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BROWNIAN COAGULATION AND A VERSION OF
SMOLUCHOWSKI’'S EQUATION ON THE CIRCLE

BY INES ARMENDARIZ
Universidad de San Andrés

We introduce a one-dimensional stochastic system where particles
perform independent diffusions and interact through pairwise coagulation
events, which occur at a nontrivial rate upon collision. Under appropriate
conditions on the diffusion coefficients, the coagulation rates and the initial
distribution of particles, we derive a spatially inhomogeneous version of the
mass flow equation as the particle number tends to infinity. The mass flow
equation is in one-to-one correspondence with Smoluchowski’s coagulation
equation. We prove uniqueness for this equation in a broad class of solutions,
to which the weak limit of the stochastic system is shown to belong.

1. Introduction. Coagulation models describe the dynamics of cluster
growth. Particles carrying different masses move freely through space, and every
time any two of them get sufficiently close there is some chance that they coagu-
late into a single particle, which will be charged with the sum of the masses of the
original pair.

In 1916, Smoluchowski [18] considered the model of Brownian particles mov-
ing independently in three-dimensional space, such that any pair coagulates into
one particle upon collision. He derived a system of equations, known as Smolu-
chowski’s coagulation equations, that describes the time evolution of the average
concentration u;(m) of particles carrying a given mass m = 1, 2, .. .. In this orig-
inal work, Smoluchowski ignored the effect of spatial fluctuations in the mass
concentrations, the equations we write below are thus a natural extension allowing
diffusion in the space variables:
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The differentiated term on the right describes the free motion of a particle with
attached mass m as a Brownian motion with diffusivity rate a(m). The kernel «
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is determined by physical considerations, it regulates the intensity of the coagu-
lation dynamics. The first sum corresponds to the increase in the concentration
resulting from the coagulation of two particles whose masses add up to m. The
second sum reflects the decrease caused by the coalescence of a particle carrying
mass m with any other particle in the system. Coagulation phenomena have been
studied in many fields of the applied science; we refer to Aldous’s review [1] for a
comprehensive survey of the literature.

This paper is concerned with the approximation of Smoluchowski’s equations
by stochastic particle models. Concretely, we are interested in identifying the so-
lution to the coagulation equations as the mass density of a system of interacting
particles, when the particle number tends to infinity. This problem has been much
studied in the spatially homogeneous case, both for discrete and continuous mass
distributions, and with different choices of coagulation kernel « (cf. [4, 5, 8, 15]
and references therein). The relevant stochastic process for these models is the
Marcus and Lushnikov process [13, 14]; this is the pure jump Markov process
where clusters of size m and m’ coagulate into a single cluster of size m + m’ at
rate k (m, m').

In the spatially inhomogeneous case, on the other hand, the coagulation mech-
anism is highly dependent on the relative position of the particles, hence the space
dynamics plays a predominant role in the particle interactions of the stochastic
system. In the original problem proposed by Smoluchowski, for instance, pairwise
collisions and the ensuing coagulation events are completely determined by the
Brownian paths. The first result for this model was obtained in 1980 by Lang and
Xanh [12] for the case of discrete mass and constant a, «, in the limit of constant
mean free time. No progress was made until the forthcoming paper [16], where
Norris proves convergence for both discrete and continuous mass distributions,
and variable coefficients in a class that includes the Brownian case.

Over the past few years there has been considerable interest in spatial mod-
els with stochastic dynamics of coagulation. In these models, particles coagulate
at some rate while they remain at less than a prescribed distance. Deaconu and
Fournier [3] consider the case when this distance is independent of the particle
number, and let it go to zero after taking the weak limit. The moderate limit, where
the range of interaction is long in the microscopic scale, is studied by Grosskin-
sky, Klingenberg and Oelschléger in [7] in a regime where the dominating particle
interaction are shattering collisions. In the articles [9, 10], Hammond and Reza-
khanlou work in the constant mean free time limit, for dimensions d > 2.

In this paper we introduce a diffusion model where coagulation occurs on colli-
sion as a result of a random event: N mass-charged particles perform independent
one-dimensional diffusions, and whenever two particles are at the same location
they may coagulate at a positive rate in their intersection local time. The new par-
ticle is assigned the sum of the masses of the incoming particles, and the process
continues.
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This model is motivated by the problem of establishing the large-scale dynam-
ics of a system of Brownian particles confined to a thin tube, interacting through
pairwise coagulation when any two of them get close enough. It would be inter-
esting to determine whether, under proper scaling of the tube and particle radii in
terms of the system size N, the higher-dimensional model can be replaced by the
simpler one-dimensional one.

Note that in one dimension the problem of instantaneous coagulation on col-
lision is not interesting: due to the recurrence properties of the one-dimensional
Brownian path, in the limit we would instantaneously see the distribution of the to-
tal mass in the system among clusters of macroscopic size. In fact, in order to keep
the average time 7 during which a tagged particle does not undergo a collision
constant, it is necessary to set coagulation rates which are inversely proportional
to the particle number N. The model under consideration is thus of the constant
mean free time type, and in this sense it is a one-dimensional version of the models
studied in [9, 10, 12] and [16].

We treat the case where the mass dependent diffusivity rates blow up as the
mass goes to zero, combined with our choice of rates, this leads to a large-scale
model favoring coagulation of large and small particles.

We describe the particle system and state the main results of the paper in Sec-
tion 2. Section 3 contains a compactness result. The next step in the analysis is
to prove convergence to a hydrodynamic limit. This is shown to verify a spatial
version of the mass flow equation, which is closely related to Smoluchowski’s
coagulation equation. This is the content of Section 4. In Section 5 we derive a
uniqueness result for the solutions to a broad family of such equations, thereby
obtaining a law of large numbers for the empirical processes of the microscopic
model.

2. Notation and results. Consider a positive integer N. Let T stand for the
one-dimensional torus, and R for the half line [0, c0). Let

PY = P (dx', dm'; ... ;dx", dm")

be a sequence of measures on (T x R;)Y which are symmetric on the pairs
(x', m") and supported on Y_; m’ = 1. Denote by M (T x R, ) the space of proba-
bility measures on T x R endowed with the weak topology, and by M (T x R})
the space of positive and finite measures on T x R .

For a complete separable metric space 7, we will denote by D(R,7) (or
D(1,7), I an interval of the real numbers), the set of right continuous functions
with left limits taking values in 7, endowed with the Skorokod topology.

2.1. The particle model. Let

dm,m'): Ry x Ry — Ry
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be a nonnegative, symmetric kernel with the property that it vanishes when either
of the coordinates equals 0.
Given a point {(x*, m")} in (T x R+)N, define
(X, M) = (xi,mi),  1<i<N,
and set Tp = 0. Let k € N U {0}, and suppose that the process
N ={(X!, MD}1<i=n € C(10, Te), TV) x D([0, Tl RY)

has already been defined up to the time 7%, a stopping time with respect to the
o-algebra F; = o{ésN ,0 <s <t} generated by £V. Consider then a family of N
independent Brownian motions {%7} on T with corresponding diffusion coeffi-
cients a(N M%k) and initial positions ﬁg’i =X iTk. For each pair i < j, denote by
L% the intersection local time of the ith and Jjth particles; that is, the local time
at the origin of the difference g%/ — g%/ . Let {ek’ij}15i<j§N be a sequence of (1;[)
independent, parameter one-exponential random variables, and define the stopping
times

] j
N My, NM7) kij ek,ij}
l’ .

Trrq =min{T,” 1. T :inf{t>0,
k+1 i<j{k+1} k+1 = N

Let then Ty = Ty + Tk+1, andfor 1 <i <N, set

i _ pkii
X[ _— ﬁ[—Tk’ Tk < t S Tk-f—l’
M{=Mp,  Ti<t<Ti,
i Jj AP _ ij . .,
. MTk—I—MTk, 1ka+1_Tkirl,f0rs0meJ >
MlTH, =10, if Ty = Tkjfrl, for some j < i;
M %k , otherwise.

