The Annals of Applied Probability

2016, Vol. 26, No. 3, 1837-1887

DOI: 10.1214/15-AAP1135

© Institute of Mathematical Statistics, 2016

GAUSSIAN FLUCTUATIONS FOR LINEAR SPECTRAL STATISTICS
OF LARGE RANDOM COVARIANCE MATRICES

BY JAMAL NaJiM! AND JIANFENG YAO?

Université Paris Est and CNRS and Télécom Paristech

Consider a N x n matrix %, = LnR,l,/zxn, where R, is a nonnega-

tive definite Hermitian matrix and X, is a random matrix with i.i.d. real or
complex standardized entries. The fluctuations of the linear statistics of the
eigenvalues

N
Trace f(Zp3,) = Z Fp, (1;) eigenvalues of T, 2,
i=1
are shown to be Gaussian, in the regime where both dimensions of matrix %,
go to infinity at the same pace and in the case where f is of class C3, that is,
has three continuous derivatives. The main improvements with respect to Bai
and Silverstein’s CLT [Ann. Probab. 32 (2004) 553-605] are twofold: First,
we consider general entries with finite fourth moment, but whose fourth cu-
mulant is nonnull, that is, whose fourth moment may differ from the moment
of a (real or complex) Gaussian random variable. As a consequence, extra
terms proportional to

VP2 =[E(X])’" and k=E[X}[* =P -2

appear in the limiting variance and in the limiting bias, which not only depend
on the spectrum of matrix R, but also on its eigenvectors. Second, we relax
the analyticity assumption over f by representing the linear statistics with the
help of Helffer—Sjostrand’s formula.

The CLT is expressed in terms of vanishing Lévy—Prohorov distance be-
tween the linear statistics’ distribution and a Gaussian probability distribu-
tion, the mean and the variance of which depend upon N and n and may not

converge.
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1. Introduction. Empirical random covariance matrices, whose probabilistic
study may be traced back to Wishart [56] in the late twenties, play an important
role in applied mathematics. After MarCenko and Pastur’s seminal contribution
[41] in 1967, the large dimensional setting (where the dimension of the observa-
tions is of the same order as the size of the sample) has drawn a growing interest,
and important theoretical contributions [7, 34, 50] found many applications in mul-
tivariate statistics, electrical engineering, mathematical finance, etc.; cf. [4, 17, 39,
42]. The aim of this paper is to describe the fluctuations for linear spectral statistics
of large empirical random covariance matrices. It will complete the picture already
provided by Bai and Silverstein [7] and will hopefully provide a generic result of
interest for practitioners.

The model. Consider a N x n random matrix X, = (§/ ) given by

1 RI2X, .

f n

where N = N(n) and R, is a N x N nonnegative definite Hermitian matrix with
spectral norm uniformly bounded in N. The entries (X?j; i<N,j<n,n>1)of
matrices (X,) are real or complex, independent and identically distributed (i.i.d.)
with mean 0 and variance 1. Matrix X,% models a sample covariance matrix,
formed from n samples of the random vector R,i/ 2
ance matrix R,. In the asymptotic regime where

(1.1) ¥, =

X", with the population covari-

N N
(1.2) N,n—>o00 and O <liminf— <limsup— < oo
n n

(a condition that will be simply referred as N, n — oo in the sequel), we study the
fluctuations of linear spectral statistics of the form:

(1.3) tr f(Z,Z)) Zf(x) as N, n — oo,
i=1

where tr(A) refers to the trace of A and the A;’s are the eigenvalues of X, X . This
subject has a rich history with contributions by Arharov [3], Girko (see [21 22]
and the references therein), Jonsson [35], Khorunzhiy et al. [38], Johansson [33],
Sinai and Soshnikov [52, 53], Cabanal-Duvillard [14], Guionnet [24], Bai and Sil-
verstein [7], Anderson and Zeitouni [2], Pan et al. [44, 45], Chatterjee [16], Lytova
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and Pastur [40], Bai et al. [6], Shcherbina [49], etc. There are also contributions
for heavy-tailed entries (see, e.g., Benaych-Georges et al. [10]).

In their 2004 article [7], Bai and Silverstein established a CLT for the linear
spectral statistics (1.3) as the dimensions N and n grow to infinity at the same
pace [N/n — c € (0, o0)] and under two important assumptions:

1. The entries (X f’j) are centered with unit variance and a finite fourth moment
equal to the fourth moment of a (real or complex) Gaussian standard variable.

2. Function f in (1.3) is analytic in a neighborhood of the asymptotic spectrum
of ¥, 2.

Such a result proved to be highly useful in probability theory, statistics and various
other fields.

The purpose of this article is to establish a CLT for linear spectral statistics (1.3)
for general entries X', with finite fourth moment and for nonanalytic functions f,
sufficiently regular, hence to relax both assumptions (1) and (2) in [7].

It is well known since the paper by Khorunzhiy et al. [38] that if the fourth
moment of the entries differs from the fourth moment of a Gaussian random vari-
able, then a term appears in the variance of the trace of the resolvent, which is
proportional to the fourth cumulant of the entries. This term does not appear if
assumption (1) holds true because, in this case, the fourth cumulant is zero.

In Pan and Zhou [45], assumption (1) has been relaxed under an additional
assumption on matrix R,, which somehow enforces structural conditions on R,
(in particular, these conditions are satisfied if matrix R, is diagonal). In Hachem
et al. [27, 37], CLTs have been established for specific linear statistics of interest
in information theory, with general entries and (possibly noncentered) covariance
random matrices with a variance profile. In Bao et al. [9], the CLT is established
for the white model (where R, is equal to the identity matrix) with general entries
with finite fourth moment, featuring terms in the covariance proportional to the
square of the second nonabsolute moment and to the fourth cumulant.

In Lytova and Pastur [40] and Shcherbina [49], both assumptions have been
relaxed for the white model. In [40], it has been proved that mild integrability con-
ditions over the Fourier transform of f was enough to establish the CLT. In Bai
et al. [6], fluctuations for the white model are addressed as well, for nonanalytic
functions f. Following Shcherbina’s ideas, Guédon et al. [23] establish a CLT for
linear statistics of large covariance matrices with vectors with log-concave distri-
bution. Following Lytova and Pastur, Yao [57] relaxes the analyticity assumption
in [7] by using interpolation techniques and Fourier transforms. We follow here a
different approach, inspired from Bordenave [12].

Non-Gaussian entries. The presence of matrix R, yields interesting phenom-
ena at the CLT level when considering entries with non-Gaussian fourth mo-
ment: terms proportional to the fourth cumulant and to |E(X T1)2|2 appear in the
asymptotic variance (described in Section 2.3); however, their convergence is not
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granted under usual assumptions (roughly, under the convergence of R,’s spec-
trum), mainly because these extra terms also depend on the eigenvectors of R,,. As
a consequence, such terms may not converge unless some very strong structural
assumption over R, (such as R, diagonal) is made. This lack of convergence has
consequences on the description of the fluctuations.

Denote by L,(f) the (approximately) centered version of the linear statis-
tics (1.3), to be properly defined below. Instead of expressing the CLT in the usual

. D e
way, that is (— stands for the convergence in distribution)

(1.4) La(f) Ni’ N(BL,, ©L,),

for some well-defined parameters Bgo, @50, we prove that the distribution of the
linear statistics L, (f) becomes close to a family of Gaussian distributions, whose
parameters (mean and variance) may not converge. More precisely, we establish

that there exists a family of Gaussian random variables N (B‘,{ , G)',f ), such that

(1.5) dep(La(f), N(B], ©])) el 0,

where d,p denotes the Lévy—Prohorov distance (and in particular metrizes the
convergence of laws). Details are provided in Section 2.5 and the fluctuation results
are stated in Theorem 1 [for the resolvent f(A) = (A — z)~ 1] and Theorem 2 (for
f of class C3, the space of functions with third continuous derivative).

From a technical point of view, the analysis of the extra term proportionnal to the
fourth cumulant requires to cope with quadratic forms of the resolvent (counterpart
of isotropic MarCenko—Pastur law). We provide the needed results in Section 5.

Expressing the CLT as in (1.5) makes it possible to avoid any cumbersome
assumption related to the joint convergence of R,’s eigenvectors and eigenvalues;
the technical price to pay however is the need to get various uniform (in N, n)
controls over the sequence N (B,, ®,). This is achieved by introducing a matrix
meta-model in Section 2.6. The case where matrix R, is diagonal is simpler and the
fluctuations express in the usual way (1.4); it is handled in Section 3.4. Remarks
on the white case (R, = Iy) are also provided in Sections 3.5 and 4.2.

This framework may also prove to be useful for other interesting models such
as large dimensional information-plus-noise type matrices [18, 28] and more gen-
erally mixed models combining large dimensional deterministic and random ma-
trices.

Nonanalytic functions. In Section 3, we establish the CLT for the trace of the
resolvent
(S, T — zIy) .

In order to transfer the CLT from the resolvent to the linear statistics of the eigen-
values tr f (2, %), we will use (Dynkin—)Helffer-Sjostrand’s representation for-
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mula?® for a function f of class C¥*! and with compact support [20, 32]. Denote
by ®;(f): Ct — C the function

k /e N0
(1.6) P (H(x +iy) =) %

=0

FOx,

where x : R — R™ is smooth, compactly supported, with value 1 in a neighbor-
hood of 0. Function ®;(f) coincides with f on the real line and is an appropriate
extension of f to the complex plane. Let d = 9, + idy, then Helffer-Sjostrand’s
formula writes

1 — _
(1.7) trf(EnEj;):;Re[;:+8d>k(f)(z)tr(2”2;lk—zIN) Ley(dz),

where ¢; stands for the Lebesgue measure over C*. An elementary proof of for-
mula (1.7) can be found in [13], Chapter 5. Closest to our work are the papers
by Pizzo, O’Rourke, Renfrew and Soshnikov [43, 47] where the fluctuations of
the entries of regular functions of Wigner and large covariance matrices are stud-
ied; see also the paper by Bao et al. [8] where a CLT for partial linear eigenvalue
statistics is established for Wigner matrices.

We believe that formula (1.7) provides a very streamlined way to handle non-
analytic functions and in fact enables us to state the fluctuations for the linear
statistics for functions of class C3, a lower regularity requirement than in [6, 40,
57]; in Shcherbina’s article [49], the requirements over the functions are lower and
expressed in terms of Sobolev norms || f||3/24¢ < 00, a condition that is fulfilled
if f is C? (with bounded derivatives in L?).

Bias in the CLT and asymptotic expansion for the linear spectral statistics. Be-
side the fluctuations, a substantial part of this article is devoted to the study of
the bias that we describe hereafter. In order to center the linear spectral statistics
tr f(X,X)), we consider the (first-order) expansion of %Etr f(Z,Z))

1 1
NEtrf(ZnE;f) =& (f)+ O(ﬁ)’

where &, (f) is O(1) and does not depend on the distribution of the entries of X,
and define L, (f) as

Ln(f) = trf(znz;,k) - NgO,n(f)-

A precise description of L,(f) is provided in Section 2.4. In order to fully char-
acterize the fluctuations of L, (f), we must study the second-order expansion of

3In [31], Notes of Chapter 8, it is written “This formula is due to Dynkin but was popularized by
Helffer and Sjostrand in the context of spectral theory, leading many authors to call it the Helffer—
Sjostrand formula.”
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TEr f(Z,2)),

%Etrf(zn E:) =&on(f) + 51J]l\](f) + 0(%),
which will naturally yield the bias of L,,(f),as EL,(f) =&1,,(f)+0o(1). Asymp-
totic expansions for various matrix ensembles have already been studied; see, for
instance, Pastur et al. [1], Bai and Silverstein [7], Haagerup and Thorbjgrnsen [25,
26], Schultz [48], Capitaine and Donati-Martin [15], Vallet et al. [55], Hachem et
al. [30], etc.

