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CENTRAL LIMIT THEOREM FOR HOTELLING’S T 2 STATISTIC
UNDER LARGE DIMENSION
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Dedicated to Z. D. Bai on the occasion of his 65th birthday

In this paper we prove the central limit theorem for Hotelling’s T 2 sta-
tistic when the dimension of the random vectors is proportional to the sample
size.

1. Introduction and main results. Since the famous Marčenko and Pastur
law was found in [16], the theory of large sample covariance matrices has been fur-
ther developed. Among others, we mention Jonsson [14], Yin [24], Silverstein [18],
Watcher [22], Yin, Bai and Krishanaiah [25]. Lately, Johnstone [13] discovered the
law of the largest eigenvalue of the Wishart matrix, Bai and Silverstein [5] estab-
lished the central limit theorems (CLT) of linear spectral statistics and Bai, Miao
and Pan [3] derived CLT for functionals of the eigenvalues and eigenvectors. We
also refer to [9, 12, 21] for CLT on linear statistics of eigenvalues of other classes
of random matrices.

The sample covariance matrix is defined by

S = 1

n

n∑
j=1

(sj − s̄)(sj − s̄)T ,

where s̄ = n−1 ∑n
j=1 sj and sj = (X1j , . . . ,Xpj )

T . Here {Xij }, i, j = · · · , is
a double array of independent and identically distributed (i.i.d.) real r.v.’s with
EX11 = 0 and EX2

11 = 1. However, in the large random matrices theory (RMT)
the commonly used sample covariance matrix is

S = 1

n

n∑
j=1

sj sT
j = 1

n
XnXT

n ,

where Xn = (s1, . . . , sn).
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Note that S = S − s̄s̄T and thus, by the rank inequality, there is no difference
when one is only concerned with the limiting empirical spectral distribution (ESD)
of the eigenvalues in large random matrices. Therefore, the limiting ESD of S is
Marčenko and Pastur’s law Fc(x) (see [14] and [16]) when lim p

n
= c > 0 which

has a density function

pc(x) =
{

(2πcx)−1√(b − x)(x − a), a ≤ x ≤ b,
0, otherwise,

and has point mass 1 − c−1 at the origin if c > 1, where a = (1 − √
c)2 and b =

(1 + √
c)2. The Stieljes transform m(z) of Fc(x) satisfies the equation (see [20])

m(z) = 1

1 − c − czm(z) − z
,(1.1)

where the Stieljes transform for any function G(x) is defined by

mG(z) =
∫ 1

λ − z
dG(λ), z ∈ C

+ ≡ {z ∈ C, v = �z > 0}.

Observe that the spectra of n−1XnXT
n and n−1XT

n Xn are identical except for zero
eigenvalues. This leads to the equality

mS
n(z) = −1 − p/n

z
+ p

n
mS

n(z)(1.2)

and therefore,

z = − 1

m(z)
+ c

1 + m(z)
,(1.3)

where mS
n(z) and mS

n(z) denote, respectively, the Stieljes transform of the ESD of
n−1XnXT

n and n−1XT
n Xn and, correspondingly, m(z) is the limit of mS

n(z).
Sample covariance matrices are also of essential importance in multivariate sta-

tistical analysis because many test statistics involve their eigenvalues and/or eigen-
vectors. The typical example is T 2 statistic which was proposed by Hotelling [10].
We refer to [1] and [15] for various uses of the T 2 statistic.

The T 2 statistic, which is the origin of multivariate linear hypothesis tests and
the associated confidence sets, is defined by

T 2 = n(s̄ − μ0)
T S−1(s̄ − μ0),(1.4)

whose distribution is invariant if each sj is replaced by �1/2sj with � any non-
singular p by p matrix when μ0 = 0. If {s1, . . . , sn} is a sample from the p-
dimensional population N(μ,�), then [T 2/(n − 1)][(n − p)/p] follows a non-
central F distribution and moreover, the F distribution is central if μ = μ0. When
p is fixed, the limiting distribution of T 2 for μ = μ0 is the χ2-distribution even if
the parent distribution is not normal.



1862 G. M. PAN AND W. ZHOU

In the recent three or four decades in many research areas, including signal
processing, network security, image processing, genetics, stock marketing and
other economic problems, people are interested in the case where p is quite large
or proportional to the sample size. Thus, it will be desirable if one can obtain the
asymptotic distribution of the famous Hotelling T 2 statistic when the dimension of
the random vectors is proportional to the sample size. It is the aim of this work. In
addition, we would like to point out that some discussions about the two-sample
T 2 statistic under the assumption that the underlying r.v.’s are normal were pre-
sented in [2].

The main results are presented in the following theorems.

THEOREM 1. Suppose that:

(1) for each n Xij = Xn
ij , i, j = 1,2, . . . , are i.i.d. real r.v.’s with EX11 =

μ,EX2
11 = 1 and EX4

11 < ∞.
(2) p ≤ n, cn = p/n → c ∈ (0,1) as n → ∞.
Then, when μ0 = (μ, . . . ,μ)T ,

√
n√

2cn(1 − cn)−3

(
T 2

n
− cn(1 − cn)

−1
)

D−→ N(0,1),

where Fcn(x) denotes Fc(x) by substituting cn for c.

REMARK 1. When Xij ∼ N(0,1), it is well known that (n − p)T 2/(np) fol-
lows F distribution with degrees of freedom p and n − p, respectively. As n → ∞
and p/n → c, it follows from strong law of large numbers and CLT that

(n − p)T 2/(np) − 1√
2/p + 2/(n − p)

−→ N(0,1).

This is consistent with Theorem 1.

REMARK 2. Since
∫

x−1 dFc(x) = (1 − c)−1 and
∫

x−2 dFc(x) = (1 − c)−3

which are derived through differentiating the following identity [the Stieljes trans-
form m(z) of Fc(x)],∫

(x − z)−1pc(x) dx = −(z + c − 1) + (z + c − 1)
√

1 − 4zc(z + c − 1)−2

2cz
,

we actually prove that
√

n√
2cn

∫
x−2 dFcn(x)

(
T 2

n
− cn

∫
dFcn(x)

x

)
D−→ N(0,1).
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One typical application of Theorem 1 lies in making inference on the large-
dimensional mean vector of the multivariate model

Zj = �sj + μ, Esj = 0, j = 1, . . . , n,

where � is an m by p matrix, m ≤ p. This model means that each Zj is a linear
transformation of some p-variate random vector sj . It can generate a rich collec-
tion of Zj from sj with the given covariance matrix � = ��T . Most important, it
includes the multivariate normal model.

We will prove Theorem 1 by establishing Theorem 2 which presents asymp-
totic distributions of random quadratic forms involving sample means and sample
covariance matrices.

For any analytic function f (·), define

f (S) = UT diag(f (λ1), . . . , f (λp))U,

where UT diag(λ1, . . . , λp)U denotes the spectral decomposition of the matrix S .

THEOREM 2. In addition to the assumption (1) of Theorem 1, suppose that
cn = p/n → c > 0, EX11 = 0, g(x) is a function with a continuous first derivative
in a neighborhood of c and f (x) is analytic on an open region containing the
interval [

I(0,1)(c)
(
1 − √

c
)2

,
(
1 + √

c
)2]

.(1.5)

Then,(√
n

[
s̄T f (S)s̄

‖s̄‖2 −
∫

f (x) dFcn(x)

]
,
√

n
(
g(s̄T s̄) − g(cn)

)) D−→ (X,Y ),

where Y ∼ N(0,2c(g′(c))2), which is independent of X, a Gaussian r.v. with
EX = 0 and

Var(X) = 2

c

(∫
f 2(x) dFc(x) −

(∫
f (x) dFc(x)

)2)
.(1.6)

REMARK 3. Let xn = (xn1, . . . , xnp)T ∈ R
p , ‖xn‖ = 1 where ‖ · ‖ denotes the

Euclidean norm. Note that, when maxi xni → 0 (see [17], (1.16), or [19]),
√

n

[
xT
n f (S)xn −

∫
f (x) dFcn(x)

]
D−→ X.(1.7)

This suggests that s̄/‖s̄‖ can be viewed as a fixed unit vector xn when dealing with
s̄T f (S)s̄/‖s̄‖2 even if s̄ is not independent of S .

Theorem 2 relies on Lemma 1 below which deals with the asymptotic joint
distribution of

Xn(z) = √
n

[
s̄T (S − zI)−1s̄

‖s̄‖2 − mn(z)

]
, Yn = √

n
(
g(s̄T s̄) − g(cn)

)
,
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FIG. 1. Contour C when c < 1.

where mn(z) = ∫
(x − z)−1 dFcn(x). The stochastic process Xn(z) is defined on a

contour C , given below. Let v0 > 0 be arbitrary and set Cu = {u+ iv0, u ∈ [ul, ur ]},
where ul is any negative number if the left endpoint of (1.5) is zero, otherwise ul

is any positive number smaller than the left endpoint of (1.5) and ur any number
larger than the right endpoint of (1.5). Then define

C+ = {ul + iv :v ∈ [0, v0]} ∪ Cu ∪ {ur + iv :v ∈ [0, v0]}
and let C− be the symmetric part of C+ about the real axis. Then set C = C+ ∪ C−.
See Figures 1 and 2 for a picture of the contour C when c < 1 and c ≥ 1, respec-
tively.

Let A−1(z) = (S − zI)−1. Since it is difficult to control the spectral norm of
(S − zI)−1 or A−1(z) on the whole contour C , especially for v = 0, we further

FIG. 2. Contour C when c ≥ 1.



HOTELLING’S T 2 STATISTIC 1865

define X̂n(z), a truncated version of Xn(z), as in [5]. Select a sequence of positive
numbers ρn satisfying for some β ∈ (0,1),

ρn ↓ 0, ρn ≥ n−β.(1.8)

Let

Cl =
{ {ul + iv :v ∈ [n−1ρn, v0]}, if ul > 0,

{ul + iv :v ∈ [0, v0]}, if ul < 0,

and

Cr = {ur + iv :v ∈ [n−1ρn, v0]}.
Write C+

n = Cl ∪ Cu ∪ Cr . We can now define the truncated process for z = u+ iv ∈
C by

X̂n(z) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

Xn(z), if z ∈ C+
n ∪ C−

n ,
nv + ρn

2ρn

Xn(zr1) + ρn − nv

2ρn

Xn(zr2),

if u = ur, v ∈ [−n−1ρn,n
−1ρn],

nv + ρn

2ρn

Xn(zl1) + ρn − nv

2ρn

Xn(zl2),

if u = ul > 0, v ∈ [−n−1ρn,n
−1ρn],

(1.9)

where zr1 = ur +in−1ρn, zr2 = ur −in−1ρn, zl1 = ul +in−1ρn, zl2 = ul −in−1ρn

and C−
n denotes the symmetric part of C+

n about the real axis. A picture of C+
n ∪ C−

n

is the rectangle in Figure 1 with the dash line removed. The advantage of X̂n(z)

over Xn(z) is that the spectral norm of A−1(z) involved in X̂n(z) may be well con-
trolled on the contour C . Indeed, loosely speaking, all eigenvalues of S are located
inside the interval (1.5) with a high probability. Therefore, the spectral norm of
A−1(z) corresponding to this case is bounded on C . If some eigenvalues run out-
side of the interval (1.5) then, at least, we will still have an upper bound nρ−1

n for
the spectral norm of A−1(z) on C . But, the probability that some eigenvalues run
outside of the interval (1.5) is very small, which can offset nρ−1

n and even more.
This is crucial to establish tightness of X̂n(z) on the contour C . On the other hand,
such a truncation does not change the weak limit given in Theorem 2 because the
truncation has been made only at the intervals of the length 2ρn/n.

Note that X̂n(z) may be viewed as a random element in the metric space
C(C,R

2) of continuous functions from C to R
2. We are now in a position to state

Lemma 1.

LEMMA 1. Under the assumptions of Theorem 2, we have for z ∈ C ,

(X̂n(z), Yn)
D−→ (X(z), Y ),
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where Y ∼ N(0,2c(g′(c))2), which is independent of X(z), a Gaussian stochastic
process with mean zero and covariance function Cov(X(z1),X(z2)) equal to

2

cz1z2[(1 + m(z1))(1 + m(z2)) − cm(z1)m(z2)] − 2m(z1)m(z2)

c
.(1.10)

REMARK 4. Also, note that X(z) is exactly the weak limit of the stochastic
process

√
n(xT

n (S − zI)−1)xn − mn(z)) when maxi xni → 0, whose covariance
function is

Cov(X(z1),X(z2)) = 2(z2m(z2) − z1m(z1))
2

c2z1z2(z1 − z2)(m(z1) − m(z2))

(see [3] and [17]).

