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Let S, = %X,,X,f where X, = {X;;} is a p x n matrix with i.i.d. com-
plex standardized entries having finite fourth moments. Let Y, (t{,ty,0) =
P& ()% (S + oD x, (tp) — X, (t])*xp (t)mp (o)) in which o > 0 and
my(o)=[ % where FYy, (x) is the Mar¢enko—Pastur law with parame-
ter y, = p/n; which converges to a positive constant as n — o0, and X, (t;)
and x;, (t) are unit vectors in C”, having indices t| and t,, ranging in a com-
pact subset of a finite-dimensional Euclidean space. In this paper, we prove
that the sequence Y, (t, ty, o) converges weakly to a (2m + 1)-dimensional
Gaussian process. This result provides further evidence in support of the con-
jecture that the distribution of the eigenmatrix of S, is asymptotically close
to that of a Haar-distributed unitary matrix.

1. Introduction. Suppose that {xji, j,k =1, 2, ...} is a double array of com-
plex random variables that are independent and identically distributed (i.i.d.) with

mean zero and variance 1. Let X; = (x1;,...,xp;) and X = (X1, ..., X,), we de-
fine

1 = k 1 *
(1.1) Sw=—Y xxj=—XX",

n k=1 n

where x;; and X* are the transposes of the complex conjugates of x; and X, re-
spectively. The matrix S, defined in (1.1) can be viewed as the sample covariance
matrix of a p-dimensional random sample with size n. When the dimension p is
fixed and the sample size n is large, the spectral behavior of S, has been exten-
sively investigated in the literature due to its importance in multivariate statistical
inference [see, e.g., Anderson (1951, 1989)]. However, when the dimension p is
proportional to the sample size » in the limit; that is, % — y > 0asn— oo, the
classical asymptotic theory will induce serious inaccuracy. This phenomenon can
be easily explained from the viewpoint of random matrix theory (RMT).
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Before introducing our advancement of the theory, we will first give a brief
review of some well-known properties of S, in RMT. We define the empirical
spectral distribution (ESD) of S, by

1 )4
FS(x)=—=>Y"1(x; <x),
P

where A;’s are eigenvalues of S,. First, it has long been known that F Sn (%)
converges almost surely to the standard MarCenko—Pastur law [MPL; see, e.g.,
Marcenko and Pastur (1967), Wachter (1978) and Yin (1986)] Fy(x), which
has a density function (27Txy)_1«/(b —x)(x —a), supported on [a,b] = [(1 —
ﬁ)z, (1+ ﬁ)z]. For the case y > 1, Fy(x) has a point mass 1 — 1/y at 0. If
its fourth moment is finite, as n — oo, the largest eigenvalue of S, converges to
b while the smallest eigenvalue (when y < 1) or the (p — n + 1)st smallest eigen-
value (when y > 1) converges to a [see Bai (1999) for a review]. The central limit
theorem (CLT) for linear spectral statistics (L.SS) of S,, has been established in Bai
and Silverstein (2004).

While results on the eigenvalues of S,, are abundant in the literature, not much
work has been done on the behavior of the eigenvectors of S,,. It has been conjec-
tured that the eigenmatrix; that is, the matrix of orthonormal eigenvectors of S,,
is asymptotically Haar-distributed. This conjecture has yet to be formally proven
due to the difficulty of describing the “asymptotically Haar-distributed” proper-
ties when the dimension p increases to infinity. Silverstein (1981) was the first
one to create an approach to characterize the eigenvector properties. We describe
his approach as follows: denoting the spectral decomposition of S, by U;AU,,
if x;; is normally distributed, U,, has a Haar measure on the orthogonal matrices
and is independent of the eigenvalues in A. For any unit vector x, € C?, the vector
Yo =1, ..., ¥p) = UyX, performs like a uniform distribution over the unit sphere
in CP. As such, for ¢ € [0, 1], a stochastic process

[pt]
X, (t) = \/p/2<2(y,-2 - 1/p>>
i=1

is defined. If z = (z1,...,2,)" ~ N(0, I,), then y, has the same distribution as
z/||z|| and X, (¢) is identically distributed with

[pt]
X, (1) =/p/2lz] (Z(z? - ||z||2/p>>.
i=1
Applying Donsker’s theorem [Donsker (1951)], X, (¢) tends to a standard Brown-
ian bridge.

For any general large sample covariance, it is important to examine the behavior
of the X, (¢) process. Silverstein (1981, 1984, 1989) prove that the integral of poly-
nomial functions with respect to X, (¢) will tend to a normal distribution. To over-
come the difficulty of tightness, Silverstein (1990) takes x,, = (*1,...,£1)//p



1996 Z.D. BAIL H. X. LIU AND W. K. WONG

so that the process X, (¢) will tend to the standard Brownian bridge instead. In
addition, Bai, Miao and Pan (2007) investigate the process X,(¢), defined for
T,l,/ an T,l/ 2 with (T}/ 2)2 =T, a nonnegative positive definite matrix.

