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This paper studies multi-level stochastic approximation algorithms. Our
aim is to extend the scope of the multi-level Monte Carlo method recently
introduced by Giles [Oper. Res. 56 (2008) 607-617] to the framework of
stochastic optimization by means of stochastic approximation algorithm.
We first introduce and study a two-level method, also referred as statistical
Romberg stochastic approximation algorithm. Then its extension to a multi-
level method is proposed. We prove a central limit theorem for both methods
and give optimal parameters. Numerical results confirm the theoretical anal-
ysis and show a significant reduction in the initial computational cost.

1. Introduction. In this paper we propose and analyze a multi-level paradigm
for stochastic optimization problems by means of stochastic approximation
schemes. The multi-level Monte Carlo method introduced by Heinrich [18] and
popularized in numerical probability by [21] and [15] allows one to significantly
increase the computational efficiency of the expectation of an R-valued nonsimu-
latable random variable Y that can only be strongly approximated by a sequence
(Y™"),>1 of easily simulatable random variables (all defined on the same proba-
bility space) as the bias parameter n goes to infinity with a weak error or bias
E[Y] — E[Y"] of order n™%, « > 0. Let us be more specific. In this context, the
standard Monte Carlo method uses the statistical estimator M~! x Z?’Izl ymJ
where the (Y"/) je,mq are M independent copies of Y. Given the order of the
weak error, a natural question is how to find the optimal choice of the sample size
M to achieve a global error. If the weak error is of order n~%, then for a total error
of order n™* (« € [1/2, 1]), the minimal computation necessary for the standard

Monte Carlo algorithm is obtained for M = n?%; see [8]. So if the computational
cost required to simulate one sample of Y" is of order n, then the optimal com-
putational cost of the Monte Carlo method is Cyc = C x n?**!, for a positive
constant C > 0.

In order to reduce the complexity of the computation, the principle of the multi-
level Monte Carlo method, introduced by Giles [15] as a generalization of Ke-
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baier’s approach [21], consists of using the telescopic sum
L L l -1
E[y™ |=E[Y']+ > E[y" —y™ ],
=1

L

where m € N* \ {1} satisfies m* = n. For each level £ € {1, ..., L} the numerical
4

computation of E[Y’”l e _1] is achieved by the standard Monte Carlo method
using N, independent samples of (Y mz_l, Y’”(). An important point is that the

random samples Y™ and Y™ are perfectly correlated. Then the expectation
E[Y"] is approximated by the following multi-level estimator:

1 No i Lo Ne ¢ -1 ;
N Y »J — Ym ) _Ym 5 J ,
¥ ,2 +E:Z] N ;( )

where for each level ¢, (Y mt,j )jell1,N,] 18 a sequence of i.i.d. random variables

with the same law as Y™".

Based on an analysis of the variance, Giles [15] proposed an optimal choice
for the sequence (N¢)1<¢<; which minimizes the total complexity of the algo-
rithm. More recently, Ben Alaya and Kebaier [6] proposed a different analysis
to obtain the optimal choice of the parameters that relies on a Lindeberg—Feller
central limit theorem (CLT) for the multi-level Monte Carlo algorithm. To ob-
tain a global error of order n~%, both approaches allow one to achieve a com-
plexity of order n2*(logn)? if the L?(P) strong approximation rate of ¥ by Y”,
namely E[|Y" — Y|?], is of order 1/n. Hence the multi-level Monte Carlo method
is significantly more effective than the crude Monte Carlo and the statistical
Romberg methods. Originally introduced for the computation of expectations
involving stochastic differential equation (SDE), it has been widely applied to
various problems of numerical probability; see Giles [14], Dereich [7], Giles,
Higham and Mao [16], among others. We refer the interested reader to the web
page http://people.maths.ox.ac.uk/gilesm/mlmc_community.html for further de-
velopments.

In the present paper, we are interested in broadening the scope of the multi-
level Monte Carlo method to the framework of stochastic approximation (SA)
algorithm. Introduced by Robbins and Monro [26], these recursive, simulation-
based algorithms are effective procedures that are widely used to solve inverse
problems. To be more specific, their aim is to find a zero of a continuous func-
tion & : RY — R? which is unknown to the experimenter but can only be estimated
through experiments. Successfully and widely investigated from both a theoretical
and applied point of view since this seminal work, such procedures are now com-
monly used in various contexts such as convex optimization since minimizing a
function amounts to finding a zero of its gradient. In the general Robbins—Monro
procedure, the function i writes h(0) :=E[H (0, U)] where H ‘R x RY — R4
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and U is an RY-valued random vector. To estimate the zero of &, they proposed the
algorithm

(1.1) Opt1 =0, — vpr1H(6,, UPT),  p=0,

where (U?) > is an i.i.d. sequence of copies of U defined on a probability space
(2, F,P), 6y is independent of the innovation of the algorithm with IE[|90|2] <
+00 and y = (yp)p>1 is a sequence of nonnegative deterministic and decreasing
steps satisfying the assumption

1.2) Zyp=—|—oo and Zy§<+oo.
p>1 p>1

When the function £ is the gradient of a convex potential, the recursive proce-
dure (1.1) is a stochastic gradient algorithm. Indeed, replacing H (0,, U P+l py
h(0p) in (1.1) leads to the usual deterministic descent gradient procedure. When
h(@) =k(@) — £, 0 € R, where k is a monotone function, say increasing, which
writes k() =E[K (0, U)], K :R x R? — R being a Borel function and £ a given
desired level, then setting H = K — ¢, the recursive procedure (1.1) aims to com-
pute the value 6 such that k(0) = ¢.

As in the case of the Monte Carlo method described above, the random vec-
tor U is not directly simulatable (at a reasonable cost) but can only be approx-
imated by another sequence of easily simulatable random vectors ((U")?)>1,
which strongly approximates U as n — +oo with a standard weak discretization
error (or bias) E[ f(U)] — E[ f(U")] of order n~ for a specific class of functions.
The computational cost required to simulate one sample of U" is assumed to be
of order n, that is, Cost(U") = K x n for some positive constant K. One standard
situation corresponds to the case of a discretization of an SDE by means of an
Euler—Maruyama scheme with n time steps.

Some typical applications are the computations of the implied volatility or the
implied correlation, both of which boil down to finding the zero of a function that
writes as an expectation. Computing the value-at-risk and the conditional value-at-
risk of a financial portfolio when the dynamics of the underlying assets are given
by an SDE also appears as an inverse problem for which a SA scheme may be
devised; see, for example, [2, 3]. The risk minimization of a financial portfolio by
means of SA has been investigated in [4, 12]. For more applications and a complete
overview in the theory of stochastic approximation, the reader may refer to [9, 22]
and [5].

The important point here is that the function % is generally neither known nor
computable (at least at reasonable cost), and since the random variable U can-
not be simulated, estimating 0* using the recursive scheme (1.1) is not possible.
Therefore, the following two steps are needed to compute 6*:

— The first step consists of approximating the zero 6* of h by the zero 6*"
of h" defined by h"(9) :==E[H (0, U™)], 6 € R?. It induces an implicit weak error
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which writes
Ep(n) :=0* — 9",

Let us note that 6*" appears as a proxy of 6*, and one would naturally expect that
0*" — 0* as the bias parameter n tends to infinity.

— The second step consists of approximating 6" by M € N* steps of the fol-
lowing SA scheme:

(1.3) O =60~y HEL (UM, pello,M—1],

where ((U")?) pe1,m7 18 an i.i.d. sequence of random variables with the same law
as U", 6 is independent of the innovation of the algorithm with sup,,. | E[|6; 1’1 <
+00 and ¥y = (yp)p>1 is a sequence of nonnegative deterministic and decreasing
steps satisfying (1.2). This induces a statistical error which writes

Es(n,M,y) :=0"" —0},.

The global error between the quantity to estimate #* and its implementable
approximation 6y, can be decomposed as follows:

Ealob(n, M, y) =0% —0"" +0%" — 0y :=Ep(n) +Es(n, M, y).

The first step of our analysis consists of investigating the behavior of the implicit
weak error Ep(n). Under mild assumptions on the functions % and A", namely the
local uniform convergence of (h"),> toward & and a mean reverting assumption
of h and A", we prove that lim,, Ep(n) = 0. We next show that under additional
assumption, namely the local uniform convergence of (Dh"),>; toward Dh and
the nonsingularity of Dh(6*), the rate of convergence of the standard weak error
h"(0) — h(8), for a fixed 6 € R?, transfers to the implicit weak error Ep(n) =
0* — 0",

Regarding the statistical error Es(n, M, y) := 6" — 6y, it is well known that
under standard assumptions, that is, a mean reverting assumption on A" and a
growth control of the L?(P)-norm of the noise of the algorithm, the Robbins—
Monro theorem guarantees that limy, Eg(n, M, ) = 0 for each fixed n € N*; see
Theorem 2.3 below. Moreover, under mild technical conditions, a CLT holds at
rate y ~!/2(M); that is, for each fixed n € N*, y ~V/2(M)Es(n, M, y) converges
in distribution to a normally distributed random variable with mean zero and finite
covariance matrix; see Theorem 2.4 below. The reader may also refer to [10, 13] for
some recent developments on nonasymptotic deviation bounds for the statistical
error. In particular, if we set y (p) = yo/p, Yo > 0, p > 1, the weak convergence
rate is /M, provided that 2Re(Amin)yo > 1 where Ay denotes the eigenvalue of
Dh(6*) with the smallest real part. However, this local condition on the Jacobian
matrix of £ at the equilibrium is difficult to handle in practical situations.

To circumvent such a difficulty, it is fairly well known that the key idea is to
carefully smooth the trajectories of a converging SA algorithm by averaging ac-
cording to the Ruppert—Polyak averaging principle; see, for example, [24, 27]. It
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consists of devising the original SA algorithm (1.3) with a slow decreasing step
and simultaneously computing the empirical mean (6,) ,>1 (which a.s. converges
to 6*™) of the sequence (9;) p>0 by setting

1

Ly
(1.4) or=2""1 P —
p+1

p p+1

(@~ 61).

The statistical error now writes Es(n, M, y) := ™" — 9_1’{,[, and under mild as-
sumptions a CLT holds at rate +/M without any stringent condition on .

Given the order of the implicit weak error and a step sequence y satisfying (1.2),
a natural question is how to find the optimal balance between the value of n and the
number M of steps in (1.3) in order to achieve a given global error. This problem
was originally investigated in [8] for the standard Monte Carlo method. The error
between 0* and the approximation 6y, writes 0y, — 6* =0y, — 6" 4+ 0" —6*,
1

_pn
=0,_1

suggesting the selection of M = y~!(1/n%¥), where y ! is the inverse function
of y, when the weak error is of order n=*. However, due to the nonlinearity of
the SA algorithm (1.3), the methodology developed in [8] does not apply in our
context. The key tool that is necessary to tackle this question consists of linearizing
the dynamic of (6) pe1,m7 around its target 6*", quantifying the contribution of
the nonlinearities in the space variable ¢/}, and the innovations and finally exploiting
stability arguments from SA schemes. Optimizing with respect to the usual choice
of the step sequence, the minimal computational cost (to achieve an error of order
n~%) is given by Csa = K x n x y~1(1/n%¥) and is optimal for y (p) = yo/p,
p > 1, provided that the constant yq satisfies a stringent condition involving A",
leading to a complexity of order n?**+!. Considering the empirical mean sequence
(6_’]}) pell1,n2«7 instead of the crude SA estimate also allows one to reach the optimal
complexity for free, without any condition on yy.

To increase the computational efficiency for the estimation of 6* by means of
SA algorithm, we investigate in a second part, multi-level SA algorithms. The first
one is a two-level method, also referred as the statistical Romberg SA procedures.
It consists of approximating the unique zero 6* of 4 by O; = 01"1,2 + O, — 95’2 ,
B € (0,1). The couple (9}{42, 01’{,;; ) is computed using M5 independent copies of
(U", U?"). Moreover the random samples used to obtain 91’(;1 are independent of

those used for the computation of (01’{,[2, 0]’{,2 ). For an implicit weak error of order
n~%, we prove a CLT for the sequence (®}'),>; through which we are able to
optimally set M1, M5 and § with respect to n and the step sequence y . The intuitive
idea is that when n is large, (9;‘) pello, M1 and (Gzﬂ) pello, M, are close to the SA
scheme (6)) pefo,m,] devised with the innovation variables (U”),>1 so that the
correction term writes 91’(,,2 —Om, — (9}{;2 — 6m,). Then we quantify the two main
contributions in this decomposition, namely the one due to the nonlinearity in the
space variables (9"/3, 65, 0p) peio,m,] and the one due to the nonlinearity in the
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innovation variables (U ”ﬁ*p, U™"P,U?P)p>1. Under mild smoothness assumption
on the function H, the weak rate of convergence is ruled by the nonlinearity in
the innovation variables for which we use the weak convergence of the normalized
error n”(U" — U), p € (0, 1/2]. The optimal choice of the step sequence is again
Yp = v0/p, p > 1 and induces a complexity for the procedure given by Csa-sr =
K x n2@+1/(+0) provided that yy satisfies again a condition involving A" which is
difficult to handle in practice. By considering the empirical mean sequence (:)flr =

9_,’(,,’; —i—é,’fh — 0_,’{,2, where (ézﬂ)peﬁ(),/[/[ﬂ] and (0_;, é;ﬂ)peﬂ()’/\/M]] are, respectively, the

empirical means of the sequences (Gzﬂ) pello,M;] and (0;, 0;,"3) pello,m,] devised
with the same slow decreasing step sequence, this optimal complexity is reached
for free by setting M3 = n?®, My = n>*~1/(+P) without any condition on yy.
Moreover, we generalize this approach to the case of the multi-level SA
method. In the spirit of [15] for Monte Carlo path simulation, the multi-level SA

scheme estimates 6*" by computing{the %?lantity oM =g 1{,[0 +3k, HA"Z — 01”\2 :
where for every ¢, the couple (9/‘"},[, 9/\’1}4 ) is obtained using M, independent

copies of (U’"H, U’"z). Here again to establish a CLT for this estimator (in
the spirit of [6] for the Monte Carlo path simulation), our analysis follows the
lines of the methodology developed so far. The optimal computational cost to
achieve an accuracy of order 1/n is reached by setting Mo =y ~'(1/n%), My =
y‘l(me log(m)/(n2 log(n)(m—1))),£=1,..., Linthe case p = 1/2. Once again
the step sequence y (p) = yo/p, p > 1 is optimal among the usual choices, and it
induces an asymptotic complexity of order nz(log(n))z. We thus recover the rates
as in the multi-level Monte Carlo path simulation for SDE obtained in [15] and [6].