We conclude this section by presenting the structure of this work. In Section 2,
we present a simulation study to identify when the asymptotic normality “kicks
in.” Then we turn to the proof. To transfer Lemma 1 to Theorem 2 we introduce a
new empirical distribution function

F S
2 (x) =

p∑
i=1

t2
i I (λi ≤ x),(1.11)

where t = (t1, . . . , tn)
T = Us̄/‖s̄‖ and U is the eigenvector matrix of S . It turns out

that F S
2 (x) and the ESD of S have the same limit, that is, F S

2 (x)
i.p.−→ Fc(x). Thus,

by analyticity of f (x), s̄T f (S)s̄/‖s̄‖2 in Theorem 2 is transferred to the Stieljes
transform of F S

2 (x), s̄T (S − zI)−1s̄/‖s̄‖2. Moreover, note that

s̄T A−1(z)s̄
1 − s̄T A−1(z)s̄

= s̄T (S − zI)−1s̄.(1.12)

Indeed, this is from the identity (see [20], (2.1))

rT (B + arrT )−1 = rT B−1

1 + arT B−1r
,(1.13)

where B and B + arrT are both invertible, r ∈ R
p and a ∈ R. The stochastic

process Xn(z) in Lemma 1 is then transferred to the stochastic process Mn(z),
where

Mn(z) = √
n

(
s̄T A−1(z)s̄ − cnmn(z)

1 + cnmn(z)

)
.

The convergence of the stochastic process Mn(z) is given in Sections 3 and 4. The
proofs of Theorems 1 and 2, Lemma 1 and Remark 4 are included in Section 5.
The last section picks up the truncation of the underlying r.v.’s and some useful
lemmas. At this point we would like to point out that both this paper and [5] deal
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with Stieljes transform of random variables of interest and use martingale method
to establish CLT. But the random variable of interest in this paper is a kind of
random quadratic forms while [5] is concerned with the trace of random matrices.

Throughout this paper, to save notation, M may denote different constants on
different occasions.

2. Simulation study. In this section, we provide a simulation study to inves-
tigate the performance of normal approximations in Theorem 1. We consider three
different populations, the standard normal distribution, the exponential distribution
with parameter 1 and the Poisson distribution with parameter 1. From each pop-
ulation we generate 5000 samples of order 100 × 200, 200 × 400 and 400 × 800
matrices, respectively, by routines in R. Each p × n matrix can be regarded as a
collection of n observations of p-dimensional vectors s, so we can calculate T 2

for each matrix. Based on 5000 samples, we have 5000 observed T 2 which give us
an estimator of the probability

P

( √
n√

2cn(1 − cn)−3

(
T 2

n
− cn(1 − cn)

−1
)

≤ x

)
by

5000−1
∑

I

( √
n√

2cn(1 − cn)−3

(
T 2

n
− cn(1 − cn)

−1
)

≤ x

)
.

In Figures 3–11, there are nine curves. In each figure the horizontal axis means
theoretical quantiles of the standard normal distribution and the vertical axis in-
dicates sample quantiles of the normalized Hotelling’s T 2 statistics. Every curve
represents the quantile-quantile plot for each sampled matrix. From these pictures
we see that the quantiles of T 2 get closer to the standard normal one as the sam-
ple size and the dimension increase. Actually, when p = 100 and n = 200, normal
distributions already “kick in.”

3. Weak convergence of the finite-dimensional distributions. For z ∈ C+
n ,

let Mn(z) = M
(1)
n (z) + M

(2)
n (z), where

M(1)
n (z) = √

n
(
s̄T A−1(z)s̄ − Es̄T A−1(z)s̄

)
and

M(2)
n (z) = √

n

(
Es̄T A−1(z)s̄ − cnmn(z)

1 + cnmn(z)

)
.

In this section the aim is to prove that for any positive integer r and complex
numbers a1, . . . , ar ,

r∑
i=1

aiM
(1)
n (zi), �zi �= 0,
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FIG. 3. Q–Q plot for normal data when p = 100.

converges in distribution to a Gaussian r.v. and to derive the asymptotic covariance
function. Before proceeding, r.v.’s need to be truncated. However, we shall post-

FIG. 4. Q–Q plot for normal data when p = 200.
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FIG. 5. Q–Q plot for normal data when p = 400.

FIG. 6. Q–Q plot for exponential data when p = 100.
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FIG. 7. Q–Q plot for exponential data when p = 200.

FIG. 8. Q–Q plot for exponential data when p = 400.
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FIG. 9. Q–Q plot for Poisson data when p = 100.

FIG. 10. Q–Q plot for Poisson data when p = 200.
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FIG. 11. Q–Q plot for Poisson data when p = 400.

pone the truncation of r.v.’s until the last section. As a consequence of Lemma 7,
we assume that the underlying r.v.’s satisfy

|Xij | ≤ εn

√
n, EX11 = 0, E|X11|2 = 1, E|X11|4 < ∞,(3.1)

where εn is a positive sequence which converges to zero as n goes to infinity.

3.1. Outline of the argument. The underlying idea is to write M
(1)
n (z) as a

sum of martingale difference sequences and to apply Lemma 3, CLT for martin-
gale. Define the σ -field Fj = σ(s1, . . . , sj ) and let Ej(·) = E(·|Fj ) and E0(·) be
the unconditional expectation. We first simplify the martingale representation of
M

(1)
n (z) as

∑n
j=1 Yj (z) + op(1), where Yj (z) = −2zm(z)Ej (

1√
n

sT
j A−1

j (z)s̄j ) +
zm(z)

√
nEj (αj (z)) and αj (z) and s̄j are defined in the next subsection. Condi-

tion (ii) in Lemma 3 is relatively easy to verify. Subsequently, to identify the as-
ymptotic covariance function of M

(1)
n (z), the following limits in probability need

to be determined:

1

n

n∑
j=1

Ej−1[Ej(sT
j A−1

j (z1)s̄j )Ej (s̄T
j A−1

j (z2)sj )],(3.2)

n∑
j=1

Ej−1[Ej(sT
j A−1

j (z1)s̄j )Ej (αj (z2))],(3.3)
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n

n∑
j=1

Ej−1[Ej(αj (z1))Ej (αj (z2))].(3.4)

As for (3.2), note that

Ej−1[Ej(sT
j A−1

j (z1)s̄j )Ej (s̄T
j A−1

j (z2)sj )] = Ej(s̄T
j A−1

j (z2))Ej (A
−1
j (z1)s̄j )

and s̄j is an average value of all s1, . . . , sn without sj . Intuitively, the prod-
uct of two conditional expectations in the right-hand side of the above formula
should be a multiple of 1

n
tr[Ej(A

−1
j (z1))Ej (A

−1
j (z2))]. This turns out to be true.

For (3.4), a direct calculation indicates that Ej−1[Ej(αj (z1))Ej (αj (z2))] involves
tr[Ej(Dj (z1))Ej (Dj (z2))] [Dj (z) is defined in the next subsection]. Then our aim
is to transfer it to [Ej(s̄T

j A−1
j (z2))Ej (A

−1
j (z1)s̄j )]2 so that the limit of (3.2) may

be used. Essentially, we expect that (3.2) and (3.4) could be reduced to something
like

1

n

n∑
j=1

h

(
j − 1

n

)

for some function h(x). Finally, since the number of sj involved in (3.3) is odd

and sj is independent of s̄j we expect that (3.3)
i.p.→ 0.

3.2. Notation and estimates. We first introduce some notation. Let

A−1
j (z) = (S − n−1sj sT

j − zI)−1,

A−1
ij (z) = (S − n−1sisT

i − n−1sj sT
j − zI)−1,

s̄j = s̄ − n−1sj ,

Dj (z) = A−1
j (z)s̄j s̄T

j A−1
j (z),

βj (z) = 1

1 + (1/n)sT
j A−1

j (z)sj

,

β tr
j (z) = 1

1 + (1/n) tr A−1
j (z)

,

b1(z) = 1

1 + (1/n)E tr A−1
1 (z)

,

γj (z) = 1

n
sT
j A−1

j (z)sj − 1

n
tr A−1

j (z),

ξj (z) = 1

n
sT
j A−1

j (z)sj − 1

n
E tr A−1

j (z),
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αj (z) = 1

n
sT
j A−1

j (z)s̄j s̄T
j A−1

j (z)sj − 1

n
s̄T
j A−2

j (z)s̄j ,

βij (z) = 1

1 + (1/n)sT
i A−1

ij (z)si

,

β tr
ij (z) = 1

1 + (1/n) trA−1
ij (z)

,

b12(z) = 1

1 + (1/n)E trA−1
12 (z)

and

ξij (z) = 1

n
sT
i A−1

ij (z)si − 1

n
E tr A−1

12 (z),

γij (z) = 1

n
sT
i A−1

ij (z)si − (1/n) tr A−1
ij (z).

We next list some results to be used later. A direct calculation indicates that the
following equalities are true:

E(sT
1 As1 − tr A)(sT

1 Bs1 − tr B) = (EX4
11 − |EX2

11|2 − 2)

p∑
i=1

aiibii

(3.5)
+ |EX2

11|2 tr ABT + tr AB;

E[(sT
1 As1 − tr A)sT

1 Br] = EX3
11

p∑
i=1

aiieT
i Br,(3.6)

where B = (bij )p×p and A = (aij )p×p are deterministic complex matrices and r is
a deterministic vector. Here ei is the vector with the ith element being 1 and zero
otherwise. In what follows, to facilitate the analysis in the subsequent subsections,
we shall assume v = �z > 0. Note that βj (z), β

tr
j (z), βij (z), β

tr
ij (z), b1(z), b12(z)

are bounded in absolute value by |z|/v [see [4], (3.4)]. From (1.13) we have

A−1(z) − A−1
j (z) = A−1(z)

(
Aj (z) − A(z)

)
A−1

j (z)
(3.7)

= −1

n
Ãj (z)βj (z),

where Ãj (z) = A−1
j (z)sj sT

j A−1
j (z). From Lemma 2.10 of [4], for any matrix B,∣∣tr[(A−1(z) − A−1

j (z)
)
B

]∣∣ ≤ ‖B‖
v

,(3.8)

where ‖ · ‖ denotes the spectral norm of a matrix. Moreover, Section 4 in [4] shows
that

n−kE|tr A−1
1 (z) − E tr A−1

1 (z)|k = O(n−k/2), k ≥ 2.(3.9)



HOTELLING’S T 2 STATISTIC 1875

One should also note that (3.9) is still true when A−1
1 (z) is replaced by A−1

12 (z).
From now on, we calculate estimates. To simplify the statements, assume that

the spectral norms of nonrandom B,Bi ,Ai ,C involved in the equalities (3.10)–
(3.18) below are all bounded above by a constant. For k ≥ 2, it follows from
Lemma 4, (3.1) and (3.9) that

n−kE|sT
1 Bs1 − tr B|k = O(ε2k−4

n n−1),
(3.10)

E|ξ1(z)|k = O(ε2k−4
n n−1)

and that

n−kE|sT
1 BeieT

j Cs1|k

≤ Mn−k[E|sT
1 BeieT

j Cs1 − tr(BeieT
j C)|k + E|eT

j CBei |k](3.11)

= O(ε2k−4
n n−2).

We shall establish the estimates (3.12)–(3.14) below:

E|sT
1 Bs̄1|k = O

(
n(k/2−2)εk−4

n

)
, k ≥ 4,

(3.12)
E|α1(z)|k = O(n−2ε2k−4

n ), k ≥ 2,

E|sT
1 Bs2|k = O(nk−2εk−4

n ), k ≥ 4,(3.13)

and for m ≥ 0, q ≥ 1,0 ≤ r ≤ 2,

E

∣∣∣∣∣
m∏

i=1

1

n
sT

1 Ais1

q∏
j=1

1

n
(sT

1 Bj s1 − tr Bj )(sT
1 Cl s̄1)

r

∣∣∣∣∣ = O
(
n−1/2ε(q−2)∨0

n

)
.(3.14)

One should note that (3.12) and (3.13) also give the estimates for k = 2. For exam-
ple,

E|sT
1 Bs̄1|2 ≤ (E|sT

1 Bs̄1|4)1/2 = O(1).(3.15)

In addition, from (3.10) and (3.13) we also conclude that

E|n−1sT
1 Bs1sT

1 Cs2|4 ≤ ME|n−1(sT
1 Bs1 − tr B)sT

1 Cs2|4
+ ME|sT

1 Cs2|4(3.16)

= O(n5/2).