However, so far, the process X, (¢) is assumed to be generated only by one
unit vector x, in C?. This imposes restrictions on many practical situations. For
example, in the derivation of the limiting properties of the bootstrap corrected
Markowitz portfolio estimates, we need to consider two unparallel vectors simul-
taneously [see Bai, Liu and Wong (2009) and Markowitz (1952, 1959, 1991)].
In this paper, we will go beyond the boundaries of their studies to investigate
the asymptotics of the eigenmatrix for any general large sample covariance ma-
trix S, when x, runs over a subset of the p-dimensional unit sphere in which
Cl = {x:Ixsll = 1, %, € CP}.

We describe the approach we introduced in this paper as follows: if V,, is Haar-
distributed, for any pair of p-vectors x and y satisfying x Ly, (V,x, V,y) pos-
sesses the same joint distribution as

* * —1/2
(1.2) (21 zﬂ(zlz1 ZIZZ) ,

2 LD

where z; and z, are two independent p-vectors whose components are i.i.d. stan-
dard normal variables. As n tends to infinity, we have

1 (z{z, ziz
p \zZ3z1 7)1
Therefore, any group of functionals defined by these two random vectors should
be asymptotically independent of each other. We shall adopt this setup to explore
the conjecture that U, is asymptotically Haar-distributed.

We consider x and y to be two p-vectors with an angle 6. Thereafter, we find
two orthonormal vectors e and a» such that

(1.3) ) — .

X =||x|je; and y=|yl|(a;cosf + assinb).
By (1.2) and (1.3), we have
(14)  V,x~p 2|x|lz; and V,y~ p~2|yl(zi cosb + z3sin6).
Let o > 0 be a positive constant, we now consider the following three quantities:
(15) x*Sp+oD7'x,  x*S,+0oD7 'y and y*S,+o0D7y.

We hypothesize that if U, is asymptotically Haar-distributed and is asymptoti-
cally independent of A, then the above three quantities should be asymptotically
equivalent to

p U IXIPZi (A + o 1) ey,
(1.6) plIxlllyllzi (A + o 1)~ (21 cos6 + 22 sin0)  and
2 NIyl2(cos Oz + sin6zy)* (A 4+ o 1)~ (z1 cos O + 25 sin6),
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respectively. We then proceed to investigate the stochastic processes related to
these functionals. By using the Stieltjes transform of the sample covariance matrix,
we have

I+o—y—\(+y+0)2—4y
p_lzT(A+UI)_lzl —m(oc)=— \/2 a.s.,
yo

where m (o) is a solution to the quadratic equation
(1.7) m(l+oc—y+yom)—1=0.

Here, the selection of m (o) is due to the fact that m(o) — 0 as 0 — o0. By using
the same argument, we conclude that

p_l(cosezl +sin622)* (A + 0 1)~ (2] cos@ + 7 sin@) —> m (o) a.s.

Applying the results in Bai, Miao and Pan (2007), it can be easily shown that, for
the complex case,

(1.8) p V22 (A+ o)z — pmy(0)] — N(©O, W),

and for the real case, the limiting variance is 2W, where W = W (o, 0), m,(0) is
m(o) with y replaced by y, such that

140 =y — /(L +yn+0)2 4y,
2y,0

my(o)=—

yn=p/n
and

m(o1)m (o)
1 -y —o1ym(o1))(1 — oam(02))

W(oy,02) =

Here, the definitions of “real case” and “complex case” are given in Theorem 1 as
stated in the next section. By the same argument, one could obtain a similar result
such that

(1.9) p~'"?[(z1cosO + 2z, sin0)* (A + o 1)~ (21 cosb + 2 sin0) — pm, (o).

We normalize the second term in (1.6) and, thereafter, derive the CLT for the
joint distribution of all three terms stated in (1.6) after normalization. More no-
tably, we establish some limiting behaviors of the processes defined by these nor-
malized quantities.
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2. Mainresults. LetS =S, be a subset of the unit p-sphere (C‘{7 indexed by an
m-dimensional hyper-cube T' = [0, 27 ]". For any m arbitrarily chosen orthogonal
unit p-vectors Xy, ..., X;4+1 € Cf, we define

S = {x,(t) =X cost; + Xpsint; costy + -+ + X, Sinty - - - Sint,, 1 COS by,
2.1 + X1 8inty - - - Sinty, 1 sint,, t€ T}.

If S is chosen in the form of (2.1), then the inner product x,, (t;)*x,, (t2) is a function
of t; and t; only (i.e., independent of ). Also, the norm of the difference (we call it
norm difference in this paper) ||x, (t;) — X, (t2)|| satisfies the Lipschitz condition. If
the time index set is chosen arbitrarily, we could assume that the angle, ¥, (t1, t3),
between x,, (1) and x,,(t») tends to a function of t; and t, whose norm difference
satisfies the Lipschitz condition.