The asymptotic bias is expressed in Theorem 1 for the resolvent. In order to
lift asymptotic expansions from the resolvent to smooth functions, we combine
ideas from Haagerup and Thorbjgrnsen [25] and Loubaton et al. [30, 55] together
with some Gaussian interpolation and the use of Helffer—Sjostrand’s formula. For
smooth functions, the statement is given in Theorem 3. Somehow surprisingly, the
condition over function f is stronger for the asymptotic expansion to hold than for
the CLT as function f needs to be of class C 18 (cf. Remark 4.4).

2. General background—variance and bias formulas.

2.1. Assumptions. Recall the asymptotic regime where N, n — oo, cf. (1.2),
and denote by

Cp =

N _ .. . .N T N
—, £~ =liminf — and £ =limsup —.
n n n

ASSUMPTION A-1. The random variables (le’j;l <i<Nm),l <j<
n,n > 1) are independent and identically distributed. They satisfy
EX} =0, E|X'[>’=1 and E|X}|"<oc.

ASSUMPTION A-2. Consider a sequence (R,) of deterministic, nonnegative
definite Hermitian N x N matrices, with N = N (n). The sequence (R,,n > 1) is
bounded for the spectral norm as N, n — oo:

sup || R, || < oc.
n>1

In particular, we will have

AL A
0 <Ax = liminf [|R,| < Ah = limsup || R, || < oc.
N,n—o00 N,n—00
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2.2. Resolvent, canonical equation and deterministic equivalents. Denote by
0n(2) (resp., Qp) the resolvent of matrix X, X (resp., of £*X,):

2.1) 0, = (T —zln) ", 0. = (S, —zl) ",

and by f,(z) and fn(z) their normalized traces which are the Stieltjes transforms
of the empirical distribution of ¥, X*’s and X%, s eigenvalues:

1 ~ 1 ~
2.2 fu(2) = Ad 0n(2), fu(2) = —tr Qu(2).
n

The following canonical equation* admits a unique solution 7, in the class of Stielt-
jes transforms of probability measures (see, e.g., [7]):

1 _
23) @)= t(=zly + (1= )Ry —2eatn@Ra) . zeC\RF.
The function #, being introduced, we can define the following N x N matrix:

(2.4) T (z) = (—zIy + (1 — c) Ry — zeatn () Ry) .

Matrix T, (z) can be thought of as a deterministic equivalent of the resolvent 0, (z)
in the sense that it approximates the resolvent in various senses. For instance,

1 1
- _ +
NtrTn(z) NtrQn(Z)N,n——:ooo’ ze C\R
(in probability or almost surely). Otherwise stated, #,(z) = N~ tr T,,(z) is the de-
terministic equivalent of f,(z). As we shall see later in this paper, the following
property holds true:
(2.5) U On(2)vn — up, Ty (2)vy —> 0,
N,n—00

where (1) and (v,) are deterministic N x 1 vectors with uniformly bounded Eu-
clidean norms in N. As a consequence of (2.5), not only 7, conveys information
on the limiting spectrum of the resolvent Q, but also on the eigenvectors of Q,.

If R, = Iy, then t,, is simply the Stieltjes transform of Marcenko—Pastur’s dis-
tribution [41] with parameter c;,.

2.3. Entries with nonnull fourth cumulant and the limiting covariance for the
trace of the resolvent. As in [7], we first study the CLT for the trace of the re-
solvent. Let V' be the second moment of the random variable X;; and « its fourth
cumulant:

V=E(X})’ and «=E|X\[*— P -2.

4We borrow the name “canonical equation” from V. L. Girko who established in [21, 22] canonical
equations associated to various models of large random matrices.
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If the entries are real or complex standard Gaussian, then YV =1 or 0 and « = 0.
Otherwise the fourth cumulant is a priori no longer equal to zero. This induces
extra terms in the computation of the limiting variance, mainly due to the following
(V, k)-dependent identity:

E(X{AX.1 —trA)(X{BX., —tr B)
(2.6) N

=twrAB+ [V trAB" +« Y A;iBi;,
i=1

where X.; stands for the first column (of dimension N x 1) of matrix X, and
where A, B are deterministic N x N matrices. As a consequence, there will be
three terms in the limiting covariance of the quantity (1.3); one will raise from the
first term of the right-hand side (RHS) of (2.6), a second one will be proportional
to | V|2, and a third one to «. In order to describe these terms, let

1—c,

(2.7) fh(2) = — + ety (2).

The quantity 7,(z) is the deterministic equivalent associated to n~! tr(Er%, —
z1,)~!. Denote by RnT the transpose matrix of R, (notice that since R, is Her-
mitian, RnT = R, and we shall use this latter notation) and by TnT, the transpose
matrix> of T,:

(2.8) T (2) = (—zly + (1 — c) Ry — 2enta @) R)

notice that the definition of #,(z) in (2.3) does not change if R, is replaced by R,
since the spectrum of both matrices R, and R, is the same. We can now describe
the limiting covariance of the trace of the resolvent

cov(tr Qn(z1), tr Qu(22))
(2.9) = 00,1(21,22) + VIO 14(21. 22) + €024 (z1. 22) + 0(1)

A
where o(1) is a term that converges to zero as N, n — oo and

A ' (z1)t (z2) 1 }
2100 Oon(z1,22) == z N ’
(2.10) 0.n(21,22) {(tn(m)—tn(ZZ))z (z1 — 20)?

A 0 [0A,(21,22) 1
2.11)  O1,(z1,22) = — '
( ) 1,n(z1,22) Bzz{ 0z1 1-— |V|2Al’l(zla 22)}

227 i}
A 27251, (21)1,(22)
O2.n(z1,20) = ———— " -

(2.12)

ii’

N
x Y (RPTH@)R, ) (R T 2R, )
i=1

SBeware that TnT is not the entry-wise conjugate of 75, due to the presence of z.
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with
2.13)  Au(z1,22) = Z‘nﬁfn(zl)fn(zz)tr{R;/ZTn(ZI)R;/zﬁg/ZTnT(zz)Fn/z}.
For alternative formulas for ®¢ , and ®, ,, see Remarks 3.2 and 3.3.

At first sight, these formulas (established in Section 5) may seem complicated;
however, much information can be inferred from them.

The term ®q . This term is familiar as it already appears in Bai and Silver-
stein’s CLT [7]. Notice that the quantities 7, and 7, only depend on the spectrum
of matrix R,. Hence, under the additional assumption that

(2.14) ¢ —> ce(0,00) and FR 2, FR

N,n—0o0 N,n—o0

where F®» denotes the empirical distribution of R,’s eigenvalues and FR is a
probability measure, it can easily be proved that

Peni@) 1 }
(f(z1) —1(z2)* (21 —22)%)

where 7, 7’ are the limits of 7,, 7, under (2.14).

2.15) Oon(z1,22) —> @o(m,zz):{
N,n—o0

The term ©1,. The interesting phenomenon lies in the fact that this term in-

volves products of matrices R,i/ % and its conjugate I?,i/ ?. These matrices have the
same spectrum but conjugate eigenvectors. If R, is not real, the convergence of
®1., 1s not granted, even under (2.14). If however R, and X,,’s entries are real,
that is, V = 1, then it can be easily proved that ®¢ , = ®1 , hence the factor 2 in
[7] between the complex and the real covariance.
. . .. 1/2 1/2 .

The term ©, ,,. This term involves quantities of the type (R," " T, R,’”);; which
not only depend on the spectrum of matrix R, but also on its eigenvectors. As a
consequence, the convergence of such terms does not follow from an assumption
such as (2.14), except in some particular cases (e.g., if R, is diagonal) and any
assumption which enforces the convergence of such terms (as, e.g., in [45], Theo-
rem 1.4) implicitly implies an asymptotic joint behavior between R,,’s eigenvectors
and eigenvalues. We shall adopt a different point of view here and will not assume
the convergence of these quantities.

2.4. Representation of the linear statistics and limiting bias. Recall that t,,(z)
is the Stieltjes transform of a probability measure F,:

Fn(dr
(2.16) tn(z):/ k(—z)
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with support S, included in a compact set. The purpose of this article is to describe
the fluctuations of the linear statistics

N
2.17) Laf)=Y fG)—N f FOIFu(d)
i=1

as N,n — oo.
For a smooth enough function f of class C*¥*! with bounded support, one can
rely on Helffer—Sjostrand’s formula and write

Lo(f) =t f(S,55) — N ] FOIFn(dr)
(2.18)

1 _
=— Re/ AP (f)(2){tr 0n(2) — N1,(2) }£2(d2),
T Cct

where @ (f) is defined in (1.6) and the last equality follows from the fact that

1 —
[ rFan = —Re [ TounGm @@,
Based on (2.18), we shall first study the fluctuations of

tr 0n(2) — Ntn(2) = {tr 0,(2) = Etr 0, (2)} +{Etr 0n(2) — Nt (2)}

for z € C*. The first difference in the RHS will yield the fluctuations with a co-
variance ©®,(z1, zp) described in (2.9) while the second difference, deterministic,
will yield the bias

Etr 0 (2) — Nty (2) = [VI*Biu(2) + kBau(2) + 0(1)

(2.19) N
=B, (z) +o(1),
where
Bl,n(z)
(1
5o (E wRPTORPRYT] OFY)
(2.20)

1
/((1 — z TrR T2>
1
( — V2272 TrRl/zT ()RV2R\2TT (Z)F/2>)

1/2 1/2

1/2 1/2

~3(1/n>z VR Tu R (R T
1— zzt,%(l/n) tr R2T?2
The previous discussion on the terms ®1 , and ®; , also applies to the terms By ,

and B>, (whose expressions are established in Section 5) which are likely not to
converge for similar reasons.

(221) Bau(2) = Jii
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2.5. Gaussian processes and the central limit theorem. A priori, the mean 5,
and covariance ®, of (tr Q,, — Nt,) do not converge. Hence, we shall express the
Gaussian fluctuations of the linear statistics (2.17) in the following way: we first
prove the existence of a family (G, (z), z € C),en of tight Gaussian processes with
mean and covariance

IEGn (Z) = Bn (Z)’
cov(Gn(z1), Gn(22)) = On(z1, 22).

We then express the fluctuations of the centralized trace as
dep((tr Qn(z2) — Nty(2)), Gu(2)) —> 0,
N,n—00

with d,p the Lévy—Prohorov distance between P and Q probability measures over
borel sets of R, R?, C or C¥:

(2.22) dep(P, Q) =inf{e > 0, P(A) < Q(A®) + ¢ for all Borel sets A},

where A? is an e-blow up of A (cf. [19], Section 11.3, for more details). If X is a
random variable and £(X) its distribution, denote (with a slight abuse of notation)

A
by dep(X,Y) =dep(L(X), L(Y)).
Similarly, we will express the fluctuations of L, (f) as

dﬁP(Ln(f)v Nn(f)) Nn——:ooo’

where N, (f) is a well-identified Gaussian random variable.

2.6. A meta-model argument. As we need to cope with a sequence of Gaussian
processes (G,) instead of a single one, it will be necessary to establish various
properties uniform in n, N such as:

1. the tightness of the sequence (G,) (cf. Section 5.2);

2. a uniform bound over the variances of (TrG,(z)) (cf. Section 6.2), needed
to extend the CLT to nonanalytic functionals;

3. auniform bound over the biases of (Tr G,,(z)) (cf. Section 7.1.1), needed to
compute the bias for nonanalytic functionals.

A direct approach based on the mere definition of process G,’s parameters
seems difficult, mainly due to the definitions of ®, and B, which rely on quan-
tities (¢, and 7,) defined as solutions of fixed-point equations. Since the previous
properties will be established for the processes (Tr O, — Nt,) anyway, the idea is
to transfer them to G,, by means of the following matrix meta-model.

