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A many-server queueing system is considered in which customers ar-
rive according to a renewal process and have service and patience times that
are drawn from two independent sequences of independent, identically dis-
tributed random variables. Customers enter service in the order of arrival and
are assumed to abandon the queue if the waiting time in queue exceeds the
patience time. The state of the system with N servers is represented by a
four-component process that consists of the forward recurrence time of the
arrival process, a pair of measure-valued processes, one that keeps track of
the waiting times of customers in queue and the other that keeps track of the
amounts of time customers present in the system have been in service and a
real-valued process that represents the total number of customers in the sys-
tem. Under general assumptions, it is shown that the state process is a Feller
process, admits a stationary distribution and is ergodic. It is also shown that
the associated sequence of scaled stationary distributions is tight, and that any
subsequence converges to an invariant state for the fluid limit. In particular,
this implies that when the associated fluid limit has a unique invariant state,
then the sequence of stationary distributions converges, as N — 00, to the
invariant state. In addition, a simple example is given to illustrate that, both
in the presence and absence of abandonments, the N — oo and ¢ — oo limits
cannot always be interchanged.

1. Introduction.

1.1. Description. An N-server queueing system is considered in which cus-
tomers arrive according to a renewal process, have independent and identically
distributed (i.i.d.) service requirements that are drawn from a general distribution
with finite mean and also carry i.i.d. patience times that are drawn from another
general distribution. Customers enter service in the order of arrival as soon as
an idle server is available, service is nonpreemptive, and customers abandon the
queue if the time spent waiting in queue reaches the patience time. This system
is also sometimes referred to as the GI/GI/N + G model. In this work, it is as-
sumed that the sequences of service requirements and patience times are mutually
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independent, and that the interarrival, service and patience time distributions have
densities.

The state of the N-server system is represented by a four component process
Y™ consisting of the forward recurrence time process associated with the re-
newal arrival process, a measure-valued process that keeps track of the amounts of
time customers currently in service have been in service, another measure-valued
process that encodes the times elapsed since customers have entered the system
(for all customers for which this time has not yet exceeded their patience times)
and a real-valued process that keeps track of the total number of customers in the
system. This infinite-dimensional state representation was shown in Lemma B.1
of Kang and Ramanan [15] to lead to a Markovian description of the dynamics
(with respect to a suitable filtration). In addition, a fluid limit for this model was
also established in [15], that is, under suitable assumptions, it was shown that al-
most surely, Y V) = YN /N converges, as N — 00, to a limit process ¥ which
is characterized as the unique solution to a set of coupled integral equations (see
Definition 5.1). The process Y will be referred to as the fluid limit.

The present work focuses on obtaining first-order approximations to the sta-
tionary distribution of ¥ ™) which is of fundamental interest for the performance
analysis of many-server queues. It is first shown that for each N, YV) is a Feller,
strong Markov process and has a stationary distribution. Under an additional as-
sumption (Assumption 7.1), uniqueness of the stationary distribution and ergod-
icity of each Y (N) is also established. The main result, Theorem 3.3, shows that
under fairly general assumptions the sequence of stationary distributions is tight
and that any subsequential limit is an invariant state for the fluid limit. In particu-
lar, if the fluid limit has a unique invariant state, this implies that the sequence of
scaled stationary distributions (indexed by the number of servers N) converges, as
N — 00, to this unique invariant state. More generally, this work seeks to illustrate
how an infinite-dimensional Markovian representation of a stochastic network can
facilitate the (first-order) characterization of the associated stationary distributions.
Furthermore, examples are presented to illustrate several subtleties in the dynam-
ics. Specifically, it is shown that the presence of a unique invariant state is not a
necessary condition for the sequence of scaled stationary distributions to have a
limit and that even when such a limit exists, the t — oo and N — oo limits cannot
in general be interchanged.

1.2. Motivation and context. The study of many-server queueing systems with
abandonment is motivated by applications to telephone call centers and (more gen-
erally) customer contact centers. The incorporation of customer abandonment cap-
tures the effect of customers’ impatience, which has a substantial impact on the
performance of the system. For example, customer abandonment can stabilize a
system even when it is overloaded. A considerable body of work has been de-
voted to the study of various steady-state or stationary performance measures of
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many-server queues, both with and without abandonment. In the absence of aban-
donment, when the interarrival times and service times are exponential, an explicit
expression for the steady state queue length can be found in Bocharov et al. [4].
In the discrete-time setting, when the i.i.d. interarrival and service times are gener-
ally distributed, the classical work of Kiefer and Wolfowitz [18] (see also Foss [7])
establishes the convergence in distribution, as time goes to infinity, of the waiting
time vectors to a stationary limit. The generalization to continuous time is dealt
with in Asmussen and Foss [2]. For a many-server queue with stationary renewal
arrivals, deterministic service times and no abandonments, Jelenkovic, Mandel-
baum and Momcilovié¢ [13] showed that on the diffusive scale, the scaled station-
ary waiting times converge in distribution to the supremum of a Gaussian random
walk with negative drift. For a many-server queue with stationary renewal arrivals,
a finitely supported, lattice-valued service time distribution and no abandonments,
in the so-called Halfin—Whitt asymptotic regime where the number of servers N
goes to infinity and the corresponding arrival rate grows as N — 8+/N for some
B > 0, Gamarnik and Momcilovi¢ [8] characterized the limit of the scaled station-
ary queue length distribution in terms of the stationary distribution of an explicitly
constructed Markov chain and obtained an explicit expression for the exponential
decay rate of the moment generating function of this limiting stationary distribu-
tion.

For many-server queues with abandonment whose interarrival, service and
abandonment distributions are exponential, Garnett, Mandelbaum and Reiman
[10] provide exact calculations of various steady state performance measures and
their approximations in the Halfin—Whitt asymptotic regime, both in the case of fi-
nite waiting rooms (M /M /N /B + M) and infinite waiting rooms (M /M /N + M).
In the case of Poisson arrivals, exponential service distribution and general aban-
donment distribution (M /M /N + G), explicit formulae for the steady state distri-
butions of the queue length and virtual waiting time were obtained by Baccelli and
Hebuterne [3] (see Sections IV and V.2 therein), whereas several other steady state
performance measures and their approximations in the Halfin—Whitt asymptotic
regime were derived by Mandelbaum and Zeltyn [23].

In the previously mentioned works on characterization of stationary distribu-
tions of many-server queues, either the interarrival times and service times are
assumed to be exponential or it is assumed that the service time distribution is
discrete and has a finite support, and that there is no abandonment. However, sta-
tistical analysis of real call centers has shown that both service times and patience
times are typically not exponentially distributed (see Brown et al. [5] and Mandel-
baum and Zeltyn [23]). In general, it is difficult to derive explicit expressions for
the stationary distributions of many-server queues, especially in the more realistic
case when service times are not exponential and there is abandonment. This is also
the case for many other classes of stochastic networks. To circumvent this problem,
a common approach that is taken is to identify the long-time limits of the fluid or
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diffusion approximations, which are often more tractable, and then use these lim-
its as approximations of the stationary distribution of the original system. Such an
approach relies on the premise that the long-time behavior of the fluid limit can be
characterized and also requires an argument that justifies the interchange of (the
N — oo and t — oo) limits (see, e.g., Gamarnik and Zeevi [9] for an interchange
of limits result in the context of generalized Jackson networks). However, we show
that this approach may not always be appropriate for stochastic network models.
Indeed, for the case of many-server queues whose service distributions are not ex-
ponential, the long-time behavior of the fluid is subtle and difficult to characterize
in large part due to the complexity in the dynamics introduced by the coupling
of the measure-valued component of the fluid limit with the positive real-valued
component by the nonidling condition. Furthermore, as the example we construct
in Section 7 demonstrates, in general, the order of the N — 0o and ¢ — oo limits
cannot be interchanged.

Instead we take a different approach to showing convergence that is more appro-
priate for mean-field limits, which involves establishing tightness of the stationary
distributions and showing that any subsequence converges to an invariant state.
A more detailed description of the approach is provided in Section 3.2 and addi-
tional discussion is provided in Section 7. The present work is also related to the
work of Whitt [22] who analyzed a discrete time version of the model, proposed
a fluid limit model and made several conjectures on the associated steady-state
quantities. A comparison of our results with those of Whitt [22] is also given in
Section 3.2 after the statement of our main results.

1.3. Outline. The outline of the paper is as follows. A precise mathematical
description of the model is provided in Section 2. Section 3 introduces the basic
assumptions and states the main result. The Feller property and the existence of
stationary distributions of the state descriptor are proved in Section 4. The fluid
equations and the invariant manifold are described in Section 5 and the asymp-
totics of the stationary distributions is established in Section 6. Finally, Section 7
contains a discussion of the positive Harris recurrence and ergodicity of the state
descriptor, the long time behavior of the fluid limit and an example that shows that
the “interchange of limits” property does not always hold. In the remainder of this
section, we introduce some common notation used in the paper.

1.4. Notation and terminology. The following notation will be used through-
out the paper. Z is the set of integers, N is the set of positive integers, R is the set
of real numbers, Z is the set of nonnegative integers and R the set of nonneg-
ative real numbers. For a, b € R, a Vv b denotes the maximum of ¢ and b, a A b
the minimum of a and » and the short-hand a™ is used for a v 0. 15 denotes the
indicator function of the set B [i.e., 1p(x) = 1 if x € B and 1 g(x) = 0 otherwise].



STATIONARY DISTRIBUTIONS OF MANY-SERVER QUEUES 481

1.4.1. Function and measure spaces. Given any metric space E, Cp(E) and
C.(E) are, respectively, the space of bounded, continuous functions and the space
of continuous real-valued functions with compact support defined on E. The
support of a function ¢ is denoted by supp(¢). We denote by Dg[0, T'] (resp.,
DEl0, 00)) the space of E-valued, cadlag functions on [0, T'] (resp., [0, 00)) and
we endow this space with the usual Skorokhod J;-topology [21]. When E is Pol-
ish then Dg[0, T'] and Dg[0, 00) are also Polish spaces (see [21]). Let Zg, [0, 00)
be the subset of nondecreasing functions f € Dg, [0, 00) with f(0) = 0. Given
f€1r,[0,00), f ~! denotes the inverse function of f defined by

(1.1) ) =inflx = 0: f(x) = y}.

The space of Radon measures on a complete separable metric space E, endowed
with the Borel o-algebra, is denoted by M(E), while M p(E) is the subspace
of finite measures in M(E). Recall that a Radon measure on E is one that as-
signs finite measure to every relatively compact subset of E. The space M (E) is
equipped with the weak topology, that is, a sequence of measures {u,} in Mp(FE)
is said to converge to u in the weak topology (denoted w,, 5 ) if and only if for
every ¢ € Cp(E),

(1.2) /Ego(x)u”(dx) — /Ego(x)u(dx) asn — oo.

As is well known, Mg (E), endowed with the weak topology is a Polish space.
The symbol §, will be used to denote the measure with unit mass at the point
x and, by some abuse of notation, we will use 0 to denote the identically zero
Radon measure on E£. When F is an interval, say [0, H) for some H € (0, oo], we
will often write M[0, H) and M ¢[0, H) instead of M ([0, H)) and M ([0, H)),
respectively. For any u € Mp[0, H), we define

(1.3) FE(x) = ul0,x],  xel0, H).

For any Borel measurable function f:[0, H) — R that is integrable with respect
to & € MJ[0, H), we often use the short-hand notation

(f.£) = f FEx).
[0,H)

Also, for ease of notation, given £ € M[0, H) and an interval (a, b) C [0, M), we
will use £(a, b) to denote £((a, b)).

1.4.2. Measure-valued stochastic processes. In this work, we will be in-
terested in cadlag H-valued stochastic processes where H = Mp[0, H) for
some H < oo. These are random elements that are defined on a probability
space (2, F,P) and take values in Dx[0, oo), equipped with the Borel o-
algebra (generated by open sets under the Skorokhod Ji-topology). A sequence
{X,}nen of cadlag, H-valued processes, with X, defined on the probability space
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(2, Fn, Pp), is said to converge in distribution to a cadlag H-valued process X de-
fined on (2, F, P) if, for every bounded, continuous functional E : Dx[0, c0) —
R, we have

Jim B, [E(X,)] = E[E(X)],

where [, and E are the expectation operators with respect to the probability mea-
sures P, and P, respectively. Convergence in distribution of X, to X will be de-
noted by X, = X.