The paper is organized as follows. In the next section we state our main results
and list the assumptions. Section 3 is devoted to the proofs. In Section 4 numer-
ical results are presented to confirm the theoretical analysis. Finally, Section 5 is
devoted to technical results which are useful throughout the paper.

2. Main results. In the present paper, we make no attempt to provide an ex-
haustive discussion related to convergence results of SA schemes. We refer the
interested readers to [9, 22] and [5], among others, for developments and a more
complete overview in SA theory. In the next section, we first recall some basic facts
concerning stable convergence (following the notations of Jacod and Protter [20])
and list classical results of SA theory.

2.1. Preliminaries.
2.1.1. Stable convergence. For a sequence of E-valued (E being a Polish

space) random variables (X,),> defined on a probability space (2, F,P), we
say that (X,),>1 converges in law stably to X defined on an extension (Q, F, P
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of (2, F,P) and write X, Sta:bly X if for all bounded random variables A defined
on (2, F,P) and for all #: E — R bounded continuous, one has

E[AR(X,)] = E[AR(X)],  n— +oo.

This convergence is obviously stronger than convergence in law, which we de-
note by “=." Stable convergence was introduced in [25] and notably investigated
in [1]. The following lemma is a basic result on stable convergence that will be
useful throughout the paper. We refer to [20], Lemma 2.1 for a proof. Here, E and
F will denote two Polish spaces. We consider a sequence (X,),>1 of E-valued
random variables defined on (2, F).

LEMMA 2.1. Let (Y,)n>1 be a sequence of F-valued random variables de-
fined on (L2, F), satisfying

Y, > v,

bl
where Y is defined on (2, F). If X, T X where X is defined on an extension of

(2, F), then we have

(X, Vo) 220 (X, 7).

Let us note that this result remains valid when Y, =Y, for alln > 1.

2.1.2. Application: Euler—-Maruyama discretization of diffusion processes.
We illustrate this notion by the Euler—Maruyama discretization scheme of a dif-
fusion process X solution of an SDE. The following results will be useful in the
sequel in order to illustrate multi-level SA methods. We first introduce some nota-
tion, namely for x € RY,

bi(x) o1n(x) -+ o1g(x)

by(x) o021(x) -+ 024(x)
fx)= : ) )

bq(x) Uql(x) qu/(x)

and dY; = (dt thl dW,q/)T where b:R? — RY, 0 :R? — RY x RY . Here,
as below, u” denotes the transpose of the vector u. The dynamic of X will be
written in the compact form

t
Viel0,T], Xi=x +/ F(Xy)dY,
0

with its Euler—Maruyama scheme with time step A =T /n, t; =iA,i =0,...,n,
®n(s) =sup{s; :1; < s}

t
X! =x+/0 f(XB ) dYs.

We introduce the following smoothness assumption on the coefficients:
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(HS) The coefficients b, o are uniformly Lipschitz continuous.
(HD) The coefficients b, o satisfy (HS) and are continuously differentiable.
The following result is due to [20], Theorem 3.2, page 276 and Theorem 5.5,
page 293.

THEOREM 2.1. Assume that (HD) holds. Then the process V" := X" — X
satisfies

n bl
‘ITV”m:yV asn — +oo,

the process V being defined by Vo = 0 and

. qg+1 q - g+ .
2.1) avi=>3 3" fY (Xt)[v,"dy/ -> fkg(Xt)de]]

j=lk=1 =1
where fk/ij is the kth partial derivative of f' and
VG, j) e 2,4 +1] x [2, 4"+ 1],

1 to :
z/=— 3 /alk(xs)aﬂ(xs)da“,
ﬁlfk,@fq 0 T

viel[l.qg +1], zY =0,
Vie[[l,¢ +1], z''=o,

where B is a standard (q')*-dimensional Brownian motion defined on an extension

(@, F. (F)i=0. ) of (2, F., (F)i=0. P) and independent of W.
We will also use the following result which is due to [6], Theorem 4.

THEOREM 2.2. Let m € N*\ {1}. Assume that (HD) holds. Then we have

mt ¢

M (xm sably
D7

—X’"IH) % as £ — +o0.

2.1.3. On some basic results related to stochastic approximation. We now
turn our attention to SA. There are various theorems that guarantee the a.s. and/or
L? convergence of SA algorithms. We provide below a general result in order to
derive the a.s. convergence of such procedures. It is also known as the Robbins—
Monro theorem and covers most situations; see the remark below.

THEOREM 2.3 (Robbins—Monro theorem). Let H : R? x R? — R< be a Borel
function and U be an RY-valued random vector with law . Define

Vo e RY, h(©) =E[H(®H,U)],
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and denote by 0* the (unique) solution to h(6) = 0. Suppose that h is a continuous
function that satisfies the mean-reverting assumption

2.2) Vo e R, 6 £ 6%, 0 —0%, h(©))>0.
Let y = (yp) p=1 be a sequence of gain parameters satisfying (1.2). Suppose that
(2.3) Vo eR?,  E[|H®O.U)[']<C+]6—6*).

Let (Up)p>1 be an i.i.d. sequence of random vectors with common law p and
0o a random vector independent of (U)) p>1 satisfying ]E[|90|2] < +400. Then the
recursive procedure defined by

(2-4) 9[7—1—1 = 917 - Vp-HH(epa Up—i—l)’ p= 0

satisfies

9,,&6* as p — +oo.

Let us point out that the Robbins—Monro theorem also covers the framework
of stochastic gradient algorithms. Indeed, if the function 4 is the gradient of a
convex potential L, namely & = VL where L € C'(R?,R,), satisfying that VL
is Lipschitz, |VL|> < C(1 + L) and limjg|— 400 L(0) = +00, then Argmin L is
nonempty, and according to the standard lemma 0 +— %l@ — 6*|?, it is a Lyapunov
function so that the sequence (6,,),>1 defined by (2.4) converges a.s. to 6*.

LEMMA 2.2. Let L € CY(R?,R,) be a convex function. Then
V0,6’ eRY,  (VL(®) —VL(#),0 —6')>0.
Moreover, if Argmin L is nonempty, then one has

V0 € R? \ Argmin L, V6* € Argmin L, (VL(©#),0 —6*) > 0.

Now, we provide a result on the weak rate of convergence of the SA al-

gorithm. In standard situations, it is well known that a stochastic algorithm

/

(0p)p>1 converges to its target at a rate y, 2 More precisely, the sequence

(vp 1/ 2(6,, — 6%))p>1 converges in distribution to some normal distribution with

a covariance matrix based on E[H (6*, U)H (6*,U)T] where U is the noise of
the algorithm. The following result is due to [23] (see also [9], page 161, Theo-
rem 4.I11.5) and has the advantage to be local, in the sense that a CLT holds on
the set of convergence of the algorithm to an equilibrium which makes possible a
straightforward application to multi-target algorithms.

THEOREM 2.4. Let 6* € {h = 0}. Suppose that h is twice continuously differ-
entiable in a neighborhood of 6* and that Dh(6%) is a stable d x d matrix; that
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is, all its eigenvalues have strictly positive real parts. Assume that the function H
satisfies the following regularity and growth control property:

6+ E[H®©O,U)H®H,U)"] is continuous on R?,
Je > 0 s.1. 0+ E[|H®, U)|2+£] is locally bounded on RY.

Assume that the noise of the algorithm is not degenerated at the equilibrium; that
is, T(0*) :=E[H(0*, UYH (0*, U)T] is a positive definite deterministic matrix.

The step sequence of procedure (2.4) is given by y, = y(p), p > 1, where y
is a positive function defined on [0, 00| decreasing to zero. We assume that y
satisfies one of the following assumptions:

e y varies regularly with exponent (—a), a € [0, 1); that is, for any x > 0,
lim;—s oo Y (tx)/y (t) = x~%. In this case, set £ = 0.

e Fort>1,y((t) =vyo/t and yg satisfy 2Re(Amin)vo > 1, where Ayin denotes the
eigenvalue of Dh(0*) with the lowest real part. In this case, set £ = 1/(2yp).

Then, on the event {6, — 0}, one has
y(p)~V2(6, — %) = N(0, =%),
where * := [ exp(—s(Dh(0*) — cINTT (%) exp(—s(Dh(6*) — ¢ I;))ds.

REMARK 2.1. In SA theory it is also said that — Dh(6*) is a Hurwitz matrix;
that is, all its eigenvalues have strictly negative real parts. The assumption on the
step sequence (,),>1 is quite general and includes polynomial step sequences.
In practical situations, the above theorem is often applied to the usual gain y, =
y(p) =yop~ ¢, with 1/2 < a < 1, which notably satisfies (1.2).

Hence we clearly see that the optimal weak rate of convergence is achieved by
choosing y, = yo/p with 2Re(Amin)yo > 1. However, the main drawback of this
choice is that the constraint on yy is difficult to handle in practical implementation.
Moreover it is well known that in this case the asymptotic covariance matrix is not
optimal; see, for example, [9] or [5], among others.

As mentioned in the Introduction, a solution consists of devising the original SA
algorithm (2.4) with a slow decreasing step y = (y) p>1, where y varies regularly
with exponent (—a), a € (1/2, 1), and to simultaneously compute the empirical
mean (ép) p>1 of the sequence (6,) >0 by setting

bo+61+---+6, - |-
= L =0, 1 ——— 61— 6)).
p+1 p+1

The following result states the weak rate of convergence for the sequence
(9_1,) p=>1. In particular, it shows that the optimal weak rate of convergence and
the optimal asymptotic covariance matrix can be obtained without any condition
on yy. For a proof, the reader may refer to [9], page 169.

2.5) 6,
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THEOREM 2.5. Let 6* € {h = 0}. Suppose that h is twice continuously differ-
entiable in a neighborhood of 6* and that Dh(0*) is a stable d x d matrix; that
is, all its eigenvalues have positive real parts. Assume that the function H satisfies
the following regularity and growth control property:

0> E[H®O,U)H®,U)"] is continuous on RY,
b > 0 s.1. 6 — E[|H®, U)}2+b] is locally bounded on RY.

Assume that the noise of the algorithm is not degenerated at the equilibrium;
that is, T'(0*) := E[H (6*, UYH (0*, U)T] is a positive definite deterministic ma-
trix.

The step sequence of procedure (2.4) is given by y, = y(p), p > 1, where y
varies regularly with exponent (—a), a € (1/2,1). Then, on the event {6, — 6},
one has

P, —6%) = N(0. Dh(6") T (6") (DR (6) ).

2.2. Main assumptions. We list here the required assumptions in our frame-
work to derive our asymptotic results and make some remarks.

(HWR1) There exists p € (0, 1/2],

tably
) s

n’(U"-U)=V  asn— +oo,

where V' is an R7-valued random variable eventually defined on an extension
(2, F,P) of (2, F,P).
(HWR2) There exists p € (0, 1/2],

stably
—2

m? U™ — U™ ) v as - +oo,

where V™ is an R?-valued random variable eventually defined on an extension
(R, F,P) of (2, F,P).
(HSR) There exists § > 0,

supE[|n”(U" — U)|2+8] < +o0.
n>1

(HR) There exists b € (0, 1],
E[|H©®,U" - H@O', UM]
sup <

2b
neN*, (0,0")e(R4)2 16 — 0’|

—+00

(HDH) For all # € RY, P(U ¢ Dpy) =0 with Dy := {x € R?:x >
H (6, x) is differentiable at x}.