Let N, n and R,, be fixed and consider the NM x N M matrix

R, 0
(2.23) RuM)=10 . 0
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Matrix R,(M) is a block matrix with N x N diagonal blocks equal to R,, and
zero blocks elsewhere; for all M > 1 the spectral norm of R, (M) is equal to the
spectral norm of R, (which is fixed). In particular, the sequence (R,(M); M > 1)
with N, n fixed satisfies Assumption A-2 with (R, (M); M > 1) instead of (R},).
Consider now the random matrix model

(2.24) 5, (M) = \/%HRAMWZXH M),

where X, (M) isa M N x Mn matrix with i.i.d. random entries with the same dis-
tribution as the X;;’s and satisfying Assumption A-1. The interest of introducing
matrix X, (M) lies in the fact that matrices X, (M) %, (M)* and X, X have loosely
speaking the same deterministic equivalents. Denote by 1, T, and 7, the determin-
istic equivalents of X, X as defined in (2.3), (2.4) and (3.1), and by t,(M), T,,(M)
and 7,,(M) their counterparts for the model X, (M)X,(M)*. Taking advantage of
the block structure of R, (M), a straightforward computation yields (N, n fixed)
T. O
VM > 1, (M) = ty, hW(M)=1t, and T,(M)= .
0 T,

Similarly, denote by B, s and ®, ) the quantities given by formulas (2.19)
and (2.9) when replacing N, t,, T, and 1, by NM, t,(M), T,(M) and t,(M).
Straightforward computation yields

VM > 1, Bn,MZBn and ®n,M=®n-

An interesting feature of this meta-model lies in the fact that all the quantities
associated to X, (M) X, (M)* converge as M — oo to the deterministic equivalents
tn, In, €tc. As a consequence, one can easily transfer all the estimates obtained for

(Te(Sn (M) S (M)* — zIym) ' — NM1,)
to the process (Gj,).

3. Statement of the CLT for the trace of the resolvent.

3.1. Further notation. If A is a N x N matrix with real eigenvalues, denote
by F A the empirical distribution of the eigenvalues (§; (A),i = 1: N) of A, that s,

1 N
FA(dx) = - > 834 (dx).

i=1
Recall the definitions of Q,, t,, T, and #, [cf. (2.1), (2.3), (2.4) and (2.7)]. The
following relations hold true (see, e.g., [7]):
1

B.1) T,(z) = z(0+ (/)R T(2)

—%(1N+t~n(Z)Rn)_l and  i(2) =
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Recall the definition of F, in (2.16) and let similarly .7?,,, be the probability
distribution associated to 7,,. The central object of study is the signed measure

N(FEnEZ - .Fn) :n(FE:;En - ﬁ}’l)’
and its Stieltjes transform

(3.2) M,y (2) = N(f(2) = 1a(2)) = n(fu(2) = Tn(2)).

Denote by op (1) any random variable which converges to zero in probability as
N,n — oo.

3.2. Truncation. In this section, we closely follow Bai and Silverstein [7]. We
recall the framework developed there and introduce some additional notation.
Consider a sequence of positive numbers (§,) which satisfies

1/4

—~o00 and &4 |X11|4—>0

. /{|X1125n¢ﬁ}

8, — 0, )

as N,n — oo. Let fn = n_l/zR,ll/z)A(,1 where )?n isa N x n matrix having (i, j)th
entry X;;1 (1Xyj <80 /W) This truncation step yields
(3.3) P(Z, T #%,5F) — 0

N,n—o0

from which we deduce

(3.4) (S, —2Iy) = (5,5 —zly) T B> 0,

where — 7 stands for the convergence in probability. Define S,=n"Y 2R )N(
where X, is a N x n matrix having (i, j)th entry (le — IEX,])/o*n, where cr

IE|X,J — IEX,] 2. Using the fact that A(e R) > AITZ is Lipschitz with L1psch1tz

constant |z| =2, we obtain

Elwr(S,SF —2Iy) " — (S, 85 — z2Iy) 7| < ZEM | 2o,
| |2 N,n—o0
where A; = A; (2, f);l"), A=A (Zn E,’;) and (a) follows from similar arguments as
in [5], Section 9.7.1. Hence,
(3.5) (S, —2Iy) = (S, —ziy) T B> 0.

N,n— 00

Combining (3.4) and (3.5), we obtain

(S, —z0y) " — (& -y B o

N,n— 00

Moreover, the moments are asymptotically not affected by these different steps:

(3.6) max(|[EX7 — EX7|: (EIX;|* — 1): (EIX;;|* — EIX;1Y) L0
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Note in particular that the fourth cumulant of X;; converges to that of X;;. Hence,
it is sufficient to consider variables truncated at 8, /7, centralized and renormal-
ized. This will be assumed in the sequel (we shall simply write X;; and all related
quantities with X;;’s truncated, centralized, renormalized with no superscript any
more).

3.3. The central limit theorem for the resolvent. We extend below Bai and
Silverstein’s master lemma [7], Lemma 1.1. Let A be such that

A>AL(1+Veh)2
Denote by D, Dt and D, the domains
D =10, A]+i[0, 1],
(3.7 DT =0, A]+i(0, 1],
D, =10, A] +i[e, 1] (¢ >0).
THEOREM 1. Assume that Assumption A-1 and Assumption A-2 hold true,
then:

1. The process {M,(-)} as defined in (3.2) forms a tight sequence on D, more
precisely,

E|M,(z1) — Mn(22)|?
sup 5 < 00
21,22€Dg,n>1 |21 — z2]

2. There exists a sequence (G,(z),z € DT) of two-dimensional Gaussian pro-
cesses with mean

(3.8) EGy(2) = [VI*B1n(2) + kBa.n(2),
where B ,(z) and B2 ,(z) are defined in (2.20) and (2.21), and covariance
cov(Gn(z1), Gn(z2)) = E(Gn(z1) —EGn(21))(Gn(22) — EG,(22))
= ©0.1(21.22) + [VI*O1.4 (21, 22) + k24 (21, 22),
and
cov(Gn(z1), Gn(22)) = cov(Ga(21), Gu(22)),

with 71,22 € DT U D+ with Dt = {Z,z € DT} and where O0.n, O1,n and Oy,
are defined in (2.9), (2.10)—(2.12). Moreover, (G,(z), z € D) is tight.
3. For any continuous functional F from C(Dg; C) to C,
EF(M,) —EF(G,) Mg 0.

,JA—>00
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REMARK 3.1. 1. The tightness of the process { M, } immediately follows from
Bai and Silverstein’s lemma as this result has been proved in [7], Lemma 1.1, under
Assumption A-1 with no extra conditions on the moments of the entries.

2. Differences between Theorem 1 and [7], Lemma 1.1, appear in the bias and
in the covariance where there are respectively two terms instead of one and three
terms instead of one in [7], Lemma 1.1.

3. Since the extra terms may not converge, we need to consider a sequence of
Gaussian processes instead of a single Gaussian process as in [7], Lemma 1.1.

4. In order to prove that the sequence of Gaussian processes is tight, we in-
troduce a meta-matrix model to transfer the tightness of {M,} to {G,} (see, e.g.,
Section 5.2.1).

5. Following Bai and Silverstein [7], it is relatively straightforward with the
help of Cauchy’s formula to describe the fluctuations of L, (f) for f analytic with
Theorem 1 at hand. We skip this step since we will directly extend the CLT to
nonanalytic functions f in Section 4.

REMARK 3.2. A closer look to Bai and Silverstein’s proof [7], Section 2,
page 578, yields the following alternative expression for the term ®g ,:

3 [(3A0n(z1,22) 1 }
39 O0.n(z21,22) = 7— ’ ’
3.9) 0.(21,22) 8Z2{ 971 1 —Aon(z1,22)
with
2132 ~ ~
G10) Aon(172) = 2 @R ) Ry Ta) Ra T (2)),

Such an expression will be helpful in Section 6.2. As an interesting consequence:

In the case where R, and X, have real entries [in particular V = E(X; j)2 =1],
then Ay, = A, and ©p ,, = Oy .

REMARK 3.3. A closer look to the proof below [see, e.g., (5.21)] yields the
following formula for ®; , which will be of help in the sequel:

1 9 d
(3.11) ©2,,(z1,22) = - ; a—Zl[ZlTn(Zl)]ii a—zz[zzTn(zz)]ii-
The proof of Theorem 1 is postponed to Section 5.
The end of the section is devoted to various specializations of Theorem 1 in the
case where matrix R, is diagonal. In this case, the results are simpler to express
and comparisons can easily be made with related works.

3.4. Covariance and bias in the special case of diagonal matrices (R,). This
case partially falls into the framework developed in Pan and Zhou [45] (note that
the case V # 0 and 1 is not handled there). Matrix R, being nonnegative definite
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Hermitian, its entries are real positive if R, is assumed to be diagonal. In this case,
matrix 7, is diagonal as well [cf. (2.4)], T, = TnT and simplifications occur for the
following terms:

2132 ~ ~
An(z1,22) = Tln(zl)tn(ZZ) tr R, T, (21) R, Ty (22),

227 zr

21251, (211, (22)
©2,(21, 22) = T w(RAT 2D T (22)),

~ 1/n)tr R2T}
Bin() =21, ) 2( /2 SR FEs) 272y’

(1 —=z7t7(/n) Tr R;T (1 — |V|=z7t;(1/n) Tr R;T,7)

. (1/n)tr RT3
B — 31‘3 a n-n )

2@ = =TT aE () 0 R2T2
As one may notice, all the terms in the variance and the bias now only depend on
the spectrum of R,. Hence, the following convergence holds true under the extra
assumption (2.14):

) s Ay it )f W FR(d2)
n@n ) —m AQL ) =c@ni@) | s
9 (0.A(z1,22) 1 }
® n s © ’ =5 '
1.2(21, 22) N o 1(z1,22) 3Z2{ 0z1 1 —|V]2A(z1,22)
A2 FR(dn)

O2,0(21, 22) N oo ©2(z1,22) = ct (211 (Zz)/ RS RS Stk

e’ (2) 22FR@d))
(- A 21— VPAG ) (1 +ri2)%
c’P(z) [ AFR(d))
11— A7) (1 +1i2)3

where 7,7’ are the limits of 7,, 7/, under (2.14). This can be packaged into the fol-
lowing result.

Bl,n(Z) N,n_—:oo Bi(z) =

Byn(z) —> Ba(z) =
N,n—00

COROLLARY 3.1. Assume that Assumptions A-1 and A-2 hold true. Assume
moreover that R, is diagonal and that the convergence assumption (2.14) holds
true. Then M, (-) converges weakly on D, [defined in (3.7)] to a two-dimensional
Gaussian process N () satisfying

EN(z)=B(z)  where B=|V|*Bi +«Bs,z € D;
and By and By are defined above and covariance
cov(N(z1), Nz2)) = O(z1, 22)
where ® = Qg + |V|2®1 + k05,721,220 € D UD,
and Qg defined in (2.15) and ©®1, ©; defined above.
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3.5. Additional computations in the case where Ry, is the identity. In this sec-
tion, we assume that R, = Iy.

The term proportional to |V|2. In this case, the quantity A(z1, z2) takes the
simplified form
ct1
1+ +15)

where we denote #; =17(z;),i = 1, 2. Straightforward computations yield

A(z1,22) =

!
%A(Z],ZQ)ZﬁA(Z],Zz), i=1,2
and
o1 = D
(1 +1)2(1 +0)2(1 — [VI2A(z1, 22))?
cti1)

T (T + i)+ D) — VP
This formula is in accordance with [9], formula (2.2) (use [9], equation (3.4), to

equate both). If needed, one can then use the explicit expression of the Stieltjes
transform of Marcenko—Pastur distribution (cf. also Proposition 4.2 below).

4. Statement of the CLT for nonanalytic functionals. In order to lift the
CLT from the trace of the resolvent to a smooth function f, the key ingredient is
Helffer—Sjostrand’s formula (1.7). Let

Lo(f) D Tr f(S,55) — N f FOIFa(dn)

= (Tr f(2a2;) —ETr f(2,2,))
4.1

(BT rE5) - N [ roFan)

2 LN+ L2,

where F,, in (a) is defined in (2.16). We describe the fluctuations of L,l,( f) for
nonanalytic functions f in Section 4.1 and study the bias Lfl( f) in Section 4.3.