We will denote by L% the intersection local time of the ith and jth particles
X' and X/. Note that between two consecutive stopping times T and Ty, the
identity L'/ = L% holds.

The dynamics is well defined except for those configurations where two or more
coagulation events occur simultaneously. Let us briefly show that the set of such
configurations has measure zero and can therefore be neglected. We first show that
this is the case on the time interval [0, T} ], when X! = ﬂl’i, 1 <i <N.Theithand
jth masses will coagulate at a time belonging to the support of the measure d L%,
which equals the zero set of 8!/ — B1-/. Fix two pairs of indices i < j and k < [. If
the four indices are different, then 8!/ — 1/ and g!-* — g1/ perform independent
diffusions, and from the fact that point sets are polar for Brownian motion in 2 or
higher dimensions it follows that these diffusions do no vanish at the same time.

a(NM))+a(NMY
TaNM) Then

1,i 1,j 1,j 1,1 1,j 1,1
U=alf," =7 1+87 =B and V,=8" -8

Let there be a repeated index: j =k, say. Set o =
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are independent diffusions in T2. The previous argument implies that with proba-
bility 1 they never vanish simultaneously, and hence the same applies to g1/ — g1-/
and 1/ — gL, We conclude that in any case the zero sets of ¥ — g1/ and
g% — B! are disjoint, with probability 1. By repeating the argument on each in-
terval [Ty, Tx+1], k > 1, it follows that outside a set of measure zero there are no
conflicting coagulation events.

2.2. Martingales. Let PV be the measure on C(R4, TV) x D(R4, RY) de-
termined by the process £". There is the representation

. . t S t S
M;=m’+/ > MJdE’/—/ > MdEM,
0 ;2j<N 0 1 <k<i

where dEV is a counting measure, E (10, ¢]) =0, 1 with PN -probability 1, de-

pending on whether the ith and jth particles have coagulated by time ¢ > 0, and

' d(NMi, NMJ)
N

HY = EY ([0, 1]) — / dLV
0

is a martingale.
In general, if f is a bounded function on (T x R, )" with two continuous,
bounded derivatives in the space coordinates, then

¢t N ) 32f

— M —L (&

f &) /Ol;a(zv D s

S(NMiI, NM)
N

t .. ..
- /O SUFED - £E)] AL

i<j

is an (F;, P)-martingale. Given & = {(X*, M')}, €'/ here is given by

N X' M+ My, ifk=i;
EHk=1(x7,0), ifk=j:
(Xk, Mk), otherwise.

2.3. Scaling. The reason for the choice of scaling of the coagulation rate is
quite straighforward: if a hydrodynamic description is to hold, then it is neces-
sary that O (N) mass charged particles remain in the system at all times (note that
although total mass is conserved, the number of particles carrying positive mass
decreases by one after each coagulation event). Therefore a generic particle will
see some fraction of the other O (N) mass charged particles over any fixed time
interval, while it would still be expected to coagulate with only O (1) of them. This
forces the rate ® to be typically of order 1/N.
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2.4. Assumptions. We will consider the mapping
My:CRy, TV) x DR4, RY) — D(Ry, M (T x Ry))
such that

My{XL MDY= Y M'8xi nu
1<i<N

and denote by OV the measure on DR, M (T x R;)) induced by Iy,
oV =PV oy
In order to derive a hydrodynamic limit for OV, we need to specify some tech-
nical conditions on the coalescing kernel @, the diffusion coefficients a, the initial
measure Pév and the profile v.

The kernel & satisfies a Lipschitz condition away from the origin: for each
L > 0 there exists a positive constant I'(L) such that

2.1a) | Pm+m",m")—dm,m)| <T(L)m"” whenever m > L.
It will also be assumed that there exists 0 < p < 1/2 such that
(2.1b) @ (m,m') < c(m® +m™) =m0

for some positive constant c.

We assume that the mapping a : (0, co) — (0, o0) is nonincreasing, so that par-
ticles diffuse at a slower rate as they gain mass. As a consequence the kernel &
and the diffusion coefficients do not grow simultaneously. We set a(0) = 0.

We are ready to introduce the coagulation rates « : Ry — R appearing in the
hydrodynamic equation,

k(m,m") = ®(m,m)[a(m)+am’)].

In order to study convergence and derive the uniqueness of the limit it will be
useful to consider

w(m) =[1+c+a)][m? +a(m)+1],
it verifies K (m, m’) < w(m)w(m’). We will then require that
(2.2) a(m)~Y2w(m) be a subadditive function of .

Conditions (2.1a), (2.1b) and (2.2) are for instance satisfied by
1 1
Odm,m)=C(m*+m* and a(m)= —ﬁl[m>0] with o < 3 and g <1.
m
In this case k (m, m) = C(m® + nﬁ“)(# + #).

We will assume that there exists an initial profile v € M (T x R, ) such that the
empirical distributions »_; m'3,i y,,iy converge in distribution to §, as N — o0,
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where by 8i npiy (resp., 8,) we denote the Dirac measure with a unit atom at
(x, Nm') (resp., V).
The initial measures Pév will satisfy

23)  ER [N Z(miﬂ <C and Epév[%Za(Nmi)z} <

for some constants C, C’ > 0, uniformly in N. In particular both (m,v) and
(a(m)? /m, v) are finite. In fact, the following assumption will hold: there exists a
finite measure v*(dm) such that

a(m)2

2.4) v(dx,dm) <v*(dm)dx with <m + , v*> < 00.

2.5. Results. The first theorem of the paper is a tightness result:

THEOREM 1. Assume that (2.1a), (2.1b), (2.2) and (2.3) hold. Then the se-
quence of measures Q" on D(Ry, M (T x R,)) is relatively compact, and all
limit points are concentrated on continuous paths.

The next two results concern the properties satisfied by any weak limit of the
empirical distributions as we pass to the limit in the particle number. The first
result provides some estimates that will ensure the hydrodynamic equation is well
defined, then Theorem 2 identifies this equation, thereby establishing an existence
result.

Given a kernel admitting a representation w(x,dm)dx € M (T x R;) and
a bounded test function f(m), we will denote by ((f, u)) the single integral
fR+ f(m)u(x,dm). This clearly determines a signed measure on T by

/ RGOS, ) dx = / h(x) f (m)p(x, dm) dax.
T TxR+

PROPOSITION 1. Let Q be a weak limit of the sequence QN of probabil-
ity measures on C(R4, M{(T x Ry)). Then Q is supported on the set of paths
w.(dx,dm) whose marginal j1,(dx,Ry) < dx on T for all t, u,(dx,dm) =
v (x, dm) dx. Moreover, the following inequalities hold with Q-probability 1:

(2.5) sup <<a)(m),vt>>H <00
>0 m 00

and

(2.6) sup(m, ;) < 00

t<T

for any fixed final time T .
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Denote by Cg (T x R4 ) the space of continuous, bounded functions on T x R
which have continuous, bounded derivatives in the space variable up to the second
order.

THEOREM 2. Let Q be a weak limit of the sequence QY , as in Proposition 1,
and consider f in Ci(T x Ry). Then, with Q-probability 1, a path us(dx,dm)
satisfies

1 32
o) — (o) =/0 <§a<m> é ,us>ds
, Fmtm)— fam]
@7 +/0 /T/]R+XR+ ' (m. ')

x vs(x, dm)vs (x, dm’)dx ds,

if t > 0. In this equation v is the initial profile of the model, and the kernel
vs (x, dm) is such that

Ws(dx,dm) = vs(x,dm)dx forall s >0, Q-a.e.

Equation (2.7) describes the evolution in time of the mass flow: if we decompose
its solutions as vs(x, dm) dx = mUs(x, dm) dx, an elementary computation proves
that U dx satisfies Smoluchowski’s coagulation equation with kernel . Theorem 1
asserts that all weak limits of the measures Q* are supported on M (T x R,); in
terms of the concentration densities Oz (x, dm), this means that mass is conserved,
or equivalently, that there is no gelation phenomenon.

