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STOCHASTIC DIFFERENTIAL EQUATIONS WITH SOBOLEV
DIFFUSION AND SINGULAR DRIFT AND APPLICATIONS'

BY XICHENG ZHANG
Wuhan University

In this paper, we study properties of solutions to stochastic differential
equations with Sobolev diffusion coefficients and singular drifts. The proper-
ties we study include stability with respect to the coefficients, weak differen-
tiability with respect to starting points and the Malliavin differentiability with
respect to sample paths. We also establish Bismut-Elworthy-Li’s formula
for the solutions. As an application, we use the stochastic Lagrangian rep-
resentation of incompressible Navier—Stokes equations given by Constantin—

Iyer [Comm. Pure Appl. Math. 61 (2008) 330-345] to prove the local well-
posedness of NSEs in R4 with initial values in the first-order Sobolev space
W}, (R4 RY) provided p > d.

1. Introduction and main results. Consider the following stochastic differ-
ential equation (abbreviated as SDE) in R:

(1.1 dX, = b,(X,)dt +dW,, t>0,Xo=xcR?,

where (W;);>¢ is a d-dimensional standard Brownian motion on some probability
space (2, %, P). It is a classical result due to Veretennikov [27] that when b is
bounded and Borel measurable, the SDE above admits a unique strong solution.
Furthermore, for almost all w, the following random ordinary differential equation

dX (@) = by (X1 (w) + Wy (w)) dt, t>0,Xo=x

has a unique solution (cf. Davie [3]). Recently, in [18] and [19], the Malliavin
and Sobolev differentiabilities of X;(x, ) with respect to the sample path @ and
with respect to the starting point x were studied, and these differentiabilities were
used to study stochastic transport equations. In a remarkable paper [14], Krylov
and Rockner proved the existence and uniqueness of strong solutions to SDE (1.1)
under the assumption

d 2
be LY(Ry; LP(RY)) with p,q € (1,00) and — + — < 1,
P q
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by using the Girsanov transformation and some estimates from the theory of PDEs.
Subsequently, the results of [14] were extended to the case of multiplicative noises
in [30] (see also [9, 28] for related results). The Sobolev differentiability of solu-
tions was also obtained in [5, 6]. The recent interest in studying the Sobolev dif-
ferentiability for (1.1) with singular drift is partly due to the discovery of Flandoli,
Gubinelli and Priola [7] that noises can prevent the singularity for linear transport
equations (see also [5]).
In this paper, we consider the following SDE: for given T < S:

(1.2) dXt,s = bs(Xt,s)ds + O'S(Xt,s)dWw Xt,t =x,T<t<s<S§,

where b : [T, S] x RY - R? and o : [T, S] x RY — M are two Borel functions,
and (Wy)s¢(r,s) 1s a d-dimensional standard Brownian motion on the classical
Wiener space (2, %, P; H). Here, M9 denotes the set of all d x d-matrices, 2
is the space of all continuous functions from [T, S] to R4, Z is the Borel-o field,
P is the Wiener measure and H C €2 is the Cameron—Martin space. We make the
following assumption on o':

(H%) there exist constants K > 1 and « € (0, 1) such that for all (¢, x) € [T, S] x
R4,

(1.3) K7 'gl <|ot()E| <K|E],  EeRY,
and forallt € [T, S]and x, y € R4,
lov(x) —ov (]| < Klx — y|*.

Here and in the remainder of this paper, o' denotes the transpose of matrix
o, | - | the Euclidiean norm and || - || the Hilbert—Schmidt norm.

Throughout this work, for simplicity of presentation, we assume S — 7 <1 so
that all the constants appearing below are independent of the length of the time
interval [T, S]. Our main result of this paper is the following.

THEOREM 1.1. Assume that o satisfies (H%). Suppose also that one of the
following two conditions holds:
(1) oy(x) = oy is independent of x and for some p, g € (1, 00) with % + % <1,
be L4([T, S]; LP(RY)) =: L4(T, S).
(i) Vo,be }L(Z,(T, S) for some g = p > d + 2.
Then we have the following conclusions:

(A) For any (t,x) € [T, S] x RY, there is a unique strong solution denoted by

X, s(x) or Xf”f (x) to SDE (1.2), which has a jointly continuous version with
respect to s and x.
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(B) For each s >t and almost all w, x — X; s(x,w) is weakly differentiable.
Furthermore, for any p' > 1, the Jacobian matrix VX, ;(x) satisfies

ess. sup IE( sup |VX,,s(x)|p/)
xeRd  “s€lr,S]

(1.4)
S C = C(da pP.q, K,Ol, p/a ||b||]L7,(l‘,S)’ ||Vo.”]L;l)(t,S)),

where the constant C is increasing with respect to ”b”]L?,(t,S) and ||Vo ”L‘,’,(t,S)-

(C) Foreach s >t and x € R4, the random variable & — X 1.s(x, w) is Malliavin
differentiable, and for any p’ > 1,

(1.5) sup E( sup HDX,,S(x)Hﬁ) < 400,
xeRd  “selr,S]
where D is the Malliavin derivative (cf. [20]).
D) Forany feC 11 (RY), we have the following derivative formula: for Lebesgue-
almost all x € R:

1 s
(16) VES(Xi(0) = - B( £ (Xis0) [ 07! (Xer () VX1r () AW, ).

where o~ is the inverse matrix of .
(E) Assume that b’ € I[f,],(T, S) with the same p,q as in the assumptions. Let

Xﬁf (x) and Xﬁ/ga (x) be the solutions to (1.2) associated with b and b’, re-
spectively. Then

(1.7) sup E( sup X7 () = X7:° ) = Clb =¥y 5,

xeRd  selt,S]

where C=C(d, p,q,K,«a, ”b”L‘,’;(t,S)’ ||b/||L%(t7S), ||V(7||]L‘},(z,$))'

REMARK 1.2. Conclusions (A) and (B) are not really new and they are con-
tained in [6, 14, 30]. Conclusions (C), (D) and (E) seem to be new. Our proofs are
based on Zvonkin’s transformation (cf. [32]) and some results from the theory of
PDEs. The global L?-integrability of the coefficients plays a crucial role in our ar-
gument. It should be noticed that when o; (x) = o; and b;(x) are bounded, (A), (B)
and (C) were studied in [18] and [19] by using different arguments. Moreover, un-
like [28] and [30], there is no explosion time problem here since we are assuming
global integrability conditions on o and b; see Lemma 6.2 (4) below.

REMARK 1.3. The stability estimate (1.7) could be used to study numerical
solutions of SDEs with singular drifts. For example, let us consider the following
SDE:

dXzzlA(X[)dt"rdW[, X():x,
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where A is a bounded open subset of RY . Let by (x) = 14 * 0n(x) be the mollifying
approximation. By (1.7), the solution X} of the above SDE corresponding to b,
converges to X; in L2. Next, we can approximate X 7 by Euler’s scheme. In this
way, one can give a numerical approximation for solutions of singular SDEs. We
plan to pursue this in a future project. We would also like to mention that the
derivative formula (1.6) could be used in the computation of Greeks for pay-off
functions in mathematical finance (cf. [17]).

In the remainder of this section, we present an application of the above theorem
to incompressible Navier—Stokes equations. This application is actually one of the
motivations of the present paper. Consider the following classical Navier—Stokes
equation in R3:

oru=vAu — (u-V)u+ Vp, divu =0, upg = ¢,

where u is the velocity field, v is the viscosity constant and p is the pressure of
the fluid, ¢ is the initial velocity with vanishing divergence. In [1], Constantin and
Iyer provided a probabilistic representation to the above NSE as follows:

t
08 X (x) =x+/0 us(X5(x)) ds + 20 W,

u (x) =PE[V'X, 1 o(X;, )] (x),

where X, (x) denotes the inverse flow of x — X, (x), VX, s the transpose of
the Jacobian matrix, and P =1 — V(—A)~! div is Leray’s projection onto the space
of all divergence free vector fields. Let w = curl(#) = V x u be the vorticity. Then
the second equation in (1.8) can be written as

19 @ =E[(VX,'@) " wo(X )],  wo=Vxe,

where (VX 1(x))_1 stands for the inverse matrix of VX, 1()c). In this case, the
velocity u can be recovered from w by Biot—Savart’s law (cf. [16]):

(1.10) () = [ Kax = y)an(3) dy =t Ko (o),
where
1 xxh
K h=——F¢p, ,heR3.
= BhE

In other words, we have the following stochastic representation to vorticity:

t
X, (x) = Koy (X, 20W,,
G 1 (x) x+/0 ws (X4 (x)) ds + V20 W,

w () =E[(VX; ' () wo(X ()]
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Now if we substitute (1.9) and (1.10) into (1.11), then we obtain the following
equation:

. (1 ~ ~
X (x) =x+u-3/0 /R3[K3(Xs(x) — VX ) - wo(X ()] dy ds

+ 21)Wl‘9

where the random field {}2 M} yeRd is an independent copy of {X;(x)},cge, and E

denotes the expectation with respect to (X)) given (X;). By the change of variables
X, '(y) = x’ and noticing that

detVX,(x)=1, (VX '(X, (X)) = VvX,(x).
we further have

X =x+E [ [ KX = K (TR ) - w0(x)]a' ds + VW,

This is simply the random vortex method for Navier—Stokes equations studied in
[16], Chapter 6.

