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A DIFFUSION APPROXIMATION THEOREM FOR A NONLINEAR
PDE WITH APPLICATION TO RANDOM BIREFRINGENT
OPTICAL FIBERS!

BY A. DE BOUARD AND M. GAZEAU
CMAP, CNRS and Ecole Polytechnique

In this article we propose a generalization of the theory of diffusion ap-
proximation for random ODE to a nonlinear system of random Schrodinger
equations. This system arises in the study of pulse propagation in randomly
birefringent optical fibers. We first show existence and uniqueness of solu-
tions for the random PDE and the limiting equation. We follow the work
of Garnier and Marty [Wave Motion 43 (2006) 544-560], Marty [Problemes
d’évolution en milieux aléatoires: Théoremes limites, schémas numériques
et applications en optique (2005) Univ. Paul Sabatier], where a linear elec-
tric field is considered, and we get an asymptotic dynamic for the nonlinear
electric field.

1. Introduction. The Manakov PMD equation has been introduced by Wai
and Menyuk in [31] to study light propagation over long distance in random bire-
fringent optical fibers. Due to the various length scales present in this problem,
a small parameter ¢ appears in the rescaled equation. Our aim in this paper is to
prove a diffusion limit theorem for this equation for which we will have to general-
ize the perturbed test function method [5, 20, 24] to the case of infinite dimension.
In [18, 22], a limit theorem is proved for the linear part of the Manakov PMD
equation using the Fourier transform and the theory of diffusion approximation
for random ODE. Obviously the method in [18, 22] does not work for a nonlinear
PDE. In [12, 22], a limit theorem is proved for a nonlinear scalar PDE driven by
a one-dimensional noise. The proof relies on the fact that the solution processes
are continuous functions of the noise. These methods are no longer applicable to
the limit equation that we will consider which is driven by a three-dimensional
noise, because the solution cannot be written as a continuous function of the noise.
Indeed, in a general setting a strong solution of a stochastic equation is only a
measurable function of the initial data and the Brownian motion driving the equa-
tion. However, in the case of a one-dimensional noise, Doss [14] and Sussman
[27] proved that the solution of such an equation can be written as a continuous

Received May 2011; revised November 2011.
1Supported in part by the French ANR research Project ANR-07-44 BLAN-0250 and by a grant
from Région Ile-de-France.
MSC2010 subject classifications. 35Q55, 60H15.
Key words and phrases. Nonlinear Schrodinger equation, stochastic partial differential equations,
white noise, diffusion limit.

2460


http://www.imstat.org/aap/
http://dx.doi.org/10.1214/11-AAP839
http://www.imstat.org
http://www.ams.org/mathscinet/msc/msc2010.html

DIFFUSION APPROXIMATION THEOREM 2461

function of the Brownian motion. This result has been extended by Yamato [32] to
multidimensional Brownian motions when the Lie algebra generated by the vector
fields of the equation is nilpopent of step p. He actually proves the equivalence
between the nilpotent hypothesis and the fact that the solution can be written as a
continuous function of iterated Stratonovich integrals. In our case the vector fields
driving the Manakov PMD equation are functions of the Pauli matrices and the
nilpotent hypothesis of Yamato is not satisfied. This motivates the use of the per-
turbed test function method. Note that the method has been used for a linear PDE
in [13] and a PDE with bounded diffusion coefficients in [25].

We are also interested in the mathematical analysis of both the Manakov PMD
and the limit equations. Using a unitary transformation, we are able to establish
Strichartz estimates for the transformed equation, that are not available for the
Manakov PMD equation. This result will then enable us to prove global existence
of solutions. The limiting equation is also studied. We use a compactness method
to study the existence and uniqueness of solutions of this latter equation, due to the
lack of nilpotent hypothesis and to the absence of unitary transformation similar
to the Manakov PMD case.

1.1. Presentation of the model. Optical fibers are thin, transparent and flexible
fibers along which the light propagates to transmit information over long distances
and so are of huge interest in modern communications. In a perfect fiber, the two
transverse components of the electric field are degenerate in the sense that they
propagate with the same characteristics: group velocity, chromatic dispersion, re-
fractive indices (n] = nj), etc. However, during the fabrication process the fiber
may present defects like an ellipticity of the core or suffer from mechanical dis-
tortions like stress constraints or twisting [1, 2]. These phenomena induce modal
birefringence (n| # ny) characterized by an orientation angle 6 and an amplitude
b. If n1 > ny, we then define a slow axe and a rapid axe corresponding, respec-
tively, to the mode indices n| and n>. The orientation angle 6 describes the rota-
tion of the local polarization axes with respect to the initial axes. The birefringence
strength (or degree of modal birefringence) is given by b = |n| — nalkg = k1 — ko,
where ki, ky are the components of the wave vector and ko the wavenumber of
the incident light in vacuum. The beat length Lp = k,szz indicates the length re-
quired for the polarization to return to its initial state. There exist several types of
birefringence that do not have the same effect on the electric field. Usually linear
birefringence is studied (in the absence of Kerr effect, a linearly polarized light re-
mains linearly polarized), although it has been shown that the birefringence could
also be elliptic (occurring in case of twisting, see Menyuk [23]). In case of a uni-
form anisotropy along the fiber, the birefringence parameters (6, b) are constant.
However, in realistic configurations, the anisotropy is not uniform along the fiber.
We assume, as in [28-31], that the birefringence is randomly varying, implying
polarization mode dispersion (PMD). The difference of velocity of the two modes,
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due to random change of the birefringence (and so of the refractive indices), in-
duces coupling between the two polarized modes and pulse spreading: PMD is one
of the limiting factors of high bit rate transmission.

In [31], Wai and Menyuk assumed that there is no polarization-dependent loss
and considered that communication fibers are nearly linearly birefringent. We here
use one of the models introduced in [31] for which the local axes of birefringence
are bended with an angle 6 randomly varying along the propagation axe and that b
and b’ (the frequency derivative of b) are constant along this axe. Let us recall that
the Pauli matrices are defined by

0 1 0 —i I 0

and let us consider the coupled nonlinear Schrédinger equation transformed into
the frame of the local axes of birefringence [21, 31]
L. L, AV dy 3PV
i —+2X2OV+iboy —+ — —=
ot ax 2 9x2
(1) 5 1 1
+ LW 4 (W03 W)os W 4 SN (W) =0,

where dj is the group velocity dispersion parameter, N (V) = (¥ \IJ§, 5211112)’ and
i do()

1) — 2 dt
0=\ apq)

2 dt
We recall that in the context of fiber optics, x corresponds to the retarded time
while ¢ corresponds to the distance along the fiber. We introduce a new vector field

U = exp(—ibto3)W. The evolution of U is given by the previous equation (1.1)
replacing ¥ and N (W), respectively, by
£dOW) aip

0 — T 2 —A4ibr
S 2 dt ¥ Ve
Xt)=1| . and NW)=| ~ =, ,. .
D=\ i a60) . ) (wzwfe4lbf)
2 dt

Following Wai and Menyuk [21, 29-31], we denote by [ the fiber length. We also
denote by /; the dispersion length scale and /,; the nonlinear length scale related
to Kerr effect. The fiber autocorrelation length /. is the length over which two
polarization components remain correlated. We consider, as in [31], a typical con-
figuration where [ ~ Iz ~ [;; > [. > Lp, that is, we consider “relatively small”
propagation distances. Under these assumptions and the assumptions on d6/dt
below, the term N (V) is rapidly oscillating and will be neglected [2, 21, 31], its
effect being averaged out to zero. As in [21, 31], we introduce a unitary matrix

_ Ltl(t) us(1)
(1.2) T = <_u2(t) m(ﬂ) ’
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the solution of

(1.3)

8 a(t) + E(t)T(t) =

We also consider, for r € R, the matrix

1] = uz|? 2uiuy ) _ ( ms3 my — imz)
2uiuy luz|* — Juy |? my+imy —m3

o () = (
(1.4)
=o1m (1) + ooma(t) + o3m3(1),

which characterizes the linear birefringence and where m 1, my, ms are real-valued
processes. Then we can remove the rapid variation of the state of polarization in
the evolution of W using the change of variable W () = T (¢) X (t). We obtain

X dX dy 3*X
la—+lb0'(u(t))—+2 82
(1.5)

+ 5|X|2X + E(X*03X)03X 4 éNLAX) —0,
where N, (X) = (N1 ,(X), N2, (X))" satisfy
Niu(X) = (m} +m3) Q2| Xal* — [X11) X,
(1.6) + (my — im)m3 21X 1> — | X2*) X2
+ (my — imz)ngyl + (m + imz)m3X%YZ,
Nou(X) = (m] +m3)Q2|X1* — | X2)) X2
(1.7) — (m1 +im)m3 21 X21* — X119 X,
— (m — im))m3X3X1 + (m1 +imy)> X3 X,.

Assuming, as in [18, 22, 30], that the correlation length of d8/dt is much shorter
than the birefringence beat length and that |d6/dt| < b, we set d6/dt = 2epa(t),
where g¢ is a small dimensionless parameter and o a Markov process with good
ergodic properties. Thus, we may replace the process u by v, with [18, 22]

dv(t) =i/Ye(o1v(t) 0o dWi(t) + 02v(r) 0 dWa (1)) + iyso3v(t) dt
(1.8) =iVc(ov(®)dW(t) + azv(t)de(t)) +iyso3v(t)dt
— yev(t)dt,

where [v1(0)]? 4+ [12(0)|?> = 1, W = (W, W») is a 2d real-valued Brownian motion
and o denotes the Stratonovich product. The second equation is the corresponding
Itd equation. In addition, y., ys are two constants determined by « and given by

Ye = / - cos(2bt)E(a(0)a(t))dt and yy = f Oosin(th)E(a(O)a(t))dt-
0 0
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Then v(r) € S? a.s., the unit sphere in C2 ~ R*. We denote by A the unique in-

variant probability measure of v (see Section 5) and by E 4 () the expectation with

respect to A. Thus, replacing u by v in (1.5), we obtain a new equation describing
the evolution of the electric field envelope X = (X1, X5)":

X dy 3°X

I —+ =

ot 2 9x?2

» X 1
=—iblo () - - 8(NU(X) —EA(Ny(X))):

8 2
+ 51X 12X
(1.9)

indeed, the process m = (m1, mo, m3) is now defined as m = (g1 (v), g2(v), g3(v))
and it can be proved (see Section 5) that

Ea(N1,v(X)) = 321X — X1/ X1,
Ea(N2,(X)) = 321X 1 * — [ X2/H) Xa.

We set

(1.10) Fy(X () = $IXIPX — §(Ny(X) —EA(N,(X))).

Equation (1.9) is of great interest for the study of dispersion because the main
effects leading to signal distortions (Kerr effect, chromatic dispersion, PMD) can
be easily identified: on the left-hand side, the first term describes the evolution of
the pulse along the fiber. The second one corresponds to the chromatic dispersion
and the last term to the Kerr effect averaged on the Poincaré sphere. On the right-
hand side of the equation, the first term describes the linear PMD effect and the
second term describes nonlinear PMD.