2. Description of model and state dynamics. In Section 2.1 we describe
the basic model, which is sometimes referred to as the GI/GI/N + G model. In
Section 2.2 we introduce the state descriptor and some auxiliary processes and also
describe the state dynamics. In Section 2.3 we obtain a convenient representation
formula for expectations of linear functionals of the measure-valued components
of the state process. In Section 2.4 we introduce a filtration with respect to which
the state descriptor is an adapted, strong Markov process. This model was also
considered in [15], where a functional strong law of large numbers limit for the
state descriptor was established as the number of servers and the mean arrival rate
both tend to infinity.

2.1. Model description and primitive data. Consider a queueing system with
N identical servers in which arriving customers are served in a nonidling, first-
come-first-serve (FCFS) manner, that is, a newly arriving customer immediately
enters service if there are any idle servers or, if all servers are busy, then the cus-
tomer joins the back of the queue, and the customer at the head of the queue (if
one is present) enters service as soon as a server becomes free.

It is assumed that customers are impatient and that a customer reneges from
the queue as soon as the amount of time he or she has waited in the queue
reaches his or her patience time. Service is nonpreemptive and customers do not
renege once they have entered service. The patience times of customers are given
by an i.i.d. sequence, {r;,i € Z}, with common cumulative distribution function
G" on [0, oo], while the service requirements of customers are given by another
i.i.d. sequence, {v;,i € Z}, with common cumulative distribution function G* on
[0, 00). For i € N, r; and v;, respectively, represent the patience time and the ser-
vice requirement of the ith customer to enter the system after time zero, whereas
{ri,i € —=NU{0}} and {v;,i € —NU{0}}, respectively, represent the patience times
and the service requirements of customers that arrived prior to time zero (if such
customers exist), ordered according to their arrival times (prior to time zero).
We assume that G* has density g* and G, restricted to [0, co), has density g",
with G” possibly having some mass at infinity. This implies, in particular, that
G"(04+)=G*(0+) =0. We define " =g" /(1 — G") and h* = g° /(1 — G®) to be
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the corresponding hazard rate functions associated with G” and G*. Let
H" =sup{x €[0,00):G" (x) < 1},
H*® = sup{x € [0, 0): G*(x) < 1}.

The superscript (N) will be used to refer to quantities associated with the system
with N servers.

Let EY) denote the cumulative arrival process associated with the system that
has N servers, with EV)(¢) representing the total number of customers that arrive
into the system in the time interval [0, ¢]. We assume that E) is a renewal process
with a common interarrival distribution function F"), which has finite mean and
satisfies F™)(0) = 0. Let A") be the inverse of the mean of FN), that is,

o0
MN)/ A FM(dx)=1.
0

The number 1AM represents the long-run average arrival rate of customers to the
system with N servers. We assume E®) the sequence of service requirements

{vj, j € Z} and the sequence of patience times {r;, j € Z} are mutually indepen-

dent. Let a(EN) be a cadlag, real-valued process defined by afEN) (s) = agv) ©0) +s

if EM(s) =0 and, if EN)(s) > 0, then
o (5) = 5 —suplu < 5: EM ) < EM(5)).

Observe that the quantity oz%N) (s) denotes the time to s since the last arrival, and

. . . . N
coincides with the backward recurrence time process. Moreover, the process 0‘1(5 )

determines the process EW). Let SéN) be an a.s. finite Z_ -valued random variable
that represents the number of customers that entered the system prior to time zero.
This random variable does not play an important role in the analysis. It is used
merely for bookkeeping purposes, to keep track of the indices of customers.

2.2. State descriptor. A Markovian description of the state of the system with
N servers would require one to keep track of the residual or elapsed patience times
and the residual or elapsed service times of each customer present in the queue or
in service. In order to do this in a succinct manner, with a common state space
for all N-server systems, we use the representation introduced in [15]. In this rep-
resentation, the state of the N-server system consists of the backward recurrence
time agv) of the renewal arrival process, a nonnegative real-valued process X V),
which represents the total number of customers in system with N servers (includ-
ing those in service and those in queue) and a pair of measure-valued processes, the
“age measure” process, v¥), which encodes the amounts of time that customers
currently receiving service have been in service and the “potential queue measure”
process, n™), which keeps track not only of the waiting times of customers in
queue but also of the potential waiting times (defined to be the times since entry
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into system) of every customer (irrespective of whether the customer has already
entered service and possibly departed the system) for whom the potential waiting
time has not yet exceeded the patience time. Thus, the state of the system, denoted
by Y™, takes the form

2.1) YN = (@, XN W) Ny,

Note that XN and n™), together, yield the number and waiting times of cus-
tomers currently in queue. Indeed, for € [0, 00), let Q™) (¢) be the number of
customers waiting in queue at time ¢. Because the head-of-the-line customer is the
customer in queue with the longest waiting time, the quantity

22) xM@) =inflx > 0:7M10,x1= oM ()) = (F" ) (@M (1))

represents the waiting time of the head-of-the-line customer in the queue at time ¢.

Here, the function F " and its inverse are as defined in (1.3) and (1.1), respec-
tively. Since this is an FCFS system, any mass in nt(N) that lies to the right of
x M) (1) represents a customer that has already entered service by time 7, and all
masses in [0, x V) (¢)] are still in queue. Therefore, the queue length process Q)
can be expressed in terms of x ) and n™:

(2.3) oM @) =00, xM®)].,  1€l0,00),

and the restriction of nt(N) to [0, x™)(¢)] encapsulates the waiting times of all
customers in queue at time ¢. As explained in Section 2.2 of [15], we include in the
state the measure-valued process 7V) rather than a measure-valued process that
only keeps track of the waiting times of customers in queue because the dynamics
of the former is easier to analyze.

We note that, due to the nonidling condition, the queue length process also ad-
mits the following alternative representation in terms of X V):

oM@y =[xM@) - N
Moreover, because
(2.4) XM =(1,v™) 4 o™,
the nonidling condition is equivalent to
(2.5) N—(1,vM) =[N — xM]*,

The following auxiliary processes are useful for the evolution of the system and
can be recovered from the state of the system ¥ V) by using equations (2.9)-(2.11)
and (2.14) in [15]:

e the cumulative reneging process RY), where R™)(¢) is the cumulative number
of customers that have reneged from the system in the time interval [0, ¢];
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e the cumulative potential reneging process SV), where SN (r) represents the
cumulative number of customers whose potential waiting times reached their
patience times in the interval [0, ¢];

e the cumulative departure process DY), where D) (¢) is the cumulative number
of customers that departed the system after completion of service in the interval
[0, 215

e the process K (V) where K™ () represents the cumulative number of cus-
tomers that entered service in the interval [0, #].

It is easy to see from (2.16) in [15] that the following mass balance for the
number of customers in queue holds:

(2.6) oM )+ EM = o™ L RN 4 g,

2.3. A useful representation formula. We now establish representation formu-
lae (in Proposition 2.2) for expectations of linear functionals of the age and poten-
tial queue measure-valued processes. These are used to establish tightness of the
sequence of stationary distributions in Section 4.2. This representation formula is
similar to that obtained for the fluid in Theorem 4.1 of [17]. The representation can
be deduced from a result given in Proposition 4.1 of [15] which, for convenience,
we first reproduce below as Proposition 2.1.

PROPOSITION 2.1. Let G be the cumulative distribution function of a prob-
ability distribution with density g and hazard rate function h = g/(1 — G), let
H =sup{x € [0,00):G(x) < 1}. Suppose & € D rq,10,u)[0, 00) has the property
that for every L € [0, H) and T € [0, 00), there exists C(L,T) < oo such that

2.7) /0<<o<-,s>h(-), Ty > ds < C(L, T)|¢llso,

for every ¢ € CC((—O& H) x R) with supp(¢) C [0, L] x [0, T]. Then, given any
7o € MFl0, H) and Z € Ir [0, 00), T satisfies the integral equation

t t
<go<-,z),ﬁ,>=<<p<-,0>,fo>+/ <<ps<-,s>,fs>ds+/ (@x (- 5). ) ds
(2.8) 0 0

- / (@( (), 7) ds + / (0. 5)dZ(s)
0 [0,¢]

for every ¢ € C.((—o0, H) x R) and t € [0, 00), if and only if T satisfies

1-G
[ pem@o=[ je+ e
2.9) [0,M) [0,M) - G(x)

+/M f—=5)(1 =Gt —5)dZ(s)

for every f € Cp(Ry) and t € (0, 00).
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We now use this general result to obtain a useful representation formula, which
can also alternatively be deduced by taking expectations in the representation for-
mula provided in Proposition 6.4 of [16].

PROPOSITION 2.2. Suppose that E[(1, (N))] < o0 and E[{(1, v(gN))] < 00.
Then for each bounded measurable function f on Ry and t > 0,

1-G'(x+
E[(f. n(N)>]—E[/[O . f<x+t)# N dx )]

(2.10) ¢
-HE[ . f(t—s)(l—G’(t—s))dE(N)(s)}
[0,7]
and
(N) E|: 1-G* ()C+t) (N)d :|
- E[(fvM)] = /[O’Hs)f(xwL e TE RS

_ S (N)
+E[/{0J]f(z (1 —G*(t —s))dK (s)]

PROOF. We provide the details of the proof of (2.10) only, because the proof of
(2.11) is exactly analogous. Fix N € N and define 7 = E[p™)] and Z = E[EM)],
G = G" and h = h". By Proposition 2.1, in order to establish (2.10) it suffices to
show that (2.7) and (2.8) are satisfied with 7 and Z defined as above. However,
these are easily deduced from properties established in [15]. Indeed, by the analog
of (5.4) of Proposition 5.1(2) in [15], we know that

2.12) [fo (o (), n<N>>ds}sC<L,T>||w||oo,

where C(L,T) = (fOL R (x) dx)E[X ™) (0)+ EMN)(T)] is finite because of the sup-
position of the proposition, the relation X (0) < (1, n(()N)) + (1, v(()N)) and the fact
that E™) is a renewal process with finite mean. Thus, (2.12) implies (2.7). On the
other hand, for every ¢ € Cg ([0, H") x R4), (2.28) of Theorem 2.1 of [15] implies

that for every ¢ € (0, 00),

(0C, 1), 1") = (-, 0), nV) +/ 05, 8) + ox (-, 5), n{V) ds
(2.13)
S;N)(z)+f 0(0,5)dEMN)(s),
[0.1]

and Proposition 5.1(2) of [15] shows that

M =5 = [l om0 s
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is a local {.E(N)} martingale. In fact, Mé{\:,) is an {.E(N)}—martingale because

T
E MM )| <E[SY 1 +E[ LR, §N)d}
Li}t‘iﬂ Ms)|] <ELs) 0] /0<|<o< I, 1) ds

< lgllE[EM ()] + C(L, T)ll¢]lc0 < 00,

where the finiteness follows from the assumption that E®) is a renewal process
with finite mean. The relation (2.8) then follows on taking expectations of both
sides of (2.13) and interchanging the expectation with integration. Hence, the rep-
resentation (2.10) follows. [

2.4. State space and filtration. The total number of customers in service at
time ¢ is given by

1™y =vM10, B9

and is bounded above by the number of servers N. On the other hand, it is clear
(see, e.g., (2.13) of [15]) that a.s., for every ¢ € [0, 00),

(1, 9™) =4™M10, ') < EM ) + (1,7{") < E™ (1) + £V < 0.

Therefore, a.s., for every ¢ € [0, 00), vt(N) € Mpg[0, H%) and n,(N) e Mpl[0, H").