Thereafter, we define a stochastic process Y, (u, o) mapping from the time in-
dexset T x T x I to'S with I =00, o20] (0 < o109 < 020) such that

Yu(u,0) = /(X (01)* Sy + 0 1) 7%, (82) — X, (41) %, (82) 11, (0)),
where (u,0) = (t;,tp,0)eT x T x I.

REMARK 1. If the sample covariance matrix S, is real, the vectors x,, and y,
will be real, and thus, the set S has to be defined as a subset of unit sphere R? =
{x € R?, ||x]| = 1}. The time index can be similarly described for the complex case.
In what follows, we shall implicitly use the convention for the real case.

We have the following theorem.

THEOREM 1. Assume that the entries of X are i.i.d. with mean 0, vari-
ance 1, and finite fourth moments. If the variables are complex, we further as-
sume EX121 =0 and E|X11|* =2, and refer to this case as the complex case.

If the variables are real, we assume EX‘I‘1 = 3 and refer to it as the real case.
Then, as n — o0, the process Y, (t1,t2, a) converges weakly to a multivariate
Gaussian process Y (t1, t2, o) with mean zero and variance—covariance function
EY (t1, t2, 01)Y (t3, t4, 02) satisfying

EY (t1, t2, 01)Y (t3, t4, 02) = 0 (t1, t4) ¥ (t3, t2) W (01, 02)
for the complex case and satisfying
EY (t1, t2, 01)Y (t3, ts, 02) = (9 (t1, ta) D (t3, t2) + U (t1, t3)0 (t4, t2)) W (01, 02)
for the real case where

ym(o1)m(o?)
1 -y —oim(o1))(1 —oom(02))

W(oy,02) =

and

9 (t,s) = imx* ()X, (s).
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We will provide the proof of this theorem in the next section. We note that Bai,
Miao and Pan (2007) have proved that

VPXn ) (Sp 4 0 17X, (1) — my(0)] — N(O, W)

for the complex case and proved that the asymptotic variance is 2W for the real
case.

More generally, if x and y are two orthonormal vectors, applying Theorem 1,
we obtain the limiting distribution of the three quantities stated in (1.5) with nor-
malization such that

xSy + o)~ Ix —my, (o) 0 W 0 0
(2.2) ﬁ( xS, +oD7ly )—>N((O),(O w 0))
YSn+oD)7ly —my,(0) 0 0 0 W

for the complex case while the asymptotic covariance matrix is
2w 0 0
0o w 0
0o 0 2w

REMARK 2. This theorem shows that the three quantities stated in (1.5) are
asymptotically independent of one another. It provides a stronger support to the
conjecture that U, is asymptotically Haar-distributed than those established in the
previous literature.

for the real case.

In many practical applications, such as wireless communications and electrical
engineering [see, e.g., Evans and Tse (2000)], we are interested in extending the
process Y, (u, o) defined on aregion 7 x T x D where D is a compact subset of
the complex plane and is disjoint with the interval [a, b], the support of the MPL.
We can define a complex measure by putting complex mass x*(t;)U; e; e/j U,y(tp)
at A, the jth eigenvalue of S,,, where e; is the p-vector with 1 inits jth entry and
0 otherwise. In this situation, the Stieltjes transform of this complex measure is

$u(2) =X*(S, — 2Dy,

where z = u 4 iv with v 7 0. When considering the CLT of LSS associated with
the complex measure defined above, we need to examine the limiting properties
of the Stieltjes transforms, which lead to the extension of the process Y, (u, o) to
Y, (u, —z), where z is an index number in D.

If x*y is a constant (or has a limit, we still denote it as x*y for simplicity), it
follows from Lemma 6 that

x*(S, — 2Dy — x*ys(2),



2000 Z.D. BAIL H. X. LIU AND W. K. WONG

where

1—z—y+\/(l—z+y)2—4y

s(z) = , when J(z) > 0,

2yz
5(2), when J(z) <0,
1 —z—y+segnS@)/(1 —z+y)2—4y
_ g %g/ if 3(z) £ 0,

is the Stieltjes transform of MPL, in which, by convention, the square root /z
takes the one with the positive imaginary part. When z # 0 is real, s(z) is defined
as the limit from the upper complex plane. By definition, m(0) = s(—o +i0) =
lim, o s(—o +iv). In calculating the limit, we follow the conventional sign of the

square root of a complex number that the real part of \/ (—o+iv—1—y)2 -4y
should have the opposite sign of v, and thus

40 —y—(I+y+0)2 -4y
m(o)=— 2o .

Now, we are ready to extend the process Y, (u, o) to

Y, (u, 2) = /PIX (t1)(Sy — 2D~ X (t2) — X5 (81X, (82)5(2, yn)],

where s(z, y,) is the Stieltjes transform of the LSD of S, in which y is replaced
by y,. Here, z =u + iv with v > 0 or v < 0. Thereby, we obtain the following
theorem.