The Manakov PMD equation (1.9) is written in dimensionless form. According
to the length scales we consider, we set X, (¢, x) = %X(S’—z, %) and v (¢) = v(;—z),
where v is the solution of (1.8); then the electric field X, has the following evolu-
tion:

90X (1) b X (1) dy 32X, (1)
1.11 — t —
(LD i ==+ o) ==+ 5

where the term F), (1)(X¢(¢)) is given by (1.10).

In various physical situations, the long time behavior of a phenomenon subject
to random perturbations requires to take care of the different characteristic length
scales of the problem. In this context Papanicolaou, Stroock and Varadhan [24] and
Blankenship and Papanicolaou [5] introduced the approximation diffusion theory
for random ordinary differential equations. This method has been used to study
wave propagation in random media [17] and, in particular, in randomly birefringent
fibers [18, 22], but only few results exist on limit theorems for random PDEs. In
the latter, the authors studied the evolution, in an optical fiber, of the linear field
envelope X, given by

X (1) b X (1) dy 3*X.(0)
J— t — e
P T o) T

+ Fu, (X (1)) =0,

0
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and proved that the asymptotic dynamics, when & goes to zero, is given by

do 82X() t)ode(t)zo

de()+( )d+f2k

where W = (W}, W, W3) is a 3d Brownian motion, and y = (b’ )2 /6y.. Note that
the linear PMD effect reduces to one single parameter y in front of the three Brow-

nian motions. Generalizing the perturbed test function method, we will prove that
the asymptotic dynamic of (1.11) is given by the stochastic nonlinear evolution:

2
idX(@)+ <a;) axg ) + F(X(t))> dt
3
(1.12) g7 Y o X awean
k=1

=0,

where the nonlinear function F reduces to F(X (¢)) = %|X (1)]?X () that is simply
the expectation, with respect to the invariant measure A, of F,, ) (X (1)). We will
also make use of the following equivalent It6 formulation:

idX (1) + ((% - 3%) 328’;” + F(X)(t)) dt

3
(1.13) + szok 8X(t>

=0.

dWy ()

Note that a different regime concerned with long propagation distances and cor-
responding to / > [, ~ [ is of physical interest; however, this regime would lead
to another asymptotic analysis which is beyond the scope of this paper.

This paper is organized as follows: in Section 1.2 we give notation that will be
used along the paper and state the main results. Section 2 is devoted to the proof
of well-posedness for the Manakov PMD equation. In Section 3 we study the local
well-posedness of the limiting equation (1.12). Finally, in Section 4 we prove the
convergence in law of X, to X as € goes to zero. This paper ends with Section 5
where we recall some results obtained in [18, 22] about the driving process v, and
Section 6 where proofs of technical results used in Section 4 are gathered.

1.2. Notation and main results. Before stating the main results of this article,
let us give some definitions and notation.

For all p > 1, we define L”(R) = (L (R; C))? the Lebesgue spaces of func-
tions with values in C2. Identifying C with R?, we define a scalar product on
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L2(R) by

2
= ividx .
(U, v)12 ;Re{/Ru v x}

We denote by W™ m € N*, p € N* the space of functions in IL” such that their
m first derivatives are in L?. If p = 2, then we denote H" (R) = W”%(R), m € N.
We will also use H™" the topological dual space of H"” and denote (-, -) the paring
between H™ and H~"". The Fourier transform of a tempered distribution v € S’'(R)
is either denoted by v or Fv. If s € R, then H* is the fractional Sobolev space of
tempered distributions v € S’'(R) such that (1 + |£|%)*/?0 € L2. Let (E, | - |g)
and (F, || - || r) be two Banach spaces. We denote by L(E, F) the space of linear
continuous functions from FE into F, endowed with its natural norm. If I is an
interval of R and 1 < p < 400, then L”(I; E) is the space of strongly Lebesgue
measurable functions f from [ into E such that t — || f(¢)||g is in L”([). The
space LP (K2, E) is defined similarly where (2, F, P) is a probability space. We
denote by LI, E) the space L? (I, E) endowed with the weak (or weak star)
topology. For a real number 0 < o < 1 and p > 1, we denote by W% 7 ([0, T], E)
the fractional Sobolev space of functions u in L” (0, T'; E) satisfying

/ /T ||u(t)—u(s)||Ed di < 400,

[—Slap+1

The space C#([0, T1; E) is the space of Holder continuous functions of order

B > 0 with values in E and we denote by M (E) the set of probability measures

on E, endowed with the topology of the weak convergence o (M(E), Cp(E)).
We will use the space

= (C([0, T],HL,) N Cy, ([0, T],HY) N L (0, T; H?)) x C([0, T], R),

where C,, ([0, T],H™),m € Z is the space of functions f in L°°(0, T; H™),
weakly continuous from [0, 7] into H'™. As the solution of our limit equation will
not necessary be global in time, we need to introduce a space of exploding paths,
as in [3], by adding a point A, which acts as a cemetery point, at infinity in H';
then

EMY ={fecqo,T1,H U{A}),
f(to)=Afortge[0,T]= f(t)=Afort €1, T1}.

We define a topology on HI! U {A} such that the open sets of H! U{A} are the open
sets of H' and the complementary in H' U {A} of the closed bounded sets in H'.
For any f € C([0, T], H' U {A}) we denote the blowing-up time 7 (f) by

t(f)=inf{t € [0, T], f(t) = A}
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with the convention 7(f) = 400 if f(t) # A for all ¢ € [0, T]. We endow the
space £(H') with the topology induced by the uniform convergence in H' on
every compact set of [0, T(f)).

Let (A, G, Q) be a probability space endowed with the complete filtration
(Gr)r=0 generated by a two-dimensional Brownian motion W = (W, W>) which
is driving the diffusion process v given by (1.8). We first state an existence and
uniqueness result for (1.11).

THEOREM 1.1. Let ¢ > 0 and suppose that X.(0) = v € L2(R), then there
exists a unique global solution X to (1.11) such that, Q-almost surely,

X, e CRL,LH)NC Ry, HHNLY (R, LY.
Moreover, equation (1.11) preserves the 1. norm, that is, for all t € R,

[ Xe(@) 2 = llvllLe.

If, in addition, X¢(0) = v € H! (resp., H?, resp., H?), then the corresponding so-
lution is in C (R, H [resp., C(R4, Hz), resp., C (R, H3)].

Let (2, F,P) be a probability space on which is defined a three-dimensional
real-valued Brownian motion W = (W, W2, W3). We denote by (F;);cr, the
complete filtration generated by W. The next theorem gives existence and unique-
ness of the local solution for (1.12)

THEOREM 1.2. Let Xo =v € H'(R), then there exists a maximal stopping
time T* (v, w) and a unique strong solution X (in the probabilistic sense) to (1.12),
such that X € C([0, t*), H/(R)) P-a.s. Furthermore, the L* norm is almost surely
preserved, that is, Vt € [0, T%), | X (t) |12 = ||vlly2 and the following alternative
holds for the maximal existence time of the solution:

T (v,w) =400 or limsup ||X(?)|g = +oo.

t /'t (v,w)
Moreover, if v € H?, then X € C([0, t*), H?(R)) and t* satisfies
(1.14) (v, w) =+o00 or lim || X(@)|gm = +o0.
t/'t*(v,w)

Note that we do not obtain global existence for (1.12), due to the lack of control
of the evolution of the H! norm (see Remark 3.1).

Using these existence theorems, we are able to prove a diffusion approximation
result for the nonlinear system of PDEs (1.11).

THEOREM 1.3. Let X.(0) = Xo = v be in H?(R), then the solution X, of
(1.11) given by Theorem 1.1 converges in law to the solution X of (1.12) in E(H'),
that is, for all functions f in Cp(E(HD)),

Tim £(X)(f) = LX)(f)-
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Note that we consider here the Manakov PMD equation (1.11), but the method
may be carried out to other nonlinear Schrédinger equations. Let us first emphasize
the key points that allow us to prove Theorem 1.3.

The first point is that the noise term is a linear function of the unknown X,. This
particular structure leads to a stochastic partial differential equation for the limit-
ing equation. The second point is the fact that the Pauli matrices are Hermitian.
This is important to obtain the conservation of the > norm for both equations. Fi-
nally, we use that the driving process v is a homogeneous Markov ergodic process
defined on a compact state space such that E, (¢ (y)) = 0. The hypothesis on the
driving noise may be weakened as in the case of a random ordinary differential
equation assuming good mixing properties (e.g., exponential decay of the covari-
ance function). The boundedness of o (v, (¢)) seems to be necessary. It is used to
prove uniform bounds in Lemma 4.5 for tightness. On the other hand, the lack of
Strichartz estimates for the limiting equation (1.12) is a negative aspect. Thus, we
use that F'(v) is locally Lipschitz in HY(R) to prove existence and uniqueness of
a local solution to (1.12). But if (v, (#)) were a one-dimensional process, larger
dimension and larger power in the nonlinear term could be considered.

Other types of nonlinear Schrodinger equations may be considered replacing,
for example, i aa)ff by X, and assuming that the matrices oy are real valued and
symmetric. This latter equation is simpler to handle using Strichartz estimates for
the fundamental solution and because o (v (¢)) X¢(¢) can be treated as a perturba-
tion as far as we are concerned with existence of solutions.

2. The Manakov PMD equation: Proof of Theorem 1.1. The point here is
that no Strichartz estimates are available for (1.11) because of the lack of commu-
tativity of the matrix o at a different time: o (v(¢))o (v(s)) # o (v(s))o (v(¢)). Con-
sequently, only local existence and uniqueness for initial data in H! can be easily
proved directly on (1.11). The idea of the proof is then to find a unitary transfor-
mation such that Strichartz estimates are available for the transformed equation.
This change of unknown is given in the next result.

LEMMA 2.1. Let us denote for t € Ry

ZS(Z)Z( Vl,s(t) v2,&:0))’

_V2,8(t) vl,s(l‘)

where vy = v(t/sz), v given by (1.8). Assuming that X, € C([0, T], L2), we set
W, (t) = Z:(t) X (t); then the evolution of the electric field V. is given by the
stochastic Ito equation
iy AW, dy P
i dW, (1) + {l—og 2T
€ ox 2 ox?
(2.1)

5 2 1 *

+ Loy di + Low, dr - ﬂ(olxpg AW\ (1) + o2V dWa (1)) = 0,
& & &
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where W,- ) =¢eW,; (t/sz), Jj =1, 2, and with initial conditions

o v1,e0v +V2.0)vy |
PO = <_V2,s(0)vl + Ul,s(o)vz> = vo.

PROOF. Using the equation satisfied by v, and because v ¢(¢) 12+ [v2.¢(F) |2 =
1 for any ¢t > 0, we obtain

idZ.(027 (1) = = Loy v, dt — Low, di + Y610, aW (1)
& & I

+ \/;/—Co’z‘l’g sz(t).