Recently, in [29] and [31], we studied a backward analogue of the stochastic
representation (1.8), thatis, forv>0and ¢t <s <0,

Xes@) =5+ [y (X1 () dr 4+ V20(Ws = W),
t
ur(x) = PE[VtXt,O : @(Xz,o)](X)-

(1.12)

The advantage of this representation is that the inverse of stochastic flow x
X;.0(x) does not appear. In this case, u, (x) solves the following backward Navier—
Stokes equation:

ou+vAu—(u-Vu+Vp=0, divu =0,up =g,

Using Theorem 1.1, we have the following local well-posedness to the stochastic
system (1.12).

THEOREM 1.4. For any p > d and divergence free ¢ € W}) (R?: RY), there
exist a time T = T(p,d,v, ||<p||W})) < 0 and a unique pair (u, X) with u €

L°([T, 0], W},) solving the stochastic system (1.12).

This paper is organized as follows: In Section 2, we recall some well-known
results and give some preliminaries about the Sobolev differentiabilities of ran-
dom vector fields. In Section 3, we study a class of parabolic partial differential
equations with time dependent coefficients and give some necessary estimates. In
Section 4, we prove some Krylov-type and Khasminskii-type estimates. In Sec-
tion 5, we prove our main Theorem 1.1 for SDE (1.2) with b = 0. In Section 6,
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we prove Theorem 1.1. In Section 7, we prove Theorem 1.4 by using Theorem 1.1
and a fixed-point argument.

Throughout this paper, we use the following convention: C with or without sub-
scripts will denote a positive constant, whose value may change in different places,
and whose dependence on the parameters can be traced from the calculations.

2. Prelimiaries. We first introduce some spaces and notation for later use. For
p,q €[l,00]and T < S, we denote by ]Lg,(T, S) the space of all real-valued Borel
functions on [T, S] x R with norm

S q/p\ 1/q
||f||]L%(T’S) = </T (/Rd|f(t,x)|”dx) ) < +4o00.

Form e Nand p > 1, let W;” = W’I’} (]Rd) be the usual Sobolev space over R9 with
norm

£ v == Y| V5 £, < 400,
k=0

where VX denotes the k-order gradient operator, and || - ||, is the usual L”-norm.

For g >0, let Hg := (I — A)~P/2(LP) be the usual Bessel potential space with
norm (cf. [23, 26])

. 2
1 f g =12 = 2P 1],
Notice that for m e Nand p > 1,

I fllezy = 11 £ vy

where < means that the two sides are comparable up to a positive constant. More-
over, let €7 be the usual Holder space with finite norm

A] [B] v
VP (o) = VPR
1 Fllgs = DIV  f oo+ sup <00,
4 /Z(:)H ”oo vty Ix — )7|‘3_[/3]
where [B] is the integer part of 8. By Sobolev’s embedding theorem, we have
2.1 1 llgs = CllLFllgs p—56>d/p,5=0.

In this paper, we shall also use the following Banach space:
W24(T, S) := LI(T, S; W2) NW'4([T, S; LP).

Let f be a locally integrable function on R¢. The Hardy-Littlewood maximal
function is defined by

1

Mf(x):= sup

O<r<oo |Br|

/ fx+y)dy,
B,

where B, := {x € R? : |x| < r}. We recall the following result (cf. [2], Ap-
pendix A).
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LEMMA 2.1. (i) There exists a constant Cg > 0 such that for all f € W% (RY)
and Lebesgue-almost all x,y € R?,

(2.2) | f ) = fO] = Calx = y|(MIV f1(x) + MIV FI ().

(ii) For any p > 1, there exists a constant Cq , > 0 such that for all f €
LPRY),

(2.3) IMFllp = Capllfllp-
For p > 1, let ), be the set of all continuous random fields X : R x Q@ — R4
with
2.4) 1X 115, = X ) 1o + IV X e 1) < 00,
where VX denotes the generalized Jacobian matrix, and
LP:=LP(Q),  LP(LP):=L>®[R% LP(Q)).
Let ”//po C 7}, be the set of random fields satisfying the additional condition

(2.5) A‘ngf(X(x))dxz/I;{d f(x)dx.

REMARK 2.2. The continuity assumption of x > X (x) in the definition of
¥, is purely technical for p > d. In fact, if X € ¥}, for p > d, then by Sobolev’s
embedding theorem, x — X (x) always has a continuous version. Condition (2.5)
means that x > X (x) preserves the volume in the sense of mean values. In the
sequel, we also use the following notation:

Voo = (Y. Yao_=(7.  LPLY) =) LI(LE).
r>1 p>1 p>1

Let o : R? — [0, 1] be a smooth function with support in By and [odx = 1.
For n € N, define a family of mollifiers g, (x) as follows:
(2.6) on(x) :=n0(nx), xeRY.
For X € 7}, define

@7) Xa()i= 00+ X() = [ X(x = y)ou(y)dy.

Clearly, by Jensen’s inequality we have

(2.8) sup E|VX,(x)|” <ess. sup E|[VX ()|’ =|VX|?

Lo(LE)
xeR4 xeR4 3 (Lo)

LEMMA 2.3.  Let p > 1. For any X € ¥, we have

29)  E[X() = XW|" <=y PIVXIY . VxyeR%
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PROOF. Let X, be defined by (2.7). By Fatou’s lemma and (2.8), we have for
all x, y e RY,

E[X(x) = X(0|” < lim E[X,(x) = X,(»)|”

1
<fr—yl” tim [ EIVX,(x 460y — )| df
n—00J0

< |x —yI? sup E|VX,(x)|”
xeRd

< =P IVX Ny
where we have used the continuity of x — X (x) in the first inequality. [
LEMMA 2.4.  Forany p > 1,let {X,,n € N} C ¥}, be a bounded sequence and

X (x) a continuous random field. If, for each x € R4, X, (x) converges to X (x) in
probability, then X € ¥}, and

IVXIl oorry < sup IV Xnll ooz )
A n

Moreover, for some subsequence ny, VX,, weakly converges to VX as random
variables in LP (2 x Bgr; M?) for any R € N, where B = {x : |x| < R}.

PROOF. Recall the definition of #),. Since sup,, [| X,,(0) I p < o0, by (2.8) and
(2.9), we have for any R > 0,

(2.10) supr (E|X,(x)|? +E|VX,(x)|") dx < oo.

This means that {X,,(-), n € N} is bounded in L”(; W, (Bg)), where W} (Bg) is
the first-order Sobolev space over Bg. Since LP (2; W;(BR)) is weakly compact,

by a diagonal argument, there exist a subsequence n; and a random field X €
Mgren LP(€2; W},(BR)) such that for any R € N,

(2.11) Xp (x) > X(x)  weakly in L”(Q; W} (Bg)).

In particular, for any Z € C§° (R4; RY) and & € L>®(S2), we have

Jim E | (X (x), Z(x)E)ga dx :IE/Rd (X (x), Z(x)&)pa dx.

Since for each x € R?, X,,(x) converges to X (x) in probability, by (2.10) and the
dominated convergence theorem, we also have

Jim B [ (X0, (), Z()§)ga dx =E /1; (X (x), Z(x)§)pa dx.
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Thus, for all Z € C§°(RY; RY) and £ € L°°(Q),
E [ (X, Z0)8)gadr =E [ (X(). Z()8)a .

which implies that X (x, w) = X (x, w) for dx x P(dw)-almost all (x, ). In partic-
ular, for almost all w, x — X (x, ®) is Sobolev differentiable, and by (2.11), VX,
weakly converges to VX as random variables in L” (2 x Bg; M%) for each R € N.