THEOREM 2. Under the conditions of Theorem 1, the process Y, (u, z) tends
to a multivariate Gaussian process Y (u, z) with mean 0 and covariance function
E(Y (u, z)Y (w, z2)) satisfying

(2.3) E(Y (u,z)Y (w, z2)) =9 (t, t4) 0 (t3, ) W(z1, 22)

for the complex case and satisfying

(2.4) E(u,z))Y(u,z2) = (1, ta) 0 (t3, t2) + 9 (t1, t3)0 (t4, t2)) W (21, 22)
for the real case where

ys(z1)s(z2)

W& 2) = T e d T s @)

Theorem 2 follows from Theorem 1 and Vitali lemma [see Lemma 2.3 of Bai
and Silverstein (2004)] since both Y (u, z) and Y}, (u, z) are analytic functions when
Z is away from [a, b], the support of MPL.
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Suppose that f(x) is analytic on an open region containing the interval [a, b].
We construct an LSS with respect to the complex measure as defined earlier; that
1s,

p
Y fONX*(t)Use €Uy (to).
j=I1

We then consider the normalized quantity

p

Xn(f) = ﬁ(z fOHX*(t1)Une;€,Upy(to)
Jj=l

(2.5)

C Xy (t) f f(x)dFyn(x)),

where F), is the standardized MPL. By applying the Cauchy formula

1
o= f(@

2ri Jez —x
where C is a contour enclosing x, we obtain

dz,

Xp(fiw) = —zﬁ(f (X (t1) (S, — D7 y(t)
(2.6) e

X ()Y ()5 (D 2) dz),

where C is a contour enclosing the interval [a, b], u = (t, t3), and

1= 2=y +sgn@@)y (1 — 2+ ya)? — 4y,
2ynz .
Thereafter, we obtain the following two corollaries.

sp(z) =

COROLLARY 1. Under the conditions of Theorem 1, for any k functions
f1, ..., fr analytic on an open region containing the interval |a,b], the k-
dimensional process

(Xn(frou), .oy X0 (fro we))

tends to the k-dimensional stochastic multivariate Gaussian process with mean
zero and covariance function satisfying

0
E(X(f, wX(g, V) = —477—2f W1, 22) f (2 (z2) dzr dza,

where 0 = U (t1, t4)0(t3,t2) for the complex case and = U (ty,t4)0(t3,t) +
¥/ (t1, t3)9 (t4, t2) for the real case. Here, Cy and C» are two disjoint contours that
enclose the interval [a, b] such that the functions f1, ..., fr are analytic inside
and on them.
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COROLLARY 2. The covariance function in Corollary 1 can also be written
as

b
E(X(f,wX(g,v) = 9([ Fx)g(x)dFy(x)

b b
- [ rwarw [ g(x)dFy(x)),

where 0 has been defined in Corollary 1.

3. The proof of Theorem 1. To prove Theorem 1, by Lemma 7, it is sufficient
to show that Y, (u, o) — EY, (u, o) tends to the limit process Y (u, o). We will first
prove the property of the finite-dimensional convergence in Section 3.1 before
proving the tightness property in Section 3.3. Throughout the paper, the limit is
taken as n — oo.

3.1. Finite-dimensional convergence. Under the assumption of a finite fourth
moment, we follow Bai, Miao and Pan (2007) to truncate the random variables X;;
at &, /n for all i and j in which &, — 0 before renormalizing the random variables
to have mean 0 and variance 1. Therefore, it is reasonable to impose an additional
assumption that | X;;| < &,+/n forall i and j.

Suppose s; denotes the jth column of ﬁXn. LetA(o) =S, +oland A (o) =

A(o) —s js’,k-. Let x,, and y,, be any two vectors in (C‘ij . We define

1
£j(0) =s5A7 (0)s) — ;trA;l(a),

*

-1 %A —1 1 * A —1 -1
yj:SjAj y”XnAj (O’)Sj—;XnAj (U)Aj (@)Yn,
1
T AL (e,
1+57A7 (0)s
1
I+n1rA7 (o)

Bj(o) =

bj(o) =

and

1

b= )
14+nEtrA~1(0)

We also define the o-field 7; = o (s, ...,s;). We denote by E; (-) the conditional
expectation when F; is given. By convention, Eg denotes the unconditional expec-
tation.
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Using the martingale decomposition, we have

A~ 0) —EA" (o) =Y (E; —E;_DIA " (0) — A (0)]
j=1
3.1)

n
=Y (Ej - Ej_l)ﬂjA;I(a)sjsjA;l(a).
j=1
Therefore,

Y,(w,0) = /p Y (Ej —Ei_Dx(t)* A" (0) — Af ' (0)Ix(t)
j=1

=P ) (B —E; 1Bx(t)*A; (0)s;81A7 (0)x(t).
j=1

Consider the K-dimensional distribution of {Y,(u;,o1),...,Y,(ug,o0x)}
where (u;, 0;) = (tj1, ti2,0;) € T x T x I. Invoking Lemma 3, we will have

K
Zai (Yo (u;, 0;) —EY,(w;,01)) = N0, ¢'Sa)

i=1
for any constants a;,i =1, ..., K, where
a=(aj,...,ax)
and
ij =EY(ti1, ti,0) Y (tj1, tj2,07) = O (ti1, tj2) 0 (L)1, tix) W(oi, o)
for the complex case and
ij = (O (i1, tj) O (1, tio) + O (tir, tj1) D (tj2, ti2)) W (o7, )

for the real case.
To this end, we will verify the Liapounov condition and calculate the asymptotic
covariance matrix X (see Lemma 3) in the next subsections.