The nonlinear part of (2.1) is obtained as in the derivation of (1.5). [

We first investigate the behavior of the linear equation

0w, 1, AV, dy 9%,
22 Ziv l -
(2:2) Yor TPy T a2

with initial condition W, (0) = v € 2.

; 2 ’ .
PROPOSITION 2.1.  The unbounded matrix operator Hy = %12 % — %03 %

defined on 9(H,) = H? is the infinitesimal generator of a unique strongly continu-
ous unitary group U,(t) on IL2. Moreover, U, (t) may be expressed as a convolution
kernel, that is, for ¥o € S(R)

Ue(t)ho = Ac (1) * Yo

o { i (x —b't/e)? } 0
_ 1 P 2 dot *
2ridot { i (x+b't)e)? } 0
0 expl-———
2 dot

PROOF. Assuming ¥y € S(R) and taking the Fourier transform, in the space
variable, of (2.2), we obtain readily

8\1}8 1 . =~ . d0§2 =
=——ibo3EV, —i ——,.
a1 Sl 036V, — i > e
Since o3 does not depend on time, we obtain
expy——&°t —i—&t 0
2 € -

W, () = Re (1) 0 = Yo.

i d| b’
0 exp{—’—°§2t+i—gr}
2 €
The statement of Proposition 2.1 follows then in a classical way, setting A, (t) =
F ' Re(r)). O
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The explicit formulation of the kernel given in Proposition 2.1 allows im-
medigtely to get the following dispersive estimates: if p > 2, 1 #0, then U, €
L(ILP',IL7) where p’ is such that % + # =1 and for all Yo € L7,

(2.3) |Ue@)volle < @rldollth ™"+ 7 9ol
Using then classical arguments (see [7, 19]), one may prove Strichartz inequalities
for U, (2).

PROPOSITION 2.2. The following properties hold:

(1) For every Yo € L2(R), Us()¥o € L3R; L*) N C(R; L?). Furthermore,
there exists a constant C such that

100l ps@s < Clivolle  for every o € L2,
(2) Let I be an interval of R and to € I. Let f € L¥7(1,1L%/3), then the function

tr—)/tUg(t—s)f(s)ds
Iy

belongs to L1, L% N C(I,L3). Furthermore, there exists a constant C indepen-
dent of I such that for every f e L¥7(1,1L%/3)

Ue(-—5) f(5)ds

fo

< .
L3 LYNLO(IL2) Ml
We now turn to the study of the nonlinear problem. We will use, as is classical,
a cutoff argument on the nonlinear term which is not Lipschitz. The cutoff we
consider here is of the same form as the one considered in [9]. We first prove an
existence and uniqueness result for this truncated equation, then deduce from this
result the existence of a unique solution for (2.1). We denote:

f(W) = 2|0 20, + £ (Vo3 W,) o3,

Let ® € C°(R) with supp® C [—2;2] such that ®(x) =1 for |x|] <1 and
0<O(x)<1forxeR. Let R>0 and Or(x) = ®(x/R). We then consider
the following equation:

VRt = U () o + % /l Ue(t — 5)o3 Wi (s)ds
& 0

ot
—:—2/0 Ue(t — 5)WER(5) ds

t
2.4) +i/0 Us(t = )OR(IW | 30,5004 S (W (5)) ds
_ i\/%/t Ue(t — 5)a1 ¥R (s) dW (s5)
& 0
N

Ye ft Ue(t — $)o2 W R (s) dWa(s),
e Jo
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which is the mild form of the It6 equation,
AWR(1) L do do 3*WR(t)
0x 2 0x?

idw! (z)+{’b +8 o3 Wl (1) + 2)/L\I'l’e(t)}

(2.5) */gy_a WRaw, (1) - */_azqudwz(z)

+ ORI 3014 f (W E @) dt =

with initial condition W (0) = .

PROPOSITION 2.3.  Let WR(0) = o e L?(R). Let T > 0 and U = C ([0, T];
L2) N L8, T;L*); then (2.4) has a unique strong adapted solutlon \IJ&{e
L3A;Uly, for any T > 0.

PROOF. We use a fixed point argument in the Banach space L3(A; ) for
sufficiently small time 7 depending on R. We first need to establish estimates on
the stochastic integrals

t —~
1) = [ Vet =)0, 000 d W), j=1.2.

LEMMA 2.2. Let T > 0; then for each adapted process W, € L3(A; UCT ) and
for j =1,2 the stochastic integral J;j ¢V, belongs to L8(A; L{CT ). Moreover, for
any T >0 andt in [0, T] we have the estimates

8 4
]E(”Jj’s\ps||L8(O,T;L4)QL°°(O,T;IL2)) <CT ]E(”\I” ”Loo(o T: ]LZ))

PROOF. Since W, € L3(A; L{CT ) and is adapted, we may apply the Burkholder—
Davis-Gundy inequality in the Banach space L.*(R) (which is UMD space [6]):

. 8
E(||jj,£\p£||8Lg(O,T;L4)) = IE( ) L4 dt)

T u - 8
5/ E( sup / Ue(t —5)0jWe(s)dW;(s) )dt
0 O<u<t L4

< CE(/OT (/Ot 1Us(t — $)0j Ve ()74 ds>4dt).

Using the Holder inequality in time, Fubini and a change of variable,

E(/OT (/Ot 10Ut — $)0 s (5) I, ds>4dt>

T
< T3E</O ||Ue(’)Gj‘I’s(S)||8LB(0,T;L4> ds)‘

/Ot Ue(t — 5)0jWe(s)dW; (s)
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On the other hand, by Proposition 2.2,

T T
E( [ ||Ug<-)aj\ve(s>||§8(O,T;L4)ds)ECE( [ ||we(s)||ﬁzds)

S CTE(HLIJIBHEZOO(OYT;L%)-
Combining these inequalities leads to the estimate in L3(0, 7; IL%). The other es-
timate is proved using the Burkholder inequality in Hilbert space and the unitary
property of the group U,. Finally, U, (t) being a unitary semigroup in L%, Theo-
rem 6.10 in [8] tells us that, provided W, € L3(A, L%(0, T;1L?)), then J; o W, (-)
has continuous modification with values in L2(R). O

Given WR € L3(A;UT), we denote by TWXE(¢) the right-hand side of (2.4).
Since the group U, (-) maps L2(R) into C(R,L2(R)), Proposition 2.2 and Lem-
ma 2.2 easily imply that the mapping 7 maps L3(A; U) into itself. Let now WF
and ®X being adapted processes with values in L3(A; UT), then using Proposi-
tion 2.2, the same arguments as in [9] for the cutoff and Lemma 2.2 applied to
Jje(@R(t) — WE(1)), we get

CT CT'/?
BATOS - ToR I3 < (T + & — 4 cr )Rt - of ).
We conclude that 7 is a contraction mapping if 7' is chosen such that CT /2 +
CT'?/e + C(R)T'/? < 1. As usual, iterating the procedure, we deduce the exis-
tence of a unique solution of (2.4) in L8(A; Z/{CT Yforall T > 0. [

Our aim is now to get global existence for the process W, the solution of (2.1)
which may be constructed from the above results. Let us set

kX (o, w) =inf{t > 0, WE| 139.04) = R}

which is a G.(r) stopping time. It can be proved using Strichartz estimates and
the integral formulation (2.4) (see [9, 10]) that KSR is nondecreasing with R and
that WR = \IJSR/ on [0, kX] for R < R’. Thus, we are able to define a local solution
W, to (2.1) on the random interval [0, x}(¥)), where k. (¥p) = limg— 40 Kf, by
setting W, (1) = \Iff () on [0, KSR ]. It remains to prove that x = +00 almost surely.
From the construction of the stopping time & it is clear that a.s.,

(2.6) if K} (Yo) <+oo  then lim (WX 50,14 = +o0.

1/ (o) i

&

The arguments are adapted from [9]. We first prove the following lemma:

LEMMA 2.3. Let W.(0) = g be as in Proposition 2.3 and \I/f be the corre-
sponding solution of (2.5); then for any t < T

RO N2 = Yol as.,
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and there is a constant M, > 0, depending on T and || Y|y 2, but independent
of R, such that

2.7 E(IWEI 1s0.7:14) < Me(T).

PROOF. To prove that the L2 norm of the solution \IJSR of (2.5) is constant in
time, we apply formally the 1t6 formula to % NAG) ||]i2 and notice that by integra-

tion by parts
awk awk
(o T wl) == (wh o ) <o
0x L2 ox /12

Since GJ’." =0, j = 1,2, 3, where * stands for the conjuguate transpose, we get

WR@),ioc;wR) =0  forj=1,2,3.
Moreover, because the It6 corrections cancel with the damping term —;’—glllgR

of (2.5), we get ||\Il§(t)||Lz = |[Yolly2, Yt < T. The computations can be made
rigorous by a regularization procedure.

In order to prove (2.7), we follow the procedure in [9, 10]. Using the integral
formulation (2.4), the conservation of the L2-norm and Proposition 2.2, we obtain
for a.e. w € 2 and for all time 7} such that 7 > T1 >0

2.8) VW8 50,770 < Ko@)+ CT 2108135 41,

where

T 13 R
Ko@) =C(1+ 55 ) ol + S W5 ¥ o raty
j=

From inequality (2.8) it follows that ||\, || 130,74 = 2K (w) if Ty is chosen, for
example, such that 7 (w) = inf(7T, 2-6(CV2K,) ™). If T} < T we can reiterate
the process on small time intervals [Ty, (I + 1)T1] C [0, T] (keeping R fixed and
varying /) to get [|Well 187, g+1)7:104) < 2Ke (). Summing these estimates, using
Ty =27%C~%(K,)~* and the Young inequality, we obtain

19 150,714 < C(T)(Ke ().

Taking the expectation in the above inequality, using the Holder inequality and
Lemma 2.2, we get the following estimate:

R T CcT
29) E(IW s.r:0) <CO((1+ 5 ||wo||L2 + ||¢O||1Lz :
from which (2.7) follows. [

We easily deduce from Lemma 2.3 and (2.6) that k} = 400 a.s. and as in [9]
the existence and uniqueness of a solution W, of (2.1), a.s. in L{CT for any 7' > 0.
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To end the proof of Theorem 1.1, we have to extend those results to the pro-
cess X,. For a.e. w in A and for each t > 0 we set X (7)) = Z;l(t)\lls(t). By
definition of the process Z; ! () [which, in particular, is measurable with respect
to G¢(#)] and properties of V., we easily deduce that X, (¢) is adapted and con-
tinuous with values in 1.2, and satisfy (1.11), hence is C! with values in H~2. By
unitarity of Z, we also deduce that for all # > 0

W2, = (Xe (1), Z7 ' () Ze () Xe (D)2 = | Xe (D 175,

and since the coefficients of Z_ 1(¢) are a.s. uniformly bounded, X, € Lﬁ)c R4, LY
a.s.; Theorem 1.1 is proved.

