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FINITENESS OF ENTROPY FOR THE HOMOGENEOUS
BOLTZMANN EQUATION WITH MEASURE INITIAL CONDITION

By NICOLAS FOURNIER

Université Pierre et Marie Curie

We consider the 3D spatially homogeneous Boltzmann equation for
(true) hard and moderately soft potentials. We assume that the initial con-
dition is a probability measure with finite energy and is not a Dirac mass.
For hard potentials, we prove that any reasonable weak solution immediately
belongs to some Besov space. For moderately soft potentials, we assume ad-
ditionally that the initial condition has a moment of sufficiently high order
(8 is enough) and prove the existence of a solution that immediately belongs
to some Besov space. The considered solutions thus instantaneously become
functions with a finite entropy. We also prove that in any case, any weak so-
lution is immediately supported by R3.

1. Introduction and results.

1.1. The Boltzmann equation. 'We consider a spatially homogeneous gas mod-
eled by the Boltzmann equation: the density f;(v) of particles with velocity v € R?
at time ¢ > 0 solves

() aufiw)= [ dv, [ doB(lo— vl cosd) () fi(vl) = fi0) fi(w]

where

;o Vv [V — vy , Ut vy v — vy
v = o, v, = — o
2 2 2 2
cosf = <—v U ,0>.
v — vy
The cross section B(|Jv — vy|,cos6) > 0 depends on the type of interaction be-
tween particles. We refer to the book of Cercignani [7] for a physical reference on
the Boltzmann equation and to the review papers of Villani [38] and Alexandre [2]
for many details on what is known from the mathematical point of view. Conser-

vation of mass, momentum and kinetic energy hold for reasonable solutions, and
we classically may assume without loss of generality that [p3 fo(v) dv = 1.

and
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1.2. Assumptions. We will assume that for some y € (—1, 1), some v € (0, 1)
with y + v > 0, some measurable function b: (0, 7] — R,

B(|v — vyl, cos0) sinf = |v — v4|" b(0),
(Ayv) 130 < ¢ < Co, Vo € (0, /2], cof~ 17V < b() < Cop 17,
VO € (n/2, ], b(®) = 0.

As noted in the introduction of [3], this last assumption (b =0 on (7/2, ]) is
not a restriction since we can always reduce to this case by a symmetry argument.
When particles collide by pairs due to a repulsive force proportional to 1/r® for
some s > 2, then (A, ) holds with y = (s —5)/(s — 1) and v =2/(s — 1). Thus
our study includes the case of hard potentials (s > 5), Maxwell molecules (s = 5)
and moderately soft potentials [s € (3,5)].

1.3. Functional spaces. Let us introduce all the functional spaces we will use
in this paper:

M (R?) is the set of nonnegative finite measures on R4,

[ ]
e P(R?) is the set of probability measures on R?.
° Pp(Rd) is the set of all f € P(R?) such that mp(f):= [ga V| f(dv) < c0.
e Lip, (RY) is the set of bounded globally Lipschitz-continuous functions.
o Cp(RY) is the set of bounded continuous functions.
e Co(RY) is the set of continuous functions vanishing at infinity.
° Cg (R9) is the set of compactly supported C! functions.
e Fora €(0,1), Cy (R?) is the set of all functions g such that

llgllcemay == sup [g(x)| +  sup M <

b xeRd x,yeRd x#£y lx =yl

o LP(RY) is the usual Lebesgue space with || 1|, pgay := (fga | f(x)|7 dx)'/P.
e For s € (0, 1), the Besov space Bi oo(Rd) consists of all functions f such that

1y oy =+ swp (a1 [ £t = fooldx < oo
’ heRd,0<|h|<1 IN

In the whole paper, when a measure f € M(R?) has a density, we also denote
by f this density.

1.4. Weak solutions. We will consider weak solutions in the following sense.

DEFINITION 1.1. Assume (A, ,) for some v € (0,1) and y € (-1, 1).
(1) A family (f7);>0 C P>(R3) is a weak solution to (1.1) if for all # > 0,

3 [ i =[ vio@y and [ 1oPsi@n = [ 0P ) <o
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and if for any ¢ € Lip, (R3) and any 7 > 0,

[ o@ fiav)
14y % l
= [o@n@+ [ [ [ Lasw.v)fidv)fidvds.

where, for v/ = v'(v, V4, 0) and 8 = 0 (v, vy, o) defined in (1.2),

(1.5) Lo (v, vy) 1= ./SZ B(|v — vil, cos0)[¢p(V') — ¢ (v)] do.

The right-hand side of (1.4) is well-defined due to (1.3) and (A, ;). Indeed,
there holds |v/ — v| = [v — vy |/ (1 — c080) /2 < |[v—v4||0], so that |Lg¢ (v, v4)| <
Cyp fo2 B(Iv — v, cos0)|v — 0,[16] do < Cylv — vu 7Y [T72 16177 d6 < Cy(1 +
01 + (v ).

Concerning the well-posedness of (1.1) given fy € P»(R3), the following results
are available.

Hard potentials. Assume (A, ,) for some v € (0, 1) and y € (0, 1). Then by
Lu—Moubhot [29], there exists a weak solution to (1.1) starting from fy. This solu-
tion furthermore satisfies that SUP[4,.00) Mp (f1) < 00 for all #9 > 0, all p > 2. Such
a moment production property was discovered by Elmroth [15] and Desvillettes
[10]. Two different uniqueness results are available, assuming either that fj is reg-
ular (fo € WHTR3) with [z (14 [v]?)|V fo(v)|dv < oo, Desvillettes and Mouhot
[13]) or localized ([Rs eI fo(dv) < oo for some a > 0, [22]).

Maxwell molecules. Assume (A, ) for some v € (0, 1) and with y = 0. Then
there exists a unique weak solution to (1.1) starting from fy due to Toscani and
Villani [36].

Moderately soft potentials. Assume (A, ,) for some v € (0, 1), some y €
(—1,0) with y 4+ v > 0. Assume also that fp has a density with a finite entropy,
that is, fp3 fo(v)|log fo(v)|dv < oo. Then there exists a weak solution to (1.1)
starting from fj due to Villani [37]. This solution is unique [22] if fo € P, (R?)
for some ¢ > y2/(y + v).

Very soft potentials. Assume (A, ) for some v € (0, 2), some y € (=3,0). If
fo has a density with a finite entropy, there exists a weak solution to (1.1) starting
from fp due to Villani [37]. Uniqueness holds locally in time [20] provided fy €
LP(R3) for some p > 3/(3 +y).
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1.5. Main result. Let us mention that during the proof, we will check the fol-
lowing property.

THEOREM 1.2.  Assume (A, ) for somey € (—1,1),v € (0, 1). Let also fy €

PZ(R3) not be a Dirac mass. For any weak solution (f;);>0 to (1.1) starting from
fo. Supp f; =R3 forall t > 0.

The main result of the paper is the following.
THEOREM 1.3.  Assume (A, ,) for some y € (—1,1), v € (0,1) with y +

v>0.Let fo€ P, (R3) not be a Dirac mass.

(1) If y €(0,1), then any weak solution ( f);>0 to (1.1) starting from fo and
such that

(1.6) Vto > 0,Vp > 2, supmp(fy) < o0

=19

satisfies that f; € Bf’oo(R3)f0r allt >0, all s € (0, s,,), where

(75 —)
sy = sup —a
" e\ +2a

_ (v—2v2)/(1+2v) ifv € (0, (ﬁ—l)/Z),
Tl WV2-12)2 ifve[(V2—1)/2,1).
(i) Ify € (—1,0], assume also that fo € Pty 14y /,,(R3). There exists a weak

solution (f;)i=0 to (1.1) starting from fo such that f; € Bf’oo(R3)for allt >0, all
s € (0,sy,), where

(1.7)

(1.8) Sy,p = sup
ae(0,v]

( Q+y/v)a >
— — ).
1+Q2+vy/v)a

(iii) In any case, f; has a density satisfying [ps fi(v)|log fi(v)|dv < oo as
soon as t > 0.

No regularization may hold if fj is a Dirac mass, since Dirac masses are sta-
tionary solutions to (1.1). In the case of moderately soft potentials (y € (—1, 0]
and y + v > 0), we need a few moments; observe that we always have 4 <
44y +4|y|/v <8. Of course, (1.8) can of be made explicit, but the resulting
formula is awful. While we show that any solution is regularized for hard poten-
tials, we can only prove that there exists at least one solution enjoying some regu-
larization properties for moderately soft potentials. This is due to our probabilistic
interpretation: when y € (0, 1), we can associate a Boltzmann stochastic process
to any weak solution, while when y € (—1, 0], we are only able to prove that there
exists a Boltzmann stochastic process and that its law is a weak solution.
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In [38], Theorem 9(iii), page 95, Villani announces a result very similar to The-
orem 1.3. However, he obtains only some gain of integrability, while we obtain
some (extremely weak) regularity. We know from a private communication that
this work has never been written down.

REMARK 1.4. As can be checked from the proof, the same result as stated in
Theorem 1.3(i) holds for regularized hard potentials where B(Jv — vy, cosf) =
(1 + [v — v<|»)?/?b(0), with y € (0, 1) and col0|~"~! < b(@) < Cp|0|"~! for
some v € (0, 1).

1.6. Motivation. The main interest of Theorem 1.3 is the following: almost all
the papers on the Boltzmann equation (concerning, e.g., regularization or large-
time behavior) assume that the initial condition has a finite entropy; see the long
review paper of Villani [38]. This condition is of course physically reasonnable.
Our result shows that it is indeed physically reasonnable, since the entropy auto-
matically becomes finite. Consequently, the results assuming the finiteness of the
entropy of the initial condition extend to any measure initial data with a finite mass
and energy which are not Dirac masses. For example, we deduce from Alexandre
et al. [3], Chen and He [8], Desvillettes and Wennberg [14] and Huo et al. [27] that
for any (non-Dirac) measure initial condition with finite mass and energy:

e under the assumptions of Theorem 1.3, (1 + |v|2)7’/2«/ft(v) € H"/2(R3) for all
t > 0 by [8];
o for regularized hard potentials, f; € C°°(R?) for all # > 0 due to [14, 27].

1.7. Known regularization results. In many papers, Grad’s cutoff is assumed:
the cross section B, which physically satisfies foﬂ B(|[v — vy],c0os0)dO = o0, is
replaced by an integrable cross section. No regularization may arise under Grad’s
cutoff; see, for example, Mouhot and Villani [31]. The first results about regular-
ization for the homogeneous Boltzmann equation without cutoff are due to Desvil-
lettes [11, 12]. There are now roughly four types of available results.

e General results applying to all true physical potentials, relying on the entropy
dissipation, providing weak regularity. Under (A, ,) for some v € (0,2) and
some y € (—3,1), when fy is a function with finite mass, entropy and en-
ergy, it has been shown (among many other things) by Alexandre et al. [3]

that /f; € Hlf)/cz (R3) for all r > 0. This has been recently precised, in the
case of hard and moderately soft potentials by Chen and He [8], Theorem 1.3:
(1+ v)»)"2/Fiw) € H/*(R3) for all ¢ > 0.

e High regularization for true physical potentials assuming that f is already
known to be slightly regular. It is proved by Chen and He [8], Theorem 1.5,
that for hard and moderately soft potentials, if fy € H3(R?) and Jra(1 +
[v|D)|V fo(v)|dv < oo for some g > 2 large enough, then the solution imme-
diately lies in H" (R?) for some N depending on g.
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e Full regularization for regularized hard potentials, when fp is a function with
finite mass, entropy and energy. See Desvillettes and Wennberg [14], Alexandre
and Elsafadi [4] and Huo et al. [27].

e Very restrictive results when fj is a (non-Dirac) probability measure in the 2D
case: full regularization for Maxwell molecules (see Graham and Méléard [25]
and [16]) and weak regularization [5] for a class of hard potentials (applying to
interaction forces in 1/7* with s > 13.75). All these works use some Malliavin
calculus and seem very difficult to extend to the 3D case.

