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We give a representation of the solution for a stochastic linear equation of
the form X; = Y; + f(o,,] Xs— dZs where Z is a cadlag semimartingale and Y
is a cadlag adapted process with bounded variation on finite intervals. As an
application we study the case where Y and —Z are nondecreasing, jointly
have stationary increments and the jumps of —Z are bounded by 1. Special
cases of this process are shot-noise processes, growth collapse (additive in-
crease, multiplicative decrease) processes and clearing processes. When Y
and Z are, in addition, independent Lévy processes, the resulting X is called
a generalized Ornstein—Uhlenbeck process.

1. Introduction. In this paper we show that when Z is a cadlag adapted semi-
martingale and Y is cadlag adapted and with bounded variation on compact inter-
vals, then the unique cadlag adapted solution of X; =Y; + f(o, 1 Xs—dZ; is given
via the representation X; = f[o, h U, dY, where U, ; is defined by formula (2) be-
low. This form seems to be new and we note that the integral with respect to Y
is defined path-wise while the integral in the integral equation can be a stochastic
integral. Of course when Y is a semimartingale, one cannot expect such a repre-
sentation of the solution since {U, (|0 < u <t} is not adapted as a process indexed
by u.

We discuss an application to the case where Y and —Z are nondecreasing
processes jointly having stationary increments and subsequently specialize to cases
where one or both also have independent increments (Lévy processes). This model
is a generalization of both the shot-noise process as well as a growth—collapse
process (e.g., see, [7, 11, 16] and references therein) or more generally an additive
increase and multiplicative decrease process. The later have been used as models
for the TCP window size in communication networks.

We note that Jacod ([8], Theorem 6.8, page 194) and Yoeurp and Yor [21] give
a complete solution for the case where the integrator is a semimartingale and the
driving process is cadlag, Jaschke [9] gives a derivation for the case where the
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integrator does not have jumps of size —1, and Protter ([20], Theorems 52 and 53,
pages 322-323) treats the case with a continuous integrator.

The literature related to generalized Ornstein—Uhlenbeck processes and their
applications which are directly related to some of the special cases of the applica-
tions that we consider is huge and growing exponentially fast. We refer the reader
to [1-6, 14, 15, 17-19, 22] and further references therein.

2. Main result. With respect to some standard (right continuous augmented)
filtration, let Y = {Y;|t > 0} and Z = {Z;|t > 0} be two adapted cadlag processes.
Denote Zp— =0, and for t > 0, Z, =limgy; Z;. Set AZ; = Z; — Z; when Z is
of bounded variation on compact intervals (BV); set Zf = Z; — > o ; AZ; and
similarly for any other cadlag process considered in this paper. o

THEOREM 1. Assume Y and Z are cadlag and adapted, Y is BV and Z is
a semimartingale. Then the unique cadlag adapted solution to the equation X; =
Y + f(o,t] Xs_dZg is

(1) X, =f Uy 1 dY,,
[0,7]

where
le—Zu—(1/2)([Z,Z]§'—[Z,Z];)
) Un,r = x [T A+Azpe ™%,  0=<u<t,

u<s<t
1, O<u=t
and [Z, Z] is the quadratic variation process associated with Z. When Z is BV
then (2) reduces to

ZL‘_zC

% J] A+AzZy), O0=<u<t,
(3) Uu,z= u<s<t

15 05u=t,

where Z€ is the continuous part of Z as defined earlier (rather than the continuous
martingale part of Z as is customary in stochastic calculus).

PROOF. Note that with 7o =0 and forn > 1, T,, = inf{t > T,,_1|AZ, = —1},
thenfor 7,, < u <t < Tp,4+1

U
Tt = Uu,t(l + AZM)’ —nl = Uu,t-
UT,,,u— T, ,u

4

Also, since Y is a BV process, the covariation process [Y, Z] is given via [Y, Z]; =
> 0<s<t AYsAZ;. If one follows the solution in equation (6.9) in Theorem (6.8) on
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page 194 of [8], then for T;, <t < T,,+1 we have that

X, = UTn,,(AYT,, +/( ]UT_nlu_ day, —f Uyl dry, Z]u)
7—;1’1‘ ’ ns

(T.1]
) = Ur, ,AYr, +f( ]Uu,,(l +AZ)dY, - Y Uu AY,AZ,
Tyt

T,<u<t

= Uu,t dYu,
(Th.1]
where the second equality is justified since the first integral on the right-hand side
of the first equality is a path-wise Stieltjes integral, and the second is a sum which
is also defined path-wise. If ¥ was a general semimartingale, then interchanging
Ur, : with the integral sign like this would not be justified as the resulting integrand
would no longer be adapted. Clearly if n > 1, then U, ; = 0 for u < T,,, and thus

(6) X, = Uu,t dy,.