3.1.1. Verification of Liapounov’s condition. By (3.1), we have

K

> ai(Ya(0i) —EY,(0))
32

n K
=P Y (Bj —E; )Y (@Bj(x*ti)AT" (0:)s;s1A7" (01)x(1:2))).

j=1 i=1
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The Liapounov condition with power index 4 follows by verifying that

4

n K
33) PPy E[Y aiBix*(ti)AT (0:)s;sTAT (0)x(tin)| —> 0.
j=1 li=l1

The limit (3.3) holds if one can prove that, for any x,,,y, € C¥,
n
(3.4) p? ZEmjx:A;‘(a)sjs”fA;l(a)yn|4 —0.

J
j=1

To do this, applying Lemma 2.7 of Bai and Silverstein (1998), for any ¢ > 2, we

get
mjaxEIijA}l(o)y,,xﬁA;l(o)sj|q — 0"/,

(3.5 m;lXE|Vj(U)|q =0 '"?) and
mj?lXElé‘j(U)lq =0m " 1?%).

When g > 2, the O(-) can be replaced by o(-) in the first two inequalities. The
assertion in (3.4) will then easily follow from the estimations in (3.5) and the

observation that |8;(0)| < 1.

3.1.2. Simplification of Y,,(u) — EY,,(w). For any x,,y, € Cf, from (3.1), we

have

XiA T (0)yn — EX; AT (0)yn

n
(3.6) =) (bEjy; +E;(b; —byy;
j=1

+(Ej — Ej_1)b;(0)B;(0)5;(0)st AT (0)yaxiAT (0)s)).

For the third term on the right-hand side of (3.6), applying (3.5), we have

n 2
E|VP Y (B —E;_1)bj(0)Bj(0)Ej(0)siAT (0)y.x;AT (0)s)
j=1

=p Y EIE; —E;_1)b;(0)B;(0)E;(0)siAT (0)yuxsAT (0)s;

j=1

n
=P Z(E|§/ (6)|4E|S§A;1(U)yanAII(g)Sj|4)1/2 — O(n_l/Z)_
j=1
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For the second term on the right-hand side of (3.6), we have
2

VP _Ej(bj(o) —b(0))y;(0)

j=1

E

< p 3 (Blbj (o) — b(0)*Ely; (o))"

j=1
-3/2 -1 —1 n1/2
—o(n™ )-(maxE|trAj (o) —EtrA (a)|)
J
=o'/,

where the last step follows from applying the martingale decomposition and the
Burkholder inequality and using the fact that

|trA;‘(o) —trA (o) < 1/o
and
ElrA~ (o) —EtrA~ ' (0)|* = 0(n?).
Thus, we conclude that

G VPXA o)y —ExXiAT (0)yn) = /P D bE;yj +0,(1).
j=1

3.2. Asymptotic covariances. 'To compute X, by the limiting property in (3.7),
we only need to compute the limit

n
vi,j =lim p Y b(01)b(0))Ex—1Exyi(ti1, tiz, 0) Exyi (tj1, tj2, ),
k=1

in which, forany i,k =1, ..., K, we have

ve(tin, tia, 1) = sEAL (0)x(tin)x* (t:1) A ' (07)sk
1 _ _
— X" (tiDA, LoD A (00)x(ti2).

By Lemma 4, we obtain b(o) = b(o) = 1/(1 + ym(o)), Thus, we only need to
calculate

n
(3.8) i =limp ) b(0:)b(0)Ex—1Exyi(tir, tiz, o) Exyi(tj1.t)2, 0)).
k=1
For simplicity, we will use X, y, u, v, o7 and o7 to denote x(t;1), X(t;2), x(t;1),
x(t;2), o; and o;. For X = (X1, ..., Xp)/ of i.i.d. entries with mean O and vari-
ance 1, and A = (A;;) and B = (B;;) to be Hermitian matrices, the following
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equality holds:
EX*AX — trA)(X*BX — tr B)
=trAB + [EX7*r AB” + )" A;;B;; (EIX;* —2 — [EXT]).
Using this equality, we get

. pb(01)b(02) < _ _
v =lim 1?1722 Z tr(ExA; l(ol)yx*Ak Yo
k=1

n
(3.9) 1 ~1
x ExA; ' (02)vu* A} (02))

for the complex case and obtain

. pb(a1)b(02) ¢ - _
v =lim 1)1722 Z tr(ExA; l(al)yx*Ak Yo
k=1

n
(3.10) . i
x Ex Ay (02)(vu* + llV*)Ak (O‘z))

for the real case.