Here we deal with frue physical potentials, for which there are several com-
plications: |w|? is not bounded below (and vanishes when y > 0), which makes
ellipticity estimates nontrivial, explodes either at O or at infinity and is in any case
not smooth at 0. To our knowledge, the only regularization results that concern the
homogeneous Boltzmann equation for true physical potentials are those of [3], [8]
and [5]. The present result consequently improves on [5] (we treat the 3D case, all
interaction forces in 1/r* with s > 3 and we remove some technical assumptions)
and is not in competition with [3] or [8] (the finiteness of the entropy is assumed
in [3] and [8]).

1.8. Known positivity results. The proof of Theorem 1.2 is very easy, but
it seems to be new. The first lower bound of solutions to the Boltzmann equa-
tion is due to Carleman [6] in the case of hard spheres (y =1, b = 1). In [32],
Pulvirenti and Wennberg obtained some Maxwellian lowerbound in the case of
hard potentials with cutoff (y € (0, 1] and féT b(0)dO < oco), assuming that fy
has a finite entropy. A quantitative version of Theorem 1.2 (for measure solu-
tions) has been proved by Zhang and Zhang [39], still in the case of hard po-
tentials with cutoff. Some positivity results [17] are available for 2D Maxwell
molecules without cutoff. For general physical potentials without cutoff, some
indications concerning the positivity of smooth solutions are given in Villani
[38], Sections 6.2 and 6.3. Finally, Mouhot [30] proved some quantitative lower
bound in the much more complicated spatially inhomogeneous case without cut-
off, but for quite regular solutions [corresponding here, roughly, to the assumption
[ € Lis.(10, 00), W (R?))].

1.9. Comments on the method. The classical way to prove some regularization
results by probabilistic methods is to use some Malliavin calculus, based on the
famous probabilistic interpretation of the homogeneous Boltzmann equation in
terms of a nonlinear jumping stochastic differential equation initiated by Tanaka
[35]. Unfortunately, this s.d.e. has regular coefficients only in the 2D-case and
for Maxwell molecules. In the case of 3D Maxwell molecules, a sort of Lipschitz
property was observed by Tanaka [35] (see Lemma 3.2 below), but we cannot hope
for more. This seems to make almost impossible the use of Malliavin calculus to
study the 3D Boltzmann equation.
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Here we use no Malliavin calculus, but a recent method introduced in [23] to
prove that stochastic processes with rather irregular coefficients have a density.
Recently, Debussche and Romito [9] have considerably improved this method by
using Besov spaces, in order to study the regularity of the law of the solution to a
3D stochastic Navier—Stokes equation. For example, only 1D diffusion processes
with diffusion coefficient in C,l/ 2+e (R) were treated in [23], while some quick
computations seem to show that diffusion processes in any dimension and with
diffusion coefficientin C}, (R?) can be studied using the tools of [9]. As we will see,
it also perfectly applies to the s.d.e. associated with the homogeneous Boltzmann
equation.

Let us mention that our proof is not deeply probabilistic: we use no stopping
times, no Malliavin calculus, etc. We believe that a very similar deterministic proof
can be written down. The advantage would be to remove Section 9 below, which is
long and boring, in which we build the stochastic processes related to Boltzmann’s
equation. The disadvantage would be that the computations of Section 6 would
become awful (and would look completely artificial).

1.10. Heuristics. Let us say a word about the reasons for regularization. Con-
sider an initial velocity distribution fy, possibly very singular. Pick at random
a particle in the initial system, and call V; its velocity at time ¢. Observe that
the law of V; is f; for all ¢+ > 0. This particle collides, at time ¢ > 0, at rate
Jrs Js2 BUV: — vy], cos0) do f;(dvs). In the case without cutoff, this rate is thus
infinite: the particle is subjected to infinitely many collisions on each finite time
interval. Furthermore, at each collision, some randomness is added, since v, and o
are chosen at random. Hence, we expect that for each ¢ > 0, our particle has been
subjected to infinitely many collisions on the time interval [0, ¢], each of these col-
lisions producing some randomness. Consequently, V; will be much more random
than V), so that its law should be much more regular.

Conversely, in the case with cutoff where the rate of collision of our particle
is finite, we expect that V; = V during some (random) positive time, so that the
solution f; will contain all the singularities of fy, at least for small times.

1.11. Plan of the paper. In the next section, we state the main lemma we will
use, which is due to Debussche and Romito [9] and we give an elementary proof.
In Section 3, we rewrite in an adequate way the weak formulation of (1.1) and
prove a few properties of weak solutions. Section 4 is devoted to the proof of The-
orem 1.2 and to some slightly more quantitative lower bound. Then we adapt the
probabilistic interpretation of Tanaka [35] to hard and moderately soft potentials
in Section 5. The proof of the existence of the Boltzmann process lies at the end of
the paper (Section 9). Then the strategy of the proof is the following: we approxi-
mate the Boltzmann process by a Lévy process (Section 6) and study the regularity
of the law of the approximating Lévy process (Section 7). Using that the approx-
imating process has a regular law and that the true Boltzmann process is close to
the approximating process, we conclude in Section 8.
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1.12. Notation. We will write C for a (large) finite constant and ¢ for a (small)
positive constant, whose values may change from line to line and which depend
only on v, y, cg, Cy [recall (A, )] and on the weak solution ( f;);>0. We write in
index all the additional dependence of constants.

2. Main lemma. Our study is based on the following result due to Debussche
and Romito [9], End of the proof of Theorem 5.1.

LEMMA 2.1. Let g € M(R?). Assume that there are 0 <o < a < 1 and a
constant k such that for all function ¢ € C} (RY), all h € R with |h| < 1,

@) [ 196+ = 6 00]e(@n)| <1l cyu 41

Then g has a density in Bi’;o“ (R and ||g||B?—a(]Rd) <gRN + Cyauk.

Actually, the result in [9] is more general. The proof in [9] relies on several
theorems of functional analysis. We present here an elementary (though longer)
proof.

PROOF OF LEMMA 2.1. We divide the proof into four steps.

Step 1: Preliminaries. For r > 0, consider the function x,(x) = (var)=1 x
1{x|<r}» Where vy is the volume of the unit ball in R?. An easy computation shows
that for all x, y € R4,

ey [ =2 = x0=2ldz = Camin(L, = y1/n)

For ¢y € L¥(R%) and r € (0, 1], ¥ x, belongs to C¢ (RY) (it is actually Lipschitz-
continuous) and

2.3) 1 % Xr llco ray < Call ¥l oo rayr

Indeed, it obviously holds that || Y * x ||  co(ray < ||| oo (ray and for x # y, we de-
duce from (2.2) that [ * x, (x) — ¥ * x, (V)| < Call¥ || oo ey min(l, [x — y|/r) <
Cally I oo rayr —*1x — y|*.

Step 2. Next we prove that for any r € (0, 1], any |#| <1,

[ g% e x4+ = gon ()] i < Conlhlr .

It suffices to prove that for any ¢ € L®°RY), I.(h, ¥) := | Jpa ¥ (0)[g * xr(x +
h) — g * xr(x)]dx| < Carc || Y|l oo (ray|h|“r~*. But using (2.1) and (2.3), we get

I (ho ) = ]/Rd[w * e (v = ) = U % e N8 (@) < k1 % e ll o ey A1

< Carc Y|l oo ay 1|7~
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Step 3. Here we assume additionally that g has a density in C'(R9) satisfying
Jra IVg(x)|dx < oo (which implies that all the computations below are licit), and
we check that

sup [h[*~ [ 8Cc+ 1) — (0| dx < Caaakc.
lh|<1 R4

To this end, we first write, using Step 2, for all |k]| <1, all r € (0, 1],

/Rd|g(x+h) —g(x)|dx

§A;J|g*)(r(x+h)—g*Xr(x)|dx—|—2/Rd|g*Xr(x)—g(x)}dx

a . —o 2
= Cactnlr= 4 = [ [ 1) = 80 Lgeyicry drdy
2
=Cyk|h|*r % + d/ du/ dx|g(x +u) — g(x)|.
vqr lul<r R4

Thus, setting /; := supy, Jra lg(x+h)—g(x)|dx and S; = SUPse(0.1 5% “ 15, we
deduce that for all ¢ € (0, 1], all € (0, 1] (below, the variable u belongs to RY),

a—a
174 < Cax (1/1)* + = / ]S, du
Ugr lul<r
a—a
< Caxc(t/r)* + —— Sir“vgr?
vgr

< Cyk(t/r)* +2(r/t)""*S].

Choosing r = 4=1(a=o)y e deduce that for all ¢ € (0, 1], 1991, < 4%/@=a) »
Cgk + S1/2. This implies 1 < 4%/@=9Cyk + §1/2 and finally S < 2.4%/(@=®) x
C4k as desired.

Step 4. Consider now g as in the statement. For n > 1, put g, = g * G,
where G, (x) = (n/m)%/2e="*1" Then g, € C'(R?), fna gn(x)dx = g(R?) and
Jra IVgn(x)|dx < oo. Furthermore, one easily checks that g, satisfies (2.1)
with the same constant x as g. Thus we can apply Step 3 and deduce that
sup <1 111%™ Jra lgn(x + h) — gn(x)|dx < Cyaax for all n > 1, whence
llgnll pie = gRY) + Cd.a.0k (recall Section 1.3). Consequently, the sequence

gn is strongly compact in L' (R?) (because the balls of Bf’ OO(Rd) are compact
in LY(R?) for all s > 0; see, e.g., [33]). But g, tends weakly (in the sense of
measures) to g. We deduce that g € L' (R¢) and that we can find a subsequence
such that limg ||gn, — gllL1(rey = 0. One easily concludes that for all |r] <1,
Jrelg(x +h) — g(x)|dx = limg [ga |gn, (x + ) — gn,(X)|dx < Cyaak|h|*77.
We deduce that ”g”Bf_gg(Rd) <g(RY) + Ciaaek. O
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3. Weak solutions. First, we parameterize (1.2) as in [21]. For each X € R3 \

{0}, we introduce I(X), J(X) € R? such that (%, %, %) is an orthonormal

basis of R?, in such a way that X — (/(X), J(X)) is measurable. We also put
1(0) = J(0)=0.For X, v, vs € R3, 6 €[0, ) and ¢ €10,2m), we set
(X, ¢) == (cosp) I (X) + (sing)J (X),
1 —cosé sind

(3.1 V'(v, vs, 6, @) =v———— v+ =T —v.9).

a(v, vy, 0,0) :=0'(v, vy, 6, @) — .
The choice of (/(X), J(X)) does not matter. The important thing is that for any
reasonable F:R3 x R3 x R3 x [0,7) — R, any v, vy € R3,

T 2w
/ / F(v,v*,v/(v,v*,9,<p),0)sin0dgod9=/2 F(v, v, V', 0)do,
0 Jo S

where on the right-hand side, v’ = v/ (v, v, 0) and 0 = 0 (v, vy, 0) € (0, 7) are
defined by (1.2). This in particular implies that for all ¢ € Lip,(R?), recalling
(1.5) and then (A, ,),

Lpp (v, vs)
(3.2)

T 2w
:/o /0 [p(v+a(v, vy, 0, 9) —d )| B(lv — vy, cos ) sinf dp df

/2 2w
63 =l—ul [ [T [p(v+a.v.6.9) ~ s)]be) dpde.
We will frequently use that, by a straightforward computation,

1 —cosf 1
(3.4) la(v, vy, 0, 9)| = — vl =0l
We will also need the following remark, corresponding to the 2D equality

(€, X 1) =+, X).

