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TRACY-WIDOM DISTRIBUTION FOR THE LARGEST
EIGENVALUE OF REAL SAMPLE COVARIANCE MATRICES
WITH GENERAL POPULATION
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We consider sample covariance matrices of the form Q =
(EI/ZX)(Z]/ZX)*, where the sample X is an M x N random matrix whose
entries are real independent random variables with variance 1/N and where X
is an M x M positive-definite deterministic matrix. We analyze the asymp-
totic fluctuations of the largest rescaled eigenvalue of Q when both M and N
tend to infinity with N/M — d € (0, 0o). For a large class of populations X
in the sub-critical regime, we show that the distribution of the largest rescaled
eigenvalue of Q is given by the type-1 Tracy—Widom distribution under the
additional assumptions that (1) either the entries of X are i.i.d. Gaussians or
(2) that X is diagonal and that the entries of X have a sub-exponential decay.
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1. Introduction. Covariance matrices are fundamental objects in multivariate
statistics whose study is an integral part of various fields such as signal processing,
genomics, financial mathematics, etc. Sample covariance matrices are the simplest
estimators for population covariance matrices: The population covariance matrix
of a mean-zero random variable y € RM is ¥ := Eyy’. Given N independent sam-
ples (y1,...,¥yn) of y, ¥ may be estimated through the sample covariance ma-
trix Q := % Zf\’: 1 yiyi'. Indeed, since EQ = X, Q converges, for fixed M, almost
surely to £ as N tends to infinity. However, in many modern applications the pop-
ulation size M may be as large or even larger than N, and hence, one may take
M and N simultaneously to infinity in an asymptotic analysis. In this setting, X
cannot be estimated through Q due to the high dimensionality. Yet, some proper-
ties of ¥ may be inferred from spectral statistics of Q, for example, the limiting
behavior of the largest eigenvalues of Q is frequently used in hypothesis testing
for the structure of X.

In this paper, we investigate the limiting behavior of the largest eigenvalues of
the form

(1.1) Q=(z'2x)(='2x)",

where the sample or data matrix, X, is an M x N matrix whose entries are a
collection of independent real or complex random variables of variance 1/N and
where the general population covariance, X, is an M x M real positive-definite
deterministic matrix. We are interested in the high-dimensional case, where d:=
N/M — d € (0,00), as N — oco. We further mainly focus on the real setting,
where X is a real data matrix, since, mathematically, the complex case is easier to
deal with. Also, the real case is of primary interest in statistics, although complex
data matrices arise in some applications. For detailed discussions of this model, we
refer to, for example, [3, 6, 14, 28, 29]. In Section 2.4 we outline an application of
this model. We denote the eigenvalues of Q and ¥ in decreasing order by (,u,-)f‘i |
and (o) ;1;14:1’ respectively.

The main results of this paper show that the limiting distribution of the largest
rescaled eigenvalue of Q is given by the Tracy—Widom distribution, that is,

(1.2) Jim P(yN*P(u1 — Ey) <5)=Fils) (s €R),
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where 9 = v (N) and E; = E(N) depend only on the sequence (am)f‘,le and
the ratio d. Here, F; denotes the cumulative distribution function (CDF) of the
type-1 Tracy—Widom distribution [46, 47] which arises as the limiting CDF of
the largest rescaled eigenvalue of the Gaussian orthogonal ensemble (GOE). More
precisely, we show that (1.2) holds in the “sub-critical regime” where the largest
eigenvalues of X are close to the bulk of the spectrum of X (for a precise statement
see Assumption 2.2 below) and if either of the following holds:

(1) the entries of X are i.i.d. real Gaussians (Corollary 2.7), or
(2) the general population ¥ is diagonal and the entries of X have a sub-
exponential decay (Theorem 2.4).

Our results are also valid in the setting of complex data matrices X. In that setup,
one replaces Fp in (1.2) by F3, the CDF of the type-2 Tracy—Widom distribution
which arises as the limiting CDF of the largest rescaled eigenvalue of the Gaussian
unitary ensemble (GUE).

To situate our result in the literature, we first recall that the limiting spectral
distribution of the model (1.1) was derived for general ¥ by Marchenko and Pastur
[34]. When X has i.i.d. Gaussian entries, Q is called a Wishart matrix. For Wishart
matrices with identity population covariance, often referred to as the null case,
it is well known that the limiting distribution of the largest rescaled eigenvalue
coincides with the corresponding distribution of the GOE and GUE, respectively:
in the null case, (1.2) was obtained in [28] for real Wishart matrices and in [27] for
complex Wishart matrices.

In the nonnull case, where ¥ is not a multiple of the identity matrix, first results
were obtained for spiked population models introduced in [28], where X is a finite
rank perturbation of the identity matrix. Complex spiked Wishart matrices were
studied in [4], where an interesting phase transition in the asymptotic behavior of
the largest rescaled eigenvalue as a function of the spikes was observed. In partic-
ular, it was shown that the largest rescaled eigenvalue follows the Tracy—Widom
distribution F, in the sub-critical regime, that is, for small finite rank perturba-
tions. These results rely on an explicit formula—the Baik—Ben Arous—Johansson—
Péché (BBJP)-formula—for the joint eigenvalue distribution of complex Wishart
matrices. For real Wishart matrices, the counterpart of the BBJP-formula is not
available, due to the lack of an analogue of the Harish—Chandra—Itzykson—Zuber
integral for the orthogonal group. Relying on quite different methods, almost sure
convergence of the largest eigenvalues was derived in [5] and Tracy—Widom fluctu-
ations of the largest eigenvalue of spiked population models were obtained in [23].
The equivalent results of the aforementioned phase transition for finite rank per-
turbations were obtained in the real setting in [10, 11, 25, 36].

In the general nonnull case, sufficient conditions for the validity of (1.2) in the
sub-critical regime were given in [14] for the nonsingular case d € (0, 00), d # 1
and in [39] for the singular case d = 1. Yet, these results rely on the BBJP-formula
and are thus limited to complex Wishart matrices. Corollary 2.7 below establishes



TRACY-WIDOM LIMIT FOR SAMPLE COVARIANCE MATRICES 3789

under similar assumptions the limiting behavior (1.2) for real Wishart matrices
with general population.

The aforementioned results are believed to be universal in the sense that they
are independent of the details of the distributions of the entries of X (provided
they decay sufficiently fast). This phenomenon is referred to as edge universal-
ity. It was established in the null case in [22, 41, 44] for symmetric distributions
and subsequently in [50] for distributions with vanishing third moment. This third
moment condition was removed in [42]. For spiked sample covariance matrices,
universality results were obtained in [23] under the assumption that the entries’
distribution of X are symmetric. This condition was removed in [9]. For full rank
deformed populations matrices X, universality results were obtained in [6] under
the assumption that ¥ is either diagonal or that the first four moments of the en-
tries’ distribution of X match those of the standard Gaussian distribution in case X
is nondiagonal. Recently, the edge universality was established in [31] for general
3. Once the edge universality for general sample covariance matrices has been
established, the limiting CDF of the rescaled largest eigenvalue may then be iden-
tified in the complex setting with F, via the results of [14, 39]. In the real setting,
this identification was only possible in the null case and finite rank deformations
thereof. Our main new results allow this identification in the real setting with gen-
eral population covariances, that is, it allows to identify F7 as the limiting CDF of
the rescaled largest eigenvalue.

Our proof of (1.2) is based on a comparison of Green functions. Discrete Green
function comparison via Lindeberg’s replacement strategy [13, 45] was used to
prove the edge universalities of Wigner matrices [21, 45] and of null sample co-
variance matrices [42]. Continuous Green function comparison was used to estab-
lish CLT results for linear statistics of null sample covariance matrices [33], and
more recently, to derive estimates on the Green function itself, that is, local laws,
for nonnull sample covariance matrices [31]. However, as for the deformed Wigner
matrices considered in [32], a direct application of discrete or continuous Green
function comparison does not work for nonnull sample covariance matrices. We
thus adopt the new approach developed in [32]: we consider a continuous interpo-
lation between the given sample covariance matrix and a null sample covariance
matrix. We follow the associated Green function flow and estimate its change over
time. This change is then offset by rescaling the matrix.

Our analysis requires as an a priori ingredient a local law for the Green function,
that is, an optimal estimate on the entries of the Green function on scales slightly
below N~%/3 at the upper edge (see Lemma 3.3 below for a precise statement).
Optimal local laws in the bulk and at the edges of the spectrum were obtained for
Wigner matrices in [17, 19, 20]. Using a similar approach, optimal local laws for
sample covariance matrices with ¥ = 1 were obtained in [42]; see also [8, 18].
These results were extended to sample covariance matrices with general popula-
tion under a four moment matching condition in [6]. The four moment matching
condition was very recently removed in [31].
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This paper is organized as follows: In Section 2 we define the model, present
the main results of the paper and outline some applications. In Section 3 we collect
the tools and known results we need in our proofs. In Section 4 we prove the
main theorems using our essential new technical result, Proposition 4.1, the Green
function comparison theorem at the edge. In Sections 5 and 6 we outline the ideas
of the proof of the Green function comparison theorem. Its technical details can be
found in the Appendices A, B and C. Some results required in these Appendices
are adaptations from [32].

2. Definitions and main result.
2.1. Sample covariance matrix with general population.

DEFINITION 2.1.  Let X = (x;;) be an M x N matrix whose entries {x;; : 1 <
i <M,1<j < N}are a collection of independent real random variables such that

1
2.1) Ex;; =0, E|xij|2=ﬁ.

Moreover, we assume that (+/Nx;;) have a sub-exponential tail, that is, there are
C and ¥ > 0 such that

2.2) P(Iv/Nx;j| > 1) <Ce™,

for all i, j.
Further, M = M (N) with

~ N
23 d:_ d Ov )
(2.3) - € (0, 00)

as N — oo. For simplicity, we assume that N/M is constant, hence we use d
instead of d.

Note that we do not require in Definition 2.1 that the entries or columns of X
are identically distributed.

Let ¥ be an M x M real positive-definite deterministic matrix. We denote by p
the empirical eigenvalue distribution of X, thatis,if weleto; >0, > --- >0 >0
be the eigenvalues of X, then

1 M
(2.4) pi=1r Zl 8-
j:

We then form the sample covariance matrix

2.5) Q:=(2'?x)(=12X)",
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and denote its eigenvalues in decreasing order by (1 > pp > --- > up. Note that
the M x M matrix Q and the N x N matrix

(2.6) 0:=X*TX

share the same nonzero eigenvalues. Since we are interested in behavior of the
largest eigenvalues, we focus on Q since it is for technical reasons more amenable
than Q. With some abuse of terminology, we also call Q a sample covariance
matrix and we denote its M largest eigenvalues by (Mi)iAi 1» also.

2.2. Deformed Marchenko Pastur law. Assuming that the empirical spectral
distribution p of ¥ converges weakly to some distribution p, it was shown in [34]
that the empirical eigenvalue distribution of Q converges weakly in probability to
a deterministic distribution, pg., referred to as the “deformed Marchenko—Pastur
law” below, which depends on p and the ratio d. It can be described in terms of
its Stieltjes transform: For a (probability) measure w on the real line, we define its
Stieltjes transform by

@.7) Mo (2) == / Q) —E+tigech).