(HLH) For all (8,6’,x) € (R)? x R4,|H(,x) — H®H',x)| < C(1 +
|x]")|8 — 0’|, for some C, r > 0.
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(HI) There exists § > O such that for all R > 0, we have

sup E[|H (0, U”)|2+5] < +00.
{60:10|<R,neN*}
The sequence (6 — E[H @, U"H@O,U ”)T])nzl converges locally uniformly to-
ward 0 > E[H (0, U)H (0, U)T]. The function 8 — E[H (8, U)H (8, U)T ] is con-
tinuous, and E[H (0%, U)H (0*, U)T] is a positive deterministic matrix.
(HMR) There exists A > 0 such that Vn > 1

VOeRY, (0 —6%", 1" (©6))= A6 — 0",

We will denote by A, the lowest real part of the eigenvalues of Dh(6*). We
will assume that the step sequence is given by y, = y(p), p > 1, where y is a
positive function defined on [0, +00[ decreasing to zero and satisfying one of the
following assumptions:

(HS1) y varies regularly with exponent (—a), a € [0, 1); that is, for any x > 0,
limy—s 400y (£x) [y (£) = x 7.

(HS2) Fort > 1, y(t) = yp/t and yy satisfy 2Ayo > 1.

REMARK 2.2. Assumption (HR) is trivially satisfied when 6 +— H (0, x) is
Holder-continuous with modulus having polynomial growth in x. However, it is
also satisfied when H is less regular. For instance, it holds for H (0, x) = 1{x<¢)
under the additional assumption that U” has a bounded density (uniformly in »).

REMARK 2.3. Assumption (HMR) already appears in [9] and [5]; see also
[13] and [10] in another context. It allows one to control the L2-norm E[l@g —
6*"|2] with respect to the step y (p) uniformly in n; see Lemma 5.2 in Section 5.
As discussed in [22], Chapter 10, Section 5, if one considers the projected version
of algorithm (1.3) on a bounded convex set D (e.g., a hyperrectangle Hflzl la;i, b;i])
containing 6*", ¥n > 1, as very often happens from a practical point of view,
this assumption can be localized on D; that is, it holds on D instead of RY. In
this case, a sufficient condition is infge p pen+ Amin ((DA"(0) + Dh"(6)7)/2) > 0,
where Anin(A) denotes the lowest eigenvalue of the matrix A.

We also want to point out that if (HMR) holds, then one has A,, > A. Indeed,
writing 1" (0) = fol DR (10 + (1 — 1)0*™) (0 — 0*") dt, for all 6 € RY, we clearly
have

(6 — 6", h"(0))

1
:/ <9 — 6%,
0

DR (t0 + (1 — 1)0*") + DR (10 + (1 — 1)9*™")T
2

6 0*’”)>dt

> Ao — 0",
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Using the local uniform convergence of (Dh"),>; and the convergence of
(0"™")p>1 toward 6%, by passing to the limit » — +o00 in the above inequality,
we obtain
/1<9 g+ Ph6 + (1 —06") + Dh(16 + (1 — 1T
0 ’ 2

- 0*)>dt

>A0—6*F V€K,

where K is a compact set such that 0* + u,, € K, u,, being the eigenvector as-
sociated to the eigenvalue of Dh(6*) with the lowest real part. Hence, selecting
6 = 0* + cu,, in the previous inequality and passing to the limit ¢ — 0, we get
Am = A.

REMARK 2.4. Assumptions (HWR1), (HWR2) and (HSR) allow us to estab-
lish a CLT for the multi-level SA estimators presented in Sections 2.5 and 2.6. They
include the case of the value at time 7" of an SDE, namely, U = X7 approximated
by its continuous Euler-Maruyama scheme U" = X7 with n time steps. Under
(HD) one has p = 1/2. Moreover, U may depend on the whole path of an SDE.
For instance, one may have U = L7, the local time at level O of a one-dimensional
continuous and adapted diffusion process, and the approximations may be given by

[nt]
U" = Z F(nXi—1y/n, Vn(Xijn — Xi—1y/n))-
i=l
Then under some assumptions on the function f and the coefficients b, o, the
weak and strong rate of convergence is p = 1/4; see [19] for more details. Let us
note that we do not know what happens when p > 1/2, which includes the case of
higher order schemes for discretization schemes of SDE.

2.3. On the implicit weak error. As we have already observed, the approxi-
mation of 6* is affected by two errors: the implicit discretization error and the
statistical error. Our first results concern the convergence of ™" toward 6* and
its convergence rate as n — 4-00. The proof of the next theorem is postponed to
Section 3.1.

THEOREM 2.6. For all n € N*, assume that h and h™ satisfy the mean revert-
ing assumption (2.2) of Theorem 2.3. Moreover, suppose that (h"),>1 converges
locally uniformly toward h. Then one has

o*" — 9* asn — +oo.

Moreover, suppose that h and h", n > 1 are continuously differentiable and that
Dh(0%) is nonsingular. Assume that (Dh"),>1 converges locally uniformly to Dh.
If there exists « € R* such that

Vo e RY, lim n*(h"(0) — h(8)) = E(h, a,6),
n——+0o
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then one has

lim n%(0*" —0%) = —Dh~ 1 (6%)&(h, a, 6%).

n——+00

2.4. On the optimal tradeoff between the implicit error and the statistical error.
Given the order of the implicit weak error, a natural question is how to find the
optimal balance between the value of n in the approximation of U and the number
M of steps in (1.3) for the computation of 6*" in order to achieve a given global
error €.

THEOREM 2.7. Suppose that the assumptions of Theorem 2.6 are satisfied
and that h satisfies the assumptions of Theorem 2.4. Assume that (HR), (HI)
and (HMR) hold and that h" is twice continuously differentiable with Dh" Lip-
schitz continuous uniformly in n. If (HS1) or (HS2) is satisfied, then one has

(00 1y oy —0%) = —Dh ™ (0%)E(h, @, 6%) + N (0, £¥),
where
n* = /ooexp(—s(Dh(G*) — 1) E[H (6", UYH (6", U)" ]
0

(2.6)
x exp(—s(Dh(6*) — ¢14))ds

with & =0 if (HS1) holds and ¢ = 1/2yq if (HS2) holds.
The proof of the following lemma is carried out in Section 3.2

LEMMA 2.3.  Let § > 0. Under the assumptions of Theorem 2.7, one has

RO ey — 0" ) = N(0, %), 1 — +oo.

PROOF OF THEOREM 2.7. We decompose the error as follows:
n * __ gn
y-ime 00 =0,

and analyze each term of the above sum. By Lemma 2.3, we have

n®( — %) = N(0, B%),

71(1/’12&) _ 0*,}'2 + 9*,}1 _ 0*

n
y~l(1/n?)

and using Theorem 2.6, we also obtain

n®(0*" —0*) — —Dh~1(0*)E(h, a, 6%). O

The result of Theorem 2.7 could be construed as follows. For a total error of
order 1/n%, it is necessary to achieve at least M = y~1(1/n%%) steps of the SA
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scheme defined by (1.3). Hence in this case, the complexity (or computational
cost) of the algorithm is given by

(2.7) Csa(y) =C xnx y~'(1/n*),

where C is some positive constant. We now investigate the impact of the step
sequence (y,)n>1 on the complexity by considering the two following basic step
sequences:

e if we choose y (p) = yo/p with 2Lyp > 1, then Csp = C x n2a+1;
e if we choose y (p) = yo/p”, % < p <1, then Csp = C x n2/p+1,

Hence we clearly see that the minimal complexity is achieved by choosing y,, =
vo/p with 2Lyp > 1. In this latter case, we see that the computational cost is similar
to the one achieved by the classical Monte Carlo algorithm for the computation of
E.[f(X7)]. However, the main drawback of this choice of step sequence comes
from the constraint on yp. Our next result shows that the optimal complexity can
be reached for free through the smoothing of procedure (1.3), according to the
Ruppert—Polyak averaging principle.

THEOREM 2.8. Suppose that the assumptions of Theorem 2.6 are satisfied
and that h satisfies the assumptions of Theorem 2.4. Assume that (HR), (HI) and
(HMR) hold and that h'" is twice continuously differentiable with Dh™ Lipschitz
continuous uniformly in n. Define the empirical mean sequence (5;’) p>1 of the
sequence (0;) p>1 by setting

I an/ LT,
2 p+1 — Up-1 p+1 p—1 pr

where the step sequence y = (yp)p>1 satisfies (HS1) with p € (1/2, 1). Then one
has

n® (0", —0*) => —Dh~ ' (0*)E(h, a, 6%)
+N(0, Dh(6*)"E[H (6%, U)H (6%, U)" ](Dh(6)™")T).

We omit the proof of the following lemma since it can be done in a similar
manner to that of the SA literature. We refer to [11] for a proof.

LEMMA 2.4. Let § > 0. Under the assumptions of Theorem 2.8, one has

n®(@", —*") = N'(0, Dh(6*) "E[H (6%, U)H (6", U)" (DR (6*)™")"),

n — +00.
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PROOF OF THEOREM 2.8. Similarly to the proof of Theorem 2.7, we decom-
pose the error as follows:

0"y — 0" =0 — 0™ + 6" — 0"
Applying successively Theorem 2.6 and Lemma 2.4, we obtain

n® (@, —6%) => —Dh~' (0")E(h, o, 6%) + N'(0, T*). O

The result of Theorem 2.8 shows that for a total error of order 1/n%, it is nec-
essary to achieve at least M = n?® steps of the SA scheme defined by (1.3) with
step sequence satisfying (HS1) and to simultaneously compute its empirical mean,
which represents a negligible part of the total cost. As a consequence, we see that
in this case the complexity of the algorithm is given by

Csa-rp(y) = C x 21,

Therefore, the optimal complexity is reached for free, without any condition
on )y, thanks to the Ruppert—Polyak averaging principle.

2.5. The statistical Romberg stochastic approximation method. In this sec-
tion we present a two-level SA scheme that will be also referred to as the sta-
tistical Romberg SA method, which allows us to minimize the complexity of the
SA algorithm (0}) ,cj0,, 1 (1/n2yy fOr the numerical computation of 6* solution to
h(@@)=E[H(#,U)] =0.Itis clearly apparent that

grn =g’ pgrn gt g 1.

The statistical Romberg SA scheme independently estimates each of the solu-
tions appearing on the right-hand side in a way that minimizes the computational
complexity. Let 0,’(;; be an estimator of 0*"" using M| independent samples of

B B
U™ and 0y, — 0y,

of (U ”5, U"™). Using the above decomposition, we estimate 6* by the quantity

be an estimator of §*" — §*1” using M, independent copies

O =07, + 06}, — 0.

It is important to point out here that the couple (91’(42, 9;‘,;; ) is computed using

i.i.d. copies of (U "5, U"), the random variables U " and U™ being perfectly corre-
lated. Moreover, the random variables used to obtain 9,’{;1 are independent of those

used for the computation of (6% . 0,'(,;; ).

We also establish a central limit theorem for the statistical Romberg-based em-
pirical sequence according to the Ruppert—Polyak averaging principle. It consists
of estimating 6* by
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where (9_;'6) pello, ;] and (G_Z, ézﬂ) pell0, M, are, respectively, the empirical means

of the sequences (91’;/3) pello, ;] and (91’;, 91’3'3) pello, M, devised with the same slow
decreasing step, that is, a step sequence (y (p)) p>1 Where y varies regularly with
exponent (—a), a € (1/2,1).

THEOREM 2.9. Suppose that h and h™ satisfy the assumptions of Theorem 2.6
witha € (p Vv 2pB, 1] and that h satisfies the assumptions of Theorem 2.4. Assume
that (HWR1), (HSR), (HD), (HMR), (HDH) and (HLH) hold and that h" are
twice continuously differentiable in a neighborhood of 6*, with Dh"™ Lipschitz-
continuous uniformly in n, satisfying

Vo e RY, n”|Dh"(0) — Dh(6)|| - 0 asn — ~+00.

Suppose that E[(Dy H(0*, U)V)(DyH(6*, U)V)T] is a positive definite ma-
trix. Assume that the step sequence is given by y, =y(p), p > 1, where y is a
positive function defined on [0, +00[ decreasing to zero, satisfying one of the fol-
lowing assumptions:

e y varies regularly with exponent (—a), a € (1/2,1); that is, for any x > 0,
lim;—s 400 Yy (tx)/y (1) = x7%.
o Fort>1,y(t)=y/t and yy satisfy Ayo > o/ e —2pp).

Then, for M1 =y~ (1/n**) and M> = y =" (1/(n**=2PP)), one has
n%(OF —0*) = Dh ' (6%)E(h, @, 0*) + N(0,=%),  n— +oo
with

o * T T
> :=/ (e7sPhOD=CIDYV (B[ H (0*, UYH (6%, U)" ]
0

+E[(D.H (6%, U)V —E[DH(6*, U)V])
x (DyH(0*, U)V —E[D,H(6* U)V])"])
x e~ S(DhO")=L1a) g4
REMARK 2.5. Let us note that in the above theorem the condition on the con-
vergence of the discretization error on the Jacobian matrix of 4 has been strength-

ened, compared to the standard SA algorithm appearing in Theorem 2.7. This is
due to the presence of annoying second-order terms when we deal with the correc-

tion term 01"’,[2 — 91’{/1’32 . Thus this assumption appears as a typical feature of multi-
level SA methods; see also Theorems 2.10 and 2.11.