The method applied to derive these results relies heavily on stochastic calculus
computations, we try to make these quite detailed in the proof of Theorem 1 and
give only an outline later on.

In [16], Norris introduces a method for proving existence and uniqueness for
a general class of d-dimensional diffusion models with coagulation; briefly put,
this consists on approximating the corresponding version of (2.7) in his paper by a
system that depends on the coalescing kernel « only through its values on a given
compact set. In Section 5 we develop a simplified version of his technique to obtain
a uniqueness result for the solutions of a broad family of mass flow equations.
Section 5 may be read independently of the rest of the paper.

Some brief consideration shows that the right-hand side of (2.7) is well defined
in a proper subset of C (R4, M (T x R, )) consisting of those paths n whose mar-
ginal n;(dx, R;) has a density with respect to Lebesgue measure satisfying some
integrability conditions. It is easy to see that in fact (2.5) and (2.6) are enough,
and then Proposition 1 says that all weak limits of the sequence Q” are supported
on configurations where the right-hand side of (2.7) can be evaluated. This ob-
servation motivates the following definition: we will denote by D(w) the subset
of C(Ry, M (T x Ry)) of those paths  whose marginal n;(dx, R} ) < dx, and
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such that (2.5) and (2.6) are satisfied. Note that the map @ depends on the diffu-
sivity a and the coagulation rate ®, and then so does D(w).
As a particular case of Theorem 3 in Section 5, we have:

COROLLARY 1. Assume conditions (2.1b), (2.2) and (2.4) on the coagulation
rate k and the initial measure v, respectively. Then for any T > 0, (2.7) has at most
one solution {u;}o<;<T in D(w).

The four preceding results imply that the sequence of probability measures
OV converges to the Dirac measure concentrated on the unique solution in D(w)
to (2.7).

3. Existence of a weak limit. In order to simplify notation, we will often omit
the dependence of the masses and positions on the time parameters whenever we
think that this would not lead to confusion. For instance, in an integral where time
is parametrized by s, M’ and X' should be read as M! and X!, respectively.

Throughout the article, I will denote a positive constant. Unless we are partic-
ularly interested in keeping track of its growth or dependence on the parameters,
we will use the same letter I" to denote constants on consecutive lines which may
be different, or constants appearing in totally unrelated computations.

Let us consider a fixed final time 7 > O for the rest of the paper. We will prove
a version of Theorems 1, 2 and Proposition 1 on the compact interval [0, T']; the
fact that the value of T is arbitrary will then imply that these results hold as stated
in the previous section.

The following estimates will be necessary to derive Theorem 1; we postpone
their proofs until the end of this section.

LEMMA 1. There exist nonnegative constants C(T), C'(T) which depend on
the diffusivity a, the kernel ¢ and the bounds appearing in (2.3), such that

3.1) EP" [N Z[M;]Z} <C(T) and

vl T o _ o
(3.2) EP U ZM’MJCD(NM’,NMJ)dL’J}<C/(T)

i<j

hold uniformly in N.

LEMMA 2. Given € > 0, there is § > 0 such that

! S . . .
lim PN[ sup ZM’MJCD(NM’,NMf)dL”>e}<e.
N—0o0 0<s<t<TJs

i<j
t—s<8
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Denote by Cp(T x R4) the space of bounded, continuous functions on T X
R with the topology determined by uniform convergence over compact sets. Let
{ fr, k € N} be a dense, countable family in Cp(T x R, ). Then the distance

v b e ) = (e vl
e, v) _keZNZk L+ (S ) = {fies v

defines a metric on M (T x Ry) which is compatible with the weak topology.
There is the associated modulus of continuity

wu(y)= sup o, s)-
0<s<t<T
t—s<y

PROOF OF THEOREM 1. We refer to Chapter 4 in [11] for a presentation of the
Skorokod’s topology as well as the characterization of the relatively compact sets
in D([0, T], M (T x R)). Note that condition (ii) below implies that, provided
the sequence Q" has limit points, these will be supported on C([0, T], M (T x
R1)).

By a version of Prokhorov’s theorem applied to this setting (cf. [2], Chapter 3),
the theorem will follow if we can show that:

@) For every ¢ > 0 lim limsup QN[ sup u;(m > M) > s] =0
M1oo N_s00 0<t<T
and
(i1) For every ¢ > 0 lim lim sup QN[a)M(y) >¢g]=0.
710 N> oo

Note that (m, u;) is nondecreasing for 0 <t < T, QN -a.e., a fact we will repeat-
edly use in the course of the article. Then (i) is an easy consequence of (3.1) in
Lemma 1 and Chebyshev’s inequality.

In order to conclude (ii) it will be enough to prove that given f € C,f (T x Ry),
f Lipschitz in m, we can control

QN[ sup |<f,u,>—<f,us>|>e}<e
0<s<t<T
1—s<y

provided N and y are taken to be sufficiently large and small, respectively.
Define the stopping time

= inf{t =0, m.ax(Mf)[l + ija(ij)} > N1/4};
l .
J
by Chebyshev’s inequality we compute
[C(T)(1+CNH]'/?

N
P [t <T]< N1/ ,
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where C(T') and C’ are the constants appearing on the right of (3.1) and the second
inequality in (2.3), respectively. By stopping the process as soon as 7 is achieved,
we may assume that

(3.3) PV [{maxcd 1+ S miavmh ] < 2] =1
’ j
Applying 1t6’s formula to f, we have

(f’/th>_<f’//Ls>
:/IZM"g(X" NMiydx
s ox ’

+1/ZZM"82—f(X" NM"a(NM")ds
2 s i 3x2 ’

+/ > [FN(X', M+ M) — Fy(X', M") — Fy(X', M7)]dEY
Ky N
1

where we denote Fy (x,m) =mf (x, Nm).
Let y > 0. Doob’s inequality, (3.3) and the monotonicity of @ imply

t . a . . .
PN[ sup f S M  xi. NMiyaxi| > f]
0<s<t<TlJs ox 3
t—s<y
t .0 , . .
SPN[ sup / ZM’—f(X’,NM’)dX’ >f}
0<t<T1J0 i 0x 6
I'(f,e,T)
= TN
where I is a positive constant that does not depend on N. By taking y such that
32 f &2
34 Cc'|—% <
G4 0x?l” =3
we also obtain
! ;02 ; ; ; el e
PN|: sup / ZMI J;(XZ,NMl)a(NM’)ds >_i|§_'
0<s<t<TlJs dax 3 3
t—s<y

It remains to estimate the Poisson integral
[ UG M4 M) = Py (X, M) = Py (X, MOIAE
R} .
1

:HF(Oa t) _HF(O’S) + IF(S’t)a
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if Ir (s, t) denotes the integral

! i i j i i i '(D(NMi’NMj)
YIFNX' M + M) — Fy(X', M) — Fy(X', M) —————

i<j

dLV

N
and HF (0, ¢) is a martingale collecting the remaining terms. Its quadratic variation
is given by

i NMJ
o pQMLNMD)

t . . . . . .
/0 YIFN(X' M + M) — Fy(X', M") — Fy(X'
i<j
Note that
|Fy(x,m+m') — Fy(x,m) — Fy(x,m")| <T(f)[(m +m') A (Nmm")].