Now, let 7,°° be the set of all M“-valued smooth random fields with compact
supports and bounded derivatives. Let p, = p/(p — 1). Since the dual space of
LY(RY; LP+(Q)) is L®(RY; LP(R)) and 7> is dense in L'(RY; LP*(R)), we
have

||VX||L§O(L{;) = sup
Vet UM 1 ppey =<1

fd E(VX (x), U(x))ya dx'

= sup IE(/ (X (x),divU (x))ga dx)
UGVLOO,”U”Ll(Lp*)Sl Rd

= sup lim E(/ X, (x),divU (x) ddx)
Uenf/coo;”U”Ll(Lp*)fln%oo ]Rd( n )]R

= sup lim E(f VX,(x),U(x) ddx)
U€'7/L-°O§||U||L1(Lp*)51 n— 00 Rd( n )M

< sup sup E(/d(VXn(x), U (%) )y dx)'

1 R

neNUeV 25Ul 1 pey =<

= sup ||VXn||L30(L5))~
neN

The proof is complete. [

ih L — 1 4 1
PROPOSITION 2.5. Let p1, p2, p3 € (1, 00) with = T P If X €,

and Y € V), are two independent random fields, then we have X oY € ¥, and
(2.12) [VX 0N ooy < IVXN ooy IVY oo g2y

Moreover, if for each x € R, o+ X(x,w), Y(x, ) are Malliavin differentiable
and

sup E[DX ()| < oo, sup E[DY (x) | < oo,
xeRd xeRd

then X o Y (x) is also Malliavin differentiable and

(2.13) sup E[D(X o Y (x))||if < oo.

xeRd
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PROOF. Let X, be defined by (2.7). By (2.9), we have

sup E[X,(x) — X (x)|”' < sup E Rd!X(x =) = X@)[" on(y)dy

xeR4 xeRd

<IVXL o, [ 117 o)y

<IVXIT.my/n

Since (X, (x), X(x)),cpe and (¥, (x), Y (x)),cre are independent, we have for
each x e R4,

E|X,0Y(x) =X oY (x)|" = E(E|X,(3) — X" ly=y )
<supE|X,(y) — X(»)|"
y
<IVXI o /1"

and

”Xn oY, (x)— X, 0 Y(x)||Lf,3

1
< H!Yn(X) - Y(X)|f0 IV X0l (Yn (x) + (Y (x) = Yy (x))) dO

L3
< [[Ya () = Y @) | 2 sup | VX, ) | .2

Since p3 < p1, we thus have

(2.14) lim sup E{Xnan(x)—XoY(x)|p3:O,
n—oo
xeRd

On the other hand, by the chain rule and Holder’s inequality, we have
IV (Xn o Y,,)||L30(L5)3)

< sup [(E|(VX,) 0 ¥, (x)|P1)/PH(E| VY, (x)|P2) /7]

xeRd
S IVXall oo 2 IVYnll oo g 22
S IVXI oo 2 IVY oo .22

which, together with (2.14) and by Lemma 2.4, yields (2.12).
Similarly, by the chain rule,

D(X, 0Y,(x))=(DXy)0Y,(x)+ VX, 0Y,(x) DY, (x),



SDES WITH SOBOLEV DIFFUSION AND SINGULAR DRIFT 2707

and since (DX, (x), VX, (x)),cre and (¥, (x)) cgre are independent, as above, we
have

1D 0 Yl o,
< [(DXn) 0 Y oo pr3) + IV Xn 0 Yo - DYl oo 115
< [(DXn) o Yall oo prry + IV Xn 0 Yall oo 21 1 DYl oo g 72y
< IDXol ooy + 1V Xnll oo 20y IDYall oo 22
< UIDX poorory FNVXN oo 21y IDY Nl oo 22y,
which, together with (2.14) and by [20], page 79, Lemma 1.5.3, yields (2.13). [J

3. A study of PDE d;u + LYu + f =0. In the remainder of this paper, we
shall fix T < § with § — T < 1. Suppose that o : [T, S] x RY — M is a bounded
Borel function. Let us consider the following backward PDE:

(3.1) ou+ Lu+ f=0, u(S) =0,
where f : [T, S] x R4 — R is a measurable function and
(3.2) Lou(x) = %Gtik(x)o,jk(x)ai dju(x).

Here and in the rest of this paper, we use the convention that repeated indices in
a product will be summed automatically. The aim of this section is to prove the
following.

THEOREM 3.1. Assume that o satisfies (H%). Let p € (1,00). For any f €
ILZ(T, S), there exists a unique solution u € W?;p(T, S) to (3.1) with

2
33 Mulliners + 10l s+ 1V2ul Lo r.s) < CIE s,

where C =C(d, o, K, p) > 0. Furthermore, if p,q € (1,00) and f € Lg(T, NI
L%(T, S), then for any p €[0,2) and y > 1 with g + % <2—-B+ g

_ \@2=B)/2—d/2p—1/q+d ]2
(3.4) Ju®)]gs = CS=1) PR I g
where C =C(d,a, K, p,q, v, B) is independent of t € [T, S].

We first prove the a priori estimate (3.3).

LEMMA 3.2, Forany p € (1,00) and f € LY(T, S), let u € Wy (T, S) sat-
isfy (3.1). If o satisfies (H%), then (3.3) holds for some C =C(d,a, K, p) > 0. In

particular, the uniqueness holds for (3.1) in the class of u € Wi’p (T, S).
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PROOF. We use the freezing coefficient argument (cf. [13], Chapter 1) and
divide the proof into four steps.

(1) In this step, we first assume o;(x) = o; does not depend on x. For f €
LP(RY), define

65 Tut@=Bf(x+ [[oaw)= [ rope.xs

where

e~ (A (=), x =) /2

p(t,x;s,y) = ,
)4 det(A; )

In this case, the unique solution of (3.1) is explicitly given by

S
Ass ::/ o*rto*rdr.
t

S
(3.6) u(t,x) :/z Tis f(s,x)ds.

By [12], Theorem 1.1, for any p,q € (1, 00), there exists a constant Co =
Co(d, K, p,q) > 0 such that

(3.7) (/TS ” vf/tsmf(s, ) ds

(2) Next, we assume that for some xo € RY,

q 1/q
at) = Coll Fliger.sy
p

(3.8) ot (x) — a1 (x0) || <

200K’

where Cy is the constant in (3.7) and K is the constant in (H%). In this case, we
may write

du+ L7y + g =0, where g :=LOu — L7"u + f.

Note that by the definition of LY and (3.8),

1 2
IgllLer.s) < Z—COHVx““L‘{,(T,S) T g (r.s)-
Thus, by (3.6) and (3.7), we have

HV;%"‘”]L‘,’,(T,S) < Collglisr.s) < %”V)%MH]L‘,’,(T,S) + Coll fllugrs)»

which in turn gives

[V2uligcr.s) < 2Coll FllLgcr.s)-
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(3) Let ¢ : R4 — [0, 1] be a smooth function with Z(x)=1 for |[x|] <1 and
¢(x) =0 for |x| > 2. Fix a small constant § whose value will be determined below.
For fixed z € RY, set

22 (x) = ¢((x —2)/95).
It is easy to see that for j =0, 1, 2,
(3.9) / |v,{;j(x)1”dz=5d—f1’/ IV/¢(2)|" dz > 0.
Rd R4
Multiplying both sides of (3.1) by {Z‘S , we obtain

(3.10) 0 (ug?) + LY (ugl) + g2 =0,
where

g2 = L7 (ug?) = (L7u)e + f¢?.
Define
&1 (x) := 0y ((x — L (x) + 2).
Since ;f(x) =1for |x —z| < and {Z‘S(x) =0 for |x — z| > 26, we have
(3.11) L7 (ugl) = LY (ugl).
Notice that by (H%),
16:(x) — 60 ()] < K|(x —2)¢2°|* < K481,
and
I8y = K21Vl 19282 g + K21l - 19262 g + 7205,
Letting § be small enough, by (3.10), (3.11) and step (2), we have
I Vf(u(z‘s) H]L‘,’,(r,S) =2Co ||géS ||1L7,(z,5)
(3.12) <2CoK?|[Vul - |Vx§z8|HL;1,(t,S) +2CoK? | [ul |V§§§H|L‘{,(1,S)
+2Co] £ ||L‘,’,(t,5)-

(4) If p = q, then integrating both sides of (3.12) with respect to z, and using
(3.9) and Fubini’s theorem, we obtain

/ Vi (us? “Lp( e CIVs ””L”(r st ”””L”(r st ”f”JL”(t S>)
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Hence, by (3.9) again, ||Vul|, < C||V2u||1/2||u||1/2 and Young’s inequality, we
have

IV2ullp ) = / ||v2u ! ||w,s)

Lo ip
Thus, for some C =C(d,«, K, p) >0,

(3.13) IViullng 5 < CUlp, o +H1FITp )

which together with (3.1) gives

[u@} < Cllullfp, 5+ CUFNp ez, Cf [u) 5 ds + CIF Ty 7 5

By Gronwall’s inequality, (3.13) and (3.1), we obtain (3.3). U

REMARK 3.3. In the above proof, the reason we required p = g was due to
the use of Fubini’s theorem. In the case p # ¢, it seems that we can not use the
freezing coefficient argument to obtain the a priori estimate (3.3) since in general
it is not true that for some y € [1, oo],

L7 a2 =11y
We leave (3.3) for p # g as an open problem.