Let Mpl[0, HY) be the subset of measures in M [0, H*) that can be repre-
sented as the sum of a finite number of unit Dirac measures in [0, H*), that is, mea-
sures that take the form Zle 8y, forsome k € Z; and x; € [0, H®),i =1,...,k.
Analogously, let M p[0, H") be the subset of M [0, H") that can be expressed
as the sum of a finite number of unit Dirac measures in [0, H"). Also, define

Y™ = ((a, x, u, ) € Ry x Zy x Mpl0, H) x Mp[0, H") :
(2.14)
x < (L u)+(1,7), (1, u) <N},

where R is endowed with the Euclidean topology d, Z. is endowed with the
discrete topology p and M p[0, H*) and M p[0, H") are both endowed with the
topology of weak convergence. The space V™) is a closed subset of R x Z, X
MFpl0, H®) x MF[0, H") and is endowed with the usual product topology. Since
Ry X Zy x Mp[0, H*) x Mp[0, H") is a Polish space, the closed subset Y™
is also a Polish space. It follows from the representations for v,(N) and n,(N) given
in (2.3) and (2.8) of [15] that a.s., the state descriptor Y M) (1) takes values in YV
for every t € [0, 00).
For t € [0, 00), let ft(N) be the o -algebra generated by

(&, XM, i (), wiM ), 0 (s, 57",

jel=&" +1,...,0}UN,s €[0,11},
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where sV = (sﬁ.N), Jj € Z) is the “station process,” defined on the same prob-
ability space (€2, F,P). For each r € [0, 00), if customer j has already entered

service by time ¢, then sj.N)(t) is equal to the index i € {1, ..., N} of the station at

which customer j receives service and S;N)(l) = 0 otherwise. Let {]-',(N)} denote
the associated right-continuous filtration, completed with respect to P. It is proved
in Appendix A of [15] that the state descriptor ¥ ) and the auxiliary processes
EWN), Q(N ), SN RN D) and K@) are cadlag and adapted to the filtration
{.7-",(N) }. Moreover, from Lemma B.1 of [15] it follows that Y V) is a strong Markov

process with respect to the filtration {.E(N) }.

3. Assumptions and main results. The main focus of this paper is to obtain
a “first-order” approximation for the stationary distribution of the N-server queue,
which is accurate in the limit as the number of servers goes to infinity.

3.1. Basic assumptions. We impose the following mild first moment assump-
tion on the patience and service time distribution functions G” and G*. Without
loss of generality, we can normalize the service time distribution so that its mean
equals 1.

ASSUMPTION 3.1. The mean patience and service times are finite:

3.1 0" i/ xg (x)dx =/ (1-G"(x))dx < o0
[0,00) [0,00)
and
(3.2) / xg*(x)dx =f (1-G*(x))dx=1.
[0,00) [0,00)
Let v, and 7, be the probability measures defined as follows:
X
(33) wlon = [((1=G ey, xelo.H),
X
(3.4) 0.0 [[(1=G"o)dy.  xelo.H.

Note that v, and 5, are well defined due to Assumption 3.1. For A > 1, define the

set B; as follows:
(3.5) By = {x € 11,00): G ((F) ) ((x — Y1) = AT_l}

Let

blA =inf{x € [1,00):x € By} and bf =sup{x €[1,00):x € By }.
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Since the functions G” and F*"* are continuous and nondecreasing, we have B, =
[bl)‘, bﬁ]. Let 7, be the set of states defined by

{(A, Avy, Ans)}, ifa<l,

(36 I*z{{(x*,v*,xn*):x*em}, itA> 1.

‘We show in Theorem 5.5 that 7, describes the so-called invariant manifold for the
fluid limit. Suppose that 7, satisfies the following assumption.

ASSUMPTION 3.2. The set Z, has a single element.

Note that this is a nontrivial restriction only when A > 1. A deterministic fluid
limit of the GI/GI/N + G queue was conjectured to exist in Conjecture 2.2
of [22], and Theorem 3.1 of [22] states that this fluid limit has a unique steady
state. However, as shown in the example in Section 7.2, in general there need not
be a unique invariant state (or, equivalently, a unique steady state in the sense of
[22]) due to the possibility of the existence of multiple solutions to the equation
(3.7) below. Thus, we explicitly assume uniqueness of the steady state to obtain
the full convergence result. We now provide a general sufficient condition for As-
sumption 3.2 to hold.

LEMMA 3.1. Ifeither A <1 or A € [1, 00) and the equation

3.7 Gy =21
(3.7) (X)—T

has a unique solution, then Assumption 3.2 holds. In particular, this is true if G"
is strictly increasing.

PROOF. Fix A € [1, 00). It suffices to show that the set Bj in (3.5) consists of
a single point. Since the equation in (3.7) has a unique solution and the function

(F1)~1(.) is strictly increasing on [0, A@"), the equation
A—1
G ((F™) 7 ((x =) ==——

has a unique solution. Thus, B, has a single element and the lemma follows. [

For each N € N, let YN) = (&%N), XN 5N 7Ny be the fluid scaled state
descriptor defined as follows: for ¢ € [0, oc) and any Borel subset B of R,

- XM
7' 0 =a 0. XM=
(3.8)
(N) (N)
—(N) .V (B) —(N) . n (B)
B)y=———, B)y=——7"7—.
v (B) = e (B) =
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Analogously, for I = E, D, K, Q, R, S, define

N
(3.9) TN = ﬁ
N

The following standard assumption is imposed on the sequences of fluid scaled

external arrival processes {E™)} and initial conditions (n(()N), véN)), N eN.

ASSUMPTION 3.3. The following conditions are satisfied:

(1) There exists A € [0, c0) such that A(Y) = A(N)/N — Aas N - o0;
(2) As N — 0o, E™) — E in D, [0, 00) P-a.s., where E(t) = At;
3) El(1,7{")] < oo and E[(1, v{\)] < 0o for each N € N.

The following technical assumption was imposed on the hazard rate functions
in [15] to establish the fluid limit theorem.

ASSUMPTION 3.4. There exists L* < H® such that #° is either bounded or
lower-semicontinuous on (L®, H*), and likewise, there exists L” < H" such that
h'" is either bounded or lower-semicontinuous on (L", H").

We conclude with a mild assumption on the interarrival distribution function
FN,

ASSUMPTION 3.5. The interarrival distribution F) has a density.

3.2. Main results. The first result focuses on the existence of a stationary dis-
tribution for the state process.

THEOREM 3.2. For each N, under Assumption 3.5, {Yl(N), f,(N)} is a Feller
process that has a stationary distribution.

The Feller property is proved in Proposition 4.2 and the existence of a stationary
distribution is established in Theorem 4.9. In Theorem 7.1, the state process is
also shown to be ergodic under an additional condition (Assumption 7.1) which
holds, for example, when the interarrival, reneging and service densities are strictly
positive and the latter two have support on (0, 00).

We now state the main result, which provides a first-order approximation for
stationary distributions of N-server queues.

THEOREM 3.3. Suppose Assumptions 3.1, 3.3 and 3.5 hold and for N € N,

let YiN) = (Eg\g, YiN), U,(kN), ﬁiN)) be a scaled stationary distribution for the N -
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server queue with abandonment. Then the sequence YiN), N e N, is tight. If, in
addition, Assumption 3.4 holds, then the limit of any convergent subsequence of
the sequence (YiN), kaN), ﬁka) ), N € N, almost surely takes values on the invari-
ant manifold T,. Furthermore, if Assumption 3.2 also holds, then the sequence

(YiN), ﬁiN), ﬁiN)), N €N, converges to the unique element of Z,..

A related discrete-time result was conjectured in Theorem 7.2 of Whitt [22].
In particular, Theorem 7.2 of [22] states that if the discrete model introduced in
[22] satisfies the assumptions that (i) each N-server queueing system converges
(for large times) to a unique stationary distribution; (ii) the sequence of fluid-
scaled stationary distributions is tight; and (iii) the sequence of fluid-scaled sta-
tionary distributions has a weak limit as N — oo, this limit must be equal to the
unique steady-state associated with the fluid model described in [22]. The validity
of properties (ii) and (iii) was not established in [23]. In contrast, we consider the
continuous model, and for this model establish tightness and (under the additional
assumption that there is a unique invariant state) existence of a weak limit. The
proof of Theorem 3.3 is given in Section 6 and consists of the following main
steps. In Theorem 3.2, the Markovian nature of the state representation is used to
establish the existence of a stationary distribution for each N-server system. In
Theorem 6.2 a convenient representation for the state dynamics in the N-server
system (see Proposition 2.2) is used to establish tightness of any sequence of fluid-
scaled stationary distributions. It is shown in Section 7.2 that, in general, the steady
state (equivalently an element of the invariant manifold) need not in fact be unique.
Nevertheless, it is shown that any subsequential limit must be an invariant state,
and that when there is a unique invariant state, the desired convergence follows.
Sufficient conditions for uniqueness of the invariant state are given in Lemma 3.1.

The characterization of the stationary distribution and a better understanding of
the possible metastable behavior of the N-server queue in the presence of multiple
invariant states for the fluid remains a subject for future investigation.

4. Stationary distribution of the N-server queue. We now establish the ex-
istence of a stationary distribution for the Markovian state descriptor {Yt(N), }}(N)}
for the system with N servers, under Assumption 3.5. First, in Section 4.1,
{Yt(N) ) ft(N) }+>0 1s shown to be a Feller process (see Proposition 4.2). Then, in Sec-
tion 4.2, the Krylov—Bogoliubov existence theorem (cf. Corollary 3.1.2 of [6]) is
used to show that {Y,(N), ft(N)} >0 has a stationary distribution. Finally, in the Ap-
pendix, ergodicity and positive Harris recurrence of the process {YI(N), }"t(N) }i>0
is established under an additional condition (Assumption 7.1). For conciseness, in
the rest of this section, N is fixed and the dependence on N is omitted from the
notation.
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4.1. Feller property. It follows from the definition of Y in (2.1) and Lem-
ma B.1 of [15] that Y is a so-called piecewise deterministic Markov process with
jump times {11, 12, ...} (see [12] for a precise definition of piecewise determinis-
tic Markov processes), where each jump time is either the arrival time of a new
customer, the time of a service completion or the end of a patience time. Note that
the set of jump times also includes the time of entry into service of each customer
because, due to the nonidling condition, each such entry time coincides with ei-
ther the arrival time of that customer or the time of service completion of another
customer. Let tgo = 0. For each i € Z,, Y evolves in a deterministic fashion on

[Ti, Tit1),
Y(ti +1) = Qy ;) (D), t €0, tiy1 — ),

where, for each y € ) of the form y = (a, x, Y5_, 8,,, le=1 8;),k,l €N, k<N,
we define

k l
(1) By (1) = <a+r,x,26m+f, Zéz_,-+,>, =

i=1 j=1

The Markovian semigroup of Y is defined in the usual way: foreachr >0, y €
and A € B())), the set of Borel subsets of ), let

(4.2) Pi(y, A) =P(Y(t) € A|Y(0) = y).

Moreover, for any measurable function i defined on ) and ¢ > 0, let P,y be the
function on ) given by

(4.3) Py (y) =E[y (Y ()[Y (0) = y], yey.

We now show that the semigroup { P, t > 0} is Feller in the sense of [6] (see the
beginning of Section 3.1 therein), that is, we show that for any ¢ € C,())) and
t>0, Py € Cp()).

Foreachm € Z, let Y™ be the state descriptor of an N-server queue with initial
state

kln lm

Y™(0) = y" = (am,xm, X;SM;?I, ;54&) €y
= j=

for some k" € {0, ..., N} and I"* € N. Suppose that {Y", m € Z,} are defined on
the same probability space and y™ converges to y? as m — oco. Due to the nature
of the topology on ), the convergence of y” to y° implies that x™ = x9 k™ =
k9, 1m =19 for all sufficiently large m and, as m — oo, ™ — af, ul' — u? and
zf/?’ — z?- for each 1 <i <k%,1 < j <I° Without loss of generality, we may as-
sume that x™ = x9 k™ = k9, 1" = [0 for every m € Z.. For the mth N-server
system, m € Z., the time since the arrival of the last customer before time 0 is o™



STATIONARY DISTRIBUTIONS OF MANY-SERVER QUEUES 493

and hence, the random time to the arrival of the first customer after time O has dis-
tribution function F (o™ +-)/(1 — F («™)), which has a density by Assumption 3.5.
Likewise, the distribution of the residual patience time of the initial customer as-
sociated with the point mass (SZ;n has density g” (z'}-’ + /0 -G" (z'}’)) and the
distribution of the residual service time of the initial customer associated with the
point mass 8, has density g*(u;" +-)/(1 — G*(u}")). For simplicity, henceforth
we will denote £°, 1%, xO simply by &, [, x. We assume that the elements of the
sequence {Y", m € Z} are coupled so that:

e the interarrival times after the first arrival and the sequences of service times
and patience times of customers that arrive after time O are identical for each
N-server queue Y, m € Z;

e the first arrival time of a new customer in the mth N-server queue converges to
the first arrival time in the Oth N-server queue (note that this is equivalent to the
convergence of the residual interarrival times at time zero in the corresponding
systems);

e foreach j =1,...,/, the residual patience time of the customer associated with
the point mass 8ern converges, as m — 090, to the residual patience time of the
customer associated with the point mass § Z?;

e foreachi =1,...,k, the residual service time of the customer associated with
the point mass §,» converges, as m — 00, to the residual service time of the
customer associated with the point mass §,.