4.1. Fluctuations for the linear spectral statistics. Denote by C2° (R?) [resp.,
cr (R%)] the set of infinitely differentiable (resp., C™) functions from R? to R
with compact support; by C¢'” (R?) the set of functions from R? to R m times
differentiable with respect to the first coordinate and p times with respect to the
second one. As usual, if the subscript ¢ is removed in the sets above, then the
corresponding functions may no longer have a compact support.
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THEOREM 2. Assume that A-1 and A-2 hold true. Let f1, eous Jr bein Cg (R).

Consider the centered Gaussian random vector Z (f) (Z (fv), - Z,i( 1)
with covariance

cov(ZL(f), ZL(9)

1 - -
@2 =-5 Re/ IP2(f)(z1)dP2(8)(22)On(z1, 22)€2(dz1)E2(dz2)
T ((c+)2

1 — _
FaaRe [ T0(f)ENI®) @O 2z ),
T (ChH)?2

for f,g €{f1,..., fx}, where ®2(f) and P,(g) are defined as in (1.6), and where
O, is defined in (2.9); let

L =LY, ... L)) with LY(f) =tr f(Z.Z)) —Etr f(Z,2)).

Then the sequence of R¥-valued random vectors Z,l (f) is tight and the following
convergence holds true:

(4.3) dep (L), Z1 () 0

or equivalently for every continuous bounded function F : R — C,

(4.4) EF(LL(®) —EF(z)®) ety

The proof of Theorem 2 is postponed to Section 6.

We provide hereafter some information on the covariance operator.

Let Ni,N; eNand f € cMTLNHLR2Y. denote by z1 =x +iu, zp =y +iv
and let ®y, n,(f) be defined as

3n|+n2 (1 )nl ( )nz
(4.5) q)N],Nz(f)(Zl,m):nl:XO;NlWf(x,y) le 2w (v),
ny=0:N,

where x : R — Rt is smooth, compactly supported with value 1 in a neighborhood
of the origin. Denote by 91 = dy +1i9, and 9, = 9, +i0,.

PROPOSITION 4.1. Forevery f € C2’3(R2), denote by
1 __
T(f)=575Re /@)2 0201 D2 2(f)(z21,22)On(z1, 22)€2(dz1)€2(d22)

1 - = _ _
+ 72 Re /(C+)2 0201D22(f)(21,22)On(z1,22)€2(dz1)L2(d22).
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Then Y (f) is a distribution (in the sense of L. Schwartz) on C C3’3(R2). Moreover,
Y admits the following boundary value representation:

- _— o
() ==z lim [ 70O e,y +ie) + O(x —iey — i)

(4.6)
— O, (x —ie, y +ie) — Oy (x +1ie, y —ie)} dx dy.

Notice that for every f, g € CS(R) then f Q g € C3’3(R2) [where (f @ g)(x,y) =
fx)g(y)]and

Y(f ®8) =cov(Z,(f). Z,(8)).
The proof of Proposition 4.1 is postponed to Section 6.3.

REMARK 4.1. By relying on Tillmann’s results [54], one may prove that the
support of Y (as a distribution) is included in §,, x S,,. We provide a more direct
approach in a slightly simpler case in Section 4.2.

4.2. More covariance formulas. We provide here more explicit formulas for
the variance than those given in Theorem 2 and Proposition 4.1; we also verify that
these formulas are in agreement with other formulas available in the literature.

Recall that by [51], Theorem 1.1, the limit limg\ o 7, (x + i¢) denoted by 7, (x)
exists for all x € R, x # 0; the same holds true for 7,.

PROPOSITION 4.2. Assume that Assumptions A-1 and A-2 hold true and let
g€ CS(R); assume moreover for simplicity that V = EXizj is either equal to
0 or 1 and that R, has real entries. Then the covariance of (Z,(f), Z,(g)) in
Theorem 2 writes

tn (x) — tn(y) dx dy

tn (x) = 1n (¥)

1+ |V|?
cov(Z) (1), Z) (9)) = +"ff()()
4.7

+TZ</ £/ Im(x T, (x)), dx)(/ g Im(yT,(y);; dy)

The proof for Proposition 4.2 is postponed to Section 6.4.

REMARK 4.2. Notice that the first term in the RHS matches with the expres-
sion provided in [7], equation (1.17) (see also [5], equation (9.8.8)).

REMARK 4.3. Concerning the cumulant term, we shall compare it with the
explicit formula provided in [40] (see also [46]) in the case where R,, = [. Recall
that in the context of MarC¢enko—Pastur’s theorem where R, = Iy, we have S, =
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A7, AT] where A~ = (1 — /&% AT = (1 + /c,)? and (T, (x))i; = ty(x). We
will prove hereafter that
At

( :+ f(x)Im{xt,,(x)}dx)( -

KCp

- ¢ ) m{yt, ()] d )

K x—{4+cpy)
(4.8) T 4c nnz( A f( )\/()\"‘—x)(x—)u_) dx)

At
y— (14cn)
([ s ar).
</A— VOF =y —27)
Notice that the LHS of the equation above is the cumulant term as provided in (4.7)
if R, = Iy while the RHS is the cumulant term as provided® in [40].

In the case where R, = Iy, the Stieltjes transform of Marcenko—Pastur’s distri-
bution has an explicit form given by (see, e.g., [46], Chapter 7)

(Ve = +en) —den— (2 — (1— )l

t =
n(2) 2602

where the branch of the square root is fixed by its asymptotics: z — (1 + ¢) + o(1)
as z — oo. In particular, if x € [A~, A™] then

Vie= (1 +0) —delimesio =i/ —x)(x — ).

Hence,

VAT —x)(x—17)

Im{xt,(x)} = >

It remains to perform an integration by parts to get

At e —
" rwmldn=— [ R

R (1+cp) —x
=2 b Y e &

which yields (4.8).

As a corollary of Proposition 4.2, we obtain the following extension of Theo-
rem 2.

Recall that S, is the support of the probability measure F,. Due to Assump-
tion A-2, it is clear that

A 2
(4.9) Sp C oo = [0, A% (1 + V1),
5Denote by the superscript “F the quantities in [40] and use the correspondence c™F <> 1/c¢, a™F <

¢ and Ki“P <~ (aLP)4K = ¢Zk to check that the RHS of (4.8) equates the formula provided in [40].
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uniformly in n. Denote by h € C2°(R) a function whose value is 1 on a n-
neighborhood SL of Sec.

COROLLARY 4.3. Assume that Assumptions A-1 and A-2 hold true and let
fe € C3(R) with 1 < £ < k; assume moreover that V = EXl-z- is either equal to 0
or 1 and that R, has real entries. Let h € C2°(R) be as above. Then (4.3)—(4.4)
remain true with L,ll (f) replaced by

LI = (tr £o(2,ZF) — Etr(feh) (S, 2)); 1 <€ <k)

and with the Gaussian random vector Z} (fh) as in Theorem 2.
The proof of Corollary 4.3 is postponed to Section 6.5.
4.3. First-order expansions for the bias in the case of nonanalytic functionals.

THEOREM 3. Assume Assumptions A-1 and A-2 hold true and let f
() CIS(R). Denote by

1 _

(4.10) Zy(f)= —Ref 0@ 17(f)(2)Bn(2)€2(dz),
T (O%a

where B,, is defined in (2.19). Then

ETH()(E0%)) = N [ FOFad) = 22 — 0.

The proof of Theorem 3 is postponed to Section 7.

REMARK 4.4 (Why eighteen?). A quick sketch of the proof of Theorem 3
provides some hints. Let f have a bounded support. By Gaussian interpolation
(whose cost is f € C®), we only need to prove

ETef(E7(50)) ~ N [ FOIFa(@h) 0,

where Zf is the counterpart of X, with AVc(0, 1) i.i.d. entries. The proof of the
latter is based on Helffer—Sjostrand’s formula

BT A(SEEE)) =N [ F00F @ = —Re [ 30(N{TFEQS = NiJdes

where QE = (Eﬁ?( E,(E)* —zIy)~!, and on the following estimate, stated in Propo-
sition 7.2:

. _ 1 _
@.11) |ETr(zS(=C)* - z1y) 1—Ntn(z)|§;P12(Iz|)Pl7(|Im(z)| h,

n

where Pj denotes a polynomial with degree k and positive coefficients. In view of
Proposition 6.2, f needs to be of class C''8. If one can improve estimate (4.11) and
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decrease the powers of |Im(z)|~!, then one will automatically lower the regular-
ity assumption over f. Notice that in the case of the Gaussian unitary ensemble,
counterpart of (4.11) features |Im(z)|~7 on its RHS (cf. [25], Lemma 6.1), hence
the needed regularity is f € C8 in this case.

PROPOSITION 4.4. Let Z,%(f) be defined as in (4.10), then Z,% is a distribution
(in the sense of L. Schwartz) on Cclg(R) and

(4.12) Z2(f) = %;@)/H%f(x){Bn(x +ig) — By(x —ie)) dx.

Moreover, the singular points of B, (z) are included in S,, and so is the support of
Z% (as a distribution). In particular, one can extend Z% o C18(R) by

Z2(f)=Z(fh),  feCB®),

where Z,zl is the extension to C'®(R) andh e C °(R) has value 1 on S,,.
The proof of Proposition 4.4 is postponed to Section 7.2.

COROLLARY 4.5. Assume Assumptions A-1 and A-2 hold true. Let f €
C¥[R) and h € C°(R) be a function whose value is 1 on a neighborhood of
Soo, then the following convergence holds true:

ETH(/W(E,E;) ~ N [ fOIFa@h) = Z2(f) — 0.

The proof is straighforward and is therefore omitted.

5. Proof of Theorem 1 (CLT for the trace of the resolvent). Recall that
M, (z) =tr Q,(z) — Nt,(2). It will be convenient to decompose M, (z) as
Ml(z) =tr z7) —trE 2),
(5.1) My(z) =MY(z)+M2(z)  where { ';( ) =1 0nl2) On(2)
M, (2) = N(Efu(2) — ta(2)).
Denote by &; the N x 1 vector
1
§j=3,=—7=R"X,
n

and by [E; the conditional expectation with respect to G, the o -field generated by
S Ty eees éjj:

(5.2) E; =E(G;).

By convention, Eg = [E. We split Theorem 1 into intermediate results. Recall the
definitions of D,, D' and D in (3.7). Let

r=bptubD+t where DT ={z,z€ D*}.
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PROPOSITION 5.1. Assume that Assumptions A-1 and A-2 hold true; let
z1,22 €1, then

My(x) =Y Z"2) +op(D),
j=1

where the Z;-‘ ’s are martingale increments with respect to the o -field G; and

n
P
(5.3) ZlEj_lz;?(zl)z;?(zz) — O ) — 0,
]:
. . Y7 P
. n — ey
(5.4) gEﬂzj (202} (z2) = Onz1.7D) | == 0,

where O, is defined in (2.9). Moreover,

N,n—0o0
where By, is defined in (2.19).

PROPOSITION 5.2. There exists a sequence (G,(z), z € ') of two-dimensional
Gaussian processes with mean £G,,(z) = B, (z) and covariance

cov(Gn(z21), Gn(z2)) =E(Gn(z1) —EG,(21))(Gn(z2) — EG(22))
= 0,(z1, 22).

Moreover, (G,(z), z € D) is tight.

5.1. Proof for Proposition 5.1. The fact that (M,,) is a tight sequence has al-
ready been established in [7] (regardless of the assumption k =0 and |V| =0/1).
In order to proceed, we shall rely heavily on the proof of [7], Lemma 1.1, which is
the crux of Bai and Silverstein’s paper. In Section 5.1.1, we recall the main steps
of Bai and Silverstein’s computations of the variance/covariance. In Sections 5.1.2
and 5.1.3, we compute the extra terms in the limiting variance. In Section 5.1.4,
we compute the limiting bias. In Section 5.3, we finally conclude the proof of
Theorem 1 and address various subtleties which appear due to the existence of a
sequence of Gaussian limiting processes.