REMARK 3.1. For any measurable nonnegative function F:R+— R, any X €
R3, any £ € R3,
2

/0271 F((&, T(X, (p)))d(p:/o F(X.T(, ) de.

PROOF. Recall that these integrals do not depend on the choice of (I(X),

J(X)) and (1 (§), J(§)) [as soon as (57, 152, 2§ and (&, 1&2, 2E0) are or-

thonormal bases of R3]. If X and & are colinear (£, ['(X, ¢)) = (X, (£, ¢)) =0
for all ¢ and the result follows. Otherwise, choose (I (X), J(X)) and (I (£), J(§))
such that X, &, I(X), I(§) are in the same plane and such that (X, I(£)) =
(&, 1(X)), which implies that (§, ' (X, ¢)) = (X, ['(§, ¢)) forall . [J
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Unfortunately, it is not possible to build / in such a way that X — I(X) is
smooth. Tanaka [35] found a way to overcome this difficulty, which was slightly
precised in [21], Lemma 2.6.

LEMMA 3.2. There exists a measurable function ¢ : R3 xR3 > [0, 27), such
that for all v, vy, w, Wy € R3,all6 e [0, ) and all ¢ € [0, 27),

la(v, vy, 0, @) —a(w, ws, 0, @ + o (V — v, w — wy))| <20(Jv — w| + Vs — wil).

We conclude this section with a useful time-regularity property of weak solu-
tions. This must be more or less classical; see, for example, Gamba, Panferov and
Villani [24] for a stronger result in the case of cutoff hard potentials, but we found
no precise reference in the present setting.

LEMMA 3.3. Let fy € Pr(R3). Assume (Ay,) for some y € (—1,1), v e
(0, 1). Consider any weak solution ( f;):>0 to (1.1) starting from fy. Then for any
¢ € Lipb(]R3), L p¢ is continuous on R3 x R3 and the map t — [p3 ¢ (v) fi(dv)
belongs to ([0, 00)).

PROOF. Recall (1.4): to show that ¢ — fR3 ¢ (v) f;(dv) is of class C' ([0, 0)),
it suffices to check that # — [p3 Jp3 Lo (v, vs) fi (dvs) fi (dv) is continuous on
[0, 00).

Step 1. For ¢ € Lip;,(R?), |Lp¢ (v, v:)| < Coplv —vi] "1 < Cy(1+ 0>+ Jvs]?)
by (3.3), (3.4) and since [7/>6b(6) d6 < oo by (A, ). By (1.3), we deduce that
Jr3 Jr3 Lo (v, vs) fi (dvy) fi(dv) is bounded, so that 7 > [p3 ¢ (v) f;(dv) is con-
tinuous on [0, co0) by (1.4). The Portemanteau theorem thus implies that t — f; is
weakly continuous, which classically implies that f — f; ® f; is weakly continu-
ous: for all ¢ € Cp(R? x R3), 1 Jr3 g3 @ (v, vs) fi(dv) fi(dvy) is continuous on
[0, 00).

Step 2. Recall that B(Jv — v«|, cos0) sinf = |v — v«|"b(0) by (A, ) and define,
fork > 1, Br(Jv —v4|, cos0) sin® = (Jv — v|" Ak)b(0)L(g>1/4). It is immediately
checked that Lp, ¢ € Cp(R3 x R3) for any ¢ € Lipb(R3). By Step 1, we deduce
that 7 = Jp3 Jps L, @ (v, v4) fi (dvy) f; (dv) is continuous on [0, 00).

Step 3. We claim that | (L g — L, )¢ (v, vi)| < Cp(1+|v|? + v |*)k ¥ for some
Kk =k(y,v)>0,forall ¢ € Lipb(R3). Using (3.3), (3.4) and then (A, ,), we get

|(Lp — Lp)¢ (v, vy)|
/2 27
< Cylv— v, /O [ 010 = (L u -0 + L1 b 0) 6

< Colv — vl gy, sty + Cplv — vV TR

< Coplv — vl " T 0y oty + Co (1 + [0+ [vg )k
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If y € (0,1), we write |v — v*|V+1]l{\v_v*|y>k} < kl_l/V|v — v,,<|2 and conclude
withk =(1/y — 1) A(1—v). If y =0, |[v — v4|¥ > k never happens (since k > 1),
whence the claim withk =1 —v. If y € (—1,0), |[v — v |¥ > k implies |v — v,| <
k=717l and we conclude with k = ((y + 1)/|y]) A (1 — ).

Step 4. Let ¢ € Lip,(R?). By Step 2, Lp, ¢ € Cp(R*> x R?) and Step 3 im-
plies that L g, ¢ tends to Lg¢ uniformly on compacts, whence Lp¢ is continu-
ous. Next, Step 3 and (1.3) show that [p3 [p3 L, ¢ (v, v4) f;(dvs) fi (dv) goes to
Jr3 Jr3s L@ (v, vs) fi (dvy) fi(dv) uniformly for ¢ € |0, 00). Using Step 2, we con-
clude that 7 = [p3 [p3 Lo (v, v4) fi (dvy) fi (dv) is continuous on [0, 00). [

4. Lowerbound. The aim of this section is to prove Theorem 1.2 and to de-
duce some lowerbounds of weak solutions. For x € R? and r > 0, we denote by
Bx,r):={yeR3¥:|y—x|<r}and by S(x,r):={y e R®:|y — x| =r}. We start
with the following preliminary result.

LEMMA 4.1. Consider g € P(R?) enjoying the following property: vy, v €
Supp g implies that S((v1 +v2)/2, [vy —v2|/2) C Suppg. If g is not a Dirac mass,
then Supp g = R3.

PROOF. We first claim that for any x € R3, any r > 0, S(x,r) C Suppg im-
plies B(x, ~/2r) C Supp g. Due to our assumption, it suffices to show that for any
v € B(x, \/Er), there exists vy, v2 € S(x,r) such that v € S((v; + v2)/2, |[v] —
v2|/2). This is not hard: write v = x +«aro, for some o € S? and some « € [0, \/E],
consider any T € S? orthogonal to o and choose v| = x + r[(a + v2 — a?)o +
(@ —~2—a®)r]/2and vy =x +r[(a + 2 —a?)o — (@ — /2 —a?)7]/2.

Since g is not a Dirac mass, we can find v; # vy in Suppg. Put xo =
(v1 + v2)/2 and r9 = |v; — v2|/2 > 0. By assumption, S(xg,r9) C Suppg,
whence B(xg, v/2rg) C Supp g. Thus in particular, S(xo, ~/2rg) C Supp g, whence
B(xo, 2rg) C Supp g, and so on. We find that B(xo,2"?rp) C Supp g forany n > 1,
which ends the proof. [J

We can now give the proof of Theorem 1.2. Let us mention that Step 2 below is
inspired by Villani [38], Chapter 3, Section 6.2.

PROOF OF THEOREM 1.2.  We thus assume (A, ) for some y € (—1,1),v €
(0, 1) and consider a weak solution ( f;);>0 to (1.1) starting from some non-Dirac
initial condition fy € P»(R3).

Step 1. For all t > 0, f; is not a Dirac mass. This is immediate from the conser-
vations of momentum and energy (1.3) and the fact that fj is not a Dirac mass: for
all > 0, all vy € R3,

v =vol s = [ 1o =0 fotdv) 0.
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Step 2. Here we prove that for any 7 > 0, any vg € R, any ¢ > 0, [recall that
vV =v'(v, vy, 0) and @ = 0 (v, vy, o) were defined in (1.2)]

fi(B(vo, €)) =0

= /R3 /R3 /Sz L' (v,v4.0)€B(vg.8)}

X Ljvst,,0(v,v,,0)€(0,7/2)} 40 fi (dvy) fi (dv) = 0.

Assume thus that f;(B(vo, €)) = 0 and consider ¢; ,, € Lip, (RY), strictly positive
on B(vp, ¢) and vanishing outside B(vo, €). By Lemma 3.3, 5 > [p3 @e 4, (V) X
fs(dv) belongs to C1([0, 00)). Since it is nonnegative and vanishes at ¢ > 0, its
derivative also vanishes at ¢. Consequently, by (1.4),

Lo Ly [ B0 = 001.c088) 91,0 (+)) = ()] dorfi(dv) fi(dv) =0,

But f;(B(vo, €)) = 0 and Supp ¢, C B(vo, €), so that

/R3 _/R3 ./SZ B(|v — vil, c0s0) e v, (V') do f7 (dvy) fi (dv) = 0.

This implies the result, since @ y,(V)B(|[v — vi|,cosf) > 0 as soon as v’ €
B(vg, &), v# vy and 0 € (0, 7/2) due to (A, ).

Step 3. We now show that for any ¢ > 0, vy, vo € Supp f; implies S((v; +
v2)/2, vy — v2|/2) C Supp f;. We can assume that v; # vy, because else,
S((vy + v2)/2,|vi — v2]/2) = {v1} and the result is obvious. Observe that
S((v1 +v2)/2, vy — v21/2) is the closure of Ay, ,, U Ay, 4, Where

Ay i= (V' (1, 02,0):0 € S%,0(v1, v2,0) € (0,7/2)}.

Since Supp f; is closed, it suffices to prove that Ay, ,, U Ay, C Supp f;. Let
thus, for example, vg € Ay, 4,. Then vy = v'(v1, v2, 0¢) for some oy € S? with
6y =0 (v1, v2, 00) € (0, /2). Thus for all v >~ vy, all v, >~ vy, all ¢ =~ g(, we have
V' (v, Vs, 0) = Vg, V # vy and O (v, vy, o) € (0, 7/2). Since v; € Supp f;(dv) and
vy € Supp f;(dv.), we conclude that for any ¢ > 0,

/R3 fR3 o L' ©.00.0)€B0 ) Liv#0,, 0 0.02,0)€0,1/2)) 40 f1 (dvs) f1(dv) > 0.

This implies that f; (B(vo, €)) > 0 for all ¢ > 0 by Step 2.
Step 4. We conclude from Lemma 4.1 and Steps 1 and 3 that for all ¢+ > 0,
Supp ; =R3. O

We finally check the following estimate.

PROPOSITION 4.2.  Assume (A, ) for some y € (—1,1), v € (0, 1). Let also
foe P>(R3) not be a Dirac mass. Consider any weak solution (ft);>0 to (1.1)
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starting from fy. For all 0 < tg < t1,
Gig,ty = inf fi(K(w,2)) >0,

r€ftp,t1],weR3, r €R3

where K (w, ¢) :={v e R*:|v| <3, [v—w|>1,[{(v —w, )| = [£]}.

PROOF. We divide the proof into three steps.

