € RY, ||x — x*|| > R,
3/2

Ry We(x)/ We(x) < e XH=270m =7,
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By (46) and the inequality for all a,b >0, Va+1+b — /1 +b <a/2, we get
for all x € R?

VI =y VU@ x> +27d + 1 - () < .
Then using this inequality in (45), we have, for all x € R?,
Ry We(x) < MY We(x) + (X7 @0 _ j)enREAD2/Ag by,
Using the inequality for all # > 0, e’ — 1 < te’ completes the proof.
g q y p p

4.9. Proof of Corollary 14. We preface the proof by a lemma.

LEMMA 28. Assume L1 and that U is convex. Let (yx)xen* be a nonincreas-
ing sequence with y1 < L™'. For alln > 0 and x € R?,

/Rd Iy —x* |2 Q% (x. dy) < {4n7'[1 +1og{G(x. c. y1. We()}]}.

where W, A, ¢ are given in (25) and Proposition 13, respectively.

PROOF. Let n >0 and x € R?. Consider the function ¢ : R — R defined by
for all r € R, ¢ (t) = exp{(n/4)(t + (4/1)*)!/?}. Since this function is convex on

R4, we have by the Jensen inequality and the inequality for all t > 0, ¢ () <
el Ha/Ha+D!/?

o[ Iy =< 1PQy . ) ! Qe

The proof is then completed using Proposition 13, Lemma 1 and that ¢ is one-to-
one with forall > 1, ¢~ (r) < 4n~'log(r))>. O

PROOF OF COROLLARY 14. Using VU (x*) =0, L1 and Lemma 28, we have
forall k >0

[ IVUGIPQh e dy) = L2n~ {1+ log(G (ke W) ).
4.10. Proof of Theorem 15. We preface the proof by a lemma.

LEMMA 29. Assume L1 and that U is convex. Then

~U Qm@+2@ -1y nPm? )

PROOF. By (24) and U (x*) =0, we have

-U® —nlly—x] .
/};@de dy = /Rde dy+/Rd Lijly—x* <ty 4Y-
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Then the proof is completed using the spherical coordinates. [

PROOF OF THEOREM 15. By [5], Theorem 1.2, & satisfies a Poincaré in-
equality with constant log~! (k). Therefore, the second term in (10) is dealt as in
the proof of Theorem 12 using (22), Lemma 29 and Lemma 26. [

4.11. Proof of Proposition 16. For all x € R, we have

nWe(x)
4(lx =x* P+ 1172

—(VU@).x =) = (| =7+ 1) o =27 + ).

A We(x) = (/) (Jx =P+ 1) x =)

By (24), (VU (x), x —x*) > n|lx —x*|| forall x € RY, || x —x*|| > M,,. Then, for all
x, |x — x*|| > K = max(M,;, 4d/n, 1), *We(x) < —(n?/8)We(x). In addition,
since U is convex and VU (x*) =0, for all x € R¢, (VU (x), x — x*) > 0 and we
g€t SUP(ycgy W (x) <B.

4.12. Proof of Proposition 20. Under L1, using that VU (x*) = 0, we get for
all x e R?

Ly = PRy )
(48) = |x —x*+y(VU(x*) = VU@))|* + 2yd
< (14 @Ly)?)|x = x*|* = 29(VU (x) — VU (x*), x — x*) + 2yd.
Then for all x € RY, ||x — x*|| > M, we getusing forall 1 >0, 1 —¢ <e™’,

[y =5 PRy e, ay) <47 = x* P+ 27

Using again (48) and [33], Theorem 2.1.5, equation (2.1.7), it yields for all x € R4,
x —x*|| < Ms,

/Rd ly = x*[*Ry (x. dy) < ye,

which completes the proof.
4.13. Proof of Proposition 22. We preface the proof by a lemma.

LEMMA 30. Assume H4. Then, for all x € R4,

|x =y VU@ = x> < (A —@y/2)|x = x|+ 7 (y + 20 IV,
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PROOF. Using that for all y,z € R?, [ly +z|> < (1 + @y /2 lyl* + (1 +
2(wy) 1| z||%, we get under H4(b)
) |x —yVU@) =% <A+ @y/2)|x —y VU (x) — x7 |
+y(y +20 )IVUaIL.