The proof of the following lemma is carried out in Section 3.3.

LEMMA 2.5. Let (0)p>0 be the procedure defined for p > 0 by
(2.8) Op+1=0p = vpr1 H(Bp, (U)PF),
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where (U")?, (U)P) p>1 is an i.i.d. sequence of random variables with the same
law as (U",U), (yp)p=1 is the step sequence of the procedure (OSﬂ)pzo and

(9;) p>0 and 0y is independent of the innovation satisfying IE[|90|2] < +o00. Un-
der the assumptions of Theorem 2.9, one has

B B
n (05101 ju2a-py) ~ Oy 11y = (07" = 07)) = N(0, 67,
n— 400,
with
00 . - -
o ;=/0 (e~ PhO =<l T/[(D H (6%, U)V — B[ D, H(6*, U)V))
x (DyH(0*, U)V —E[D,H(6*,U)V])"]
o= (DHED~C1)

and

P
na(e;/l,](l/(nza,f;)) - Qy—l(l/(HZQ—ﬂ)) - (9*’}1 — 0*)) — O, n— 4o00.

PROOF OF THEOREM 2.9. We first write the following decomposition:

ST * nf >i<,nfj n
®n — 0 = 0}/,](1/”2“) - 9 + nyl(l/n2a72pﬂ)
B B
_ 9;—1(1/},120[—2/0[5) _ (9*,}1 _ 9*,11 ) + 9*,}1 _ 9*

For the last term of the above sum, we use Theorem 2.6 to directly deduce
n®(O*" —0*) - —Dh~1(0")E(h, @, 0%)  asn — +oo.
For the first term, from Lemma 2.3 it follows that

na(e)'/lfl(l/nZa) - 9*’"B) = N(0,T),
with
r*:= / " exp(—s(Dh(6%) — ¢ 1)) "E[H (6%, U)H (6%, U)"]
0

x exp(—s(Dh(0*) — ¢ 14))ds.

_pg

We decompose the last remaining term, namely 9)’} (1 220y

@*" — 0**"ﬂ), as follows:

0

71(1/n2a72p/3)

B B
9;—1(1/,1201—2/)&) - (9*"1 - 0*’}1 )

n J—
y~L(1/n22=208)
- 9;"(1/n2‘1*20ﬂ) - Qy*](]/n2a72pﬂ) — (9**” _ 9*)

p p
= (0511 ju2a—208) — Oy=11 n2a—208) — (0" = 67)),

and we use Lemma 2.5 to complete the proof. []
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THEOREM 2.10. Suppose that h and h" satisfy the assumptions of Theo-
rem 2.6 (witho € (pV2pB, 1)) and that h satisfies the assumptions of Theorem 2.4.
Assume that the step sequence y = (yp) p>1 satisfies (HS1) with a € (1/2,1) and
a> %5V f‘ofl_;ﬁg. Suppose that (HWR1), (HSR), (HD), (HMR), (HDH) and
(HLH) hold and that h" is twice continuously differentiable in a neighborhood
of 0*, with Dh™ Lipschitz-continuous uniformly in n satisfying

29) VoeR!  p*=@ P pp@)— D" @) >0  asn— +oo.

_ Suppose that E[(DH©®*,U)V — E[DH®* U)VI)(D:H®* U)V —
E[D,H@©O*, U)VDT] is a positive definite matrix. Then, for Mz = n%® and
My =n2=20P  one has

n®(@F —0*) = Dh= 1 (6*)E(h, @, 0*) + N'(0, £%),  n— +oo,
where
% := Dh(0*) " (E[H (6", U)H(6*,U)"]
+E[(D H(*, U)V —E[D,H(6*,U)V])

x (D H (6", U)V —E[DH (6", U)V])])(Dh(6") ™).

We omit the proof of the following lemma since it can be done in a similar
manner to that in the SA literature. For a proof the reader may refer to [11].

LEMMA 2.6. Let (9_1,) p=1 be the empirical mean sequence associated to
(0p) p>1 defined by (2.8). Under the assumptions of Theorem 2.10, one has

(675, 25 — Opaaaps — (6°" — 6%)) => N(0, ©%)
with
©* = Dh(6*) 'R[(D. H(6*, U)V —E[D,H (6", U)V]) ](Dh(6)™")"

and

1 (Oaaps — Opre20p — (6" — 67)) —0.

PROOF OF THEOREM 2.10. 'We decompose the error as follows:
OF — 6" =%, — 05" 10 5y — 0 o — (6% —0) 4077 — 6,
For the first term, from Lemma 2.4 it follows that

n(@", — "'y = N (0, Dh(6*)"E[H (6%, U)H (6%, U)"|(Dh(6*)™")").
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For the last term using Theorem 2.6, we have n®(0*" — 6*) — —Dh™1(6*) x
E(h, o, 0*). We now focus on the last remaining term, namely 9_:2a_zp/3 — Q_Zfa_zpﬂ —

@*" — 0*’”ﬂ) We decompose it as follows:
= p
O = Oy — (07" = 67

~ ~ = p
- 9:20[,2/)}3 - 9,[20!72,0,3 - (0*’}1 - 9 ) (9 2a—2pf 6,12&—2/)/3 - (0*’}1 - 9*)),

where (0,) =1 is the empirical mean sequence associated to (6,,) »>1, and we use
Lemma 2.6 to complete the proof. [

2.6. The multi-level stochastic approximation method. As we mentioned in
the Introduction, the multi-level SA method uses L + 1 stochastic schemes with a
sequence of bias parameters (mg)ge[[o’ L1 for a fixed integer m > 2, that satisfies

m% =n, thatis, L = log(n)/log(m) and estimates 6* by computing the quantity

L
O = O, + Y (657, — O, -
=1
It is important to point out here that for each level ¢, the couple (01‘",}@ (9,"‘}; l)

is computed using i.i.d. copies of (U m* U m* ). Moreover the random variables
U™ and U™ use two different bias parameter but are perfectly correlated. Fi-

nally, for two different levels, the SA schemes are based on independent samples.

THEOREM 2.11. Suppose that h and (h"),cN satisfy the assumptions of
Theorem 2.6. Assume that (HWR2), (HSR), (HD), (HMR), (HDH) and (HLH)
hold and that h" is twice continuously differentiable in a neighborhood of 6™,
with Dh" Lipschitz-continuous uniformly in n. Suppose that E[(D, H(6*, U)V —
E[D,H(0*, U)V])(D,H®* U)V — E[D, H©O*, U)VDT] is a positive definite
matrix. Assume that the step sequence is given by y, = y(p), p > 1, where y is
a positive function defined on [0, +o00[ decreasing to zero, satisfying one of the
following assumptions:

e y varies regularly with exponent (—a), a € (1/2,1); that is, for any x > 0,
lims oo Yy (tx)/y (1) = x7°%.

o fort>1,y(t)=y/t and yy satisfy Ayo > 1.
Suppose that p satisfies one of the following assumptions:

e If p €(0,1/2), then assume that « > 2p, Ayo > a/(a — 2p) [if y(t) = yo/t]
and
3B > p,Vo € RY, supn? | Dh"(0) — Dh(9)| < +oc.
n>1
In this case we set My =y~ (1/(n**log(n))) and M; =y~ (m*((1+20)/2)
(mI=202 — 1) /(2 (n1 =202 — 1)), £=1,..., L
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4 .
o Ifp=1/2,thenassumethata =1,05" =6p,£=1,..., L,wzthE[|90|2] < 400
and

38> 1/2,¥0 €R?,  supn?|Dh"(0) — Dh(0)| < +o0.

n>1

In this case we set My = y_l(l/(nzlog(n))) and M; = y_l(mglog(m)/
(n*log(n)(m — 1)), £=1,...,L.

Then one has
n®(@OM — 0*) = —Dh~1(6")E(h, 1,0%) + N(0, £%),  n— +00
with
= /Ooo(eS<Dh<9*>Ud>)TfE[(DxH(9*, U)V —E[D.H (6%, U)V])

x (D H(6*,U)V —E[D,H (6", U)V])"]

NG I N

PROOF. We first write the following decomposition:

y~ta/m?)
L 4 -1 4 -1

_|_ Z(e[n‘}l _ 91‘"}[ _ (9*,m _ 9*,1’” )) + 9*,” _ 0*
(=1

For the last term of the above sum, we use Theorem 2.6 to directly deduce
n®(0*" —0*) — —Dh~ 1 (0*)E(h, 1,6%)  asn — +oo.

For the first term, from Lemma 5.2 we get

—o=1) L o.

o(pnl
10,1 12108
Finally to deal with the last remaining term, namely n® Zle(eﬁn,}j — 9% g

(0*""[ — 9*’ml_1)), we will need the following lemma, whose proof is carried out
in Section 3.4. [J

LEMMA 2.7. Under the assumptions of Theorem 2.9, one has

-1

L
YO — O — (@~ = N(0.0%), 1 too,

(=1
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with
s [ (,—s(DRE LI\ T
o 0" /0 (e )
' x B[(D,H (0%, U)V™ — B[ D, H (6%, U)V"™))
x (D H (6%, U)V™ —E[D,H(6*, U)V"])"]
2.11)

% e=S(PhOI=L10) 4.

REMARK 2.6. The value of My in Theorem 2.11 seems arbitrary and is
asymptotically suboptimal. Indeed, one observes that the key point is to choose
My such that y (Mo) = o(1/n>*) and My = Oy~ (1/n?*+1720)) if p € (0, 1/2)

or Mo =O(y~'(1/(n*log(n))) if p = 1/2 so that n® (0, — 6*") L. 0, and My
does not influence the asymptotic complexity; see Section 2.7 below. From an
asymptotic point of view, any choice satisfying this condition would lead to the
same complexity. From a nonasymptotic point of view, one may choose My =
¥ ~1(1/n%%) so that the nonasymptotic computational complexity is smaller than
in the other case. However, now one has n“ (9;_1 (1/n2) 61y = N(0, I'*) with
x
r* ::/0 exp(—s(Dh(6%) — ¢ 1)) 'E[H(6*, U H (6%, U")"]

x exp(—s(Dh(6*) — ¢14))ds

so that the new asymptotic covariance matrix ¥* := ®* 4+ I'* is higher than that
of Theorem 2.11.

REMARK 2.7. The previous result shows that a CLT for the multi-level
stochastic approximation estimator of 6* holds if the standard weak error (and
thus the implicit weak error) is of order 1/n*, and the strong rate error is of order
1/n? witha > 2p or o = 1 and p = 1/2. Due to the nonlinearity of the procedures,
which leads to annoying remainder terms in the Taylor expansions, these results do
not seem to easily extend to a weak discretization error of order 1/n%* with a < 1
and p = 1/2 or a faster strong convergence rate p > 1/2. Moreover, for the same
reason, this result does not seem to extend to the empirical sequence associated to
the multi-level estimator, according to the Ruppert—Polyak averaging principle.

2.7. Complexity analysis. The result of Theorem 2.9 can be interpreted as fol-
lows. For a total error of order 1/n¢, it is necessary to set M =y ~'(1/n%%) steps
of a stochastic algorithm with time step nf and My = y~1(1/n?*=2PB) steps of
two stochastic algorithms with time step n and n? using the same Brownian mo-
tion, the samples used for the first M steps being independent of those used for
the second scheme. Hence the complexity of the statistical Romberg SA method is
given by

(2.12)  Csp-sa(y) = C x (nPy=1(1/n) + (n +nP)y 1 (1/(n**2FP)))
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under the constraint & > 2p8 V p. Consequently, concerning the impact of the step
sequence (¥,)n>1 on the complexity of the procedure, we have the two following
cases:

e If we choose y(p) = yo/p, then simple computations show that g* = 1/(1 +
2p) is the optimal choice leading to a complexity

Csrosa(y) = C'n?eF1/(+20),

under the constraint Ayg > a(1 +20)/Qa(1+2p) —2p) and o > 2p/(1+2p).
Let us note that this computational cost is similar to the one achieved by the
statistical Romberg Monte Carlo method for the computation of E,[ f(X7)].

e If we choose y(p) = yo/p%, % < a < 1, then the computational cost is given by

Csr-sa(y) = C/(n(Zoz/a)-HS + n(2a/a)—(ﬂ/a)+1)’

which is minimized for 8* = a/(2p + a), leading to an optimal complexity,

Csr-sa(y) = C'ne/0+(@/Qpta))

under the constraint o > 2pa/(a + 2p) Vv p. Observe that this complexity de-
creases with respect to a and that it is minimal for a — 1, leading to the optimal
computational cost obtained in the previous case. Let us also point out that con-
trary to the case y (p) = yo/p, p > 1, there is no constraint on the choice of yy.
Moreover, such a condition is difficult to handle in practical implementation, so
a blind choice often has to be made.