[0,7]
Since this holds for all n, the proof for the more general case is complete. For
the case where Z is BV, it is evident that [Z, Z]° = 0, and it is easy to check that
Y u<s<t AZg is convergent (actually, absolutely convergent), and hence the result
follows. [

Of course one may also define the counting process,

(7 Ni= > liaz——1y,

O<s<t

which is a.s. finite for all # > 0 and right-continuous (possibly a.s. identically zero
or terminating), and write

®) Xo= [ Usdv.
[Tn, 1]

It is worth while to note that for the case where Z is also a BV process, there is
a more direct proof involving (path-wise) Stieltjes integration which can be taught
in a classroom as follows. Write Z = A — B, where A and B are right-continuous
and nondecreasing and have no jump points in common. Write A;i =A; —Af =
> 0<s< Max(AZg,0) and similarly for B. Observe that by right continuity AA;,
ABy, A;j — Ap and Btd — By all converge to zero as ¢ |, 0. In particular, for every ¢
for which —1 < A B (< 0) for 0 < s <1, we have that

© 1+ A = Ao< [ (+44,) <t~

O<s<t
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and

(10) 1+ B —Bo< [] (1+ABy) <eb o

O<s<t
which implies that
(11) I1 (1+AZS)=< I1 (1+AAS))( I1 (1+ABS))—>1
O<s<t O<s<t O<s<t

ast | 0.
Now note that with C; = eZi and D; =T]J <s<t(1 +AZjy), ordinary (Stieltjes)
integration by parts yields

(12) UtzctDt=c0+Do++/ Dy_dCs+ Cs—dDs+ Y ACAD,
(O’I] (O’t] O<s<t

and it is easy to check that the continuity of C and the fact that dC; = C; dZ{ imply
that

(13) U =1+ U,_dZ,.
©.1]

With this formula established, it is clear that if we denote U, ; as in (3), then in an
identical way to which (13) was obtained we have (path-wise) that

(14) Uu,t =1+ Uu,sf dZ;
forall 0 <u <t.

Now, if X; = f[o,t] Us ;dYs, then X, = f[o,t) Us ;— dYs and thus f(o,t] X,_dZ;
is given by

f Uy s—dY,dZ; = f Uy s—dZ,dY,
(0,11 J10,s) [0,8) J(u,t]

(15)
=f (Uns — 1) dY,,
[0,1)

but since U; ; = 1 we can include ¢ in the domain of integration without changing
the value which gives

(16) X,_dZ; :/ Uy, —DdY, =X, -Y;
0,11 [0,7]

as required.
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3. Applications. Assume that ¥ and Z are right-continuous and nondecreas-
ing jointly having stationary increments in the strong sense that the law of 65 (Y, Z)
is independent of s where

A7) Os(Y (1), Z(t)) = (Y(t +5) = Y (), Z(t +5) — Z(s)).

It is standard to (uniquely) extend (Y, Z) to be a double sided process having sta-
tionary increments, that is, that € R rather than ¢ > 0, thus we assume it at the
outset. Finally we assume that Z has jumps bounded by 1. Without loss of gen-
erality let us assume that Yo = Zy = 0, otherwise we perform what follows for
Y —Yp and Z — Z which also have stationary increments. We consider the unique
process X defined via X; = Xo+ Yy — f(o,t] X,_dZ for t > 0 where X is almost
surely finite; the unique solution of which is