RV—Z
Here and below, we write z = E + in, with E € R, n > 0. Note that m,, is an ana-
Iytic function in the upper half-plane and that Imm(z) > 0, Imz > 0. Assuming
that w is absolutely continuous with respect to Lebesgue measure, we can recover
the density of w from m,, by the inversion formula

(2.8) w(E) = lim l Immy,(E +in) (E eR).
mN\O T

We use the same symbols to denote measures and their densities.

Choosing w to be the standard Marchenko—Pastur law pmp, the Stieltjes trans-
form m ,;, = mmp can be computed explicitly and one checks that myp satisfies
the relation

1

29 mwp@)=——7—5—  Immwe@z0 (T

mmp(z)+1

The deformed Marchenko—Pastur law pg. is defined as follows. Assume that o
converges weakly to p as N goes to infinity. Then the Stieltjes transform of the
deformed Marchenko—Pastur law, mg., is obtained as the unique solution to the
self-consistent equation

1
—z+d7 [g i de @)’

mge(z) =

(2.10)
Immg(z) >0  (zeC™h).
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It is well known [34] that the functional equation (2.10) has a unique solution
that is uniformly bounded on the upper half-plane. The density of the deformed
Marchenko—Pastur law pg. is obtained from m¢. by the Stieltjes inversion formula
(2.8). The measure pg. has been studied in [43], for example, it was shown that
the density of pg is an analytic function inside its support. The measure py is also
called the multiplicative free convolution of the Marchenko—Pastur law and the
measure p; we refer to, for example, [2, 49].
For finite N, we let 7ig. denote the unique solution to

1
—z4+d7 ! [ m dp(t)’

me(Z) =

(2.11)
Imiig(z) >0  (zeCh),

and let pg. denote the measure obtained from #ig.(z) through (2.8). It is easy to
check that pg. is a well-defined probability measure with a continuous density.

The rightmost endpoint of the support of pg. is determined as follows. Define
&4 as the largest solution to

(2.12) /R(l t_i; )2 dp(t) =d,

with d = % Note that & is unique and that £, € [0, 0" 1. We also introduce E,
by setting
1 _ 164
2.13 E :=—<1+d ‘/ dAt).
(2.13) = A p(t)
Considering the imaginary part of (2.11) in the limit n N\ 0, one infers from [43]

that the rightmost edge of pg, that is, the rightmost endpoint of the support of pr.,
is given by E and that

(2.14) Ey=— %i_%n?fc(EJr +in) = —nige(E4).

The following assumption is required to establish our main results. It appeared
previously in [6, 14].

ASSUMPTION 2.2. Let 01 > 03 > --- > o) denote the eigenvalues of X.
Then, we assume that liminfy o) > 0, limsupy o1 < 0o and

(2.15) limsupoéy < 1.
N

REMARK 2.3. We remark that Assumption 2.2 was used in [6, 31] to derive
the local deformed Marchenko—Pastur law for Q. The inequality (2.15) guarantees
that the distribution pg.(E) exhibits a square-root type behavior at the rightmost
endpoint of its support; see Lemma 3.2 below.
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2.3. Main result. 'The main result of this paper is as follows.

THEOREM 2.4. Let Q = X*X X be an N x N sample covariance matrix with
sample X and population ¥, where X is a real random matrix satisfying the as-
sumptions in Definition 2.1 and ¥ is a real diagonal deterministic matrix satisfying
Assumption 2.2. Recall that F| denotes the cumulative distribution function of the
type-1 Tracy—Widom distribution.

Let 1 be the largest eigenvalue of Q. Then, there exist yo = Yo(N) depending
only on the empirical eigenvalue distribution p of ¥ and the ratio d such that the
distribution of the largest rescaled eigenvalue of Q converges to the Tracy—Widom
distribution, that is,

(2.16) Jim PN (1 — Ey) <5) = Fi(s),
—00
forall s € R, where E; = E(N) is given in (2.13).

REMARK 2.5. The scaling factor yg = yo(N) is given by [14]

2.17) =2+ )3dA(t)+i
' e T ake\Tmie) PV T

The factor yg has the following meaning: It was shown in [43] that the deformed
Marchenko—Pastur law pg. exhibits a square-root behavior, that is,

pre(E) = Co\JEx — E(1+ O(JE4+ — E))  (E<Ey),
at the upper edge E, with

co L2 1/2 11 Lo
0—;<g,,(§+)> L sw= g [,

Thus, the choice of yy in (2.17) makes the “curvature” at the upper edge coincide
with that of Wigner semicircle law, 1 /7. Moreover, it follows from Assumption 2.2
that yp ~ 1.

REMARK 2.6. Theorem 2.4 can be extended to correlation functions of the
extremal eigenvalues as follows: Let WEF be an N x N random matrix belonging
to the Gaussian Orthogonal Ensemble (GOE); see [2, 35]. The joint distributions
of ui°F > u§°F > ... > u§PF, the eigenvalues of W9F, are explicit and the joint
distribution of the k largest eigenvalues can be written in terms of the Airy kernel
[24] for any fixed k. The generalization of (2.16) to the k largest eigenvalues of QO
then reads

lim P((yoN*>(wi — E4) <51),2i4)
N—oo T
(2.18)
= lim ]P)((Nz/3 (M,‘GOE - 2) =< si)1<i<k)’
N—oo T

for all 51, 52, ..., s € R.
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If the entries of X are Gaussian, the result in Theorem 2.4 holds for general,
nondiagonal X.

COROLLARY 2.7. Let Q = X*3X be an N x N sample covariance matrix
with sample X and general population ¥, where X is a real random matrix with
independent Gaussian entries satisfying the assumptions in Definition 2.1 and ¥
is a real positive-definite deterministic matrix satisfying Assumption 2.2. Let |11 be
the largest eigenvalue of Q.

Then the distribution of the largest rescaled eigenvalue of Q converges to the
type-1 Tracy—Widom distribution, that is,

(2.19) Jim P(yoN*P (1 — Ey) <5) = Fi(s),
— 00

for all s € R, where E; = E(N) is given in (2.13) and yo = yo(N) is given
in (2.17).

REMARK 2.8. For non-Gaussian X and general off-diagonal X, we can com-
bine our results with edge universality results in [6, 31] to identify the Tracy—
Widom distribution for the largest eigenvalues.

2.4. Applications. In this subsection we briefly discuss possible applications
of our results to statistics. For a general overview of applications of random matrix
theory to statistical inference we refer to the review [29], where the following
application to signal detection problems is described.

Consider a signal-plus-noise vector

(2.20) y:i=Ds+ 3%,z

of dimension M, where s is a k-dimensional real mean-zero signal vector with
population covariance matrix S, D is a M X k real deterministic matrix which is of
full column rank, z is an M-dimensional real or complex random vector and Xg is
an M x M deterministic positive-definite matrix. In many situations, z is assumed
to be Gaussian. Assuming that the signal vector, Ds, and the noise vector, Eé/
are independent the population covariance matrix, ¥, of y is given by

(2.21) > =DSD* + %.

2
z,

A fundamental question is to detect signals from given data, for example, from
independent samples, (y;) lN: 1» of y and its associated sample covariance matrix Q.
A first step in this analysis is to determine whether there is any signal present that
can be detected at all. Once signals are detected, one is led to estimate k. More
precisely, the first aim is to test, with general correlation noise Eé/ 22, whether
there is no signal present, that is, to test the null hypothesis k£ = 0 against the
alternative hypothesis k > 1. For details and results in the classical setting of large
sample size N and low dimensionality M, see [30].
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In the high dimensional setup, the described signal detection problem was con-
sidered in [7, 37], where the usability and performance of the largest eigenvalue
as a test statistics was discussed in the presence of white Gaussian noise, that is,
3o = 1 and Gaussian z. In [38], the detection problem in presence of correlated
Gaussian noise, that is, X # 1 and Gaussian z, was discussed at length. We also
refer to [48] for further developments.

In the discussion above, it was implicitly assumed that ¥ is known a priori.
For many real systems, however, X is usually unknown. In particular, ¢, £ and
yp of, for example, (2.16), are unknown and the largest eigenvalue ©; may not
directly be used as a test statistics. Following [40], we observe that E and yy are
eliminated under the null hypothesis in the test statistics R := (1 — u2)/(u2 —
wu3), with py, us, the second, respectively, third largest eigenvalue of Q. On the
other hand, the limiting distribution of R is determined by the Tracy—Widom—Airy
statistics under the null hypothesis as stated in Remark 2.6 above. In fact, in the
complex setting the test statistics R was shown [40] to be asymptotically pivotal
under the null hypothesis and one expects the same results to hold in the real
setting. While there is no explicit formula for the limiting distribution of R, it may
be effectively approximated by using numerics for extremal eigenvalues of GOE,
respectively GUE, matrices.

3. Preliminaries.

3.1. Notation. We first introduce a notation for high-probability estimates
which is suited for our purposes. A slightly different form was first used in [15].

DEFINITION 3.1. Let
X=XMuw:NeNuetu®™),  v=0YMw:NeNuet®™)

be two families of nonnegative random variables where U™") is a possibly N-
dependent parameter set. We say that Y stochastically dominates X, uniformly in
u, if for all (small) ¢ > 0 and (large) D > 0,

(3.1) sup P[XM (@) > N YNMw)]<NP,
ueUm)
for sufficiently large N > Ny(e, D). If Y stochastically dominates X, uniformly in

u, we write X < Y. If for some complex family X, we have | X| < Y we also write
X =0().

The relation < is a partial ordering: it is transitive and it satisfies the arithmetic
rules of an order relation, for example, if X| < Y] and X, < ¥ then X| 4+ X, <
Y1 4+ Y5 and X1 X3 < Y1Ys. Furthermore, the following property will be used on
a few occasions: If ®(u) > N~C is deterministic, ¥ (1) is a nonnegative random
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variable satisfying E[Y w)]? < N€ for all u, and Y (u) < ®(u) uniformly in u,
then E[Y (u)] < ®(u), uniformly in u. This can be easily checked since
E[|Y @2(|¥ )] > N 2@)] < E[|Y ) [*) /@[y )] > N/*@]) ! < NP,

for any (large) D > 0, and E[|Y (u)|1(|Y (u)| < N/>®)] < N¢/?®(u), hence
E[Y(u)] < N¢D(u).

We use the symbols O(-) and o(-) for the standard big-O and little-o notation.
The notation O, o, <, >, refer to the limit N — oo unless otherwise stated. Here,
a < b means a = o(b). We use ¢ and C to denote positive constants that do not
depend on N, usually with the convention ¢ < C. Their value may change from
line to line. We write a ~ b, if there is C > 1 such that C~1|b| < |a| < C|b|.

Finally, we use double brackets to denote index sets, that is,

[n1, n2ll :=[n1, n2]lNZ,
for n 1,12 € R.
3.2. Local deformed Marchenko—Pastur law. For small positive ¢, ¢ and suf-

ficiently large Cy, (C4 > E4), we define the domain, D(c, ¢), of the spectral pa-
rameter z by

D(c,e):={z=E+ineCT:Ey —¢c<E<Cy,N°N'<p<1}.
Let « =« :=|E — E.|. Then we have the following results.