The CLT proved in Theorem 2.10 shows that for a total error of order 1/n%,
it is necessary to set M = n%%, M, = n?®=2 and to simultaneously compute
its empirical mean, which represents a negligible part of the total cost. Both SA
algorithm are devised with a step y satisfying (HS1) with a € (1/2,1) and a >

2a_°‘2 BV o‘a(l_zg). It is plain to see that 8* = 1/(1 + 2p) is the optimal choice

leading to a complexity given by

provided that a > % and VO e RY po—(@=/1A+200)a| ppg) —
ppnV 1420

(@)]] = 0 as n — +oo. (Note that when a — 1, this condition is the
same as in Theorem 2.9.) For instance, if « = 1 and p = 1/2, then this condition

writes @ > 2/3 and n'=G/99| Dh(0) — Dh"*()|| — 0, and a should be selected
sufficiently close to 1, according to the weak discretization error of the Jacobian
matrix of /. Therefore, the optimal complexity is reached for free without any con-
dition on yy, thanks to the Ruppert—Polyak averaging principle. Let us also note
that although we do not intend to develop this point, it is possible to prove that
averaging allows us to achieve the optimal asymptotic covariance matrix, as with
standard SA algorithms.

Finally, concerning the CLT provided in Theorem 2.11, we show that in order to
obtain an error of order 1/n%, one has to set Mo =y ~!(1/(n**log(n))) and M; =
y ~Hm 202 (1220012 — 1) (02 (n 1720012 — 1)), if p € (0,1/2) or My =
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y 1 (1/(n* log(n))) and M; = y~! (m* log(m)/ (n* log(n) (m — 1))) if p = 1/2, £ =
1,..., L with L =log(n)/log(m). In both cases the complexity of the multi-level
SA method is given by

L
(2.13)  Cmr-sa(y)=Cx (yl (1/(n**log(n))) + > Me(m" + m31)>_
=1
As for the Statistical Romberg SA method, we distinguish the two following
cases:

e If y(p) = yo/p, then the optimal complexity is given by

CMmL-sA(Y) = C(’?za log(n)

20 (1-2p)/2 _ L
n-(n 1) C((142p)/2)0 (0 1
m(—200/2 _ ] ;m (m" +m"™")
— O(nZanlep)’
if p € (0, 1/2) under the constraint Ayp > /(¢ — 2p) and

m?—1

CML-sA(r) = C(n2 log(n) + nzaogn)zm) = O(n*(log()"),

if p = 1/2 under the constraint Ayp > 1. These computational costs are similar
to those achieved by the multi-level Monte Carlo method for the computation
of Ex[f(X7)]; see [15] and [6]. As discussed in [15], this complexity attains a
minimum near m = 7.

e If we choose y (p) = yo/p“. % < a < 1, then simple computations show that the
computational cost is given by

CmL-sa(y) =C (nZ“/“ log'/%(n)

L
+ n2/a(n1—2,o . 1)1/a Zm—((1+2p)/a)€(mﬁ + m(—l))
=1

— O(nth/an(l—Zp)/a)’
if p € (0,1/2) and

CmL-sa(y) = C<n2/“ log'/%(n)

—DYim+1) &
2/a 1og /2 —U((1/a)=1)
+ n*/*(logn) milogm)1/a Z}m

= O(n**(logn)!/)
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if p = 1/2. Observe that once again these computational costs decrease with
respect to a and that they are minimal for @ — 1 leading to the optimal compu-
tational cost obtained in the previous case. In this last case, the optimal choice
for the parameter m depends on the value of a.

3. Proofs of main results.

3.1. Proof of Theorem 2.6. We first prove that 6*" — 6*, n — 4o00. Let
€ > (. The mean-reverting assumption (2.2) and the continuity of u — (u, h(6* +
eu)) on the (compact) set Sy := {u € R?, |u| = 1} yield

n:= inf (u, h(0* + €u)) > 0.
UEeS,

The local uniform convergence of (h"),>1 implies
I, eN*Vn>n,,  0eB@B*€¢) =[O —h®)|<n/2
Then using the decomposition
0 =06 h"O)=(0 —0" h(®))+(0 — 6%, h"(©O) — h(®H)),
one has for@ =0* Lt eu,u c Sy,
€lu, h" (0" + eu)) > (eu, h(0* + €u)) — en/2 > en —en/2 =€n/2,
—€(u, k" (0* — eu)) > (—eu, h(0* — eu)) —en/2 > en —en/2 =e€n/2

so that (i, h" (0* + eu)) > 0 and (u, h"(0* — €u)) < 0, which combined with the
intermediate value theorem applied to the continuous function x — (u, A" (6™ +
xu)) on the interval [—e, €] yields

(u, K" (0" + Xu))=0

for some X = x(u) €] —¢, €[. Now we set u = 6* — 6" /|0* — 6™"| as soon as
possible. (Otherwise, the proof is complete.) Hence there exists x* €] —¢, €[ such

that
g% — g*n g% — g*n
7’}1”(9* *7>>:O
<|9* _9*,n| +x |9* _9*,n|

so that multiplying the previous equality by x* + |0* — 6*"|, we get

x*
9*,}’1 ( 1) 9* _ O*JZ _ 9*,}1,
(o + (g 1) 0" =0

x*
't o*" (7 1) 0 —o*" >>=O.
(0" + (g 1) 0" —0%)
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Consequently, by the very definition of 6*", we deduce that x* = —|0* — 6*"|
and finally |6* — 6*"| < € for n > n,. Hence we conclude that 6" — 6*. We
now derive a convergence rate. A Taylor expansion yields for all n > 1,

1
W (6%) = h" (6*") + ( /0 DR (™" + (1 — 2)6%) dk) (0% —o*").

Combining the local uniform convergence of (Dh"),>1 to Dh, the convergence
of (0*"),>1 to 6* and the nonsingularity of Dh(0*), one clearly gets that for n

large enough, fol Dh"(A6*" + (1 — 1)6*) dA is nonsingular and that

1 -1
(/ DR (16" + (1 — x)&*)dx) S DhN6%).,  n— oo
0

Consequently, recalling that 2(60*) = 0 and A" (6*"") = 0, it is plain to see

1 -1
(0% — 6%) = _( [ e+ = e) dk) n® (" (6%) — h(6%))
0

— —Dh Y 0%)E(h, a, 6%).

3.2. Proofs of Lemma 2.3. We define for all p > 1, AMY := 1" (0" ) —

H@O |, (U™)P) = BIHO |, (U™ Fp 1] = HEL,, (U™)P). Recalling
that ((U"S)P)pzl is a sequence of i.i.d. random variables, we have that (AM[’;B)pzl
is a sequence of martingale increments w.r.t. the natural filtration F := (F) :=
0(9615, (U™, ..., (U™)P); p > 1). From the dynamic (1.3), one clearly gets for
p =0,

Zj_l _ 9*,?15 — 0;5 _ 0*,}’15 _ yp_‘_th}’l5 (9*,]’!5)(9;5 _ 9*,}’15)

}18 }15

+Vp 1AM+ VpriE,
with ¢ = Dh" @)@ — 6*"") — 1"’ (@2). Moreover, since Dh" is
Lipschitz-continuous (uniformly in n), by Taylor’s formula one gets an =

(’)(l@;‘s g’ ). Hence by a simple induction, we obtain

n

s s s

3.1 = 1‘[1,”(9{} — " )+ E ank—f—l,nAM]?
k=1

n
) ) ) ) )
3 wela(@ly + (DRE") - D™ @) 61— 0%)),
k=1
where Iy , := H'}:k(ld — yjDh(6™)), with the convention that I, , = I4. We
now investigate the asymptotic behavior of each term in the above decomposition.
Actually, in steps 1 and 2 we will prove that the first and third terms on the right-
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hand side of the above equality converge in probability to zero at a faster rate
than n~%. We will then prove in step 3 that the second term satisfies a CLT at
rate n“.

Step 1: study of the sequence {n‘”l'[1’},71(1/,12(1)(9(’)’(S — 9*’”5), n > 0}.

First, since —Dh(9*) is an Hurwitz matrix, VA € [0, A,;), there exists C > 0
such that for any k < n, |[Ignll < CTTj_4 (1 — Ay;) < Cexp(=2 34 v)). We
refer to [9] and [5] for more details. Hence one has for all n € (0, A,,,),

8 8
naE‘I—Il’yq(l/nza)(Q{)’ — 9*”1 )’

y~1(1/n?)
5c(su1fIEyeg!+1)n°‘exp<—(km—n) 3 yk).
n> k=1

Selecting n such that 2(A,;, — 7)yo > 2(A — n)yo > 1, under (HS2) and any
n € (0, Ayy) under (HS1), we derive the convergence to zero of the right-hand side
of the last but one inequality.

. a A/ n® *
Step 2: study of {n%Y;_, VeIl y—1am2 (G—y + (Dh(O™) —
DR %" )@}, —6*"")),n > 0).
We focus on the last term of (3.1). Using Lemma 5.2 we get

n
E|Y nellesra(6ly + (Dh(E") = DR™ (6%") (6" —6™"))

k=1

n
§ §
< C Y Mesrall (2 + .| DR (6*) — DR™ (6*™)
k=1

).

so that by Lemma 5.1 (see also remark 2.3), the local uniform convergence of
(Dh™),>1 and the continuity of Dh at 6*, we derive

v~ (/n)
limsupn®E Z Vi1, -1 (1/n2)
" k=1
!’ |+ (Dh(6%) — DR (0*")) (61", — 6*™))| =0
< (&=1 + (DR(67) (™" )0 )| =0.
: a5y A/ n?
Step 3: study of the sequence {n* ) _ VeIl -1 2y AM n = 0}

We use the following decomposition:

n n5
Y 1.0 AM]
k=1

n
=3 Y Mg (0 (0F7) = 1 (6%)
k=1
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—(HEP, (U"YTy = HE", (UT))

+) ViTiera (W7 (057) — H(O*", (U™)")
k=1

=R, + M,.

Now, using that E[H 0}, (U™ F+))|Fi] = b 01"), E[H (O, (U™ )F+1))
Fil =" (0*"") and (HR), we have

n
2
EIR, > < w2l Tesra IPE[6f" — 6% ] 2: Y g a1,
k=1

where we use Lemma 5.2 and Jensen’s inequality for the last inequality. Moreover,
according to Lemma 5.1, we have

y 1 (1/n%)
limsupnz"‘ Z yk2+“||l'lk+1’y71(1/nza)||2=O
n k=1
so that n® Y0 vy o (R 0F") — k7" (0*7"y — (H @ , (U™ )F+1) — H(o*"",

'y £

To conclude we prove that the sequence {y‘l/ 2(n)M,,, n > 0} satisfies a CLT.
In order to do this we apply standard results on CLT for martingale arrays. More
precisely, we will apply Theorem 3.2 and Corollary 3.1, page 58, in [17] so
that we need to prove that the conditional Lindeberg assumption is satisfied, that
is, lim, X0 Elly =20y o (0 07°) — HO*", (U™ Y1) =0, for
some p > 2 and that the conditional variance (S,),>1 defined by

S = Z Ve i1 B[ (0 (6°) — H(e™", (U™)*))

y(n) o
x (1" (0" = HE", (U™)H) INLL,

Z 7 A PRI & AN

y(n)

with T, 1= E[H(G*’"'S, U™ Y(H @O, U )T, since h" (6*"") = 0, satisfies
S, =3 $* as n — +00. We also set I'* := E[H (6%, U)(H (0%, U)T].
By (HI), it holds for some R > 0 such that Vn > 1, 6*" € B(0, R)

n

_ 5, wend 5 nd
S Ely 2wy Migra (0" (057) — H*", (U")H))*H
k=1

<Cc sup  E[H@O. U]y —1+6/2<n>2 Vet I M1 272
{6:10|<R,neN*} k=1
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By Lemma 5.1, we have limsup, )/_IJ“‘s/z(ia)Zﬁz1 yk”‘s||1'[,y<+1’,1||2+‘S <

limsup,, y‘s/ 2(n) = 0, so that the conditional Lindeberg condition (see [17], Corol-
lary 3.1) is satisfied. Now we focus on the conditional variance. By the local

uniform convergence of (6 — E[H (6, U ”5)(H ©0,U ”8))T])nzo, the continuity of
0 E[H@O,U)H®,U))T] at 6* and since g=n’ s 6*, we have I';, — I'*, so
that from Lemma 5.1, it follows that

lim sup

1 .
y ) A Z Ve g1 n(Ty — F*)HZ+L,, <limsup|T, — T'*| =0.
n

Hence we see that lim, S, = lim,, ﬁ pIy ykzl'IkJanF*H,{Jan if this latter
limit exists. Let us note that £* given by (2.6) is the (unique) matrix A solution to
the Lyapunov equation

I* — (Dh(0%) — ¢ 1) A — A(DR(6%) — ¢ )" =0.