Consider (3.12) first. Note that for k ≥ 4

E|s̄T
1 s̄1|k ≤ M

n2k

[
E

∣∣∣∣∣
n∑

i=2

sT
i si

∣∣∣∣∣
k

+ E

∣∣∣∣ ∑
i1 �=i2,i1>1,i2>1

sT
i1

si2

∣∣∣∣k
]

(3.17)
= O(1).
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Indeed, applying Lemma 2 twice gives

E

∣∣∣∣∣
n∑

i=2

sT
i si

∣∣∣∣∣
k

≤ ME

∣∣∣∣∣
n∑

i=2

(
sT
i si − E(sT

i si )
)∣∣∣∣∣

k

+ M

∣∣∣∣∣
n∑

i=2

E(sT
i si )

∣∣∣∣∣
k

≤ M

(
n∑

i=2

E
(
sT
i si − E(sT

i si )
)2

)k/2

+ M

n∑
i=2

E|sT
i si − E(sT

i si )|k + Mn2k

≤ Mnk + Mn

[( p∑
m=1

E(X2
m2 − 1)2

)k/2

+
p∑

m=1

E|X2
m2 − 1|k

]

+ Mn2k

≤ Mn2k,

while using Lemma 2 three times we obtain

E

∣∣∣∣ ∑
i1 �=i2,i1>1,i2>1

sT
i1

si2

∣∣∣∣k ≤ nk−1
∑
i1>1

E

∣∣∣∣ ∑
i2>1,i1 �=i2

sT
i1

si2

∣∣∣∣k ≤ nkE

∣∣∣∣∣
n∑

i=3

sT
2 si

∣∣∣∣∣
k

≤ MnkE

∣∣∣∣∣
n∑

i=3

E[(sT
2 si )

2|Gi−1]
∣∣∣∣∣
k/2

+ Mnk
n∑

i=3

E|sT
2 si |k

≤ M
[
n(3/2)kE|sT

2 s2 − EsT
2 s2|k/2 + n2k + nk+1E|sT

2 s3|k]
= O(n2k),

where Gi = σ(s2, . . . , si). It follows from (3.17) that for k ≥ 4

E|s̄T
1 Bs̄1|k = E‖s̄T

1 Bs̄1‖k ≤ E(‖s̄T
1 ‖‖B‖‖s̄1‖)k ≤ ME|s̄T

1 s̄1|k ≤ M,(3.18)

where ‖ · ‖ denotes the spectral norm of a matrix. This, together with Lemma 4,
ensures that for k ≥ 4

E|sT
1 Bs̄1|k = E|sT

1 Bs̄1s̄T
1 B∗s1|k/2

≤ ME|sT
1 Bs̄1s̄T

1 B∗s1 − s̄T
1 B∗Bs̄1|k/2 + ME|s̄T

1 B∗Bs̄1|k/2

≤ [Mnk/2−2εk−4
n + M]E|s̄T

1 B∗Bs̄1|k/2 + M

≤ Mnk/2−2εk−4
n ,

which gives the first estimate in (3.12) as well as the order of E|α1(z)|k .
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Second, consider (3.13). Let y = (y1, . . . , yp)T = Bs2 and then, by Lemma 2
and (3.10), for k ≥ 4,

E|sT
1 y|k ≤ ME

( p∑
m=1

|ym|2
)k/2

+ M

p∑
m=1

E|Xm1|kE|ym|k

≤ ME|y∗y|k/2 + Mnk/2−2εk−4
n E|y∗y|k/2

≤ M(1 + nk/2−2εk−4
n )E|sT

2 B∗Bs2 − tr(B∗B)|k/2(3.19)

+ Mnk/2 + Mnk−2εk−4
n

= O(nk−2εk−4
n ),

where we also use the fact that for k ≥ 4∑
m

|ym|k ≤
(∑

m

|ym|2
)k/2

.

As for (3.14), if m = 0 and r = 0, then (3.14) directly follows from (3.10) and
the Hölder inequality. If m ≥ 1 and r = 0, then by induction on m we have

E

∣∣∣∣∣
m∏

i=1

1

n
sT

1 Ais1

q∏
j=1

1

n
(sT

1 Bj s1 − tr Bj )

∣∣∣∣∣
≤ E

∣∣∣∣∣
m−1∏
i=1

1

n
sT

1 Ais1
1

n
(sT

1 Ams1 − tr Am)

q∏
j=1

1

n
(sT

1 Bj s1 − tr Bj )

∣∣∣∣∣
+ ME

∣∣∣∣∣
m−1∏
i=1

1

n
tr Ai

q∏
j=1

1

n
(sT

1 Bj s1 − tr Bj )

∣∣∣∣∣
= O

(
n−1/2ε(q−2)∨0

n

)
.

Repeating the argument above gives

E

∣∣∣∣∣
m∏

i=1

1

n
sT

1 Ais1

q∏
j=1

1

n
(sT

1 Bj s1 − tr Bj )

∣∣∣∣∣
2

= O
(
n−1ε(2q−4)∨0

n

)
[m = 0 by (3.10) and m ≥ 1 by induction]. Thus, for the case m ≥ 1 and 2 ≥ r ≥ 1,
by (3.12) we obtain

E

∣∣∣∣∣
m∏

i=1

1

n
sT

1 Ais1

q∏
j=1

1

n
(sT

1 Bj s1 − tr Bj )(sT
1 C1s̄1)

r

∣∣∣∣∣
≤

(
E

∣∣∣∣∣
m∏

i=1

1

n
sT

1 Ais1

q∏
j=1

1

n
(sT

1 Bj s1 − tr Bj )

∣∣∣∣∣
2

E|sT
1 C1s̄1|2r

)1/2

= O
(
n−1/2ε(q−2)∨0

n

)
.
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When m = 0 and 2 ≥ r ≥ 1, (3.14) can be obtained similarly. Thus, we have proved
(3.14).

3.3. The simplification of M
(1)
n (z). To develop CLT for M

(1)
n (z), we write it

as a sum of martingale difference sequences. When simplifying such a martingale
representation, a well-known trick is to use the fact that

Ej [h(tr A−1
j (z))] = Ej−1[h(tr A−1

j (z))],(3.20)

where h(x) is some function. For example, when h(x) = 1/(1 + n−1x), (3.20)
becomes Ej(β

tr
j ) = Ej−1(β

tr
j ).

Notice that Ej(s̄T
j A−1

j (z)s̄j ) = Ej−1(s̄T
j A−1

j (z)s̄j ). We then write

M(1)
n (z) = √

n

n∑
j=1

[Ej(s̄T A−1(z)s̄) − Ej−1(s̄T A−1(z)s̄)]

= √
n

n∑
j=1

[
Ej

(
s̄T A−1(z)s̄ − s̄T

j A−1
j (z)s̄j

)
(3.21)

− Ej−1
(
s̄T A−1(z)s̄ − s̄T

j A−1
j (z)s̄j

)]
= √

n

n∑
j=1

[(Ej − Ej−1)(an1 + an2 + an3)],

where

an1 = (s̄ − s̄j )
T A−1(z)s̄, an2 = s̄T

j

(
A−1(z) − A−1

j (z)
)
s̄,

an3 = s̄T
j A−1

j (z)(s̄ − s̄j ).

The above sum involving an1 and an2 will be further simplified below.
First, splitting A−1(z) into the sum of A−1(z) − A−1

j (z) and A−1
j (z) and split-

ting s̄ into the sum of s̄j and sj /n, by (3.7) we then have

an1 = a
(1)
n1 + a

(2)
n1 + a

(3)
n1 + a

(4)
n1 ,(3.22)

where

a
(1)
n1 = − 1

n3 (sT
j A−1

j (z)sj )
2βj (z), a

(2)
n1 = − 1

n2 sT
j Ãj (z)s̄jβj (z)

and

a
(3)
n1 = 1

n2 sT
j A−1

j (z)sj , a
(4)
n1 = 1

n
sT
j A−1

j (z)s̄j .

Using (3.20) and

βj (z) = β tr
j (z) − βj (z)β

tr
j (z)γj (z),(3.23)
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we have

(Ej − Ej−1)
(
a

(1)
n1

)
= (Ej − Ej−1)

[
1

n3 (sT
j A−1

j (z)sj )
2β tr

j (z)

]
− ςn

= (Ej − Ej−1)

[
1

n
γ 2
j (z)β tr

j (z)

]
+ (Ej − Ej−1)

[
2

n2 γj (z)β
tr
j (z) tr A−1

j (z)

]
− ςn,

where ςn = (Ej − Ej−1)
1
n3 (sT

j A−1
j (z)sj )

2βj (z)β
tr
j (z)γj (z). This, together with

(3.14), shows that

E

∣∣∣∣∣√n

n∑
j=1

(Ej − Ej−1)
(
a

(1)
n1

)∣∣∣∣∣
2

= n

n∑
j=1

E
∣∣(Ej − Ej−1)

(
a

(1)
n1

)∣∣2
≤ ME|γ1(z)|4 + E|γ1(z)|2 + ME

∣∣∣∣γ1(z)
1

n2 (sT
1 A−1

1 (z)s1)
2
∣∣∣∣2

= O(n−1/2),

which gives

√
n

n∑
j=1

(Ej − Ej−1)
(
a

(1)
n1

) i.p.−→ 0.

By (3.10) it is a simple matter to verify that

√
n

n∑
j=1

(Ej − Ej−1)
(
a

(3)
n1

) i.p.−→ 0.

Appealing to (3.14) we have

E

∣∣∣∣∣
n∑

j=1

(Ej − Ej−1)γj (z)
1√
n

sT
j A−1

j (z)s̄jβ
tr
j (z)

∣∣∣∣∣
2

= O(n−1/2)

and

E

∣∣∣∣∣√n

n∑
j=1

(Ej − Ej−1)
1

n2 sT
j Ãj (z)s̄jβj (z)γj (z)β

tr
j (z)

∣∣∣∣∣
2

= O(n−1/2),
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which, together with (3.23), leads to

√
n

n∑
j=1

(Ej − Ej−1)
(
a

(2)
n1

)

= −
n∑

j=1

Ej

[(
1 − β tr

j (z)
) 1√

n
sT
j A−1

j (z)s̄j

]
+ op(1).

This ensures that

√
n

n∑
j=1

(Ej − Ej−1)(an1)

=
n∑

j=1

Ej

(
β tr

j (z)
1√
n

sT
j A−1

j (z)s̄j

)
+ op(1)(3.24)

= −zm(z)

n∑
j=1

Ej

(
1√
n

sT
j A−1

j (z)s̄j

)
+ op(1),

because, by (2.17) in [5], (3.9) and (3.12),

E
∣∣(β tr

j (z) + zm(z)
)
sT
j A−1

j (z)s̄j

∣∣2 = o(1).(3.25)

Second, splitting s̄ into the sum of s̄j and sj /n further gives

an2 = − 1

n2 s̄T
j Ãj (z)sjβj (z) − 1

n
s̄T
j Ãj (z)s̄jβj (z)

and thus, as in treating a
(2)
n1 , we have

√
n

n∑
j=1

(Ej − Ej−1)(an2)

= −
n∑

j=1

(Ej − Ej−1)

[(
1 − β tr

j (z)
) 1√

n
s̄T
j A−1

j (z)sj

]

− 1√
n

n∑
j=1

(Ej − Ej−1)[s̄T
j Ãj (z)s̄jβ

tr
j (z)] + op(1)

= −(
1 + zm(z)

) n∑
j=1

Ej

(
1√
n

s̄T
j A−1

j (z)sj

)

+ zm(z)

n∑
j=1

√
nEj (αj (z)) + op(1),
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where in the last step we also use the estimate

E
∣∣(β tr

j (z) + zm(z)
)
αj (z)

∣∣2 = E
[
E

(∣∣(β tr
j (z) + zm(z)

)
αj (z)

∣∣2|σ(si , i �= j)
)]

= E
[|β tr

j (z) + zm(z)|2E(|αj (z)|2|σ(si , i �= j)
)]

= o(n−2),

which is from (2.17) in [5], (3.9) and (3.12).
Recalling Yj (z) = −2zm(z)Ej (

1√
n

sT
j A−1

j (z)s̄j ) + zm(z)
√

nEj (αj (z)), so far
we have proved

M(1)
n (z) =

n∑
j=1

Yj (z) + op(1).

Consequently, for finite dimension convergence of M
(1)
n (z), we need consider only

the sum
r∑

i=1

ai

n∑
j=1

Yj (zi) =
n∑

j=1

r∑
i=1

aiYj (zi).(3.26)

Next we verify condition (ii) of Lemma 3. Recalling Dj (z) = A−1
j (z)s̄j s̄T

j ×
A−1

j (z), write

αj (z) = α
(1)
j (z) + α

(2)
j (z) + α

(3)
j (z),

where

α
(3)
j (z) = 1

n

∑
h �=l

eT
h Dj (z)elXhjXlj ,

α
(2)
j (z) = 1

n

p∑
h=1

eT
h Dj (z)eh[X2

hj I (|Xhj | ≤ logn) − EX2
hj I (|Xhj | ≤ logn)]

and

α
(1)
j (z) = 1

n

p∑
h=1

eT
h Dj (z)eh[X2

hj I (|Xhj | > logn) − EX2
hj I (|Xhj | > logn)].