One could easily calculate the limit in (3.9) by applying the method used in Bai,
Miao and Pan (2007) and by using the proof of their equation (4.7). Therefore, we
only need to calculate the limit of

M Y wrErA;  (oD)yx AL (0))ErAL (o) vur AL (02)

k=1
(3.11) )
yb(o1)b(02) _ v o _
= Y BxA DA (M (AL (02) AL oDy),
k=1
where Ak_l(zg) is similarly defined as Ak_l(oz) by using (Si,...,Sk—1,Sk+1,
..., $,) and by using the fact that §41, ..., S, are i.i.d. copies of s;11,...,S,.

Following the arguments in Bai, Miao and Pan (2007), we only have to replace
their vectors X, and X connected with A,:l (o1) by y and x* and replace those

connected with A,:l (02) by v and u*, respectively. Going along with the same
lines from their (4.7) to (4.23), we obtain

Ex*A ! (0DA; (o) vur AL (o)A (01)y
k—1_ 1. 4
X [1 e Db~ e T (o) T (m)]
n n
(3.12) 1 1 1 1
=x"T" (o)T™ (o2)vu*T ™ (02) T~ (01)y

k—1- - 1 <
X (1 + Tb(d])b(az);Ek—l tr(Ak_l(Ul)A;l(Gz))) +op(1)
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and

(T~ Ho) T~ H(02)) + 0p(1)
1 — ((k — 1)/n®)b(c1)b(02) tre(T 1 (01) T~ (02))

Ex tr(A; (o)A (02)) =

where
n—1

T(o)= (0 + Tb(o))l.

‘We then obtain
d(o1,02) := lim15<m>15(az)l (T~ (o) T (02))
n

(3.13)

_ yb(o1)b(02)

(o1 4+ b(o1)) (02 + b(02))

and
a1 h(o1,02) := b(a1)b(0)X*T ()T~ (o) va* T~ (02) T~ (o))

. x*vu*yb(o1)b(o7)
(01 +b(01))%(02 + b(02))?
From (3.13) and (3.14), we get

The right-hand side of (3.11)

- ) 1 I td(oy,02)
e | e | T o)

_ Yh(o1,02)
~ 1—d(o1,02)

_ yx*vu*yb(o1)b(02)
(01 4 b(01)) (02 + b(02)[(01 + b(01)) (02 + b(02)) — yb(a1)b(02)]

In addition, from (1.7), we establish

1 o
(315) m:m(g) and Tb(o’):1_om(o_)

Applying these identities, the limit of (3.11) can be simplified to
x*vu*yW (o, 02),

where

ym(o1)m(07)

W(o1,02) = 1— y(1 —oym(0))(1 — oam(o2))
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By symmetry, the limit of (3.10) for the real case can also be simplified to
x*vu*y + x*uv*y) W (o1, 02).

Therefore, for the complex case, the covariance function of the process Y (t;1,
tir,0) s

EY (ti1, tio, o) Y (tj1, tj2,02) = U (t;1, tj2) 0 (tin, tj1) W(o1, 02),
while, for the real case, it is
EY (ti1, ti2, o) Y (tj1, tj2, 02)
= (O (i1, tj2) 0 (L)1, tio) + O (ti1, tj1) D (tj2, ti2)) W (o1, 02).

3.3. Tightness.

THEOREM 3. Under the conditions in Theorem 1, the sequence of Y, (u, o) —
E(Y,(u, o) is tight.

For ease reference on the tightness, we quote a proposition from page 267 of
Loeve (1978) as follows.

PROPOSITION 1 (Tightness criterion). The sequence {P,} of probability mea-
sure is tight if and only if:

(1) supP, (x: [x(0)| > ¢c) — 0 as ¢ — 0o
n

and, for every € > 0, as 6 — 0, we have
(ii) Py (wx(8) > &) — 0,
where §-oscillation is defined by

wx(8) = sup [x(t) —x(s)|.
|t—s| <8

To complete the proof of the tightness for Theorem 3, we note that condition
(1) in Proposition 1 is a consequence of finite-dimensional convergence which has
been proved in the previous section. To demonstrate condition (ii) in Proposition 1,
we will use the two lemmas given below. Therefore, to complete the proof of The-
orem 3, by Proposition 1 and Lemma 1, it is sufficient to verify that

Y. Y 4dm+2
(3.16) sup  E| () = Yalu) <00
wwerx7 |y, o) — (w2, 0)|l

This inequality will be proved in Lemma 2 stated below.
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LEMMA 1. Suppose that X, (t) is a sequence of stochastic processes, defined
on an m-dimensional time domain T, whose paths are continuous and Lipschitz;
that is, there is a random variable R = R,, such that

| Xn(t) — X ()| < Rt —s].
If there is an o > m such that
(3.17) E[R|* < o0,
then, for any fixed ¢ > 0, we have

(3.18) limP, (wx(8) > £) =0.