In the sequel, we shall drop subscript n and write Q and R instead of O, and
R,,. Denote by Q;(z) the resolvent of matrix X X* —&;& ;‘, that 1s,

0j@) = (—zl +==* —g;g%) ",
The following quantities will be needed:
1

ﬂj(Z)Zm,
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1
1+ (/)R Qj(2)
1
14+ 1/n)EtrR,01(z)°
ej(2) =670, — (1/ﬂ)tarQj(Z),

Bi(z) =

by (z) =

d
3j(x) =§&; Q (2§ — trR Q ()= —SJ(Z)

5.1.1. Preliminary variance computations. We briefly review in this section
the main steps related to the computation of the variance/covariance as presented
in [7]. These standard steps will finally lead to equation (5.8) which will be the
starting point of the computations associated to the |V|?- and k-terms of the vari-
ance.

Letzel:

N(fa(@) —Efa(2)) = Z(E —E; 1B Q)& Q3 (2§

j=1

" _ _ 1
== 35 (F @5, — B ), wRQE) + o),
j=1
where [E; is introduced in (5.2). Denote by

7' = —FE: B:(2)8: 32 . 1 RO? — E.d 3. .
(@)=~ j(ﬂ,(z),(Z)—ﬁj(z)sj(z),—ltr Q,-(z)>—— ja(ﬁ,(z)ej(z))-

Hence,

n
M, (2) =N(fu(2) —Efu(2) =D Z}() +op(D).
j=1
The RHS appears as a sum of martingale increments. Such a decomposition is
important since it will enable us to rely on powerful CLTs for martingales (see
[11], Theorem 35.12, and the variations below in Lemmas 5.5 and 5.6). These
CLTs rely on the study of the terms

n n
Y Ei-1Z@nZ}(z2) and ) E; 177217 (z2).
j=1 j=I
Notice that since Z’}(z) = Z;‘(Z), we have Ej_lZ;?(zl)Z;’(ZZ) = Ej_lz;’(zl) X
Z"(z2). Since the set I is stable by complex conjugation, it is sufficient to study
the limiting behavior of

n
Y Ej1Z5(z21) 2 (2), 71,22€T
j=1
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in order to prove (5.3) and (5.4). Now,

Y Ej1Z5(z)Z}(z2)
55 X
0 " _ _
ZEjfl[Ej(,Bj(Zl)gj(Zl))Ej(ﬁj(Zz)gj(ZZ))] .

j=1

- 021022

Following the same arguments as in [7], page 571, one can prove that it is sufficient
to study the convergence in probability of

ZEJ 1[E;(Bj(z1)e;z))E;(Bj(z2)e(z2))]-
Moreover,

ZE, 1[E;(Bj(z1)ej(z))E;(B)(z2)(22))]

(5.6) = Z bn(21)ba(22)Ej1[Ejej(z1)E je;(z2)] +0p(1)
j=1

=Y 2l (D22 (2)Ej—1[Eje; @DEjej(22)] + op (D).
Jj=1

Hence, it is finally sufficient to study the limiting behavior (in terms of conver-
gence in probability) of the quantity

(5.7) > Ej—1(Ejej(zDEjej(22)), 71,22 €T
Jj=1

Denote by A7 the transpose matrix of A. Applying (2.6) yields

> E;_1(Ejej(zDEje;(22))
j=1

= Ztr (R'?E;Q;(z1)RE; Q;(z2)R'?)
j=1
(5.8)
VI* & 12 1/2( pl/2 1/2\T
+n—2 tr(R/“E;Q;jz)R/“(RV'E;Qj(z2)R/*)")
=1

+—ZZ (RV’E; Q;zR'?),(R'PE;Q;(z)R'?),,.
j=li=l1
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The limiting behavior of the first term of the RHS has been completely described
in [7] where it has been shown that

2

021022

- - 1 &
01220 (201 (22) 5 D w(RVPE; 0 (1) RE; Q;(z)R'/?)
Jj=1

= 00.,(21,22) +op(1),

with ®¢ ,(z1, z2) defined in (2.10).
We shall focus on the second and third terms.

(5.9

5.1.2. The term proportional to |V|? in the variance. Notice first that the value
of t, and 7, is the same whether R is replaced by R in (2.3) and (3.1) since #, and
7, only depend on the spectrum of R (which is the same as the spectrum of R).
Notice also that (R'/%)T = R/2, hence

Recall the definition of TnT (z) given by (2.8). Taking into account the fact that for
a deterministic matrix A,

(5.10) IESJ-TASj:Etr(E]/ZARI/Z) and Eé;‘Aéj:Xtr(Rl/zAEl/z),
n n

and following closely [7], Section 2, it is a matter of bookkeeping to establish that

Ve i) 3 6(RY2E 0, )R (RVPE, 0, () RV
j=1
) 1 < 1
G.AD) =P A1, 22) X - Z +op(1)

1= ((j = D/mIVIPAu(z1, 22)

|V| An(z1,22) dz
—/ - +0P(1)
where
An(z1,22) = Tznm)rn(zz)tr{ 21,z RVPRVAT] (22) RV

Finally,

: 2

(5.11) = V7O 4 (21, 22) +op(1)
021022

(5.12)

, 0 { A, (z1,22)/921

= 3z2 L1 = [VI2Au(z1, 22)

} +op(1).
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5.1.3. The cumulant term in the variance. We now handle the term propor-
tional to « in (5.8):

1 n N

(5.13) ; Z Z(RI/ZEJ_ QJ (ZI)RI/Z)H (RI/ZEJ_ Qj(ZZ)Rl/Z)il"
j=li=l1

The objective is to prove that E;Q;(z) can be replaced by 7,(z) in the for-
mula above, which boils down to prove a convergence of quadratic forms of the
type (2.5). Such a convergence has already been established in [30] for large co-
variance matrices based on a noncentered matrix model with separable variance
profile.

Let §, be the distance between the point z € C and the real nonnegative axis
R*:

(5.14) 8. =dist(z, R™).

PROPOSITION 5.3. Assume that Assumptions A-1 and A-2 hold true and let
uy, be a deterministic N x 1 vector, then

1 1
E|uZ Q(utn — u*EQ(@un|? < ;cl>(|z|)\IJ(6—) il

where ® and WV are fixed polynomials with coefficients independent from N,n, z
and (uy).

Proof of Proposition 5.3 is an easy adaptation of [30], Proposition 2.7; see also
the proof of Proposition 6.4 below. It is therefore omitted.

PROPOSITION 5.4.  Assume that Assumptions A-1 and A-2 hold true, then the
following convergence holds true:

1 n N
n2 Y Y (RVE;Qjz)R'?),;(RVE;Q;(z2)R?),;
j=li=1

1 N
— =S (R'PT@)R'?),(RVPT(2)RY?), > 0.
nl,:1 n,N—o0

The proof below has been suggested by a referee whom we thank; it substan-
tially simplifies the initial one.

PROOF OF PROPOSITION 5.4. We first transform the sum to be calculated:

1 n N
j=li=l1
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Using Proposition 5.3 enables us to replace the conditional expectation [E; by the
true expectation in every term (R'/?E iQj (z)R'/?);;. Now using the fact that

Qjéj&;Q;
1+S;<Qj§j’

one can replace EQ ; by EQ. We now prove the following estimate:

(5.16) 0=0;—

* * 76'
(5.17) |Eu*Q(z)v — u*T(z)v] < Tt @) lullllvll,

where neither K nor k depend on N,n. Clearly, Proposition 5.4 follows
from (5.17).
Using (5.16) and the associated fact that (Q(z)§;); = B;(2)(Q(2)§;)i, we get

Eu*Q()XZ*T (v = ZIEﬁj (u*Qj(z)éjéj’-‘T(z)v)
J

@ - * * :
L —2i,(2) Y E(u* Q, ()€€ T WA
. 7t (Z); (u*Q; (2)€;&; (@)v) + (ﬁlm"(z))

In

= —z

(2) . 1
p XJ:E(M QJ(Z)RT(Z)U)+O<7\/EImk(z)>

@—zfn(z)Eu*Q(z)RT(z)v—l-O( il ),

VrIm*(z)

where we used that E|B;(z) + 2t (D)2 < Kn~ Y Im*(2)| (see, e.g., [7]) to prove
(a) and we used (5.16) to replace Q; by O in (D).
On the other hand,

Eu*Q()XZ*T (v = Eu*Q(z)(ZZ* —zIN + zIN)T(z)v
=u*T (v +zEu* Q)T (2)v.

Taking into account that by Definitions (2.4) and (2.7)

T(z) = (—ztn(2)cn R — zIN)_l,

(5.19)

we get
w*T (v —u*EQ(2)v
=u*T (v — Eu* Q) (—ztn(2)cn R — 2IN)T (2)v
=u*T (v + 21 (2)cnBu* Q(2) RT (2)v + zEu* Q(2) T (2)v

D Eu* Q) S ST (2)v + 20y (2)enBu* Q(2)RT (2)v

@0( ][0 )
JnIm*(2) )’
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where (a) follows from (5.19) and (b) from (5.18). This completes the proof
of (5.17), hence the proof of Proposition 5.4. [

Combining the result in Proposition 5.4 together with (5.6) and (5.8), we have
proved so far that

0% | z12200 (2110 (22)

0721022 n?

n N
x Y 3 (R'V?E;Q,;)R?),(R'’E;Q;(z2)R?),,
j=1li=1

1 92 _
= Z 021022 {z12280(21)1 (22)(R;1/2Tn (ZI)R;/Z)ii(RrIz/ZTn (ZZ)erz/z)ii}
i=1

(5.20)

n:

+op(D).
Taking into account (3.1) and the matrix identity U (I + VU )_1 V=1-U+

UV)*I, we obtain
1Y 82 - ~1 ~ ~1
(5.20) =~ 3 R (In — (IN + 2D RY) ), (In = (In + 1n(z2)Ra) )

i=1

+op(1)

1Y 9 d
521 =—3 —[aTi@];7—[2h@)]; +or
( ) n & 321 [Zl n(Zl)]ll 92, [Zz ”(22)]” +op(l)
2,27 2 N
21258, (218, (2
- M Z(erl/zTnz(Zl)erl/z)ii (R)*T; (22)R,/?);; +0p(1)
i=1

= 02,,(z21,22) +op(1),

where ©> , is given by formula (2.12).
Now gathering (5.9), (5.12) and (5.21), we have established so far:

n
Y E;j1Z(z1)Z}(z2) = On(z1,22) +0p(1)
j=1
which is the first part of Proposition 5.1.
5.1.4. Computations for the bias. In this section, we are interested in the com-
putation of N (E f,,(z) — t,(2)). As

(I —cn) ~
- p +cenfu(z) and £,(2) = — + cutn(2),

(I —cn)
Z

fu@) =
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we immediately obtain N (E f,,(z) — #,(2)) = n(E f,,(z) — 1,(z)). Combining (2.7)
and (3.1) yields

1 ) _
(5.22) —z + ~tr Ry (I + i (2) R) '=o.

()
Following Bai and Silverstein [7], Section 4, we introduce the quantity A, (z) de-
fined as

An(@) =zEfu() + 1+ %tr(IN +Ef()R) " —cn

3 1 N 1
=B/ (@) + 1+ u(ly +Ef @R, . ;trz,;l

~ 1 ~ —1
=-FK n —< = - n E n n s
f(z)< z Efn(z)+ntrR (In +Efu(z)Rn) >
hence
Ay(2) 1 x -1
5.23 —_— =7 — +—trR,(INn +Ef(DR,) .
629 Efw - O Ehe al N ER@R)

Subtracting (5.22) to (5.23) finally yields

E fu(2) — in(2)
=—A, ()t (2)
[ i (DE fu(2)
x |1 — 2

-1
" trR,zl(IN-l-Ef;,(Z)Rn)_](IN+t~n(Z)Rn)_li| )

which is the counterpart of [7], equation (4.12). The same arguments as in [7] now
yield

n(Ef(2) — 1 (2))
(5.24)
i2(2)

n

-1
= —nA”(z)fn(z)[l - tr R2(Iy + fn(z)R”)_z} +o(1).