By [33], Theorem 2.1.12, Theorem 2.1.9, H4(b) implies that for all x, y € R4

(VUI(y) = VUI(x),y = x) = (@ /2)]ly — x|I* + MASEAAET

m+ L

Using this inequality and VU (x}) = 0 in (49) completes the proof. [J

PROOF OF PROPOSITION 22. For any y € (0,2/(m + L)), we have for all
xeR4

[EEE{ X
= Hx —yVU(x) —xl*||2 +2yd
< —ay/D|x = +y{(y + 20 ) IVU2I% + 24},

where we have used Lemma 30 for the last inequality. Since y; <2/(m + L1) and
(vx)k>1 1s nonincreasing, by a straightforward induction, for p > 1 and x € ]Rd,

[y = il ope.dy

P
(50) <[Ta-oy/2|x - i)
k=1

p p
+((n +20 HIVOIEL +2d) > T A —ow/2w.
i=nk=i+1

Consider the second term in the right-hand side of (50). Since y; <2/(m + Ly),
m < L1 and (Yx)k>1 is nonincreasing, maxy>1 Yk < @ ~! and, therefore,

14 p
Yo Il A—own/2y

i=nk=i+1

p p p
Sw_lz H (l—wyk/2)—1_[(1—wyk/2) <2 L.

i=n k=i+1 k=i O

4.14. Proof of Theorem 23. We preface the proof of the theorem by a prelim-
inary lemma.
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LEMMA 31. Assume H4. Let y € (0,2/(m + Ly)), then for all x € RY,

dé. R _
Ent (0 < LD = w2 =21 + v (v + 207 IV
+ oscpa(Uz) — (d/2)(1 + log(2Qym) — 2Ly y).
PROOF. Lety €(0,2/(m+ L1)) and r), be the transition density of R,, given

by (41). Under H4(a) by [33], Theorems 2.1.8-2.1.9, we have for all x € R,
Ui (x) < U (x}) + (L1/2)|lx — x}||. Therefore we have, for all x € R,

dé R
Entn( = y) = /]Rd log(ry (x, y) /7 (y))ry (x, y)dx

< Ry ¥ (x) — (d/2)(1 + log(4my)),
where v : R — R is the function defined for all y € R by

Y (y) = Ua(y) + Uy (x3) + (L1/2)|y — x3|* + log(/ e V@ dz).

(1)

R4
By H4(b) and Lemma 30, we get for all x € R?

R,y (x) = (L1/2)|x =y VU ) —x7[* + log( /R Jem @D dz)
+ oscga(Uz) +dL1y
< Li/D{U=my/)|x —xi P+ (v + 20 ) IVUIL)
+ oscra(Uz) +dL1y.
Plugging this bound in (51) gives the desired result. [

PROOF OF THEOREM 23. We first deal with the second term in the right-hand
side of (10). Under H4, [4], Corollary 5.7.2, and the Holley—Stroock perturbation
principle ([19], page 1184) show that 7 satisfies a log-Sobolev inequality with
constant C g = — log_1 (x). So by (32) we have

dé, Q" \1/2
80" P — 7|y < Kf{zEmﬂ( = V)} .
We now bound Ent (d§, Q7”/ /dm) which will imply the upper bound of C (éy Q)’j).
We proceed by induction. For n = 1, it is Lemma 31. For n > 2, by (42) and the
Jensen inequality applied to the convex function ¢ — ¢log(¢), we have, for all
xeRYandn > 1,

Ent, (d, Q7 /dmr)
52 = [ togfr'0) [y o e [ g o, e dzdy

< [, [, 1oelr v 0l 2 2. ) dzdy.
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Using Fubini’s theorem, Lemma 31, Proposition 22 and the inequality t > 0, 1 —
t <e'in (52) implies the bound of C (8, oY)

Finally, A(y, x) is bounded using the inequality for all y, z € R, ly + z||? <
2(Ily1I> + 121>, H4 and Proposition 22. [

5. Quantitative convergence bounds in total variation for diffusions. In
this part, we derived quantitative convergence results in total variation norm for
d-dimensional SDEs of the form

(53) dX, = b(X,)dr +dB¢,

started at Xy, where (Bfl )s>0 1s a d-dimensional standard Brownian motion and
b:R? — R satisfies the following assumptions:

G1. bis Lipschitz and for all x,y € R?, (b(x) — b(y),x — y) <O0.