PROOF. Without loss of generality, we assume that 7 = [0, M]™. First, for
any given ¢ > 0 and § > 0, we choose an integer K such that MK ! < § and
2°K™™% < 1/2.Foreach £ =1, 2, ..., we define

. M
Denoting by t(j, £), j = (j1, .- -, jm), the vector whose ith entry is #; (j;, £). Then,
we have

Py (a’x 6) > 8)

<2P(sup  sup X0 () = X, (G, D)) = £/2)
J 1 |t=tG, D |<2M /m/K

j=1,....K"

L
<30 20 2P(Xa(t(, 0) = Xa(tG £+ D) 227 )

(=1 (j,t+1)
+ 2P( sup sup 1X,,(8) — X, (tG. L+ 1)| > 2_L_28)
t(, L+1) |[t—t(,L+1)||<2/mM /KL

e2—t-1gt

< ZMHM)"’(M)O[EW
=1

= 023 g—ap@/2(pr/ K)@ME|R|®
=g 2gammE I RIY 0 as§ — 0,

where the summation }_; ;4 1) runs over all possibilities of j; < K 1 and t(j*, €)
is the t(j, £) vector closest to t(j, £ + 1). Here, to prove the first inequality, one only
needs to choose t(j, 1) as the center of the first layer hypercube in which %(t +s)
lies. The proof of the second inequality could be easily obtained by applying a
simple induction. In the proof of the third inequality, the first term follows by the
Chebyshev inequality and the fact that

| X, (tG*, 0) — X, (tG, €+ D)| < RILG*, ©) — tG, €+ DI < RVmM/K".
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At the same time, the second term tends to O for all fixed n» when L — oo because

P( sup sup X (®) = Xu(tG, L+ D)| = 2757 %)
t(, L+1) [t—t(, L+1)||<2M /mK ~L-2

<P(IR| = (K/2)LT2e/2M /m) — 0.

Thus, the proof of the lemma is complete. [

LEMMA 2. Under the conditions of Theorem 1, the property in (3.16) holds
for any m.

PRrROOF. For simplicity, we only prove the lemma for a general m instead of
4m + 2. For a constant L, we have

Yo.(uy,01) = Y, (u2, 00) — E(Y,(u1, 01) — Y, (02, 02))
lug — w2 + o1 — 02|
Xu (1) A7 (01)%, (2) — Ex, (8)*A™ 1 (01)x, (1)
lt1 — t3|| + |[t2 — t4]| + |o1 — 02
(% (t3)*A 7 (02)%n (t4) — Exu (t3)*A ™ (02)xa (t4)) |
Ity — t3| + [|t2 — t4|| + |01 — 02|
< L™ {E| (% (t1) — X, (t3)) "A ™ (01) %, (82)
— B(%u(t1) — %, (t3)) "A™ (01)%, (82)) (It — t3]) " ["
+ E|(x () A (01) (%0 (t2) — X, (1))
— Ext (t3)A (01) (% (t2) — X4 (t))) (162 — ta]) 1|
+EX (t)A ™ (01) A (02)%, (1)
— Ex: (t)A ™ (o)A (02)x, (L) "],

where a =< b means a and b have the same order, that is, there exists a positive
constant K such that K ~'b < a < Kb.

We note that ||x, (t;) — x,(t3)]|/|It1 — t3]| < 1 or bounded for the general case.
By applying the martingale decomposition in (3.1), the Burkholder inequality and
the estimates in (3.5), we have

(X (t1) — X, (63))*A 71 (01)%, (£2) — E(Xn (t1) — X, (t3))* A7 (01) X, (1) ""
It — t3]|

m

E

= pm/2

n™/E

= 0(1).
Similarly, we obtain
X (83)A ™ (01) (%0 (82) — X, (84)) — Ex (13)A ™1 (01) (%4 (12) — X, (t4))
It — t4]

m

n™/E

=0(1).
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Using the martingale decomposition and the Burkholder inequality, we get
n"2E[x;, (t3)A™ (0DA ™ (02)%, (ta) — Ex;; (1) A™ (0D)A™ ! (02)% (ta)["

< anﬂ[z E|x (t3)[A ™ (0)A ™ (02) — AL (o)A (02)1%, (t2) ™
k=1

- E(Z Er11x; (13)[A (0)A ™ (02)
k=1

m/2
—A,:l(o—l)A,:l(az)]xn(u)F) }

=0(1),
which follows from applying the following decomposition:
A" (01)A  (02) — AL (0)AL  (02)
= BloDAL  (oD)sisiA;  (0DAL  (02) + B AL (0)AL  (02)sisiAL  (02)
+ B0 Bo)AL  (o)sisiAL  (oDAL (0)sisfAL  (02)

and thereafter employing the results in (3.5). Thus, condition (3.16) is verified. [