Lemma 5 and (3.18) show that E|α(3)
j (z)|4 = O(n−4). Lemma 2 and (3.18) give

E|α(2)
j (z)|4 = O(n−4(logn)4) because

n∑
h=1

|eT
h Dj (z)eh|k ≤

∣∣∣∣∣
n∑

h=1

s̄T
j A−1

j (z̄)eheT
h A−1

j (z)s̄j

∣∣∣∣∣
k

(3.27)
= (s̄T

j A−1
j (z̄)A−1

j (z)s̄j )
k,
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where k = 2 or 4 and A−1
j (z̄) denotes the complex conjugate of A−1

j (z). We

conclude from (3.27) and EX4
11I (|X11| > logn) → 0 that E|α(1)

j (z)|2 = o(n−2).
Therefore, we obtain

n∑
j=1

E

∣∣∣∣∣
r∑

i=1

aiYj (zi)

∣∣∣∣∣
2

I

(∣∣∣∣∣
r∑

i=1

aiYj (zi)

∣∣∣∣∣ ≥ ε

)

≤ 4
n∑

j=1

4∑
h=1

E

∣∣∣∣∣
r∑

i=1

aiY
(h)
j (zi)

∣∣∣∣∣
2

I

(∣∣∣∣∣
r∑

i=1

aiY
(h)
j (zi)

∣∣∣∣∣ ≥ ε/4

)

≤ M

ε2

n∑
j=1

4∑
h=2

E

∣∣∣∣∣
r∑

i=1

aiY
(h)
j (zi)

∣∣∣∣∣
4

+ 4
n∑

j=1

E

∣∣∣∣∣
r∑

i=1

aiY
(1)
j (zi)

∣∣∣∣∣
2

→ 0,

where Y
(h)
j (z) = zm(z)

√
nEj (α

(h)
j (z)), h = 1,2,3 and Y

(4)
j (z) = −2zm(z) ×

Ej(
1√
n

sT
j A−1

j (z)s̄j ). Here we also use E|Y (4)
j (z)|4 = O(n−2) by (3.12). Thus,

the condition (ii) of Lemma 3 is satisfied. Hence, the next task is to find, for
z1, z2 ∈ C \ R, the limit in probability of

n∑
j=1

Ej−1(Yj (z1)Yj (z2)).(3.28)

To this end, it is enough to find the limits in probability for (3.2), (3.3) and (3.4).
The limits of (3.2)–(3.4) and finally (3.28) will be determined in the subsequent

subsections.

3.4. The limit of (3.2). Our aim is to prove that

(3.2) = z1z2m(z1)m(z2)

n

n∑
j=1

j − 1

n2 tr(Ej (A
−1
j (z2))Ej (A

−1
j (z1)))

(3.29)
+ op(1).

The strategy is to first replace s̄j by 1
n

∑n
i �=j si , then replace the resulting quadratic

forms in terms of si by its corresponding trace and βij (z2) by its corresponding
limit.

To this end, introduce A−1
j (z) and s̄j like A−1

j (z) and s̄j , respectively,

but A−1
j (z) and s̄j are now defined by s1, . . . , sj−1, sj+1, . . . , sn instead of

s1, . . . , sj−1, sj+1, . . . , sn. Here {sj+1, . . . , sn} are i.i.d. copies of s1 and indepen-
dent of {sj , j = 1, . . . , n}. Therefore, (3.2) is equal to

1

n

n∑
j=1

tr[Ej(A
−1
j (z1)s̄j )Ej (s̄T

j A−1
j (z2))] = 1

n

n∑
j=1

Ej [s̄T
j A−1

j (z2)A
−1
j (z1)s̄j ].
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Applying s̄j = 1
n

∑n
i �=j si and (1.13) further gives

Ej [s̄T
j A−1

j (z2)A
−1
j (z1)s̄j ] = 1

n

n∑
i �=j

Ej [βij (z2)sT
i A−1

ij (z2)A
−1
j (z1)s̄j ].(3.30)

The next aim is to replace βij (z2) in the equality above by β tr
ij (z2). To this end,

consider the case i > j first. By (3.14)

E
∣∣Ej

[(
βij (z2) − β tr

ij (z2)
)
sT
i A−1

ij (z2)A
−1
j (z1)s̄j

]∣∣ = O(n−1/2).(3.31)

Second, when i < j , break A−1
j (z1) into the sum of A−1

ij (z1) and A−1
j (z1) −

A−1
ij (z1), s̄j into the sum of s̄ ij and s̄j − s̄ ij , where A ij (z1) = Aj (z1) − n−1sisT

i
and s̄ ij = s̄j − si/n. Then, when i < j , with notation

β
ij
(z) = 1

1 + (1/n)sT
i A−1

ij (z)si

,

we have

Ej

[(
βij (z2) − β tr

ij (z2)
)
sT
i A−1

ij (z2)A
−1
j (z1)s̄j

] = cn1 + cn2 + cn3 + cn4,(3.32)

where

cn1 = Ej

[(
βij (z2) − β tr

ij (z2)
)
sT
i A−1

ij (z2)A
−1
ij (z1)s̄ ij

]
,

cn2 = 1

n
Ej

[(
βij (z2) − β tr

ij (z2)
)
sT
i A−1

ij (z2)A
−1
ij (z1)si

]
,

cn3 = −1

n
Ej

[(
βij (z2) − β tr

ij (z2)
)
sT
i A−1

ij (z2)A
−1
ij (z1)sisT

i A−1
ij (z1)β ij

(z1)s̄ ij

]
and

cn4 = − 1

n2 Ej

[(
βij (z2) − β tr

ij (z2)
)
sT
i A−1

ij (z2)A
−1
ij (z1)sisT

i A−1
ij (z1)β ij

(z1)si

]
.

It follows from (3.14) that E|cnj | ≤ Mn−1/2, j = 1,2,3,4. Thus, βij (z2) in (3.30)
can be replaced by β tr

ij (z2), as expected.
In what follows we use the notation oL1(1) to denote convergence to zero in L1.

Moreover, note that Ej [β tr
ij (z2)sT

i A−1
ij (z2)A

−1
j (z1)s̄j ] = 0 when i > j . This, to-

gether with (3.31) and (3.32), implies that

Ej [s̄T
j A−1

j (z2)A
−1
j (z1)s̄j ]

= 1

n

n∑
i �=j

Ej [β tr
ij (z2)sT

i A−1
ij (z2)A

−1
j (z1)s̄j ] + oL1(1)

(3.33)

= 1

n

∑
i<j

Ej [β tr
ij (z2)sT

i A−1
ij (z2)A

−1
j (z1)s̄j ] + oL1(1)

= dn1 + dn2 + dn3 + oL1(1),
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where

dn1 = 1

n2

∑
i<j

Ej [β tr
ij (z2)sT

i A−1
ij (z2)A

−1
ij (z1)siβ ij

(z1)],

dn2 = 1

n

∑
i<j

Ej [β tr
ij (z2)sT

i A−1
ij (z2)A

−1
ij (z1)s̄ij ]

and

dn3 = − 1

n2

∑
i<j

Ej [β tr
ij (z2)sT

i A−1
ij (z2)A

−1
ij (z1)sisT

i A−1
ij (z1)βij

(z1)s̄ij ].

Here, in the last step, we apply s̄j = si/n + s̄ij first, then use (1.13) and finally

split A−1
j (z1) into two parts as before.

We claim that the terms dn2 and dn3 are both negligible. To see this, we first
prove the following estimate:

E

∣∣∣∣1

n

∑
i<j

sT
i A−1

ij (z2)A
−1
ij (z1)s̄ij

∣∣∣∣2 = o(1).(3.34)

Indeed, the left-hand side of (3.34) may be expanded as

1

n2

∑
i1<j,i2<j

E(sT
i1

A−1
i1j

(z2)A
−1
i1j

(z1)s̄i1j
sT
i2

A−1
i2j

(z̄2)A
−1
i2j

(z̄1)s̄i2j
).(3.35)

From (3.12), the term corresponding to i1 = i2 in (3.35) is bounded by

1

n2

∑
i1<j

E|sT
i1

A−1
i1j

(z2)A
−1
i1j

(z1)s̄i1j
|2 = O

(
1

n

)
.

To treat the case i1 �= i2, we need to further split A−1
i1j

(z2) as the sum of A−1
i1i2j

(z2)

and A−1
i1j

(z2)−A−1
i1i2j

(z2), where Ai1i2j (z2) = Ai1j (z2)−n−1si2sT
i2

. Moreover, both

A−1
i1j

(z1) and s̄i1j
are also needed to be similarly split. To simplify notation, define

βi1i2j (z) = 1

1 + (1/n)sT
i2

A−1
i1i2j

(z)si2

,

β
i1i2j

(z) = 1

1 + (1/n)sT
i2

A−1
i1i2j

(z)si2

and

Ai1i2j
(z) = Ai1j

(z) − si2sT
i2
, s̄i1i2j

= s̄i1j
− si2

n
,

ζi2j = sT
i2

A−1
i2j

(z̄2)A
−1
i2j

(z̄1)s̄i2j
.
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By (1.13), (3.12), (3.13) and (3.16) we have

1

n
|E(sT

i1
A−1

i1j
(z2)A

−1
i1j

(z1)si2ζi2j )|

= 1

n
|E(sT

i1
A−1

i1j
(z2)A

−1
i1i2j

(z1)βi1i2j
(z1)si2ζi2j )|

≤ M

n
|E(sT

i1
A−1

i1i2j
(z2)A

−1
i1i2j

(z1)βi1i2j
(z1)si2ζi2j )|

+ M

n2

∣∣E(
sT
i1

A−1
i1i2j

(z2)si2sT
i2

A−1
i1i2j

(z2)βi1i2j (z2)

× A−1
i1i2j

(z1)βi1i2j
(z1)si2ζi2j

)∣∣
≤ M

n
(E|sT

i1
A−1

i1i2j
(z2)A

−1
i1i2j

(z1)si2 |2E|ζi2j |2)1/2

+ M

n2 (E|sT
i1

A−1
i1i2j

(z2)si2sT
i2

A−1
i1i2j

(z2)A
−1
i1i2j

(z1)si2 |2E|ζi2j |2)1/2

= O(n−3/8);
1

n
|E(sT

i1
A−1

i1i2j
(z2)si2sT

i2
βi1i2j (z2)A

−1
i1i2j

(z2)A
−1
i1i2j

(z1)s̄i1i2j
ζi2j )|

≤ M

n
(E|sT

i1
A−1

i1i2j
(z2)si2 |4E|sT

i2
A−1

i1i2j
(z2)A

−1
i1i2j

(z1)s̄i1i2j
|4)1/4(E|ζi2j |2)1/2

= O(n−1/2);
1

n
|E(sT

i1
A−1

i1i2j
(z2)A

−1
i1i2j

(z1)si2sT
i2
β

i1i2j
(z1)A

−1
i1i2j

(z1)s̄i1i2j
ζi2j )|

≤ M

n
(E|sT

i1
A−1

i1i2j
(z2)A

−1
i1i2j

(z1)si2 |4E|sT
i2

A−1
i1i2j

(z1)s̄i1i2j
|4)1/4(E|ζi2j |2)1/2

= O(n−1/2);
1

n2 |E(sT
i1

A−1
i1i2j

(z2)si2sT
i2
βi1i2j (z2)A

−1
i1i2j

(z2)

× A−1
i1i2j

(z1)si2sT
i2

A−1
i1i2j

(z1)βi1i2j
(z1)s̄i1i2j

ζi2j )|

≤ M

n2 (E|sT
i1

A−1
i1i2j

(z2)si2sT
i2

A−1
i1i2j

(z2)A
−1
i1i2j

(z1)si2 |4E|sT
i2

A−1
i1i2j

(z1)s̄i1i2j
|4)1/4

× (E|ζi2j |2)1/2 = O(n−3/8).

The above four estimates, together with the fact that

E
(
sT
i1

A−1
i1i2j

(z2)A
−1
i1i2j

(z1) × s̄i1i2j
ζi2j

) = 0, i1 �= i2,
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imply that all terms in (3.35) corresponding to i1 �= i2 are bounded in absolute
value by Mn−3/8, which ensures (3.34).

Consider the term dn2 now. In view of (3.9) and (3.14) we may substi-
tute b12(z2) for β tr

ij (z2) in the term dn2 first and then apply (3.34) to conclude
that E|dn2| = o(1). As for the term dn3, it follows from (3.9) and (3.14) that
β tr

ij (z2), β ij
(z1) and sT

i A−1
ij (z2)A

−1
ij (z1)si can be replaced by b12(z2), b12(z1) and

1
n

tr A−1
ij (z2)A

−1
ij (z1), respectively, where

b12(z) = 1

1 + (1/n)E tr A−1
12 (z)

[note: b12(z) = b12(z)]. Moreover, by an inequality similar to (3.8) we have∣∣∣∣Ej

[
sT
i A−1

ij (z1)s̄ ij

1

n

(
tr(A−1

ij (z2)A
−1
ij (z1)) − tr(A−1

j (z2)A
−1
j (z1))

)]∣∣∣∣
≤ M

Ej |sT
i A−1

ij (z1)s̄ ij |
n

.

Therefore, from (3.12) we obtain

dn3 = −b12(z2)b12(z1)

n2 Ej

[
tr(A−1

j (z2)A
−1
j (z1))

∑
i<j

sT
i A−1

ij (z1)s̄ ij

]
+ oL1(1).