LEMMA 4.1. Suppose Assumption 3.5 holds. For each m € Z4 and n € N,
let T be the nth jump time of Y™ . Then for each n € N, t,' converges to t,? and
Y™ (z,') converges in Y to Yo(t,?) a.s., as m — oo.

PROOF. We prove the lemma by an induction argument. First, consider n = 1.
For each m € Z, the first jump time 7" is the minimum of the first arrival time
of a new customer, the residual patience times of initial customers with potential
waiting times in the set {z;-", 1 < j <1} and the residual service times of initial
customers associated with ages in the set {u", 1 <i <k}. It follows directly from
the assumptions on {Y", m € Z } that for every realization,

(4.4) " — 1, as m — 00.

Since the interarrival distribution F', the service time distribution function G* and
the patience time distribution function G” are independent and have densities, with
probability 1, 1'10 coincides with exactly one of the following in the Oth system:
the first arrival time of a new customer, the residual patience time of an initial
customer with initial waiting time z(}, 1 < j <1, or the residual service time of

an initial customer with age u?, 1 <i <k. Let us fix a realization such that rlo is
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equal to the first arrival time of a new customer in the Oth system. The remaining
two cases can be handled similarly. In this case, by the convergence of 7" to r?,
the convergence of the other quantities stated above and the coupling construction,
for all sufficiently large m, t{" is equal to the first arrival time of a new customer
in the mth system. Hence, for all sufficiently large m, the first jump of Y is due
to the first arrival of a new customer in the mth system. For such m, since Y
evolves in a deterministic fashion on [0, 7") described by the continuous function
¢ introduced in (4.1), we have

k l
Y"(r"'—) = (o(m +1",x, ZSulm_,_flm, Z 8Z?+r;n).

i=1 j=1

If k = N and x > k = N, then all the servers are busy and the customer that arrives
at t{" will have to wait in queue. Thus, by the coupling construction,

k /
Ym(‘[{n) = (0,)6 +1, Z(Su,'-"-i-tlm’ 2827+Tin —{—80)

i=1 j=1

On the other hand, if k < N, then x = k and there is at least one idle server present.
Hence, the customer will join service immediately upon arrival at time 7;". Thus,
in this case,

k I
Ym(-;:i") = (0, x+1, Z(S“,m“‘flm + &, 282?4‘%’" + 50).
i=1 j=1

In both cases, for the chosen realization, we have Y™ (z{") — Y O(‘E?) as m — oQ.
Now, suppose that 7" converges to rio and Y™ (") converges to Y O(rl-o) a.s.,
as m — oo, for 1 <i < n, and consider i = n + 1. Fix a realization such that
T converges to 70 and Y (t/") converges to Y°(z¥) as m — oco. By the same
argument as in the case n = 1, we may assume, without loss of generality, that for
the chosen realization and m € Z, the jump at t,* for Y is due to the arrival of a
new customer. Then, for each m € Z, Y™ (z)"') has the following representation:

K I
my_my __ m
Y (Tn ) = (0, xn y Zau?jn, Z 82751)

i=1 j=1
for some k', ', x3' € Zoy, ui',, 27, € Ry with o' < k' + 17, k' < N. Due to the
induction hypothesis and the topology of ), for all sufficiently large n, x™ = x?,
k= k0, 1m =10, uj, — ”?,n and 7, — Z?,n as m — oo for each 1 <i <Y and
1<j< 1,9 . The argument that was used for the case n = 1 can be used again to
show that ‘L’,;"?H converges to T;? 11 apd ym (r;l"H) converges to Y O(I,? +1) a.s., as
m — oo. This completes the induction argument and hence, proves the lemma.

g
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PROPOSITION 4.2. Suppose that the interarrival distribution F has a density.
Then the semigroup { Py, t > 0} is Feller.

PROOF. It is easy to see from the definition of the function P,y in (4.3) that
when v is bounded, Py is also bounded. To prove the proposition, it suffices to
show that P;/ is a continuous function with respect to the topology on ). Fix ¢ >
0. Let y0 = (%, x% u° 7% € Y and y" = (™, x™, u™, ™), m € Z., be points
in ) such that, as m — oo, y™ converges in ) to y°. Since Z. is a discrete space
and x™ — x% as m — oo, it must be that for all sufficiently large m, x” = x©.
Without loss of generality, we assume that x™ = x° for each m € N. Consider
a sequence of coupled N-server queues {Y",m € Z,} carried out earlier such
that Y (0) = y™ for each m € Z,. Then P,y (y™) = E[¢¥ (Y™ (¢))]. To prove the
continuity of Py, it suffices to show that Y™ (t) — Y9(r) a.s., as m — o0o. Indeed,
since Y € Cp())), the latter convergence would imply that (Y™ (¢)) — 1//(Y0(t))
and hence, by the bounded convergence theorem, that Py (y™) — P,tp(yo) as
m — oo, which would show that { P;, ¢t > 0} is Feller.

It only remains to prove that almost surely, Y () — Y 0(¢) as m — oo. Since
the interarrival distribution F', service distribution G* and patience distribution G"
all have densities, with probability one ¢ does not belong to the set {r,? ,n €N} of
jump times of Y°. Fix a realization such that # does not belong to the set {r,? ,n €N}
and such that for each n € N, 7" converges to 7 and Y™ (/") converges in ) to
Yo(t,?), as m — oco. By Lemma 4.1, this can be done on a set of probability one.
Let r = sup{n: r,? < t}. Then rro <t < rro +1 and hence, for all sufficiently large
m, 7" <t < 1, . By the convergence of 7, to 70 and Y™ (¢) to YO(z0), as
m — o0, as well as the definition of ¢ in (4.1), we conclude that Y™ (1) — Y°(z),
as m — 0o. Thus, we have shown that Y (t) — Y°(¢) a.s., as m — oco. [

4.2. Existence of stationary distributions. In this section, it is shown that the
Feller process {Y;, F;};>0 admits a stationary distribution. To achieve this, we ap-
ply the Krylov—Bogoliubov theorem (cf. Corollary 3.1.2 of [6]) which requires
showing that the following family {L,, t > 0} of probability measures associated
with {Y;, F;};>0 is tight. For each measurable set B C Y and ¢t > 0, define

1 t
L:(B) = ;'/0 P(Y(s) € B) ds.

Obviously, for each t > 0, L; is a probability measure on (), B()))). We now recall
some useful criteria for tightness of a family of random measures, which can be
derived from A7.5 of [14] (see also Exercise 4.11 of [14]).

PROPOSITION 4.3. A family {r;};>0 of MF[0, H)-valued random variables
is tight if the following two conditions hold.

() SupzzOE[ﬂ, )] < 005
(2) lime— g sup,~ E[7/[c, H)] — 0.
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LEMMA 4.4. Suppose Assumption 3.1 holds and E[(1,n9)] < oco. Then
sup,>o E[(1, n/)] < 00 and sup,o E[(1, v;)] < 0.

PROOF. Let f =1in (2.10) and (recalling that the superscript N is being sup-
pressed from the notation) let e(t) = E[E(¢)], ¢ > 0. Using integration-by-parts, it
follows that

t
E[(1, 7)1 < B[, no)] + fo (1—G"(t — 5)) de(s)
t
— E[(1, o)] + e(t) — /0 e(s)g" (t — 5)ds

— E[{L no)] + e(t)(1 — G" (1)) — /O (e(t) — e(t — 5))g" () ds.

Since E is a renewal process with rate A, e(t)/t — A as t — oo by the key renewal
theorem. Moreover, the finite mean condition (3.1) implies (1 — G"(¢)) — 0
as t — 0o. Therefore, we have sup,.qe(t)(1 — G"(t)) < oo. The Blackwell re-
newal theorem (cf. Theorem 4.3 of [1]) implies that e(t) — e(t — s) — sA as
t — oo and hence, that sup,. fé(e(t) —e(t — 5))g" (s)ds < 0o. Combining
these relations with (3) of Assumption 3.3 and the last display, we conclude that

sup, > E[(1, n/)] < oo.
On the other hand, since each v; is the sum of at most N unit Dirac masses, it
trivially follows that sup,. o E[(1, v;)] < N <oco. U

To show that {n;};>0 and {v;};>¢ satisfy the second property in Proposition 4.3,
note that by choosing f =1 yry, ¢ > 0, in (2.10), we obtain for > 0,
1-G"(x+1)

Binde HO <E[ [ im0

no(dx>]
4.5

t
+/O Lie.ury(t —s)(1 = G"(t — 5)) de(s)
and, likewise, by choosing f = 1. gs) in (2.11) it follows that for > 0,

1-G'(x+1)

Elvele, H7)1= E[f[o H?) ey (e D= G*(x)

VO(dx)i|
(4.6) .
+ E[/O Le.usy(t —5)(1 — G*(t — ) dK(s)].

We now establish two supporting lemmas.

LEMMA 4.5. Suppose Assumption 3.1 holds and E[(1, ng)] < co. We have

, 1 — G (x +1)
4.7 lim su IE/ Liegry(x +1) ———— dx]:O
@7 Jim sup [[Oﬂr) i) (&40 ()
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and

) 1—-G5(x+1)
4.8 lim su E/ Lo gsy(x +1)————— v dx]zO.
@®  lim p [mﬂn[aHx I (d

PROOF. When H" < 0o, we have

1— G (x+1)

]

supE[/ Lie,Hry(x + 1)
[0,H")

t>0

swﬂAmﬁmeﬂmwﬂ

t>0

= sup E[/ Lie,mry(x +t)n0(dx)}
tel0,c) [0,H")

VvV sup E[f ]]_[C’Hr)(x-i-l‘)?’]()(dx)].
telc,H") [0,H")

Using E[(1, 79)] < oo to justify the application of the dominated convergence the-
orem, we obtain

lim  sup IE[/ Lo, mry(x + t)no(dx)] < lim E[no[0, H" —¢)] =0.
[0,HT) c—H’

c—>H" tefe,H)

On the other hand, we know that

sup E[/ Lie, 5y (x + t)no(dx)}
te[0,c) [0,H")

< sup E[no(c—1t, H —1)].
tel0,¢)

We show by contradiction that sup,(o ) Elno(c — ¢, H" —1)] > 0 as ¢ —> H".
Suppose this is not true. Then there exist § > 0 and sequences {c, }nen and {#,; }en
such that ¢, — H" asn — o0, t, € [0, ¢;) for each n € N and E[no(c, — t,, H —
t,)] > & for each n € N. Because we are considering the case H" < 00, {f;},eN is
bounded and so we can take a subsequence, which we call again {#, },en, such that
limy, 00ty = ts € [0, H"]. In turn, this implies

lim E[no(c, — 4, H — 1,)] =0,
n— 00

which contradicts the initial hypothesis. Thus, SUP;¢[0,¢) E[lno(c—t, H —1)] — 0.
Together with the last three displays, this implies that (4.7) holds when H" < oo.
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On the other hand, when H" = oo we have

1-G"(x+1) }
su E/ Liegry(x +1)—————no(dx
p [[o,m) e T

< max( sup ]E|:/ Lie,00) (X + t)no(dx)i|,
t€l0,c/2) [0,00)

1-G” t
sup E[/ ¢770(0316)})
rele/2,00) LJ0,00) 1 —G"(x)

1-G" 2
SE[no(C/ZOO)]VE[/[O ) 1_(();€rJ(rx§/)

Sending ¢ — oo on both sides, and using the fact that E[(1, n9)] < oo, an applica-
tion of the dominated convergence theorem shows that the right-hand side vanishes
and thus (4.7) holds in this case too. The proof of (4.8) is exactly analogous and is
thus omitted. [

i) |

LEMMA 4.6. Suppose Assumption 3.1 holds and let e(t) = E[E(t)],t > 0.
For (H,G)=(H",G") and (H, G) = (H?®, G*), we have

4.9) lim sup t Lie, 1)t —$)(1 — G(t — 5)) de(s) =0.
>0 0

c—H >

PROOF. E is a (delayed) renewal process with rate A and due to Assump-
tion 3.1 and Proposition 4.1 in Chapter V of [1], the function x > 1j¢ g)(x)(1 —
G (x)) is directly Riemann integrable. Thus, by the key renewal theorem (cf. The-
orem 4.7 of [1]) we obtain

—>0o0

. ! 1
lim /0 Lie,m)(t — s)(1 — G(t — 5)) de(s) = : /[0 )]l[C,H)(x)(l —G(x))dx.