LEMMA 3.2 (Theorem 3.1 in [6]). Under Assumption 2.2, there is ¢ > 0 such
that

(3.2) pr(E)~\JEx —E  (E€[E4 —2c, E4)).
The Stieltjes transform nis.(z) of prc satisfies the following:

(1) Forz € D(c,0),
(3.3) ige(2)] ~ 1.

(i1) For z € D(c,0),

n
(3.4) Imiig(z) ~ { VK +1
\/K+nv 1fE€[E+_C,E++77)

ifEZE++77,

We introduce the z-dependent control parameter, W (z), by setting

m@m»m+1

(3.5) wzwcy=( N N
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We remark that, for z = E + in with kg < N~2/3*¢ and n = N=2/3~¢_ we have
W< CNTI3FE
Define the Green function G = ((Gg);;) by
(3.6) Go):=(Q-2~" (zeC¥),

and denote its normalized trace by

1
3.7 mg(z) = NTI’GQ(Z) (ze (C+).

Recall that ; denotes the largest eigenvalue of the sample covariance matrix
0. We have the following local law from [6].

LEMMA 3.3 (Theorems 3.2 and 3.3 in [6]). Under Assumption 2.2 we have,
for any sufficiently small ¢ > 0,

1
(3.8) |mg(z) — Mg (z)] < No' H}Z}XKGQ)U (z) — 8ijmrc(z)] < W (2),

uniformly in z on D(c, ), where c is the constant in Lemma 3.2. Moreover, we
have

(3.9) 1 — E4| < N2/,

where E is given in (2.13).

3.3. Density of states. In this subsection we explain how the distribution of
the largest eigenvalues of Q can be related to m(z) for appropriately chosen z.
The arguments given here are small modifications of the methods presented in [21,
32,42].

Recall the definition of the scaling factor yp in (2.17). We set

(3.10) T:=»X,
and define
(3.11) 0:=X*TX.

We denote by m g the normalized trace of the Green function of 0, that s,

(3.12) mg(z) == %Tr(é—z)_1 (zeC™h).

Let ;i1 > [ip > --- > iy be the eigenvalues of é Let L4 := ypE+ and observe
that from Lemma 3.3 we have

1= La| < N722,
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Thus, we may assume in (2.16) that |s| < 1.
Fix a small € > 0 and let
E,= L, +2N"2/3F¢

We note that the choice of E, guarantees that the probability of the event {i; >
E.} is negligible. For E satisfying

(3.13) |E—Ly| < N2/,
we let

Xe =1E E,
We also define the Poisson kernel, 6,, for n > 0,

n 1 1
=—— =—1Im )
T(x24+n%) 7 x—in

Oy (x) :
Introduce a smooth cutoff function K : R — R satisfying

1. ifxr<l1
(3.14) Kay=1b =1/,
0, if x >2/9.

Let N (E1, E») be the number of the eigenvalues in (E1, E3], that is,
N(E1, Ey) :=|{a: E| < iq < Ep}

’

and define the density of states in the interval (Eq, E>] by
1
nW(Ey, E2) i= ﬁN(El, E»).

In order to estimate P(fi; < E), we consider the following approximations:

P(fi; < E) =EK (N'(E, 00))
(3.15)

E,
~EK(N(E, E)) :IEK(N/E Imm 5 (y +in)dy),

with n ~ N=2/3=¢for some small &’ > 0. The first approximation in (3.15) fol-
lows from Lemma 3.3, the rigidity of the eigenvalues, and the second from

~ ~ 1 Ey .
N(E. E) =Trxp(0) = Trxe #6,(0) = —N [ Immg(y+indy.
The following lemma shows that the approximations in (3.15) indeed hold.

LEMMA 3.4. Fore>0,let £:= %N‘zﬂ_s and n = N72137% _ Suppose that
E satisfies (3.13). Recall that K is a smooth function satisfying (3.14). Then, for
any sufficiently small ¢ > 0 and any (large) D > 0, we have

(3.16)  Tr(xete *0,(0)) — N < N(E, 00) < Tr(xg_¢ % 0,(0)) + N,
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with high probability, and
EK (Tr(xg—¢ #6,(0))) < P(fi1 < E)

<EK (Tt(xg4e *6,(0))) + NP,
for any sufficiently large N > Ny(¢g, D).

(3.17)

PROOF. We may follow the proof of Corollary 4.2 of [42]. To prove the first
part of the lemma, one sets £; := N ~2/373¢ and shows that

Tt x£(Q) — Tr xg % 6,(0)| < C(N"2 + N(E — 41, E + 1)),

which corresponds to Lemma 4.1 of [42], by using Lemmas 3.2 and 3.3, the esti-
mates on |m g (E +i€) — mi(E +i€)| and Immig.(E — k 4 i£), respectively. Then,
by integrating Tr y, * 9,;(@) over y on [E — ¢, E], one can obtain the estimate

Tr x£(Q) < Tt xp—¢ % 6;(0) + CN™% + CLT G N(E —2¢, E +0).

The term £~ ¢;N'(E — 2¢, E + £) in the right-hand side inequality can easily be
controlled by applying the local law, Lemma 3.3. This proves the second inequality
of (3.16). The other inequality in (3.16) can be proved analogously.

If (3.16) holds, the condition fi; < E implies that Tr x g4¢ *6,(Q) < 1/9. Thus,
applying Markov inequality, we get the upper bound in (3.17). The lower bound in
(3.17) can be obtained in a similar manner. []

4. Green function comparison and proof of the main result. Having estab-
lished Lemma 3.4, the proof of Theorem 2.4 directly follows from our main tech-
nical result: the Green function comparison theorem at the edge, Proposition 4.1
below. It compares the expectations of functions of the normalized traces of the
Green functions of Q and X*X. More precisely, we let

4.1) W :=vVd( +Vd)*3x*X,

and introduce
1
my(z) 1= NTr(W—z)_1 (ZEC+).

It is well known that the distribution of the rescaled largest eigenvalue of W con-
verges to the Tracy—Widom distribution; see [42].

Our main technical result is as follows. Recall that we write L4 = yoE, with
E given in (2.13) and with yg given in (2.17).

PROPOSITION 4.1 (Green function comparison). Let ¢ > 0 and set n =
N72/3=¢_Denote by M the upper edge of the Marchenko—Pastur law pwp for
W =+d(1 +d)~*3X*X. Let E1, E; € R satisfy E1 < E> and

4.2) |E1],|Ea| < N72/3Fe,
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Let F : R — R be a smooth function satisfying
(4.3) max|FOW|(x|+1)™ <C,  £=1,2,3,4,

Then there exists a constant ¢ > 0 such that, for any sufficiently large N and
for any sufficiently small € > 0, we have

E>

|IEF(N/ Immé(x + L+ in)dx)
Ej

4.4)

E;
— EF(Nf Immw (x + M, + in)dx>‘ <N7?.
E)

We outline the proof of Proposition 4.1 in the Appendices A, B and C.
REMARK 4.2. Proposition 4.1 can be extended as follows: Let ¢ > 0 and set
n= N~23-¢ Let Eg, Ey,...,Ex€R satisfy £y < Ep < --- < Ej and
|Eol < N7, |Ey = Egl s NT23% L
|Ex — Eol < N72/%*e.
Let F : R — R be a smooth function satisfying
man|F(€)(x)|(|x| +1)“<c, ¢=1,2,3,4

Then there exists a constant ¢ > 0 such that, for any sufficiently large N and for
any sufficiently small ¢ > 0, we have

Eo
‘EF((N/ Imm@(x+L++in)dx> >
E; 1<i<k

Eo
—IEF((N/ ImmW(x+M++in)dx> >‘§N_¢.
E; 1<i<k
The proof of this statement is similar to that of Proposition 4.1 and will be omitted.

Assuming the validity of Proposition 4.1, we now prove our main results.

PROOF OF THEOREM 2.4. We follow the proof of Theorem 1.1 of [42]. Let
MYV be the largest eigenvalue of W [see (4.1)] and denote by M the upper edge
of the rescaled Marchenko—Pastur law ppp. We notice that the distribution of
N3 (ul’ — My) converges to the Tracy-Widom law Fj. (See [22, 41, 42, 44].)
Thus, in order to prove (2.16), it suffices to show that

PIN*3(u} — My) <s]— N~? <P[N*3(fi, — Ly) <5]
4.5)
< P[NP — M) < 5]+ N7,

for some ¢ > 0.
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Fix an s satisfying |s| < 1, and let E := L, +sN~%/3 Let £ := %N‘zﬁ_e and
n := N~2/37% For any sufficiently small ¢ > 0, we have from Lemma 3.4 that

(4.6) P(fi1 < E) = E[K (Tr(xg—¢ % 6, (H)))].
From Proposition 4.1, we find that
E[K (Tr(xg—e * 65 (H)))] = E[K (Tr(Xp—(L,—m ) * 6y (W)))] = N2,
for some ¢ > 0. Finally, we have from Corollary 4.2 of [42] that
E[K (Tt(XE-(Ly—Mp—e %6y (W))] = P} < E — (Ly — My)) = N72.
Altogether, we have shown that
P(fii <E)=P(u) <E—(Ly —My))—2N"°,

which proves the first inequality of (4.5). The second inequality can be proved
similarly. [

PROOF OF COROLLARY 2.7. Let U be an M x M orthogonal matrix that
diagonalizes X, that is, there exists an M x M real diagonal matrix D such that

=U*DU. Then UX is a real random matrix with Gaussian entries, satisfying
the assumptions in Definition 2.1. Thus, applying Theorem 2.4 with X*X X =
(UX)*D(UX), we get the desired result. [

5. Linearization of a In this section we recall a well-known formalism that
simplifies the computations in the proof of Proposition 4.1 considerably. Instead
of working with the product matrices O=X*TX or T'2XX*T'/?, we may “lin-
earize” the problem by introducing an (N + M) x (N + M) matrix H, whose re-
spective entries are either (xqq), (7, h, zor simply zero. The inverse of H is then
related to the Green function of X*T X, respectively, of T'/2XX*T!/2, through
Schur’s complement formula or the Feshbach map. For similar applications in ran-
dom matrix theory, see, jor example, [1, 26].

The linearization of Q is established in Section 5.1. In Sections 5.2, 5.3 and 5.4
we collect useful technical results on the inverse of H.

5.1. Schur complement. Suppose that X and X satisfy the assumptions in The-
orem 2.4. Let z be as in the previous section. We define an (N + M) x (N + M)
matrix H by

(5.1) HEH(Z)=(_ZIN X" )

x 1!
where [ is the identity matrix with size N and T = yp X.