As in (3.34) we may prove that (even simpler)

E

∣∣∣∣1

n

∑
i<j

sT
i A−1

ij (z1)s̄ ij

∣∣∣∣2 = o(1),(3.36)

which then implies that E|dn3| = o(1).
As for dn1, we conclude from (3.9), (3.14) and (3.8) that

dn1 = b12(z2)b12(z1)

n2

∑
i<j

trEj [A−1
ij (z2)A

−1
ij (z1)] + oL1(1)

= b12(z2)b12(z1)

n2 (j − 1) tr[Ej(A
−1
j (z2))Ej (A

−1
j (z1))] + oL1(1).

Summarizing the above, we have thus proved that

Ej(s̄T
j A−1

j (z2))Ej (A
−1
j (z1)s̄j )

= j − 1

n2 b12(z2)b12(z1) tr[Ej(A
−1
j (z2))Ej (A

−1
j (z1))] + oL1(1)(3.37)

= j − 1

n2 z1z2m(z1)m(z2) tr[Ej(A
−1
j (z2))Ej (A

−1
j (z1))] + oL1(1),

using the fact that, by (2.17) in [5] and (3.8),

b12(z) → −zm(z).(3.38)

This implies (3.29).



HOTELLING’S T 2 STATISTIC 1887

3.5. The limit of (3.3). Our goal is to show that

(3.3)
i.p.−→ 0.(3.39)

In view of (3.6) we have

(3.3) = EX3
11

n

n∑
j=1

p∑
i=1

[Ej(Dj (z2))]ii[Ej(eT
i A−1

j (z1)s̄j )].(3.40)

We first prove that eT
i A−1

j (z1)s̄j above may be replaced by E(eT
i A−1

j (z1)s̄j ).

Using martingale decompositions as in (3.21) and the fact that eT
i A−1

j (z)s̄j =
s̄T
j A−1

j (z)ei , we obtain that

s̄T
j A−1

j (z2)eiEj [θij (z1)]
= [s̄T

j A−1
j (z2)ei − E(s̄T

j A−1
j (z2)ei )]Ej [θij (z1)]

(3.41)
+ E(s̄T

j A−1
j (z2)ei )Ej [θij (z1)]

= θij (z2) × Ej [θij (z1)] + E(s̄T
j A−1

j (z2)ei )Ej [θij (z1)],
where

θij (z) = eT
i A−1

j (z)s̄j − E(eT
i A−1

j (z)s̄j ) =
n∑

m�=j

(Em − Em−1)(θijm(z))

and

θijm(z) = eT
i A−1

j (z)s̄j − eT
i A−1

jm(z)s̄jm

=
[
− 1

n2 eT
i A−1

jm(z1)smsT
mA−1

jm(z)βmj (z)sm

− 1

n
eT
i A−1

jm(z)smsT
mA−1

jm(z)βmj (z)s̄jm + 1

n
eT
i A−1

jm(z)sm

]
.

As in (3.19), one can verify that

E|n−1eT
i A−1

jm(z)sm|k = O(n−k), k = 2 or 4,
(3.42)

E|n−1eT
i A−1

jm(z)sm|8 = O(n−6).

Thus, for k = 2 or 4, via (3.12),

E

∣∣∣∣1

n
eT
i A−1

jm(z)smsT
mA−1

jm(z)s̄jm

∣∣∣∣k = O(n−2εk−2
n )
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and, via (3.10),

E

∣∣∣∣ 1

n2 eT
i A−1

jm(z1)smsT
mA−1

jm(z)sm

∣∣∣∣k = O
(
n−2−3(k−2)/4)

.

These yield that E|θijm(z)|2 = O(n−2), E|θijm(z)|4 = O(n−2εn) and then

E|θij (z)|2 = O(n−1),
(3.43)

E|θij (z)|4 = O(n−1εn).

Therefore,[
E

p∑
i=1

|[Ej(Dj (z2))]iiEj (θij (z1))|
]2

≤
p∑

i=1

E|eT
i A−1

j (z2)s̄j |2
p∑

i=1

E|s̄T
j A−1

j (z2)eiEj (θij (z1))|2

≤ M

p∑
i=1

[E|θij (z2)|4E|θij (z1)|4]1/2(3.44)

+ M

p∑
i=1

|E(s̄T
j A−1

j (z2)ei )|2E|θij (z1)|2

= O(εn).

Here, by (3.18)
p∑

i=1

|E(s̄T
j A−1

j (z2)ei )|2E|θij (z2)|2 ≤ M

n

p∑
i=1

|E(s̄T
j A−1

j (z2)ei )|2

≤ M

n
E(s̄T

j A−1
j (z2)A

−1
j (z̄2)s̄j )

≤ M

n
.

Thus, eT
i A−1

j (z1)s̄j involved in (3.40) may be replaced by E(eT
i A−1

j (z1)s̄j ), as
expected.

In addition, by (3.18) and (A.2)

E

p∑
i=1

|[Ej(Dj (z2))]iiE(eT
i A−1

j (z1)s̄j )|

≤ E

p∑
i=1

[Ej(A
−1
j (z̄2)s̄j s̄T

j A−1
j (z2))]ii |E(eT

i A−1
j (z1)s̄j )|(3.45)

≤ max
i

|E(eT
i A−1

1 (z1)s̄1)|E(s̄T
j A−1

j (z2)A
−1
j (z̄2)s̄j ) → 0.
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It follows from (3.44) and (3.45) that

E

p∑
i=1

|[Ej(Dj (z2))]iiEj (eT
i A−1

j (z1)s̄j )| → 0,(3.46)

which then ensures (3.39).

3.6. The limit of (3.4). The goal in this section is to prove that

(3.4) = 2z2
1z

2
2m

2(z1)m
2(z2)

n
(3.47)

×
n∑

j=1

(j − 1)2

n4 [tr(Ej (A
−1
j (z2))Ej (A

−1
j (z1)))]2 + op(1).

First, (3.5) shows that (3.4) is equal to

E|X11|4 − 3

n

n∑
j=1

p∑
i=1

Ej(Dj (z1))iiEj (Dj (z2))ii

(3.48)

+ 2

n

n∑
j=1

tr[Ej(Dj (z1))Ej (Dj (z2))].

To prove (3.47), the strategy is to substitute Ej(s̄T
j A−1

j (z)) for each s̄T
j A−1

j (z)

involved in Ej(Dj (z)) by a martingale method. As we shall see, the above first
term converges to zero in probability and the second term has a close connection
with (3.2).

Consider the second term of (3.48) first. Write

tr[Ej(Dj (z1))Ej (Dj (z2))]
= Ej [s̄T

j A−1
j (z1)A

−1
j (z2)s̄j s̄T

j A−1
j (z2)A

−1
j (z1)s̄j ](3.49)

= Ej [s̄T
j A−1

j (z1)A
−1
j (z2)s̄j s̄T

j A−1
j (z2)Ej (A

−1
j (z1)s̄j )] + fn,

where

fn = Ej

[
s̄T
j A−1

j (z1)A
−1
j (z2)s̄j s̄T

j A−1
j (z2)

(
A−1

j (z1)s̄j − Ej(A
−1
j (z1)s̄j )

)]
.

We claim that

E|fn| = o(1).(3.50)
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To see this, let E ij = E(·|s1, . . . , si , sj+1, . . . , sn). Then, recalling the definitions

of A−1
j (z) and s̄j as before, we obtain a martingale decomposition

s̄T
j A−1

j (z2)
(
A−1

j (z1)s̄j − Ejj (A
−1
j (z1)s̄j )

)
=

n∑
i=j+1

(
E ij [s̄T

j A−1
j (z2)A

−1
j (z1)s̄j ] − E(i−1)j [s̄T

j A−1
j (z2)A

−1
j (z1)s̄j ])

=
n∑

i=j+1

(
E ij − E(i−1)j

)[s̄T
j A−1

j (z2)A
−1
j (z1)s̄j − s̄T

j A−1
j (z2)A

−1
ij (z1)s̄ij ]

= fn1 + fn2,

where

fn1 = 1

n

n∑
i=j+1

(
E ij − E(i−1)j

)[s̄T
j A−1

j (z2)A
−1
ij (z1)siβij (z1)]

and

fn2 = −1

n

n∑
i=j+1

(
E ij − E(i−1)j

)[s̄T
j A−1

j (z2)A
−1
ij (z1)sisT

i A−1
ij (z1)s̄ij βij (z1)].

Note that s̄j is independent of si for i > j . Then applying (3.12) yields

E|fn1|2 ≤ M

n2

n∑
i=j+1

E|s̄T
j A−1

j (z2)A
−1
ij (z1)si |2 = O

(
1

n

)

and

E|fn2|2 ≤ M

n2

n∑
i=j+1

E|s̄T
j A−1

j (z2)A
−1
ij (z1)sisT

i A−1
ij (z1)s̄ij |2

≤ M

n2

n∑
i=j+1

(
E|s̄T

j A−1
j (z2)A

−1
ij (z1)si |4E|sT

i A−1
ij (z1)s̄ij |4)1/2

= O

(
1

n

)
,

which ensures that

E
∣∣s̄T

j A−1
j (z2)

(
A−1

j (z1)s̄j − Ejj (A
−1
j (z1)s̄j )

)∣∣2 = O

(
1

n

)
.
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So (3.50) follows from the above estimate and

E|s̄T
j A−1

j (z1)A
−1
j (z2)s̄j |2 = O(1),

which may be obtained immediately by checking the argument of (3.18).
As in (3.50) we may also prove that

E
∣∣Ej

[
s̄T
j A−1

j (z1)A
−1
j (z2)

(3.51)
× s̄j

(
s̄T
j A−1

j (z2) − Ej(s̄T
j A−1

j (z2))
)
Ej(A

−1
j (z1)s̄j )

]∣∣ = o(1).

Therefore, combining (3.49)–(3.51) with (3.37) we have

tr[Ej(Dj (z1))Ej (Dj (z2))]
= Ej [s̄T

j A−1
j (z1)A

−1
j (z2)s̄jEj (s̄T

j A−1
j (z2))Ej (A

−1
j (z1)s̄j )]

+ oL1(1)

= Ej(s̄T
j A−1

j (z1))Ej (A
−1
j (z2)s̄j )Ej (s̄T

j A−1
j (z2))Ej (A

−1
j (z1)s̄j )(3.52)

+ oL1(1)

= (j − 1)2

n4 z2
1z

2
2m

2(z1)m
2(z2)[tr(Ej (A

−1
j (z2))Ej A−1

j (z1))]2

+ oL1(1).

We now turn to the first term in (3.48) and claim that

1

n

n∑
j=1

p∑
i=1

Ej(Dj (z1))iiEj (Dj (z2))ii
i.p.−→ 0.(3.53)

Indeed, it follows from (3.41) that

E

∣∣∣∣∣
p∑

i=1

Ej(Dj (z2))iiEj (θij (z1)s̄T
j A−1

j (z1)ei )

∣∣∣∣∣
≤

p∑
i=1

E|Ej(Dj (z2))iiEj (θij (z1))
2|

+
p∑

i=1

E|Ej(Dj (z2))iiEj (θij (z1))E(s̄T
j A−1

j (z1)ei )|.

The second term above is not greater than

max
i

|E(s̄T
j A−1

j (z1)ei )|
p∑

i=1

E|Ej(Dj (z2))iiEj (θij (z1))|,
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which converges to zero by (3.44) and (A.2). Moreover, by (3.18) and (3.43)( p∑
i=1

E|Ej(Dj (z2))iiEj (θij (z1))
2|

)2

≤
p∑

i=1

E|(Dj (z2))ii |2
p∑

i=1

E|θij (z1)|4

≤ E

( p∑
i=1

s̄T
j A−1

j (z̄1)eieT
i A−1

j (z1)s̄j

)2 p∑
i=1

E|θij (z1)|4

= O(εn).

In addition, it follows from Lemma 6 and (3.46) that

E

∣∣∣∣∣
p∑

i=1

Ej(Dj (z2))iiE(eT
i A−1

j (z1)s̄j )Ej (s̄T
j A−1

j (z1)ei )

∣∣∣∣∣
≤ max

i
|E(eT

i A−1
1 (z1)s̄1)|

p∑
i=1

E|Ej(Dj (z2))iiEj (s̄T
j A−1

j (z1)ei )| → 0.

Consequently, the proof of (3.53) is complete. Thus, (3.47) follows from (3.52),
(3.53) and (3.48).

3.7. The limit of (3.28). Note that (see [5], (2.18))

tr(Ej (A
−1
j (z2))Ej (A

−1
j (z1)))

[
1 − (j − 1)p

n2

mn(z1)mn(z2)

(1 + mn(z1))(1 + mn(z2))

]
(3.54)

= p

z1z2(1 + mn(z1))(1 + mn(z2))
+ ln,

where E|ln| ≤ M
√

n and mn(z) is defined like mn(z), but corresponding to m(z).
Obviously, mn(z) → m(z). This implies that

(j − 1)z1z2m(z1)m(z2)

n2 tr(Ej (A
−1
j (z2))Ej (A

−1
j (z1)))

= z1z2(1 + m(z1))(1 + m(z2))

p
tr(Ej (A

−1
j (z2))Ej (A

−1
j (z1)))

− 1 + oL1(1),

which, together with (3.37) and (3.52), leads to

4 tr[Ej(A
−1
j (z1)s̄j )Ej (s̄T

j A−1
j (z2))] + 2 tr(Ej (Dj (z1))Ej (Dj (z2)))

= 4(j − 1)z1z2m(z1)m(z2)

n2 tr(Ej (A
−1
j (z2))Ej (A

−1
j (z1)))
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+ 2(j − 1)2z2
1z

2
2m

2(z1)m
2(z2)

n4 [tr(Ej (A
−1
j (z2))Ej (A

−1
j (z1)))]2

+ oL1(1)

= −2 + 2z2
1z

2
2
(
1 + m(z1)

)2(
1 + m(z2)

)2 [tr(Ej (A
−1
j (z2))Ej (A

−1
j (z1)))]2

p2

+ oL1(1).