We aim at proving that §, 2% * In order to do this, we define
n+1

Apyl = Z Vi1 ol Hk+1 n

yin+1) [

which can be written in the following recursive form:

" (Ig = Yur1Dh(6%)) An(ls — yur1DR(6%))"

n+1

= Ay + v (T* — Dh(6%)A, — A, Dh(6%)")

Apy1 = Vn-HF* +

T + Yn — Vn+1
Vn+1
Under the assumptions made on the step sequence (y,,),>1, we have # =
20yYn +o(yy) and Y1 — Y = (’)(ynz). Consequently, introducing Z, = A, — X%,
simple computations from the previous equality yield

Znt1 = Zu = va((DR(6%) = ¢ 1a) Zn + Zu(DR(6%) = ¢ 1a)")

- 2§Vn)zn

+ Va1 — YT + VuVusr1 DR(O%) A, DR (67) Ap.

e DA 2, D)+ (P!
Vn+1

+VnVn+1Dh(9 )E Dh( ) + (Vng1 — Vn)r*

+ (—y”‘ — Tl 24%)2*
VYn+1

Let us note that by the very definition of ¢ and assumptions (HS1) and (HS2), the
matrix Dh(0*) — ¢1; is stable, so that taking the norm in the previous equality,
there exists A > 0 such that

1 Zns1ll < (1 —AYn+ O(Vn))”Zn” +o(yn)
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for n > ng, ng large enough. By a simple induction, it holds for n > N > ny,

n
1 Zall < CIZN | exp(—Asn.n) + Cexp(—=Asy.n) > exp(hsy i) villell,
k=N

where e, = o(1), and we set sy, := >} _y k. From assumption (1.2), it follows
that for N > ng,

limsup | Z, || < C sup [lex |,
n k>N

and passing to the limit as N goes to infinity, it clearly yields limsup,, || Z,| = 0.
Hence S, —> ©*, and the proof is complete.

3.3. Proof of Lemma 2.5. We will just prove the first assertion of the lemma;
the second will readily follow. When the exact value of a constant is not important,
we may repeat the same symbol for constants that may change from one line to
next. We come back to the decomposition used in the proof of Lemma 2.3, and we
consequently use the same notation. Let us note that the procedure (6,),>0 a.s.
converges to 6* and satisfies a CLT according to Theorem 2.4.

From the dynamics of (01’,’8),,20 and (0p) p>0, we write for p > 0,

nb

9p+1

_ 9*,1’1}3 — 0]771’8 _ 9*,715 _ yp_"_th}’l}3 (0*,)15)(9;5 _ 9*,?1/9)

B
+ Vp—HAM;_H + Vp+1§; )

Op+1 — 0" = Op — 0" — Vp-l—th(@*)(ep - 9*) + Vpr1 AMp 1 + Vp+18p,
with AM,,11 = h(6y) — H@p, (U)P*1), p >0 and £ := D" 0="") (6}’ —
="y — n""(02"), ¢, = Dh(6*)(6, — 6%) — h(6,). Since Dh" and Dh are
Lipschitz-continuous, by Taylor’s formula one gets ¢ 1’,"3 = (’)(|9;ﬂ A ) and
¢p = O(10, — 6*|?). Therefore, defining z’},ﬁ = 0;5 -6, — ©*n" — 6%, p=0,
with zgﬂ — g — g’ , by a simple induction argument one has

n n
s 8 8 8
Zy =Miazg + Y g1 aANE + Y Ilip 10 ARY
k=1 k=1

n
(3.2) + ) M1 (G0 — k=1
k=1
+ (Dh(6%) — DI (0*"")) (0 — ")),
where T, := ]_[;?:k(ld — yjDh(6*)), with the convention that IT,11, = I
and AN = n"" (0%) — h(6*) — (H(O*, (U F+1) — H(@*, UM, ARY =
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w" ") — 0% — (HEP U = HE*, U ) + H @O, U -
H(@*, UMYy — (h(6r) — h(6*)) for k > 1. We will now investigate the asymptotic
behavior of each term in the above decomposition. We will see that the second

term, which represents the nonlinearity in the innovation variables (U ”ﬁ, U), pro-
vides the announced weak rate of convergence.

Step 1: study of the sequence {I’laHl,y—l(l/(n2a72pﬂ))zgﬁ, n > 0}.
Under the assumptions on the step sequence y, one has for all 1 € (0, A,,,),

B
I’LaEHHl’y—l(l/(nZa—Zpﬂ))Zg H

< naHHl’y—l(l/(nZa—Zpﬁ)) || (El@oI + SuIi]E|961| + |9*Jlﬂ _ 9*|>
nz

y L1/ (n22PBY)
<Cn*® eXP(—(km — 1) > )’k) — 0,
k=1
by selecting i s.t. (A —m)yo > A—n)yo > a/Ra—2pp)if y(p) =v/p. p = 1.

- 2a—-2pp
Step 2: study of the sequence {n* Zzl(l/(n ) VeIl 1,101/ (n2a—208y) X

&}y — Gt + (DR(O*) — DR @*"" )6} | — 6%"")),n > 0).
By Lemma 5.2, one has

n
B * B xnP B w.nP
E| > M1 (51 — Se—1 + (Dh(6¥) = DA™ (6%™)) (6=, — 6™""))

k=1

n
B ownb
< C Y IMks1all (0 + 72 | DR(67) — D™ (6%") ),
k=1

so that by Lemma 5.1, we easily derive that [if y (p) = yo/p—recall that Ay >
a/Qa = 2pB)] Xi_ vElTiriall = o(y®/@*=22P)(n)) and [note that Ayp >
a/Qa—2pB) > 1/21 X0 _, v 2 IMxs1.]l = O /2(n)) which in turn yields

y~ (1) 2200
limsupna Z )/](2||nk+17y—1(1/(n2a—2pﬂ))|| =0.
" k=1
Moreover, since Dh" is Lipschitz-continuous (uniformly in n), we clearly have

n
> v Ik 1.all| D(6¥) — DR (0%"7)|
k=1

n
=31 e all(1DAE") = DI (6°)] +[0*" ~ "
k=1

).
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which, combined with n°8 | Dh(0*) — Dh™ (6*)|| — 0 and n”P|9*"" — 6*| — 0
(recall that o > p), implies that

Y 3/2 B, wnb
limnsupno‘ Z )/k/ ||Hk+1’y—l(l/(n2a—2pﬂ))” ||Dh(9*) — DW" (9*’,1 )”
k=1

=0.
Hence we conclude that
y L/ (n?=20By)

n® Z Vil 1,y =101/ (n2e-208))
k=1

X (41?51 — sk—1 + (Dh(6") — pn"’ (g*ﬂﬁ))(@gf] _ 9*,nﬂ))

LY(P
LD,

-1 20208
Step 3: study of the sequence {n“ ZZZI(I/(” *P))

AR} n =0},

Regarding the third term of (3.2), namely >} _; v« Ilk+1.x ARZ’ﬂ, we decompose
as follows:

Vil 1,=1(1 ) (n2a—208y) X

n
B
> V1.0 ARE
k=1

n
=> Vel (0 (67") — b (6%)
k=1

—(HE" (U —HE* ©))

3 s a(H O U = HE* UM = (h(6) — h(6%)))
k=1

— A, + B,.
Now, using that E[H 0}, (U")k1y — H(6*, (U )*))|Fi] = b 0") —
1" (6*) and (HLH), it follows that

n
ElA,? < C Y @I Mirral2El6f" — 0" + o= —6*[)
k=1

n n

B 2

< C(Z Vel 4D v I Mg 1?]0%" — 6% )
k=1 k=1

= A} + A2
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From Lemma 5.1 we get

n n
Y Ve ligrall? = o(y /2P “and Y y2IMir1all® = O().
k=1 k=1

Consequently, we derive

=0.

L1/ 2208

limSIrlenZO‘A}l/ =0 and limsgpnz"‘A}z/_l(l/(HZa_zpﬁ))

2P
Similarly using (HLH) and Lemma 5.2, we derive naByfl(l/(n2a72pﬂ)) L—(>) 0 as

n — 400 so that

y 11/ (n222PBY)

g P
n“ Z )/knk+1,y—l(1/(”2a—2p/3))AR]’: — 0, n — 4+00.
k=1
. a T A/ 00
Step 4: study of the sequence {n®) ;_, VeIl 1,101 /2208y X

AN n >0},
We now prove a CLT for the sequence

B
Z ]/knk+1’yfl(1/(n2a—2pﬂ))AN]? ,n=>0¢.

y L1/ (2 20BY)
{na
k=1

It holds

AV ()] b oes
Z E’na'yknk*_l’y—](1/(n2a—2pﬂ))AN]? |
k=1

<sup sup IE|n"ﬂAN,’fﬂ|2+5
n>1kel[l,n]]

y 11/ (n220BY)

2+8) (@— 28 2
x p o Pﬁ)( Z yk+ ||Hk+1’yfl(1/(n2a72pﬁ))|| * )
k=1

By Lemma 5.1, we have the following bound: Zzzly]<2+8||nk+1,n”2+8 =
o(y @+0@=pB)/2a=20P) (1)) which implies

y (1) 2 20P)
: 2 — 246 2
llmnsupn( +0)(e=pp) E )/k+ ||Hk+1,y*1(1/(n2“*2/>f‘))“ +8 =0.
k=1

Moreover simple computations lead to

E|n?f AN |

< C(jn? (1" (6%) — h(6*) 7’ + E(?P|H (0%, U™") — H(6*,U)|)**°).
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For the first term in the above inequality, we have sup,., |neP (h”ﬁ 0* —
h(6*))|*t < 400 < a > p. For the second term, using assumptions (HLH) and
(HSR), we get sup,-; E[(n”?|H (6%, U"") — H(6*, U)|)***] < +00. Hence we
conclude that

sup sup E|npﬁAN,?ﬂ|2+8<+oo
n>1ke[[1,n]]

so that the conditional Lindeberg condition holds. Now, we focus on the condi-
tional variance. We set

y (1) @ 20P) , ,
2 2 T
Sn =n o Z )/k Hk+1’y—1(1/(n2a—2pﬂ))Ek[AN/’: (AN; ) ]

(3.3) =1

T
X Iy 131 n2a—20))

and V' =" — U,

A Taylor expansion yields
n?P(H(0*, U") — H(6*,U)) = D H(0%, Un?Pv"” +y (0%, U, v )nrP v’

with ¥ (6%, U, V”ﬁ) LN 0. From the tightness of (n”? V”ﬂ)nzl, we get (0%, U,
V”ﬂ)npﬁ v’ £, 0 50 that using Theorem 2.1 and Lemma 2.1 yields

n?P(H(0*,U"") — H(6%,U)) = D, H (6", U)V.
Moreover, from assumptions (HLH) and (HSR) it follows that

supE[[n?? (H (6%, U™") — H(0*, U))|*"*] < +o0,

n>1

which, combined with (HDH), implies

E[n?? (H (6%, U") — H(6*,U))] - E[D.H (6%, U)V]

E[n? (H (6%, U"") — H(60*, V) (" (H (6%, U"") — H(6*,U)))"]

— B[(DH (6%, U)V)(D H(6*, U)V)"].
Hence we have
T, — I :=E[(D,H(6* U)V —E[D,H(6* U)V))
x (D H(6*, U)V —E[DH (6", U)V])].

where for n > 1 we set

T = n*PE AN (ANI")T].
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Consequently, using the decomposition

Z 7 L PRSI V) e A

(n)
(ln) Z 71 VIR s A (1 ) & Z Ve i1 (Tn = T,
with
hmsup % ]; Ve Mt (Tn = TG | < Climsgp”f‘n —T*| =0,

which is a consequence of Lemma 5.1, we clearly see that

lim S, = lim o Zykl'lk+1nF M,

if this latter limit exists. Let us note that ®* is the (unique) matrix A solution to
the Lyapunov equation

* — (Dh(6*) — ¢1g)A — A(Dh(6¥) — ¢ 1y)" =

Following the lines of the proof of Lemma 2.3, step 3, we have S, 2% O%. We
leave the computational details to the reader.

3.4. Proof of Lemma 2.7. We come back to the decomposition used in the
proof of Lemma 2.3, and we consequently use the same notation. We will not go
into the computational detail. We deal with the case p € (0, 1/2). The case p =1/2
can be handled in a similar fashion.

We first write for p > 0,

l

L 4 14 4 4 4 4
O — O =M — R —y, DR (O ) (00 — o)

4 4

+ Vp+1 AM,T_H + Vp+l§;;n
with AM;?:_il = hm‘ (9;15) _ H(Q;;nl, (Uml)p—i-l) and é.ml _ O(wm[ — o mllz)
p > 0. Therefore, defining zf, = QZ% — 9[’31[_1 — (oFm" — grmTh, p > 0, with

4 4 ¢ -1 . . .
zg =0y —0y — (O™ —6"™ ), by asimple induction argument, one has

M, M,
2, = i zs+ Y kst AN+ 7 viTliq1, i, AR
k=1 k=1
M,
+ Z Yillk+1,m,
k=1

3.4)

4

— me me m( m
x (g6, — é‘lffll + (Dh(0%) — DA™ (0™™))(0¢L, —0™™)
— (DR(6*) — DR™ (@™ )6, — 02T,
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where I, = ]‘[?:k(ld — y;jDh(0*)), with the convention that I1,11, = Iz,
and AN{ == 1" (6%) — k™ (0%) — (H(6*, (U™ )Yy — H(o*, (U™ HkH1y),
AR{ = W™ @) — R O%) — (HEP, (U — He*, ™)) +
HEP ™ Y — Her, Y — @ ThepT — i e) for
k > 0. We follow the same methodology developed so far and quantify the con-

tribution of each term. Once again the weak rate of convergence will be ruled
by the second term which involves the nonlinearity in the innovation variable

W™, U™, for which we prove a CLT.