We now extend the previous global existence results to more regular initial data.
T being fixed, we denote

VI =120, T; HY N L0, T; W)
and
VI =c©,1;HYN L3O, T; Wi,

PROPOSITION 2.4. Let V. (0) =g € H' and let T > 0; then equation (2.1)
has a unique strong solution W, with trajectories in C (0, T; H').

PROOF. Let o be in H!. Given IIJER e L3(A4; VT), we denote by T\IJSR(I)
the right-hand side of (2.4) and U7 = L>°(0, T; L?) N L8(0, T; L*). By Proposi-
tion 2.2, Lemma 2.2 applied to 0, \I—'f and the Holder inequality, we deduce that

R CT CT'/?
10wl sy = Clloxollz + | —3 +

+ CT1/24R2) 10 ¥Rl s r)-

Therefore, we conclude that choosing Ry = 2C||Wy|lg1, 7 maps the closed ball
of L8(A; VT) with radius Ry into itself, provided 7' is small enough depending
only on R and ¢, but not on Ry. Combining with the fact that 7 is a contraction in
L3(A; UT) and that the balls of L3(A; VT) are closed for the norm in L3(A; UT),
we conclude to the existence of a unique fixed point \IJSR e L8(A; VT). Using
Proposition 2.2 and Lemma 2.2, we get continuity of the solution in H!. Since
the cutoff only depends on the L3(0, T,L*(R)) norm, we deduce that there is a
unique global solution W, to (2.1) with paths in C([0, T']; HY). Since the trans-
formation Z, does not depend on x, we conclude that these results still hold true
for X,. O

PROPOSITION 2.5. Let W.(0) =9 e H",m =2,3. Let T > 0; then equation
(2.1) has a unique strong solution V. with paths in C ([0, T]; H"), m =2, 3.
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PROOF. We consider equation (2.5) but with ® g (]| \IlgR Il £8(0.1:1.4)) replaced by
Or(NWR®)12,). Given WX in L(A; L>(0, T; H*(R))), we denote by TWL (1)
the right-hand side of the integral formulation of this equation. We easily prove that
7 maps the closed ball of L3(A; L>(0, T; H?(R))) with radius Ry into itself, for
Ro =2C||Wo||gp, provided that T is small enough, depending only on R and ¢, but
not on Ry. Using that this ball is closed for the norm in L3(A4; L>(0, T; H' (R)))
and that 7 is a contraction for the norm in L8(A4; L>(0, T; H' (R))), we deduce
that there exists a unique solution W, with paths in C(0, T’; H?(R)) a.s., which is
global since the solution is global in H!. Existence and uniqueness in H> can be
proved by the same arguments. Again those results are easily extended to X, and
this concludes the proof of Theorem 1.1. [J

3. The limiting equation: Proof of Theorem 1.2. In order to prove a lo-
cal existence and uniqueness result for the system (1.12), we use a compact-
ness approach (see, e.g., [16]) motivated by the fact that we do not know if
Strichartz estimates are available for (1.12). Indeed, no transformation similar
to the Manakov PMD case seems to be available, as the equation dX () =
v Z,;l Ok aX (t) d Wi (t) cannot be solved in a simple way. We first prove exis-

tence of a unique solutlon in H! for the linear part of the equation, defining then a
random propagator, and then consider the nonlinear part as a perturbation. We will
strongly use the fact that the nonlinearity is locally Lipschitz in H!. The regularity
in H? will follow with the same arguments as for (2.1). Let us consider the linear
part of (1.12),

dy 9°X
dX(t)_< 3 52 2)d —fzak a(t)ode(t)

(3.1)

do 3y X (1)
=<130+ )82d—f26k o dWi (1)

with initial data X (0) = v € H2. We introduce, for n > 0, the mollifier J,, = (I —
n %)*1. We denote by X, the solution of the regularized It6 equation

dy 3y 9*J2X, 30, X, (1
0 V) 17 ()de(l‘)

_(;% >V U _
(3.2) dX,,(t)_<12+2 ax2 dt fz

and X,(0)=v € H?. Since the operators 83 an and 9, J; are bounded from H! into
H' (with constants depending on 1), we easily get, thanks to the Doob inequality,
the Fubini theorem, the It6 isometry and the independence of (Wj)i=12.3, the

existence and uniqueness of a solution X, to (3.2) with paths in C([0, T], H?) for
any T > 0. Moreover, it is easy to see that the H? norm of X » 1s conserved since
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the Pauli matrices are Hermitian. Consequently, the process

272
3y) 0 Jan

d
M(t)_—X(t)—l—X(O)—i—f(lO =) =5

is a JF; martingale with paths in C ([0, T'], Lz). Let us compute the quadratic vari-
ation. Let a = (a1, a2)! and b = (b1, by) bein L2 and T >t > s > 0; then

E((a, My (1)12(b, My(1))12 — (a, My(s))12(b, My(s))y 21 Fs)

3 ' aJ, X aJ, X
:yZE(/ <a,akﬂ) (b,ak 1 ”) du‘}}).
k=1 s 0x L2 0x L2

We deduce that the quadratic variation of M, (¢) is given by

3.t aJ, X aJ, X
3.3 b, (M ) = , U ”) (b, U ”) du.
(33) (b (My(O)a), yéf()(a o 5=t) (b =5=t)
1

Using the conservation of the H? norm and equation (3.2), we get forall 0 < o < 3

(3.4) E(||Xn||ca([0,r];]]_,2)) < Cu(T),

where C, (T') is a constant independent of 1. Using the Ascoli-Arzela and Banach—
Alaoglu theorems, the Markov inequality and inequality (3.4), we get that the se-
quence (L(X;))y>0is tight on Cy, ([0, T'], H!(R)) OLOO(O T, Hz) The Skorokhod
theorem [4, 15] implies that on some probability space (Q ]-' .7-",, IP’) there exist a
sequence of stochastic processes (X 7)n>0, and a process X such that

L(Xy) = LX), LX) =L(X)

and lim,_,0 X, = X, P-a.s. in C,, ([0, T1, H') N L(0, T, H?). For all 5 > 0 and
t € [0, T'] we define the process

M) =-X,() + X, (0)+/ (ldo 3J/>8

We deduce from the above laws equality that M (7) is a square integrable con-
tinuous martingale with values in IL? with respect to the filtration F; and that the
quadratic variation ((M (1))) is given by formula (3.3) replacing X, by X . Let
a € H', then by the above martingale property we get for all s < ¢

2~

5,2 (s) ds.

E((a, My (1) = My(9)) 2| F) = 0

Using the almost sure convergence in Cy, ([0, T'], HY(R)) of X »» the boundedness
in H™! of the operator Jy, and the conservation of the H' norm, we get the almost
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sure convergence in Cy, ([0, T, H-Y(R)) of Mn to M , Where

idy 3y\ 92X
tdo V)
2 2

— ~ ~ t
M(t):X(t)—X(O)—/ ( —(s)ds.

0 9x2
Hence, M is a weakly continuous martingale with values in H™!. Moreover, using
the a.s. convergence in Cy, ([0, T], H!'(R)) and the dominated convergence theo-
rem, we get forall 7,5 € [0, T],t > s and for any a, b € H!,

lim E((b. (M (1)) a) Fy)

3 ‘ X X ~
- ykgu-z</o <a, o a(u)><b, o a(u)>du ﬂ).
Thus, the quadratic variation (b, ((IT/f (t))a) is given, for all ¢ € [0, T'], by
~ 3.0t X X
35 o=y Y [ <a, o a(”)><b’ o g(u)>du.

Noticing that M(0) =0 and using the representation theorem for continuous
square integrable martingales, we obtain that, on a possibly enlarged space

(SNZ, .7?, ]?t, ]TD), one can find a Brownian motion W = (Wl, Wz, W3) such that
- t 3 9X —
(@ F0) = [ Yoo ©)dTis)
0 12 0x

Thus, we deduce that ()?, W) is a weak solution of (3.1) on (S~2, .77" f;, Iﬁ) with
values in C,, ([0, 7], H'(R)) N L>°(0, T, H?). To conclude the proof, we have to
prove pathwise uniqueness of the solution and strong continuity in H'. Since X €
L%°(0, T, H?) is the solution of (3.1), we easily deduce that X e C*([0,T],L%)
for any o € [0, 1/2). By interpolation we obtain that X € C([0, T1, HY. It follows,
using the Itd formula, that pathwise uniqueness holds for (3.1) in C([0, T], H.
This implies, by the Yamada—Watanabe theorem, that the solution exists in the
strong sense. Thus, we can define a random unitary propagator U (¢, s) which is
strongly continuous from H? into H!. This random propagator can be extended to
a random propagator from H' into H! using the continuity of X in H!, the density
of H? into H! and the isometry property of U (¢, s) in H'.

The local existence of the nonlinear problem (1.12) in H! follows from the con-
struction of the random propagator U: we consider a cutoff function ® € C2°(R),
® > 0 satisfying

Lo ifIXOI <R,

Or(IX D)%) =
RUX @) llgg) 0, if X% > 2R,
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and first construct a solution X% of the cutoff equation,

do 9ZxR
i dXR( -
l ()+'<2 ox?

+ ®R<||XR(r>||§H1>F(XR)<z)) dt

aXR(@)
X

3
(3.6) +iJ¥ ) ok o dWi (1)
k=1

=0

with initial data X ®(0) = v € H' and whose integral formulation is given a.e. by
t
G X =U@0v+i f OrUIXR®IZOU ¢, ) F(XR(s)) ds.
0

The existence and uniqueness of XR e LP(Q; C(0, T; H")), the solution of (3.7),
is easily obtained by a fixed point argument since the nonlinear term is globally
Lipschitz. Introducing the nondecreasing stopping time

R —inf{r > 0, |XR@)II% = R),

we may then define a local solution X to (1.12) on a random interval [0, 7*(v)),
where 7¥(v) = limgp_ 4o R almost surely, by setting X (t) = XR () on [0, TR].
Then for any stopping time v < 7* we have constructed a unique local solution
with paths a.s. in C([0, z], H'). It follows from the construction of the stopping
time t* that if ™ < +o00, then limsup,_, .« | X (¢)|lgn = +o00. Let us now prove
that if v € H?, then the maximal stopping time satisfies the following alternative:

(3.8) " =400 or lim [|X ()| = +o0.
t—T1*

We note that the random propagator commutes with derivation. Hence, if v € H?,
then U (-, 0)v € C([0, T, H?). We easily deduce, using (3.1) and interpolating H!
between H? and L2, that U(-,0)v € C#([0, T], H') for 8 € [0, 1/4). By a fixed
point argument in H? and equation (3.7), we conclude that X € Cch (o, t], H") for
any stopping time t < t* and for the same maximal time existence t*. Hence,
using the condition on 7* and uniform continuity of X in H', we get that (3.8)
holds.