Next, we show the existence of a solution to (3.1) in Wf;p (T, S) and (3.4) by
using mollifying and weak convergence arguments. For this purpose, we assume
o satisfies (H% ) and for some o’ € (0, 1) and K’ > 0,

(3.14) lor(x) — oy (x) | < K|t — 5|

Under (H% ) and (3.14), it is a classical fact that the operator d; + L7 has a funda-
mental solution p(z, x; s, y) (see, e.g., [15], Chapter IV, or [8], Chapter 1), that is,
for any f € Cp (R%), the function

Toof @)= [ F)p(txis ) dy

satisfies that for all (¢, x) € [T, S] x R?,

(3.15) O Trs f(x)+ L7 Ti s f(x) =0, 1}%? Tis f(x) = f(x).
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Furthermore, for all x, y € Rland T <t<s<S$S [see [15], page 376, (13.1)],
\Vip(t,x:s,y)|
(3.16) . 5
< Cjls =P (s — 1) =012,

where C;, «; > 0 only depend on «, K and d.
Here is an easy corollary of (3.16).

LEMMA 3.4. Forany p,y € (1,00) and B € [0,2), there exists a constant
C=Cd,a,K,p,v,B)>0such thatforallfeLP(]Rd) and T <t<s <3S,

(3.17) 1Tesfllygp < Cs =)™ PRRARPEARY | £,

PROOF. By the heat kernel estimate (3.16), we have for all p € [1, oo],
IV s £, <Cs=7Ifll,, =012,

By Gagliardo—Nirenberg’s and complex interpolation inequalities (cf. [25], Theo-
rem 2.1), we have

24d/(2p)—d/(2 — —
1T f llgg < CIVPTos fl1 O T, plG -2l Coredien
<C(s— t)—ﬁ/z—d/(Zp)-i—d/(ZV)”f”p’

which gives (3.17). U

Let f € C([T, S]; W3) and define

S
u(t,x) :z/t Tes f(s,x)ds.

By (3.15), it is easy to see that u € W%,’p(T, S) satisfies (3.1). Moreover, for any
p.q,y € (1,00) and B € [0, 2) with % + % <2-B+ %, by (3.17) and Holder’s
inequality, we have

S
)y = [ 1750 £ ds

S
<C / (s — )~ PRoAICDICN| £ ()| ds
(3.18) '

< C( /t (s — 1)~Pa*12=dq"/@p)+da*/2y) ds) e

<C(S-— t)(Z—ﬁ)/Z—d/(ZP)—1/f1+d/(2}/) ”f”]L[]I,(t,S)’

where g* :=qu1 andC=C(d,o, K, p,q,v,B)>0.
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Now we are ready to give:
PROOF OF THEOREM 3.1. Let o be a nonnegative smooth function in R4+!

with support in {x € R¥*!: x| <1} and fpas1 0(f, x)dt dx = 1. Set 0, (¢, x) :=
nd+1Q(nt, nx) and extend u(s) to R by setting u(s, -) =0 for s ¢ [T, S]. Define

(3.19) Op 1= 0 % Qn, Jni=f *on.
Let u,, solve the following equation:
(3.20) Oty + L up + f, =0, un(S) =0.

By (3.3) and (3.18), we have the following uniform estimate:

2
(3-21) ”un”Lg(T,S) + ”atun”Lg(T,S) + H vxu””]Lf;(T,S) = C”f”]Lg(T,S)?
and for any B €[0,2) and y, ¢ > 1 with§+% <2—5+g,

(3.22) [ (2) ||H,3 < C(S — 1)@=P/2=d/@p)=1/g+d/2y) ”f”IL‘Z,(t,S)’

where the constant C only depends ond, o, K, p,q, v, B.
By (3.21) and the weak compactness of W?,’p (T, S), there exist a subsequence

still denoted by u, and a function u € Wf;p (T, S) with u(S) = 0 such that u,
weakly converges to u. By taking weak limits of (3.20), one sees that u satisfies
(3.1). Indeed, for any ¢ € Cg°((T, ) x R%), we have

S
/‘T /Rd(Lf’"un — LYup)e dtdx’

S
< ([ llo® = a0l o[ V2ua )

S o= N oo
<c([lon® =02 a) Vil igr gy

which, by (3.21), converges to zero as m — oo uniformly in z. On the other hand,
for fixed m, since u, weakly converges to u, we have

S
/‘T /Rd (L{"un — L™ u)p dt dx — 0, as n — 0o.

Hence,
S
/ /d(L;’"un—qu)(pdtdx—>0, as n — 0o.
T JR

Similarly, for any ¢ € CS°((T, S) x R?), we have

S S
/ / (Oruy)edtdx = —/ / u,orpdt dx
T JRA T JRA

S S
— —/ / u8t<pdtdx=/ / drup dt dx
T JRA T JRA
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as n — 00, and by the property of convolutions,
nll)rgo Il fn — f”]Lg(T,S) =0.
Moreover, as in the proof of Lemma 2.4, by (3.22) we get (3.4). [
4. Krylov-type and Khasminskii-type estimates. The following Krylov es-

timate was proved in [30], Theorem 2.1. Since we need more explicit dependence
on s — t, for the reader’s convenience, we reproduce the proof here.

THEOREM 4.1.  Assume that o satisfies (H% ) and q, p € (1, 00) with & + <

2. Let 0 < S—T < 1. For any s € [T, S] and x € R4, let Xr.5(x) solve SDE
(1.2) with b =0. For any § € (0,1 — 5~ — 1) there exists a positive constant

C=C(K,ua,d, p,q, 6)suchthatf0rallfeIL, (T,S), T<t<s<Sandx eR?,

N
@1 B([ st xrs 0w ) <601 flgers,
t Fy VAN
where % =c{Wy s <t}.
PROOF. Let p’ =2d. Since ]L,P,(T S)YNLL(T, S) is dense in L%(T, S), it suf-
fices to prove (4.1) for

f eLb(T. ) NLY(T. S).

Fix s € [T, S]. By Theorem 3.1, there exists a unique solution u € W v (T,s) to
the following backward PDE:

8;u+L,u+f=O, telT,s],u(s,x)=0
so that forall t € [T, 5],

||u||]Lpi(t,S) + H M”]L]? ”f”LP ([ S)
Moreover, by (3.4) and (2.1), for any 6 € (0,1 — 5 — ), we have
4.2) sup ()] = C(s = o ||f||Lg,<t,s), Vi [T, s].

relt,s]
Let g, be the same mollifiers as in the proof of Theorem 3.1. Define
(43)  up(t,x):=ux0n(t,x),  fult,x) = —[Bun(t, x) + L7 un(t, x)].
Then we have

= Flypt gy < e =0y, o+ K] V2 (up — Ol

< ||0;u * 0y, —atunL,,,( + K| Viuso,—V uH]L,, 5
o

<|If *on— f”]Lp (t5) +2K||V2u * 0y — Vzu“]Lp:(z 5)’
e



2714 X.ZHANG

which converges to zero as n — oo by the property of convolutions. So, by the
classical Krylov estimate (cf. [11], Lemma 5.1, or [9], Lemma 3.1), we have

n—o00o

(4.4)

tim E( [ [ X0.0) = £ X, )| dr ) <C lim [1f, = £1

qh@
=0.