In particular, due to assumption (3.3) on the mass sizes, (3.2) and Doob’s inequal-
ity, we obtain

N & F(fs 8, T)
P [ sup |Hp(s,t)| > 8} < N

O0<s<t<T
t—s<y

El

which will decay to 0 as we pass to the limit N — oo. Finally,

t o A . .
|IF(s, )| < F(f)/ S MM/ OWNM' ,NM/)dL".
$li<y
The result now follows by taking
Y SV1IAS,

where y; satisfies (3.4) and § is the value given by Lemma 2 when € is set equal
toeg/6[1+T1(f)]. O

PROOF OF LEMMA 1. The proof of this lemma will follow from repeated
applications of It6—Tanaka’s theorem; see [6] for an exposition of this and related
formulas. We write

(3.5) NY MP=N>[m'1+H + 2/ Y MIM]®(NM;,NM])dL",
, , 0~
i i i<j

where H; is the P"-martingale

' T O(NMi, NMY)
H, = /O > aNMim) [dE”—“TS

i<j

dLv ]
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We focus on the last term of (3.5). Given ¢ > 0, let g, € C(T) N C? (T — {0}) be
a positive, even function that equals |x| in a small interval containing the origin,
vanishes outside [—1/4, 1/4] and satisfies sup, . g (x) < ¢. We then have

t . . . .
f > MM/ONM' NM')dLY
0

1<i<j<N

(3.6)
= A1(0,1) — A2(0, 1) — A3(0, 1) — A4(0, 1) — As(0, 1)
with
A0 = > MIM/OWM NM))g (X! —X])
1<i<j<N
— Y m'm/®Nm', Nm))g (X' — X7),
I<i<j<N

Az(O,t):/ Z MlMJCID(NMl,NMJ)gé(X’—XJ)[dX’—dXJ]
1<i<j<N
and
1 rt o . . ‘ .
A3(0,1) = —f Y M'M/O(NM',NM))g/ (X' — X/)
2Jo &=
i<j
x [a(NM") +a(NM7)]du.
The function gé’ appearing in the formula for A3(0, ¢) stands for what is left of
the second derivative of g, (in the sense of distributions) after substracting 28o, o

the Dirac measure at the origin. The terms A4(0, ) and As(0, ¢) correspond to the
coagulation martingale and its compensator,

t . . . .

A0, = [ 3" Dy (M’ T, Myge (X' - X)
0 i<k
J

O(NM', NM¥)

X [dEik —
N

dLik:|

O(NM!, NM*)

dLik
N ’

t . , , .
As(0, 1) = / S Dy (M, M7, MY)g, (X — X7)
i<]c
J

where Dy (m, m’, m”) is defined as
m+m"ym'®(Nm+ Nm”, Nm')
—mm' ®(Nm, Nm') —m"'m'®(Nm", Nm').

In deriving the formula for A4, we have used that at the time when the masses M i
and M* coagulate, the ith and kth particles are occupying the same position.
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We will study these terms separately. Replacing ® (m, m’) < c[m? +m'?] in the
definition of A gives

(3.7) |A1(0,1)] <4ct Y M{INM;]".

The bounded variation term A3 (0, #) may be similarly controlled,
t . . . .
(3.8) |A3(0,1)| < F(;)/ [1 +Y M, [NM;]P] [1 + Zm’a(Nm’)] ds.
0 i i

In order to bound As, we first notice that by the Lipschitz assumption (2.1a) on
® we have

|®(Nm + Nm", Nm') — ®(Nm, Nm')|
(3.9
<T(MWNm" I nm>1y + (L + [Nm'TP + [Nm"TP) Linm<1).-

It then follows that
t . . .
|A5(0,1)| < r;[/ > M M*o(NM' NM*yaL*
0 i<k
(3.10) + <1 + ZMZ[NMf]p)
j
t ! O(NM', NM*ydL*
<<

‘We have

! 1 ' K\ ik
/ Y —S®WNM' ,NM")dL'
0 i<kN

1 1

= Z v Lomi=0) ~ Z ~ Linti=0)
3 a0 )

0 i<k N N

The last term above is a martingale, hence
[ (! 1 i k ik
E [/0 ;mcb(NMl,NM YdL' } <1
<

and

EP" [(/Ot > %d)(NMi, NMk)dL”‘)Z]

i<k

t 1 . .
< [1 + EPN[/ > F<1>(NM, NMk)dL’kH <2.
0 °

i<k
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We take expectations in (3.6) and combine with (3.7), (3.8) and (3.10) to obtain
- Fg)E[/t Y MM o(NM', NMk)dek]
i<k
<4ccEP" [Z Mi[NMf]p]

1

+ F@fot EP” [(1 1 ZM"[NM"]P> (1 1 Zm"a(Nm")>] ds

+reef” [(1 1 ZM;' [NMf]p> /Ot Z %d)(NM", NMk)dLik}

i<k

< 4c§EPN[Z Mi [NM}]"]

+TQED" [1 + Zmia(Nmi)2i| /Oz EP" [1 +N Z[Mi]z] ds

+2r¢ e [1 +N Z[M;']z]

In order to derive this last bound we have used Holder’s inequality and the fact that
p < 1/2. From (2.3), we conclude that

(1— rg)EPNUOt S MIMFO(N M, NMk)dLik]

i<k

(3.11) §F’§[1+EPN [NZ[M;‘]ZH

+T() /0, EPN[I + NZ[Mi]Z] ds.

Choose ¢ < 1/(4[T" +T"]), where I" and I'’ are the constants appearing in the first
line and in front of the first term on the right above, respectively. Combining (3.11)
with (3.5) we get

EP [N Z[M;ﬂ < F[EPN [1 £ N+ /Ot(1 4N Z[M"F) dsﬂ.

Estimate (3.1) now follows from Gronwall’s lemma and conditions (2.3) on the
initial distribution of masses, and (3.2) is immediate from (3.11). [

PROOF OF LEMMA 2. Choose ¢ > 0 and § > 0 such that

2 62

4[N+T[1+C+C(T)] < ;—0 and 48T (O)[1+C(D][1+C'1< 350’

(92
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where I' and I"(¢) are the constants appearing on the right of (3.10) and (3.8), re-
spectively, C and C’ are the constants from assumption (2.3), and C(T') the bound
established in Lemma 1. Set the parameter of g equal to a value of ¢ determined
as above.

As in the proof of Theorem 1, we will stop the process at the finite stopping
time T A 7, AT, where 7 is the stopping time defined in the proof of Theorem 1,
and

: 1
T = inf{t >0,N > [M{]* > E}'
i
By Lemma 1 and the choice of ¢, we have
PVlr < TI=C(T)¢ <3,
if € is small enough. We will thus assume that P is supported on
(3.12) rniax{M’T}[l + lZm’a(Nm’)} < NI NlZ[MlT] < E
The proof will now follow by estimating the variation of the terms {A;}1<;<5 on

the right of (3.6). Let A; (s, 1) = A;(0,¢) — A;(0,5),1 <i <5.
By Chebyshev’s inequality, (3.7), (3.8), and the choice of ¢, §, we have

(3.13) PN[ sup |A1(s,z>|>5}si,
0<s<t<T 5 10
t—s<§8

(3.14) PN[ sup |A3(s,t)|>i}§i
O0<s<t<T 5 10
t—s<68

and

(3.15) PN[ sup |A5(s,t)|>i}§i.
0<s<t<T 5 10
t—s<68

The quadratic variations Q5(0, ) and Q4(0, ¢) of the martingale terms A, and
Ay satisfy

02(0,1) <T(, T) miax{M;}QZ mia(Nmi)} [1 +N Z[M;]z]

+ [1 +NY M+ Zm"a(zvm")D

INCA . . _
< 7](51’/4 ) [1 + Zm’a(Nm’) + NZ[M’T]Z},
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; t . 1 . .
0,1)<T 2[1+N M 2” [Mle—i-—}CD NM', NM*ydL*
04(0,1) <T¢ ZZ[ /] 0; 7 | @ )

t . 1 , :
<4r MM+ —]CD NM',NM*yaL*,
<4r¢ fo Z[ + 57 |2 )
i<k
respectively. In order to derive these inequalities we have used the assumptions on
the mass sizes, (3.12), and the fact that the diffusion coefficients are decreasing, so
that they can be controlled when the masses M, are large.