Step 1. We first prove that for any 0 < #to < #1, infre[s,1,],xe500,2) fr (B(x, 1)) >
0. To this end, consider ¢ € Lip, (R3) such that 15(0,1/2) < ¢ < 1p(0,1). Define
F(t,x) = [gs ¢ (v —x) f;(dv). We know from Lemma 3.3 that t — F (¢, x) is con-
tinuous for each x € R>. Furthermore, denoting by C the Lipschitz constant of ¢,
we have sup,. |F(t,x) — F(t, y)| < C|x — y|. All this implies that F is continu-
ous on [0, 00) x R3. Since F (¢, x) > fi(B(x, 1/2)), we deduce from Theorem 1.2
that F(z, x) > 0 for all 7 > 0, all x € R?. The continuity of F and the compactness
of [t1, 2] x §(0,2) imply that infj;, 1,)xs5(0,2) F > 0. This ends the step, because
Ji(B(x, 1)) > F(t,x).

Step 2. Here we check that for any w € R3, any ¢ € R? we can find Xw,c €
5(0,2) such that B(xy,¢, 1) C K(w, ). We may assume that ¢ # 0 [because
Kw,¢) C K(w,0) for any ¢ # 0]. Put sg(y) =1 for y > 0 and sg(y) = —1
for y < 0. Choose xy,; = —2sg({w, £))¢/[¢]| € §(0,2). It remains to prove that
B(xw,c, 1) C K(w, ). Letthus v € B(xy ¢, 1).

(a) First, |v| < |xy,c| +1=3.

(b) Next, observe that |w — xy,¢| = |w + 2sg((w, INC/C]] =/ |w]? +4 > 2,
so that

lw—v[>|w—xpel—[xpe—v[=22-1=1
(c) Finally, using that [(w — xy ¢, ¢)| = [{w, ¢) + 2sg((w, ¢)IC]] = 2[¢ ], we
see that
[(w—v,2)| = (w—xuc )| = [(xwe —v.0)| = 21C] = 1¢] = 1C].

All this shows that v € K (w, ¢) as desired.
Step 3. By Step 2, we have

inf fi(Kw,0) > inf f:(B(x, 1)).

teftg,t1],weR3,r €R3 T tefrg.11],x€8(0,2)
This last quantity is positive if 0 < 9 < ¢; by Step 1. U

5. Probabilistic interpretation. We write down the probabilistic interpreta-
tion of (1.1) initiated by Tanaka [35] in the case of Maxwell molecules.

PROPOSITION 5.1. Let fy € P>(R3). Assume (Ay,v) for some y € (—1,1),
ve(,1).

(1) Assume first that y € (0, 1). Then for any weak solution (f;);>0 to (1.1)
starting from fo and satisfying (1.6), there exist, on some probability space
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(2, F, (F1)i>0, Pr), a Fo-measurable random variable Vo with law foy, a (F;)i=0-
Poisson measure N(ds,dv,d6,de,du) on [0, 00) X R3 x (0,7/2] x [0,2m) x
[0, 00) with intensity dsfs;(dv)b(0)dO0dedu and a cadlag (F;)>o-adapted R3-
valued process (V;)i>o satisfying L(V;) = f; for all t > 0 and solving

t /2 p2m oo
V,=v0+/f/ / / a(Ve_. 0.6, 9)
o Jesdo Jo Jo

(5.1)
X Liu<v,_—v)yN(ds,dv,d0,de,du).

(ii) Assume next that y € (—1,0] and that fo € P, (R?) for some p > 2. There
exists a weak solution (f;);>0 to (1.1) starting from fy satisfying
(5.2) vT >0, sup m,(f;) <Cr,p

[0,T]

and such that there exist, on some probability space (2, F,(Fi)i>0,Pr), a
Fo-measurable random variable Vo with law fo, a (F;)i>0-Poisson measure
N(ds,dv,df,de,du) on [0, 00) X R3 x (0,7/2] x [0,2m) x [0, 00) with in-
tensity dsfs(dv)b(0)d6 dedu and a cadlag (F;):>o-adapted R3-valued process
(Vi)i=0 solving (5.1) and satisfying L(V;) = f; forall t > 0.

The proof of this result is fastidious and not very interesting, so we will give at
the end of the paper. In the sequel, (V;);>0 will be called Boltzmann process.

6. Approximation. We now wish to approximate the Boltzmann process
(Vi)i=0 by a process (V/°);>o of which we can more easily study the law. We
essentially freeze the integrand in the Poisson integral during a small time interval
[t — &, t], so that the resulting process V;* becomes a Lévy process conditionally
on F;_.. The advantage of Lévy processes is that we can easily study their laws
through their Fourier transforms. Due to the lack of regularity of the function a,
we have to make use of ¢ introduced in Lemma 3.2.

PROPOSITION 6.1.  Assume (A, ) for some y € (—1,1),v € (0,1) with y +
v > 0. Consider a Boltzmann process (V;);>o built with a Poisson measure N as
in Proposition 5.1. For ¢ € (0,t A 1), set

t /2 p2m poo
V=V, +/ / / / / a(Vice, 0,0, 0+ @o(Vs— — v, Vi_g — v))
t—e JR3 Jo o Jo

(6.1)
X ]1{u§\V,_8—v|V}N(dS, dv,df,dy,du).

) If y € (0,1), then forany 0 <ty <t —e <t withe € (0,1) and any n €
0,2),

E[|Vi = V'] = Cone® ™"
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(i) Ify € (—1,0], thenforany 0 <t —e <t withe € (0, 1) and any n € (0,2 +
Y/v),
E[|V, — V'] < Cpe* /v,
We will use that for a, b > 0, there are some constants O < ¢, , < C,4 p such that
Vx,y>0, Ca,b{xa+b—ya+b|S(xa+ya)|xb—yb|

62) a+b a+b
=< Ca,b|x -y }

PROOF. We divide the proof into several steps.

Step 1. Here we check that for all 8 € (v,1) and all0 <s <¢, E[|V; — Vi1 <
Cg(t — s) in both cases (i) and (ii). Using the subadditivity of x xP, we deduce
from (5.1) that

t /2 2w oo
IW—VslﬂS/sz3/() /O /O|a(Vr_,v,0,go)|’3

X Lju<|v,_ o1 N(dr, dv,d, do, du).

Taking expectations, integrating in # and using (3.4), we obtain

t /2 2w poo B
e - vl <2 [ [ [T [T [Tlatvve.0)
s JR3Jo 0 0

x Lju<|v, —vr) du dpb(0) dO f, (dv) dr]

t x)2 p2n
B _ |Vt
S/S Ags/o fo OPE[|V, — v TP]dpb(0) Ao (dv) dr

< Cﬁ(t —5).
We used that 8 > v, whence fér/ZH'Bb(H) do < Cy fg/z 6P~17v dh < oo by (Ay ),
that |V, —v|"T# < C(1 4|V, |> + |v]?) [because y + B € (0, 2)] and that [3 E(1 +
[ + Vi) fr(dv) = 1 4 2my(f;) = C by (1.3) [recall that L(V;) = f;].
Step 2. In this step we prove that forall 8 € (v, 1) and all 0 <t — e <1, in cases
(1) and (i1),

E[|V, — Vi [P1< Cp /ttg /RS E[ALF€(v) + A2P€ (v) + A3P¢ (0)] £ (dv) ds,
where, using the notation x; = x Vv 0,
AP ) o= (1Viee — 0] A Vs —0l")
x (IVs = Viee P A[IViee — 01 +1Vs — v]P]),
APPEW) == (Vie —v” = Vs = 0|") [ Viee —v/?,
AFPE@) = (Vs = ol = Vi = 0I7) Vs =0l
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Exactly as in Step 1, we obtain

E[|V, - V¢|”]

t JT/2 2T 00
§E|:/ / / / f ‘G(Vs» U’G’(p)ﬂ{uf\vs—le}
t—e JR3 JO 0 0

- a(vl‘—é?v v, 9’ @ + (pO(VS -, Vl‘—S - U))
X Lz, vy |® dudob(0) do f(dv) ds]
Integrating in u, we get E[|V, — VFIP]1 < [, [ps E[B; P (v) + BIP*(v) +
BZPE (v)] f(dv) ds, where

1 m/2 p2m
Bs’ﬁ*g(v):=/0 /0 (1Viee =0l A Vs = 0[)
X |a(VSavv07(p)
- a(‘/t—ﬁy v9 95 (p + (pO(VS - v’ ‘/[—8 - v))}ﬁ d(pb(e) dg’

5 /2 2w
Bssﬁre(v) :A A (|‘/t_g_vly _|V§‘_U|y)+
X |a(Vt—57 v,0,0p+@o(Vs —v, Vi — v))|ﬂd(pb(9)d9,

B3P (v) = /ﬂ/Z/ZE(W — vV = |Vie —vY)_ |a(Vy, v, 0 (p)|ﬂd<pb(9)d9.
s 0 ) 5 t—e n 5,0, 0,
Using Lemma 3.2 and (3.4), we realize that
la(Vs,v,0,9) —a(Vi—e, v, 0,0 + @o(Vs — v, Vi_g — V)]
<20(|Vs = Vi—e| A[IVice — v + | Vs — v]]).

Since [7/*6Pb(6) d6 < 0o, we deduce that By'"* (v) < CsAyP* (v). Using (3.4),

we get Bsz’ﬁ’e(v) < CﬁAf’ﬂ’e(v) and Bs’ﬂ’g(v) < C/gAf’ﬁ’e(v), which completes
the step.

Step 3. Here we conclude the proof of (i). We thus assume that y € (0, 1) and
fixO0<ty<t—e<twithee(0,1). We also fix 8 € (v, 1) and apply Step 2. We
first observe that

APPE@) < C(I7 + [Vicel” + IVl IVs = VielP.
We next use twice (6.2) (with a = y and b = ) to deduce that
APPE@) + AYPE ) < (Viee = 0IP + Vs = vIP)[IViee — v = Vs — 07|
< Cp||Vime —vIFHY — |V — v|FH7]
< Cp(IViee = 0" + Vs = v")|IViee —vIP = Vs — 0]
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< Cp(|Viee — v|” + Vs —0[")|Vs — V|
< Cp(Iv]” + | Vicel” + | Vsl?) Vs — Vi—g|P.
We thus have

t

BV~ ViP = Co [ [ BV = Viee P (0l + Vil + 1)1 i) ds
—&
t

<Cp [ E[Vi=Vieel P (1 +Viee” +1Vil7)]ds,

t—e

since [ps [v]” fi(dv) < Jp3(1 + |v|2)f,(dv) < C by (1.3). We now consider § €
(0, 1 — B) and apply the Holder inequality [with p =1/(1 —§) and g = 1/6]:

t
BV = V/IP) = Cp [ BIIVe = VieaP/070]
—&

x E[(1 + | Vi_el” + |Vs[?)/°] ds.

By Step 1 [observe that 8/(1 —§) € (v, 1)], we have E[| Vs — Vt_glﬂ/(l_‘s)] <Cps¢
for all s € [t — &, t]. Using (1.6) [recall that L(V,) = f; for all s > 0], we see that
E[(1 4 |Vi_ |V + V)] < Ciy,s (because s >t — & > tg > 0). Thus

t
E[|V; - V¢|f] < Cﬂ,&to]t e' 0 ds < Cpsae™°
—&

Using finally the Holder inequality, we deduce that for all 8 € (v, 1) and all § €
0,1 —B), E[|V, — VE|"1 < E[|V; — VEIP1Y/P < Cps.,6@"¥V/P. Since we can
choose B € (v, 1) arbitrarily close to v and § € (0, 1 — ) arbitrarily close to 0, it
holds that (2 — §)v/B € (0, 2) is arbitrarily close to 2, which ends the proof of (i).