Now applying Itd’s formula to u, (¢, x) and using (4.3), we get that for any 7 <
t<s<S§,

S
(5, X7.5) = tn (1, X7.0) — f Fulr X)) dr
t

S .
+ [ X ot (X ) dWE.
t

Since

Sup|aiul’l(s9 x)| S Cn’
8,X
by Doob’s optional theorem we have

s .
B[ [ duar X100t X1, aw
t

|=o.
F

Hence,
B( [ Xr)dr| ) =Bln 0 X0 = a5 X0, 0) 5]

<2  sup  Jup(r,x)| <2 sup |u(r)|
(r,x)elt,s]xRd reft,s]

< C6s =01 lger.s)

where the last step is due to (4.2). Combining this with (4.4), we arrive at the
desired conclusion. [J

We also need the following Khasminskii-type estimate (cf. [21], Lemma 1.1).

LEMMA 4.2. Let (§(t))iers.T], mM(@))iers.1) and (B(t))ie(s,T) be three real-
valued measurable #;-adapted processes, and (1(t))c[s, 1] and (a(t))e[s, ] be
two R¥-valued measurable F;-adapted processes. Suppose there exist co > 0 and
6€(0,1) such that forany T <t <s<S§

(4.5) E(/t [|BG)] + ()] dr‘%) <cos —1)°,
and that

s<s>=s<T>+/TSz<r>dr+/Tsn<r)dWr+/Tss<r>ﬂ<r>dr+/Tss<r)a<r>dwr.
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Then for any p > 0 and yy, y2, y3 > 1, we have
E( sup £7(s)")

se[T,S]
4.6
n N n p S ) p/2
< C(Ils (7], + H (/ ¢ (r)dr) + H (f ()| dr) )
T r2 r V3
where a™ = max{0,a}, C = C(co, 8, p,y;) > 0 and | - I, denotes the norm in
LY ().

PROOF. Write

M(s) = exp{f;a(r)dw, - %/Ts|a(r)|2dr+_/;,8(r)dr}.

By Itd’s formula, one sees that

4.7 &)= M(S){S(T) + /TS M= ) () AW, + [£(0r) = (), n()] dr)}-

By (4.5) and the Khasminskii estimate (cf. [21], Lemma 1.1), we have for any
p=>1,

s 5 s
Eexp{pr |l (r)] dr—i—pr |,B(r)\dr} <C=C(co, B, p) <00,

which implies that for any p € R,

s 2 s
sn—>exp{p/T a(r)dW, — %/T |a(r)|2dr}

is an exponential martingale. Thus, by Holder’s inequality and Doob’s maximal
inequality, we have that for any p € R,

E( sup [M(5)|”) < C=Clco,8, p) < o0.
se[T,S]

The desired estimate follows by (4.7), Holder’s and Burkholder’s inequalities. []

5. SDEs without drifts. In this section, we consider the following SDE:
(5.1) dX; s = 0s(X;5) dWy, Xir=x,5>t,

where o : [T, S] x R? — M satisfies (H%). It is well known that, under (H%),
(5.1) is well-posed in the sense of Stroock—Varadhan’s martingale solutions (cf.
[24], page 187, Theorem 7.2.1). Indeed, Holder’s continuity can be replaced with
the weaker condition that o is uniformly continuous in x with respect to ¢. More-
over, {X; s(x)} defines a family of time nonhomogeneous Markov processes. The
aim of this section is to prove Theorem 1.1 for SDE (5.1). More precisely, we want
to prove the following.
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THEOREM 5.1.  Assume that o satisfies (H% ) and that for some q, p € (1, 00)
with % + % <1,

Vo, € L;I,(T, S).
Then we have the following conclusions:

(@) For any (t,x) € [T, S] x RY, there is a unique strong solution denoted by
X s(x)or X;”S (x) to (5.1), which has a jointly continuous version with respect
tos,x.

(b) For each s > t and almost all w, x — X; ¢(x, ) is weakly differentiable. Let
VX, s(x) be the Jacobian matrix and J; 5(x) solve the following linear matrix-
valued SDE:

(5.2) I ) =T+ [ V0, (X1 () ) 4V

Then Ji s(x) = VX; 5(x) a.s. for Lebesgue almost all x € R4, and for any
p =1,
(5.3)  sup E( sup |Jp s (x)]” ) <C=C(p.,q.d.K,a, p, ||V‘7||L‘},(T,S))’
xeRd  “s€lt,S]
where the constant C is increasing with respect to ||Vo ”]L% (T.5)"

(¢) Foreach s >t and x € R4, the random variable w > X; s(x, w) is Malliavin
differentiable, and for any p’ > 1,

(54) sup E( sup [ DX, s(0)|4) <C=C(p,q.d, K, p, IVl yr.s)-
xeRd  s€lr,S]
Moreover, for any adapted vector field h with Eff? lh(r)|dr < oo, the Malli-
avin derivative Dy X; s(x) along h satisfies the following linear SDE:

(5:5) DiXos) = [ Vo (X () Dy Xer )W, + [ 00 (Xer ()i

(d) Forany f € C 11 (RY), we have the following formula: for Lebesgue almost all
x e Re:

1 s
(5.6) VEf(Xz,s(X)) = :E(f(xt,s(x))/t Ur_l(Xt,r(X))VXt,r(x) dWr)-

(e) Assume that o' also satisfies the as/sumptions of the theorem with the same
K, and p,q. Let X7 (x) and X7 (x) be the solutions to (5.1) associated
with o and o', respectively. Then

sup E( sup |X7,(0 = X7,0*) = CS =0’ o =o', 5,

xeRd  selr,S]

2

. /
provided |lo — o ”]L‘;,(t,S)

< 0o, where § € (0, 1) only depends on p, q,d.
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5.1. Some a priori estimates. In this subsection, we assume that o satisfies
(H%) and

sup|V"'at(x)|<oo, vjeN.
In this case, it is well known that the unique solution X7, (x) (or simply denoted by
X .5) of (5.1) forms a C*°-diffeomorphism flow (cf. [22] page 312, Theorem 39).

Let J; s := VX, be the Jacobian matrix, and DX, ; the Malliavin derivative of
X, s with respect to sample paths. Then we have (cf. [22], page 312, Theorem 39)

6.7 Jis=I+ /ts Vo, (X: ) Ji,r AW,

and for any h € ,

(5.8) DpX; = /ls Vo, (X:.r)Dp X r dW, + /ts or(Xs.)h, dr.
We have the following a priori estimates.

PROPOSITION 5.2.  Under the assumptions of Theorem 5.1, for any p’ > 1,
we have

(5.9 sup E( sup |VX,’S(x)|p/) + sup E( sup ||DXt S(x)HH> <C,

xeRd  “s€lr,S] xeRd  selr,S

where the constant C = C(K,«, p,q.d, p/, ”VUHL‘,’](T,S)) is increasing with re-
spect to |Vo ”L?,(T,S)-

PROOF. Without loss of generality, we assume t = T and write X := X7
and Jg 1= Jr.

(1) Let

2
Br) = Vor X) I |I7/10: 17 alr) :=2{J,, Vor (X)) )/ 10 .

Here, we use the convention g =0, that is, if |J| =0, then B(r) = a(r) =0.
By (5.7) and It&’s formula, we have

S )
|Js|2=|JT|2+/T |Jr|2ﬁ<r>dr+fT 1, Pa(r) dW,.

Let§ € (0,1 — 49— 2). By (4.1), we have forany 7 <7 <s < S,

E(/ts[’a(r)|2 + |,3(r)|]dr‘%> = 5E</S|VU’(X’)|2CV‘ ﬂ)

<C(s—1)° H|VU| HM/Z(T )

=C(s—0°|V ,
(S ) || O'”IL;I,(T,S)

which in turn gives the first estimate in (5.9) by (4.6).
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(2) ForT <r <s <, let J, 5 solve the following linear SDE:
Jrs =1+ /;S Vo, (X)) Jyp AW,
By (5.8) and the variation of constants formula, we have

s .
(5.10) DpX; =/ Jrs0r(Xy)h,dr.
T

Let Z;j = (DX ";, DX { yg be the Malliavin covariance matrix. Then by (5.10) we
have

N
(5.11) s :L Jr,sgr(Xr)(Jr,SGr(Xr))tdr'
As in step (1), one can show that for any p’ > 1,

(5.12) sup IE( sup |J,,S|P’)§C.
relT,S] se(r,S]

Thus, by (5.11) and (5.12) we have

’ s /
2( sup 1,17) < CE( swp [ 1,2 ar)
s€[T,S] se[T,8$1/T

S /
< CE(/ sup |Jp.s|*? dr) <C.
T selr,S]

The proof is now complete. [

LEMMA 5.3. Assume that 0,0’ : [T, S] x R4 — M4 satisfy (H%) with the
same K, a. If for some p, q € (2, 00) with % + % <1,