(18) Xi=Xoe % [] (a-az)+ [ @ [ (-az)ay,
O<s<t (0.7] u<s<t
where an empty product (when u = ¢ or when ¢t = 0 on the right) is defined to be 1.
Special cases of such processes are the shot-noise processes in which Z; = rt
and Y are compound Poisson, growth collapse or additive increase multiplicative
decrease (AIMD) processes in which Y; = r¢ and usually Z = g N, where N, is a
Poisson process with rate A, and 0 < g < 1, as well as clearing processes where Z
is a Poisson process or, more generally, a renewal counting process (see, e.g., [10,
12]).
Consider the nondecreasing processes

(19) Jr=2Z{— > log(1 = AZ)liaz, <1},
O<s<t

and Ny = ) o_y<; l{az,=1). Then it is clear that Y, J, N jointly have stationary
increments (in the strong sense), and from (18) we have
(20) X: = X()e_Jtl{Nt:o} + o ]e_(J’_jx)l{N,,NS:()} dy;.
N

If f(foo,O] e’s dY, is a.s. finite (recalling that for s < 0, J; < Jyp = 0), then
setting X/ = f(_oo’,] e*(J’*JS)l{Nt_NFo} dY; it is clear that X™ is a stationary
process. Moreover, if, in addition, either lim;_,», Ny > 1 a.s. (equivalently, 71 =
inf{t|AZ; = 1} is a.s. finite) or J; — oo a.s. as t — 0o, then | X — X;| = O a.s. as
t — 00, and thus for any a.s. finite initial Xo, a limiting distribution exists which
is distributed like X j.

In fact, when Xg is independent of (Y, Z), then shifting by —¢, noting that
0_+Js = Js—y — J— (so that 6_;J; = 0) and similarly for N and Y, it is clear
that X, has the same distribution as

Xoej_[ I{N—tZO} + /(.0 ] ejs_t I{NS—IZO} dYs—;
1
(2D
= Xoej” Lin_,=0) + / e’s 1{n,=0y dYs.
(=1,0]
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In particular, this implies that when X = 0, then X, is stochastically increasing in
t>0.
Let us summarize our findings as follows.

THEOREM 2. Iff(_oo 0] e’s dY; < 0o a.s., and either Ty < 00 a.s. or J, — 00
a.s. ast — oo, then X has the unique stationary version

(22) Xi = /(_oo ; eI N, _n—0y dYs,

and for every initial a.s. finite X, X, converges in distribution to X{j. Moreover,
when Xo =0 a.s., then X; is stochastically increasing in t > 0.

We note that when (Y, Z) also have independent increments so that they form
a Lévy process, then the negative of the time reversed process is a left-continuous
version of the forward process, and thus in this case [when Xy is independent of
(Y, 2)], X; is also distributed like

23) Xoe ™ 1,0y + /( 1€ T Y,
it

which is also the consequence of the usual time reversal argument for Lévy
processes. In what follows we will consider special cases of this structure.

We observe that in the general case N is a simple (i.e., a.s. AN; € {0, 1} for
all r) counting process associated with a time stationary point process. Special
cases of such processes are Poisson processes and delayed renewal processes
where the delay has the stationary excess lifetime distribution associated with
the subsequent i.i.d. inter-renewal times. We will consider this special case a bit
later.

3.1. EX; for independent Xo, Y, Z. Since Y has stationary increments, it
follows that EY; = EYt. From (21) we have that when EY; and E X are finite,
then for ¢ > 0,

0
(24) EX,=EXoEe! "1y ,—g +EY1f Ee’ 1(y,=0) ds,
—1

and since for s < 0, we have that J; = —(Jy — J,) is distributed like —J_; =
—(J—s — Jo), and similarly for N, we have that

'
(25) EX, = EX()Eé'*J’ lin,=0) + EY; / Ee™ s I{n,=0) ds.
0
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3.2. EX; for independent Xo, Y, Z with Lévy Z. Here Z is a subordinator
with Laplace—Stieltjes exponent —1, (o) = log Ee~%%! where, for o > 0,

(26) ne(e) = ez + /( (=

with ¢, > 0 and f(o,l] xv;(dx) < oo. Since the jumps of Z are bounded above by 1,
then v,((1, 00)) =0.