Then, by Doob’s inequality,

PN[ sup  |Aa(s, 1)| > %} §PN[2 sup |A2(0,1)] > %}

O<s<t<T 0<t<T
t—s<§
(3.16)
F(G, {7 T) 1 C/ C T
= W[ +C 4+ C(T)],

and similarly,

(3.17) PN|: sup |Aa(s,t)| > i:| <4Tr'¢[1+C+ C(T)].

0<s<t<T 5
t—s<8

We pass to the limit N — oo in (3.16), and conclude the proof from the estimates
obtained in (3.13), (3.14), (3.15), (3.17) and the choice of ¢. [l

4. The hydrodynamic equation. We begin with Proposition 1.
PROOF OF PROPOSITION 1. Estimate (3.1) in Lemma 1 implies that
E© [sup<m AM. /m} <c)

t<T

uniformly in M > 0. Then (2.6) follows by letting M — oo and monotone conver-

gence.
In order to obtain (2.5), we will show that the probability measure Q satisfies
T
“4.1) EQ[ sup / <M\P,us>ds} < 0.
W(x,5)eL![Tx[0,77]Y0 \ M
Wili<I

Indeed, (4.1) implies that with Q-probability 1, u,;(dx,dm) = v;(x, dm) dx for
almost every ¢ € [0, T'], where v, satisfies estimate (2.5) in the statement of the
proposition. But Q is supported on C ([0, T'], M1 (T x R)), hence the result.
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We must therefore prove that

EQ[sup <w(m)\llk u5>ds}
keN m

T
= lim lim lim EQN[ sup / <M\Dk’1\,,us>ds}<oo
0

K—00 A—0oo N—o0 1<k<K m

where we denote

WA (s, x) = min{Wk (s, x), A},

677

{\Ifk}keN a dense family in C([0, 7], T) N Bi[LY([0, T] x T)] in the supremum
norm, Bl[Ll([O, T] x T)] the unit ball in L'[[0, T] x T]. The measures [Lg are

nonnegative Q a.e., so we may take Wk >0, keN.
For each W52 and m > 0, let then uk’A(s, x, m) be the solution to

alm
{ulsc,A+ (2) kA = —wkA,

Mk’A(Ta ) =0.

We have the representation formula

T
kA _ . k,A
4.2) u (s,x,m)—/; _/;rp(a(m)(u ), x, 7))V (u, z)dzdu,

where p(¢, x, z) is the Brownian transition density on T.
It6’s formula applied to “’(’") ukA yields

fzmey

Nmi . .
— ZL(Nm )uk’A(x’, Nm")

NM:
( )xpk A X NMYds

i

T — w(NMY aukdr .
+ — dx'
A

(4.3)

+/ Y Dy(X',NM', NM))u**)dE",

i<j

if Dy now denotes

DN(x,m,m/)(f)

1
= N[a)(m +m)fx,m+m') —w@m)f(x,m)—wm)f(x,m)].
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The last term in the expansion (4.3) is nonpositive by formula (4.2), the assumption
that W* > 0, and the subadditivity in m of a(m)~'/?w(m). We thus get

. T
EC [sup f <M\Dk’1\,us>ds]
0

1<k<K m
Nm! . .
(4.4) <2 swp 3PS G v |
I1<k<K ; N
T NMY) dukr
+EPN[ wup V g QWMD) u XmH_
1<k<KIJO = N dx

The second term on the right-hand side above can be easily bounded by replacing
the supremum by a sum over 1 < k < K and computing the quadratic variation
of each of the resulting orthogonal martingale terms. The sum of these quadratic
variations vanishes in the limit N — oo; in order to see this, it suffices to replace
ukA by its representation (4.2) and then apply assumptions (2.1b), (2.3) and esti-
mate (3.1).

Finally, the hypothesis on P, v, v* and the fact that |[W5A | < |WK||; <1
imply that

Nm! . .
lim EPN[ Muk’A(x’,Nm’)]
N—oo 1<k<K N
w(m w(m
= sup <Luk’j\,v>§ sup <(—),v*>|l\Dk’A||1:F(v*)<oo
1<k<K\ M I<k<kK\ m

holds uniformly in A, K.
We pass to the limit A — oo and then K — oo in (4.4) to obtain (4.1). O

PROOF OF THEOREM 2. It will be enough to consider f € C%('JI‘ x R4) com-
pactly supported and Lipschitz in m, and then use bounded convergence to obtain
(2.7) for a general f € C ,f (T x Ry). We need to analyze the difference

Zy(ty=>_ M;f(X;,NM}) =Y m' f(x', Nm").

We start by writing the semimartingale Z ¢ as
Zyt)=Hy®)+Ar@),

where H ¢ is the martingale obtained by adding the fluctuation terms arising from
the free particle dynamics and the stochastic coagulation phenomena. These can
be proved negligible by applying Doob’s inequality, the integrability assumptions
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on a(m) stated in Section 1, and Lemma 1. The term A ¢ is given by

NM') 02 :
A,c(t)_] Z ¢ ; )aJZC(X NM!)ds

+/ S [M(f(X',NM' + M) — (X', NMY))

i<j
+ MY (f(X, N(M' 4+ M7)) — f(X), NM7))]
y O(NMI, NM/)

dL".
N
The first term of A ¢ will clearly have the limit
, a(m) 0% f
4.5 / f < —=, >d .
4.5) 0 Jrxr, \ 2 952 Ms)as

We can guess the limit of the second term from the occupation times formula;
we should recover the second term in the hydrodynamic equation (2.7). In or-
der to obtain this expression, we replace dL"/ in the second term of Ay by
[a(m) + a(m))]Ve (X! — X7)ds, where V. (x) approximates the Dirac §-function
at the origin as € — 0. The new integral will converge weakly to

%/O’AXT/RMRJF[JC(X’M-FM’;)/—f(x,m)+f(y,m+m2—f(y,m/)]

Xk (m,m")Ve(x — y)ug(dx, dm) g (dy,dm’) ds

as N — co.
We will justify this exchange by showing that there exists a sequence of mea-
surable sets Cy ¢, 7 With

lim lim sup PN[CN,G,T] =0,

=0 Noo

such that Yy ¢ r(z) given by

/ SMI(f(XT, NM' + M) — f(X', NM"))

l<j
. 4 . . : . D(NM', NM/
—|—Mj(f(Xj,N(Ml —i—MJ)) _ f(XﬂNM”)]%
x (ALY —[a(NM') + a(NM/)V.(XE — X7)ds)
satisfies
(4.6) lim limsup EF" [ sup [T, r(Dl1cs, ] 0.
€e—>0 N 500 0<t<T
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Here C¢ denotes the complement of the set C.
Suppose that (4.6) holds, and let § > 0, [ € N. Define

Kl(m, m/) = K(m, m/)l{l—lSmsl} l{lflfm,fl}’
a'(m)=a(m)l -1,

and

t1 92
(s 1) = o, ) [ <5al<m> a—x’; ,,Ls>ds

[ UemEmi o fEmly oy
0 J(TxR;)?2

m

Fles= { sup
0<t<T

x i (m, m") s (dx, dm) s (dy, dm') ds

=

Then Fj ¢ 5 is closed in C([0, T'], M1 (T x R, )) with the Skorokod topology.
By Proposition 1, O almost everywhere,

i ’<1 oy & > —/Z<1 omy &1 >d
l—l)rglo 0 za m ax2’:u“s - 0 2am axz’lu/s N
and
t Yy
lim <[f(x”"+m) f(x’m)]Ve(x—y)Kl(m,m/),Ms®Ms>ds
[—00 J0 m’

_(Hf G, mAm') — f(x,m)] _ /
= [ & Vel = cm, ') jas © s ) ds
for all € [0, T']. These imply

lim sup limsup QN [, 5] < limsup Q[ F ¢ 5]
[too  Ntoo [to0
4.7)

= Q[foo,e,%]-

Now, we know that p disintegrates as us(dx, dm) = vs(x,dm)dx, s € [0, T],
Q a.e. Letting ¢ — 0 in (4.7), by Lebesgue’s differentiation theorem, dominated
convergence and (4.6), we have