Vo, Vo, € ]L‘Z,(T, S),

. _ ’
then there exists a constant C = C(K, «a, p,d, q, |Vo ”IL‘},(T,S)’ Vo ”]L‘},(T,S)) >0
such that

(5.13)  sup B( sup |X7,(0) = X7, (0)*) =CS=’llo =o' {g, 5,

xeRd  s€t,S]

where 8 € (0, 1) only depends on p, q,d. Moreover, for any y > 1 and x € R4,
4 2
E( sup [VX7,(0) = VX7, (0])
se(t,S]
(5.14)

§ / ! 2
< CH/z |Vor (X7 ,.(x)) — Vo, (X7, (x))|" dr

L@

PROOF. Without loss of generality, we assume ¢ = T and write X{ := X7 .
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(1) Set Z; := X7 — Xf/, then
) ,
Zo= [ [on(x7) = o/(x2)]dW,.
By Itd’s formula, we have

S ’ S ,
22 = [ ot x0) =0 () P ar 2 [ o X7) = o/(x7 )] 2, aW,

N S S 5 S 2

= [ cwrar+ [neraw, + [z Ppwrar+ [ 12, Pawyaw,,

where

2
’

¢ = lov (X7) = /(X2 )| = 200 (X2) — 0 (X7 )]
0r) =200 (r X7) — /(X0 )] 2.
B(r) =20 (X7) — o (X7)[*/1Z, 17,
a(r) :=2[0,(X?) — 0,(X)]'Z, /1 Z, 2.
Here, we have used the convention 8 := 0, that is, if |Z,| =0, then B(r) =

a(r)=0.
By Lemma 2.1, (4.1) and (2.3), we have that forany 7 <t < s < §,

N
2([ 180 +la)ar|7)
N /
§CE</ [M|Vo,*(X?) + M|Va,[*(X° )]dr]%)
t
<C(s =) |M|Ve|?
1) 2
= =0 190 Plge g
_ Y 2
=Cl—0’lIValiy

(r,sy’

where § € (0, 1 — % — g), and that for any y € (1,1/(2/q +d/p)),
§ o’ / o’ 2)/
B( [ llon(xX7') = o/ (x7) 7 ar
_ ) 2y
(5.15) <CS =D’ lo =o' | Len 7.5,

2
=C(S—-T)|o - G/”L)‘,;,(T,S)’
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where § € (0,1 — "V 2V) Since () <2)10,(X9") — 0/(X?)||2, using (4.6)

withp=1, =y and Y3 = 1 and by Holder’s inequality, we obtain

S ’ N2 1/2
E( sup |ZS|2)§C”</ 1Z o (X7) = o/ (X7 dr)
se[T,S] T

LY3(Q)

S i I
| [Clor(x2) - oz Par

L72(Q)
12
(5.16) <C

5 ' NP
| o2y = o2 ) P ar

re[T,s] L)

+| /T Joy (x7) = o (x2 )P ar

LY (R2)

LY(Q)

1
< —

’

LY ()

+C“/ or(X7)—o/(X2)| dr
s 2]+ ] [ lor ) -0t

which, together with (5 .15/), yields (5.13).
(2) Set Uy :=J? — JZ . Then by (5.7), we have

Us = /Va,x“)J — Vo (X7) I dW,.

By 1t6’s formula, we have

U, ? _2/ . [Vo, (X9)J? — Vo (X9)J? | dW,)

+ [ 1von(x7)a7 = Voi (x5 ¢ | o
T

As in the proof of (5.16), and using (5.9) and by Holder’s inequality, we obtain
that for y’ >y > 1,

S i I
E( sup [USP) =C| [ Vo (X7) = Voy (x7 )17 P ar
s€[0,S] T

LY ()

/ S I
<c| swp |7 [ Vo (x7) = Voy (x7) P ar
relT,S] T

LY (Q)

S I
<c| [ 1vo.(x7) = Vo (x2 ) ar

L@
which gives (5.14) by changing y' to y. O
5.2. Proof of Theorem 5.1. (a) Under the assumptions, the pathwise unique-

ness follows from (e). Since ¢ is bounded and uniformly continuous in x with re-
spect to ¢, the existence of a weak solution is classical (cf. [23]). The existence of a
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strong solution then follows by Yamada—Watanabe’s theorem (cf. [10], page 163,
Theorem 1.1).

(b) Define o/'(x) := o * 0,(x), where o, is a mollifier in R?. Consider the
following SDE:

(x)—x—i-/ (x) dWr, s >t.
Since o is uniformly bounded, it is easy to see that for any p’ > 1,
supE( sup |X (x)|”') <C(1+x|”).
n s€lt,S
Moreover, by (5.9) we have
sup sup E( sup |VX?s(x)|p/> <00
n xeRd Cselr,S] ’
and by (5.13),
2 . n 2
lim sup IE( sup | X} (x) — X; 5 (x)] ) < CnlngO“G _G“]L‘{,(t,S)
P xeRd  selt,S]
5.17)
=0.
Thus, by Lemma 2.4, the random field x — X; ;(x, w) is weakly differentiable

almost surely, and for some subsequence ny and any R € N,

VX ,n'§ weakly converges to VX; ¢
(5.18) /
as random variables in L? (Q x Bg; M?).

Let J; s (x) be the solution of SDE (5.2). We need to show that VX; ;(x) = J; s(x).
As in the proof of (5.9), we have

sup B( sup |J,(0)|") <C
xeRe  selr,S]
Moreover, letting J/'; (x) := VX} ((x), by (5.14) we have
2
E( sup |J/T(x) = Jp s (x)| )
s€(t,S]

(5.19)
< cH/t Vo (X!, (x) — Vo, (X, ()| dr

LY@
As in the proof of (5.15), we have for y € (1,1/(2/qg +d/p)),

sup
xeRd

/|Va (X7,(x) = Vor (X2, (0) > dr

LY(Q)
(5.20) 5
<C|Vo™ ~ Vo ”]Lj’,(t,S)’
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where C is independent of n. On the other hand, for fixed m, by (5.17) we have

(5.21) hm sup =0.

LY ()

(X7, (x)) = Vo (X;,,(x)) |2 dr

Combining (5.19)—(5.21), we obtain

2
(5.22) lim sup E( sup |J",(x) = Jrs(x)|7) =
70 v eRrd <se[t,S]| o )l )
which, together with (5.19), implies VX, ; = J;  a.e.
(¢) By (5.9) again, we have for any p’ > 1,

sup sup IE( sup |DX} (x)||ﬁ/> <C,
n xeRd s€lt,S]
which, together with (5.17) and by [20], page 79, Lemma 1.5.3, yields that X; ;(x)
is Malliavin differentiable and (5.4) holds. Let 4 be an adapted vector field with
]Efig |h(r)|> dr < oo. Then we have

Dy X", /vc, X!, )Dp X! dWr+/ iy dr.

Let Z,h s solve

K N .
_ / Vo, (X, )Z!, dW, + / o (Xo )y dr.
t

As above, one can show that Dp X7 no— Zh in LZ(Q). Moreover, for some sub-
sequence np, DhX,,S also weakly converges to DpX; s in L2(2). Thus, Zt’f s =
Dy X, s satisfies equation (5.5).

(d) By the classical Bismut—Elworthy—Li’s formula (cf. [4]), we have for any
feCyRY,

1 s _
VEf(X;{s(x)):EE[f(X;{S(x))/Z [o7 (X2, (0)] 1vx;{,(x)dW,].

Using (5.17) and (5.22), by taking limits on both sides of the above formula, we
obtain (5.6). A more direct way of proving (5.6) is to use (b) and (c¢). We give it as
follows: For fixed ve R? and T <t < s < S, define an adapted Cameron—Martin
vector field &y by

/

N
s [/ [Gr(Xt,r)]ilvaz,r dr, s’ elt,s],
—tJ:

where Vy X; , := (VX;,, V)gae = J;,rv. By (5.3), we have

hy(s') :=

oy 2 1 s -1 2
E/ (P ar = n/ [or (Xe.0] ™ Vo Xy, [P dr < co.
t s — t

)2
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Notice that by (5.5), Dy, X; ¢ satisfies

1

s—1

S/ S/
Dp, X; 5 :/ Vo, (Xt,r)Dp, X r AW, + / VyX; dr, s’ elt,s].
t t

By (5.2) and the variation of constants formula, we have
Dy, Xt s = Vy Xt s = JirV.