It remains to study the behavior of nA,(z). Following [7], equation (4.10), we
obtain

nA;(z)
brzz ~ —1 2 * 1
= PR QB Ry + 1) Ry Q1R - bnnE[(sl 018 — ;trQ1Rn>

- 1 -
x (sf‘Q1<Efan FIN T8 S OB Ry+ IN)—an)} +o(D).
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Applymg (2.6) to the right term to the RHS of the previous equation (recall that
RT = R), we obtain

b2 ~ _
nAn(z) = —|V|2;”EtrR,1/2Q1<Efan +In)"'RYZR}ZQTR)/?

(5.25)
2 N

b ~ _
Y (RIPQURY), (R 1B R, + 1007 RY),, + 01,
i=1
The first term of the RHS has been fully analyzed in [7] in the case where R, and
X, are real matrices. We can adapt these computations to the general case and get
the following identity’:

b2 - _
—IVEEw ROV B fu Ry + ) Ry R, O] R,

(5.26)

12 1/251/2

7T (2) Ry
1/2 ]/ZTT( )Rl/z

322
Sl tr Ry “T,2(2) R
1 — |V|2nz i 1/2T ()R!

=|V? +o(1),

where TnT (z) is defined in (2.8). The term proportional to the cumulant in (5.25)
can be analyzed as in Section 5.1.3, and one can prove that

bt Y . _
K 2N (RY2OIR);: (RY2 Q1B fuRu + In) 'R,
1
G2y N
222
t ~ _

= k=" S (RYPTuRY),; (R TG R + In) ' RY?),; + 0(D).
i=1

We now plug (5.26) and (5.27) into (5.24) to conclude

n(Ef(z) — 1 (2))

|V|2Z 373 « RPT2 () RV RYPTT () RI?
(1 — WE25 e p)/2T, (z)Rl/z RVTT RV (1 — i« R2T2)
33 N V2RI g1
7 RV2T, RV (R)
_KZnnz( )ll( )”—I-O(l).

i—1 |- Sy R,%T,;

The proof of Proposition 5.1 is completed.

5.2. Proof of Proposition 5.2. Recall the meta-model introduced in Sec-
tion 2.6.

7 Details can be found in the previous version of this article, arxiv:1309.3728v3.
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5.2.1. The Gaussian process G,. Let
-1
Mn,M(Z):tr(En(M)Zn(M)*_ZINM) — MNt,(2).

Applying Proposition 5.1 to the matrix model X, (M) X, (M)* yields

nM
Vzel, M, y@=7) ZV (@) +op),
j=I1

where the Z j"’ ’s are martingale increments and

nM
P
Ei_1ZY(z1)ZM (z20) ———— 0,(z1, 22),
; =12 @2 (22) o On (21, 22)

Mﬁ’M(Z) N,n fixed, M — o0 Bn (Z)

Notice that there is a genuine limit in the previous convergence. Applying the
central limit theorem for martingales [11], Theorem 35.12, plus the tightness ar-
gument for (M, p(z), z € I') provided by Proposition 5.1 immediately yields the
fact that M}, )y converges in distribution to a Gaussian process (G, (z), z € I') with
mean 3,,(z) and covariance function ®,(z1, z2).

5.2.2. Tightness of the sequence of Gaussian processes (G,). In order to
prove that the sequence of Gaussian processes (G,,) is tight, we shall prove, ac-
cording to Prohorov’s theorem, that it is relatively compact in distribution. Con-
sider the set of matrices

{(Ry(M),M >1); R, isa N x n matrix, N = N(n);n > 1},
where R, (M) is defined in (2.23). Since | R,(M)|| = || R, || for all M > 1, we have

sup ”Rn(M) ” = sup |[|Ryll <o0
M>1,N,n—o0 N,n—0o0

by Assumption A-2. Hence, by Proposition 5.1, the family {M,, p; M > 1}y 10
is tight, hence relatively compact in distribution. As the distribution £(G,) of the
Gaussian process G, is the limit (in M) of the distribution £(M,, pr) of M, um,
L(G,) belongs to the closure of {L£(M, )}, which is compact. Finally, {£(G,)}
is included in a compact set, hence is relatively compact. In particular, the family
of Gaussian processes (G,) is tight.

5.3. Proof of Theorem 1. The two propositions below are minor variations of
known results. They will be helpful to conclude the proof of Theorem 1.
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LEMMA 5.5 (CLT for martingales I). Suppose that for each n Y,1, Yp2, ...,
Yur, is a real martingale difference sequence with respect to the increasing o -
field {G, ;} having second moments. Assume moreover that (@%) is a sequence of
nonnegative real numbers, uniformly bounded. If

ZE |gn JJ— 1 ®2 i> 0,
n—00

and for each ¢ > 0,
Z E 1|Ynj|>g —) 0
then, for every bounded continuous function f :R — R,

(5.28) Ef(i Yn,-) ~Ef(Z) 2,0,

j=1

where Z, is a centered Gaussian random variable with variance ©2.

Hereafter is the multidimensional and complex extension of Lemma 5.5 we
shall rely on in the sequel.

LEMMA 5.6 (CLT for martingales II). Suppose that for each n (Yy;; i 1<j<
rp) is a C?-valued martingale difference sequence with respect to the increasing
o-field {Gy, j; 1 < j <rp} having second moments. Write

T 1 d
Y,i= (Y,yireoos Y.

l’l]’ Tt ﬂ]

Assume moreover that (©,,(k, £)), and (©,(k, £)), are uniformly bounded se-
quences of complex numbers, for 1 <k, <d.If

n P

(5.29) DB (Y Y1Gn 1) = Onlk, ) —> 0,
~ P

(5.30) ZE 1 YnjGn.j=1) = Ok, ) — 0,

and for each ¢ > 0,
'n

(5.31) Y E(Yi Py, =e) =20,
j=1

then, for every bounded continuous function f : C¢ — R,

(53 Ef(Z Ynj) ~Ef(Z1) =3,0.

j=1
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where Z,, is a C?-valued centered Gaussian random vector with parameters

EZ,Z; = (Onk,0),, and EZ,Z] = (O, 0),,.

Lemmas 5.5 and 5.6 are variations around the central limit theorem for martin-
gales (see Billingsley [11], Theorem 35.12) which enables us to prove (in the real
case)

VieR,  ReIimiTw_~?0D12

and Lévy theorem for the weak convergence criterion via characteristic functions
(see Kallenberg [36], Theorems 5.3 and 5.5) which yields (5.32) from the above
convergence. Details of the proof are omitted.

LEMMA 5.7 (Tightness and weak convergence). Let K be a compact set in C;
let X1, X5, ...and Y1, Y3, ... be random elements in C (K, C). Assume that for all
d>1,forall zy,...,zg € K, forall f € C(C4,C) we have

Ef(Xn@0). - X za)) = Ef (Ya D). ... Ya(2a)) —2 0.

Assume moreover that (X,) and (Y,) are tight, then for every continuous and
bounded functional F : C(K, C) — C, we have

EF(Xn) — EF(Yn)njgoO.

Lemma 5.7 can be proved as [36], Lemma 16.2; the proof is therefore omitted.

We are now in position to conclude.

In order to apply Lemma 5.6, it remains to check that ®,, as defined in (2.9) is
uniformly bounded for z1, zo € I' fixed but this is an easy byproduct of Proposi-
tion 5.2.

Proposition 5.1 together with Lemma 5.6 (notice that condition (5.31) can be
proved as in [7]) yield the fact that for every z, ..., zg € I' and for every bounded
continuous function f : ' — C

Ef(Mn(z1), ..., My(za)) —Ef(Gn(z1), ..., Gn(za)) v O

where G, is well defined by Proposition 5.2. Now the tightness of M, and G,
together with Lemma 5.7 yield the last statement of Theorem 1.

6. Proof of Theorem 2 (fluctuations for nonanalytic functionals). In this
section, we will assume that the random variables (X f‘/-) are truncated, centered
and normalized, following Section 3.2. ‘
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6.1. Useful properties. Recall that S;, C Seo 2 [0, k;(l + +/€7)?] uniformly
in n. Denote by h € C2°(R) a function whose value is 1 on a n-neighborhood S&
of Sxo.

PROPOSITION 6.1. 1. Assume that Assumptions A-1 and A-2 hold true; let

the random variables (X ;‘j) be truncated as in Section 3.2, function h be defined

as above and f : R — R be a continuous function. Then

tr f(£,25) — tr(fh)(Z, =) N&

— 00

0.

2. Let h;, be a smooth function on R with compact support and whose value is 1
on a n-neighborhood S,! of S,; then

ff(/\)fn(d/\)=/(fhn)()»)fn(d)»).
R R

The proof of Proposition 6.1 is straightforward and is based on the fact that
almost surely

limsup| =, ¥ < A% (1+Ver) +n,
N,n—o0
a fact that can be found in [5] for instance. Details are left to the reader.
The following proposition underlines how a sufficient regularity of function f
compensates the singularity in Im(z) ™! near the real axis.

PROPOSITION 6.2.  Let ., v be two probability measures on R and g, and g,
their associated Stieltjes transforms. Assume that
|h(2)] n
- =< RV € C ’
8@ —ev@] = T 2
where h is a continuous function over c1(C%), the closure of C*.
Let f : R — R be a function of order C*¥*' with bounded support; recall the
definition of ©(f) in (1.6) and denote by

Ifleri= sup [fO  where [glloo = sup|g(x)|.
0<l<k+1 xeR
Then
‘/fa’ —/fdv <1‘/ D) (2)[80(2) — 8v(2)}02(d2)
M = 7l e k 8 8v 2
6.1) < K|l fllest f Ih(2)|€2(d2)
supp(f) xsupp(x)

<K'l fllks1-
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PROOF. Write
IDr(f)(x +1iy) = 0x Pr(f)(x +1iy) + 10, Pr(f)(x +iy)

i)k Fk+1) k i NE £ (0)
_ Gy fk' (X)X(}’)'HZ (iy) J; (X)X/(Y)-
! = !

From this and the fact that x is equal to 1 for y small enough, we deduce that
i) )
k!

near the real axis. Hence, [09k(f)(x +iy)| < Lsupp(f)xsupp(o) s WK I f 155
near the real axis, which yields (6.1). [

() (x +iy) =

6.2. Proof of Theorem 2. Recall the definition of the sets D, D and D, given
in (3.7) and the fact that constant A > k;g(l + /22,

LEMMA 6.3. Let (¢n(z),z € DTUDV), ey and (Y (z),z € DT UDT), ey be
centered complex-valued continuous random processes and such that ¢(z) = ¢(2)
and ¥ (z) = ¥ (z). Assume that:

(1) The following convergence in distribution holds true: for all d > 1 and

dLP(((pn(Zl)» cees (Pn(Zd)), (Wn(Zl), e, Iﬁn(zd)))n:;o()_

(i) Forall ¢ > 0, ¢, (2) and Y, (2) are tight on Dy.

(iii) The process (Yn(2)) is Gaussian with covariance matrix k,(z1,22),
(z1,22€ DT UDT).