REMARK 3.1. 'We were not able to prove the global well-posedness for (1.12).
Due to the lack of Strichartz estimates, we cannot control the evolution of the H!
norm. Even though the deterministic energy provides a control on the H! norm
because we are in the subcritical case, its evolution for a solution of (1.12), which
is given in the next lemma, involves terms which are not well controlled. However,
we cannot really conclude to the real occurrence of blow up or not in this model.
It is clear that on a physical point of view such a phenomenon should not occur.
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LEMMA 3.1. Let the functional H be defined for u € H' (R) by

——/|u| dx.

Then for any stopping time T such that T < t*, we have

d
H@u) = IO

8 3. [T X
H(X(T))ZH(X0)+\/?§Z/O <|X|2x,ok §>ode<s>
k=1

8 3. [T aX
=H(Xo)+ﬁ§Z/() <|X|2X,ak a>dwk(s)
k=1

T
+§/ /(ax|xl|2+ax|Xz|2>2dxds

00Xy, 90Xy 2

o X
lax 2

—|——y/ fax|X1|28x|X2|2dxds.
9 0o JR

PROOF. The first equality follows by Stratonovich differential calculus ap-
plied to the functional H and because the process X is the solution of (1.12). The
calculation can be made rigorous by localization (H is C? but not bounded) and
regularization through convolution. The second equality is obtained writing the
evolution of H in its Itd formulation, that is,

8 3. [T X
H(X(r)):H(X0)+ﬁ§I;/() <|X|2X,Gk§>de(S)
24 T _
+3ny (X, 9, X Re(X.8, X)) ds

8 . [T -
——y Z/ (X, 010, X Re(X.513: X)) ds
— . J0

where we used the unitary of the Pauli matrices and oy = o, for k =1, 2, 3. Easy
calculations lead to the expression given above. [

4. Diffusion limit of the Manakov PMD equation: Proof of Theorem 1.3.
The aim of this part is the proof of the convergence result given in Theorem 1.3.
For this purpose we have to cutoff equation (1.11) in order to get uniform bounds,
with respect to &, of high order moments of the H? norm of the solution. Let us
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denote by X 5 the solution of the cutoff equation

aXRaw) v aXk dy 3?xR
J— t J—
or Tt e
+OrUXEDOIZ) Fopy(XE) =0,
Xo=v e H(R).

i

“4.1)

The proof will consist of the following steps:

(1) We prove uniform bounds on the solution X f of (4.1). These bounds will
enable us to prove tightness on K.

(2) We use the perturbed test function method to get convergence of the gener-
ators in some sense [17, 20, 24]. This method formally gives a candidate for the
limit process.

(3) Setting ZSR = (Xf, ||Xf(-)||]%{1), we then prove that the family of laws
L(ZF) =P o (zF)~! is tight on K and we deduce that the process ZX converges
in law, up to a subsequence.

(4) Combining the previous steps and using the martingale problem formula-
tion, we identify the limit and conclude to the weak convergence of the whole
sequence XK.

(5) Finally, we get rid of the cutoff and we conclude that the sequence (X;)¢=0
converges in law to X in £(H') using the Skorokhod theorem.

4.1. Uniform bounds on XX. Recall that a unique solution WX € C(R, H?)
of the following equation exists (see Section 2):

iV AVR@)  dy 02WR(r)
'd\IJR t - £ b &
! 8()+{803 ox +2 ax2

A i
+ z—;aﬂf(z) + 8—2)/6\115@)} dt

(4.2) — gal WRaw, (1) - */f o WR aW, (1)

+Or(IWEOIE) f(WR (@) dr =0.

A solution XX to (4.1) is then easily deduced from XX (1) = Z- 1 (t)WR ().

LEMMA 4.1. Let Yo € H? and \Ing be the solution of (4.2); then for all T > 0
there exists a positive constant C(R, T) independent of e, such that, a.s. for every
tin0,T],

IR @)l < C(R, T).

Similar bounds hold for Xf(t) = Zs_l(t)\llf(t) for any t € [0, T] since Z,S_1 is
almost surely bounded.
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PROOF. The bounds on the H? norm are obtained using an energy method.
Using a regularization procedure, the It6 formula applied to |0y \I{f (t)||]i2 and
equation (4.2), we obtain for all ¢t € [0, T']

t
1R @12, = 0xvollZ, +2 /0 (00X (). d 9, R (s))

2

Ye [!
+ % /O 10, W R (5112, ds,

hence,

10w X172 < lldxvoll?

t
+2 /O Or(NWE®IZ )15 fF PR 210 WE (5) Il 2 ds

t
< 10c¥oll2 + C(R) /O 19, WX (5)117, ds.
By the Gronwall lemma we deduce that
1 W R @) 12, < 13 Woll7 2 exp(C(R)T).

Using the same procedure for ||8)%X f ||i2, the Gagliardo—Nirenberg and Young
inequalities,

192 R 0112, — 1192 wolIZ
t
<cC /0 ORIWE S 120 (1R ()2 + 1) 1020E )12

+ VLI 19 Y2 )1S,) ds.

By Sobolev embeddings, properties of the cutoff function and again the Gronwall
lemma, we conclude

182¥ X2, < 187voll7.C(R, T).

A bound on || 83 X 5 ||sz2 may be obtained similarly using the previous estimates and
the Gronwall lemma. [

REMARK 4.1. To prove the convergence result, we need initial data in H3(R).
We will explain later where exactly we need this extra regularity, but this is mainly
due to the fact that we prove tightness in C ([0, T'], HY.

REMARK 4.2. Note that we first prove convergence in law for the couple of
random variables (X f, | X 5(')”]12{1)- This is due to the fact that the cutoff is not
continuous for the weak topology in H! or for the strong topology in ]HIIIOC. These
arguments have already been used in [11].
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4.2. The perturbed test function method. Note that the process X f is not
Markov due to the presence of v.. However, (X f, ve) is Markov, by construc-
tion of v. We denote by .ZSR its infinitesimal generator. Let us compute .L@R f for
f sufficiently smooth such that £ maps H™!' x S? into R and is of class Cg. Let
(-, -) be the duality product between H! and H~!. Then, for & > 0 and for X 5, the
solution of the Manakov PMD equation (4.1),

FXE®, ve@) = fv.y)
= fFXE®), ve@®) = 0 v:(0) + fF, () = f(,y)
= (Dy f (v, ve(), XX (@) —v) + RXF (), v)
+ £, ve(0) — fv,y),

where
1
R(XE(@),v) :/O (1—0)D2f(v+0(XE(@t) —v))(XR@) —v), XR(t) — v)ab

and D2 f (v) € L(H™!, H'). Thus,

1
;E(f(Xf(t), V(1) — f (v, MIX(0), v(0) = (v, )

Xf(tt) — v>

—E((Dr .0, X0 = @)

+E<%‘X(O)=0)+E<JC(U’ vg(t))t—f(v,y)‘v(o)zy).

We know by Theorem 1.1 that if v € H?3, then Xf eC! ([0, T1, H'). Thus, by the
mean value theorem, equation (4.1), the almost sure boundedness of v, Lemma 4.1
and the conservation of the I? norm,

1
;an(t) — vz

< sup [ XX()llp2
s€[0,7]

/

b R
sup < —0o (ve(1)) 0x X, (5)
sef0,f]\Il €

IA

dyp
> 32X R(s)

+
L2

L2

+ ||®R<||X§(s>||§ﬂl>Fve(s)<X5<s>>||Lz)

b dy
< <; + 7)(:(R, T)+2RC|v|l2.
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Thus, by the boundedness of D% f, the continuity of t — X f (t) in L? and the
previous bounds, we conclude that

RXEW.) _ 2
—, =CRT.e sup 1Dy f )l g1 mny (L v llp2) 1 Xe (1) — vllp2
weH
and the right-hand side above tends to zero as t goes to zero. Now, we perform the
change of variables 1’ = /& to get

1 1
;E(f(v, ve(1)) — f(v, MIv(0) =y) = gZﬂE(f(U’ V() = f, MO =y).

Thus, using the Markov property of the process v, and using (4.1) again, we get an
expression of the infinitesimal generator .ZX of the Markov process (XX, v;):

1
LEf,y) = }%;(E(f(Xf(t), ve(1)) — (v, MIX(0), v(0)) = (v, y)))

1
= (Dyf (v, ), % XS Dli=0) + 5L f (v, y)
4.3) ¢
—(D @82_1) 10) 2 \F
= (Do .. 5 55+ iErvIE) F )

1 0 1
- —<va(v, ), b () —”> + 5L f,y),
e 0x e

where .7, is the infinitesimal generator of v and &, its domain. The perturbed test
function method gives (by identifying its infinitesimal generator) an idea of the
limit law of the sequence (X f )e=0. It provides in addition convergences that are
useful to prove the weak convergence of the sequence of measures (L(X f)) £>0-

PROPOSITION 4.1 (Perturbed test function method). There exists a limiting
infinitesimal generator (LR, ) such that for all sufficiently smooth and real-
valued functions f € PR and for all positive e, there exists a test function f. and
positive constants C1(K) and Cy(K) satisfying

(4.4) sup | fe(v,y) — f()| <eCi(K),
veB(K)
yeS3
(4.5) sup |.ZRfo(v,y) — LR f(v)] < eCa(K),
veB(K)
yeS3

where B(K) denotes the closed ball of H?(R) with radius K .

PROOF. The idea is to prove that for all suitable test functions f, one can find
a function f, of the form

(4.6) L@, ) =f) +ef (v, y) +e2 2, y),
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such that Proposition 4.1 holds. We plug this expression of f, into (4.3) and for-
mally compute the expression of . Rf:

idy 9%v

28w =(Dof ). 2 25

+l®R(||U||H1)F (U)>
3
- <va1(v, y),b'o(y) £>

1 1 0
+ L) L f v, y) — —<va<v), bo(y) —”>
£ & 0x
4.7
ido do 9%v

(Do

+iOk(IA)Fy (v>>

~e{ D w0 Mo —”>

idy 8%v
(D

and we notice that ., f (v) is identically zero because f does not depend on v =
(v1, v2). The aim is to wisely choose the functions f! and f2 and the regularity
of f so that DS,’;R fe is well defined and that f. and D?;R fe converge in the sense of
Proposition 4.1. In particular, we need to cancel the terms with a factor 1/& and we
need the terms with factors ¢ or &2 to be O(e) on bounded sets. In order to cancel
the 1/¢ terms, we look for a function f! solution of the Poisson equation

av
(4.8) 25w =D f WP 5))
By Corollary 5.1, we know that
Ea(gj(v))=0 Vi=1,2,3.