Under G1, [20], Theorems 2.4-3.1-6.1, Chapter 1V, imply that there exists a
unique solution (X;);>o to (53) for all initial point x € R4, which is strongly
Markovian. Denote by (P;);>¢ the transition semigroup associated with (53). To
derive explicit bound for ||P;(x,-) — P;(y, -)|ITv, we use the coupling by reflec-
tion, introduced in [27] to show convergence in total variation norm for solution of
SDE, and recently used by [15] to obtain exponential convergence in the Wasser-
stein distance of order 1. This coupling is defined as (see [10], Example 3.7) the
unique strong Markovian process (X;, Y;);>0 on R, solving the SDE

dX, = b(X,)dr +dB?,

54
oD dY, = b(Y,)dt + (Id —2e¢;eT) dB?,

where ¢; = e(X; — Yy)

with e(z) = z/||z|| for z # 0 and e(0) = 0 otherwise. Define the coupling time
(55) 7. = inf{s > 0|X; # Y,}.

By construction X, =Y, for # > z.. We denote in the sequel by P, y) and E. )
the probability and the expectation associated with the SDE (54) started at (x, y) €
R?“ on the canonical space of continuous function from R to R?¢. We denote by
(]T})tzo the canonical filtration. Since l_?td = fé (Id —2esesT) dBS‘,i is a d-dimensional
Brownian motion, the marginal processes (X;);>o and (Y;);>0 are under If”(x, )
weak solutions to (53) started at x and y, respectively. The results in [27] are
derived under less stringent conditions than G1 but do not provide quantitative
estimates.

PROPOSITION 32 ([27], Example 5). Assume G1 and let (X;, Y;):>0 be the
solution of (54). Then for allt >0 and x,y € RY, we have

Plryy (Te > 1) = Pr ) (X, £ Y,) <2(@{(20) 7 lx — ylI} - 1/2).
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PROOF. Fort < 1., X; — Y, is the solution of the SDE
d{X; — Y} = {bXy) — b(Y,)} dr + 2¢; dBtl,

where le = f(; ]1{S<TC}eST dBf. Using It&’s formula and G1, we have for all ¢ < 7,
t
1Xe = Yl = llx =yl +f0 (b(Xy) — b(Y), e)ds + 2B < [|lx — y| +2B;.

Therefore, for all x, y € R? and t > 0, we get

Blay (e > 1) < By (min B! = |lx = yl/2)

& 1 5 1
=Py (max B < x = y1/2) =Peyn (B] < I = y11/2),
where we have used the reflection principle in the last identity. [

Define for R > 0 the set Ag = {x, y € R|||x — y|| < R}. Proposition 32 and
Lindvall’s inequality give that, for all € € (0, 1) and > w (e, R),
(56) sup [Py (x, ) =Py (y, )| py <2(1 =),

(x,y)eAg
where w is defined in (29). To obtain quantitative exponential bounds in total vari-
ation for any x, y € R?, it is required to control some exponential moments of the
successive return times to Ag. This is first achieved by using a drift condition for
the generator ./ associated with the SDE (53) defined for all f € C 2(RY) by
A f=(b,Vf)+(1/2)Af.

Consider the following assumption:

G2. (i) There exist a twice continuously differentiable function V : R?
[1, 00) and constants 6 > 0, B > 0 such that

(57) AV < -0V 4+ B.
(i1) There exists § > 0 and R > O such that ® C AR where
(58) O={(x,y) eR¥*|V(x)+ V(y) <2018 +5}.

For 7 > 0, and G a closed subset of R?¢, define by T?’t the first return time to
G delayed by ¢:
TO = inf{s > 1|(X,, Ys) € G}
For j > 2, define recursively the jth return time to G delayed by ¢ by
(59)  TY'=inf{s > TV +1](X,, Y5) € G} =T + T o Sy

J

where S is the shift operator on the canonical space. By [16], Proposition 1.5
Chagter 2, the sequence (T?’I) j=1 1s a sequence of stopping time with respect
to (F1)r>0.
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PROPOSITION 33. Assume G1 and G2. Forall x,y € R e e O,1) and j >
1, we have