(iv) The following estimates hold true:

1 1
+
VneN,Vze DT, vargon(z)SW and varwn(z)fm.
(v) Let functions g¢ : R — R (1 < £ < L) be C**1 and have compact support.
Then

1 — 1 _

dm?(— Re/ 0Dk (8)(2)@n(2)€2(d2), —Ref 3q>k(g)(Z)1//n(Z)€2(dZ)>
T Cc+ T c+
— 0,

n—oo

where

ke N0
9Dy (gj)(2) = (9x +idy) Z %gﬁ-@mx(y) and
£=0 :

0ds(g) = (0dr(g;); 1< j <L)
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with x being smooth, compactly supported with value 1 in a neighborhood of 0.
Moreover,

1 _
" Re / 304 ()(2) ¥ (2)2(d2)
T Cct

is centered Gaussian with covariance matrix

1 _ 1 _
cov(—Re [ 9@ @), —Re [ ad>k<gz><z)wn<z>ez(dz))
T Cc+ T (O

1 - -
62) = 772 Ref I Pk (8k) (21)0 Pk (ge) (22)kn (21, 22)€2(d21)€2(d22)
T (C+)2

1 _ _
+ 722 Re f(@+)2 0Dk (gk)(22) 0P (ge) (z2)kn (21, 22)€2(dz1)€2(d22),
forl1 <k, e<L.

The proof of Lemma 6.3 is provided in Appendix A.1.
The strategy to prove Theorem 2 closely follows this lemma. Denote by

on(2) =tr Qn(2) —Etr Qn(z) and ¥, (2) = Gn(2) — EG,(2),

the process G, being defined in Theorem 1, then conditions (i), (ii) and (iii) are im-
mediate consequences of Theorem 1. In order to check condition (iv), we establish
the following proposition.

PROPOSITION 6.4. Assume that Assumptions A-1 and A-2 hold true, then:
(1) (Bordenave [12], Hachem et al. [29], Lemma 6.3, Shcherbina [49]). For all
zeCH,

vartr Q,(z) < m.

(ii) ForallzeC™,

Gu(z) < ,
var (Z)_Im(z)4

where C is a constant that may depend polynomially on |z|.

The first part of the proposition is classical and its proof is omitted (for the
details, see footnote 7). Proof of Proposition 6.4(ii) is postponed to Appendix A.2.

Taking into account the estimates established in Proposition 6.4 immediately
yields the first part of Theorem 2 in the case where functions (g,) have a bounded
support and satisfy (v) with k = 2, that is, are C3. It remains to prove the equiva-
lence between (4.3) and (4.4), but this immediately follows from the following.
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PROPOSITION 6.5. Let (X,,) and (Y,) be C?-valued random variables and
assume that both sequences are tight, then the following are equivalent:

(1) the following convergence holds true: dpp(Xy, Yy) =2 0;

(ii) for every continuous bounded function f : C! — C, Ef(X,) —
Ef(Yn) —> 0.

Proposition 6.5 can be proved easily by contradiction using the fact that d p
meterizes the convergence of laws; its proof is hence omitted.

6.3. Proof of Proposition4.1. Let f € C* (R?). A simple but lengthy compu-
tation yields the fact that

5251®N1,N2(f)(x +il/l, y +iv)

(6.3)
gN1+Na+2 (iu)Nl (iv)N2

= gyt O X T

for u, v small enough. Let now N; = Ny = 2. Since |®,(z1,22)| < Klzlz2|_2
for any z1,z2 € C* and 71, 7 in a compact set (use Cauchy—Schwarz and apply
Proposition 6.4), Y(f) is well defined. Let K be a compact set in R? and let
fecx (R?) with support included in K, then one can easily prove that

Y] <Ckllfll33 with [| f |33 = esups ||8f8§’f(x,y)Hoo.
=
(x,y)eK

This in particular implies that Y is a distribution on C2° (R2), of finite order (3, 3),
and hence uniquely extends as a distribution on C-3(R?).
Moreover, Y (f) can be written as

o _
T(f) =lims—Re [ 520192201, 2001 2) W2 Ed2)
el0 27 (CHH?2

.1 == _ _
+1lim ~— Re/ 9201 P2,2(f)(21,22)On (21, 22)€2(dz1)E2(d22),
el0 27 (CH)2

where (Cj = {z € C, Im(z) > ¢}. Taking into account the facts that

0201Pp, 1, (f)(21,22) = 0201 P, 0, (f)(Z1,72) and O, (z1, 22) = On(Z1, 22),

we can expand Y (f) as

.1 ——
Y(f)= hm—zf 0201P2,2(f) (21, 22)On (21, 22)€2(dz1)2(d22)
el0 4= J(ch)2

1 - —
lim — 0201P 71, 22)0,(z1,22)¢2(dz1)¢2(d
i s [ D21 922(NEL 20 EL D) )
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1 - —
lim — D i) 722)02(dz1)¢2(d
Hlim e [ 2092206 B0 D) ()

1 - —
lim — D 71 Z1, 22)¢ £>(dz2).
lim o [ 209220 ET 20, G D) ()

We now apply twice Green’s formula to each integral and obtain

i
() =—lim— /Rz ®2(f)(x1 + 6, X2+ i8)Op (x1 + ie, X2 + i6) dx1 dxa

10 472
.1 . . . .
— hrn—/ Do (f)(xg —ig, xp —ie)O,(x1 — e, x0 —ig)dx1 dxs
el04m? Jrz 7
1
Hlim s [ @200/ 0x1 +ie, a2 — 100, G +ie, 12 — o) dt diz
el04m= Jr2 7

!
—I—Iim—/ By 2(f)(x1 — e, X2 +i8)O, (x1 — e, x2 + ie) dx; doxa.
el04m? Jrz 7

Notice that the sign changes in the two last integrals follow from the contour ori-
entations in Green’s formula. We now prove

tim [ ©22(/)(1 +is. 52 +i6)0, (11 + e, 32 + i) vt i
£ R
(6.4)
=lim/ fx1, x2)Op(x1 +1ie, xp +1ie) dx| dx;.
210 JR2

The three other integrals can be handled similarly, and this will achieve the bound-
ary value representation (4.6) for Y (f).

Using the mere definition of ®y, n,(f) [cf. (4.5)] and Green’s formula, we get

/((C+)2 3201D1.0(f)(z1,22)On (21, 22)€2(dz1)€2(d72)
= _[1‘@ (Dl,O(f)(xl +1ie, xp +1i8)O,, (x1 +1ie, xo +ie)dx1 dx,
= _fRZ f(x1,x2)0,(x1 +ie, x3 + i) dx) dx;

— iz?/2 Ox f(x1,x2)0,(x1 +ie, xo +ie)dxydxs.
R

We extract the first term of the RHS from the equation above. Taking into ac-

count (6.3) and the fact that |®,(z1, z2)| < |z1z2|~2 for z1, z2 in a compact set of
C\ R, we obtain

lim sup
el0

83/2f(x1,x2)®n(x1 +ig, xp +i€) dx) dxa| < .
R
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By applying the same argument to the quantity
/<c+)2 0201P4—¢,0(f)(z1,22)On (21, 22)02(dz1)€2(d22)

for £ =2 then £ =1 and ¢ = 0, we can similarly prove that

lim sup sef fx1, x2)O,(x1 +1ie, x2 +ie)dx1dxs| < o0
€l0 R?
fort =2,1,0.
We finally obtain
lim sup / f(x1, x2)0,(x1 +1ie, xp +1e) dx| dx;p| < oc0.
elo I/R?

Expanding ®52(f) into (6.4) and using the above estimate immediately
yields (6.4).
The proof of Proposition 4.1 is complete.

6.4. Proof of Proposition 4.2. The covariance writes (in short)
cov(Z, (/) Z,(8))

| . .
=5 lim 3 k) [ f@(0)0, (i, y o) dxdy,
4 gwil,iz

where +, +> € {+, —} and £ is the sign resulting from the product £11 by
#+51. Unfolding ®, = O , + |V|2®1,n + k3 ,, we have three terms to compute.
According to the assumptions of Proposition 4.2, either |V|? equals 1 or 0. In the
latter case, the term corresponding to @, vanishes; if |V|?> = 1, then the quantities
A, and Ay, [resp., defined in (2.13) and (3.10)] are equal, and so are ® , and
©1,,. We first establish

1 . . .
s lim 3 @ik [ FW8000n(x 1 e, v o ie)dr dy
4= £l0 N

(6.5) R
) =W g
ACEA

The proof relies on formula (3.9) and the following expression of Ay ,:

1 / /
— 5 [, /@8 o)

(z1 — 22)tn (21)1n(22)
fn(Zl) - fn(ZZ)

which can be obtained using (3.1). Using (3.9) and performing a double integration

(6.6) 1 —Ap,(z1,22) =
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by parts yields

/ F)8()Oon(x +ie. y +ie) dx dy
_ / 708 M|l — Agn(x +ie, y +ie)| dxdy

+ i/ F0)g' (v) Arg(1 — Ao (x +ie, y +ig)) dx dy.

Following [7], Section 5, we need only to consider the logarithm term and show
its convergence since the Arg term will eventually disappear (functions f and g
being real, the covariance will be real as well). Using (6.6), we obtain

/f’(x)g/(y) In|1 — Ao (x +ie, y +ie)| dx dy

(x — V)in(x +ie)ty (y + ie)
In(x +1ig) — 1,(y +ie)

= [ Feg () dxdy

and the sum writes

> (iliz)/f(X)g(y)®n(x tiie, y doie)dxdy

+1,42
_ ’ ’ (x — V)i (x +i5);n(y +ie)
_2ff ()8 (y)ln{ In(x +1ig) — 1,(y +ie)
8 In(x +1ig) — 1, (y — ie) }dxd
(x — y 4 2i8)7, (x + i6), (y — ie) Y
(@) ’ ’ —) fn(x+i8)_;n(y_i8)
“2[ 1w (y){ln‘x Tyt 2ie] i ie) — f(y +ie) }dxdy’

where (a) follows from the fact that 7,(z) = #,(z) and |z| = |z|. It is straightfor-
ward to prove that the first integral of the RHS vanishes as ¢ — 0. Using similar
arguments as in [7], Section 5, one can prove that

> i) [ FO80O G £ ie, y e dxdy
+1,%2

B S fn(X) = In(y)
‘2/f AN P

which is the desired result. We now establish

K . . .
—glim 3 @ik [ FW8(0O2(x e, y e drdy
4 ”Oil,iz

(6.7)

’

K N , ,
= ;(/3 @) Im(x T, (x)); dx) (/S g M Im(yT,(y));; dy>,
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Due to formula (3.11), we only need to prove

%lsiigi 2 :I:/f(x)— (x £ie)T,(x £ie)],; d

(6.8)
— ;/Sn f'()Im(x T, (x)),; dx

Performing an integration by parts and taking into account the fact that 7,,(z) =
T, (z) yields

—lim :t/f(x)— (x £ie)T,(x :I:ls)]

——il' ff/( Y2AIm(x +i6) T, (x +ie)],; d
= 81&)1 X )Z11mj|(x 1€ n(X 1€ i X

o 1
@ /f(x)Im(xT ), d

where step (a) follows from the fact that

(6.9) 1nf |(1+7,(2)2i)| > 0,

1<i<N
2€(0, A1 (0, B]
where the A;’s stand for R,’s eigenvalues. In fact, assume that (6.9) holds true,
then using the spectral decomposition of R,,, the pointwise convergence of 7, (z) to
fh(x) as Ct 5z — x € R (see, e.g., [51]) and formula (3.1), then one obtains the
pointwise convergence

Im[(x +ie) T, (x +ie)],; = Im[x T, (x)],;
e—>
for x > 0. Since Im(7(x)) = 0 outside S,,, so is Im[x 7, (x)];;. Finally, (6.9) pro-

vides a uniform bound for Im[(x +ie) T, (x +i¢)];; and (a) follows from the dom-
inated convergence theorem. It remains to prove (6.9). Assume that the infimum

is zero, then there exists A* € {Al, ..., AN} with A* #£ 0 and a sequence (z;) such
that 7, (z¢) — — - and z; — x* € R. Formula (3.1) yields
- 1

_Z+ Z, 11+zn(z)kl

<

1% Ai -
- 4 = z
nim l+t@r 0(2)

i=1

Taking z = z, yields a contradiction since the LHS goes to infinity while the RHS
remains bounded. Necessarily, (6.9) holds true and (6.7) is proved.