We claim that H(z) is invertible for z € CT. To see this, assume that v, v # 0,
is in the kernel of H(z), Imz > 0. Let P be an N x (N + M) matrix defined by

P=(Iy 0),



3802 J. O. LEE AND K. SCHNELLI

and P an M x (N + M) matrix
P=(0 Iu),
where Iy and I are the identity matrices of size N and M, respectively. Writing
vp := Pvand vz := Pv, we must have
—zvp + X v =0, XvP—T*‘szo.
Thus,
XX*vg/z=T 'vp.
Taking the inner product with vz, we find that the right-hand side becomes
M

(vo. T vg) = (T o Ve,

a=1
which is strictly positive unless v = 0, while the left-hand side becomes
(Ve XX*vp)/z= | X*vp]*/z,
which is zero if X*vz = 0 or, since z € CT, not real valued. This shows that
v =0, and since —zvp 4+ X*vp =0, this also shows that vp = 0. We thus get
a contradiction allowing us to conclude that v = 0 which shows that the kernel of
H(z), z € CT, is trivial, that is, H(z) is invertible for z € CT.
We define the “Green function,” G, of H = H(z) by

(5.2) G@):=H(x)™ ' (zeC"),

and the normalized traces, m and 1, of G by

1 N 1 M+N
53) m@ =~ Gu@, M@=~ Y G (z€CY).
N —= M “
a=1 a=N+1
Note that by Schur’s complement formula we have
1 1
54 PG@P= - = ,
PH(z)P — PH(Z)PFH(Z)FPH(Z)P —zP + X*TX

so that

Gar(2)=[(0 =2 "],
for any a, b € [[1, N]]. In particular,

m(z) =mg(2).
Also note that
—1 1
15 - Z
(5.5 77 PGQ)P = ——— 1 — = i .
PHP — PHP 535 PHP —zT— 4+ XX*

In the following, we use lowercase Roman letters for indices in [[1, N ]|, Greek
letters for indices in [[N + 1, M + N]| and uppercase Roman letters for indices in
M1, N+ M.
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5.2. Green function, minors and partial expectations. Recall the definitions of
the (N + M) x (N + M) matrix H = H(z) in (5.1) and of the Green function G
in (5.2).

For T C [[1, N + M]], we define the “matrix minor” H™ by setting

(5.6 (HM),z:=1(A¢TLB ¢ T)Hap (A,Bel[l,N+ M]),

that is, the entries in the columns/rows indexed by T are replaced by zeros. The
Green function G (z) associated with H™® is defined by

(5.7) G R() = (;) (A, B e[l,N + MJ).
HM(z) —z/ aB ’ '
We use the shorthand notation
(T) N (T) (T) N+M
a= 1 a;éb a=1,b=1 o= N+1
a¢T a#b,a,b¢T agT
(T) N+M

a#p a=N+1,=N+1
a#p,a, BT
and abbreviate (A) = ({A}), (TA) = (T U {A}). In Green function entries (G(T))
we refer to {A, B} as lower indices and to T as upper indices.
We further set

(T) 1 & (T) (T) 1 & (T)
m = — E G/, m E G~
N - aa M o o

Note that we use the normalizations N~ and M ~! here since they are more con-
venient in computations.
Finally, we denote by E,, [E, the partial expectation with respect to the variables

N+M . N
(Ywa) g pr 415 respectively, (Xpa),—1-

5.3. Green function identities. The next lemma collects the main identities
between the matrix elements of G and G0,

LEMMA 5.1. Let G = G(z), z € C*, be defined in (5.2). Assume that the
matrix T is diagonal. Then, fora,b e [[1, N],a,B €[N+ 1, N+ M],A,B,Ce
[1, N 4+ M], the following identities hold:

— Schur complement/Feshbach formula: For any a and «,

1
Gaa =

—7— Z(X,ﬂ xaaG((;:g)xﬂa
1

_(T_l)oza - Za,b XaaGE,O;,)Xab

(5.8)
Goo =
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— Fora #b,
(5.9 Gap=—Gua ZxaaG((z,) =—Gpp Z Gi%)xﬁh
o B
— Fora # B,
(5.10) Gup =—Gaa Y %aaGe§ = —Gpp Y Gy xpp.
a b
— Forany a and o,
(5.11) Gaa =—Gaa y_ %8Gy = —Gaa Y Gy Xab.
B b
— For A,B+#C,
GacG
(5.12) Gap=G'G + 2
Gee

— Ward identity: For any a,

(5.13) Y 1Gawl* =

For the proof, see Lemma 4.2 in [20], Lemma 6.10 in [16] and equation (3.31)
in [21].

5.4. Local law for H at the edge. Consider two families of random variables
(X;) and (Y;), with i € [1, N], satisfying

(5.14) EZ; =0, E|Z|*=1, E|ZI’P<c, (p=3),

Z;i = X;,Y;, for all p € N and some constants c,, uniformly in i € [[1, N]|. The
following lemma, taken from [17], provides useful large deviation estimates.

LEMMA 5.2. Let (X;) and (Y;) be independent families of random variables
and let (a;j) and (b;), i, j € [[1, N1\, be families of complex numbers. Suppose
that all entries (X;) and (Y;) are independent and satisfy (5.14). Then we have the
bounds

1/2
(5.15) S biX; <(Z|b,-|2> ,
172
(5.16) > aijXiY; <(Z|a,-,~|2> ,
i ij
1/2
5.17) Zzainin—Zaii <(X:|aij|2) .
j i

i i,j
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If the coefficients a;j and b; depend on an additional parameter u, then all of these
estimates are uniform in u, that is, the threshold No = No(e, D) in the definition of
< depends only on the family (c)) from (5.14); in particular, Ny does not depend
onu.

From the large deviation estimates in Lemma 5.2 and the local law in
Lemma 3.3, we obtain the following estimates.

LEMMA 5.3. Let G = G(z), z € CT, be defined in (5.2). Suppose that T is
diagonal, that is, T = diag(ty). Then, under Assumption 2.2, the Green function
G satisfies the following bounds uniformly in z on D(c,¢) (with c,e > 0 as in
Lemma 3.3):

(i) Foranya €[N + 1, N + M],
(5.18) |Gaa(@)| <1, ImGoe(z) < W.
(i) Foranya €[[1, N]Jandx € [N +1,N + M]],
(5.19) |Gaa(2)| < W.
(iii) Forany o, B €[N + 1, N + M] with o # B,
(5.20) |Gap(2)| < W.

PROOF. We first claim that |m — m®| < W. To prove this claim, we first let
Q:=TV2xx*T'/2.

‘We notice that the normalized trace m of the Green function can be written in terms
of Q as

1/ ~ | N-M
(@) =ma(@) = (@@=~ + 5 ),

Next, we consider the minor Q@ which is obtained by removing all columns and
rows of Q indexed by «. Then

1 ~ 1 N-—M+1

m® (z) = N(Tr(Q(“) —z)7 + — )

By Cauchy’s eigenvalue interlacing property, we get
ITr(Q —2)~! = Tr(Q@ — z)_1| <cn .

(See Lemma 5.4 in [6] or Lemma 8.2 in [12].) This proves the desired claim.
From Schur’s complement formula (5.8), we obtain that
1 —
Goa

-1 (@)
o — Z Xak Gy Xal-
.l
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Further, from the large deviation estimate (5.17) and the Ward identity (5.13), we

find
(@) ( ) 172
‘m(a) =2 Yk Gy X (Z|G i )
k,l
521) _ [mm@ 3 \/lm(“) — fige| 4 Im g
Nn Nn
)\ Im g
<. [—+ <y,
Nn Nn

uniformly in z € D(c, ¢€).

Since |&4 +m| < ¥ and tO[_1 > (1 4 )&, for some ¢ > 0 [see (2.15)], we get
1 < |Gaal™", hence |Gyeo| < 1. Moreover, using once more Schur’s complement
formula (5.8), we find

. Im Zk’l xakG,(j)xal
|_(T_1)oza - Zk,[ xakG](:;)xallz

hence

1Im Go| < ‘ImZxakG,ﬁ‘}”xa,
k,l

<Imm™® + ‘m(“) — ZxakG,(j)xal
Kl

<,

uniformly in D(c, €), where we used (5.21) and that Imm@ < Immg ~ /k + n
This proves statement (i).
From the Green function identity (5.11) and statement (i), we have

Goa Zxang;() < Zxang}? )
k k

where we used the local law of Lemma 3.3 and the fact that |G| < 1. Further, it
is obvious that the local law |G(°‘)| < W holds, which can be proved in the same
way as |G| < W but without the ath column and the row. Thus, applying the

|Gaa| =

large deviation estimate (5.15) and the local law |G(O‘)| < W, we get

/2
1G aa| < (N SIG@P ) <,

k

uniformly in z € D(c, €), which proves statement (ii) of the lemma.
Similarly, we have from the Green function identity (5.10) and the large devia-
tion estimate (5.15) that

/2
|Gopl = |Gaa ZxakG](c% ’ 'ZxakG ’ ( Z|Gl(c%)| ) <V,
k
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where we used |G,(€%)| < W [which is analogous to the statement (ii)] to get the last
inequality. This proves statement (iii) of the lemma. [J

We conclude this section by giving estimates on expectations of monomials of
Green functions entries.

LEMMA 5.4. Let P = P(z) be a monomial in the Green function entries
(GaB(2)), with z € D(c, &), for some ¢, c > 0. Then there exists a universal con-
stant C, such that

(5.22) E|P(z)[* < N,

where n is the degree of P. In particular, if | P(z)| < W(z)*, uniformly in D(c, €),
then E|P(z)| < W(2)X, uniformly in D(c,¢). (See the paragraph after Defini-
tion 3.1.)

Moreover, the same conclusions hold with G replacing G for any T.

PROOF. First, we note that |G,p| < %, a,b e, N, as follows from the self-
adjointness of X*7 X and the spectral calculus.

Second, to bound |Gygl, @, B € [N + 1, M + N, we recall that T lisa strictly
positive operator by Assumption 2.2. Thus,

Im(v, (zT 7' = XX*)W)=n(v, T V) > enllv|]®>  VWveCM,

for some ¢ > 0 independent of v, where (-, -) denotes the canonical inner prod-
uct in CM. Since z 'PG(2)P = (—zT '+ XX*)7!, |z] > 0, we get |Gqp| <
Clzl
0
Third, to bound E|G4y|”, a € [1, N], v € [N + 1, N + M]], p > 0, we note
that by (5.11) we have

Clz|
(5.23) |Gaal =|Gaal Y _|xpa G| < —7 Vgl
B

by the estimates above. From the moment bounds in (2.2), we then conclude that
E|Gyq|? < CPNP, where we also used that > N1, 0 < |z| < C by assump-
tion.

The lemma now easily follows from Holder’s inequality. [

In the rest of the paper we prove Proposition 4.1 with the formalism outlined
in this section. The actual calculation will be done for the simple case F' = I;
the proof for general F’ is basically the same, though the computations are much
longer for this case. The details for F’ # 1 can be found in [32].
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6. Green function flow. The key idea of our proof of Proposition 4.1 is simi-
lar to the one of the proof of Proposition 5.2 in [32] for deformed Wigner matrices:
We consider a continuous interpolation between the sample covariance matrices 0
and W by introducing a time evolution that deforms 7 continuously to the identity.
We then track the associated flow of the Green function for sufficiently long time.
The outcome is an estimate on the time derivative of the Green function which is
sufficiently accurate to prove Proposition 4.1.