,00
Since the integrability condition imposed in Assumption 3.1 implies that
f[o’oo) Lie.7y(x)(1 — G(x))dx — 0 as c — H, we have the desired result. [J

LEMMA 4.7. Suppose Assumption 3.1 holds and the initial condition satisfies
E[(1, nol < oo. Then the family {n;};>o0 of MFrl0, H")-valued random variables
and the family {v;};>0 of MF[0, H®)-valued random variables are tight.

PROOF. Both families satisfy the first condition of Proposition 4.3 due to
Lemma 4.4. Combining (4.5) with (4.7) and Lemma 4.6 for the case (H, G) =
(H",G"), it follows that {n;};>¢ also satisfies the second condition of Proposi-
tion 4.3 and is thus tight.

It only remains to show that {v;};>¢ also satisfies the second condition of Propo-
sition 4.3. For this, it suffices to show that as ¢ — H?, the supremum (over t) of the
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right-hand side of (4.6) goes to zero. Now, let k(t) = E[K (¢)] for ¢t > 0. Applying
the integration-by-parts and change of variable formulae to the second term on the
right-hand side of (4.6), we see that

supE[/O[ Lie. sy (t — )(1 — G*(t — )) dK(s)]

t>0

— sup 11[L iyt — ) (1= G*(t — ) dk(s)

t>c

4.10) = sup<k(t —o)(1 = G*(©)) —k((t — H)T)(1 = G* (¢ A HY))

1>c
tAH®
— / k(t —s)g’(s) ds)

tANH*
< sup(k(t —o)(1-G'(t)) + / (k(t —c) —k(t —5))g°(s) ds).

t>c

Taking expectations of both sides of (2.6), we obtain for each ¢ > 0,
E[Q(O)]+e() =E[Q()]+E[R®)] + k(1).
Since Q and R are nonnegative and R is increasing, it follows that
k(t —c) =e(t — o) + E[Q(0)]
and
k(t—c)—k(t—s)<e(t—c)—e(t—s)+ (E[Q( — )] —E[Q(t — 0)]).

Substituting these inequalities into (4.10) and carrying out another integration-by-
parts, we obtain

sup ]l[c a5y (t —$)(1 — G (¢t — 5)) dk(s)

t>c

<sup ]l[C,Hs)(t —s5)(1 =G*(t —s))de(s)

4.11) =0
+supELQO)](1 ~ G (1)
tAHS
+ sup (E[Q(r — )1 —E[Q(t — ¢)])g*(s) ds.

Applying Lemma 4.6, with (H, G) = (H?®, G*), we have

lim sup ]l[C syt —s)(1 = G*(t —5))de(s) =

c—>HS >0
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Moreover,
Jim supE[Q()](1 = G* (1) =E[Q(O)] lim (1 - G*(0)) =0.
Also, since Q(t) < (1, n;) by (2.3), we have
tANH*
sup (E[Q(t — )] —E[Q(t — 0)])g*(s)ds < 2SU18E[<1, n0)1(1 = G*(¢)).
t>c Jc >

Since Lemma 4.4 implies sup,.oE[(1, ;)] < oo, the right-hand side of the above
inequality tends to zero as ¢ — H*. Combining the last five assertions with (4.10)
and (4.11), it follows that as ¢ — H?, the supremum over ¢ > 0 of the second term
on the right-hand side of (4.6) vanishes to zero. On the other hand, as ¢ — H?, the
supremum over ¢ > 0 of the first term on the right-hand side of (4.6) also vanishes
to zero by (4.8). Thus, we have shown that sup,-.o E[v/[c, H*)] = 0 as ¢ — H?,
and the proof of the lemma is complete. [J -

LEMMA 4.8. Suppose Assumption 3.1 holds and E[(1, ng)] < 0o. The family
of probability measures {L;};>0 is tight.

PROOF. By Lemma 4.7, we know that for each § > 0, there exist two compact
subsets Cs C M p[0, HS) and Ds C M g[0, H") such that

infP(v, € C5) > 1—6/2,
t>0

4.12) ~
inf P(1; € Ds) > 1 —§8/2.
t>0

It follows from (2.3) and (2.4) that X (t) < (1, v¢) + (1, n;) for each ¢ > 0. Together
with (4.12) and the fact that the map u — (1, i) is continuous, this implies that
there exists b > 0 such that

(4.13) tig(f)IP’(X(t) <b)>1-3.

On the other hand, by Theorem 4.5 in Chapter V of [1], it follows that as t — oo,
o g (1) converges weakly to the distribution

(4.14) Fo(t) = )L/(;[(l — F(y))dy.
Thus, there exist Ty > 0 and ¢ > 0 such that for all ¢ > T,
P(ag(t) <a)> Fyla) —§/2>1-34.
By choosing a large enough, we may assume without loss of generality, that

inf P t)y<a)>1-24.
IG%(I},TO] (@) =a)=
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Define C5 = [0, a] x [0, b] x C~‘5 X [)5. Then the set Cs is compact and L;(Cs) >
1 —§ for each ¢ > 0, which proves the lemma. [

Since {Y;, F;}:>0 is a Feller process by Proposition 4.2, and Lemma 4.8 is appli-
cable when the initial condition satisfies E[(1, no)] < 0o, the Krylov—Bogoliubov
theorem immediately yields the following result.

THEOREM 4.9. Suppose that Assumptions 3.1 and 3.5 hold. Then the state de-

scriptor (e, X, v, n) has a stationary distribution (g «, X«, V«, 11x) that satisfies
E[(1, n4)] < o0.

5. Fluid limit. In Section 5.1, we describe a deterministic dynamical system
that was shown in Theorems 3.5 and 3.6 of [15] to arise as the so-called fluid
limit of a many-server queue with abandonment that has service time and patience
time distribution functions G* and G", respectively. In Section 5.2, we identify the
invariant manifold associated with the fluid limit, which is then used in Section 6
to obtain a first-order asymptotic approximation to the stationary distribution of
the fluid scaled state descriptor ¥ V),

5.1. Fluid equations. The state of the fluid system at time 7 is represented by
the triplet

(X(),v;,7,) € Ry x Mpg[0, H*) x Mp[0, H").

Here, X (t) represents the mass (or, equivalently, limiting scaled number of cus-
tomers) in the system at time ¢, v;[0, x) represents the mass of customers in service
at time ¢ who have been in service for less than x units of time, whereas 7, [0, x)
represents the mass of customers in the system who, at time 7, have been in the
system no more than x units of time and whose patience time exceeds their time
in system (which implies, in particular, that they have not yet abandoned the sys-
tem). The inputs to the system are the (limiting) cumulative arrival process E and
the initial conditions X (0), vy and 7. Thus, (1, Vp) represents the total mass of
customers in service at time 0 and the fluid analog of the nonidling condition (2.5)
is

(5.1) 1 —(1,v) =[1—-X(O)]".

The quantity (1, 77,) represents the total mass of customers at time O whose residual
patience times are positive. Hence, we have

[X(0) — 117 < (1, 7p).
Thus, the space of possible input data for the fluid equations is given by

So={(e,x,v,n) €I, [0,00) x Ry x Mp[0, H*) x Mp[0, H"):
(5.2)
1— vy =[1—x]"[x =117 <L n}
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where recall that Zg, [0, c0) is_ the subset of nondecreasing functions f €
Dg, [0, oo) with f(0) = 0. Let F"(x) denote 7,[0, x] for each x € [0, H").

DEFINITION 5.1 (Fluigequations). Given any (E, X(0), vy, o) € So, we say
that the cadlag function (X, v, i) taking values in Ry x M ¢[0, H%) x Mg[0, H")
satisfies the associated fluid equations if for every ¢ € [0, 00),

(5.3) /Ot(hr,ﬁs)ds<oo, /Ot(hs,is)ds<oo
for every bounded Borel measurable function f defined on R,
1-G*
[ pem@o= [ farni S S @y
5.4) [0, H) [0, H*) -G (x)
t —
+/0 ft—s)(1 =Gt —s5))dK(s)
and
1-G"
[ peman=[  parn oy
5.5) [0,H") [0.H") —-G"(x)
t _
+/0 ft—s)(1—=G"(t —9)dE(s),
where
(5.6) K@) =[X0)— 11" = [X(®) — 1]" + E() — R(1);
(5.7) X()=X0)+E@) — /0 t (h*,V5)ds — R(1);
t [X(s)—1]F _
%) _ r ngy—1 .
(5:8) ro= ([ W) o) dy ) dss
(5.9 1—(1,v)=[1-XO]";
(5.10) [X(1)— 117 < (1,7,).

Note that these fluid equations are not of the same form as those given in Def-
inition 3.3 of [15] because the analogs of (5.4) and (5.5) are presented in dynam-
ical form in [15] and are only required to be satisfied for continuous functions
with compact support (in particular, see equations (3.9) and (3.11) of [15]). How-
ever, these two pairs of equations are equivalent due to Theorem 4.1 of [17] or,
equivalently, Proposition 4.1 of [15], and can be shown to hold for the larger class
bounded measurable functions using standard monotone convergence arguments.
Theorems 3.5 and 3.6 of [15] show that under some mild assumptions on the in-
put data E, vy and 7 and the hazard rate functions 4" and h* (which are stated as
Assumptions 3.3 and 3.4 here), there exists a unique solution to the fluid equations.
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_ For future purposes, note that if (X,7,7) satisfy the fluid equations for some
(E, X(0),vg, 7ng) € So, then K also satisfies

5.11) K@) =({1,v;) — (1,v9) + /Ol(hs,is) ds.

Indeed, this is simply the mass balance equation for the fluid in service and can
be derived from (5.6), (5.7) and (5.9). Moreover, combining (5.11) and (5.4), with
f =1, and using an integration-by-parts argument (see Corollary 4.2 of [15]), it is
easy to see that K satisfies the renewal equation

G'(x+1)—G*(x)_

Ko=) )+ [ S S @

(5.12) t
—i—f g (t —s)K(s)ds.
0

Since the first two terms on the right-hand side are bounded, by the key renewal
theorem (see, e.g., Theorem 4.3 in Chapter V of [1]), K admits the representation
G'(x+1)—G'(x) _

K(r) = (1,v;) — (1,vo) + 0.1 —G'0) vo(dx)

t
(5.13) [ (@mm - )
G'(x+1—s5)—G*(x)_ i
* /£0,H5) 1— Gs(x) VO(dx)>M (S)ds,

where ©® is the density of the renewal function U® associated with G* (u® ex-
ists because G* is assumed to have a density). Also, it will prove convenient to
introduce the fluid queue length process Q defined by

(5.14) om =[X(@) —11T, t € [0, 00).

For every ¢ € [0, 00), the inequality in (5.10) implies

(5.15) 0(1) < (1,7,),
and (5.6) and (5.14), when combined, show that
(5.16) Q)+ E@) =00+ K@)+ R(@).

The fluid equations without abandonment can be defined in a similar fashion.
Let

So = {(e, x,v) € Ig, [0, 00) x Ry x M [0, H'):
(5.17)
1—(1,v)y=[1—x]"}.
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DEFINITION 5.2. Given any (E, X(0),79) € Sp, we say (X,V) € Ry x
MF[0, H) is a solution to the associated fluid equations in the absence of aban-
donment if for every ¢ € [0, 00), the second inequality in (5.3) holds, and equations
(5.4), (5.6), (5.7) and (5.9) hold with R = 0.