We deduce that (D, f (v), b'a (y) g—;), which is a linear combination of m ; = g;(y)
[see (1.4)], is of null mass with respect to the invariant measure A. Hence,
(Dy f(v),b'a(y) g—;’) is a function of y € S3, which satisfies the assumptions of
Proposition 5.1, provided that f is sufficiently smooth, that is, f € C'(H™!) and
v € L2. It follows that the solution f ! of the Poisson equation (4.8) can be written
as

+iOr(IIA)Fy (v>>

- 7' =27 ((Duf@ b 5 >)(y)

—<va<v>, bE(y) £>
where

(4.10) &) = /0 E(-0(w(t)[v(0) = y)di
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By Proposition 5.1, there is a positive constant M such that
4.11) 16l <M VyeS,
and f!(v,y) is a continuous bounded function of y for v € L. We now have to

choose the function f2, but we cannot choose .%, 2 cancelling the terms

idy 9° 9
(D@, 52 55 +i0r(olin F @) = (Do f w0, o) 50 )

2
X
because they do not satisfy the null mass condition with respect to A. Hence, we
look for a solution f2 of the Poisson equation
L (0, y) = —(Dy f(0),iOg([v]3:) Fy(v))

+ (Dy f (v), i®R(||v|IH2ﬂ1)F(v))
4.12)

+{Duf @) Vo) g—z>

9
_Ea (<va1(v, V. Be () %»
where, due to (4.9),

0
<Duf1(v, y),ba(y) £>
0 0
@.13) _ —(b’)2<D5f(v)5(y) o) %}

N2 ~ 82”
— () Dy f(v),0(y)o(y) a2
Moreover, thanks to expression (4.13), the Fubini theorem and Corollary 5.1,

_E, (<va1 (v, ), b'o () 2_;}»

ov ov
_7Gj [R—
ox ox

3 400
)Y <D$f<v>ak > [ Bt wmg; 00 d
(4.14) S
3 92v
2

+00
)Y <va<v),akoj —> [ Eao@ 00 d

i 0x

3 2
y 2 av 8v> 3y< ad v>
== D —,0r— )+ —(D ,—= ),
2k§:1i< S @k ok T )+ T Duf (), 5

where y = (b’ )2 /6yc. Provided that f is of class C 2(H~!) and v € H' and because
fl(v, ") is of class C§(83) for any v € H!, we can now define, by Proposition 5.1,
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a unique solution, up to a constant, to the Poisson equation (4.12). This solution
f2 is expressed as

A, y) = Dy f (), l®R(||U||H1)(F (v) — F(v))))
—1 1 /
-Z, (<va (v,y),ba(y)£>

—Ea (<Duf1<v, ».bo) §—§i>))

(4.15) N
= (Dy f(v), i®R<||v||H2ﬂ1>F<v, »)
2 8v ~
— 'y Z<D f(U)Uk >gk,,<y>
Ki=1 ! ox
2
<D F). (b >Za<y)—>
where
~ +00
Fu.y) = /O E(Fy (v) — F(0)[v(0) = y) dt
and

~ +00 +00
B = (/ E(gk<v(s>)gl<v(r))|v<0>=y)ds—#sﬂ)dr

and

~ +00 +o0 3y
o(y) 2/0 (/; E(o (v(s))a (v(1)|v(0) = y)ds — 2(b/)2> dt.

Replacing .Z, ! and %, f? in (4.7), respectively, by the right-hand side of (4.8)
and (4.12), and using expression (4.14), we get

d 3
L f(v,y) = <D Fo), (’ 0 zy)a 2+,@R<uqu1>F<w>
5 Z<D2f(v)0ka—v ng—v>

0 do 9*v

(4.16) +£<D ), - > 37

+iOr(IIZ)Fy <v>>

~e{ D350 () %}
2

+8<Df(vy) S

Y L ior(VIE)F, (v>>
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and we define the limiting operator by

3)/)82
2 ) ax2

d
LR f ) = <D (), (’ 0 +1@R(||v||H1>F(v)>

4.17)

y 3 2 av v

+ 7 ];<va(1))0;< o Ok 8x>'
Hence, if we define 2R as the space of functions which are the restriction to H?
of functions f from H~! into R of class C3(H™') and such that f and its first
three derivatives are bounded on bounded sets of H™!, then the functions f! and
f? are well defined for f € 2%. Moreover, if f € 2R, then .,iﬂgR fe 1s well defined
for v e H°.

We now write that

sup [ fe(v,y) — fW) <& sup |f v, y)|+e* sup [f(v,y)l
veB(K) veB(K) veB(K)

yeS3 yeS? yeS3

and use the following result, which is proved in Section 6.

LEMMA 4.2. Let f € 2% and f! and f? be, respectively, solutions of (4.8)
and (4.12). Then

sup |f (v, )| <Ci(K) and  sup |f*(v,y)| < Ca(K).
veB(K) veB(K)

yeS? yeS?

This proves the first convergence of Proposition 4.1. With .Z % f(v) given by
(4.17), the second convergence (4.5) in Proposition 4.1 follows from (4.16) and
the next lemma, which is proved in Section 6. [

LEMMA 4.3. Let f € 2R and f', f? be, respectively, solutions of (4.8) and
(4.12). Then

82
USEFK)KD 7 5 8+ ior(vlE) £ < €1,

yeS?

2 , av
sup ‘(va (v,y>,ba(y)£> < O:(K),

veB(K)
yeS3
82
sup (D, 720,30, 50 £+ 10r(vlE) £, )| < G,
veB(K) dx

yeS3
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4.3. Tightness of the family of probability measures (E(Zf))8>0. To prove
tightness on K of the sequence of probability measure £(ZX) =P o (Zf)_l, we
need to obtain uniform bounds in ¢ on ZX in the space

(C([0, T1,H?) N C*([0, T],H™ ")) x C°([0, T1, R)

for suitable «, § > 0. Note that uniform bounds of X f in C([0, T, Hz) are given
by Lemma 4.1. The perturbed test function method will enable us to get the uni-
form bound in C¥([0, 7], H™!). Such bounds cannot be directly obtained using
(4.1) because of the 1/e term. In order to obtain such bounds, we use again the
perturbed test function method for convenient test functions. Let (¢;)jen+ be a
complete orthonormal system in L%, Recall that (-, -) is the duality product be-
tween H!-H~! and (-, -)p2 the inner product in L2. By definition of H®, s € R, we
can define a complete orthonormal system (e;) jen+ on H! from (€}) jenx,

lolig = (1 +£H7129)2,

“+00 -2
= > (1+&)71%9.2)1

~
[

2

B 2
=) (ej,v)7,
J

Il
-

where e; = Fla+ 52)_1/2?1-) for any j € N*. We denote by (f;) jen+ the fam-
ily of test functions in 2% defined by

fj ZH_I — R,
vi=> fj(v) ={ej,v).
For v € H3, we also consider particular perturbed test functions f j,e of the form

(4.18) Fie@.y) = fi@) +ef] @, y),

where, for all j in N*, fjl (v, y) = (ej, @' (v, y)) for a given function ¢! with values
in HZ. We now choose ¢! as a solution of the Poisson equation in y:

d
(4.19) 29 (0.3) o () = =0,
X
whose explicit formulation is given by (see Proposition 5.1)

0
(4.20) 0 (v, y) = —bE(y) a—”
X
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where & (y) is given by (4.10). We point out that ¢! behaves in its first variable
like % and is linear in v. Consequently, for all j in N*,

ZREi (XR (@), ve())

idy *°XR@) .
(e " 5 iORUXE DI Fuio (X @)

2yR
4.21) + <e jr (0)7F (ve(1))0 (v (1)) %>

- 8 (idy 3*XR(r)
/ &
- s<ej, b'o(ve(1)) F™ <—2 ol

HORIXED ) P (XE0))).
For all ¢ € [0, T'], we define the process M SR with values in H~! given for any j in
N* by
(e, MT (1))

t
= Fi.eXE v () = (0, y) — /0 LR £ o(XR(s), ve(s)) ds
=(ej, XB—v) +elej, " (XE, v0) — ' (v, )
- /ot LR e(XE (), ve(9)) ds.

Given the fact that ZX is the infinitesimal generator of the continuous Markov
process (X§, V) and .,ngRfj,g is well defined because f; € 2R then (ej, Mf (1))
is a real-valued continuous martingale. Moreover, it is a square integrable martin-
gale, as follows from the bounds on the H> norm of X f obtained in Lemma 4.1.
To prove tightness of the family of probability measures £(ZX) on K, we need
estimates of moments on the processes X 5 and | X f ) ”]12411' Before proving these

estimates we introduce a process YSR close in probability to X f for which it will
be easier to get those estimates, using, in particular, the Kolmogorov criterion.
The idea is to use Lemma 4.4 below to get tightness of the family £(ZX) from
convergence in law of a subsequence of YX.

LEMMA 4.4. Let us define the process YER as
422) XFO)-Y O =elp'.y) - o' XD, ()  Vrel0. T
then for all § > 0,

P(||X§ - YSR”c([o,T],HI) >8) < -Ci(T,R).

S| ™
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PROOF. Using the Markov inequality and Lemma 4.1, we get for all § > 0,

P( sup 1XE@0) = YRl > 6)
t€[0,T]

< ZE( sup ll¢" XR@0). ve0) — 0" . )l )

3 NMeo.1]
IXR 0
< fE( sup [5'3e0)) Z2D iy Y )
t€[0,T] 0x 0x H!

2M
S STC(Tv R)’
where M is given by (4.11). [

Note that the process Y, ER is also defined by the identity, for all j in N*,
(ej. Y1) = (ej. XJ (1) —elej, 0" (v, y) — ¢ (XE @), ve (1))
t
(4.23) = (ej, ME@®)) + (ej, v) + /0 LR [ (XE(s), ve(9)) ds

vt el0,T].

LEMMA 4.5. Forall 1 > ¢ > 0, there exist three positive constants C1(T, R),
C>(T, R) and C3(T, R) depending on final time T and on the cutoff radius R, but
independent of e, such that

(4.24) E(IYR 1 qo.71.m2)) < C1 (T, R),
(4.25) E(1Y ) ceqo.r.m-1)) < C2(T, R),
(4.26) E(NYR 12 o5 o.71.m) < C3(T. R),

whereO<a<%and8:a/3>O.

PROOF. Thanks to Lemma 4.1, we know that the solution X eR of (4.1) is uni-
formly bounded, for all ¢, in H3 by a constant C depending on R and 7. We con-
clude, using the explicit formulation of ¢; given by (4.20) and (4.22), that (4.24)
holds.

To prove inequality (4.25), we first need an intermediate estimate that will be
proved in Section 6.

LEMMA 4.6. There exists a positive constant C(R, T) such that for all t,s €
[0, T]

E(IYR@) — YR)lg-) < CR, T)(t — )%
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Then we deduce from Lemma 4.6

E(” YSR 4

||WV~4([0,T],H_1)) = C(R’ T)

for any y < 1/2. We use the Sobolev embedding Wr-40, T1, H™ 1 — C([0, T,
H-!) for y —a > 1/4 and y < 1/2, which implies & < 1/4. Thus, we deduce the
second inequality (4.25).