6.1. Preliminaries. Suppose that T = ypX is diagonal, that is, T = diag(t,).
We interpolate between ¥ = diag(o,) and the identity matrix 1 by introducing the
time evolution t — (o, (¢)) defined by

(6.1) ! =e ! ! +(1—¢™") X (1) = diag(oq (7)) (t>0)
7 ou(0) 0 (0) ’ ) -
From (2.12), it is natural to let £ (¢) be the largest solution to

1 0o (1)§+(1) )2

6.2 — ——— ) =d,
2 M%:(l = (D& (D)
with £, (0) = £;. We then choose the scaling factor y = y (¢) to be given by

/1 0 (1) 3 5\
(6.3) y(@) = (ﬁ ;(m> + (6+(0) ) ,
with yp = y(0). (See also Remark 6.1.) We also introduce

_ &)

(6.4) T=1(t) = 0

For simplicity, we often omit the 7-dependence in the notation for 7' (¢), y (¢) and
7(¢) in the following. Note that we have from (6.2), (6.3) and (6.4) that

1

1\ 1 1 1\ 1

ta_l—t T ty —T

In the following, we refer to the identities in (6.5) as “sum rules”.
We let z = z(¢) be time-dependent. Define the (N 4+ M) x (N 4+ M) matrix
H(t)=H(z,t) by

—z(O)In X* )

H(Z’t):( X -1\

with T(¢) =y (1) X(t), T(0) = yp 2. We also let

6.6) G(z,1):=H(z 1™, m(z,t):%ZGaa(z,t) (zeCH).
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We now consider the evolution of the Green function G = G(¢) under the evo-
lution governed by (6.1). For the diagonal Green function entries G;;, i € [[1, NI,
we get

0G;;
ot

. Ot
(6.7) E—= =23 ElGiaGail = 3 —5 ElGiaGail.
a

o o

REMARK 6.1. Let mif(z,t) be the solution to
1

mec(z, 1) = (zeCh,1>0)

1 Iy
—2F 70 Lo G oE
such that Imms.(z, t) > 0.
Setting prc(E, t) := lim,,\_‘on_1 Immie. (E + in, t), we note that the rightmost

point of the support of the measure pg.(¢), denoted by L = L, (¢), is given by
L, =y E_., or equivalently,

1 1 ta 1 1 1
M T T TN T

CltOé

(6.8) L=

In fact, the rescaling by y (¢) assures that

1
PE.)=—\[Ly —E(1+0(Ly —E))  (:20).

as E 7 L, as may be checked by an explicit computation. In the framework of
Remark 2.5, this choice of y(¢) can be obtained by introducing Co(¢) and g;(x),
the extensions of Cy and g; in Remark 2.5, defined by

Ct_l 2 172 11 E 45(E. 1
O()_;(g;/(é-;-(l‘))) ’ gt(X)_;—i_E/RI—EX 10( ’ )

6.2. Proof of Proposition 4.1. 1In this subsection we give the proof of Propo-
sition 4.1, which is based on two technical lemmas, Lemmas 6.2 and 6.3 below.
For simplicity, we choose F’ = 1. Recall the definition of the deterministic control
parameter W in (3.5).

The main ingredient of the proof of the Green function comparison theorem,
Proposition 4.1, is the estimate ImE[0;G;;(z)] = O(M LR ), for appropriately cho-
sen z. (The naive size of E[9,G ;] is O(MW?) as one sees from (6.7).) Once we
have established the estimate ImE[3;G;;(z)] = O(MW>), we can integrate it from
t=0tos=2logN to compare Immg with Imm|;=210g y. The comparison be-
tween Imm|;—210g 5 and mwy can easily be done, since X(¢) is close enough to the
identity at r =2log N.

To show that the imaginary part of (6.7) is much smaller than its naive size, we
use, in a first step, the following “decoupling” lemma.
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LEMMA 6.2. Under the assumptions of Proposition 4.1 the following holds
true. Let z(t) =z = Ly (t) + y + in, with L (t) as in (6.8), y € [-N~2/3+¢
N—2/3+8] and n= N_2/3_8.

Then there are z-dependent random variables X7, X312, X33, X42, X43, X4
and X, satisfying

X2 = O(¥?), X132, X33 = O(¥?), X2, X43, Xaa, Xy = O(¥%),
such that

Ea[GiaGai]

2
69) =———7Xn——F—X32— X33+ X4
(ta' —1)? (ta' =) (ta' — )3 (R

3 / 5
+ T r)4X43 + T T)4X44 - me +0(¥°),

uniformly in t > 0. The random variables above are explicitly given by

1 1
XZZZ_ZGisGsi, X32:(m+f)_ZGisGsia
N 5 N 5
1 21
X33:_22GirGrsGsiv Xgp=(m+r7) _ZGisGsi7
N 7, N5
1 1
X43 = (m + ‘L')— Z GirGrsGsi’ X44 =73 Z GirGrsGsthia
N 7S N 7,8,

1
X =173 Y GisGsiGriGyr,

r,s,t

where G = G(z(t),t), m =m(z(t),t) = % > s Gys(2(t), 1) and ©(t) is defined in
(6.4).

We refer to Lemma 6.2 as a “decoupling” lemma, since on the right-hand side
of (6.9) the Greek index « is, up to the error OW), decoupled from the Green
functions which only have Roman indices as lower indices. Lemma 6.2 is proven
in Appendix A.

Taking the time derivative of (6.8), we get

: t 1 12t 1 ity
=1, = —— _ o -
CTE r2+dMZa:(1—tar)2+dM2a:

1 —ty7
(6.10)
1 Tlo (0rla)

+d—M§:(l—tar)2'
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From (6.5), we observe that the first two terms on the right-hand side of (6.10)
cancel. Thus, simplifying the last two terms in (6.10), we obtain

. 1 Orty 1 Oty 1
6.11 Ny e N W ©
©1h ML N G 17
Note that, by definition,
1 L1 ., 1
8t—=—e +e =1—- (IZO),
0o (1) 0(0) 0y (1)
in particular, 3,0, ' (t) = O(1), and
Bt 1 dy(t 1 1
=g = (1) - (= 0).
ty o (1) y (0 to(t) v ()

(See the proof of Lemma 6.3 in Appendix C.) Moreover, from the definition of
&4+ (¢) in (6.2), it can be easily checked that 9;£ (r) = O (1), which also shows that
dry(t) = O(1). Since y(¢) ~ 1, hence #,(¢) ~ 1 as well, we find that (Bttw)/tozl =
o).
Thus, plugging (6.9) into (6.7) we find
BG,, Oty 1 1
ZE[G,QGW] > P b ;E[GlaGaz]

o

E

Oty [ 2 2 7]
+)>) —E X3+ X33
; i L' —1)3 (ta' —1)3

(6.12)

3 6
- Z —E|— X+ -— X43
. L L (ta ™ — T)4 (ta — T)4 .

Oty [ 12 3 i
—ZI—;E = X4 + 214 —I-(')(M‘-I-’S).
o la L(te ™ — 7:)4 (ta — T)4
Note that the first two terms in (6.12) cancel by (6.11) and that we have

8G ort, 2 2
ii Z toe [7)(32_’_ 7X33i|
o

7)? (a' =)}

a,ra 3
(6.13) -y = 2 [(t—l—r)4X42+

o

o1, 12 3
-3 R [ — Xas+ — ij} +O(MW).
ly (ta — T)4 (ta " — T)4

o

To complete the proof of Proposition 4.1, we are going to show that the imag-
inary part of the right-hand side of (6.13) is of O(M W) as is noted in the next
lemma.
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LEMMA 6.3. Under the assumptions of Proposition 4.1 with the notation of
Lemma 6.2, we have

Otlo [
— ImE{ ——+— X3 + 7?(33}
; ty (ta' —1)3 (ta' —1)3

uniformly in t > 0.

We remark that the naive size of the right-hand side of (6.14) is O(M W3), but
for our choice of y the terms cancel up to errors of O(M W), Similar to the dis-
cussion in [32], the sum rules in (6.5) have crucial roles in this cancellation mech-
anism. Lemma 6.3 is proven in the Appendix C.

PROOF OF PROPOSITION 4.1.  For simplicity, we choose F’ = 1. From (6.13)
and Lemma 6.3, we find that

=0(¥?).

(6.15) E[Im 9Gii ]
Y

Integrating both sides of (6.15) from ¢t =0 to t = 2log N, we obtain that

E>
‘E[N/ Imm(x+L++in)L de}

E =
(6.16) ‘

E) ,
—IE[N/ 1mm(x+L++in)( - dx” < N~13+Ce
E, t=2log N

for some constant C’ > 0.
Att =00, we have 0,(0c0) =1, forall @ € [N + 1, N + M]], hence by definition

__vd _ —4/3
é+<w)—1+ﬁ, Y (00) = Vd(1 4+ Vd)™/3.

In particular,
mx + Ly +i0) im0 = mw (x + My +in).

Let T; :=2log N. At = T;, we have o (T}) = 1 + O(N72). Using the result at
t = 00, it can be easily seen that

y(T;) =y (00) + O(N72).
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Similarly, we also have that z(7}) = z(o0) + O(N~2). Thus, the matrix H(Tj) —
H (c0) is a diagonal matrix whose entries are O (N ~2).
Using the resolvent identity

(6.17) G(Tj) — G(00) = —G(T}) (H (Tj) — H(00))G(00),

we can now bound

|Gii(T}) — Gii(o0)| =

S —Gia (T (Han(Ty) — Haa(00))G o (oo)' <N,
A
and we thus have

E,
fEl Imm(x + L4+ + 117)‘t:210gN dx}

(6.18) E[N

Ey ’
—E[N/ Imm(x+L++in)‘ dx]‘fN_4/3+C£.
E; =00

Since m(x + L4+ 4+ in)|i=0 = mé(x + L4 + in), we get the desired result from
(6.16) and (6.18). [

APPENDIX A: PROOF OF LEMMA 6.2

In this section we prove Lemma 6.2. We start expanding E[G ;4G ;] in the ran-
dom variables indexed by the Greek index «. The following expansion follows
closely the expansions used in [32].

PROOF OF LEMMA 6.2. Using the formula for G;, in (5.9), that is,
Gia = —Gaq ZxakGEg),

k
we expand G;yGy; in the lower index o as
(A1) GiaGai = G2 Y G\ xaxat G

ki
Note that, by Schur’s complement formula (5.8),
A2 G ! !
. ao — = — .
hoo — Zg)f)q hapGgaoé])hqa —ly - Zp,q xapvaaq)xotq

(The use of Roman letters p, g can be justified since hyp =0for p € [N +1, N +
M] and p # «.)

We next expand Gy around (—1, Iy r)*l. (Note that limsupfyt < 1, thus
t;' — 1 > ¢ > 0 for some constant ¢ independent of N.) From the large deviation
estimates in Lemma 5.2 and the Ward identity (5.13), we have

(A.3)

Zxa,,Ggﬁ])xaq + T <W.
P4
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Returning to (A.2), we thus have

G — 1 1
oo — —[a_l+1- + ( _|_1—)2 (ZX(X[) pqxdq+f)
1 3
respectively,
2 1 2

(Zxo,pqu Xag + r)

aa T

-1 @ -7
—l—; Zx G xgy+ 1 +(’)(\IJ3)

(15" — )t \Gg T '
Hence, from the resolvent identity (A.l), obtain the following expansion of
G4 Gy in the lower index «,

GiaGoi = — )2 ZG xocsxatG(a)
— 7T

(@)
( — r)3 (Zxap E,";)xaq ‘L') Z Gf?)xasxa,Gt(?)