REMARK 5.3. The case when customers do not renege corresponds to the
case when the patience time distribution G" has unit mass at co. Formally setting
dG" = § in Definition 5.1, we obtain the fluid limit equations in the absence of
abandonment specified in Definition 5.2 (also refer to Definition 3.3 in [17]). In
fact, in this case G"(x) = 0 and hence, A" (x) = 0 for all x € [0, c0). From this
and (5.8) we see that R(z) = 0 for all # > 0. Also, note that (5.3), (5.4), (5.7), (5.9)
and (5.11) are equivalent to (3.4)—(3.8) of Definition 3.3 in [17]. At last, by letting
f =1in (5.5), since G is zero on [0, 00), we have (1,7,) = (1,7,) + E(t). On
the other hand, by (5.7) and (5.2), we have

[(X(t) — 1T <[[X©O) — 11T+ E®O]" <[(1,7) + EOIT = (1,7,).

This shows that (5.10) holds automatically when there is no abandonment.

5.2. Invariant manifold. 'We now introduce a set of states associated with the
fluid equations described in Definition 5.1, which we call the invariant mani-
fold. As shown in Section 6, when the invariant manifold consists of a single
point, it is the limit of the scaled sequence of convergent stationary distributions
@MW ) = L x u nl).

DEFINITION 5.4 (Invariant manifold). Given A € (0, 00), a state (xo, vg, ng) €
Ry x MFp[0, H) x MFE[0, H") such that (A1, xq, vg, o) € Sp is said to be invari-
ant for the fluid equations described in Definition 5.1 with arrival rate A if the solu-
tion (X, v, 7) to the fluid equations associated with the input data (A1, xo, vo, 10)
satisfies (X (1), 7y, 1;) = (X0, vo, no) for all # > 0. The set of all invariant states for
the fluid equation with rate A will be referred to as the invariant manifold (associ-
ated with the fluid equations with rate A).

THEOREM 5.5 (Characterization of the invariant manifold). Given A €
(0, 00), the set I, defined in (3.6) is the invariant manifold associated with the
fluid equations with arrival rate \.

Theorem 5.5 is a consequence of the next two lemmas. Let A € (0, oo0) and
(x0, vo, no) be an invariant state according to Definition 5.4. Then the unique solu-
tion (X, 7, 7) to the fluid equations associated with the input data (A1, xq, vo, 7o) €
Sp satisfies (X (1), vy, 1,) = (xo0, vo, no) for all £ > 0. Let 0, R, K be the associ-
ated auxiliary processes satisfying (5.14), (5.8), (5.6), and recall the definition of

the measures v, and n, given in (3.3) and (3.4), respectively.
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LEMMA 5.6. If (x0,vo,n0) is an invariant state, then no(dx) = A(1 —
G"(x))dx = An.(dx).

PROOF. On substituting the relation n; = no, t > 0, into (5.5), we see that for
every f € Cp,(R1) and ¢ € [0, 00),

/ Fo0(dx)
[0,H")

1—G’(x+t)
Nl = Z
(5.18) o) fGx+1) e 1o (dx)

+,\/0 F&) (1 — G (s))ds.

Sending ¢+ — oo and applying the dominated convergence theorem, the first term
vanishes and we obtain

f[o,H,-) Fxmoldx) =4 /0 f&(1 =G (5))ds = fmp) M1 =G (5))ds
It then follows that no(dx) = An.(dx). O

LEMMA 5.7. If (xo, vo, no) is an invariant state, then vo(dx) = (A A 1)v.(dx),
xo=Aifk <1andxg e B, if . > 1. Moreover, if either xo =* < 1, 0or .. > 1 and
X0 € Bj, then (xg, (A A 1)vy, Any) is an invariant state.

__ PROOF.  Suppose (xp, vo, 10) is an invariant state. Since X (1) = xo, we have
Q) = Q(0) by (5.14). Since, in addition, 7, = no = An, by Lemma 5.6, we have

X@)—-11F xo—117F
fo 1 (F) = (y)) dy = / W (F) () dy.

Let p denote the term on the right-hand side of the above display. Then for each
t >0, by (5.8) we have R(t) = pt and by (5.16) we have K (1) = (A — p)t. Substi-
tuting v; = v in (5.4), we obtain for every f € Cp(R4) and ¢ € [0, c0),

[ feom@
[0,H*)

B -GS (x+1)
(5.19) = Jo T EF DTGy @)

+/0 F)(1=G*($))(A— p)ds.

Sending t — oc and applying the dominated convergence theorem, we obtain

[ rem@n=a-p [ T re)(1 - GO (s)) ds
[0,H*)

— (o= p) / SO0 =G ) ds
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Thus, vo(dx) = (A — p)v.(dx) and hence, (1, vg) = A — p.

To show that vo(dx) = (A A 1)v(dx), it suffices to show that A — p = (1, vg) =
AALIf xg <1, then p =0 by its definition. Hence, vo(dx) = Avy(dx) and A =
(1, v9) < 1. Thus, in this case, A — p = A A 1. On the other hand, if xg > 1, it
follows from (5.9) that (1, vg) = 1. Since we also have (1, vp) = A — p, it follows
that A = p 4+ 1 > 1. Thus, in this case too, we have A — p = A A 1. This proves the
first assertion of the lemma.

For the second assertion of the lemma, we observe that when A < 1, the equal-
ity A— p=AA1 implies p =0 and (1,v9) = A < 1. Hence, (5.1) implies
xo={(1,v9) =A.If L > 1, we have vo(dx) = v4(dx) and the equality A — p = A A 1
implies p =X — 1. Then xo > (1, vp) = 1 and

r Ansy—1 + (ro=1)* r Ansy—1
MG ((F (o= D) = [T W Ny =p=a-1.

Hence, x( belongs to the set B defined in (3.5). The last assertion can be verified
directly by substituting the initial condition into the fluid equations. This completes
the proof of the lemma. [J

6. The limit of scaled stationary distributions. This section is devoted to
the proof of Theorem 3.3. Suppose Assumptions 3.1 and 3.5 hold and let Y(N)
(oz%Ni, X4 (N) _(N) _<N)) N € N, be a sequence of scaled stationary distributions
for the N-server queue, which exists by Theorem 4.9. When Assumption 3.2 also
holds, let (x4, (A A 1)vy, Any) be the unique element of the invariant manifold 7.

The main result of this section is to show that, as N — oo,
(6.1) (XM, 5N FNY = (x4, (A A Dy, Any).

We first show in Section 6.1 that the sequence {(X (N) _(N) _ka)) N e N} is
tight. Then, in Section 6.2, we show that (without i 1mposmg Assumptlon 3.2) the
weak limit of every convergent subsequence must almost surely be an invariant
state. When there is a unique invariant state, this proves (6.1). Note that the method
of proof does not explicitly require that the stationary distribution for each N-
server queue be unique. For each N € N, recall the definition given in (3.8) of the
fluid-scaled state process

(6.2) YN = @, XM 5N 7y

1
for the N-server queue with abandonment associated with the initial condition

Y™ =@y ), XNV, 5, 7). Let 0, RM K™ be the fluid-scaled aux-
iliary processes associated w1th Y™ that were introduced in Section 2.2.
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6.1. Tightness. To establish tightness of the sequence {YiN)} NeN, we will
make use of the criteria for tightness of measure-valued random variables given
in Proposition 4.3.

LEMMA 6.1. Let ¢ € [0, H"). Then, for each integer n > 2, ﬁka) and ﬁ(kN)
satisfy the following relations:

E[7M[e, HN)]

. l—G’(x—I-nc)_(N) ]
(©3) _E[/[o,m) G @Y
E ; 1—=G"(jc—s))dEW™
+ U{O’C] j§:2( (je—s)) (s)},

E[vM[c, H)]

(6.4) — E[/[o . Mgim (dx)}

1—G%(x)
+ E|:/[O,c]

PROOF. We only prove (6.3) because (6.4) can be proved in the same way. Fix
¢ € [0, H"). Dividing both sides of (2.10) by N and setting 7j") =7, we obtain
for each bounded measurable function f on Ry and ¢ > 0,

1-G'(x+1t

Y (1=G(je—s) dFN)(s)]

j=2

(6.5)
r (N)
+ E,[/[O’t]f(t—s)(l—(; (t—s))dE (s):|.

Since the initial conditions are stationary, ﬁt(N) has the same distribution as ﬁka) for
every t > 0. Therefore, by substituting f = 1. yr) and t = ¢ in (6.5), and noting
that F ™ (0) =0, Lie,ury(x +¢) =1 for every x > 0 and 1 yry(c —s) =0 for
every s € (0, c], we obtain

E[7M[c, H")] = E[7N[c, H")]

1—G"(x +0)_ ]
|:/[O,H’) 1—G’(x) N (dX)

1=G'(x+0) ) ]
|:—/[‘O,Hr) 1—G"(x) Ne (dx) |.

I
&=

|
=
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Next, choosing f = (1 — G"(-4+¢))/(1 — G"(-)) and t = ¢ in (6.5), we obtain

=67 +6) ) ]_ [ 1= G +29) ) ]
E[/[O’Hr) o e @v|=E /[O!Hr) o @)

= E[/ (1 —G"(2c —s)) df“\”(s)].
[0,c]
Combining the last two displays, we see that

1 -G (x+2
e O = T @]

—Gr _ T (N)
+E[./[o,c](1 G"(2c—ys))dE (s)]

Thus, we have shown that (6.3) holds for n = 2. Suppose that for some integer
m > 2, (6.3) holds for n = m, that is,

1 -G (x+
R [ ]

( ’ ) m
+]E I—Gr ic—s§ dE(N) S)|.

j=2

Substituting f = (1 — G"(- +mc))/(1 — G"(-)) and ¢t = ¢ in (6.5) and using the
fact that ﬁgN) has the same distribution as ﬁka), we obtain

1-G"(x +mc)_(N) ]
E[,/[(),HV) 1— Gr(x) Ny (d.X)

1—G’(x+mc)_(N) }
=K
|:/£O,H’) 1 — G’(x) Ne (dX)

_ 1= G (x+ (m+ 1)) _y, }

6.7)

rals _ T (N)
+E[/{O’C](l G"((m + )c —5))dE (s)]

This, together with (6.6), yields (6.3) with n = m + 1. This completes the induction
argument and we have the desired result. [

THEOREM 6.2. If Assumptions 3.1 and 3.5 are satisfied and AN — X €

(0, 00), then the sequence {(Yka), kaN) , ﬁiN))} NeN is tight. Moreover,

(6.8) sup E[(1, ﬁka))] < 00.
NeN
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PROOF. We first show that {ﬁka)} NeN 1s tight. Note that (1, ﬁka)) can be

viewed as the fluid scaled queue length process associated with an infinite-server
queue with arrival process E™) and service distribution function G”. By Little’s

law (cf. Theorem 2 of [19]), we know that E[(1, 7\"")] = A™)@", where 6", the
mean of G', is finite by Assumption 3.1. Due to the assumed convergence of A(N )
to A, this implies (6.8).

Next, note that for each n, the function (1 — G" (- +nc))/(1 — G"(-)) is bounded
by 1 and converges to 0 as n — oo. Therefore, it follows from the dominated
convergence theorem that

. 1—G"(x+nc) (N) }
(6.9) nlingoE[/[o’Hr) —1 e (dx)

Sending n — oo on the right-hand side of (6.3), and using (6.9) and the monotone
convergence theorem, we have

6.100  E[FM[c, HN)] [/ Z 1 -G (je— ))dE(N)(s)}.
[0 c]

On the other hand, we also have the simple estimate

E[/[o (1=G"Qe —5)dE™ (s>] < (1= G"()E[EM (0]

(6.11) _
E[E™N) ()]
—

=c¢(1-G"(0)
Carrying out integration-by-parts on f;°(1 — G”(x)) dx, it follows that
/ (1-G"(x))dx = lim x(1 —G"(x)) +/ xg" (x)dx.
[0,H") x—>H' [0,H")

However, since the mean 8" is finite by (3.1), it follows that ¢(1 — G"(¢)) —
0 as ¢ — H". In addition, because the elementary renewal theorem implies that
E[E(N)(c)]/c — 2™ ag ¢ — oo and AN — A as N — oo, it follows that

: E[E™) (0)]
(6.12) limsupsuyp ——— < o©

c—H" N ¢
Thus, taking first the supremum over N and then the limit as ¢ — H” in (6.11),
we obtain

(6.13) lim supE[/ (1 —Gr(2c—s))dF(N)(s):| =0
c—>H" N [0,c]

Since 1 — G" (+) is a decreasing function, for s € [0, c],

ic(l—Gr(jc—s))S/

=3 [2c—s,H")

(1-G"(x))dx < / (1-G"(x))dx

[c.H)
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Therefore, we have

supIE{/[OC Z (1-G"(jc— ))dE(N)(s)j|

E[E™) (0)]
<sup ————
N ¢ [c.HT)

(1-G"(x))dx

which tends to zero as ¢ — H' because of (6.12) and Assumption 3.1. Combining
the last assertion with (6.10) and (6.13), we see that
(6.14) lim sup E[7M[e, H")] =0,

c—>H"

which establishes the second criterion for tightness. Thus, the sequence {n* } NeN
is tight.