Step 1: study of {n® Z§:1 HI,MZZ(l;, n > 0}.
Under the assumptions on the step sequence y, for all n € (0, A,,) we have

M,
1Ty, 0, I < eXP(—(km -y Vk)

k=1
— Cmﬁ((lJrzp)/Q)()\m*U)VO/((n2a+((1*20)/2))()%_’7)7’0)

if y(p) =yo/p or |1 um, || = O(y(Mp)) otherwise. Therefore, if ¥ (p) = yo/p,
we select > 0 such that yo(A,, — n) > /(¢ — 2p), and then one has

L

Y4

n® Y Tl m,20
=1

L
<Cn® Y |yl
=1

E

C
S G 70@a T (1-2p)/2)—a

L
Z b Gm=mro((1+20)/2)
=1

C

< Tmna e 0

as n — +00. Otherwise one has

., L . L n(+20)/2 C
Ein ; My m,20) < Cn“;y(Mg) < Cna+((]_2p)/2) = 0.
Step 2: siudy of (n Yf_y Ypty viTliet,u, (6 = ¢— 1), n = 0},
By Lemma 5.2, one has
L My L M,
En® > Y vt (G- — 62| < Cn* D03 v Mt |-
t=1k=1 t=1k=1

However, from Lemma 5.1 [if y (p) = o/ p—recall that A,, 0 > 1] we easily de-
rive limsup,, ﬁ )y y,(2||1'[k+17,,|| <1, so that

L M L

n YN VI e | <Cn® Y y(Me) >0, n— +oc.
l=1k=1 =1
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4
Stfp 3: study of (n®Y" L, Z,ivzl Vi gt1,m, (Dh(6F) — Dr™ (f*’me))(%l_l -
6*")),n > 0} and {(n®(Xh_; pr'y viellist.a, (Dh(6%) — D™ (6% 1)) x
@, ==, n =0}, [
By Lemma 5.2 and since DA™ is a Lipschitz function uniformly in m, we
clearly have

L M,
1 33 1 1w (DR(6¥) — DR™ (0*™)) (07", — ")
=1k=1

L M,
<033y I Mkgrall x (| DR(O¥) — DR™ (6%)] + 0% — 6%])
=1k=1

L
<Cn® Yy 2o (| Dh(6") = DI (607) ] + 6% — 67)).
=1
which, combined with supnzlnﬁHDh(@*) — Dh"(6%)] < +o0 with B > p and
sup,> n*|0*" — 6*| < +o00, implies that
o - Ml % m[ * l’i’lé ml * ml
n® Y Y v, (DR(6¥) — DA™ (6%™)) (67, — 6™™)
t=1k=1

c &,
(142p) /4, —ta —t
5,17(1—2,0)/42"1 (m=" +m™7)
(=

<C(n"~* 4nrF)
P
so that 7% S5 Y M e Mar ar, (DR(O%) — D™ @%@, —6+my =B g
By similar arguments, we easily deduce n“ ZeLzl z,ﬁﬁl Villk+1,m,(DR(0F) —
-1 -1 -1 e—1. LY(P)
Dr™ (O™ NEL, —0%" ) — 0.
Step 4: study of {n“ Z%:l Zzﬁl ykl'IkH,MlAR,f, n > 0}.
Using the Cauchy—Schwarz inequality we deduce

L M,
Z Zl’knk—i-l M@AR](
=1k=1
Z(Z VeI 1, I
=1 \k=1

12
CEHE . (U~ B <Um‘>"“>|2)



970 N. FRIKHA

L M,
+n® Z(Z VeI i, I

=1 \k=1

1

1/2
xE[H @O, ™ Y~ H (e, <Um“>"“)!2>

L /M, 172
<Cn” Z(Z Ve 1T, 0, ||2> :

=1 \k=1

where we use (HLH) and Lemma 5.2. Now from Lemma 5.1 and simple compu-
tations, it follows that

L /M, 12 L
n Z(Z Yl st 0, ||2> <Cn"Y y(My)—0,  n— +oc.
=1 \k=1 (=1

Therefore, we conclude that

L M, 2
L2(P
nZZkaH_LM[AR]f —(>) 0, n — +o0.
t=1k=1
M
Step 5: study of {n® Yt S0t villk1.m, ANE, n > 0}
We now prove a CLT for the sequence {n“ Zé:] 21221 Vk Hk+1,M[AN,f, n > 0}.
By Burkhoélder’s inequality and elementary computations, it holds that

L 246

Y E

(=1

M,

> n®yiMjey1,m, ANf
k=1

L M, 1+6/2
2
< CnHe ZE<Z Vi 1M, 1| AN )

=1 k=1
Scn(2+5)0{
L /M, 32 /M, bs
246 +
x2<2yﬁnnk+1,mn2> (Zyﬁ I T 1, 0, 1P TP E| ANE| )
=1 \k=1 k=1

Using (HLH) and (HSR) we have sup,.,E[(m”‘|H (6% U™) — H (6",
U)))>*+?] < 400 so that

245 K

L
ElANI™ < iaprom

Moreover, by Lemma 5.1, we have

n
timsup(1/y "9 ) Yy P e 177 < 1
n k=1
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and

n

limsup(1/y (n)) Z )/]<2||Hk+1,n”2 <L
n k=1

Consequently we deduce

L 246

Y E

=1

M,

> n®yiMyeyr,m, ANE
k=1

L
< Cn(2+5)05 Z y1+38/2(Me)m—£(2p+p6)
(=1

< C n2p(1+38/2)—2p—p8: C

= 5208 n28(@—p)’
which in turn implies
2448
— 0, n— 400

L

> E

=1

M,

> 0y ig1,m, ANE
k=1

so that the conditional Lindeberg condition is satisfied. Now, we focus on the con-
ditional variance. We set
M, ,
S = n Z )/kzl_[k_H,MlEk[AN]f(AN]f) ]HkT—i—l,Mg and
k=1
3.9

£—1

ut = ym —ym

Observe that by the very definition of M, one has

_ by O
Se = (m 1—2p)/2
Y (My) n1=2p)/2 _q
M, r
X > VM1, BEe[AN{(ANE) 1T .
=1

A Taylor expansion yields
1

H(O*, U™)— H(e* U™

)
=D H(O*, U)U  + v (0*, U, U™ —U)(U™ —U)
+y@t U™ —u)Um —U)

with (W (0*, U, U™ — U), y(©*, U, U™ —U)) -5 0 as £ — +oo. From the
tightness of the sequences (mpe(UmK —U))¢>1 and (mpe(UmH —U))e>1, we get

1

mPt (p (0", U U™ —U) U™ ~U)+y (0%, u.u" —U)U" )

0, = 400
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Therefore using Theorem 2.1 and Lemma 2.1 yields
mpZ(H(e*’ Uml) . H(e*, Uml—l)) — DXH(Q*, U)Vm
Moreover, from assumption (HLH) and (HRH) it follows that
supE|m? (H (0%, U™) — H(6*, U™ ))|*" < +00,
>1
which, combined with (HDH), implies
mP E[H(0*, U™) — H(0*, U™ )] - E[DH (0%, U)V™],
m2 B[(H(0*, U™) — H(o*, U™ my — H(*, U™
— E[(D.H(6*, U)V") (D H(6*, U)V"™)"]
as £ — +o00. Hence, we have
m*P'Ty — I* .= E[(D,H(0*, U)V™ —E[D, H(6*, U)V™])

-1 4 -1

)']

)(H(6*. U

x (DyH (0, U)V"™ —R[D,H(0*, U)V"])"].
where for £ > 1,
[y:= Ek[Ale(AN/f)T]
= B[(H(0*,U™") — H(e*, U™ ) (H (6", ") — H(e*, U™ )]
— (" (6%) — h" (@) (0 (0%) — T (0%)

Consequently, using the decomposition

M
|
———m*" Y Y2t g, TeIIY
v (Mp) 1; k My k+1,M,
1 M
IT r*m’
(M)Zyk k+1,M, k+1,M,
2pl a7
+ Y M) ¢ Z Ykt 1., (M Te = T¥)IT ) 4y,
with
M,
hmsup Mo Z Ve Mg, m, (m* T — F*)HI{Jrl,Mg

< Climsup||m2pel“g —-I'*| =0,
£

L. (1-2p)/2
which is a consequence of Lemma 5.1, we clearly see that P (g 357 (m{—- zlp)/z D =

limg Sp = limp—s 40 ﬁ PIVAREY s (NI hd t T , if this latter limit exists. The
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matrix ®* defined by (2.10) is the (unique) matrix A solution to the Lyapunov
equation

I — (Dh(6*) — £ 1g)A — A(DR(6*) — ¢ 1z)" =0.
Following along the lines of the proof of step 3, Lemma 2.3, we have

(1-20)/2_ s, . .
Se ma]_(zr,l))/z(ma—z/l;))/z_l) 2% ©* as £ — +00. We leave the computational details

to the reader. Finally, from Cesaro’s lemma it follows that

L 1-2p)/2 L 1-2p)/2

2 c=\an — Emt=20)72((1=2p)/2 _ 1)
25 e
n——400

4. Numerical results. In this section we illustrate the results obtained in Sec-
tion 2.

4.1. Computation of quantiles of a one-dimensional diffusion process. We
first consider the problem of the computation of a quantile at level / € (0, 1) of a
one-dimensional diffusion process. This quantity, also referred as the value-at-risk
at level [ in the practice of risk management, is the lowest amount not exceeded by
X7 with probability /, namely

q1(X7) = inf{6 :P(X7 <6) > 1}.

To illustrate the results of Sections 2.3 and 2.4, we consider a simple geometric
Brownian motion

t t
4.1 X,zx—i—/ rXSdS-I-/ o XsdWs, tel0,T]
0 0

for which the quantile is explicitly known at any level /. Hence we have p = 1/2.
Because the distribution function of X7 is increasing, g;(Xr) is the unique solu-
tion of the equation h(0) =E,[H (0, X7)] =0 with H(0, x) = 1{x<¢) — [. A sim-
ple computation shows that

q(X1) =x0exp((r —o?/2)T +a~To ™' (1)),

where ¢ is the distribution function of the standard normal distribution N (0, 1).
We associate to the SDE (4.1) its Euler like scheme X" = (X[');c[0,77 With time
step A = T/n. We use the following values for the parameters: x = 100, r =
0.05,0 =0.4, T =1,1=0.7. The reference Black—Scholes quantile is gg 7(X7) =
119.69.

REMARK 4.1. Let us note that when [ is close to 0 or 1 (usually less than
0.05 or more than 0.95), the convergence of the considered SA algorithm is slow
and chaotic. This is mainly due to the fact that the procedure obtains few signif-
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icant samples to update the estimate in this rare event situation. One solution is
to combine it with a variance reduction algorithm, such as an adaptive importance
sampling procedure, that will generate more samples in the area of interest; see,
for example, [2] and [3].

In order to illustrate the result of Theorem 2.6, we plot in Figure 1 the behaviors
of nh™(6*) and n(0*" — 6*) for n = 100, ..., 500. Actually, A" (6*) is approxi-
mated by its Monte Carlo estimator, and 6™ is estimated by 6%,, both estimators

Convergence of n.h"(8")
0 T T T

-0.02 ]

-0.04r b

0,06} A
\ /WW |
/

n.h"e")

-0.08} V/ !
“01} 1
012} 1

-0.14f ,

| | | | | |
100 150 200 250 300 350 400 450 500
discretization size n

Convergence of n.(8""-6*)

| | | | | | |
100 150 200 250 300 350 400 450 500
discretization size n

FIG. 1. On the top: weak discretization error n + nh" (0*). On the bottom: implicit discretization
error n+— n(@*" —0*), n =100, ..., 500.
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x10° histogram of rL.(OZ;,](l/nQ) —0%), n=100
X

probability

Q L |

-200 -150 -100 -50 0 50 100 150 200 250
n "

n.(QT.(l/nZ) —0%)

FIG. 2. Histogram ofn(B}'/’ —6*), n =100, with N = 1000 samples.

“1(1/n?)

being computed with M = 10® samples. The variance of the Monte Carlo estima-
tor ranges from 2102.4 for n = 100 to 53,012.5 for n = 500. We set y, = yo/p
with y9 = 200. We clearly see that nh"(6*) and n(6*" — 6*) are stable with re-
spect to n. The histogram of Figure 2 illustrates Theorem 2.7. The distribution of
”(9;—1(1/#) — 0%*), obtained with n = 100 and N = 1000 samples, is close to a
normal distribution.

4.2. Computation of the level of an unknown function. We turn our attention
to the computation of the level of the function § — ¢ "TE(X7 — 6), (European
call option) for which the closed-form formula under the dynamic (4.1) is given by

42) eTEXr —0)r=e"Txpp(di(x,0,0)) —e"TOp(d_(x,6,0)),

where di(x,y,z) = log(x/y)/(zﬁ) + z+/T /2. Therefore, we first fix a value 6*
(the target of our procedure) and compute the corresponding level [ = E(Xr —
0*)+ by (4.2). Therefore we set h(0) = E,[H (0, X7)] with H@,x) = — (x —
0)+. The values of the parameters x, r, o, T remain unchanged. We plot in Fig-
ure 3 the behaviors of nh" (0*) and n(6*" — 6*) for n = 100, ..., 500. As in the
previous example, 4 (0*) is approximated by its Monte Carlo estimator, and 6"
is estimated by 6% , both estimators being computed with M = 10® samples. The
variance of the Monte Carlo estimator ranges from 9.73 x 10 for n = 100 to
9.39 x 107 for n = 500.