Further, we conclude from (3.54) that

1

np2

n∑
j=1

[tr(Ej (A
−1
j (z1))Ej (A

−1
j (z2)))]2

= 1

z2
1z

2
2(1 + m(z1))2(1 + m(z2))2

× 1

n

n∑
j=1

1

(1 − (j − 1)p/n2(m(z1)m(z2)/((1 + m(z1))(1 + m(z2)))))2

+ op(1)

i.p.−→ 1

z2
1z

2
2(1 + m(z1))2(1 + m(z2))2

×
∫ 1

0

dx

(1 − x(cm(z1)m(z2)/((1 + m(z1))(1 + m(z2)))))2

= 1

z2
1z

2
2(1 + m(z1))(1 + m(z2))[(1 + m(z1))(1 + m(z2)) − cm(z1)m(z2)]

.

It follows that

(3.28) = z1z2m(z1)m(z2)
1

n

n∑
j=1

[
4 tr[Ej(A

−1
j (z1)s̄j )Ej (s̄T

j A−1
j (z2))]

+ 2 tr[Ej(Dj (z1))Ej (Dj (z2))]]
(3.55)

+ op(1)

i.p.−→ 2cz1z2m
2(z1)m

2(z2)

(1 + m(z1))(1 + m(z2)) − cm(z1)m(z2)
.

4. Tightness of M̂
(1)
n (z) and convergence of M

(2)
n (z). First, we proceed to

prove the tightness of M̂
(1)
n (z) for z ∈ C , which is a truncated version of Mn(z) as
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in (1.9). By (3.12) we have

E

∣∣∣∣∣
m∑

i=1

ai

n∑
j=1

Yj (zi)

∣∣∣∣∣
2

=
n∑

j=1

E

∣∣∣∣∣
m∑

i=1

aiYj (zi)

∣∣∣∣∣
2

≤ M, v0 = �zi,

which ensures that condition (i) of Theorem 12.3 in [6] is satisfied, as pointed out
in [5]. Here Yj (z) is defined in (3.26). Condition (ii) of Theorem 12.3 in [6] will
be verified if the following holds:

E
|M(1)

n (z1) − M
(1)
n (z2)|2

|z1 − z2|2 ≤ M for z1, z2 ∈ C+
n ∪ C−

n .(4.1)

In the sequel, since C+
n and C−

n are symmetric, we shall prove the above inequality
on C+

n only. Throughout this section, all bounds including O(·) and o(·) expres-
sions hold uniformly for z ∈ C+

n .
In view of our truncation steps, (1.9a) and (1.9b) in [5] apply to our case as well,

that is, for any η1 > (1 + √
c)2, 0 < η2 < I (0,1)(c)(1 − √

c)2 and any positive l

P (‖S‖ ≥ η1) = o(n−l), P
(
λmin(S) ≤ η2

) = o(n−l).(4.2)

Note that when either z ∈ Cu or z ∈ Cl and ul < 0, ‖A−1
j (z)‖ is bounded in n. But

this is not the case for z ∈ Cr or z ∈ Cl and ul > 0. In general, for z ∈ C+
n , we have

‖A−1
j (z)‖ ≤ M + v−1I

(‖Aj‖ ≥ hr or λmin(Aj ) ≤ hl

)
.(4.3)

Here, Aj = S − sj sT
j , hr ∈ ((1 + √

c)2, ur) and hl ∈ (ul, (1 − √
c)2).

Note that A−1(z1) − A−1(z2) = (z2 − z1)A−1(z1)A−1(z2). As in Section 3.3,
we then write

M
(1)
n (z1) − M

(1)
n (z2)

z1 − z2

= −√
n

n∑
j=1

(Ej − Ej−1)[s̄T A−1(z1)A−1(z2)s̄(4.4)

− s̄T
j A−1

j (z1)A
−1
j (z2)s̄j ].

Moreover, expanding the above difference we get

s̄T A−1(z1)A−1(z2)s̄ − s̄T
j A−1

j (z1)A
−1
j (z2)s̄j = qn1 + qn2 + qn3,

where

qn1 = (s̄T − s̄T
j )A−1(z1)A−1(z2)s̄,

qn2 = s̄T
j

(
A−1(z1)A−1(z2) − A−1

j (z1)A
−1
j (z2)

)
s̄

and

qn3 = s̄T
j A−1

j (z1)A
−1
j (z2)(s̄ − s̄j ).
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It follows from (1.8), (3.12), (4.3) and (4.2) that

E

∣∣∣∣∣√n

n∑
j=1

(Ej − Ej−1)qn3

∣∣∣∣∣
2

≤ 1

n

n∑
j=1

E|s̄T
j A−1

j (z1)A
−1
j (z2)sj |2

≤ M + Mn8ρ−4
n P

(‖A1‖ ≥ hr or λmin(A1) ≤ hl

)
≤ M,

where we use, on the event (‖Aj‖ ≥ hr or λmin(Aj ) ≤ hl), by (3.1),

|s̄T
j A−1

j (z1)A
−1
j (z2)sj | ≤ ‖s̄j‖‖sj‖‖A−1

j (z1)A
−1
j (z2)‖

(4.5)
≤ Mv−2n2 ≤ Mn4ρ−2

n .

For qn2, expanding its difference term by term we have

qn2 = q
(1)
n2 + · · · + q

(6)
n2 ,

where

q
(1)
n2 = 1

n2 s̄T
j βj (z1)βj (z2)Ãj (z1)Ãj (z2)s̄j ,

q
(2)
n2 = −1

n
s̄T
j βj (z1)Ãj (z1)A

−1
j (z2)s̄j ,

q
(3)
n2 = −1

n
s̄T
j βj (z2)A

−1
j (z1)Ãj (z2)s̄j ,

q
(4)
n2 = 1

n3 s̄T
j βj (z1)βj (z2)Ãj (z1)Ãj (z2)sj

and

q
(5)
n2 = − 1

n2 s̄T
j βj (z1)Ãj (z1)A

−1
j (z2)sj ,

q
(6)
n2 = − 1

n2 s̄T
j βj (z2)A

−1
j (z1)Ãj (z2)sj .

We conclude from (3.14), (4.2), (4.3) and (4.5) that

E

∣∣∣∣∣√n

n∑
j=1

(Ej −Ej−1)q
(6)
n2

∣∣∣∣∣
2

≤ M+Mv−8n8P
(‖S‖ ≥ hr or λmin(A1) ≤ hl

) ≤ M,

where we use, on the event (‖S‖ ≥ hr or λmin(A1) ≤ hl),

|βj (z)| = |1 − n−1sT
j A−1(z)sj | ≤ 1 + n−1v−1‖sj‖2 ≤ Mv−1n(4.6)

by (3.7). Similar argument shows that

E

∣∣∣∣∣√n

n∑
j=1

(Ej − Ej−1)q
(6)
n2

∣∣∣∣∣
2

= O(1), j = 2, . . . ,5.
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Moreover, write qn1 = q
(1)
n1 + q

(2)
n1 + q

(3)
n1 , where

q
(1)
n1 = 1

n2 βj (z1)βj (z2)sT
j A−1

j (z1)A
−1
j (z2)sj ,

q
(2)
n1 = 1

n
βj (z1)sT

j A−1
j (z1)A

−1
j (z2)s̄j

and

q
(3)
n1 = − 1

n2 βj (z1)βj (z2)sT
j A−1

j (z1)Ãj (z2)s̄j .

The argument for q
(6)
n2 also works for q

(j)
n1 , j = 1,2,3, and thus,

E

∣∣∣∣∣√n

n∑
j=1

(Ej − Ej−1)qn1

∣∣∣∣∣
2

≤ M.

The proof of (4.1) is complete.
Next, consider M

(2)
n (z). By s̄ = n−1 ∑n

i=1 si , (1.13) and an equality similar to
(A.3) we obtain

√
nE(s̄T A−1(z)s̄) = 1√

n

n∑
i=1

E(βi(z)sT
i A−1

i (z)s̄)

= 1√
n

n∑
i=1

E(βi(z)sT
i A−1

i (z)s̄i )

+ 1

n3/2

n∑
i=1

E(βi(z)sT
i A−1

i (z)si )

= b1(z)√
n

E(tr A−1
1 (z)) + b1(z)tn1 + b1(z)tn2,

where

tn1 = −√
nE(β1(z)ξ1(z)sT

1 A−1
1 (z)s̄1),

tn2 = − 1√
n
E(β1(z)ξ1(z)sT

1 A−1
1 (z)s1).

Again, using an equality similar to (A.3) further gives

tn1 = t
(1)
n1 + t

(2)
n1 , tn2 = t

(1)
n2 + t

(2)
n2 ,

where

t
(1)
n1 = −√

nb1(z)E(ξ1(z)sT
1 A−1

1 (z)s̄1),

t
(2)
n1 = √

nb1(z)E(β1(z)ξ
2
1 (z)sT

1 A−1
1 (z)s̄1)
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and

t
(1)
n2 = −b1(z)√

n
E(ξ1(z)sT

1 A−1
1 (z)s1),

t
(2)
n2 = b1(z)√

n
E(β1(z)ξ

2
1 (z)sT

1 A−1
1 (z)s1).

Note that |b1(z)| ≤ M for z ∈ Cn (see [5], three lines below (3.6)). It follows
from (3.9), (3.10), (3.12), (4.2), (4.3) and (4.6) that∣∣t (2)

n1

∣∣ ≤ Mεn + Mn10ρ−4
n P

(‖S‖ ≥ hr or λmin(A1) ≤ hl

) ≤ Mεn,

because |βi(z)ξ
2
i (z)sT

i A−1
i (z)s̄i | ≤ n5v−4 on the event (‖S‖ ≥ hr or λmin(A1) ≤

hl). This argument clearly applies to t
(2)
n2 as well and so |t (2)

n2 | ≤ Mεn. Notice that
1
n
E[tr(A−1

1 (z))] = E[eT
mA−1

1 (z)em]. This and (3.6) show that

∣∣t (1)
n1

∣∣ =
∣∣∣∣∣−b1(z)EX3

11√
n

p∑
m=1

E(eT
mA−1

1 (z)emeT
mA−1

1 (z)s̄1)

∣∣∣∣∣
=

∣∣∣∣∣−b1(z)EX3
11(1/n)E tr(A−1

1 (z))√
n

p∑
m=1

E(eT
mA−1

1 (z)s̄1)

∣∣∣∣∣ + o(1)

≤ M

∣∣∣∣b1(z)EX3
11

1

n
E tr(A−1

1 (z))

∣∣∣∣ max
m

√
n|E(eT

mA−1
1 (z)s̄1)| + o(1)

= o(1),

where we make use of the facts that by (A.2), (4.2) and (4.3),

max
m

√
n|E(eT

mA−1
1 (z)s̄1)| = o(1),

1

n
E tr(A−1

1 (z)) = O(1)

and that by (A.7), (3.43), (4.2) and (4.3),

E
∣∣(eT

mA−1
1 (z)em − E(eT

mA−1
1 (z)em)

)(
eT
mA−1

1 (z)s̄1 − E(eT
mA−1

1 (z)s̄1)
)∣∣

≤ Mn−1 + Mv−2nP
(‖A1‖ ≥ hr or λmin(A1) ≤ hl

) = O(n−1).

Note that n−1E(ξi(z)sT
i A−1

i (z)si ) = Eγ 2
i (z) + n−2E(tr A−1

i (z) − E tr A−1
i (z))2

and then applying (3.9), (3.10), (4.2) and (4.3) gives t
(1)
n2 = O(n−1/2).

Summarizing the above we obtain

√
nE(s̄T A−1(z)s̄) = b1(z)

n1/2 E(tr A−1
1 (z)) + o(1).

Moreover, it is proven in [5], Section 4, that n(E tr A−1(z)/n − cnmn(z)) is
bounded for z ∈ Cn. In addition, by (3.8), (4.2) and (4.3) we have

√
n

∣∣∣∣E tr A−1
1 (z)

n
− E tr A−1(z)

n

∣∣∣∣ ≤ M√
n
.
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It follows that n(E tr A−1
1 (z)/n − cnmn(z)) is bounded. This, together with the

boundedness of b1(z), shows that

sup
z∈Cn

√
n

(
Es̄T A−1(z)s̄ − cnmn(z)

1 + cnmn(z)

)
→ 0.