The proof of Proposition 4.2 is complete by gathering (6.5), (6.7) and using the
fact that ©¢ ,, = O ;.
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6.5. Proof of Corollary 4.3. In order to establish the fluctuations in the case
where functions ( f;) are C? in a neighborhood of Sy, but may not have a bounded
support, we proceed as following: Write

tr fo(ZnZpy) — Ete( feh) (S, X))
=tr fi(Z,Z)) — tr(feh)(Z,Z)) + e (feh) (2, Z)) — Ete(frh) (2, Z)) .

1 2
Fl Fl

By Proposition 6.1, the vector (Fé) almost surely converges to zero while
the fluctuations for vector (F%) are described by Theorem 2 with covariance
given by Proposition 4.2, where functions f; and f; must be replaced by
(fxh) and (f¢h). The variance formula provided in this proposition shows that
cov(Z] (feh), Z] (feh)) does not depend on function h as long as h has value 1
on S,.

7. Proof of Theorem 3 (bias for nonanalytic functionals).

7.1. Proof of Theorem 3. Denote by Xf a N x n matrix whose entries are
independent standard complex circular Gaussian r.v. [i.e., X% =U + iV where

U,V are independent N (0, 2_1) random variables]; denote accordingly Ef =
n~2RVIXE, EC = (£5)-j and
05 () = (—zIy + =5(=5)) .

We split the bias into two terms:
ETr f(S,5) — N / FOVFau(d)
=ETr f (5, %) —ETr (5, (%))
FETeF(EEED)) = N [ F0Fai

A
=T+ T>.

We will prove the following. Provided that function f is of class C® with bounded
support, then

ETr f(£,35) —ETr f(S5(25)) - il Re/ 3D7()(2)Bu(2)l2(dz)
(7.1) TooJer

— 0.
N,n—o0

Provided that function f is of class C'® with bounded support, then

(7.2) IETrf(z;lC(sz)*)—N/f(,\)f,,(d,\)N—> 0.
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As one can check, it is much more demanding in terms of assumptions to prove
(7.2) than (7.1). Convergence in (7.2) should be compared to the results in
Haagerup and Thgrbjornsen [25] (counterpart in the GUE case), Schultz [48]
(GOE), Capitaine and Donati-Martin [15], Loubaton et al. [55] (“signal plus noise”
model), etc.

7.1.1. Proof of (7.1). The heart of the proof lies in Helffer—Sjostrand’s for-
mula, in Theorem 1 (bias part) and in a dominated convergence argument. By
Theorem 1,

ETr(Sa 5 —2In) " = Nia(@) = Ba@) — 0.
,1—00

The same argument yields
ETr(C(29)* —zIy) ' = Nty z) —> 0,
N,n— 00
because in the later case V = x = 0, hence the bias is zero for the matrix model
2E(=E)*. Subtracting yields
ETrQu(2) —ETr0F () — Bu(z) —> 0.
N,n—00

The following proposition will be of help.

PROPOSITION 7.1. Assume that Assumptions A-1 and A-2 hold true, then

3
(7.3) |ETrQ(z)—ETrQ(C(z)} §KL7,
Im(z)
where K is independent from N, n, z.

The proof is based on classical rank-one perturbation arguments and is omitted
(details can be found in Section 5.1.3 of the previous version of this article—see
footnote 7).

In order to transfer this bound to B,(z), we invoke a meta-model argument
(cf. Section 2.6): Consider matrix X,(M) and its counterpart ZﬁlC(M ) as defined
in (2.24) and recall that in this case, we have a genuine limit:

ETe(S,(M)S5(M) — zIxy) ' —ETe(SEMY(EEM))* — 2Iyp) ™
—  B(2).

M— o0
N,n fixed

Since the estimate (7.3) remains true for all M > 1, we obtain
1B,(z)| = lim [ETr(S,(M)S,(M)* — zIyn)~"
M— 00
(7.4) —ETe(SCM), (SEM))* = 2Iyp) |

|23
Im(z)7"
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Write

ETr f(,55) —ETr £(=5(55)%) - L / 3D () (2)B(2)€2(dz)
(1.5) T

— “Re / 30 () IETr 0n(2) — ETr 05 (2) — Ba(2)}e2(d2).
T Cct+

In view of (7.5), we need a dominated convergence argument in order to
prove (7.1); such an argument follows from Proposition 6.2, (7.3) and (7.4) as
long as f is of class C® with large but bounded support. This completes the proof
of (7.1).

7.1.2. Proof of (71.2). The gist of the proof lies in the following proposition.

PROPOSITION 7.2. Denote by Pe(X) a polynomial in X with degree £ and
positive coefficients, then

* - 1 -
ET(SE(5)" ~ 2ln) ™ = N @) = - Pra(ll) Po(lm(a)| ).

The proof of Proposition 7.2 builds upon techniques borrowed from [25, 55] and
is omitted. Details can be found in the previous version of this article; see footnote
7 and [57].

Using Helffer—Sjostrand’s formula, Proposition 7.2 together with Proposi-
tion 6.2 immediately yield (7.2) for any f of class C'® with large but bounded
support.

7.2. Proof of Proposition 4.4. One can easily prove that Zﬁ is a distribution on
CCIS(]R) following the lines of proof of Proposition 4.1. Similarly, one can estab-
lish the boundary value representation (4.12). It remains to prove that the singular
points of B, (z) are included in S,,. Following the definitions of Bj , and B>, [cf.
(2.20) and (2.21)], we simply need to prove that the quantities

1 1
(1 — = Tr R,%T,f) and (1 — VPP~ TrR;/zTn(z)R;/ZE/ZTJ(z)l?},ﬂ)
n n
are invertible for z ¢ S,,. We focus on the first one. Assume first that z € C \ R.
Using the inequality |tr(AB)| < (tr(AA*) tr(B B*))!/? yields

121210 (2) 2

" tr R, T, (2) Ry Tn*(Z).

1
ZZf,,Z(z) - Tr RﬁTnz(z) ‘ <

Since 7,"(z) = T, (z), we can assume without loss of generality that 71, z2 € (O

1 i (2))?
‘1 - zsz(z); TrRzTnz(z)‘ >1- %tarTn(z)RnTn*(z)
(7.6) Im(z)
. m(z
= [ia()|

Im(7,(2))”
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where the last identity can be found in the previous version of this article [equa-
tion (A.15)]; see footnote 7. In order to extend the previous estimate to z € R\ S,
let z =x +1iy with x € R\ &;; then a direct computation yields

Im(in@) _ [ Fa@h) 1 Fa@h)
ImGz) J [A—z2 »0J) [A—x]?

£0.

Therefore, by continuity (z) — 1 —z272(z)1 Tr R2T;2(z) does not vanish on C\ S,
and By, is analytic on this set. We can similarly prove that B; , is also analytic
on the same set. Consider now a function f € C 38(R) whose support is disjoint
from S, then it is straightforward to check that Z,%( f) =0 and the proof of the
proposition is completed.

APPENDIX: REMAINING PROOFS
A.1. Proof of Lemma 6.3. By Proposition 6.2,

EV AP (2)(2)en(2)€2(dz)
D

< f 30 (9)(2)[Elgn ()| 2(d2)
D

< lglkst.00 fD Im(2)*{var g (2)} /*2(d2)

< 00,

by (iii) and (iv). Hence, %Re Ip AP (9)(2)¢n (2)2(dz) is a well-defined a.s. finite
random variable. This estimate, uniform in n, readily implies the tightness of

(% Re /D 9P () ()¢pa()E2(d2);n € N).

Notice that the integrals with 1, instead of ¢, are similarly well defined and tight.
By conditions (i) and (ii), we obtain

1 _ | _
dL7><— Re/ 0P (8)(2)en(2)l2(dz), — RC/ 0P (g) ()Y (z)ﬁz(dz))
A P T

— 0
N,n—00

(apply Lemma 5.7).
Letg=(g¢;1<€<L)and f:CL — C be bounded and continuous. Consider
the following notation:

1 - 1 -
En=— Re/ P (8)(2)¢n(2)E2(d2), £ =— Re/ P (8)(2)¢n(2)€2(d2),
T Jp n  Jp,

1 - 1 —
= — Re/ P (8)(2) ¥ (2)€2(d2), My =— Re/ P (8)(2)Yn (2)€2(dz).
b4 D b4 D
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We have
(A.2)
<|Ef&)—EfE)+EfE) —Ef )|+ [Ef () —Ef ()l

Given p > 0, we first prove that for all n > 1,

(A.3) IEf &) —Ef ()] < @l fllo+1)p

for & small enough.
We have

o) ;
(A4 Pllg—&;|>8} < 5 (/[O’AH[O’S]|3<I>(g)(Z)|E|<pn(z)|€2(d2))

which can be made arbitrarily small if ¢ is small enough, independently from n.
Now,

Ef &) —Ef(E)] < |EfED) —Ef(ED)|11g,—zc1>n)
+|Ef &) —Ef (&) |16, —51<n. lealviEe 1> )
+Ef G —Ef (&) 11 —e21<n 16 viEs 1<K}

First, invoke the tightness of |§,] Vv |£°] and choose K large enough so that the
second term of the RHS is lower than 2| f| 0 0; then choose 1 > 0 small enough
so that f being absolutely continuous over {z € C, |z| < K}, the third term of
the RHS is lower that p; finally for such K and 7, take advantage of (A.4) and
choose ¢ small enough so that the first term of the RHS is lower than 2|| f||cop-
Equation (A.3) is proved.

One can similarly prove that |Ef(n,) — Ef (%) < (4| flleo + 1)p for e >0
small enough. Such ¢ being fixed, it remains to control the second term of the
RHS of (A.2), but this immediately follows from (A.1).

In order to prove that n, is multivariate Gaussian with prescribed covari-
ance (6.2), we first consider n/. Approximating the integral in »/, by Riemann
sums and using the fact that weak limits of Gaussian vectors are Gaussian imme-
diately yields that »n;, is a Gaussian vector with covariance matrix

[cov(m) i
1 _ _
= SERe [ G0 @ @GE@IRe [ 3060000
for 1 <k, ¢ < L. Using the elementary identity

_ Re(zz) +Re(z2))

Re(z)Re(Z') 5 ,
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we obtain

[cov(ny) e

1 — - -
=53 Re/ P (81)(21)0P(8e) (22) Bty (21) ¥ (22)€2(dz1)l2(d22)
T (D8)2

1 _ —
+ 55 Re /(DE)Z AP (gr)(21)dP(80) (22)Evn (21)¥n(22)€2(d21)€2(d22).

27?2
Using the fact that v, (z2) = ¥, (22) yields
[cov(m) ]k
1 — —_—
=-— Re/ D (gr)(21)dD(ge)(z2)kn (21, 72)€2(dz1)€2(d22)
27{ (D£)2

1 — _
+55 Re/ P (i) (21)0P(ge) (z2)kn (21, 22)€2(dz1)E2(d22).
2]1 (D5)2

In order to lift the Gaussianity from 7}, to 1, and to extend the covariance formula
from the one above to formula (6.2), we rely on the approximation theorem [36],
Theorem 4.28, and on assumptions (iv) and (v) on the variance estimates and on
the regularity of functions gi, g¢ in Lemma 6.3.

The proof of Lemma 6.3 is complete.

A.2. Proof of Proposition 6.4(ii). We rely on a meta-model argument (cf.
Section 2.6). Denote by
M) (@) =Te(Sa(M)ZEM) — 2Iy) " —ETe(S. (M)} (M) — zIy) ",
then by Proposition 6.4(i), we get
-1
Var{tr(En(M)E:(M)—ZIN) } < m,

moreover M,ll, 1 (2) converges in distribution to ¥, (z) as M — oo, N and n be-
ing fixed (see, e.g., the details in Section 5.2). Consider the continuous bounded
function kg (x) = |x|> A K, then

C
Im(2)*"

Now letting K — oo yields the desired bound by monotone convergence theorem.

Ehg (¥u(2)) = lim Ehg (M) () < lim supE| M) 1, ()] <
- — 00
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