To compare the three methods in terms of computational costs, we compute the
different estimators, namely 9]’/1_1 (1/n2) where (0)p>1 is given by (1.3), ®; and

@,‘{‘1 for a set of N =200 values of the target 8* equidistributed on the interval
[90, 110] and for different values of n. For each value n and for each method we
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Convergence of n.h"(6)
5 T T T

L /
1 |
|

A /\/\/
PV |

-3+

n.h"e")
o

4t

-5 . . . . . . .
100 150 200 250 300 350 400 450 500

discretization size n

Convergence of n.(8""-")
8 T T T

n.(6""-e)
n
Z
T

-2+

_4 | | | | | | |
100 150 200 250 300 350 400 450 500
discretization size n

FIG. 3. On the top: weak discretization error n — nh™ (0*). On the bottom: implicit discretization
error n+— n(@*" —0*), n =100, ..., 500.

compute the complexity given by (2.7), (2.12) and (2.13), respectively, and the
root-mean-squared error which is given by

N

1/2
1 2
RMSE=|— oF —6f ,
(7 S en-ar)
where Of = 9;,1(1/,12),
we provide a couple (RMSE, complexity), which is plotted on Figure 5. Let us
note that the multi-level SA estimator has been computed for different values of m

@5 or O™ is the considered estimator. For each given n,
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(ranging from m = 2 to m = 7) and different values of L. We set y(p) = yo/p»
with y9 =2, p > 1, so that 8* =1/2.

From a practical point of view, it is of interest to use the information pro-
vided at level 1 by the statistical Romberg SA estimator and at each level by the
multi-level SA estimator. More precisely, the initialization point of the SA proce-

dures devised to compute the correction terms 6;’/10"3 n = 0;523 1, (for the statistical
Romberg SA) and 9’"£ - GA"}IE_I (for the multi-level SA) at level £ are fixed to
9*/—2 and to 91 2t ZL ! 0’” 9%_1, respectively. We set 06’1/2 = 901 = x for all

k e{l,....M } to initialize the procedures. Moreover, by Lemma 5.2, the LY(P)-
norm of an increment of a SA algorithm is of order /yy/p since Elep 11 Qzl <
El6),, — 6" 2]'/2+E[|0n —6*"|*]'/* < C(H, y)+/y (p). Hence during the first
iterations (say, M /100 if M denotes the number of samples of the estimator), to en-
sure that the different procedures do not jump too far ahead in one step, we freeze

4 . .
the value of 9;/;1 (resp., 9[’:1 ', 1) and reset it to the value of the previous step as soon

as |9erl 9‘/—| <K/./p (resp., |9p+1 9;12| < K/./p), for a pre-specified value
of K. This is just an heuristic approach that notably prevents the algorithm from
blowing up during the first steps of the procedure. We select K =5 in the different
procedures. Note, however, that this projection-reinitialization step does not lead
to additional bias, but slightly increases the complexity of each procedures. In our
numerical examples, we observe that it only represents roughly 1-2% of the total
complexity.

Now let us interpret Figure 5. The curves of the statical Romberg SA and the
multi-level SA methods are displaced below the curve of the SA method. There-
fore, for a given error, the complexity of both methods is much lower than that of
the crude SA. The difference in terms of computational cost becomes more signif-
icant as the RMSE is small, which corresponds to large values of n. The difference
between the statistical romberg and the multi-level SA method is not significant for
small values of n, that is, for a RMSE between 1 and 0.1. For a RMSE lower than
5 x 1072, which corresponds to a number of steps n greater than about 600-700,
we observe that the multi-level SA procedure becomes much more effective than
both methods. For a RMSE fixed around 1 (which corresponds to n = 100 for the
SA algorithm and statistical Romberg SA), one divides the complexity by a factor
of approximately 5 by using the statistical romberg SA. For a RMSE fixed at 10~!,
the computational cost gain is approximately equal to 10 by using either the sta-
tistical Romberg SA or the multi-level SA algorithm. Finally, for a RMSE fixed at
5 x 5 x 1072, the complexity gain achieved by using the multi-level SA procedure
instead of the statistical Romberg procedure is approximately equal to 5.

The histograms of Figure 4 illustrate Theorems 2.7, 2.9 and 2.11. The dis-
tributions of n(0)_, | > — 6%), n(O) — 6*) and n(®M — §*), obtained with

n=4%=256 and N = 1000 samples, are close to a normal distribution.
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histogram of n.(@,’;_,“/n,) —0*), n= 256
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FIG. 4. Histograms of n(9y_1(1/n2) —0%), n(®; — 0*) and n(@ilnl — 0*) (from top to bottom),
n =256, with N = 1000 samples.
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Complexity w.r.t RMSE

——&— ML-SA

Complexity

125

100 ©

i
107" 10° 10
Root mean squared error

F1G. 5. Complexity with respect to RMSE.

5. Technical results. We provide here some useful technical results that are
used repeatedly throughout the paper. When the exact value of a constant is not
important, we may repeat the same symbol for constants that may change from

one line to next.

LEMMA 5.1. Let H be a stable d x d matrix, and denote by Ay its eigen-
value with the lowest real part. Let (v,)n>1 be a sequence defined by y, =y (n),
n > 1, where y is a positive function defined on [0, +00[ decreasing to zero and
such that ) _, -, y(n) = +o00. Let a,b > 0. We assume that y satisfies one of the
following assumptions:

e y varies regularly with exponent (—c), c € [0, 1); that is, for any x > 0,
limy s 400 ¥ (2x) /[y (£) = x7°;
e fort>1,y(t) =yy/t with bRe(Amin)yo > a.
Let (v)n>1 be a nonnegative sequence. Then, for some positive constant C, one
has
n
limsupy, * >~ v vl Mis1.0]” < Climsup vy,
n k=1 n
where Iy , = H?:k(ld — yjH), with the convention I, 1, = I4.
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PROOF. First, from the stability of H, for all 0 < A < Re(Amin), there exists a
positive constant C such that for any k <n, ||ITx41,] <C I—[?:k(l — Ayj). Hence
we have Y7 ¥ T vl Tl 1 012 < C X0 _ i T upe™06n =9 > 1, with s, :=
dhe1 V- Weset 2, := ) 1 ykl+“ vge *Pn=k) It can be written in the recursive
form

—AbYnt1

+1
in+1 =¢€ Zn + V,f+1 Un+1, n>0.

Hence a simple induction shows that for any n > N, N € N*,

Zn—ZNCXp( )»b(sn—sN))—kexp( Absy,) Z exp(Absi)yy atly
k=N+1

<z exp(—Ab(sy — sy)) + (sup vk ) exp(—Abs,) Z exp(hbsi)yi T
k=N+1
We study now the impact of the step sequence (yp),>1 on the above estimate.
We first assume that y, = yo/p with bRe(Anin)yo > a. We select A > 0 such that
bRe(Amin)yo > bAyy > a. Then one has s, = yylog(p) + c¢i +rp, ¢ > 0 and
rp — 0 so that a comparison between the series and the integral yields

" 1 " 1 C
atl
exp(—Absy,) E exp(Absp)y, T =< Cnb/\yo E a it < -
k=N+1 k=N+1

for some positive constant C (independent of N) so that we clearly have

lim sup Yy “znt1 < C sup vg,
k>N

and we conclude by passing to the limit N — 4-o00.
We now assume that y varies regularly with exponent —c, c € [0, 1). Let s(¢) =
fot v (s)ds. We have

n n
exp(—Absy) Z exp()»bsk)y,ffll ~ exp(—kbs(n))/ exp(Abs (1)) y () dt
0
k=N

s(n) 1
Nexp(—kbs(n))‘/o exp(Abt)y“ (s~ (1)) dt

so that for any x such that 0 < x < 1, since ¢ — y“(s_l(t)) is decreasing, we
deduce

s(n)
/ exp(Abr)y® (s 71 (1)) dt
0

ar —1 xs(n) ar —1 s(n)
<y%s (0))'/0 exp(Abt)dt + y*(s (xs(n)))/ exp(Abt) dt

xs(n)

- y“(s~'0) Y (s~ (xs(n)))
yrv yu .

< D exp(rbxs(n)) + b xp(Abs(n)).
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Hence it follows that
exp(—Abs(n)) [sm

a0 exp(Abt)y“ (1) dt
y(s~1(0) Y (s~ (xs(n)))
< 7)\)/“(”) exp(—Ab(1 — x)s(n)) + —Aby“(n)

and since f +—> y“(s_l(t)) varies regular with exponent —ac/(1 — c¢), and

1imy, - 400 sz exp(—A(l — x)s(n)) =0,

r4(n)
—Ab s(n) —ac/(1—c)
lim sup M exp(Abr)y (1) dt < al .
n——400 y4(n) 0 LD

An argument similar to the previous case completes the proof. [J

We omit the proof of the following lemma, which is quite standard, and refer
the interested reader to [11].

LEMMA 5.2. Let (9;),,20 be the procedure defined by (1.3) where 6} is in-
dependent of the innovation of the algorithm with sup,,- E|6 1> < 4+00. Suppose
that the assumptions of Theorem 2.6 are satisfied and that the mean-field function
h" satisfies
(5.1) 3r>0,VneN* Vo eR?, 0 —0%", h" () > rl0 —0*" 2,

where 6" is the unique zero of h" satisfying sup,~ |0™"| < +00. Moreover, we
assume that y satisfies one of the following assumptions:

e y varies regularly with exponent (—c), c € [0, 1); that is, for any x > 0,
—C.

lim; s 100y (tx)/y (1) = x7¢;
e fort>1,y(t) =/t with 2 Lyy > 1.

Then for some positive constant C (independent of p and n), one has

Vp=1,  supE[|e" —6*"[*] +E[|6, — 6*"] < Cy(p).
n>1

PROPOSITION 5.1. Assume that the assumptions of Theorem 2.10 are satis-
fied. Z"hen, for all n € N there exist two sequences (ﬁZ)pe[[O,n]] and (F;)pe[[o’n]]
with 7y =0y — 0y — (0" — 6™") such that

VpellOnl. =06~ (6, ~0") =i} + 7.
and satisfying for all n € N, for all p € [[1, n]],

sup y;1/2E|/1’;,| <Cn*, sup yP_IEHFZH < 400.
p=1 n>1,p>0



982 N. FRIKHA

PROOF. Using (3.2), we define the two sequences (ﬁ'})pe[[o,n]] and (fZ)pe[[o,n]]
by

p 14
il = Y st pANE + 3 iTlesr p(D(6) — DR (0%")) (6], — ")
k=1 k=1

P
+ > Vil (R (6%") — " (67)
k=1

—(HE*", (U ) = He*. (U )

and

p

Fr=Tpzg + Y villirn p (8 — Gx—1)
k=1

P
+ 3 Wellesr p (0 (67) = 1" (")
k=1

—(HE U ) = H e (Un)T)

p
+ > W kqr,p (H (0, UK — H (0, UM — (h(6r) — h(6%))).
k=1
We first focus on the sequence ([L’I;) pello,n]- Moreover, by the definition of the
sequence (AN} )ke1,n] and the Cauchy—Schwarz inequality, we derive

p

> vilks1, p AN}
k=1

E

172
<C(E[H(6*,U") — H(6*, U)\z)”z(Z yk2||nk+1,p||2)
k=1

)

Taking the expectation for the third term and following along the lines of the
proof of Lemma 2.7, we obtain

p
E|D_ velles1,p(DR(67) — DA™ (6™")) (62—, — 0™")
k=1

P
<Yy I p (0% — 6%| + | DR(6¥) — DR"(6%)]))
k=1

:O(y;/znfp).
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Finally we take the square of the L2-norm of the last term and use Lemma 5.1
to derive
2

E Zp: Vst p (R (0%7) — W' (6%) — (H (™", (U™ — H(6*, (U")*)))
k=1

p
< 6" —6"" >3y, pl1?
k=1
=(’)(ypn_2'°).

We now prove the bound concerning the sequence (7)) pefo,n- Under the as-
sumption on the step sequence, we have

E[|T,pz5[] < 1T, p (1 + 167 = 67"]) = O(yp).

By Lemma 5.2, we derive

p

p
> it p (G — 1) < C Y 2 ITks1,pll = Oyp).
k=1 k=1

supE

n>1

Concerning the second term, following along the lines of the proof of Lem-
ma 2.7, we simply take the square of its L2(I)-norm to derive

P
> g1, p (R (67) — R (6*")
k=1

supE

n>1

2
— (=@ U T) = HE" (UM))

14

3 2
CY v lMs1pl
k=1

=0(r;)
and similarly

» 2

Z Vil ((H (6, UST) = H(6*, U*)) — (h(6) — h(67))

=0(y). O
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