1 = lim lim sup lim sup Q [Fles] < hm O[Fo,e,25]
€=>0 too  Ntoo

= Q[F,25],
if Foo,2s 1s obtained replacing Ve (x — y) in the definition of F ¢ 25 by the Dirac

function evaluated at x — y. Since § > 0 is arbitrary, this implies that (2.7) holds
with Q-probability 1.
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It remains to prove (4.6). For each € > 0, let the approximation of the Dirac §
function V. be such that there exists a function u. in C2(T — {0}) N C}(T) with
support contained in (—1/2, 1/2), so that

lucloe < yie, 0=,
luglloo < v2, eli_l)l})u/e(x) =0, x #0,
and
ul (x) = We(x), x #0; ul(x) <0 if0<x<e,

where W is a real valued function such that |W¢| = V,, and y; and y» are positive
constants independent of €.
Consider the finite stopping time

- 1
Te :inf{t <T.NY M= —}
: NG
and define
CN,E,T = {Te =< T}-
Lemma 1 then implies

PN[Cn.e7]1 < C(T)/€

and clearly lim¢_,¢limsupy_, .. PV[Cy.c.7]1=0.
Let

Gx,y,m,m)=Gy fe(x,y,m,m’)
=[mlf(x,m+m") — f(x,m)]
®(m, m’)
NZ

The proof follows the usual pattern after this point: we will stop the process upon
achieving the stopping time ., so that we may assume that P" is supported on

b
NG

+m'[f(y,m+m") — f(y,m"N]uc(|x — y))

NY M) <
i
We will then apply It6—Tanaka’s formula to
S Gxi, x{, NMl, NMY)
i<j

in order to recover Yy ¢, s from the nondifferentiability of u. (|x|) at the origin and
the particular choice of u.. One then has to check that the remaining terms of the
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expansion converge to O uniformly on [0, 7'], when taking N — oo and € — 0, in
that order.
We have

S Gxi, x{, Nml, NMY)
i<j
S 1
= ZG('xlv xj, lev ij) + ETN,G,f(t) + HN,E,f(t) + AN,G,f(t)a
i<j

where Hy ¢ r(f) is a PN -martingale and Ay ¢ #(7) is a continuous, bounded vari-
ation process. We start with the former:

t— oG . . . .
Hue.s :Z/O > o (X XL N ML N M) d X
i i

+ Z/th Y G(N[M' + MF], NM7)

i<k ik

— G(NM!,NM/) — G(NM*, NMJ')]
—G(NM', NMk))

w OINMI NMY

[ame QMY
N

The quadratic variation of the first term on the right above, the Brownian mar-

tingale, can be easily seen to vanish when N — oco. We proceed to show how to

bound one term in the quadratic variation Q. of the coagulation martingale. Con-

sider then
t . . . .
0l = [ M P X [£(X. N+ M+ M)
0 i<k ik
— f(X', N(M' 4+ MY))
— fF(X', N(M' 4+ M)+ f(X', NM")]
O(N(M + M, NMT) }2

X uc(|X' — X)) N

O(NM!, NM¥)
X ——— d

We now use that f has compact support. Let L > 0 be such that f (x, m) = 0 when-
ever |m| > L. The expression between brackets in Q i will thus vanish whenever

Lk,
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NM! > L, so that we may bound Q1 (T) by
I'(f)e / Y — [[N(M’ + MM P+ Z [NMJ]zp}
i<k N
O(NM!, NM¥)
% N
<T(f)e f Z —d)(NM’ Nm*ydL*

z<k

dLik

by the assumption that p < 1/2. Now,

EP" U Z —dD(NM’ NMk)dL’k]

z<k

1

:EPN[Z Nl{mi>0} - Z
l l

from where it follows that lim._,o limy_ o EX" [Q i] = 0. Similar considerations
prove that the expectation of the rest of the terms in Q. vanish in the limit N — oo,
€ — 0. Doob’s inequality then implies

1
NI{M;>0}} =1

4.8) lim hmsupEP [ sup |Hy e, f(t)llc ]—O.

>0 N oo 0<t<T

The Lipschitz property of f yields

EPN[ S ot x] MM =Y GG Xl mi m)

i<j i<j

]

4.9)
<T(f)eE"" [1 + NZ[M;’]Z} <T(P)ell + C(T)].

The process Ay ¢, r(f) equals

i i i Jj azf i i
ANGf(t)_Z/E:M[ (X', N(M' + M")) — XZ(X,NM)]
i#]
. . O(NM',NMT) .
X ue (| X! — Xf|)Ta(NM')ds

1 i[9 /i i IR i
+2/OiZjM[ax(x,N(M + M7)) ax(X’NM)]
x sign(X' — XHul (| X' — X7|)

O(NM', NMJ .
X ¥a(NM’)ds
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t . . . .
+ (Z Y [G(X, X/, N(M' + M*), NMY)
0 NiZk j#ik
—G(X', X/, NM',NM/)
—~ G(X*, XI, NM*, NMY)]

- GX' X" NM', NM"))

O(NM!, NM¥)
X —m—

N

_7ql 2 3
- IN,é,f(t) + IN,e,f(t) + IN,e,f(t)’

where sign(x) takes values 1 or —1 according to whether x > 0 or x < 0. It is easy
to see that

dLik

(4.10) lim limsupEPN[ sup |11{,’€,f(t)|} =0.

e—>0 N—o0 OSIST
We can then bound

O(NMI,NM/)

t , . , .
e p D] < F(f)/o S M (X — x7)) a(NM)ds

i<j
T[S MINMP + S miavn)|
i i
Since lim o u,(x) =0 for all x # 0 in T, dominated convergence implies that

(4.11) lim lim sup EPN[ sup |I]%,7€’f(t)|i| =0

e—>0 N—o00 OStST

as well. Finally, the fact that f is Lipschitz and (2.1a) yield

1y e (DI T, CD)e[Z Mi(N Mti)p}

t , 1 , )
x/ Z[M’Mk-i— —2]q>(NM’,NM’<)dU"
0 i<k N
so that
. . PN 3 _
4.12) lim limsup E sup |Iy . f(t)|lcc =0.
e=0 Nooo 0<t<T & N.e,T

The limit (4.6) is immediate from estimates (4.8), (4.9), (4.10), (4.11) and
(4.12), and the result follows. []
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5. Uniqueness of the solution. In this section we seek to establish the unique-
ness in an appropriately defined class of the solution to the hydrodynamic equa-
tion (2.7), which in differentiated form can be written as

.1 3
(5.1) fu=sa(m 5w+ K, po=v.
2 ox
Here £C—22 denotes the partial derivative of second order with respect to the space
variable, interpreted in the weak sense, and K is the coagulation kernel given by
k(m,m’)

GK@) = [ Uy = o)< dm )

+xRy m
=2 [ m )£ ') = mf ) =)

KO )y,
m

if f is a bounded test function, u € M ¢(R,) a finite measure such that « (m,
m')/m' € L'(du x du).

We will work under the assumption that there exists a pair of functions & and
o bounded on each compact subset of (0, o0), such that ww~! is bounded, w,

a 2w and a~'?ww are subadditive, and such that the following inequalities
hold:

(5.2) K(m,m’) < w(m)w(m’),

(5.3) k(m,m") < w(m)w (m') + o (m)w(@m).

We will also require that a be nonincreasing and the initial measure v satisfy

2

(5.4) v(dx,dm) <v*(dm)dx, v* such that <w—, v*> < 00.
m

Let us define the class B(w) by

B(w) = {77 € C(Ry, M4 (T x Ry)) 1 (dx, dm) = vy (x, dm) dx,
<<w(m) >>
—, U

m

wm)=[1+c +a)][m® +a(m)+1] and w(m)=a(@m)+1

sup
t>0

< oo and sup(m, u;) <oo VT > 0}.