We next show that {kaN)} NeN is tight. The analog of (6.8) holds for {kaN)} NeN
automatically because (1, ViN)) < 1 for each N. On the other hand, the analog of
(6.14) can be shown to hold for {V,(kN)} NeN by using (6.4 ) and an argument similar
to that used above to establish (6.14), along with the additional observation that
E[KM(c)] < E[EM)(0)] + E[( 7" implies limsup,_, ;s supy E[K ™ (c)1/
¢ < 00. Thus, the sequence {v* }NeN is also tight.

Finally, we show that the sequence of R -valued random variables {YiN)} NeN
is tight. Since X( ) <1411, _(N)) for each N, supy E[Y(N)] <14 supy E[(1,
_(N))] which is finite due to (6.8). The tightness of {X XV )} NeN is a direct conse-
quence of Markov’s inequality. [

6.2. The limit of the stationary distributions. 'We now present the proof of our
main result.

PROOF OF THEOREM 3.3. For each N e N, let YV = (_EEN i XMV 5

)) be a fluid scaled stationary distribution for the N-server system. We w111
1nv0ke the fluid limit theorem established in Theorem 3.6 of [15] to establish the
result. For each N € N, let ZWN) = (XN, 5V, ﬁ(N )) be the (fluid scaled) state
process for the N-server queue with initial data (Ey ENM XM 5N 5 N5 M ). Since
the hazard rate functions #°* and h”" satisfy Assumptlon 3.4 (which corresponds
to Assumption 3.3 of [15]), it follows from Remark 3.2 and Theorem 3.6 of [15]
that if (a) the sequence (or subsequence) of initial data (E EW , Xs (N) _(N) ,(kN))
converges in distribution to some random element (E %o X %5 Vs, n*) in the sense of
Assumption 3.1 of [15], (b) E, is continuous and (c) 7 is a continuous distribu-
tion, then the sequence (subsequence) ZY) converges to a process. Z= (X 1)
that is the unique solution to the fluid equations with initial data (E, Xy, Dy, 7x).
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However, by stationarity for each N € N and ¢ > 0, ZW™)(¢) has the same distri-
bution as Z™)(0). This implies that Z is the constant process that is identically
equal to the initial data (f( +» Vs, Tx), which in turn implies that ()Z' £ Vs, ) 1S an
invariant state for the fluid limit.

Thus, to establish the theorem, it only remains to verify properties (a)—(c) above.
Since Assumptions 3.1, 3.3(1) and 3.5 hold, by the tightness result established
in Theorem 6.2, it follows that the sequence of stationary “initial conditions”
{YiN) }nen is tight. On the other hand, by basic properties of renewal processes and
the assumption that PR A, the sequence of scaled stationary arrival processes
{FSFN)}NGN satisfies FLN) = E, as N — oo, where E.(t) = At for t € [0, 00).
Therefore, there exists a convergent subsequence, which by some abuse of nota-
tion we denote again by {YiN)} Nen, that converges weakly to some limit Y of
the form Y, = (A1, X #» Vs, Nx). This immediately shows that properties (a) and (b)
above are satisfied. It only remains to show that 7, has a continuous distribution.
Now, by the proof of Theorem 7.1 of [15] (note that Assumption 3.2 of [15] is not
used for this part of the proof) it follows that the inequality (3.39) of [15] holds and
that 7 satisfies the dynamical equation (3.42) of [15], with 1y = 77, and E replaced
by E,. By Theorem 4.1 of [17] (equivalently, Proposition 4.1 of [15]), it follows
that 7 satisfies the fluid equation (5.5) with 7y = 7. In particular, also using the
fact that E, () = At and 7, has the same distribution as 7, this implies that for
every bounded measurable f on [0, H,) and any ¢ > 0,

1-G'(x+1) .

@
R I e G
(6.15)

! r
—I—fo f@&—5)(1—=G"(t —s))rds.

Now, sending ¢ — o0 on the right-hand side, using the dominated convergence the-
orem (which is justified by the bound (1, 77,) < oo a.s. established in Theorem 6.2),
we see that the right-hand side equals A({f, n,). This shows that 7, has the same
distribution as A7y, which in particular proves that 7, is a continuous distribution.
This completes the proof of property (c). Thus, we have shown that any conver-
gence subsequence of the stationary distribution converges to an invariant state of
the fluid limit. When the manifold consists of a single element, the usual argument
by contradiction then shows that the original sequence of stationary distributions
converges to this point. [

7. Concluding remarks. We can establish ergodicity of the state processes
under an additional condition. Let
o =sup{ue[0,H):g" =0a.e. on [a,a + u] for some a € [0, c0)}
and

o’ =sup{u €[0, H*): g’ =0a.e. on [a, a + u] for some a € [0, 00)}.
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=7 —(N) —(N ~(N) —(N) —(N
EM @), v 7™y —— & 3™ F5M)

l l

- ? ~ - —
(X(t)a vl" ﬁt) — (X*7 Vi, 77*)

FI1G. 1. Interchange of limits diagram.

ASSUMPTION 7.1. The following three conditions hold:

(1) H" = HS = o0;
(2) 0=0" Vo' <003
(3) For every interval [a, b] C [0, o) with b —a > 0, FM @)y — FN(q) > 0.

THEOREM 7.1. Suppose Assumptions 3.1-3.5 and 7.1 hold. Then the Markov
process {Yy, Fy, t > 0} is ergodic in the sense that it has a unique stationary distri-
bution and the distribution of Y (t) converges in total variation, as t — 00, to this
unique stationary distribution.

Theorem 7.1, whose proof is deferred to the Appendix, validates the rightward
arrow at the top of the “interchange of limits” diagram presented in Figure 1. On
the other hand, the fluid limit theorem (Theorem 3.6 of [15]) justifies the down-
ward arrow on the left-hand side of Figure 1. The focus of this work has been on
understanding the convergence represented by the downward arrow on the right-
hand side of Figure 1. When there is a unique invariant state, this convergence is
established in Theorem 3.3. Although this question is not directly relevant to the
characterization of the stationary distributions, it is natural in this setting to ask
whether the diagram in Figure 1 commutes, namely, whether the fluid limit from
any initial condition converges as t — oo to the unique invariant state. In Sec-
tion 7.1 we briefly discuss why the study of the long-time behavior of the fluid
limit is a nontrivial task. Furthermore, in Section 7.2 we provide a very simple
counterexample that shows that the diagram in Figure 1 need not commute and
thus, the limits N — oo and t — oo cannot always be interchanged.

7.1. Long-time behavior of the fluid limit. The long-time behavior of the fluid
limit is nontrivial even in the absence of abandonment. For example, in the ab-
sence of abandonment, it was proved in Theorem 3.9 of [17] that V;, — Av, as
t — oo when A € [0, 1], the service time distribution G* has a second moment
and its hazard rate function A° is either bounded or lower-semicontinuous on
(mo, H®) for some my < H®. The question of whether the second moment con-
dition on the distribution is necessary for this convergence is still unresolved.
Even under the second moment assumption, the long-time behavior of the com-
ponent X of the fluid limit is not easy to describe except in the cases when
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(i) the system is subcritical (A < 1) or (ii) when the system is critical or super-
critical (A > 1) and the service distribution is exponential. In case (i), it follows
from Theorem 3.9 of [17] that X (¢) — A(1, v,) as t — oo, whereas in case (ii),
if the initial condition satisfies X(0) > 1 and vy € Mr[0, c0), then it is easy
to see that the fluid limit is given explicitly by X(7) = X(0) + (A — 1)t and
Vi(dx) =10, " dx+ 1 00)(x)e " Vo(d (x —1)). Therefore, at criticality (A = 1),
if X(0) = 1 then X () = X (0) for every ¢t > 0. In particular, X(t) — 1ast — oo.
However, as the following example demonstrates, the critical fluid limit need not
converge to 1 [even if critically loaded and with initial condition X (0) = 1] when
the service distribution is not exponential.

EXAMPLE 7.2. Let the fluid arrival rate be E(t) =t¢, t > 0, and let the service
time distribution G° be the Erlang distribution with density

gx)= dxe %, x>0.

A simple calculation shows that fooo(l — G*(x))dx = 1. Let (X, ) be the solution
to the fluid equations without abandonment (see Definition 5.2) associated with the
initial condition (1, 1, 8p). We show below that in this case, lim;_, oo X (t) = 5/4,
which is bigger than 1 = X (0). In fact, since Vg = 8¢, a straightforward calculation
shows that

00 s 500
(h*, o) 2/0 %i@(dx) = % =g"(0)=0.

Define
k =inf{r > 0:(h*,V;) > 1}.

The hazard rate function 4° is bounded and continuous and (h*,vg) < A = 1.
Therefore, substituting #° in (5.4), it is clear that k > 0 and (h°,V;) <A =1
for ¢t € [0, k). In turn, by the nonidling condition, this implies (1,V;) = 1 and
dK /dt = (h*,7V,) and, by (5.4), for t € [0, «),

, Lo dK , ! ‘
=g 0+ [ $a—9 T ds =g 0+ [ g« =) T ds.
Applying the key renewal theorem to the above equation, it follows that
(h, o) =u’(t)=1—e*.

Since u®(t) < 1 for all ¢+ > 0, we must have that k = oo, (1,V;) =1 for all ¢ > 0,
and

lim Q(t) = /(;00(1 —u'(t))dt = ‘/(-)oo e Mdr=1/4,

t—00

which yields the convergence of X () to 5/4 as t — oo.
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To emphasize that this phenomenon is not the consequence of the fact that the
initial condition was chosen to be singular with respect to Lebesgue measure, we
show that we can modify the above example by choosing vy to be absolutely con-
tinuous with respect to the Lebesgue measure. For example, for some « € (0, 00),
define

oz—l—ozz’

14+ 2x
. if
q(x):{ if x € [0, o],
0, otherwise,

and let Vo(dx) = g(x)dx. Then (1,7Vp) = [y g(x)dx =1, (h*, ;) =1 — ((1 —
ao)/(a + 1))e~* for each ¢ > 0. Hence, when o < 1 we have (h*,v;) <1 and
(1,v;) =1 for all # > 0. This implies that, when o < 1,

L= Xl —a _y l -«
lim Q(t)=/ —e t=—>0,
t—00 o a+1 4(ax+1)

showing that lim,_, oo X (¢) > 1.

7.2. A counterexample (invalidity of the interchange of limits). In this section
we show that even for an M /M /N queue (both with and without abandonments),
the “interchange of limits” need not hold, that is, the diagram presented in Figure 1
may not commute.

Consider the sequence of state processes (X N) y(N)y N e N, of N-server
queues without abandonment, where the service time distribution G* is exponen-
tial with rate 1. For the N'th queue, let the arrival process E ) be a Poisson process
with parameter A() = N — 1 and suppose that there exists Ty € M [0, co) with
(1,vp) <1 such that a.s., as N — o0,

(7.1) (XM ), 7Y = 2, v0).

Given the exponentiality of the service time distribution, it immediately fol-
lows that Assumption 2 of [17] is satisfied. Moreover, because (7.1) holds and

X(N) =(N—-1)/N — 1 as N — oo, it follows that Assumption 1 of [17] also
holds with A = 1. On the other hand, since G" (x) = 0 for all x € [0, c0), Assump-
tion 2 fails to hold because in this case By =[1, c0) and so the invariant manifold
has uncountably many points.

Now, because Assumptions 1 and 2 of [17] are satisfied, we can apply the fluid
limit result in Theorem 3.7 of [17] to conclude that, almost surely, as N — oo,
(XM 5Ny converges weakly to the unique solution (X, D) of the fluid equa-
tions associated with initial data (1, 2,vg), and using the exponentiality of the
service time distribution, it is easily verified that the fluid limit is given explicitly
by X(#) = X(0) =2 and V,(dx) = Ljo.j¢* dx + L(1.00) (X)e Vo (d (x — 1)).