B[’ < (K@Y {1/2)(V@) + V() +eeRg-lg),

(60) 0=0%5028+05)"",
K(e) =671 B(1+ "R 1572,
where w is defined in (29).
PROOF. For notational simplicity, set T; = T?’w(E’R) . Note that for all x,y €
Rd
AV )+ V() <=0V + V() +26lex, ).
Then by the Dynkin formula (see, e.g., [32], equation (8)) the process
te (12" MOV Xy 0) + V(Yra0}, 1206 R),

is a positive supermartingale. Using the optlonal stopping theorem and the Markov
property, we have, using that for all 7 > 0 E(x v) [egtV(X,)] <Vx)+B671 ef",

iy [eM] < (1/2)(V (@) + V() + P RG1p,

The result then follows from this inequality and the strong Markov property. [J

THEOREM 34. Assume G1 and G2. Then for all e € (0,1),t>0and x,y €
R,

1P Gx, ) = Py, ) |y <7721/ (V) + V() + P2ERG1g) 2
where w is defined in (29), 6, K(e) in (60) and

log () = (6/2) log(1 — €){log(K(€)) — log(1 — )} !

PROOF. Letx,ye€ RYand7>0.Forall > 1and e € 0, 1),

(61) Pley)(Te > 1) <Py (te > 1, Ty < 1) + Py (Te > 1),

where Ty, = T?’w(é’R). We now bound the two terms in the right-hand side of

this equation. FO}: the first term, since ® C AR, by (56), we have conditioning
successively on Fr;, for j =¢, ..., 1, and using the strong Markov property,

(62) Piyy(te>1,Te<t) < (1—€)".
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For the second term, using Proposition 33 and the Markov inequality, we get
Pa,y) (Te > 1)
<Py (T1 > 1/2) + B,y (Te = Ty > 1/2)
<e M2{1/2)(V(x) + V(y)) + P@RG1 g} 4 e~ 01/2 (K (e)}
The proof is completed combining this inequality and (62) in (61) and taking £ =
2-16r/(log(K(€)) —log(l —¢€))]. O

More precise bounds can be obtained under more stringent assumption on the
drift b; see [6] and [15].

G3. There exist MS > 1land mg > 0, such that forall x, y € RY, lx—y|l = MS,

(b(x) = b(y), x — y) < —rits|lx — yI*.

PROPOSITION 35. Assume G1 and G3.
(a) Forallx,yeR%ande € (0,1),

~ Mg Ay w(e,My) . -
Ex,y) [exp(f(rc AT ))} <14 lx =yl + (1 + My)e™s @ M/2,

(b) Forallx,yeR% ee(0,1)and j>1,

R ~ Ay o(e, M)
E(x,y) [exp((ms/Z)(-L-c A T] Mg ))]

(63) < (DO} 1+ Ilx — yll + (1 + My M2y,
D(e) = (1 + @ ©M/2) (| 4 7,),
where w is given in (29).

A g0 (€,My)
PROOF. In the proof we set T; = T,™ .

1. Consider the sequence of increasing stopping time
uo=inf{t > X, = Y, ¢ [k~ &)}, k=1,

and set ¢y = tx A T1. We derive a bound on IE(X, ylexp{(ms/2)¢k}] independent
on k. Since limg_ o0 T Tk = 7, almost surely, the monotone convergence theo-
rem implies that the same bound holds for fE(x, ylexp{(ms/2)(te ATp)}]. Set now
Ws(x,y) =1+ ||x — y]|. Since Wg > 1 and 1. < o0 a.s. by Proposition 32, it suf-
fices to give a bound on fE(x,y) [exp{(ms/2) sk YW (X, , Y )1. By 1t0’s formula, we
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have forall v, <., v <t,

~ o t m
emst/ZWs X:, Yy) = emsv/st(Xv, Yy) + (ms/2) / emsu/QWS(Xu’ Y,)du
(64) v
ro ro
+/ e™12(b(X,,) — b(Y,), e,)du + 2/ eMsu/2qpl.
v v
Using G3(b), we have for all k > 1 and 1, = w(e, M) <v <t
e(nas/z)(;kAz)Ws(ngN’ Yionr) < e(ms/z)(CkAv)Ws X avs Yern)

SNt
+2 e™s/2dB!.

Lk AV

So the process
{exp((s/2) gk A 1))Ws(Xiyars ngm)},z,s
is a positive supermartingale and by the optional stopping theorem, we get
(65)  Eqr,y[e™PHW (X, Yo)] < Eep [P OWXgonr,s Yoens,)],
where we used that ¢ At = 1 A t5. By (64), G1 and G3, we have
E e [e™/PEMIW (X nrys Yeenr)] < Wix, ) + (14 Moe™H/2,
and (65) becomes
B [e™/ P95 W(Xe,, Yo, )] < Ws(x, y) + (14 M)e™"/2.