It remains to prove the last bound (4.26). Note that for 7, s € [0, T']

NYEOIz — 1Y) Iz
<C sup. IYEO) I 1Y R @) — YR () |l

2/3 1/3

<C sup YRl sup 1YR)IL 1YE@ —YE®)Ig

ref0,7] ref0,7]
It follows that if § = «/3,
5/3 1/3
IYEOlesqorym < C s IS0l S D20l
Inequality (4.26) is then implied by the Holder inequality, (4.24) and (4.25). O

REMARK 4.3. The extra H? regularity is needed precisely in the first step
of the above proof in order to estimate the H? norm of Y%, which involves the

gradient of XX,
PROPOSITION 4.2.  The family of laws (E(Zf))»o is tight on IC.

PROOF. We set ZR = (YR, | YR (. )|I%;1). Denoting by B(K) the closed ball of
(C([0, T]; H2(R)) N C¥([0, T]; H~1(R))) x C*([0, T]; R) with radius K, for
and ¢ as in Lemma 4.5, we deduce using the Ascoli—Arzela and Banach—Alaoglu
theorems that B(K) is compact in K. Using the Markov inequality and Lemma 4.5,
we get

P(ZF ¢ B(K))

1 R R R 2
=< ?E(maX{HYg ”C([O,T];IHIZ)’ ”Yg ||ca([o,T];H—1), ”“Yg ”Hl ||CS([0,T])})

< %max(Cl/ (T,R),Cy(T,R),C3(T, R)).

We conclude that the family of laws (L(ZER))DO is tight on K and by the
Prokhorov theorem we obtain the relative compactness of the sequence of laws
(ﬁ(ZR))8>0, that is, up to a subsequence the sequence L(Z R) weakly converges
to a probability measure L£(Z R) where ZR = (X", XR R) We may now use Lem-
ma 4.4 to prove that the family of laws £(ZX) is tight. Indeed, it easily follows
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from Lemma 4.4 and the above convergence in law that for all g € Cp(K)

lim E(g(ZR) =E(g(ZR)). 0

4.4. Convergence in law of the process X f. In order to get the convergence
in law of the whole sequence (X f)s>0, it remains to characterize the limit, that
is, to prove that Xk = XR, the solution of (3.6), and that yR(t) = ||XR(t)||]%I1 for
any ¢ € [0, T']. The tool here will be the use of the martingale problem formulation
introduced by Stroock and Varadhan in [26].

PROPOSITION 4.3. The whole sequence Xf converges in law to X% in
C([0, 71, HY.

PROOF. In order to prove that any subsequence of XX converges to the same
limit X%, the solution of (3.6), we will prove the convergence of the martingale
problem for suitable test functions f € ZX. To this purpose let us define, for
a € H' with compact support, the particular test function f,(-) = (a, -), so that
fo€e9 R From this particular choice, we construct a perturbed test function f, ¢,

faeW, ) = fa) +efy (v, ) + 2 f2(v, y),

obtained thanks to Proposition 4.1. The correctors fa1 and fa2 are chosen to be the
solution of the Poisson equations (4.8) and (4.12) for f,. Let us denote by Zf
a subsequence converging to ZR and define the H™! valued process NX(ZR(t)),
associated to (4.1),

(@, NYZE @) = fae XE@), ve(0) = fae,y)
— [ L e B v ds,
where .2 is given by (4.7). We also define the process N (ZR (1)),
(a. NRzE ) = faxF@) - fa) - /0 "R f,(XR(5)) ds,

where £ is given by expression (4.17). Moreover, we denote by ,,Q”VRR the op-

erator whose expression is given by (4.17) replacing ||)? R(t) lgn by y&(?) in the
cutoff function. Let us now define (a, NR(ZR(1))) by

o~ o~ t —~
@427)  (a,NYZR0)) = faX*®) — faw) — /0 L faXR(9)) ds.
The process {(a, Nf(Zf (#))) is a real continuous martingale because (X f, Vg)is a

Markov process and because .ZX f, . is well defined since XX (¢) € H>. Moreover,
it is a square integrable martingale, as follows from the bounds on the H> norm



DIFFUSION APPROXIMATION THEOREM 2493

of X f obtained in Lemma 4.1. The above martingale property implies that for all
t,s€[0,T],t>s,

El(a, N} (ZR (1)) = NE(zE(s))) o (2R (u), ve (), u <s1=0.

It follows, in particular, that for all test functions hy, ..., h, € Cp (}HI]]OC x R) and
O0<ti<---<t,<s<t,

m
E[(a, NFZE @) =NEZE ) [ hi(2f (tj))] =0.
j=1
Using Proposition 4.1, Lemma 4.1 and the boundedness of the functions &, we
get

E<<a, NXzZE @) —NRzE @) —NEzE(s) +NRzF o)) [ hjzF (z,-)))
j=1

<eC(R,T).
Let us consider a cutoff function yg, € C2°(K) satisfying

1, if u € Bic(Ro),
XRo () = { 0, if u ¢ Bic(2Ro),

where Bjic(Rp) denotes the closed ball of radius Rg of the space K and Ry is cho-
sen such that X f € B (Rp) a.s. (see Lemma 4.1). Note that by continuity of the
functions xg, and {h;}e(1,...,m}, respectively, in K and ]HIIIOC x R, by continuity
of f,(-) for the weak topology in H!, by continuity and boundedness of ® in
C ([0, T]; R), by continuity of F' from H! to H~! and the bounds on F(Xf(t))
obtained thanks to Lemma 4.1, the function

(a, NRZEO) xry 25 [T hj (2R t)))
j=1

is a bounded and continuous function of ZX from K into R. We deduce by conver-
gence in law of Zf to Z® in IC, since the test function a is compactly supported,
that forall ,5s € [0, T], £ > s

(4.28) E<<a, NRZR () = NRZR ) xry(ZP) T] h_,-(ZR(r,-») =0.
j=1

Since, almost surely, X f belongs to the closed ball By (Ry), we deduce that al-
most surely XR ¢ Bic(Rp). Thus, we conclude from (4.28) that (a, NR(fR(-)))
is a continuous square integrable martingale with respect to the filtration G; =
o(ZR(s), s < 1) and this holds for any a € H' with compact support.
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In order to identify the equation satisfied by X R we consider, for a, b € H' with
compact support, the function g, »(v) = f,(v) fp(v) € 2R and the perturbed test
function g4 p ¢,

ab.e(V, ) = gap(v) + 80 , (V. ) +82¢0 , (v, ¥),

obtained thanks to Proposition 4.1. Thus, functions g;’ »(v,y) and gg’ p(v, y) are
chosen to be solutions of the Poisson equations (4.8) and (4.12) for g, 5. Let us
now define the real-valued continuous martingale

HE, (ZR(1)) = 8p.c (XF (.06 (1)) — 8ap.e (0, )
- f LR g e (XR(s), ve(s)) ds.
0

Using the same arguments as before, we may prove that

gling(( B ZE0) ~BE, (ZE ) 12 [T <ZR(z,>>>

j=1
= E((Hf,,,(ZR(r)) —HE (ZR () xr,Z®) [ 1 j<2R<r,~>>>,
j=1

where
HE (Z (1) = gap(XR(1)) = gap(v)

[ -~
- | Zhgas @)

From the above convergence and the martingale property of HX apeZ f (1)), we de-
duce that H[Ii »(Z R(-)) is a continuous real-valued martingale. A classical compu-

tation then shows that the quadratic variation of the martingale N? (2 R(t)) defined
in (4.27) is given by

(b, (N}(ZR (1)) a)
! =2 = = o~
= /0 LR faZR ) fo(ZR () = faZR DL fo(ZR ()
— [oZR N L fuZF (5)) ds.

Applying the operator .Z )/RR’ respectively, to the test functions f, and g, ;, we
obtain that

idy 3y

R 2 R
2512 o) = o (L + L) o+ i0r(y " 1E) )
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and
Z S 8an(ZR @)

idy 3v\ 2XR(
o+_)/> Q)

= @ e (5 + ) 55

+ i®R(yR<t>>F<)?R<r))>

+ 1 RR )b, ("2’0 4 3%) % +HORY ) FRE M)
I PR

We deduce that the quadratic variation is given by formula (3.5) with X replaced
by XX Thus, using the martingale representation theorem, we can write the G;-
martingale NR(ZR (1)) as the stochastic integral

aR()

(a,NR(ZR(;))):ﬁf Z<a Ok >de(s),

where W = (Wi, W2, W3) is a real-valued Brownian motion on a possibly en-
larged space (2,G,G;,P). We deduce that (X%, W) is a weak solution in

C([0, TT; HL.) N Cy ([0, T1; HY) N L(0, T; H?) of the equation
idX" (1) + (%a)%ﬂ(r) + ®R<yR<r>>Fo?R<r>>) di
3
(429 +iyy Y ok XR(1) 0 dWi(t) =0,
k=1
Xo=ve H3.

The next step consists in proving that almost surely yRa)=| XR (1) ||]%Il . Using the
Skorokhod representation theorem, we can construct new random variables (that
we still denote ZX , Z®) on a new common probability space (2, F, F;, P) with,
respectively, L(Z R) and [,(ZR) as probability measures and with values in X such
that

lim ZR 2R, P-a.s. in /C.

e—0
Since XX € L°°(0, T; H?), we deduce using (4.29) that XX € C([0, T]; L?).
Hence, applying the It6 formula, it is easy to see, since ®p is a real-valued func-
tion, that almost surely

IXR@l2 = vl = 1IXR@) e Ve €0, T, Ve > 0.

Thus, we deduce the strong convergence of X f (1) to X R(#) in L2, a.s. for each
t € [0, T]. Since X§ converges to XRin LP(0, T, H?), we get using Lemma 4.1
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that

IX RN oo 0,752 < hgigfnxf Iwo.rm <C(R.T),  P-as.

Interpolating H' between L2 and HZ, we conclude that

(4.30) 1ir%||X§(z)—)?R(r)||H1:0 vt € [0, T1, P-as.,
e—

and X% € C ([0, T]; H"); it follows that, almost surely for all ¢ in [0, T'], yR(t) =
IX® ()%, and XX is a solution of (3.6). Thus, the limit in law of X ¥ is unique
and is given by the solution X & of (3.6).

The final step consists in recovering the convergence in law in C ([0, T], H').
Since Y[R is uniformly bounded in & in C*([0, T],H™!) N C([0, T]; H?) with
0 <« < 1/2, we deduce that it is a.s. uniformly bounded in ¢ in Cﬁ([O, T1,HYH
with 8 = «/3. Moreover, using pointwise convergence (4.30), expression (4.22)
and uniform bounds (4.1), we get pointwise convergence in H' of Y, ER to X% We
conclude that Y, SR converges in law to X Rin (0, T1,H'(R)) and by Lemma 4.4,
the convergence in law of Xf to X® in C ([0, T], H'(R)) follows. [

REMARK 4.4. Using the Arzela—Ascoli and Banach—Alaoglu theorems,
Lemma 4.5 and the Tychonov theorem, we deduce that (L(X f)) ReN 1s tight
on KCN. Thus, the same arguments as above lead to the convergence in law of

(XB)pen to (XB) gen (see [11]).