N

3

ﬁ(iwpqw) 5 6 nn G+ O
o

Taking the partial expectation E, we get
Ea [Gia Gai]

2
(@) (@) (0!)
_(t_l—r)3 mErTy ZG Gsi

(a) ~(a) ~(a)
— EG Gy; G
(ta r>3 N2
(A4)

(a) + 'L' ZG((X)G((X)

(&) ~(a) ~(a)
T ol — o) (' + I)W 2 GGy Gy
o S
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(@) (a) (a) (a)
+— E G G G G
3
( t)4N s,p.q
(@) (a) (a) (a)
+ — E G G, G G +(’)( )
N3
( T)4N s,p.q

In a next step, we expand (A.4) in the upper index o by using the resolvent
formula (5.12), that is,

Gia Gas
Gaa

In other words, using (A.5), we can remove the upper index « from the Green
functions entries in (A.4) at the expense of higher order terms containing « as a
lower index in the Green function entries. We obtain for the first term in (A.4) that

(A.5) G =G -

GiaG GG
Gl((sx)Gg(;z) — GisGsi _ YiaYas G _ G(a) saYUai
(A 6) oo Gou
' GiaGas Gs«Gai  GiaGas GsoGai
— GisGsi _ g as GAE(;() _ Gl(g) Zx ai l((;x as g al )
oo oo oo oo

We stop expanding the first term on the right-hand side of (A.6), since it does not
contain the index «, and we set

1
(A7) Xni=75D GisGii.
N

Using (5.11), the partial expectation of the second term on the right-hand side
of (A.6) can be expanded in the lower index « to get

GioGua
Ea[ G MGS‘)] Q[GWZG,. xakxalG(“)G(a)}
ao

@ G@ G
S

(A.8) |
m@ (o) (a) (a)
—— +17) G Gy G
(ta' - r)2 Z
(0!) (a) a) (@) 5
+( r)2N2ZG Gy GYGY +0(W).
Expanding the first term in the right-hand side of (A.8) further using (5.12), we get
GiuG
GGG = Gy GrsGyi — —22 % GGy
(A.9) o
_ GE(]Z) GraGas Gyi — GI(Z)G(Q) G5 Gai .

Goa Goa
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We stop expanding the first term on the right-hand side of (A.9), since it does no
more contain the index a, and we let

1
(A.10) X33:= 3 kZ GikGpsGii.
.8

Expanding the remaining terms on the right-hand side of (A.9) in the lower index
o using (5.11), we obtain

GiaGyk
Ea|: e GksGsi:| = [ZG(I xalx“m GkSGSii|+O(lp5)
(0404 to[
ZG((X) (a)GksGsi —I—C’)(\I-’S)
1
=———— Y GiGiGisGyi + O(¥
[JI—IN; i1GiGrs Ggi + ( )
and, similarly,
@) Gka G 1
E“[ng (;faaav G”:| _71‘0[_1 N ZG,kathG” +O(Vv )
respectively,
(@) ~(a) GsaGazj| 1
Eo| G G =— GikGrs GG O
[ 5 Gon ZO,_I—‘[NZ ikGis G Gri + O (V).
Thus, setting
1
(A.11) Xas = — GikGuGisGyi,

we have

Xus + O(W2).

(A.12) E[ ZZG(“) (a>G§7>}=x33+ —
N to

Next, we consider the O(¥*) terms on the right-hand side of (A.8). Let

(A.13) X43:=(m + T)N2 ZG kGisGii.
k,s
Then, we have for the second term on the right-hand side of (A.8) that

1
(A.14) (@ +1)-5 3 GYGYGY = x5+ 0(9).
k,s
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The last term on the right—hand side of (A.8) is simply estimated by

(A.15) Z GYGYWGYGY = X4+ 0(W).

N3
N k,l,s

In sum, we find

GiaGas (a)]
E —E ——G
"‘[N ~ Goa

(A.16) |
= TX33 + mmg - me +0(¥d).
Similarly, we also have
[ ZG(a) Gme]
(A.17) |
=i rX33 + s X43 — P . Xas+ O(P7).

For the last term in (A.6), we obtain

Gia Gas GSO{ GO{i
Gaa Gaa

=G§a Z Gi xakxa[Gla)G(a)xapxaqG((ﬁ).

k,,p,q
Hence, denoting
1
(A.18) Xy = B Y GisGsiGuG,
k,l,s
we find
Ea I:l Z GiaGas GsaGaii|
N s GC{O{ GO[C(
(A.19)

2 1
= Xag + X, +O(9).
o T Tt o)

Thus, from (A.6), (A.16), (A.17) and (A.19) we obtain
E, [ G(“)G(“)]
(' =12 N Z

1 2
(A.20) =— X+ ———X33
(ta' —1)2 (ta' —1)3
2 x L x O(¥)
- 1 . A43— 5 )
(e — 1) ' -t ¥
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which completes the expansion of the first term in (A.4). The calculation and the
result coincide with those in the deformed Wigner case in [32], except the sign
of the X33 term. The discrepancy is due to the sign difference in the coefficient
(t;' —o)~ L

Adapting the expansion procedure of [32], we conclude, with the definitions

1
X3 :=(m+1)— Y GisGyi,
N S

(A.21) |
Xgpi=(m+ 1)2_ Z GisGyi,
N N
that
Ea[GiaGai]
1 2 X
=— ;X2 = — ;X322
ty —T ty —T
(A22) o ) (o )
— X33+ —X4p
(ta' —1)3 ta' — 1)

— Xy +7X44+7X/ +0O \115.
S R e T 2 )

This shows (6.9), and hence completes the proof of Lemma 6.2. [

Before we move on to the next section, we introduce some more notation. For
keN,let

1 1
(A.23) Ayi=— ) ——.
N ; (1 — o)k
We remark that from (6.5), we have
(A.24) Ary=172, As+t3=1.

Finally, averaging (A.22) over o, we have in this notation

1
N Y EalGiaGail = A2X22 — 2A3(X32 4 X33)

(A.25)
+3A4(Xa2 +2X43 + 4X 44 + X)) + O(W2).

This concludes the current appendix.

APPENDIX B: OPTICAL THEOREMS

In this section we establish the following “optical theorem.”
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LEMMA B.1. Under the assumptions of Proposition 4.1 with the notation of
Lemma 6.2, we have

1
2E[X X33] — —
[X32 + X33] N

=3(As — T YE[Xa2 +2X43 + 4Xas + X3] + O(¥°),

uniformly in t > 0.

B.1)

Lemma B.1 is an example of what we call optical theorems: optical theorems
assure that the expectations of certain linear combinations of the random variables
introduced in Lemma 6.2 are smaller than their naive sizes obtained from power
counting using the local laws in Lemmas 3.2 and 5.3. Such estimates were key
technical inputs in the proof of edge universality for deformed Wigner matrices in
[32]. As in [32], the optical theorems used in this paper are obtained by combining
expansions of random variables, for example, X, or X33, with the sum rules in
(6.5). In the rest of this appendix, we derive the required optical theorems.

The proof of Lemma B.1 is given in Section B.4 based on estimates obtained in
Sections B.1, B.2 and B.3.

B.1. Optical theorem from X;. To derive the first optical theorem, we con-
sider
(@)
(B.2) > GisGyi =G5+ GisGyi.
N S

Similar to the expansion of G4, we now expand Gy around —7. We notice that

Tl — nysG)(/sgx(gs <y,
y,8
which can be checked from (6.8) and the estimate
’Gaa - <V,
_ta + T

Thus, using Schur’s complement formula (5.8), we obtain the following expansion
of Gy, in the lower index s:

1 1

hys — XS5 hysGighgs  —t 1417l — 2= % 5x, GUlxs

=—-T— 'Ez(f_l —I— nysG;sgxﬁs)
V.8

Gss =

2
— r3(r_1 —z— Zx,,sG)(/ng(;S) —+ (’)(\Il3).
y,0
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Using the resolvent formula (5.9) we therefore get the following expansion of
Gis;Gy; in the lower index s, for s #i:

GisGysi =Gy, Y GE;)X,OSXUSGf:i)
0,0
— TZZGI(;)X,OSXUS (S)

+ 2r3( —z— Zx,,s sx(gs) Z G;;)xpsxgst:i)

0,0
+3r4< ZX},SGW;X(;S) ZG(v)xmxgsG(s)-i-O( )

Taking the partial expecta’uon E;, we obtain, for s #1,

3 7(5)
_ m
E[GisGyil = ZG(S)G(S) . (r I )ZG(S)G(S)
) () (v)
N2 § :G GoaGy

3¢ty AN ) )
+T(‘L’ —Z—7> ;GipGpi

(B.3)

12t i) ®) G6) GO)
- N2 (T - d >ZGi; G/(O%Gﬁsi
0.0

(s) (S) () ~(s)
3 Z G G GUVGVU

p.0.Y
24r
+ o L GyGRGRGE + 0(w).
p.0.Y

Using the resolvent formula (5.5) to remove the upper indices s in (B.3), we get,
fors #1,

T _ m
Es[GisGsil = Z Gt,oG,ol —(T 1- - ;) Z Gi,oGpi
2t 34
_WZGiPGPGGGi_{_W( —Z——> ZGszpz
0,0

674 m
(B.4) _ _(,—1 - E)ZGZ-,OGWGW
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1274
+—5 e Y GipGpoGoyGyi
0,0,y
374
+— Z GlPGVUGUVG,Ol +O( )
N? p,0.y

We next expand all terms on the right-hand side of (B.4) except the first one to
change Greek indices into Roman indices. Recall from (A.23) that

1 1

(B.5) Ap = ~ >

1 :
p (t,o _T)k

The last two terms on the right-hand side of (B.4) are easy to convert. For ex-
ample,

GipG poGoyGyi = GipGpaGf,”;G;’i’ +0(%)

t)z Z G(p)xp]xka(p)Ggpy)Ggﬁ) + O(\IJS),
p _

which shows that

1

(B.6)  EylGipGpoGayGyil = mzv

Z GijGjoGayGyi+O(¥).

Repeating the argument once more, we also ﬁnd, using (6.5), that

1274 12t 4 s
Bl 5 Y GipGpoGoyGyi| = —5AE| D" GijGkGuGii |+ O(¥)
0,0,y J.k,l
(B.7)
= 12t °E[X44] + O(¥°).
Similarly,
37 _

(B.8) [N3 > GlpGp,GWG(,y]_?rc B[ X4] + O(¥).

p.oY
The other fourth-order terms in (B.4) require more treatment. We first consider

1
! =‘E_]—Z——ZG,3/3
N B

T —z—

SRR

1 1
-1
=T —_ —|——
2 szl

i 4

1

AT

5 g _f)z

(ZxﬁpG(ﬁ)xﬁq + T) +0(v?)
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= =05 (SO +e) + O

55!
=——Z

2
— 2(Zx,3pG(ﬂ)x,3q+r>+O(lIJ )
B (t —1)
We then obtain for the fifth term on the right-hand side of (B.4) that

6t m
E[——(tl —z——) G~pGp,,GU~]
N2 d ; L 1

674 1

o[ (3o )+ D666 |+ o)
N 8 (t —-1) 0,0

(B.9)

= 6'E_2E|:(m + ‘E)m Z G,‘kale,‘] + O(\Ij5)
k,l

=61 *E[X43] + O(¥°).
Similarly, we have for the fourth term on the right-hand side of (B.4) that

~

4
(B.10) E[%(r_l—z——> ZGszm]—Br 2E[X40] + O().