Step 4. We finally check (ii). We thus assume that y € (—1,0], that y +v > 0
and we fix 0 <t — e <t with ¢ € (0, 1). We also fix g € (v, 1) and apply Step 2.
First, since |y |/B € (0, 1),

AMBEW)Y < (1Vi—e — v]Y A Vs — 0]Y)|Vy — Vg |PA=IVUB)
X (|Viee — v+ |V, — v|ﬁ)|y|/ﬁ
< (Wime = 0" A Vs = 0I)(IVime = 0l 4 Ve = 0] ") Vs = Vi [P
<2|Vy — V,_ P17,
Next, using twice (6.2) with a = |y| and b = 8 + y (lines 2 and 4),
AYPE) = vt —y (Vs = 07T = Vi =0l Vi — 0P 47 Vg — o)
< Cplqv_o—v<ve—v)y (1Vs = vIP = |Vi—e —v|P)|Vy —v]¥

|Vs — v|ﬂ —|Vie — UVS
Vs — o+ Vi — 0|1

< CpLyv,_—vi<|Vy—v])
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< Cy(|Vs —vPTY — |V, — v|P7)
< CplVs = VieeP7,

where we finally used that 0 < 8 4+ y < 1. Treating A?’ﬂ **(v) similarly, we finally
get

t
E[|v, - v¢|P] < cﬂ/ /RS E[|Vy — Vi—e|PT7] fs(dv) ds
t—¢

t
<Cg | E[|Vs—Vi—e|PT"]ds.

t—¢

Using the Holder inequality (recall that 0 < 8 4 y < ) and Step 1, we obtain
t
BV~ V" = Cp [ EDV: = Viee 11772 ds < e,
t—e¢

whence E[|V; — V7 |"] <E[|V; — Vflﬁ]“/ﬁ < Clgs(zﬂ’/ﬁ)“/ﬁ. Since we can choose
B € (v, 1) arbitrarily close to v it holds that 2+ y/B8)v/B € (0,2 + y/v) is arbi-
trarily close to 2 + y /v, which completes the proof of (ii). [

7. Density estimate for the approximate process. The aim of this section,
strongly inspired by Schilling, Sztonyk and Wang [34], Propositions 2.1, 2.2, 2.3,
is to prove that V; has a regular law in some sense, with some precise estimates in
terms of ¢.

PROPOSITION 7.1. Assume (A, ) for some y € (—1,1), v € (0,1). Let
fo € P>(R3) not be a Dirac mass. If y € (—1,0], assume additionally that
Jo € Patyyapy v (R3). Consider the approximate Boltzmann process VE defined
in Proposition 6.1 associated with a weak solution (f;):>0 to (1.1) starting from
fo.Forallh e R allp e L°(R3),all0 <ty <t —e <t <t withe € (0, 1),

h
B (% + ) = 9V )| = Copr 10 sy -

We will use the following easy estimate, which resembles [34], Proposition 2.1:
it is much less general, but sharper.

LEMMA 7.2. Let A be a nonnegative measure on R3 such that Jr3 IyIA(dy) <
oo and consider the infinitely divisible distribution k with Fourier transform

k(&) := /R3 SNk (dx) =exp(—D(E))  with d(&) =/R3(1 — e EM)dy).

If the right-hand side of the following inequality is finite, then k has a density (still
denoted by k) and

VKl sy < C(1+mi(R) + ma(2) /ﬂ'@ e Re®©) (1 4 |g)) de,

where m, (L) = [ |y|"A(dy) and C is a universal constant.
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PROOF. The proof is quite similar to [34], Proposition 2.1. We will show that

(7.1) VIl oo r3y < CA; e Re®@ g g,

(7.2) |1xI*VE)] ooy < C(1+mi(A) + ma(h)) /R3 e Re®E) (1 4 1g)) de,
from which the result follows, since (1 + |x|)_4 e L' (R?). First,
VK o3y < Q) I VEl 1 g3y = (27) 7 | £k(©)]
=@ [ e RO ag,
R3
whence (7.1). To check (7.2), we start with
[IKI*VE@) | oz < @) A2 (VR 11 sy < CIDHERE®) | 11 o)

LY(R3)

A tedious computation recalling that l%(& ) = e~ ®® shows that
|D*(5k(&))]
< C(1+g])|e™ @)
x (|D*® )|+ [D @ E) DO E)| + |D*® )] + | DD ()’ D*0(£))|
+|DoE)|* +|D’D(E)| + | DD E)||D*®&)| + | DD E)|).

But from the expression of ®, we see that | D" ®(£)| < m, (1) for all n > 1. Since
le=®E) | = ¢~ Re®®) e get, setting m,, = m, (1) for simplicity,

D (EkE)| < C(1+ [g])eRe®®
x (mg +mamy +m3 +mimy +m} +mz+mimy +m3)

<C(1+g))e RePE (1 4 my —i-mg/3 +m3 +m?),

where we used the Young inequality. To complete the proof of (7.2), it only remains

to check that m§/ Sy m% <C(ma+ m‘f), which is not hard by the Holder and Young
inequalities. [J

Unfortunately, applying directly Lemma 7.2 to the law of V° does not give the
correct power of &. We thus use the same trick as in [34]: we only consider the part
of V¢ corresponding to small values of 6 (grazing collisions), in such a way that it
does not affect the estimate from below of Re @ (£), but which makes consequently
decrease the moment estimates [of m?(k) +ma(A)].

We start with the following remark.

LEMMA 7.3. Adopt the notation and assumptions of Proposition 7.1. Let € €
(0,1 A1) be fixed.
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(1) We can find a (F;)i=0-Poisson measure M with the same intensity as N
(see Proposition 5.1) such that

t /2 p2m poo
VeVt [ [ [T [T ative.g)
t—e JR3JO 0 0

(7.3)
X Lu<v,_,—vyM(ds, dv,d0,do, du).
(ii)) We write VS = U} + W/ with

t 71/2 2 o0
U[S ::/ / / / f a(thg,v, 9,(0)
t—e JR3 JO 0 0

X ]l{u§|Vt_g_v|y}]l{9<81/u}M(dS, dv,df,dy,du),

t /2 p2m oo
Wi=Vi_+ / / / / a(Viee, v, 0, ) Lu<|v,_,—vpr)
t—e JR3JO 0 0

X ]l{QZSW}M(ds, dv,d0,dy, du),

so that U and W are independent conditionally on F;_;.
(iii) Forall§ e R}, E[e' &V |F,_o]=exp(=We, v,_, (£)). where, for vo € R?,

t e/v o .
lps,t,vo(g):‘/; A;}/O /0 (1—e!&:aov 0001y 0 |” deb(0) dOf,(dv) ds.
—&

PROOF. To prove point (i), define M as the image measure of N by the
(F1)r>o-predictable map (s, v, 6, ¢, u) = (s,v,0, ¢ +¢o(Vs— —v, V;_ —v) mod-
ulo 27, u). Then (6.1) obviously rewrites as (7.3). The fact that M is a (F;);>0-
Poisson measure with the same intensity as N is due to the fact that the Lebesgue
measure on [0, 277) is invariant by translation (modulo 27). This was already no-
ticed by Tanaka [35]; see [21], Lemma 4.7, for a very similar statement. Points
(ii) and (iii) follow from standard properties of Poisson measures, because in U/
and W/, the integrands are F;_.-measurable and the Poisson integrals concern the
time interval [t — ¢, ¢]. O

We next estimate the Fourier transform of the law of U; .

LEMMA 7.4. Adopt the notation and assumptions of Proposition 7.1. Recall
that W ; v, was defined in Lemma 7.3. For all § € RyLall0<ty<t—e<t<n
with e € (0, 1),

2 ) .
R \Ijg v —l/l) Ct(],t](|$| /\ |S| ) l‘fy e (O’ 1)’
eWeran (O 2N VUL L) (62 AER) iy € (—1.01.

PROOF. We divide the proof into three steps.
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Step 1. Here we assume that y € (—1, 1). We have

t gV aom
Re\pg,,,vo(s—l/”s):/l_g /ﬂ@/o fo (1 —cos(s™1(£, a(vo, v, 6, 9))))

x |v —vol¥ dpb(0) dOfs(dv)ds.

By (3.1), (¢, a(vo, v,0, ¢)) = (cos8 — 1)(§,vg — v) /2 +sinB (&, ' (vg — v, @)) /2.
Hence

/0271(1 — cos(e V(g a(vo, v, 0, 9))) do

2
:/0 (1 — cos(e™1/" (cos 8 — 1)(£, vo — v)/2)
x cos(e ™!/ sinf(&, T'(vg — v, 9))/2)
+sin(e ™V (cos O — 1) (£, vo — v)/2)
x sin(e ™V sin (g, T (vo — v, 9))/2)) dg
2
:/0 (1 —cos(e ™V (cos® — 1)(€, vo — v)/2)
x cos(e ™1V sinB(g, (v — v, ))/2)) de
> /02”(1 — |COS(8_1/U sinf(&, T'(vo — v, 9))/2)|) dg.

Since 1 — cosx Zx2/4 and |sinx| > |x|/2 for x € [—1, 1] and since | sinx| < |x|
for all x € R (recall that 0 < e!/V < 1),

[ (1= cosle g, atwo, v.0. 0))) o

2 8_2/11 Sin29<s’ F(UO — v, (p))z
2/0 16 ]l{l(&,f‘(vofv,ga))sin9|5281/u}d(p

27 g72V0E T (vo — v, 9))?
= fo o1 L{j61<261/7 /16,7 (vo—v.) 1) 49

Using the lower bound of b given by (A, ;) and then integrating in 6, we obtain
Re W, ¢ v, (8_1/1)5)

c t eV Lom 5 2
> —— 04&, I'(vg — v,
_gz/vft_sz}/O /0 (£, T (vo — v, 9))

X Lyjg1<261v /16,7 (wo—v.))1)

x |v —vg|” dpd 'V dOf(dv)ds
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_ c t 2 2 1/v 281/V ]Z_V
—82_//_/1@/0 (& Lo —v.9) [8 " & Two— v, )]

x v —vol¥ fs(dv)deds
t 2
> E/t_e /11@3/0 (5. T(wo — v. @) A (5, T(wo — v 9))|"]

x v —wvol” fy(dv)deds

t 2
= Eft_g /R;/O [{vo — v. T, @) A |(vo — v. T (€. 0))|"]
x [v—wol|” fs(dv)deds,

where we finally used Remark 3.1.

Step 2. We now assume that y € (0, 1). Recall Proposition 4.2 [and the fact
that [I"(&, )| = |&], see (3.1)]: for any vg, & € R3, any ¢ € [0,2m), any v €
K (vo,T'(§, ¢)), we have [v —vo| = 1 and [{vo — v, I'(§, 9))| = IT'(§, @) = [§].
Thus, using that fi(K (vo, I'(§, ¢))) > g1y, >0forall0 <tp <t—e<s <t <1,
we get

Re W (s—”“s)>5f[ /h[lélz/\lél"]f(lf(vo I ) dgds
&,t,v0 _8 —e Jo S ) )

> cqun [IE1* A IEI].