5. Proofs of Lemma 1, Theorems 1 and 2.

PROOF OF LEMMA 1. To finish Lemma 1, s̄T s̄ − cn needs to be written as
a sum of martingale difference sequence so that we can get a CLT for s̄T s̄ − cn

and, more importantly, obtain the asymptotic covariance between s̄T s̄ − cn and
s̄T A−1(z)s̄.

Thus, write

√
n(s̄T s̄ − cn) = √

n

n∑
j=1

(Ej − Ej−1)(s̄T s̄)

= √
n

n∑
j=1

(Ej − Ej−1)(s̄T s̄ − s̄T
j s̄j )

(5.1)

= √
n

n∑
j=1

(Ej − Ej−1)

(
2

s̄T
j sj

n
+ sT

j sj

n2

)

= 2√
n

n∑
j=1

Ej(s̄T
j sj ) + op(1),

because

E

∣∣∣∣∣√n

n∑
j=1

(Ej − Ej−1)

(sT
j sj

n2

)∣∣∣∣∣
2

= 1

n3

n∑
j=1

E|Ej(sT
j sj ) − p|2 = O

(
1

n

)
.

From (3.12) we have

n∑
j=1

E

∣∣∣∣ 1√
n
Ej (s̄T

j sj )

∣∣∣∣2I(
1√
n
Ej (s̄T

j sj ) ≥ ε

)
≤ 1

ε2

n∑
j=1

E

∣∣∣∣ 1√
n
Ej (s̄T

j sj )

∣∣∣∣4
= O(n−1),

which implies condition (ii) of Lemma 3. Look at condition (i) of Lemma 3 next.
It is easily seen that

Ej−1[Ej(s̄T
j sj )]2 = Ej(s̄T

j )Ej (s̄j ) = 1

n2

∑
k1<j,k2<j

sT
k1

sk2 .
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Furthermore, for the term corresponding to k1 = k2, we have

E

∣∣∣∣ 1

n2

∑
k1<j

[sT
k1

sk1 − E(sT
k1

sk1)]
∣∣∣∣2 = 1

n4

∑
k1<j

E|sT
k1

sk1 − E(sT
k1

sk1)|2 = O

(
1

n2

)
.

On the other hand, when k1 �= k2,

E

∣∣∣∣ 1

n2

∑
k1 �=k2

sT
k1

sk2

∣∣∣∣2 = 1

n4

∑
k1 �=k2,h1 �=h2

E[sT
k1

sk2sT
h1

sh2]

= 2

n4

∑
k1 �=k2

E(sT
k1

sk2)
2 = O

(
1

n

)
.

It follows that

4

n

n∑
j=1

Ej−1[Ej(s̄T
j sj )]2 = 4

n

n∑
j=1

c(j − 1)

n
+ op(1)

i.p.−→ 4c

∫ 1

0
x dx = 2c.(5.2)

Therefore, by Lemma 3
√

n(s̄T s̄ − cn)
D−→ N(0,2c).(5.3)

We conclude from Sections 2 and 3 that M̂n(z) converges weakly to a Gaussian
process on C . Moreover, mn(z) → m(z) uniformly on C by (4.2) in [5] and (1.2).
These, together with (1.12), (5.3), (3.26) and (5.1), give, for any constants a1
and a2,

a1Xn(z) + a2
√

n
(
g(‖s̄‖2) − g(cn)

)
= ã1(z)

√
n

[
s̄T A−1(z)s̄ − cnmn(z)

1 + cnmn(z)

]
(5.4)

+ ã2(z)
√

n(‖s̄‖2 − cn) + op(1)

=
n∑

j=1

lj (z) + op(1),

where ã1(z) = a1(1 + cm(z))2/c, ã2(z) = a2g
′(cn) − a1m(z)/c and

lj (z) = ã1(z)Yj (z) + ã2(z)
2√
n
Ej (s̄T

j sj ).

Here, the first op(1) denotes convergence in probability to zero in the C space and
in the first step we use the fact that g(x) = g(cn) + g′(a)(x − cn) + o(|x − cn|) as
x → cn. Thus, tightness of X̂n(z) is from that of M̂n(z).

Since b1(z) → 1/(1 + cm(z)) and b1(z) → −zm(z) by (2.17) in [5], we have

1/
(
1 + cm(z)

) = −zm(z).(5.5)
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Moreover, we assume for the moment that
n∑

j=1

Ej−1

[
Yj (z)

2√
n
Ej (s̄T

j sj )

]
i.p.−→ 2cm(z)

(1 + cm(z))2 .(5.6)

It follows from (3.55), (5.2), (5.6) and (5.5) that
n∑

j=1

Ej−1[lj (z1)lj (z2)]

= ã1(z1)ã1(z2)
2cz1z2m

2(z1)m
2(z2)

(1 + m(z1))(1 + m(z2)) − cm(z1)m(z2)

+ 2cã2(z1)ã2(z2) + ã1(z1)ã2(z2)
2cm(z1)

(1 + cm(z1))2

+ ã1(z2)ã2(z1)
2cm(z2)

(1 + cm(z2))2 + op(1)

= a2
1 × (1.10) + a2

2 × 2c(g′(c))2 + op(1).

Thus, Lemma 1 follows from the above argument, Lemma 3 and Cramér–Wold’s
device.

Now consider (5.6). Write

Ej−1[Ej(sT
j A−1

j (z)s̄j )Ej (s̄T
j sj )]

= Ej(s̄T
j )Ej (A

−1
j (z)s̄j ) = 1

n

∑
i<j

Ej (sT
i A−1

ij (z)s̄jβij (z))

= 1

n2

∑
i<j

Ej (sT
i A−1

ij (z)siβij (z)) + 1

n

∑
i<j

Ej (sT
i A−1

ij (z)s̄ij βij (z)),

where we use s̄j = 1/n
∑

i �=j si in the second step and s̄j = s̄ij + si/n in the last
step. By (3.9), (3.12) and (3.10)

E

∣∣∣∣1

n

∑
i<j

Ej

(
sT
i A−1

ij (z)s̄ij (βij (z)) − b12(z)
)∣∣∣∣ = O

(
1√
n

)
,

which, together with (3.36), yields

E

∣∣∣∣1

n

∑
i<j

Ej (sT
i A−1

ij (z)s̄ij βij (z))

∣∣∣∣ = o(1).

On the other hand, appealing to (3.8), (3.9) and (3.10) ensures that

1

n2

∑
i<j

Ej (sT
i A−1

ij (z)siβij (z)) = j − 1

n

n−1E tr A−1(z)

1 + n−1E tr A−1(z)
+ oL1(1).
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Therefore, we obtain

1

n

n∑
j=1

Ej−1[Ej(sT
j A−1

j (z)s̄j )Ej (s̄T
j sj )]

= n−1E tr A−1(z)

1 + n−1E tr A−1(z)

1

n

n∑
j=1

j − 1

n
+ oL1(1)(5.7)

i.p.−→ cm(z)

2(1 + cm(z))
.

Next, by the Markov inequality and the Doob inequality

P

(
max
i,j

1

n

∣∣∣∣∑
k<j

vik

∣∣∣∣ ≥ ε

)
≤

∑n
i=1 E(maxj (1/n)|∑k<j v1k|)4

ε4

≤ MnE((1/n)|∑k<j vik|)4

ε4 ≤ M

n
,

which implies

max
i,j

∣∣∣∣1

n

∑
k<j

vik

∣∣∣∣ i.p.−→ 0.

This and (3.6) ensure that
n∑

j=1

Ej−1[Ejαj (z)Ej (s̄T
j sj )]

= EX3
11

n

n∑
j=1

p∑
i=1

[Ej Dj (z2)]ii[Ej(eT
i s̄j )]

≤ max
i,j

∣∣∣∣1

n

∑
k<j

vik

∣∣∣∣Mn
n∑

j=1

p∑
i=1

[Ej(A
−1
j (z2)s̄j s̄T

j A−1
j (z̄2))]ii(5.8)

≤ max
i,j

∣∣∣∣1

n

∑
k<j

vik

∣∣∣∣Mn
n∑

j=1

Ej(s̄T
j A−1

j (z̄2)A
−1
j (z2)s̄j )

i.p.−→ 0,

because (3.18) implies that n−1 ∑n
j=1 Ej(s̄T

j A−1
j (z̄2)A

−1
j (z2)s̄j ) is uniformly in-

tegrable. Based on (5.8) and (5.7) we have (5.6). �

PROOF OF REMARK 4. By (1.3) we get

m(z1) − m(z2)

(z1 − z2)
= m(z1)m(z2)(1 + m(z1))(1 + m(z2))

(1 + m(z1))(1 + m(z2)) − cm(z1)m(z2)
.(5.9)
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Then
2

cz1z2[(1 + m(z1))(1 + m(z2)) − cm(z1)m(z2)]
= 2(m(z1) − m(z2))

cz1z2(z1 − z2)m(z1)m(z2)(1 + m(z1))(1 + m(z2))

= 2(m(z1) − m(z2))

z1z2(z1 − z2)(1 + m(z1))2(1 + m(z2))2

+ 2(m(z1) − m(z2))

cz1z2(z1 − z2)(1 + m(z1))(1 + m(z2))

×
[

1

m(z1)m(z2)
− c

(1 + m(z1))(1 + m(z2))

]

= 2(m(z1) − m(z2))

z1z2(z1 − z2)(1 + m(z1))2(1 + m(z2))2

+ 2

cz1z2(1 + m(z1))(1 + m(z2))

= 2(m(z1) − m(z2))

z1z2(z1 − z2)(1 + m(z1))2(1 + m(z2))2

+ 2m(z1)m(z2)

c
,

where in the first step and the third step we use (5.9) and in the last step we use
(5.5). On the other hand, via (1.3) one can verify that

2(m(z1) − m(z2))

z1z2(z1 − z2)(1 + m(z1))2(1 + m(z2))2 = 2(z2m(z2) − z1m(z1))
2

c2z1z2(z1 − z2)(m(z1) − m(z2))
,

which is exactly the covariance function in Lemma 2 of [3]. Therefore, Remark 4
holds. �

PROOF OF THEOREM 2. The idea from Lemma 1 to Theorem 2 is similar to
that in [5]. First, by the Cauchy formula we have∫

f (x) dG(x) = − 1

2πi

∮
f (z)mG(z) d(z),

where the contour contains the support of G(x) on which f (x) is analytic. Then,
with probability one, we have∫

f (x) dGn(x) = − 1

2πi

∮
f (z)Xn(z) d(z)

for all n large, where the complex integral is over C and

Gn(x) = √
n
(
F S

2 (x) − Fcn(x)
)
.
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Further,∣∣∣∣∫ f (z)
(
Xn(z) − X̂n(z)

)
dz

∣∣∣∣ ≤ Mρn√
n(ur − λmax(S))

+ Mρn√
n(λmin(S) − ul)

a.s.−→ 0,

where, with probability one, λmax(S) → (1 + √
c)2 by [11] and λmin(S) → (1 −√

c)2 by [23]. Second, note that for any constants a1 and a2

(X̂n(z), Yn) → a1

∮
f (z)X̂n(z) dz + a2Yn

is a continuous mapping. Therefore, the right-hand side above converges in distri-
bution by Lemma 1. Moreover, Remark 4 shows that (1.6) follows from (1.12) and
(1.15) in [3]. �

PROOF OF THEOREM 1. By taking f (x) = x−1 and g(x) = x in Theorem 2
and noting that cn → c as n → ∞, we can complete the proof. �

APPENDIX

A.1. Some lemmas. We collect some results needed to prove Lemma 1.

LEMMA 2 (Burkholder [8]). Let {Yi} be a complex martingale difference se-
quence with respect to the increasing σ -field {Fi}. Then for k ≥ 2

E

∣∣∣∣∑
i

Yi

∣∣∣∣k ≤ MkE

(∑
i

E(|Yi |2|Fi−1)

)k/2
+ MkE

(∑
i

|Yi |k
)
.

LEMMA 3 (Theorem 35.12 of Billingsley [7]). Suppose for each n, Yn,1, Yn,2,

. . . , Yn,rn is a real martingale difference sequence with respect to the increasing
σ -field {Fn,j } having second moments. If as n → ∞

(i)
rn∑

j=1

E(Y 2
n,j |Fn,j−1)

i.p.→ σ 2,

(ii)
rn∑

j=1

E
(
Y 2

n,j I(|Yn,j |≥ε)

) → 0,

where σ 2 is a positive constant and ε is an arbitrary positive number, then

rn∑
j=1

Yn,j
D→ N(0, σ 2).



1904 G. M. PAN AND W. ZHOU

LEMMA 4 ([4], Lemma 2.7). Let Y = (Y1, . . . , Yp)T , where Yi’s are i.i.d. real
r.v.’s with mean 0 and variance 1. Let B = (bij )p×p , a deterministic complex ma-
trix. Then for any k ≥ 2, we have

E|YT BY − tr B|k ≤ Mk(EY 4
1 tr BB∗)k/2 + MkE(Y1)

2k tr(BB∗)k/2,

where B∗ denotes the complex conjugate transpose of B.