2. The proof is by induction. The case j = 1 has been established above. Now
let j > 2. Since on the event {t. > T;_1}, we have
TeAT;=Tj 1+ (T AT) oSt

-1

where S is the shift operator, we have conditioning on .ij_l, using the strong
Markov property, Proposition 32 and the first part,

Eev Lo, pe™/2 0] < DOy ) [ L1, pe ™21,

Then the proof follows since D(¢) > 1. [

THEOREM 36. Assume G1 and G3. Then for all € € (0,1), t > 0 and
X,y € R4,

PG, ) = Pe(y, oy < {A =7+ 14 [Ix — yll}«’,
log(x) = (i2s/2) log(1 — €)(log(D(e)) — log(1 —€)) ™",
where D(¢€) is defined in (63).
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PROOF. The proof is along the same lines as Theorem 34. Set T; =
A (€, My) . d
; s for j>1.Letx,yeR*and¢t >0.Forall £>1and € € (0, 1),

(66) Pl (te > 1) < Py (te > 1, To < 1) + Py (Te AT > 1).

For the first term, by (56) we have conditioning successively on Fr ;» for j =
£, ..., 1, and using the strong Markov property,

(67) Pay(te>1,Tg<1) < (1 —e)t.

For the second term, using Proposition 35(b) and the Markov inequality, we get

~ _ st /-1 ~ lﬁsw(e,Ms)
(68) Ppy(TeAte>1) <e (D@} {1+ x — yll + (1 + Me™ = ).
Taking ¢ = | (mst/2)/(log(D(€)) — log(1 — €))]| and combining (67)—(68) in (66)
completes the proof. [J

5.1. Proof of Theorem 17 and Theorem 21. Recall that (P;);>0 is the Markov
semigroup of the Langevin equation associated with U and let 7" be the corre-
sponding generator. Since (P;);>¢ is reversible with respect to 7, we deduce from
Theorem 34 and Theorem 36 quantitative bounds for the exponential convergence
of (P;);>0 to & in total variation noting that if (¥;);>0 is a solution of (1), then
(Y:,2)1>0 is a weak solution of the rescaled Langevin diffusion:

(69) d¥; = —(1/2)VU (Y;)dr 4+ dBY.

PROOF OF THEOREM 17. Since the generator associated with the SDE (69)
is (1/2)/ L Proposition 16 shows that (57) holds for W, with constants 6 /2 and
B/2. Using that for all a1, ar € R, e@192)/2 < (1/2)(e® + ¢%2), G2(ii) holds for
§=20"18and R = (8/n)log(460~! ). By Theorem 34 with € = 1/2, we get for
allx,yeR%and >0,

| PeCx,) = Py )|y
(70) <2w' +e " (1/2)(We(x)
(71) + We(y)) + 29—1ﬂe40_1a)(2_1,(8/n)log(49_1/3))}’

where o is defined in (30a). By [32], Theorem 4.3(ii), (57) implies that
Jra We(y)m(dy) < /89_1. The proof is then concluded using this bound, (70) and
that 7t is invariant for (P;);>o. U

PROOF OF THEOREM 21. By applying Theorem 36 with € = 1/2, the triangle
inequality and using that r is invariant for (#);>0, we have

|G,y =]y < {3 + = x| +/Rd Iy —x*||dn(y>}xf.
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It remains to show that [pa ||y — x*||dm(y) < (d/m + Msz)l/z. For this we es-
tablish a drift inequality for the generator </ of the Langevin SDE associated
with U. Consider the function Ws(x) = ||x — x*||. For all x € R? we have, using
VU (x*) =0,

F"Wi(x) <2(d — (VU (x) — VU (x*), x — x*)).
Therefore, by G3, for all x € R?, ||x — x*|| > M, we get
AW (x) < —2mW(x) +2d,
and for all x € RY,
YW (x) < —2mWi(x) +2(d +mM?).

By [32], Theorem 4.3(ii), we get [ps Ws(y)dm(y) <d/m + MSZ. The bound on
C (5 Q’;,) is a consequence of the Cauchy—Schwarz inequality, Proposition 20 and
Lemma 1. The bound for A(y, x) similarly follows from L1, Proposition 20 and
Lemmal. [
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