4. Proof of Corollary 2. Applying the quadratic equation (1.7), we have

1 1
4.1 o=—— .
m 14+ym

Making a difference of o1 and o>, we obtain

m(op) —m(oy)  y(m(o2) —m(o1))
m(om(oz) (14 ym(oD))(1+ym(02))

o] —0) =

We also establish
m(o2) —m(o1)  m(o)m(o2)(1+ ym(o1))(1 + ym(02))

4.2) = .
o] — 02 (I 4+ ym(o1))(1 + ym(02)) — ym(o1)m(o2)

Finally, we conclude that

m©@2) =m©) o)
o] — 02
_ ym?*(o1)m* ()

(I +ym(o1))(1 + ym(oz)) — ym(o1)m(02)

by noticing that 1 4+ ym (o) =m(o)/(1 —om(o)), an easy consequence of (4.1).

= W(o1,02)
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Furthermore, one could easily show that the left-hand side of the above equation
is

b dFy(x) bdFy(x) [P dFy(x)
a (x40 +02) _fa
By using the unique extension of analytic functions, we have
dFy(x) /1’ dFy(x) [P dFy(x)
x—z)x—22) Ja x—z1Ja x—22
Substituting this into Corollary 1, we complete the proof of Corollary 2.

x+o1 Ja x+oo

b
W(z1, 22) =/ (

APPENDIX

LEMMA 3 [Theorem 35.12 of Billingsley (1995)]. Suppose that, for each n,
Xn1:Xn2, ..., Xnr, is a real martingale difference sequence with respect to the
increasing o-field {F,, j} having second moments. If, as n — oo,

n .
@ Y B(XZ | Fuj1) >0 and
j=1

n
(i) > E(Xﬁ,jlm,nzs)) — 0,
j=1

2

where o is a positive constant and € is an arbitrary positive number, then

n
S X, -5 N, 0?).
j=1

In what follows, s, A~!and A7! are defined in Section 3 and M ; and M refer
to any pair of matrices which are independent of s;.

LEMMA 4. Under the conditions of Theorem 1, for any matrix M ; bounded
in norm and independent of s j, we have

1 * a.s.
(A.1) mjax ;(stjsj—ter) — 0.

The proof of this lemma could be easily obtained by applying the truncation
technique and invoking Lemma 2.7 of Bai and Silverstein (1998).

LEMMA 5. Under the conditions of Theorem 1, for any X,,y, € Cf,

(A.2) sup [XFA ™' My, — ;A7 My,| <> 0.
j
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Similarly, for any matrix M with bounded norm and independent of s;, we have

(A3 hax E;x; A (0)My, —E;jx;A; ! (0)My,| = 0.

PROOF. Using
(A4) A7 (0)=A7"(0) — A7 (0)sjTAT (0) B (0),
we obtain

1
sup IX* A" My, — x;‘;A;lMyn| <sup- |x:A;1sjsjA;1Myn|
J J

1 1.
=Sup—|XZAj lAj 11‘4)’n| +o0(1),
j n

which, in turn, implies (A.2). Here, we adopt (A.1) in the last step above. The
conclusion (A.3) can be proved in a similar way. [J

LEMMA 6. Under the conditions of Theorem 1, for any X,,,y, € (Cf, we have

(A.5) XA @)y, — Xiyum(o) 250
and
(A.6) mjax |ij;;A;1 (0)yn — X, ynm(o)| 2500,

PROOF. By using the formula A = Z?:] S sj‘. + oI and multiplying x) from
the left- and multiplying A~'y,, from the right-hand side of the equation, we obtain

_ _ 1 & _
AT ©@)n =07 1X1yn = —— 3 X184 (@) (0)¥n-
j=1

As Bj(o) b= uniformly in j, we apply Lemmas 4 and 5 and obtain

T
XA~ o)y, =07 Xy, — o T IXEAT (0)yub (o) + o(1).

This, in turn, implies that

X:yn +o(1)

o+ b(o)
The conclusion in (A.5) could then follow from the fact that
1
o+b(o)’

whereas the conclusion in (A.6) can be proved by employing the same method.
O

X:A_] (U)y” -

m(o) =



2014 Z.D. BAIL H. X. LIU AND W. K. WONG

LEMMA 7. Under the conditions of Theorem 1, for any X,,, y,, € (Cf , we have
V(XES, + o)y, —xty,m, () — 0.

PROOF. Wheny, =x,, Lemma 7 in our paper reduces to the conclusion (5.5)
— 0 as shown in Bai, Miao and Pan (2007). To complete the proof, one could
simply keep X unchanged and substitute x,, by y, = (X}y,)X, + Z, in the proof of
the above conclusion. Thereafter, the proof of this lemma follows. [
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