This completes the discussion of the fourth-order terms in (B.4).
We move on to the third-order terms on the right-hand side of (B.4). Adapting
the expansion method above, we note that

1

ﬁ<1'_1 —Z— %1) ZGipGpi
= NZ Z (t_l . )2 <Z ﬁPG(ﬂ)xﬁq + T) ZGI,OG,OI

(B.11)

N2 Z — f)S <Zxﬁ,,c;(ﬂ>xﬁq + r) > GipGpi
o

L+—Z

ZG,,,Gp,- + O(¥).
0

Taking the partial expectation Eg, we get for the summand in the first term on the
right-hand side of (B.11) that

B |:(t_1 ) (ZxﬁpG(ﬂ)xﬁq + T) thGm}

1
— (2) B) ~(B)
(B.12) ‘gﬁ—l_r)z(’" +7)Gi, G,
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Gi ﬁGﬁp ®)
+E [ ( x G<ﬂ>x +r> G, ]

G 4G
(ZxﬂpGW)xﬂqur)G(ﬂ) Gﬁ ’3’]+(9(\p5)

+E/3|:
BB

— )2
Expanding the first term on the right-hand side of (B.12) with respect to the upper
index $, we find

1
E|:4 m®P + 1 G(ﬂ)G(ﬂ.)]
E[ ! (m+1)G;pG :|
=E|———(m+1)G;,Gp;
(15" — )2 e
(B.13)
+E[#(m+t) GirGi, G ]
(tﬂ—l R Zk: ikGikpG pi

m Z leleGipGpi] + O(¥).
- k.l

Similarly, we get for the expectation of the second term on the right-hand side of
(B.12) that

GigG
x4y G P xpy + ,) i8G o G(ﬁ)}
|:(t1 _ T)2 (Z /3[7 /34 Gﬂﬁ pi
1
= —E[ﬁ(m + 1) Z GikapGpii|
,B - T

(B.14) 5

— E[m Nz Z leleGlpGp1j|

+0(vd)

and for the expectation of the third term on the right-hand side of (B.12) that

GG

34p G xpy + T>G(ﬂ) pBO B }
|:(t_1 —1)2 (Z pr pa Gpp
1
= —E[m(m + 1) ZGikame}
(B.15)

2

— E[m N2 Z leleG]pGpl:I

+O(¥).
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Thus, from (B.12), (B.13), (B.14) and (B.15) we find
B)
i p(meton 7)o

1
:E|:4(m+r)G G }
(15" =07 o
4
(B16) — E[m N2 ZszleGlpGpl]

1
+ E[73 Z lelethGpt:|
+0(¥°).

We next remove the Greek index p on the right-hand side of (B.16). We note
that

(m+1)GipGpi

:G% ( (p)-i-‘[ ZG(’O)xpkxplG(’o)
k,l

(0)
+ = ZG],OGPJ Gpp Zsz XpkXpl Gy s
k.l

Thus, taking the partial expectation £, we find
Eo[(m +7)GipG i)

1
_ (0) (p) (p)
= m’ 4 t G G}

2
_ ﬁ(m(p) + r Z G,(,f)G(p)
(B.17)

4
kl

2 (0 G0 G 0) G0
T N3 Xk:lle Gy G G|
Js

1
() ~(p) (p) () 5
_WWZ;C:ZG”{G G G)i” +O(¥).
Js
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Expanding the right-hand side of (B.17) with respect to the upper index p, we
obtain

E[(m + ‘L')G,'pGpi]

1
B.18 =—E[X
(B.13) T [X32]

1
- m (2E[X42] 4 2E[X43] + 2E[ X 44]) + O(¥°).
-

We thus have for the first term on the right-hand side of (B.11) that

(B.19) = —r—4E[X32] + r—2A3(2E[X42] + 2B[X43]

+ 6E[X44] — E[X4]) + O(F).
The fourth-order terms in (B. 11) can easily be handled: we have
1
2] . .
IE[NZ 2,3: P T)3 (Zx,g,,c; Bxpq + r) ZP:G,[,GP,}
(B.20) s
=1 A3(E[X42] +2E[X)4]) + O(¥°),

respectively,

(B.21) E[L+ ‘Y GipG,,l-] =172(Ly — D)E[X22] 4+ O(¥7).
0

We thus obtain from (B.11), (B.19), (B.20) and (B.21) that
273 1 m
]E|:7<T —Z_E)Xp:GipGpi]
(B.22) = —27 'E[X3,] + 27 A3 (3E[X42] + 2E[ X43] + 6E[X44]

+E[X4]) +2t(Ls — 2)E[X22] + O(¥?).
The third term on the right-hand side of (B.4), which is also O(W¥3), can be
expanded in a similar manner: We begin with
GipGpo
Gpp
The second term on the right-hand side of (B.23) can easily be controlled: we have

1 Gi,G
mZIE[GMGW £ o7
p,0 194

(B.23) GipG poGoi =GipG oGP +GipG o

] = 12432 [ Xaa] + E[X}y]) + O(5).
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Taking the partial expectation E,, we have

Ep[GipG po Gc(rpi)]
1 1

ﬁN G(p)G(p)G(p)
-7

(B.24) >
(P) ~(p) ~(p)
—(_lit)gN( (p)+f)ZGu€ Gy GS;

- k

(o) (p) (0) (p) 5
— G Gy’ G G, o).
Thus, expanding with respect to the upper index p, we obtain
1
(tp' =02 N
2

(B.25) - ﬁ N (m +1) Z GikGroGoi

Eo[GipGooGL)] = Z GitGroGoi

- GitGuGis G '+(’)(\115).
—1 22 ik kil lo ol
(t, =) N7

Repeating the same procedure with o instead of p, we eventually find

B2 ZGWGWGUS]

p,0
(B.26)
=2t 'E[X33] — 27 A3(4E[X43] + 6E[Xaa] + 2E[ X[, ]) + O(¥°).
We conclude from (A.25), (B.4), (B.7), (B.8), (B.9), (B.10), (B.22) and (B.26)
that
1
~ Z E[GioGail

1 (i) -2
=2 Z ZE[Gmel + L E[G3] + 207 (Ly — DE[X22]

—2(A3 4+ t3)E[X32 + X33]
+3(As+ 17+ 207 A3)E[ Xap + 2Xu3 + 4X a4 + Xy ] + O(V°).
Since

1 (@)
NZZZE[G,me]_ ZEGlpGp,]—l-(’)( 5,
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we obtain the relation
2(A3 4 t3)E[X32 + X33]
(B.27) =3(As+ v+ 207 A3)E[Xap + 2X 43 + 4 X4 + X))

-2
T
+ T1[»«:[(;,%.] +2t7 N (Ly — D)E[X2] + O(¥2).
Recalling that

V.8

we find

E[G2] =1+ 213E[t_1 —z— %} +0(v?)

(B.28) 5 5
=1° = 2tE[m + 1]+ O(¥?).

Thus, plugging (B.28) into (B.27) and recalling from (6.5) that Az + 13 =1, we
find

1
2E[X X33] — —
[X32 + X33] N

(B.29) = 3(A4 + ‘[_4 + 21_1A3)E[X42 +2X43 +4X44 + X4/14]

2 -1
- TTE[m 1]+ 20 (Ly — D)E[X0] + O(W5).

The identity (B.29) is the optical theorem derived from X»>. We remark that the
second and third term on the right-hand side of (B.29) are both O(¥*). In Sec-
tion B.3 we show that they can be written as linear combinations of X4, X43, X44
and X),.

B.2. Optical theorems from X35 and X33. In a next step, we derive further

optical theorems using the ideas presented in Section B.1. We start by considering
1 19 1

(B30) Xn=m+1)— Y GisGsi=m~+1)— Y _ GisGyi + (m+1)—Gj.

N 4 N 4 N

To estimate the first term on the very right-hand side of (B.30), we consider, for

NEIR

(s)
1 GisGsj
(B31) (m+1)GisGi = (m" +7)GisGoi + 1 3 == GisGyi + O(¥?).
J

GSS
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We expand the first term on the right-hand side of (B.31) with respect to the lower
index s to get

(m(s) + T)Gis Gsi

=(m® +1)G}, Z G;;)xpsxas G((Tsi)
0,0

(é)_i_.[ ZG(A)xpsxasG(b)

p,0

+O(¥d).
Taking the partial expectation [E;, we obtain

Es[(m(s) + T)G[SGS,']

(A)+T ZG(S)G(S)

2 7 ()
+ %(m(s) + r)( -2 > ZG(S)G(S)

473

— 7 +7) ZG<‘>G<‘>G<‘>+(9( ).

Since

2
T
0

T
=—(m+1))_ GiyGpi
N o
2t T 5
+ W(m + 77) ZGisGspG,oi + m ZZststGipGpi + O(IIJ )
2 j P
and since

3
E[m(l’n + 1) ZGi,oGpaGal}
p,0

g

= E[%(m +0).Y GikaaGoi] +0(¥),
k
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we obtain

(@) 2
T
E|: (T)+T ZGlsGsz:| =E|:ﬁ(m+f)ZGi,0Gpii|
P
— T E[2X4p +2X43 — Xy ] + O(¥).
Moreover, we have that

(s)
1 GsGsj
E _Z JjsYsj
|:N

J

GisGsi:| = -1 'E[2Xu + Xy] + O(W).

ss

‘We thus find the relation

E[X3] — N'E[(m + 1)G%] = r2E|:(m +1)— Z G,pGp,}

ZT_IE[X42 + X434+ Xaa] + O(\I’S).
Applying (B.18), we obtain
E[X3] — N"'E[(n +1)G3]
(B.32)
=E[X3] —2(c? A3 + v HE[X42 + X43 + Xaa] + O(¥2).
Further, since
N7'E[(m + ©)GE] = >N~ 'Elm + 1] + O(¥),
we obtain from (B.32) the identity

(B.33)  N7'E[m+t]1=2(A3 + v )E[Xa2 + Xu3 + Xaa] + O(¥°),

which is the optical theorem derived from X35.
We next derive the optical theorem obtained from

1
(B.34) X33 = N2 kX: GikGrsGyi-
S

Since the contributions to the sums in (B.34) from the cases i = k or s = k are
negligible [of O(W¥?)], we assume that i, s # k. Expanding the summand in (B.34)
with respect to the lower index k, we get

G5k Gii

(B35) GiGisGsi =Gy Y. G xpixar GH G + GG o
p,0
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Taking the partial expectation [Eg, we find for the first term on the right-hand side
of (B.35) that

2 (k) k) ~ (k)
E|:Gkk Z Gi,o kaxng((”) Gsi :|
p,0

1

2 3
» P

47° k) ~ (k) () ~ ) 2
—E[—NZ ZG,?p)GggGgs)Gsi ]+O(w ).
p,0

Expanding further with respect to the upper index k, we thus find from (B.35) that

T2
E[X3]= E[W ZZGipGpsGs,-]
s p

(B.36)
— 1 E[2X43 + 3X44 + X}y ] + O(¥°).