Hence, by the chain rule and the integration by parts formula in the Malliavin
calculus (cf. [20]), we obtain

VvEf(Xt,s) = E[vf(Xt,s)VvXt,s]

= E[vf(Xt,s)thXt,s] = E[th(f(xt,s))]

1 s B
= :E(f(XI’S),/[ [UV(XZ,V)] IVVX,’, dWr>

(e) Using (5.17) and taking limits in

B sup [X7500 = X[ 0) =05 =0°lon ~0; iy,
s€lt,S] m

we immediately get the desired conclusion. The proof is now complete.

6. Proof of Theorem 1.1. In this section, we assume that o satisfies (H% )
and that one of the following two conditions holds:

(i) or(x) = o; 1s independent of x and for some p, g € (1, co) with % + % <1,

beLi(T,S).
(i) Vo,beLi(T,S) for some g = p > d +2.

We first prove the following result.

THEOREM 6.1. Under the above assumptions (i) or (ii), for any f €
}L?,(T, S), there exists a unique solution u = u? € Wf,’q(T, S) to

(6.1) du+Liu+b-Vu+ f=0, u(S) =0,
satisfying

2
(6.2) ”M”]L‘,’,(T,S) + ”v u”lL‘,’,(T,S) <C eXp{Cl ”bnz‘},(T,S)}Hf”L(;iv(T’S)’
and forallt € [T, S],

(6.3) |Vu()

wor = CLS = TP exp{Ci(S = DPPIbIT, 1 o M F lugr.s)-



2724 X.ZHANG

where § := % — % — é and Cy = C1(K,«, p,q,d,8) > 0. Suppose that b' also

satisfies the assumptions of this theorem and ' € IL‘I], (T,S). Let ul} and ul}/, be the
solutions of (6.1) associated with b, f and b’, f', respectively. Then

_2031 ||Vj”}}(f) - Vj”}}’(t) oo + _ZOZHV"”’} - vj”f’ ||JL‘,’,(T,S)
J=Y, J=Y,

<G| f - fl“]]_f[’,(T,S) + b - b/“]]_f[’,(T,S))’

_ / /
where C; = C2(K, @, p,q,d, “b”lL‘})(T,S)’ b ”]Li’,(T,S)’ Il f ”]L;’,(T,S))‘

(6.4)

PROOF. By standard Picard’s iteration or a fixed point argument, we only need
to prove the a priori estimates (6.2), (6.3) and (6.4). Letting  := 5 — 5~ — -, by
(3.4), (2.1) with suitable choices of 8 and y, we have

S
Va2 = €S =T [7b- Vi) + £ o) ds

N
<cs =" [l 19aolL + 1o 3)as

which, together with Gronwall’s inequality, yields (6.3).
On the other hand, in the case of (i), by (3.7) and (6.3), we have

2
lullLg sy + % ”“L‘},(T,S)

<C|-Vu)+ f”]L‘},(T,S)

=< C”bHL‘Il)(T,S)”VM”oo + C”f”IL’f,(T,S)

< C(IIbIIL;f,(T,S) eXp{CIIbIIE%(T,S)} + 1)||f||Lg,(T,S),
which in turn gives (6.2). In the case of (ii), by (3.3) we still have (6.2).

Moreover, if we let w := ulj’c — ul}/,, then
dw+Liw+b-Vw+(b-b) Vil + f—f'=0,  w(s)=0.

As above, using (3.4), (2.1) and (6.3), and by Gronwall’s inequality, we have

IVwlioo = Crexp{CIbITg 7 g+ 16 I7g 7 o)} g5y + 1)

x (| f - f/”]L‘{,(T,S) +]b— b/”]L‘{,(T,S))’
The desired estimate (6.4) follows by (3.4), (2.1) and (3.3). U
Let [t9, so] C [T, S] be any subinterval. For £ =1, ...,d, by Theorem 6.1, the
following PDE:
dut + quz +b-Vu' +bt =0, ufo(x) =0
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has a unique solution u¢. Let

u(x) =0y () 1= (1 (x). - (1)
and
(6.5) @, (x) 1= D (x) :=x +u(x).

We now prove the following Zvonkin transformation.

LEMMA 6.2. Under (i) or (ii), for any U > 0, there is a positive constant

e=¢(K,a,d, p,q,U) such that if so — ty < € and ”b”L‘;,(to,so) < U, then for each

t € [ty, sol, x > ®;(x) isa Cl-diﬁ”eomorphism with

(6.6) Sl =yl < [@(0) = ()] < 3lx = 1.
Moreover, letting § := % — % — é > 0, we have the following conclusions:

2) ||V2<D||]L([;)(IO,S0) + [[V®|lgs2 < C, where C only depends on K,a, p,q,
d,s,U.
3) Letb' € IL?, (to, s0) be another function with ||b’ ”L‘,’,

1) |[VPs]loo + ||V<I>,_1 lloo < Kk, where k is a universal constant.

b
(to.50) = U. Let ®° and

" be associated with b and b’ respectively. Then we have

<
(t0,50) — (f0,50)°

4) Xy,s solves SDE (1.2) on [ty, sol if and only if Yy, s := $s(Xy,,s) solves the
following SDE:

(67) le‘o,s = ®S(Yt0,s)dWY7 AS [t07 SO], Yt(),t() = CI)Z‘() (X),

|97 = & Iy ) + VO = VO g = Clo =2l

where O(y) .= [V®; - 05] 0 (CDS_l(y)) satisfies (H"‘,,) with o' = a A (8/2) and
K' =«K.
(5) Ler ©° be defined as above through @Y. In the case of (3), we also have

(6.8) 10° = @ g g.00 < C 16 = b'1g

(t0,50) (t0,50)’

where C =C(K,a, p,q,d,5,U) > 0.

0 such that for all [#g, so] C [T, S],

IV a2 < Coso — 10)° exp{Co(so — f0)84/3||b||]1qf]1)(t0’s0)}”b”L‘,’,(zo,so)‘

For given U > 0, let us choose ¢ = ¢(§, g, Co, U) > 0 small enough so that for all
so—to < e and [|bllyg g ) < U

sup [|Vuyllgs2 <1/2.

t€[f,50]
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In particular, we have
lu,(x) —w, ()| < |x—yl/2,  t€ln,sl
which then gives (6.6) by definition (6.5).

(1) Itis obvious from (6.6).

(2) It follows from definition (6.5) and the estimates (6.2), (6.3).

(3) It follows from definition (6.5) and the estimate (6.4).

(4) It follows by generalized 1t6’s formula (see [11] or [30], Lemma 4.3, for
more details).

(5) By definition, we can write

07 () = O () =[Ve{ - 05]0 @)1 () — [VO{ 0] 0 @] ()
+[(VO! = V) 0] 0 @77 (3) =t 11 (s, y) + Ias, ).

For I (s, y), by (2.2) we have
[11(s, )| < C(Mgg(®0 7' (1) + My (@) )| @0 () — @Y7 ()

where gg(x) := |V[V<I>§7 -os](x)] € L?,(to,so) by (2), and Mg is the Hardy-
Littlewood maximal function. Noticing that

k)

sup|®> 1 (y) — &1 (y)| = sup|y — ®¥" "' 0 D (y)|
y y

= ”V(D? ! ”oo” (D? - q)?”oo’
by the change of variables, (3) and (2.3), we obtain
”Il ”L‘[I,(t(),SO) = C”Mg(Q)b’_l) + Mg(q)b ’_1) H]]_,%(l‘o,s@ ” qu’_l - (I)b ! ”oo

< CIMellLg .50 |10 = ll1g

(t0,50) } (10,50)
= C”g”L(IJ,(Z(),SO) ”b - b,”L([],(Z(),SQ)'
For I>(s, y), by the change of variables and (3) again, we have

”12”]]_4(1’,(1‘0,s0) = C”Vq)b - Vq)b ”L‘[I,(t(),S()) = C”b - b,”LKII,(Zo,So)'

Combining the above calculations, we obtain (6.8). [
We are now in a position to give the following.

PROOF OF THEOREM 1.1. Let ¢ be as in Lemma 6.2. Fix 19 € [T, S) and
8o € (tg, §) with

so—Ilp<¢€.
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Let us first prove the theorem on the time interval [#g, so]. By Lemma 6.2 and
Theorem 5.1, it is easy to see that (A), (B) and (C) hold. Let us look at (D). By (d)
of Theorem 5.1, we have

VEf(Yt(),S (y))
(6.9)

1 N
= E(f(Yl‘(),S(y))\/t ®;»_1(Yl‘(),r(y))VYl‘(),r(y) dWr)
0

s —1p

Since Y, 5(y) = ®50 Xy 50 <I>t;1(y), by replacing f with f o <I>S_1 and the change
of variables y — ®;(x), we obtain (1.6). As for (E), it follows by (e) of Theo-
rem 5.1 and (6.8).