'oo t<T

The choices

satisfy conditions (5.2) and (5.3) in the particular situation treated in Sections 3
and 4. In this case the coagulation kernel is given by

k(m,m’) = ®m,m)[am) +am’)]
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with symmetric rate @ verifying
®(m,m') < cmP +m) lpoom=0,  0<p=<3,

and diffusivity a(m) such that ~'/?w is subadditive. Then Theorem 2 yields an

existence result in D(w). The uniqueness of this solution in the larger class B(w)
follows from Theorem 3 below.
Here is the main result of this section:

THEOREM 3. Assume conditions (5.2), (5.3) and (5.4) on the coagulation rate
k and the initial measure v. Then for any T > 0, (5.1) has at most one solution
{i}o<i<r in B(w).

We state the theorem on T to avoid introducing more terminology; in fact, the
proof holds in R¢ for a general diffusion model with coefficients given by a, un-
dergoing coagulation at a rate determined by «. In that case we require that (5.2),
(5.3) and (5.4) be satisfied by a pair of maps w, @ such that @ ~'w is bounded, as
before, and a~%/?>w and a~¢/?>ww are both subadditive.

The result will follow from considering an approximating system of equations
to the coagulation equation, for which existence and uniqueness can be easily de-
rived. The method is a simplification of a technique developed by Norris in [16],
we have thus tried to adhere to his notation whenever possible. We are able to
make a significant shortcut in the proof due to the assumption that we already have
got one solution in B(w), this yields a crucial monotonicity property in the ap-
proximating scheme as a direct byproduct of its construction (compare Lemma 5.1
below with Lemmas 5.5 and 5.6 in [16]).

Before we can proceed to prove the theorem we need to introduce some defin-
itions. Given s > 0 and u € M ¢(T x R, ), we will denote Py € M (T x Ry)
the measure given by

(fs Psp) =/f(z,m)p(a(m)s,x,z)u(dx,dm)dz,

where, as before, p(¢, x, z) is the Brownian transition density on T. Hereafter, we
will use the abridged notation p;"*(m) to denote p(a(m)t, x, z). We also introduce
the kernels K and K~ on M £(R4) defined as

Kt = [ D @,
Ko = [yt

With this notation, we now show that (5.1) is equivalent for u € B(w) to the inte-
gral equation

t
(5.5) o= P+ /0 Py K" () — Py K~ (i) dr-
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By integrating against a test function and differentiating in time, it follows that any
solution to (5.5) satisfies (5.1). Conversely, let ; be a solution to (5.1), and set i,
equal to the right-hand side of (5.5). Then u — fi; verifies

d (1 ) : (m) i (1 ) 7 0

— (i — ) = za(m) —5 (fir — [e), —po=0,

di K — [y 5 9x2 e — My MO — Mo

and we conclude that fi; = u;. In particular u; is a solution to (5.5).
Given a bounded map c;(x):[0,T] x T — R, let p,,(c) be the propagator
associated with the operator %a(m) % —¢s(-) on T, and consider the kernel

Py (c)nte, dm) = /T w(dz, dm) pm(S)(s, 23 1, %) dz,

win Mg(T x Ry).
Let E, = [1/n,n] for n € N, and define K,, K, by analogy with K :
K, (u)(dm) = KT () (dm) limeE,)»
— K (m’ m/) 12
Ky Gom) = [ e, udmy )
R, m
and K, = Kj — K, . Define v" as the restriction of v to E,, v"(dm) = v(dm) x
Ymek,)-

In order to keep the number of definitions to a minimum, given a test function g,
we will use {(g, u)) to denote the integral {(g, v)) in the case that the decomposition
u(dx,dm) =v(x,dm)dx holds, where we recall that ((g, v)) stands for the single
integral [ g(m)v(x,dm).

The proof of Theorem 3 will follow from the following lemma.

LEMMA 3. Let {us}o<s<T € B(w) be a solution to (5.1) with initial value v,
and assume that conditions (5.2), (5.3) and (5.4) hold. Then, for each n € N, there
exists a unique kernel (i} )o<;<7 in B(w), such that

~ t ~
(5.6) ff = P (c"" +f0 Prs(¢MIK,(75) 487 1§ 1ds,

where
e = )= )

¢ (e, m) = «w(m)“’,(:f’), P+ [ <<w<m)% P K 1) s

Moreover, (i} satisfies

i <pitt <pg foralls€[0,T].
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PROOF. The method of the proof is classical. We will take advantage of the
fact that all relevant quantities are bounded in E,, to define a Picard iteration proce-
dure, and then prove by a contraction mapping argument that the scheme converges
to a solution, which is finally shown to be unique.

Define

~ ~ntl
M?,o = U lmer,) < M?—g = K¢,

=l ol [ fow . sz oo

Condition (5.4) on v and the fact that /i “-,0 is supported on E, imply that cﬁo(x, m)
is well defined and bounded.

Let
1 (x.m) = «w(m)‘“f:/) )

n+1

We claim that 0 < ¢;(x,m) < <.

a positive constant that depends solely on . Note that p;™* (m)w(m) is m-
subadditive, which can be easily seen by expanding p;™" as a series and using
the subadditivity of a~!/?w and the monotonicity of a. We next write

w(m’)
<< s P [Kn (i 0)]>>
m’

1
= 5/1[@2 T[ptyf;(m'—i—m”)a)(m/—l—m”)
+><

(x,m) < cto(x m) < Ca)(m) where C is

— s (mo(m') — pi2(m" Y (m”)]

k(m', m") N
e e, O+ m D o (v, dm ) o (v, dm™) dy.

X

Together with the subadditivity of p;, ™~ (m’)w(m’), the inequality Rsog<ilyy <
s and the obvious inclusion E,, C E,1, this implies

ofE )z fom S a)

> ¢ o, m)>c"+1(x m) > c;(x,m) >0,

5.7

as required.
We will need the fact that the solution . satisfies

~ t ~
My = Pz(C)er/O Prg(e) (K (is) + 8551 ds,

8, (. m) = <<w(m)w(m ) —Kk(m,m ),m».

ml

(5.8)
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This can be proved by an argument similar to the one used to show the equivalence
of (5§.5) and (5.1).
Fix k € N, and assume that a sequence of measure paths and mappings ,&2’ 0 =

~n+1 n+1
R = Ms andcsk(x m) > ¢

Let

(x, m) > cs(x, m) > 0 have already been defined.

k= ' s My ke

" <<a)(m)a)(m/)—/c(m,m’) n >>

so that 0 < 8;’ <" < §;. Finally, set

t,k+1 —

Ay = BV + / Prs ()UK () + 87 (i 1ds,

n w(m')
c,7k+1(x,m):<<a)( )—— m Ptv»

+ / <<w< YO K, (u;kﬂ)]»

The Feynman—Kac formula (cf. [17], Chapter 8) and identity (5.8) then imply
0= A yr < Ay < ms
and thus, by the same arguments that yield (5.7),
w(m’)

w(m)< e >>Csk+1>c g1 =6 20

The kernel /1’;,,{ is supported on E, for each n and all k, s. Also, [Lg” K < Ms
and the fact that w (m)/m is bounded below in E,, imply that the marginal density
d ;1;1 ((dx,Ry)/dx € L (dx) and its L°°-norm can be bounded uniformly in &,
diil (dx, Ry)

dx

In view of these observations, we define a norm in the vector space

(5.9) H <pB, forallkeN.

‘ o0

{ne./\/lf(TxE ), (dx R+)€L°°(dx)}
by

lle —oll = [llox — oxll o

if p(dx,dm) = px(dm)dx and a similar formula holds for o. Here || px — 0x|| is
the total variation norm of the signed measure py(dm) — o (dm), which we may
compute as

lox — oxl =/ 10x — 0x1(dm),
Ry
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if |px — 0x|(dm) denotes the total variation of p, (dm) — o (dm). Equivalently,

llo — ell =sup{ (.o = s+ [ Isup fermax <1},
m
Let f(x,m) be such that 1 |sup,, f(x,m)|dx < 1. We obtain
(f I e — 15 )

= (f, P(cHV" — P(c}_v"™)
(5.10)

t - ~
+ f (B (DK (2 0 = Bro(el DIKT (A )] ds

+ / o PO 1 1 = Bry(cl_ I8 o /" 1) ds.