Step 3. We finally assume that y € (—1, 0]. Recall again Proposition 4.2 and that
IT(&, @)| = |£]: for any vy, & € R3, any ¢ € [0,27), any v € K (vo, ['(£, ¢)), we
have |v —vo| < [v[+ |vo| =3+ |vo] [so that [v —vo|” = 3" (1 + [vo)”'] and |{vo —
v, T, )| = IT'(€, ¢)| = [§]. Thus, using that f(K (v, I'(§., ¢))) = g1, > 0 for
all0<tpy<t—e<s<t<t,weget

—1/v ¢t [0 v y
ReW, ;. (e S)z—/ f 1612 A 1E1](1+ 1vol)” f (K (vo. T, 9))) de ds
E Jt—e JO

= cquo.ny (1+ vol) " [IE1° A 1ET"],
which completes the proof. [J

We now estimate the regularity of the law of U;.

LEMMA 7.5. Adopt the notation and assumptions of Proposition 7.1. Re-
call that Ve 1 ., was defined in Lemma 7.3. Consider g ; v, € P(R3) such that
Zerm () = exp(—We (g (E). If0<to <t —& <1 <11 and s € (0, 1), ge.1.uy has
a density and

- 4y+4 ,
1986l 1 < | Cone (L Tl ify €, 1),
POTEED ] Gl e o) T ipy e (1,01
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PROOF. We introduce, for X, a &g v,-distributed random variable,
Ye i i= 8*1/”X8,t,v0. Then the law kg, of Y. ., satisfies kg, ,(5) =

Zerug (€7 V/VE) = exp(—We p.0, (e 71/VE)) and ke r o (x) = €37V ge.1.0y (e1/Vx). Ob-
serve that

(7.4) IV 8,00l L1 w3y = &1 Ve, 00l L1 m3)-

Step 1. We want to apply Lemma 7.2. We have m(é) = exp(—P¢.1,09(6)),
where @, ; (&) = W 1.4, (6 71/VE), whence

t eV on . “1v
Ceam®=[ [ [ [ (et et
ot —eJr3do  Jo

x [v —vol¥ dpb(0)dOf,(dv)ds
= R3(1 - ei@’Z)))\t,s,vo(dZ),
the measure A, ¢ ,, being defined by

/ F()hr.ea(d2)
R3

_/t S/Rs/ /ZH (a(vo’:}/ve (p)>|v—volydwb(é)défs(dv)ds

for all nonnegative measurable F : R — R. Lemma 7.2 thus implies

Vet vl 1@y < C(1+mT e enng) +maCureug))
< / e—Recbg,t,vo(%’)(l + |.§|)d§

R3
< C(1+m (A e,0) +ma(hs )

* (1 + e‘Re“’f-f-vo(f‘““%ldf)-
§1=1

A simple computation using (3.4) and (A, ) shows that forn =1, 4,

2 |91 v — vo"
maGaea = [ [ f / v~ vol” dgb(6) db fy(dv) ds

2n8n/v

t gl/v |9|n—1—vlv_v0|n+y
gcf / / dof,(dv)ds
1—e Jr3 Jo en/v

t ytn ytn 8(}’[—]))/1)
sc [ [0+ ol ) e fav s

(7.5)

(7.6)

<C sup (|v|y+"+|vo|y+")fs(dv)

s€[t—e,t]
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Step 2. Here we conclude when y € (0, 1). Letthus 0 <ty <t —¢ <t <t with
g € (0, 1). Using (1.3), we deduce that sup,.(,_. f]R;(|v|3’+1 + vol” T f (dv) <
C(1+ |vol”*1) and by (1.6), sup;ef; g Jps (10" =+ [vo]" ™) fi(dv) < Cpy (1 +
lvol” ™). Hence mf{(Ar.e,uy) + ma(hse.ny) < Cry(1 4 |vol* t4). By Lemma 7.4,
St e ReWernE " 15148 < €, . Recalling (7.5), we finally find that
IVke,t.00ll L1 R3) < Croury (14 [v0]*” ™), whence the result by (7.4).

Step 3. We finally conclude when y € (—1,0]. Let thus 0 <) <t — ¢ <
t <t with & € (0,1). Using (1.3), we deduce that supscf,_, fR3(|v|7’+1 +
vol” 1) fi(dv) < C(1 + |wol” ™). By (5.2) and since fo € Payytajy(w([RY) C
Paty (R?), we deduce that sup,cr,_, 1 frs (07T + Jvol” ™) fu(dv) < C, (1 +
luol”T4). Hence mf{(hs.e.09) + ma(hseny) < Cr (1 + |vol7**). By Lemma 7.4,
fl%lzl e_Re\‘I’,S.T,Uo(g_l/vg)|$|d%' < e e_cto-f1(1+|U0|>y|s‘v|§|ds < Cyn(l +
lvo)*¥177. Recalling (7.5), we finally get || Ve r,v0ll 11 (3) < Crory (1 + [0l T4) x
(14 o )H717Y < Cpy 1y (1 4+ |0o)*T7 F471/Y whence the result by (7.4). O

We finally have all the weapons to give the following:

PROOF OF LEMMA 7.1. Letthusfy <t —e <t <t withe € (0,1), and let
¢ € L (R3). Recall the notation introduced in Lemma 7.3. Write, using that 148
and U/ are independent conditionally on F;_ and that the law of U conditionally
on F;_¢ 1S g¢ 1, v,_, (see Lemma 7.5)

[E[¢ (V] +h) — (V]I
= [E[¢(U; + W/ +1) = o(U] + W))]|
= [E[E($(U; + W/ +h) = ¢(U; + W[)IFi—)]]

- ‘E[/ﬂ@ [P0+ W)+ 1) = d(x + W/)]ger v (X)dx]

= ‘IE[/R3 d(x + W) getvi . (x —h) — ger v, (X)] dx}

= ||¢>||L°°(R3)|h|E[||Vge,t,V,fs||L1(R3)]~

We used that fp3 |g(x — h) — g(x)|dx < [g3 fo 1h.Vg(x — uh)|dudx < |h| x

Jo 1V8C = ul)ll 1y du = |1Vl 13-
Assume first that y € (0, 1). Using Lemma 7.5, we get

_ dy+4
}E[(j)(\/f +h) - ¢(Vt8)]‘ = Cu.1y ||(f)||L°°(R3)|h|g I/VE[(l + |Vt—8|) T ]
The conclusion follows, since

E[Vi—e[" ] = may 1a(fi-e) < supmay1a(f;) < 00
s>t

by (1.6).
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Assume next that y € (—1, 0]. In this case, Lemma 7.5 gives
— 44y +4
E[¢(VE +h) — ¢ (V)] < Cron 191l ooy 1hle TV E[(1 + [Vie )71,

But since fy € ”P4+y+4‘y|/v(]R3) and 0 <t — ¢ <11, (5.2) implies that
E[|V,_g[*TrH4I/v] = Matyt4jy|/v(fi—e) < Cy,, which completes the proof. [

8. Conclusion. We finally can give the following:

PROOF OF THEOREM 1.3.  We thus assume (A, ) for some y € (—1,1),v €
(0, 1) such that y + v > 0. We also consider fy € P>(R3) such that fo is not a
Dirac mass. If y € (0, 1), we consider any weak solution (f;);>0 to (1.1) starting
from fp and satisfying (1.6) and we consider the associated Boltzmann process
(Vi)¢=0 built in Proposition 5.1(ii). If y € (=1, 0], we assume additionally that
fo € 774+V+4|y|/v(R3), and we consider the weak solution (f;);>¢ to (1.1) starting
from fj and the associated Boltzmann process (V;);>¢ built in Proposition 5.1(ii).
From now on, we fix t > 0.

We wish to apply Lemma 2.1. Let thus £ € R3 such that |#| < 1 and peCy (R3)
for some o € (0, 1). Let us define

19, = ‘/%3 (@ +h) — @) fi(dv)| = [E[¢(V: + 1) — p(V)]|.

For ¢ € (0, (t/2) A 1), we write, recalling that the approximate Boltzmann process
V? was defined in Lemma 6.1,

1% < [E[p (Vi + 1) — &(V; + 1)) + [E[p (V) — 6 (V)]
+[E[¢(V] +h) — (V)]
<20l e B[V = VE*] + Cilipllooe ™V 1]
< Celldllco s [E[| Ve — V7* T+,

where we used Lemma 7.1 (with #9p = ¢/2 and #; = t) and that Il poom3y <
16l e e)-

Point (i). We assume here that y € (0, 1). We consider « € (0, v], and we apply
Proposition 6.1(i): for any n € (0, 2), we write E[|V; — V] < E[|V; =V} Y]/ <
Cy ye?~M%/V We have proved that for all n € (0,2), all & € (0, (t/2) A 1),

19, < Conlldllcs oy (@7 + 671 ]

Choosing & = (1 A (t/2))|h|"/(1+C=D®) " we obtain I;f’h < Cryllgllco sy x
|h|C—me/(+C=m) For o e (0, v] small enough and 5 € (0,2) small enough,
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it holds that 2509 - ¢, Applying Lemma 2.1, we deduce that f; has a density

1+2—n)x
with furthermore f; € Bf’ OO(]1%3) for any s € (0, 5,,), where
5y = sup{M —a:ae(0,v],7€, 2)}.
1+Q2—-—na

It is easily checked that s,, is given by (1.7).

Point (i1). We next assume that y € (—1,0] and that y + v > 0. We consider
o € (0,v] and we apply Proposition 6.1(ii): for any n € (0,2 + y/v), E[|V; —
VEI®] <E[|V, — VE|']*/Y < C; ne@FT7/v=me/Y Hence for all n € (0,2 + 7y /v), all
ee(0,/2) A1),

18, < CoonllBllg o[ CH D0 4 e vy

Choosing & = (1 A (¢/2))|h|"/(1+CHy/v=n)) e obtain lffh < Crpllgll o) x
|h|CHy/v=ma/(+Q+y/v=me) Eor ¢ € (0, v] small enough and 7 € (0,2 + 2y /v)

. 2 _ .
small enough, it holds that % > o (because 2 + y /v > 1). Applying
Lemma 2.1, we deduce that f; has a density with furthermore f; € B} , OO(R3 ) for
any s € (0,s,,,), where

{ C+y/v—na
P 1+Q+y/v—na

It is easily checked that s, , is given by (1.8).

Point (iii). In any case, we thus have f; € B} , OO(R3 ) for some s > 0. This implies
that f; € LP?(R3?) for all pe(1,3/(3—s)); see, for example, [33], Corollary 2(ii),
page 36. The facts that f; € P>(R3) N L?(R3) for some p > 1 classically imply
that fp3 f;(v)|log f;(v)|dv < o00. O

—a:ae (0, v],ne(0,2+y/v)}.

S)/,V =

9. Existence of the Boltzmann process. It remains to prove Proposition 5.1.
We have already checked very similar results in several closely related situations,
but always with some restrictions (in the 2D-case or for bounded velocity cross
sections or assuming conditions on the initial data that guarantees uniqueness of
the solution). We thus give a rather complete proof. Unfortunately, we have to treat
separately the case of hard and moderately soft potentials: for hard potentials, we
associate a Boltzmann process to any weak solution, while for moderately soft
potentials, we can only build one Boltzmann process, which corresponds to one
weak solution. Thus the proofs really differ.

9.1. Moderately soft potentials. In the whole subsection, we assume (A, ;)
for some y € (—1,0], v € (0, 1), and we consider fy € PP(R3) for some p > 2.
We want to prove Proposition 5.1(ii). Recall that Lz was defined in (1.5) and
rewritten in (3.2).
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DEFINITION 9.1. Let B(Jv — v4|,cosf) be a given cross section. A cadlag
adapted process (V;);>0 on some probability space ($2, F, (F;):>0, Pr) is said to
solve the martingale problem MP( fy, B) if:

(@ LMVo) = fo,

(b) forall > 0, E[V,] = fgs vfo(dv) and E[|V;|*] = fs 0] fo(dv),

(c) forall ¢ € Lipb(]R3), (M,qb)tzo is a (2, F, (F1)s>0, Pr)-martingale, where
Mtd) =¢(Vy) — fot Jr3 Lo (Vs, v) fs(dv) ds and where f; :== L(V).