4.5. Convergence of (X¢)eso to {( . I{sing the Skorokhod theorem, we
can construct new random variables X f , X% on a common probability space
(2, F, F;, P) and with values in C ([0, T'], H') such that for any R > 0,

~R _ R - - -
Pe =He» and XF — XX Paas.in C((0, T1,H).
it =k, e=0

We define the escape times TX and TR associated to the cutoff:
TR =inf{t € [0, T1, | X* (") g > R)
and
~R _: TR
7, =inf{t € [0, T], | X () llg: > R}.

Let X, and X be the processes, with values in £(H!), defined, respectively, by
X (1) = XR(t) fort < TR and X(r) = XR(r) fort < TR, X (1) = A for t > v* =
limg_ 400 TR. Then if T < T* a.s. is a stopping time, the process X, converges to
X as.inC ([0, 7], H'(R)). Hence, the convergence in law in £ (H!) follows.
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5. Study of the driving process v. We recall in this appendix some results
obtained in [18, 22] about the driving process v.

PROPOSITION 5.1.  The process v = (v1,v2)" is a Feller process that evolves
on the unit sphere S of C2 ~ R*. Furthermore, it admits a unique invariant
measure A, which is the uniform measure on S3, under which it is ergodic.
Forall f eC ,3 (S?) satisfying the Fredholm alternative (or null mass condition)
EA(f(v) = Js3 f(»)A(dy) =0, the Poisson equation Z,u(y) + f(y) =0 ad-
mits a unique solution of class Cg (S%), up to a constant, which can be written as

u(y) = foF® ELf (v(1))|vo = yldt.

Let us recall that o (v(7)) = oym1 + o2my +o3m3 where m (1) = g (v(1)). We
now state a result related to the effect of the random PMD on the pulse evolution.

COROLLARY 5.1. (1) The process m = (m1, my, m3) € S3 is a Feller process
with a unique invariant measure A o g~ ' under which it is ergodic.

() For j=1,2,3, Ex(g; (1) = -1 (m) =0 and E5 (g; (v(1) ge(v (D)) =
djk/3. As a consequence,
EA(N1y(X)) = 3Q21X21* — [ X11P) X1,
Ea(N2,v (X)) = 221X11* — | X2 X2
3) For j,k=1,2,3,
1

400 1 o
f Ealg;(v(0) gk (v(1)]dt = ‘ 127, if j=k,
0 0, if j #k,

where y. is the constant appearing in (1.8).
6. Proof of technical lemmas.

PROOF OF LEMMA 4.2.  Let v be in H>. Using the explicit representation (4.9)
of f I we obtain, since D, f)e H!(R), that

' en1= (Do, p5) g—;’>

+00
< Do f ) g /0 E(g; (v(1))[v(0) = y) di|.

avH 3
ox Hljzz:l

Moreover, by Proposition 5.1 the integral f0+°° E(gj(v())|v(0) = y)dt converges
because g; is a bounded function of v € S3. Since v — D, f(v) is a continuous



2498 A. DE BOUARD AND M. GAZEAU

function which is bounded on bounded sets of H~!, we deduce that
sup | (v, y)| <B'C(K).

veB(K)
yeS3

The function f2 given by (4.15) may be bounded using the same arguments. In-
deed,

(Dy f (), iOr(IVIZ)F (v, »)) < 1Dy f @) gt | F (0, y) g1+

Since forall v e H>, y > Fy(v) — F(v) is a function of class CZ on S?, with values
in H~!, satisfying the null mass condition of Proposition 5.1, the term F(v, y) is
bounded. Moreover, v = Fy(v) — F(v) is bounded in H~! on bounded sets of
H' by the continuous embeddings H'(R) — L*(R) and L*3(R) — H~'(R). In
addition,

9 2
R <D2f(v)0k— ol a”>gkl<y)+<D [, @ )26(y> >

3 ov
0

k=1

3 3 3 32
<cy <‘<D5f(v)0'k =a %H + ‘(vaw), ool a—x‘z’ﬂ)

k,l—l
8)62 H—l )

Since v > D, f(v) and v —~ Dlz)f(v) are bounded on bounded sets of H™}(R),
we conclude the proof of the lemma. [

dv |2
T + 1Dy f (V) [l
X |lg-t

< C(IIDgf(v)Ilg(Hl,Hl)

PROOF OF LEMMA 4.3.  Replacing f! by its expression (4.9), we get
2,

(Do @ 52 25 ORIl Fy )
<sz<v)b/&< yu i N IB0F, <v>>
YoxT 2 o2 R

o idy v 5
- <va(v>, PEW S+ (ORI axFy(v>>.

By the assumptions on f, v +— D, f(v) and v +— Dlz) f(v) are continuous
bounded functions on bounded sets of H~!(R). Moreover, Dlz) fv) e LHT, HY,

D, f(v) € H' and 237'; € 2. Using the bound (4.11), we deduce that

2
sup (D!,
veB(K)
yeS3

2 % 12)+I®R(||U||H1)F (v)>‘ < C(K).
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Let us now compute the first derivative of 2 using expression (4.15); for all / in
H! and v in H?,

(Dy f*(v.y). h)
= (D2 f()h,iOr(IVIE)F (v, y))
+(Dy f (v), 2i O (I[I2) (v, D)1 F (v, y))
+(Dy f (), iOr(|V]|3) Dy F (v, y).h)

av d ~
— (') Z D} f(v). (Uk l(,)z:h)gk,l(y)

k,l=1

dv
a2 Y <sz<v)ok o o

k=1 9x

>gk 1)

- (D2, )F () i>

~ (Dot ). 6750 5 ol )

Taking, respectively, h = TO ‘3—2 +z®R(||v||H1)F (v) and h = b/a(y) , We con-
clude

idy 9%v
sup (D, 720.0. 52 25 0 A W) < C(K)
veB(K) 2 ox
yeS?

and

sup '(Dvﬁ(v, V.o (y) g—”}] <C(K),
veB(K) X

yeS?

since v — DS f(v) is bounded on the bounded set of H~'(R) with values in
LiH R)and T8 cH'. O

PROOF OF LEMMA 4.6. Let us recall that the family {e; };cn+ denotes a com-
plete orthonormal system of H! constructed from a complete orthonormal system
{¢;}ien+ in L2 and (-, -) is the duality product between H!-H~!. Then

400 2
IYE@ = YRI5 =1 e YR @) — YR (5))?

i=1



2500 A. DE BOUARD AND M. GAZEAU

Using twice the Young inequality and the expression of YER given by (4.23) and
(4.21), we obtain

DAGES SO

H /a XR(t)dt

1
t 5 4
+C / Or (X (i) Fuvry (XS DL
: :

4
+C / t(b’)z&(vg (t'"))o (e (') 32X Rty dr’

[+00 2
+C| > (e, ME@t) — ME (s>>2}

Li=1

+Cé*

/ t B'G (ve (') 3y (% xRt

4
+ Or(IXe () I3) Fopry (XX (z’))) dt'

We bound each term separately. Using Lemma 4.1,

*do 32 xR (ﬂ)

<C(R,T)(t—s)*.
3 T < C( )t —s)

H-!

Using that F' is cubic and Lemma 4.1,
4

t
f OrUIXe () I3) Fup oy (XE () at’ L SCR.DG —5)*
: )
and using Lemma 4.1 and the bound (4.11),
a2xR t/ 4
/ %5 0c o oD ar] <k -
0

Finally, we bound the £* term that is well defined because XX has values in H?>.
Using the Cauchy—Schwarz inequality, Lemma 4.1 and (4.11), we getforall ¢ < 1,

do ?XR(t") 4

[ H50.0) 3 (2 25D+ ORI Ry (KRG ) i
' dy a3X,§(z/) 3
s 2 ox3 8

<C(R,T)(t —s)*.

H-!
4

(OrUIXe I2) Fop oy (X B (' >>)dt
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Taking the expectation and adding the previous estimates, we deduce that
E(I7F 1) = YR ) If)
2
<C(R,T)(t—s)*+ CE([ > ej, ME@) — Mf(s))z] )
jeN*

In order to prove a uniform bound, with respect to ¢, of the second term, we will use
the Burkholder—Davis—Gundy inequality and, consequently, we have to compute
the quadratic variation ((Mf (1)) of M SR (1) defined, for all j € N*, by

1
(ej, ME@®) = fi.e (XB(@®), ve(0)) — fe(v, ) — /0 LR e(XE(s), ve(s)) ds,

where 2K f; (XK (s), ve(s)) is given by (4.21). The next lemma states that the
process ((MgR (t))) can be expressed only in terms of the infinitesimal generator
%, of the Markov process v.

LEMMA 6.1. Forall j in N*

(ej, (ME@)e;)
= () fo ' (<e,-, & (vs(5)) 8;2 : <s>>2> ds

t axXk
20 [ <e,-,5<vg<s)) -

axk
(s>><e,~, L) 2

(s)>ds.

X X

Thus, using the Burkholder-Davis—Gundy inequality,

+00 2
E((Z@,Mf(r) _M§<s)>2) ) <C(R,D)|t — s,

j=1
thanks to Lemma 4.1 and Proposition 5.1. Adding the previous estimates,
E(IYR@) — YRe)IE) < CR, Tt — 5/,

and Lemma 4.6 is proved. [
PROOF OF LEMMA 6.1. A classical computation shows that for all j € N*,
t
(ej, (ME@))ej) = /O LE(f.e(XE(). ve()) ds

t
-2 /O Fie(XE (), ve(s)ZLE f.e(XE(s), ve(s)) ds.
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Now, for all j in N*,

xR
o (S)>

(fi.e(XE (), ve())? = (e, XF(5))* — 2b'e (e, XX <s>><ej, & (ve(s))

(s>>

+ )% 2<e,,a<ve(s)>
Thus, we get
LR (f.e(XE(5), ve(5)))?
idy 32X R(s)

= 2(e;. XK (s))(e,-, + i®R<||X§<s>||§ﬂ1>Fve(s)<X5<s>>>

2 ax2
idg °XRs) .
~alefej. 50 TR 4 i0R(XEG) ) Py (XE )

xR )>
dx (s

o [idy 3*XR
< <ej,6(vg(s>> —x(’—o e ) | i®R<||X§(s>||ﬁ1)Fvg<s>(X§<s)))>

2 ax2
xR
- <s>>

X <ej, o (ve(s))

—2b'elej, XX (s))

—2<b/)2< LF () (s)>< €/, 5 (ve(s))

+ )%, <<€jv & (ve(s)) axf (S)>2)

AXR(s
+2b <ej,a(v8(s))—(b'0( Ve (s)) x( ))><€j,X§(s))

idy a3XR(s)>
2 9x3

+2)e 2<e,,a(ve<s>) (s)><ej,a<vg( Lo

Xg
(s>>

<, i3 e (D ORUXEG ) - Fuy i (X! (s>>>

+ 2(b’)282<ej, 0 (ve(s)) i

"2 o 2XR (s)
~20%(es 500 2 ). BE o ) L)
The same kinds of computations for the term 2 f;, LR j.¢ lead to the result. []
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