We apply the Feynman—Kac formula to bound the first term on the right-hand side
of (5.10) by

t
/ . E’"[( [ et m) = ey s ds)f(xf, m)}v"(dx, dm),

where y; is a Brownian motion in T with diffusivity a(m). We have

t
fo 1€ Ot m) — €y (s m) | dis

om +m")
( ) x Xy( +m//) (
m’ +m”
k(m',m’")
71{;11 +m"€E,)}
m’

X |y, (X' dm) iy (x", dm”)
- ﬁz,k—l (x/’ dm/)ﬂ’;’k_l (X/, dm”)| dx'duds.

Note that in all these expressions the mass variable takes values m, m’, m” or m’ +
" belonging to E,, we may therefore replace all functions that have it as an
argument by an upper or lower bound, as necessary, that do not depend on the
mass variable.
Now, if p and o are two finite, positive measures on (X, 2), then p ® p and
0 ® o are finite, positive measures on (X x X, Q x ) and

lp®p—0®o| <[p(X)+o(X)]lp—ol
In particular,
[y (' dm") iy (' dm”) — iy o (x dm) g (X7, dm")|
<2Bulfy j (x',dm") — iy, (x', dm")],
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Bn asin (5.9).
We thus have

(f, P(cHv™ — P (cf_ V™)

t s
SF/ / pls —u,x", w)p(s, x,w)p(t —s, w,y)
0 JO

x (s;pv(y, m>|) V22 ) — i

x V' (dx,dm)dx" dwdyduds,

where ' is a positive constant that depends on n and B, and can therefore be
chosen uniformly in k.

Replace now v" by its upper bound v*(dm) dx, take the L° norm of the total
variation factor |fy, , (x) — ity ,_;(x)], and integrate in x, x’, w and s, to obtain

~ ~ t
(f, Pe(cpv" = Pr(cg_ V") < l“(T)/O Nty x — iy g1l du.

In this last step we used that [ [sup,, f(x,m)|dx < 1.
Similar computations yield

t - -
/0 o PR (A0 )1 = Bry(cd DI (")) ds
t ~ ~ ~ ~
+ / (o B 8" i ] — Pl I8 i 1) ds

<T(T) / WA, — &l du

and therefore, by (5.10),

t
(fo il sy — i) < T(T) /O A, — A% Il du,

['(T) uniform in k, f. Take the supremum over f to conclude that fors < T,

(.11 N g1 — A7l =< F(T)/ Wit — iy -1l du.

Hence, by a standard contraction mapping argument, [L,t{’” converges in M ¢ (T x
E,), uniformly in# < T. The limit is a continuous map " : [0, T] — Mp(Tx Ey)

that satisfies (5.6). Moreover, the properties that iy, < M; k < s and c{; >

c?f,:l >c¢, forall k,n e N2 imply that the same holds for " and ¢”":

n+1

n+1
Ms‘ </’Ls‘ </'LS and C >C >CS7

for all n € N.
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Suppose now that " and 1" are two solutions in D(K) to (5.6) with respective
values of the mapping ¢ defined as in the statement of the lemma. A careful revi-
sion of the arguments leading to (5.11) shows that the proof goes through verbatim
if we replace | and iy by fixed points of the iteration scheme " and 7". We
thus have

g — il <o [ - ide, <7,
which implies 4" = 7" by Gronwall’s lemma. [

PROOF OF THEOREM 3. Set Ay = 1gcv, and define the kernel k;(u) =
K~ (w) — K, (). Given mappings /" and ¢’ as in Lemma 3, define

t
=P+ / Py [K (i) — K~ (i) — il 1 ds,

M= Pl +/ Pr_y[R (&™) + v i) ds,

where

w(m’)

Yo (x,m) =cf(x,m) — <<w(m) ,us>> > ¢l (x,m) — cg(x,m) > 0.

The inequality in the last line follows from (i} < g and the definition of c; it has
the consequence that A7 is a positive measure forall s <7,n € N.

We claim that u" = ". Indeed, differentiating in the equations satisfied by u
and & shows that both maps verify the equation

: 92 _

tie = Zalm) —— ne+ K, (1) =[] = 81
with initial value v", so that their difference is a weak solution to 1 = 2a(m) ax2 ur
started from the zero measure, and therefore it must be the null measure. In partic-

ular this implies that uf < .
We have, by the definition of ¢},

et o) = ((m) e Po))+ /0<< " bk )ds
= (oo ) + o <'">”(m/) i)

and on the other hand, from the definition of yn,
w(m’) .
e Cem) =y + «‘”(’") P “>>

Hence y!" = ((w (m)w(m LA
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From this point on, the proof is copied from that of Theorem 5.4 in [16]. Let us
define o} = ((%, A). Then, due to the subadditivity of w(m)a(m)~1/?, we get

e [ (2.0

for all n € N, and it follows from Lemma 3 that o} > ay +1 We can hence define
the monotone limits

oy = lim o = lim u”
I S 1 He n—>oo'ut’

oz () (22.0)

Since w(m)/m > 0, in the case that o; = 0 a.e. we can conclude that u; = u; a.e.,
for all ¢ € [0, T']. The uniqueness of the solution to (5.1) will then follow from the
uniqueness of the solution to (5.6).

We will now show that «; vanishes. We start by proving that h,(t) =

which satisfy

S| ((%, Psf) lloo can be bounded uniformly in # and ¢ € [0, T']. We ap-
ply Ps to the definition of u}, multiply by w?(m)/m and integrate over E, to

obtain
2 2
(5 ) < (50 )
m m

2
+f «‘” o), Rg+l_r1<n(u’:)>>dr.
0 m

By the subadditivity of w and wa~ 12, for anyu >0,x,z €T, we have

(5.12)

@ (m +m") pii* (m +m") — 0 (m) piz* (m) — * (m") pi;* (')
< w(m)py* (mw (m') + o (m)wm’) pi;* (m').

Then

w?(m) "
<< Pytr Ky (u,)»(x)
m
(m,m")

Z,X nK n " ,
=< 2/;1‘ o a)(m)psil—t—r(m)a)(m ) — I (z, dm)/’Lr (z,dm')dz
X n

<ot )2 )
+<<%p;iz—r’“’:>><<%2’”f>>

mmi

1
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S R R

0)2 n [O0) n
)L oo

where we used the bound «(m, m’) < w(m)w (m’) + @ (m)w(m’). Now, if we
replace w? by ww in (5.12), the subadditivity of a~!/?ww implies that the time
integral term is nonpositive, and therefore

ww ww
(o me ) = ()=
m 00 m

by condition (5.4) on v. This assumption also implies that

)
sup<<—, Psv>> <I'<o

s>0\m

sup sup
r s>0

for some positive constant I". Taking the supremum over s > 0 in (5.12), we con-
clude that

t
ha(t) <T + 2r’/ ha(r)dr  with T > 0.
0

Note that the constants I', I can be chosen independently of n. Then h, () <
I'e?T'T holds uniformly in n and ¢ < T, as claimed.

We now consider the L' norm of a. We replace y/" (x, m) by its upper bound
w(m)o; (x) in the definition of A" and pass to the limit as n — co. By dominated
convergence we have

t a)z(m) Zx
lleee Il < R~ a5 (2) pr g (m)p (dm, dz)dx ds
X LIXINy4
t

a)2
< (supsup <<—u>>H )nasnlds
0 n g>0 m 00

t
< r(T)/O las Iy ds.

Since ||o; |1 < (w/m, v*) < oo, this implies &, = 0 a.e., as required. The theorem
follows. [
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