For each N € N, because the arrival rate, which equals N — 1, is less than the
total service rate N, by (3.2.4) and (3.2.5) of [4] it follows that X V) s ergodic and
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has the following stationary distribution:

N — Dk
gpo, ifk=0,1,...,N—1,
P(XM) =k) = k!
- (N — 1)
yiyenPo  Hk=N.N+1 .

where

N-1 i Nyt
(e V-1
bo= EO il +(N—1)!}

It follows from Stirling’s formula that
D S O e VL D Wi (N 1) /i!
lim L= lim
N—oo (N = DN /(N = 1)! ~ N—oc (1/+/27)/N — 1eN-1

. ZOSO(N—I)/Z' _
= N2k 1)) /N = Teh 1

For each ¢ > 0, elementary calculations show that

) o V- Df
PXW=N+eN)= ), =i Ppo
k=N+eN "~

NN S (N—1\*
-3 2 (57)

k=N+eN

NN N—1 N+eN
— N
== P0< )

()

N—¢eN k
N -1
P(XM <N-eN)= Y w1y 0 )

k=0

and

Po-

Combining the above three displays, we then have for each ¢ > 0

(7.2) lim P(XM) > 1+¢)= lim P(XM) <1—¢)=0.
N—o00 N—o00

Using the distribution of X M it can also be shown that

BT,

sup E[XM)] = sup
NeN NeN
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An application of Markov’s inequality then shows that the sequence {YiN)} NeN 18
tight. Let X, denote a subsequential weak limit of {YiN)} ~NeN- Then (7.2) clearly

shows that almost surely, X, = 1. Thus, as N — oo YiN) converges weakly to 1
(see Theorem 1 of [11] for a more refined calculation that also identifies the limit of
the sequence of stationary distributions centered around N and divided by v/N).
We have shown that the sequence of stationary distributions does not converge
(even along a subsequence) to the value 2, thus demonstrating that the interchange
of limits does not hold even in this simple setting.

In addition, this example also demonstrates that even in the presence of multiple
invariant states, the sequence of scaled stationary distributions (X xM _(N), ﬁ(kN) ),
N € N, could still converge to a limit. In the above example, the explicit formula
of the stationary distribution of the M /M /N queue was used to compute this limit,
which defeats the whole purpose of the approximation. It is unclear whether, in the
presence of multiple invariant states, there is a general methodology that does not
rely on a priori knowledge of the stationary distributions of the N-server queues,
but that would nevertheless allow one to identify when a limit exists and, in that
case, identify which invariant state corresponds to the limit.

A minor modification of the above example shows that the interchange of lim-
its can also fail to hold in the presence of abandonment. For the same sequence
of queues described above, suppose that customers abandon the queue accord-
ing to a nontrivial patience time distribution G" satisfying Assumption 3.4 and
having support in (3, 0o). For each N € N, consider the marginal state process
(XN y(N) (V) Suppose that there exists (2, Vo, 1) € Sp such that almost
surely, as N — oo,

(7.3) XM ), 5", 7MY = 2, Vo, 7).

Given the assumption imposed on the patience time distribution, Assumption 2
fails to hold because in this case By =[1, 3]. By the previous argument, Assump-
tions 3.1, 3.3 and 3.4 are satisfied. Therefore, by the fluid limit result stated as
Theorem 3.6 of [15] (see also the proof of Theorem 3.3 of the current paper) it
follows that almost surely, as N — oo, (Y(N ) o) ﬁ(N )) converges weakly to the
unique solution (X, v, 7) of the fluid equations associated with (1,2, vy, Mo)- By
the exponentiality of the service time distribution, we have X (¢) = X(0) =2 and
R(t) = 0 for each ¢ > 0. On the other hand, let Y Yy (ot(N) X (N) _(N) , _(N) )
be the stationary distribution associated with the fluid-scaled state process, Wthh
exists by Theorem 4.9. By a simple coupling argument, it can be shown that X V)
is stochastically dominated by the corresponding state X™) of an M/M /N queue
without abandonment that has the same arrival process E™) and the same initial
condition [i.e., ]P’(f( N > )y >P(XN) > ¢) for every ¢ > 0]. Together with the
previous discussion of the case without abandonment, this can be used to show
that {YiN)}NeN is tight and, for any & > 0, lim supN%ooP(YiN) >(1+¢)=0
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from which one can conclude that _iN) —> 1. Thus, in this case too,
lim lim XM (@)= lim X" =1#£2= lim X(t) = lim lim X" (),
N—oot—00 N—o0 1—00 I—00 N—oo

where the limits are all in the sense of weak convergence.

APPENDIX: PROOF OF THEOREM 7.1

By Theorem 6.1 of [20], to show that the Feller process {Y;, F;,t > 0} is er-
godic, it suffices to show that the skeleton chain {Y,},cn is ¥-irreducible and that
{Y:, F:, t = 0} is positive Harris recurrent. This is done in Lemma A.3 and Theo-
rem A.5 below. Let o be the quantity defined in condition (2) of Assumption 7.1,
and define

Z={(«,0,0,0) e V:axelo+1,00)}.

For each Borel subset A of Z, let 'y C [1 + o, c0) be the Borel subset obtained
by projecting Z to its first coordinate:

(A.1) Fs={aeR:(a0,0,0) cA)

LEMMA A.1. There exists a strictly positive continuous function C on ) such
that for every y = («, x, Zle Su;» le:l 8z;) € Y, every Borel subset A C Z and
everyt >?20+1,

P, (Y (1) € A)

(A2) it

ZC(y)/ Ir,(@+t—s8)(1—F(a+1—s5))dF(s).
a+20+1

PROOF. At time ¢, if the state Y (¢) is in the set A C Z, this means that, by
time ¢, all customers in service at time 0 with residual service times {u;, 1 <i <k},
all customers in queue at time 0 with residual patience times {z;,1 < j </} and
those new customers that arrived in the interval [0, #) have completed service
(if they entered service before time ¢) and have run out of their patience (irre-
spective of whether or not they entered service). Now, we consider a subset of
{w:Y(t,w) € A}, in which (a) by time 2¢ + 1 < ¢, all the initial customers with
residual patience times {z;, 1 < j <[} and residual service times {u;, 1 <i <k}
have finished service (if they entered service) and run out of their patience (irre-
spective of whether or nor they entered service), (b) the first new customer arrived
after 2o + 1, finished service before ¢ and ran out of his/her patience time before ¢,
(c) the difference between ¢ and the arrival time of that customer lies in I" 4, and (d)
the second new customer arrived after time ¢. Let Q,, Q4 and Qpg, respectively,
be the events that property (a) holds, properties (a)—(d) hold and properties (b)—(d)
hold. Then, for y € ),

Py(Y (1) € A) > Py(Qua) = Py(Qu)Py(Qpal Qa),
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and, due to the independence assumptions on the service, patience and interarrival
distributions, PPy (Qpq| Q) is greater than or equal to

o+t
/ G (a+t—5)G(a+1t—s)
a+20+1

dF(s)

X]ll"A(Ol‘Ft—S)(l—F(Ol‘i‘t—S))l_iI?(c{)

G (o+1)G*(o+ 1) [att
> (Ql—)F(a()Q ) a+2Q+1]er((x+t—s)(1—F(a—i—t—s))dF(s),
where the last inequality holds because « +¢ —s > o+ 1 whena +t — s € I'4.
Let C(y) = (P, (Qa)G" (0 + 1)G*(0 + 1))/(1 — F(a)). Since, due to Assump-
tion 7.1(2), G" (A) > 0 and G*(A) > 0 for any interval A with length bigger than o,
Py (Qq), as a function of y € ), is strictly positive and continuous. Thus C is a
strictly positive and continuous function on ), and the lemma is proved. [J

DEFINITION A.2. Any Markov process {X;} with topological state space X’
is said to be 1 -irreducible if and only if there exists a o -finite measure ¥ on B(X),
the Borel o -algebra on X such that for every x € X and B € B(X),

/OOOIP’X(X(t) €B)dt>0  ify(B)>0.

Let ¥ =m X 89 x 8¢ X 89, where m(A) =m(A N [o + 1,00)), where m is
Lebesgue measure. Clearly, i is a o -finite measure on (), B())).

LEMMA A.3. The Markov process {Y;, F;} is {-irreducible and the discrete-
time Markov chain {Y (n)},cN is V¥ -irreducible.

PROOF. Let B € B())) be such that ¥/ (B) > 0. Then (B N Z) > 0 by the
definition of ¥. Let I'pnz be the set defined in (A.1) with A = BN Z and suppose
m(I'pnz) > 0. Fix y € Y. It follows from Lemma A.1 that there exists a strictly
positive function C on ) such that

/OOOIP’y(Y(t)eBﬂZ)dt

o0
z/ Py (Y(t) € BN Z)dt
20+1

00 o+t
= /29+1 o (fa+2g+1 Lrpnz (@ +1=5)(1 = Fla+1- S))dF(S)> dt

—CO)(1—F@+20+ 1))[ (1— F())dt

Ipnz

>0,
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where the equality follows from Fubini’s theorem and the last inequality holds be-
cause C(y) > 0,m(I'pnz) > 0and 1 — F(x) > 0 for every x € [0, co) by Assump-
tion 7.1(3). This establishes the first assertion. On the other hand, for n > 20 + 1,
a+n
Py(Y(n) € B) > C(y) Irgz(a@+n—s)(1—F(a+n—s)dF(s).
a+20+1
By Assumption 7.1(3) and the fact that m(I'gnz) > 0, it follows that P, (Y (n) €
B) > 0 for all n sufficiently large. Hence, {Y (n)},en is ¥-irreducible. [

For each y € ), B € B()) and each probability measure IT on [0, 0c0), let

Kn(y,B):fo Py (Y (¢) € B)T1(dt).

LEMMA A.4. There exists a probability measure Tl on [0, 00) and a function
T:Y x B(Y) — Ry such that:

(1) Kn(y,B) = T(y,B) for all y € Y and every Borel measurable set B €
B);

(2) T(y,Y)>0forallye);

(3) T(-, B) is lower-semicontinuous for every B € B()).

PROOF. Let C be the strictly positive, continuous function C of Lemma A.1.
Let IT be a probability measure with density function e~¢~2¢=1 on [20 + 1, 00).
For each y € Y and B C Z, define

T(y. B) = C(y)e®+2+! /
a+20+1

o0

e—SdF(s)/Ooo(l — F())Lr, ()" dt,

and T(y,Y \ Z2) = 0. It is easy to see that for any Borel measurable set B €
BQ), T(y,B)=T(y, BN 2) and T (-, B) is continuous. Moreover, T (y,)) =
T(y,Z)>0.Now, fix ye Y and B € B()). By Lemma A.1, we have

Kn(y, B)

o0

_ / P,(Y(r) € B)e~=2=V gy
0
o0

> / P, (Y (1) € BN Z)e~ =20~ gy
20+1

00 o+t
Z/ C(y)(/ ]ernZ(oz—i—t—s)(l—F(a+t—s))dF(s))
20+1 a+20+1
x e~ 1=2e=D g4
o0 o
= C(y)eT20H! / e T dF(s) / (1 = F(t))1r,, . (t)e " dt
a+20+1 0

=T(y,BNZ)=T(y, B).
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Thus we have proved the lemma. [J
THEOREM A.5. The Markov process Y is positive Harris recurrent.

PROOF. Lemma A.4 shows that Y is a so-called T process (cf. Section 3.2
of [20]) and Lemma A.3 shows that Y is iyr-irreducible. Now, Theorem 3.2 of
[20] states that any -irreducible T process Y is positive Harris recurrent if Y is
bounded in probability on average, that is, for each y € J and ¢ > 0, there exists a
compact set B € 5())) such that

t

1
liminf; Py(Y(s) e B)ds > 1 —¢.
0

t—00

However, this is satisfied by the state process Y due to Lemma 4.8. So we have the
desired result. [

Acknowledgment. We would like to thank Haya Kaspi for observing that the
state process would not be Feller if o were chosen to be the forward, rather than
the backward, recurrence time.
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