Finally, let us consider the time interval [#1, s1], where t] := % and 5| ;=

3S°T_’°. By the uniqueness of solutions, we have for all s € [#1, s1],
Xt(),s(x) = Xl‘(),l] o th,s(x)’

where X, ; (-) and X, ;(-) are independent. Thus, we can patch up the solutions
and conclude the proofs by Proposition 2.5. U]

7. Proof of Theorem 1.4. Given p >d, v>0and T € [-1,0], let b €
}LCI’,O(T, 0) be divergence free, and let X; (x) solve

(00 X =x+ [ b (X (0)dr + VEW, = W), T=r=5=0,

LEMMA 7.1. Forany f € LY(RY), we have

(7.2) E/]I;df(Xt,s(x))dx =/Rd fx)dx.

PROOF. By a density and monotonic class argument, it suffices to prove it for
fe Cgo(Rd). Let b} (x) = o * b; (x), where p, is a mollifier. Then || V5" | o < 00
and div b} = 0. Since

N
det(VX{ (x)) = exp{/ div b} (X7 . (x)) dr} =
t
by the change of variables one has

(7.3) /Rdf( (1)) dx /f(x)det VX! ) dx_/ f(x)dx

where x — Xﬁg_l (x) is the inverse of x +— X,’”x(x). On the other hand, by (1.7)
we have

lim E( sup X7 (x) —Xt,s(x)\z) =

=00 selr,0]

By taking limits for both sides of (7.3), we obtain (7.2). [
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Let P=1— V(—A)~!div be Leray’s projection onto the space of divergence-
free vector fields. It is well known that the singular integral operator P is bounded
from L? to L? (cf. [23], Theorem 3, page 96). We also need the following result
(cf. [1] and [29]).

LEMMA 7.2. Recall the definition of ¥2_ in Section 2. Let ¢ € W}, (R%; RY)
for some p > 1. We have the following conclusions:

(i) Forany X € LP(LY7) N Voo— and Y € ”1/0%_, we have

(7.4) PE[V'X - o(Y)] = —PE[V'Y - V'p(Y) - X].
(ii) Forany X € 7/0%_, we have
(7.5) VPE[V'X - 9(X)] =PE[V'X - (Vip — V@) (X) - VX].

PROOF. Let X,,Y,, ¢, be the mollifying approximations of X, Y, ¢ defined
as in (2.7).

(1) Notice that
PE[V'X,, - 0, (Ym)] + PE[V'Yy - Viga(Yi) - Xn] = PVE[X,, - ¢, (Y;n)] = 0.

By (2.8), the dominated convergence theorem and Holder’s inequality, it is easy to
see that for each n € N,

E[V'X) - o0 (V)] = E[V'X, - 0u (V)] in L” as m — oo,
and
E[V'Yy - Viou (Vi) - Xu] = E[V'Y - Vg, (Y) - X, ] in L? as m — oo.
Hence,
PE[V'X, - ¢,(Y)] = —PE[V'Y - Vg, (Y) - X,,].

By letting n — oo, we obtain (7.4).
(i) As above calculations, we have

VPE[V'X) - 00 (Xin)]| = PE[V' Xy, - (V'gn — V@u) (Xm) - VX ]-
By Holder’s inequality, we have
sup| VPE[V'X,, -(pn(Xm)]Hp < 00.
n,m

First, letting m — oo and then n — oo, we find that
E[V'X - (Vion — Vou)(Xm) - VX ]
— E[V'X - (V¢ — Vo)(X)-VX]  inlL?,
and
E[V'Xp - 00 (Xm)] > E[VX - @(X)]  inLP.

Combining the above calculations, we obtain (7.5). [
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Below we fix
p>d and q>@2p)/(p—d),
and for given ¢ € L? (R?; R?), define
Tb)e(x) :=u; (x) :=PE[V'X; 0 - (X1.0)](x).
LEMMA 7.3. For any given ¢ € LP(R?), there exist a constant Cy

Co(d, p,q,v) > 0 and a time Ty = To(Co, |l¢llp) < O such that if ”b”]L%O(TO,Q) <
2Coll¢llp and divb = 0, then

IT®): |, <2Collellp, 1 € [To,0].
PROOF. Let || - ||wa be the norm in L?(R? x Q;dx x P). By definition and
(7.2), we have ‘
IT®)e], = Cap|E[V' X1 0- 0(Xr0)]

< Capess. sup [ V'X; 0()| 12 lo(Xr0)| o
xeRd @ ’

I

= Cyq,pess. sup |V'X; 0(x)| 2 ol
xeRd @

S C(dv q,p,V, ”b”]L?)([,()))”(p”pa

where the first inequality is due to the boundedness of P in L?, and the last in-
equality is due to (B) of Theorem 1.1. Since the constant C is increasing with
respect to “b”]L‘j,(t,O) and goes to some Co = Co(d, p, q, V) as ”b”]L;’,(z,O) — 0, and
also noticing that

16190y < 1BllLss 00117 < 2Colt |Vl p,
one can choose Ty < 0 close to zero so that
C(d.q, p,v,2CoTol " llll ») < 2Co.
The proof is complete. [

LEMMA 7.4. For given ¢ € W}?(Rd; R%), let Cy and Ty be as in Lemma 7.3
and U := 2C0||<p||W}), there exists a time Ty = T1(d, v, p, q, U) € [Ty, 0) such that

forallb,b' € L;O(Tl ,0) with
I1B1ILse (71,005 28 H]L%O(Tl,o) <U, divb =divd’ =0,
it holds that for all t € [Ty, 0],
| T®), —T(®'), ||p <3lb— b/”L;;O(Tl,oy
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PROOF. Let X f’ o be the solution of SDE (7.1) with drift . By definition, we
have

IT@) = T®), ], < IPE(V'XPy - 0(X70)) = PE(V'X[ o - 0(XPo)) ],
< [PE(V'X?, - (0(X20) — @(X20))) I,
+ [PE(V(X?, — X)) o(XP ), =1 + .
For I, by the boundedness of P in L? and Holder’s inequality, we have
I < C[E(V'XY - (p(X0o) — 90(Xf,/o)))||p
< CIVXPoll o1 - lo(XP0) = 0 (X0) 1221,
where % + é =1 with py € (1, %). By (2.2) and (E) of Theorem 1.1, we have
Elp(X?0) — o(X70)|™
< CE((MIVgl(X7o) + MIVol(X70)) X7 o — X7 ")
C(E(MIVel(X7o)
+ MIVoI(XD0) 7/ O P | x — xEP)

(7.6)

C(E(M|V(p|(Xf’0) —|—M|V(p|(X?, ))2172/(2 [72))1 172/2”b b/| ]Lq(l 0

Substituting this into (7.6), and by (B) of Theorem 1.1 and (7.2), we obtain
I < c(/]R E(M|Ve|(X2o) + M|Vel(X,))” dx)l/pr = blLs0)
7.7 = CMIVel| b~ byg.0
< CIVelplt b =8l 0)-
As for I, letting p’ = _p2 by (7.4), Holder’s inequality, (7.2) and (1.4), we have
L= [PE(V'X?, - Vip(xbo) - (X0 — xP0))],

<ClIx?0— XPol 2 - IVo(XPo)l g - 1VXPoll 1,

= C”b—b/HL‘;(z,O) ||V¢(X )”Ll’(Rde) |vx? OHLooLP

< CIVllplr b = bl Leogs 0)-

which, together with (7.7), and letting 77 € [Ty, 0) be small enough, yields the
desired estimate. [J]
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We are now in a position to give the following.

PROOF OF THEOREM 1.4. By Lemmas 7.3 and 7.4, the nonlinear operator
T is a contraction operator in the ball of L‘;O(Tl ,0) with radius U = 2C0||<p||W}) .

Therefore, by Banach’s fixed-point theorem, there is a unique point u € L‘;,O(Tl, 0)
such that for each t € [Ty, 0],

T(u), = uy.
On the other hand, by (7.5), Holder’s inequality and (1.4), (7.2), we also have
VT ], < CIE[IVX,0* - |V'e — Vo (X 0)]], < +00.
The proof is complete. [
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