The following remarks are classical.

REMARK 9.2. (i) A cadlag adapted process (V;);>0 on some probability
space (2, F, (F1)r>0, Pr) is a solution to MP(fy, B) if and only if it satisfies
point (a) and (b) of the above definition and if there exists, on a possibly en-
larged probability space, a (F;);>o-Poisson measure N(ds,dv,d6,d¢,du) on
[0, 00) x R3 x (0, /2] x [0,2m) x [0, oo) with intensity ds fs(dv)b(0)dO de du
[where f; := L(V;)] such that (V;);>¢ solves (5.1).

(i) If (V;)¢>0 solves MP( fo, B) and if f; := L(V;), then (f;);>0 is a weak solu-
tion to (1.1) starting from fp.

See, for example, Tanaka [35], Section 4, for (i). Point (ii) is obvious: use that
for ¢ € Lip, (R3), for 1 > 0, E[M{] = E[MJ1=E[¢ (Vo)].
We start with the following statement.

REMARK 9.3. Let B be a cross section satisfying (A, ,) for some y €
(—1,0], v € (0,1). For k > 1, define Bi(Jv — vy|,cos0)sinfd = (Ju — vV A
k)b(0)1ip>1,x). There exists a (unique in law) solution to (V,k),zo to MP( fo, Br).

This result can be checked easily, because féf /2 b(0)1ip>1/kydb < oo and be-
cause (|z|” A k) is bounded. For example, one can use a perfect simulation algo-
rithm, see, for example, [19] for a very similar result concerning the Smoluchowski
equation.

Below, D([0, 00), ]R3) stands for the set of R3-valued cadlag functions, which
we endow with the Skorokhod topology; see, for example, Jacod and Shiryaev
[28].

LEMMA 9.4. Adopt the assumptions and notation of Remark 9.3 and recall
that fo € Pp (R3) for some p > 2:

(i) forall T > 0, sup;= E[supyo 71 1VFI1P1 < Cr,p:
(i1) the family ((Vtk);zo)kzl is tight in ([0, 00), R3) and any limit process
(Vi)i=o satisfies Pr(V; # Vi) =0 forall t > 0O;
(iii) any limit (V;)i=0 solves MP( fo, B) and verifies E[sup[O’T] [ViIPT1 < Cr,p
forall T > 0.



888 N. FOURNIER

PROOF. We start with (i). Set ftk = /J(Vtk). As in Remark 9.2(i), there is a
Poisson measure Ni(ds, dv,d8,dy,du) on [0, 00) x R3 x 0,7/2] x [0,27) x
[0, co) with intensity dsfsk (dv)b(0) d6 dy du such that

r k t /2 p2m poo X
e [ [ [t
C0 o Jesdo o Jo s ?)

x 1

{u<|VE —v|¥ Ak)
X Lip>1/k)Nk(ds,dv,dO,de, du).
Observe now that due to (3.4),
||Vsk— +a(vsk—’ v,0, ¢)|P_{Vsk_}l7|
< VAP 4 la(VE v.0.9) " Dla(VE . v.0.9)]
< Cp(L+ V" PV — o]

so that, using the It6 formula for jump process (see, e.g., Jacod and Shiryaev [28],
Theorem 4.57, page 56),

sup| V;f|”

[0.7]
Ky t /2 p2m poo kp—1 o1 K
=+ [ L[ [ A v e v —vle

X ]l{u§|VSk_—v|V}Nk(ds’ dv,df,dy, du).

Taking expectations and using that f(;r/z 0b(0)do < oo by (A,,)), we get

E([S(;JEM"I”) <E(|V§|")

t
+c,,/ f3E[(1 + VAP )P Y| VE — o] £ dv) ds.
0 Jr
Since y + 1 € (0, 1]and £ = L(V}),

t
E([s(;lg}vrk}”) §E(|V(§<|P)+c,,/0 /RSE[I +|VHP 4 10P] £ (dv) ds

t
<E(V§|")+Cp [ B[+ |V ds.

Finally, E(| Véclp ) =mp(fo) < oo does not depend on k and we conclude with the
Gronwall lemma.

To check (ii), we use the Aldous [1] criterion (which shows both tightness and
that any limit process has no fixed discontinuity); see also [28], page 321. Due to
(1), it suffices that for all T > 0,

9.1) limsup sup E[|VE - VE[]=0,
8=>0k>1(S,5eSr(8)
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the set S7(8) consisting of all pairs (S, S’) of stopping times satisfying 0 < § <
S'<S+8<T.LetthusT >0,68 >0, (S,S) €Sr() and k > 1 be fixed. Using
the s.d.e. satisfied by (V}),>0, we immediately get

E[|Vg — Vsl]

S§+4 /2 27
5EU /2/ / \a(Vs,v,G,go)HVSk—v}yd(pb(e)dedwﬁ‘(dv)ds]
S R° JO 0

Using (3.4), that [J"*6b(8)d6 < oo by (Ay.,) and that fgs [v]"+! fK(dv) =

E[|V¥|¥*+1]is bounded for s € [0, T] due to (i), this gives
S+6
+1
BlIvE - Vil = [ [ Vi ol s as]

S+6
§CTIE[/ (1+|Vsk|)y+1ds]
S
Finally,

E[|V§ - VE|] < CrE[8 sup (1 +|VE)" | < Crs
[0,T]
by point (i), whence (9.1).

We finally check (iii). Let thus (V;);>0 be the limit in law of a (not relabelled)
subsequence of (Vtk),zo. Write f; := L(V;) and f,k = L(V,k). First, we obviously
have L(Vp) = fo, since E(Vé‘) = fo forall k > 1. We also have E[sup|y 7 |V;[7] <
Cr,p for all T > O thanks to point (i). Since we have E[Vtk] = [rs vfo(dv) and
E[|V¥?] = [g3 [v]? fo(dv) for all k > 1 and all ¢ > 0, we easily deduce from (i)
(recall that p > 2) that E[V;] = fR3 vfo(dv) and IE[|V¢|2] = fR3 |v|2fo(dv) for all
t > 0. It only remains to check that for all ¢ € Lip,, (R3), (be )r>0 1s a martingale,
where M,‘p =¢(Vy) — fé Jr3 Lo (Vs, v) fs(dv)ds. To do so, consider n > 1, 0 <
fH <---<t, <s <t and a family of continuous bounded functions ¢, ..., ¢, on
R3. We have to prove that E[Wp (V)] =0, where, for x € D([0, c0), R3),

n t
W p () =i1;[1¢,-<xti>(¢<xt> 00— [ [ Lugtv)p@vr)

Since (Vtk),zo solves MP( fo, Bx), we know that E[\ka’fk(Vk)] = 0, where
Wp, i 1s defined as Wp ¢, with L g replaced by Lp, and f, replaced by f,k. Thus
we just have to prove that limy IE[\I!Bk,fk(Vk)] = E[Wp, r(V)]. First, we know
from Lemma 3.3 that Lg¢ is continuous on R3 x R3. We deduce that Wp 7 is
continuous at each x € ID([0, 00), R3) such that x has no jump at #1,...,#,,s,¢.
But V has a.s. no jump at fixed points by (ii). Since V* goes in law to V and since
frk tends weakly to f; for each r (because V¥ goes in law to V and since V has
no fixed discontinuity), we deduce that W fk (VK5 goes in law to Wg (V). Using
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that the family (Vg fk(vk))kz] is uniformly integrable [because [Wp fk(Vk)l <
Cy(1+ [] fp3 IVE — v T fh(dv)dr) < Cp g (1 + supy IV 1) and due to
(1)], we conclude that limy E[qu’fk(Vk)] = [E[Wpg, r(V)]. Hence it only remains
to check that limy E[[Wp, (VF) — Wp a(V5)[] = 0. Using point (i) and that
I(Lp — Lp)¢ v, vi)| < Cok (1 + |v|*> + |v4]?) for some « > O (see the proof
of Lemma 3.3), one easily concludes. [

We finally may give the following:

PROOF OF PROPOSITION 5.1(ii)). We thus assume (A, ,) for some y €
(—1,0] and some v € (0,1) and consider fy € PP(R3) for some p > 2. We
know from Lemma 9.4 that there exists a solution (V;);>¢ to MP(fo, B) and that
E[sup[O’T] |Vi|P1 < Cr,p forall T > 0. For t > 0, set f; = L(V;). Then (5.2) obvi-
ously holds, since m ,(f;) = E[|V;|”]. Finally, Remark 9.2 ensures us that (V;);>0
solves (5.1) and that (f7);>0 is a weak solution to (1.1) starting from fy. U

9.2. Hard potentials. We still have to prove Proposition 5.1(i). We use very
similar arguments as in [18], Proof of Proposition 3.4, concerning the 3D Boltz-
mann equation without cutoff with velocity cross section min(|v — v, |”, k).

In the whole subsection, we assume (A, ,) for some y € (0,1), v € (0, 1).
A weak solution ( f;);>0 to (1.1) starting from fj € P> (R3) satisfying (1.6) is fixed.

For t > 0, we introduce A, defined, for ¢ € Lipb(R3) and v € R3, by [recall
(1.5) and (3.2)]

) = [ Lag(v.v) fildv)

/2 p2mw
9.2) =/ / / v — vgl”
R3Jo 0

X [@(v+a(v, vs, 6, 9)) — ¢ (0)]b(O) dp dbfi(dvy),
where a was defined in (3.1). We define similarly, for k > 1, setting Hi(v) =

lu| Ak
] ™

atpwr= [ [ [T 1mw -l

x [@(v + a(Hi (), v1. 6. 9)) — $()]b(©) dp dbf, (dv,).

DEFINITION 9.5. (i) Let o > 0 and u € P(R?) be fixed. A cadlag adapted
process (V;);>z, on some probability space (€2, F, (F;):>0, Pr) solves the mar-
tingale problem MP(, to, (A;)i>1, CL(R?)) if L(V;) = p and if for all ¢ €
CLR3Y), (M)i=1 is a (R, F, (Fy)i=1» Pr)-martingale, where M{ := ¢(V;) —
Jio As¢ (Vy) ds.



HOMOGENEOUS BOLTZMANN EQUATIONS 891

(i) For 19 = 0, u € P(R?) and k > 1, the martingale problem MP(u, f9,
(AF);=1,, CH(R)) is defined similarly.

The following remark is classical; see, for example, Tanaka [35], Section 4.

REMARK 9.6. (i) A process (V;);>;, on some probability space (£2,.F,
(F1)i=0, Pr) is solution to MP(w, to, (As)r>1,, Cg (R%)) if and only if L(V;)) =
and if there exists, on a possibly enlarged probability space, a (F;);=0-Poisson
measure N (ds, dv,d8,dy, du) on [0, 00) X R3 x (0, /2] x [0, 2m) x [0, co) with
intensity ds fs(dv)b(0) dO de du such that for all ¢ > 1,

t /2 p2m poo
%=%+//’/ / / a(Vy_,v,6,0)
3) to R3Jo 0 0

X Liu<v,_—vryN(ds,dv,d0,de, du).

©.