Expanding the summand in the first term on the right of (B.36) with respect the
index p, we get

(B.37) E[X33]=E[X33]— (1?43 + v HE[2X43 + 3X44 + Xy ] + O(¥7),
that is, recalling A3 + 773 =1 [see (A.24)],
(B.38) T PE[2X43 + 3Xus + Xjy] = O(9°),

which is the optical theorem derived from X33.

B.3. Optical theorem from m X5;. We return to the concluding remarks of
Section B.1. In the present subsection we show that the terms (L — z)[E[X»>] and
N~'E[m + ], both appearing in (B.29), can be decomposed into linear combina-
tions of Xy4p, X43, X44 and X 24. The latter term, N ~'E[m + 7], can be handled by
(B.33), while the former needs to be dealt with the optical theorem obtained from
mX»7>. Recall that

1
(B.39) mXn =153 GaaGisGii.
N a,s
Expanding the summand on the right-hand side of (B.39) in the index a, we get

1
mXn =15 2 (GaaGyY G + G GsaGai + GiaGasGii) + O(W)
az#s
(B.40) 1 oo
= N2 Z(GGGGE?)GSII) - == GsaGai) +2X33 + O(\IJS).
N Gaa

a#s
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Expanding the second summand of the first term on the right-hand side of (B.40)
with respect the lower index a, we get

1
E[mX2] = E[m 3 GaaG§;’)G§j‘)]
a#s

(B.41)
+ ‘L'_IE[ZX44 + Xém] + 2E[X33] + O(\Ifs).

We expand the summand of the first term on the right of (B.41) further in the lower
index a to find

E[Gaa Gy G
(a)
:—rGEf)GE?)—r2<t1 z _md )Gl(f)GEf)
(B.42)
3( -1 AON @) o)
-7 <‘L’ —z—7> GG

2¢3
(@) ~(a) ~(a) ~(a) 5
— 7 2.Gy5G5, GG + O(W°),
y,8

Expanding the first term on the right-hand side of (B.42) with respect the upper
index a, we get

_g@0saGai _ GiaGas
" aa Gaa
_ GiaGas GsaGai
Gaa Gaa .

(a) ~(a) _ ~. ) (a)
Gis Gsi _G’SG“ Gsi

(B.43)

We stop expanding the first term on the right-hand side of (B.43) which will even-
tually, after averaging over s, become X»,. For the second term on the right-hand
side of (B.43), we have

GsaGai
EQ[GE?) sa al]

Gaa
_ T (@) ~(a) (@)
_—N;G GGy

is

2 ~(a)
T -1 m (@) ~(a) (@)
_N(t _Z_T>Xy:Gis Gy, G,

22 (a) (@) ~(a) 5
+W;Gis Gy Gy Gy +O(¥?).
Y,
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Thus,

[ Z G(a) Gs5aGai i|
2
N Ll?éS G(l(l

(B44) = [ ZZG%@&QG&?}+r“JE[X43+2X44]+0(‘115)
a#s vV

T _
= —E[m Z Xy: GisGsyG,,i] + 7 'E[X43 — Xas] + O(P°).
Following the calculation in (B.36)—(B.37), we obtain from (B.44) that

gt
a#s aa
(B.45) = —E[X33] + T2 A3E[2X43 + 3X 44 + Xy

+ 17 E[X43 — Xaa] + O(¥).

The third term on the right-hand side of (B.43) can be expanded in a similar man-
ner. In sum, we get

[ Y G(“)G(”)}

az#s
= —7tE[X2] - 2E[X33]
(B.46)
+ 2‘[2A3E[2X43 +3X44 + X4/14]
+ 1 E[2X43 + Xy] + O(9°).

We next consider the second term on the right-hand side of (B.42). We note that

o (a)
(r_l _=-r )G@G(‘.’)

d IA) S
L
=\T _Z_E GisGsi
m
(B47) b (r‘l - E)G,-E,GMG“-

—1 —1 i
+T <T — I _)GisGsaGai

-1
T
- T Z GyaGay GisGsi + O(\IJS)
14
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We expand the first term on the right-hand side of (B.47) similar to (B.11) to get
L 7
T — I E Gis Gsi

1

7y 2
(B.48)

- Z _1 (Z xﬂpG(ﬂ)xﬂq + t) GiSGSi

+ (L+ - Z)GisGsi + O(\Ijs)

— -,;)3

Taking the partial expectation £g and proceeding as in (B.12)—(B.15) we find for
the first term on the right-hand side of (B.48) that

[ S8 o (S + )6

-1 _
i,s B (
=E[X3] + t2A3E[ X}y — 4X44] + O(¥7).
‘We thus have

=E[X3] — t*A3E[Xa2 + 4Xas + X)4]
(B.49) s
—1°(Ly — 2)E[X 2]
+ 7 'E[2X43 + Xiy] + O(9).

From (B.42), (B.46) and (B.49) we find for the first term on the right-hand side
of (B.41) that

5[z £ 66155 |
= —tE[X2] — 2E[X33] 4+ 2t%A3E[2X 43 4+ 3Xas + X)y]
+ 7 E[2X43 + X}y
(B.50) +E[X32] — T2 AsE[Xa2 + 4Xaa + X4y] — 77 (L1 — 2)E[X22]
+ 7' E[2X43 + X}
— ‘L’_IE[X42 +2X 4]
+ 7 E[2X 44 + Xy ] + 2E[X33] + O(¥°).
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Plugging (B.50) into (B.41) we finally find

ElmXxn]+t3(Ls — 2)E[X2]
= —1E[X2] + E[X3;]
+ (A3 + T E[—Xa2 + 4X43 + 2Xas + Xy ] + O(9°).

Since X32 = (m + 1) X2, by definition, we obtain
(B.51) (Ly —2)E[X2n] = (A3 + ‘L'_S)E[—X42 +4X434+2X494+ X4,L4] + O(\I’S),

which is the optical theorem obtained from m X75.

B.4. Proof of Lemma B.1. In this subsection we prove Lemma B.1 based on
the optical theorems derived in Sections B.1, B.2 and B.3.

PROOF OF LEMMA B.1. For simplicity set
(B.52) X3:=2(X3n+ X33), Xy :=3(Xa2 +2Xa3 +4Xas + X}y).
From (B.29), (B.33) and (B.51), we have
E[X3] — N7' = (Ag + 14 + 207 A3)EB[X4] — 2¢ !N E[m + 7]
+217 1 (Ly — DE[X2] + O(W),
hence,
E[X3] — N~'=(As+ 1%+ 2t A3)E[X4]
(B.53)
— T E[6X42 — 4X43 — 2Xy] + O(WP).
Subtracting 8-times (B.38) from (B.53), we obtain
E[X3] — N~ = (A4 + 77 + 2071 A3)E[X4]
— v 16E[ X4 + 2X43 + 4Xas + X[y ] + O(¥7)
= (Ag+ 4+ 207 Ay — 20T DHE[X4] + O(9°).
Using A3 + 773 =1 [see (A.24)], we conclude that
(B.54) E[X3] — N~ = (A4 — t™HE[X4] + O(¥°).

This proves (B.1) and completes the proof of Lemma B.1. [J
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APPENDIX C: PROOF OF LEMMA 6.1

In this last section we prove Lemma 6.3.

PROOF OF LEMMA 6.3. In a first step of the proof of (6.14), we express
(8,ta)/t§ in terms of y and y.
From the time evolution of ¥ = diag(oy) in (6.1), we have
1 1 _ 1
y—— = —¢ +e ' =1-—
0q (1) 04 (0) oq(t)

Since t, = y o, by the definition of 7', we get

ot 1 ; I
A~ g, =(Z+1) — = @=0.
Iy to (1) 14 o) ¥

Recalling the definitions of (Ag) in (A.23) and that Ay = 772, we then obtain,
dropping for simplicity the #-dependence from the notation,

P

0

(t=0).

1« Oty 1 v (Y 1
(C.1)y — —7:(—“)1 +(—+1>rA3——A3,
N;fé ' -3 \y y y
respectively,
1« Oty 1 y y 1
(C2) — —_7:<—+1>A3+<—+1>1A4——A4.
N;fé (te' =% \y y y

Using the short-hand notation
(C3)  X3=2(X3+ X33), Xa=3(Xa2+2X43 +4Xaa + X))
[see (B.52)], we observe that (6.14) is proven, once we have established that
c [((7 +Y)T 2+ (T +y7 — DA3]ImE[X3]
=[(7 + )43+ (T +y7 — DAJIME[X4] + O(¥°).
Combining the following lemma with Lemma B.1, it is straightforward to assure
the validity (C.4).
LEMMA C.1. Lety and t be defined in (6.3) and (6.4). Then we have
(€5 G+ 2+ @Fr+yr— DA =y(t A1 — Aj),

(C6 GFH+YA+GFT+yr—DAs=y(t 7243 — A (Ag —7%).

Assuming the correctness of Lemma C.1, we can recast (C.4) as

y(t 72 A4 — A3) ImE[X3]
(C.7)
=y (t 7244 — A3)(Ag — T HIME[X4] + O(¥2).
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Since E[X3] — 1/N = (A4 — t~HE[X4]4+ O(¥?), by the optical theorem (B.1),
we see that (C.7), respectively (C.4), indeed hold true. This in turn proves, by the
discussion above, the claim in (6.14), that is, Lemma 6.3.

It remains to prove Lemma C.1:

PrROOF OF LEMMA C.1. First, we differentiate the sum rule

1 ( 1 )2_1
ch ta_l—‘[ _‘L'2

[see (6.5)] with respect to ¢ to find

N QR , 4 y 1 ty!
=Y Y = tAy— A3—|—<——|—1>— e
N Z (tg" — 1) g y /N Z (t' =)}
which yields
(C.8) (As+ )t =y [y +y)(r 72 + 143) — A3].

Using Az + 773 = 1, we hence get
(C9) =y [ +y)T - 4s].
Similarly, differentiating the sum rule
1 ( 1 )3 1
_ ) + = =1
N ; tl;l — T 73
[see (6.5)] with respect to ¢ we find
(As— N7 =y [(7 + ¥)(A3 + TAg) — Aqg].
Combination with (C.9) yields
(Ag— ™[y + )t — A3] = (7 + ¥)(A3 + TAg) — Ag,
hence
(C.10) V4y =1t Y43 — A3As+ As =1 A3+ 13 A,
Thus, we can write the left-hand side of (C.5) as
(T A3+ TP A) T+ (T A H T AL - 1) A
= (T_3A3 + T_2A4) — Az
(C.11)
= (‘[_3143 + T_2A4) — A3(A3 + ‘E_s)
= (17244 — A3).
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This proves (C.5). Similarly, we have for the left-hand side of (C.6)

(t7* A3 + T3 A A3+ (t A3 + T 24— 1) Ay
= (‘E_4A3 + ‘E_3A4)A3 =+ (‘L’_3A3 + ‘L’_2A4 — (A3 =+ 1_3)2)144

(C.12)

=1 4A2 417242 - A3A, — %Ay

= (Ag— (7244 — AY).

This proves (C.6), and hence completes the proof of Lemma C.1. [J

Having proven Lemma C.1, we can complete the proof of Lemma 6.3. [J
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