LEMMA 5. Let C = (cij )p×p be a deterministic complex matrix with cjj = 0
and Y = (Y1, . . . , Yp)T , defined in Lemma 4. Then for any k ≥ 2,

E|YT CY |k ≤ Mk(E|Y1|k)2(tr CC∗)k/2.(A.1)

Lemma 5 directly follows from the argument of Lemma A.1 in [4].

LEMMA 6. Under the assumptions of Theorem 1, as n → ∞,

max
i

√
n|E(eT

i A−1
1 (z)s̄1)| → 0.(A.2)

PROOF. We first prove that for i �= j , supi,j

√
n|E(eT

j A−1
1 (z)ei )| → 0. To this

end, write

A1(z) + zI = 1

n

n∑
m=2

smsT
m.

Multiplying by A−1
1 (z) from the right on both sides of the above equality gives

I + zA−1
1 (z) = 1

n

n∑
m=2

smsT
mA−1

m1(z)βm1(z).

Using

βm1(z) = b12(z) − βm1(z)b12(z)ξm1(z)(A.3)

we obtain

I + zA−1
1 (z) = b12(z)

n

n∑
m=2

smsT
mA−1

m1(z)

(A.4)

− b12(z)

n

n∑
m=2

smsT
mA−1

m1(z)βm1(z)ξm1(z).

It follows that for i �= j

z
√

nE(eT
j A−1

1 (z)ei )

= b12(z)√
n

(
n∑

m=2

E(eT
j A−1

m1(z)ei ) −
n∑

m=2

E(eT
j smsT

mA−1
m1(z)βm1(z)ξm1(z)ei )

)
(A.5)

= b12(z)
√

n
(
E(eT

j A−1
21 (z)ei ) − E(eT

j s2sT
2 A−1

21 (z)β21(z)ξ21(z)ei )
)
.
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As in (3.10), by Lemma 4 and (3.9),

E|ξ21(z)|k = O(ε2k−4
n n−1), k ≥ 2.(A.6)

Here and in what follows (in this lemma) O(ε2k−4
n n−1) and other bounds are in-

dependent of i and j .
We conclude from (3.11) that

b12(z)
√

nE(eT
j A−1

21 (z)ei )

= b12(z)
√

n

[
E(eT

j A−1
1 (z)ei ) + E

(
eT
j A−1

21 (z)
s2sT

2

n
A−1

21 (z)eiβ21(z)

)]
= b12(z)

√
nE(eT

j A−1
1 (z)ei ) + O(n−1/2).

For the second term in (A.5), first, by a martingale method similar to (3.21) and
(3.11) we have, for el = ei or ej ,

E|eT
l A−1

21 (z1)ej − E(eT
l A−1

21 (z1)ej )|2

= E

∣∣∣∣∣
n∑

m=3

(Em − Em−1)
[
eT
l

(
A−1

21 (z1) − A−1
m21(z1)

)
ej

]∣∣∣∣∣
2

(A.7)

≤ M

n2

n∑
m=3

E|sT
mA−1

m21(z1)ej eT
l A−1

m21(z1)sm|2 = O(n−1).

This and (3.9) ensure that∣∣∣∣1

n
E

[
eT
j A−1

21 (z)ei

(
tr A−1

21 (z) − E tr A−1
21 (z)

)]∣∣∣∣
=

∣∣∣∣1

n
E

[(
eT
j A−1

21 (z)ei − EeT
j A−1

21 (z)ei

)(
tr A−1

21 (z) − E tr A−1
21 (z)

)]∣∣∣∣
≤ M

n

(
E|eT

j A−1
21 (z)ei − EeT

j A−1
21 (z)ei |2E| tr A−1

21 (z) − E tr A−1
21 (z)|2)1/2

≤ M

n
.

Second, appealing to (3.5) gives

E(eT
j s2sT

2 A−1
21 (z)eiγ21(z))

= E
((

sT
2 A−1

21 (z)eieT
j s2 − eT

j A−1
21 (z)ei

)
γ21(z)

)
= EX4

11 − 3

n
E(eT

j A−1
21 (z)eieT

j A−1
21 (z)ej ) + 2

n
E(eT

j A−2
21 (z)ei ).
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It follows that
√

nE(eT
j s2sT

2 A−1
21 (z)eiξ21(z))

= √
nE(eT

j s2sT
2 A−1

21 (z)eiγ21(z))

+ √
nE

[
eT
j A−1

21 (z)ei

1

n

(
tr A−1

21 (z) − E tr A−1
21 (z)

)]
= O(n−1/2).

On the other hand, in view of (3.11) and (A.6) we obtain
√

nE(eT
j s2sT

2 A−1
2 (z)eiβ21(z)ξ

2
21(z)) = O(εn).

Therefore, by (A.3) we find
√

nE(eT
j s2sT

2 A−1
21 (z)β21(z)ξ21(z)ei )

= √
nb12(z)[E(eT

j s2sT
2 A−1

21 (z)eiξ21(z)) − E(eT
j s2sT

2 A−1
2 (z)eiβ21(z)ξ

2
21(z))]

= O(εn).

Therefore, combining the above argument with (3.38), we have

sup
i �=j

∣∣√nE(eT
j A−1

1 (z)ei )
∣∣ → 0.(A.8)

Next, applying (A.3) two times gives

E(eT
i A−1

1 (z1)s̄1)

= 1

n

n∑
m=2

E(eT
i A−1

m1(z1)smβm1(z1))

= b2
12(z1)(n − 1)

n
[−E(eT

i A−1
21 (z1)s2ξ21(z1))

+ E(eT
i A−1

21 (z1)s2β21(z1)ξ
2
21(z1))].

Obviously, we conclude from (A.6), (3.11) and Hölder’s inequality that∣∣∣∣n − 1

n
E(eT

i A−1
21 (z1)s2β21(z1)ξ

2
21(z1))

∣∣∣∣ = O(n−1/2εn),

while (3.6), (3.8) and (A.8) yield

max
i

∣∣∣∣n − 1

n
E(eT

i A−1
21 (z1)s2ξ21(z1))

∣∣∣∣
= max

i

∣∣∣∣∣EX3
11(n − 1)

n2

p∑
j=1

E[eT
i A−1

21 (z1)ej (A
−1
21 (z1))jj ]

∣∣∣∣∣
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≤ |EX3
11|

n
max

i

p∑
j �=i

|E[eT
i A−1

1 (z1)ej (A
−1
1 (z1))jj ]| + M

n

≤ M

∣∣∣∣EX3
11E

1

n
tr A−1

1 (z1)

∣∣∣∣ max
i �=j

|E(eT
i A−1

1 (z1)ej )| + M

n

= o(n−1/2).

Here we also use the estimate, via (A.7),

E
∣∣(eT

i A−1
1 (z1)ej − E(eT

i A−1
1 (z1)ej )

)(
(A−1(z1))jj − E(A−1(z1))jj

)∣∣ = O(n−1).

Thus, the proof of (A.2) is complete. �

A.2. Truncation of the underlying random variables. To guarantee the re-
sults holding under the fourth moment, it is necessary to truncate and centralize the
underlying r.v.’s at an appropriate rate. As in [5], (1.8), one may select a positive
sequence εn so that

εn → 0 and ε−4
n EX4

11I
(|X11| ≥ εn

√
n
) → 0.(A.9)

Set X̂ij = Xij I (|Xij | ≤ εn

√
n) − EXij I (|Xij | ≤ εn

√
n) and X̃n = Xn − X̂n =

(X̃ij ) with X̂n = (X̂ij ). Let σn =
√

E|X̂11|2, Šn = (nσ 2
n )−1X̂nX̂T

n and Ǎ−1(z) =
(Šn − zI)−1. Moreover, introduce ¯̌s = 1

n

∑n
j=1 šj , where šj is the j th column of

the matrix (σn)
−1X̂n.

LEMMA 7. Assume that Xij , i = 1, . . . , p, j = 1, . . . , n are i.i.d. with EX11 =
0,E|X11|2 = 1 and E|X11|4 < ∞, for z ∈ C+

n , we have then

√
n
(
s̄T A−1(z)s̄ − ¯̌sT Ǎ−1(z)¯̌s) i.p.−→ 0,(A.10)

where the convergence in probability holds uniformly for z ∈ C+
n . Moreover,

√
n(s̄T s̄ − ¯̌sT ¯̌s) i.p.−→ 0.(A.11)

PROOF. Write
√

n
(
s̄T A−1(z)s̄ − ¯̌sT Ǎ−1(z)¯̌s) = un1 + un2 + un3,

where

un1 = √
n[(s̄ − ¯̌s)T A−1(z)s̄], un2 = √

n
[¯̌sT (

A−1(z) − Ǎ−1(z)
)
s̄
]

and

un3 = √
n[¯̌sT Ǎ−1(z)(s̄ − ¯̌s)].
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Consider un1 on the Cu first. It is observed that

|un1| ≤ √
n‖(s̄ − ¯̌s)T ‖‖A−1(z)‖‖s̄‖ ≤

√
n

v0
‖(s̄ − ¯̌s)T ‖‖s̄‖

(A.12)

≤
√

n

v0

∣∣∣∣1 − 1

σn

∣∣∣∣‖s̄‖2 +
√

n

v0

1

σn

‖¯̃s‖‖s̄‖,

since s̄ − ¯̌s = (1 − 1
σn

)s̄ + 1
σn

¯̃s with ¯̃s = ∑n
j=1 s̃j /n and s̃j being the j th column

of X̃n. Moreover, it follows from (A.9) that

1−σ 2
n ≤ 2EX2

11I
(|X11| ≥ εn

√
n
) ≤ 2ε−2

n n−1EX4
11I

(|X11| ≥ εn

√
n
) = o(ε2

nn
−1),

which implies that
√

n(1 − 1/σn) = √
n(σ 2

n − 1)/[σn(1 + σn)] = o(n−1/2).(A.13)

On the other hand,

E‖¯̃s‖2 = E

[ p∑
i=1

∣∣∣∣∣1

n

n∑
j=1

X̃ij

∣∣∣∣∣
2]

= 1

n2

p∑
i=1

n∑
j=1

EX̃2
ij ≤ M

nε2
n

EX4
11I

(|X11| ≥ εn

√
n
)
,

which, via (A.9), gives that

√
n‖¯̃s‖ i.p.−→ 0.(A.14)

In addition, ‖s̄‖2 is uniformly integrable because (3.17) remains true for k = 2
without truncation by a careful check on its argument. This, together with (A.12)–
(A.14), ensures that un1 converges in probability to zero uniformly on Cu.

Analyze un2 next. Since Xn − σ−1
n X̂n = (1 − σ−1

n )Xn + σ−1
n X̃n, we have

|un2| ≤ √
n‖¯̌sT ‖‖A−1(z) − Ǎ−1(z)‖‖s̄‖ ≤

√
n

v2
0

‖¯̌sT ‖‖A(z) − Ǎ(z)‖‖s̄‖

≤ 1

v2
0
√

n
‖¯̌sT ‖‖s̄‖[‖Xn − σ−1

n X̂n‖‖XT
n ‖ + ‖σ−1

n X̂n‖‖XT
n − σ−1

n X̂T
n ‖]

≤ 1

v2
0
√

n
‖¯̌sT ‖‖s̄‖[(1 − σ−1

n )‖Xn‖‖XT
n ‖ + σ−1

n ‖X̃n‖‖XT
n ‖

+ ‖σ−1
n X̂n‖(1 − σ−1

n )‖XT
n ‖ + ‖σ−1

n X̂n‖σ−1
n ‖X̃T

n ‖].
As before, ‖¯̌s‖ and ‖s̄‖ are uniformly integrable. Moreover, the spectral norms

‖XT
n ‖/√n and ‖σ−1

n X̂n‖/√n both converge to (1 + √
c)2 with probability one

by [25]. In addition, ‖X̃T
n ‖/

√
nEX̃2

11 converges to (1 +√
c)2 with probability one.

From (A.9) we have

nEX̃2
11 ≤ 2ε−2

n EX4
11I

(|X11| ≥ εn

√
n
) = O(ε2

n),
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which, together with (A.13), yields that un2 converges in probability to zero uni-
formly on Cu.

Clearly, the argument for un1 works for un3 as well. Moreover, note that
‖A−1(z)‖ is bounded for z ∈ Cl , ul < 0. As for z ∈ Cl , ul > 0 or z ∈ Cr , by [25]
we have

lim
n→∞ min

(
ur − λmax(A), λmin(A) − ul

)
> 0, a.s.

and

lim
n→∞ min

(
ur − λmax(Ǎ), λmin(Ǎ) − ul

)
> 0, a.s.

Therefore, the above argument for unj , j = 1,2,3 for z ∈ Cu of course applies to
the cases (1) z ∈ Cl , ul < 0; (2) z ∈ Cl , ul > 0; (3) z ∈ Cr . Thus, (A.10) holds.

Finally, the above argument for (A.10) certainly works for (A.11). Thus, the
proof is complete. �
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