(i1) Similarly, a process (Vtk )i>1, Solves MP (i, 1o, (Af),zto, CC1 (R%)) if and only
if L(Vy,) = p and if it solves

X t /2 p2m poo k
Vi=V, + f f / / a(H,(V:),v,0,
t 1o w0 JR3 Jo 0 0 ( k( s ) 90)

9.4)
X ]]‘{u§|Hk(VSk,)—v|V}N(ds’ dv, d@, d(p, du).
We start with the following statement.

REMARK 9.7. For any 1o >0, any u € P»(R3) and any k > 1, there exists a
unique (in law) solution (V¥),>, to MP(u, tg, (A¥);>4,, CL(R?)).

This can be proved exactly as in [18], Proof of Proposition 3.4, Steps 1 to
7. We have checked all the details and omit the proof. Let us only mention
that we have to use the following estimates: (i) [p3 fs(dv)(|Hx(v) — vil” +
|Hy(v) — va V) < G, (i) Js f5 (@) | Hi (v) — v4]Y [ He (v) — Hi (D) < Cielv —
0|, (i) fgs fs(dv)|[Hk(v) — vil[|H(v) — vi|” — [Hi(0) — vi|”]| < Clv — vl
Points (i) and (ii) are easily checked and use only that Hy € Lipb(]R3) and that
Jro fs@u) (4 [a]” + [0l T < fgs f5(dva) B+ |v4]?) < C by (1.3). Point (iii)
uses additionally (6.2).

To make tend k to infinity, we will need the following uniform (in &) moment
estimates.

LEMMA 9.8.  Consider the solution (VF);4, to MP(u, to, (A¥);4,, CLR?)),
for some to > 0 and some p € P>(R3). For any T > to, we have

(i) supy, 71 ELVFI2] < Cro 70
(i1) E[SUP[;O,T] |Vtk|] <Ci.T,u-
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PROOF. We start with (i). Using (9.4), the It6 formula for jump processes
(see, e.g., Jacod and Shiryaev [28], Theorem 4.57, page 56), taking expectations
and integrating in u, we get, for ¢ > 1y,

E[|V/[*] =E[|V£[]
+E[/IO/R3/H/2/ZH la(Hy (V. v@go){
+2(V{ a(Hi(VE). v. 6. 9)))
X |He(VE) = v|"b(6) dg des(dv)ds].

After some explicit computation using (3.1) and (3.4), this yields

E[[V/ (] = [ 1P

[ [T v —off 2 (v )

x 7t |Hp(VE) —v|" (1 - cos@)b(@)d@fs(dv)ds]

Observe that (1 — cos8)b(0) is integrable due to (A, ). Next, we have (Vs",
Hi(VR)) > |H(VF) |2 and |Hi(VF)| < |VF|, from which we deduce |Hy (V) —
V|2 — 2(VE Hy(VE) —v) < [v]2 + 2(VE — H (VF), v) < |v]? +2|VF][v]. We also
have | Hy(VF) —v|? < C(1+ |Hp(VE) [+ |v]) < C(1 4| VK| +|v]). We finally find
that (| Hi (V) — v]? = 2(VE, H (VE) — o) [H(VE) — o7 < C(w? + 1 VE o) (1 +
|VE 4+ v]) < C (14 [v]})A + | VE?). Thus

E[|VA]] < C, +CEU;/R3(1 + P+ |Vsk|2)fs(dv)ds}

t
< Cut Co [ E[1+|VEP1ds

fo
We used that, since 7y > 0, SUp; =y, m3(fs) < oo by (1.6). The Gronwall lemma
thus implies SUpP(4,. 7] E[|Vtk|2] < Cy, T, as desired.
Point (ii) easily follows, since

B sup V4] < BV

[t0,T
/2 27r i
+E[//f / a(Hx(VF), v, 6, o)||Hi(VE) = v|”
to R3

x b(0) d dOf,(dv) ds],
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so that using (3.4) and that 6b(0) is integrable by (A, ),

T
E[ sup [V]] < /ﬂ@ vl (dv) +CIE[/t /R3|Hk(vsk) - v|y+1fs(dv)ds]
3 0

[t0,T1]
r k2 2
=Cu+C [ [ A+EVEF]+ 1P f@v)ds < Cor
, JR3
by (i) and (1.3). O
We deduce the well-posedness of MP(, 19, (Af) >4y, CC1 (R3)) when 7y > 0.

LEMMA 9.9. Letty > 0 and n € P (R3) be fixed. There exists a unique (in
law) solution (V;);>4, to MP(u, to, (At)r>1,> Ccl (R?)).

PROOF. We only sketch the proof, since it is tedious but rather standard.

Uniqueness. Consider (V;);>, solving MP(u, to, (Ar)1>4,, C Ll (R3)). Introduce,
for k > 1, 7, = inf{t > 1y :|V;| = k} (with the convention that t; = 1y if this set is
empty). Since (V;);>y, is cadlag by assumption, it is locally bounded, whence 73 —
oo a.s. as k — oo. For k > 1, observe that V solves MP(u, 19, (Af)tzto, CC1 (R3?))
until 74 (because v = Hi (v) if |v| < k and because | V;| < k for all ¢ € [19, ¢)). By
uniqueness for MP(u, 1o, (A’;),Z,O, Ccl. (R3)), we deduce that for any T > 0, any
k > 1, the law of (V;)e[s, 7] knowing 7 > T is entirely determined. Using that
T — 00 a.s. as k — 00, we easily conclude.

Existence. One way to prove such an existence result is to use a tightness
argument as in Lemma 9.4 above. Another way is the following. Consider
T > 1o arbitrarily large. Roughly, if k is very large, then a solution (V,k)tzto to
MP(u, 19, (A¥);4,, CL(R?)) will not reach k before T with a high probability [due
to Lemma 9.8(ii)], so that it actually also solves MP(u, to, (As)r>1os CC1 (R3)) dur-
ing [#g, T'] [because as previously, v = H(v) for |v| <k]. O

The last preliminary will be useful to show that the law of V; is indeed f;.

LEMMA 9.10. Let tg > 0 and jn € P(R3) be fixed. There exists at most one
family (i,);=0 C P(R?) such that for all ¢ € CL(R?), all t > 1o,

t
/R p(dv) = /R (v + f A; AWy (dv) ds.

PROOF. This will follow from Horowitz and Karandikar [26], Theorem B1, if
we check the following points:

(a) CC1 (R?) is dense in Co(R?) for the uniform convergence topology;
(b) (t,v) — A;¢(v) is measurable for all ¢ € CC1 (R3);
(c) foreacht > 0, A; satisfies the maximum principle;
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(d) there exists a countable subset {¢;} C C Ll (R3) such that for all 7 > 0, the
closure of {(¢r, A;pr):k > 1} C C Cl (R3) for the bounded-pointwise convergence
is {(¢, Arg):¢p € C(RV));

(e) forall vy € R3, MP(8y,, 10, (Ar)r>1y, CL(R?)) is well posed.

First, (a) and (b) are clear, and (e) follows from Lemma 9.9. Next, (c) is
obvious from (9.2): if ¢ attains its maximum at some vg € R3, A (vg) < 0.
The only delicate point is (d). Consider a countable family {¢x}i>1 C Ccl. (R?)
dense in C g (R?) in the following sense: for all ¢ € C Cl (R3) such that Supp¢$ C
B(0, R), there is a subsequence ¢y, such that Supp¢y, C B(0,R + 1) and

16 — b, Il oo ) + V(@ — b, | L 3y — 0. We have to prove that (¢, . Ard,,)
goes to (¢, A;¢) bounded-pointwise. We obviously have that ¢, — ¢ bounded-
pointwise. An immediate computation using (3.4), (A, ) and (1.3) shows
that for all v € R?, |A;dy, (v) — Aip(v)| < CIIV( — i)l oo w3y fr3 OV —
V|7 T1b(0) dOfi(dvs) < CIIV( — i)l oo 3y (1 + [v]*) — 0. It only remains
to prove that sup, 3 sup,~ |A; P, (v)| < 00.

To this end, it suffices to check that for ¢ € Cg (R?) with |¢| Loo®3) +
V@Il poor3y < K and Supp¢ C B(0, R), we have At @l oo w3y < Ck R-

First consider v € R? such that [v] < 5R. Then using (3.4), (A, ,) and (1.3),
we obtain |A;¢ (V)] < K [ps0]v — vi|” T1b(0) dOf,(dv,) < CK(1 + v’ T]) <
CK(1+ Rvth.

Next, consider v € R3 such that |v| > 5R. Then we have ¢ (v) =0, so that
lp(v + a(v,vs,0,9) — @) < Kla(v, vi, 0, ©)|L{jv1av,v,.0,0)|<R}- But v +
a(v, vy, 0, 9)| < R implies |a(v, v, 0, @) > |v]| — R > 4|v|/5, whence [recall
B4 V1 —cosB|v— v > 4ﬁ|v|/5, from which (recall that 6 € (0, 7 /2]) |v| +
|vy| > 4ﬁ|v|/5 and finally |vy| > (4«/5/5 — DJv| > |v|/10. We thus get |¢ (v +
a(v, vy, 0,9)) — P )| = Kla(v, vy, 0, )L, > v)/10} = KOV — vs| Ly, |>|v/10}
by (3.4), whence

[Arp ()| < K/R3 /Oﬂ/z Oh 01v — v "V Lyju = u1/101(0) dO d fy (ds).
Using (A, ) and then (1.3), we deduce that
A @) <K [ 0=l L opayr0 fitdvs)
<& [ (1) fiduo < CK.
We finally have checked that for any v € R?, |A,¢ (v)| < CK (1 + RY*!). O
We finally may give the

PROOF OF PROPOSITION 5.1(i). We divide the proof into two steps.
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Step 1. For ty > 0, let (V;);>4, be the unique (in law) solution to MP( f;,, to,
(A r>10> CCI(R3)). The aim of this step is to prove that £(V;) = f; for all t >
to. To this end, put u; = L(V;). For any ¢ € CCl (R?) and any t > tg, we know
that ¢ (V;) — [ As¢(Vs)ds is a martingale, whence E[¢ (V) — [;i As¢(Vy)ds] =
E[¢ (Vi,)], which yields

t
[ owman = [ oo s+ [ [ Ag@nsaas

But (f;):>0 is a weak solution to (1.1), whence, for ¢ € Ccl. R c Lip, (R?) and
I =1,

t
Lo @ =[ oo @+ [ [ [ Lo fi@vds

t
= [owfutan + [ [ Ao favds

Lemma 9.10 implies that u; = f; for all £ > t1g.

Step 2. We deduce from Step 1 that if (Vtto)tzto solves MP( f1,, t0, (Ar)i>1y,
Cl(R%)), then for any 71 > 19, (V,°);=,, solves MP(fi, 11, (A))i=r,, CLRY)).
This compatibility property [recall that uniqueness holds for MP( f,, t0, (A)r>1,»
Cg (R3)) for any fo > 0 by Lemma 9.9] implies, by the Kolmogorov theo-
rem, that there exists a process (V;);>0 such that for all o > 0, (V;);>4, solves
MP( f1,, t0, (At) =105 CC1 (R3)). In particular, we have £(V;) = f; for all r > 0 by
Step 1. Since now f;, tends weakly to fo as #p — 0O [use, e.g., Lemma 3.3], we eas-
ily deduce that (V;);>0 solves MP( fy, 0, (A/);>0, CC1 (R?)). Due to Remark 9.6(i),
this ends the proof. [
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