In this case Z{ = c;t, N is a Poisson process with rate A = v {1} which is
independent of the subordinator,

27) Jr=cit— Y log(l = AZ)l{az,<1);

O<s<t

the Lévy measure of which, call it v}, is defined via v;((a, b]) = v, (1 —e™¢, 1 —
e]) for 0 < a < b < oo and with exponent

n;j(c) =cza+f0 (1 —e *v;(dx)
(28) (000
=c0 + /(0,1)(1 —(1—-x) )vz(dx),

so that for a > 0,

(29) nj(oz)+)»:cza+/(0’1](l — (1= x)%)v,(dx).

We note that

(30) f(o,oo) min(x, 1)v;(dx) = /(0’1) min(—log(l — x), 1)v,(dx),

and since —log(l —x) < = <xefor0 <x <1 — e~ !, the right-hand side is

dominated above by e f(o,l) xvz(dx) < oo, so that v; is indeed the proper Lévy
measure of a subordinator. Now, for this case, Ee s = ¢~ (DS where

n,-(l)=cz+/0l (1= (1 —x)")v,(dx)

31) O
=cz+/ xvz(dx)zng(O)—)\

0,1

recalling A = v,{1}. Therefore, Ee™’s 1{y,—0) = e~ O=Wsp=hs — =105 g
that in this case, since n; O)=c;+ f(o,l] xv;(dx) = EZ, (25) becomes

EY,

1_ —EZt .
Ezl( e )

(32) EX, = EXpe E41 4

Recall that here Y need not have independent increments.
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3.3. Independent Xy, Y, Z with Lévy Y. Since forevery 0=ty <t; <--- <
t, =t the independence between Y and Z and hence the independence of Y and J,
yield

n
E|:exp(—oz Ze_J’f*' l{N,MZO}(Yz,- - Yti|)> ‘Z:|
i=1

(33) Y
= H exp(—ny(oze_]’i*1 l{N,Fl:O})(ti —ti—1)).
i=1

It thus follows, as in equation (5.9) of [13] for the more general multivariate case
and in Proposition 1 of [19] for the case where Y and Z are compound Poisson,

that
E[exp(—a/ e_Jsl{NX:o}dYs) Z}
(0,1]

t
=exp<—/0 ny(ae_l‘l{sto}) ds).

This implies, as in Theorem 5.1 of [13], that the conditional distribution of
f(o’t]e_l‘l{;vszo} dY; given Z is infinitely divisible, as on the right-hand side,
—ny/n is also a Laplace—Stieltjes exponent of a subordinator.

Equation (34), with &y(«) = Ee %0 g A b =min(a, b), and recalling

(34)

(35) Ti =inf{t|AZ, = 1} = inf{t|N, > 0}

yields
—aX; _ —Ji [ —Jy
Ee = Eé‘o(ae l{N[:()}) exp A ny(ae™ )1 n,=0y ds
t
(36) = Egoae)exp(~ [ nyae ) ds )1

T
+E exp(—/(; ny(ae™ ") ds) Ly, <s)-

Clearly, when either 71 < oo a.s. or J; — 00 a.s. as t — 00, then

T
(37) lim Ee ®Xr = Eexp(—/ 1 ny(oze_JS)ds)
t—00 0
We now observe that if N and J are independent, as for instance in the case
where Z is a subordinator, and N is the counting process associated with a time
stationary version of a renewal process the latter having inter-renewal time distri-
bution F having a finite mean pu, then it is well known that N is a delayed renewal
process in which the times between the (i — 1)th and ith jumps are distributed F
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for i > 2 and the time until the first jump (i.e., the delay) has a distribution with
density f.(¢#) = (1 — F(¢))/u. Therefore, in this case,

(38) Eexp(— /0 " ny(ae’s)ds> = /0 ooEexp(— /0 t ny(aefs)ds) fo(t)dt.

Differentiating the right-hand side of the first equality in (36) once and setting
a = 0 gives (25) as expected, while for the case where Xo = 0 a.s., differentiating
twice and setting o = 0 yields

t 2 t
(39) EX?:(W;(O))ZE(/O e—fsl{NFo}ds) —n;{(O)E/O e 25 1y, o) ds.

34. E th for independent Y, Z with Lévy Y, Z and Xo =0. We note that for

Y |—e—(1j B+

every ,B > 0, Efoe SI{NS:()}dS = W
that since N, < N foru <,

t 2 t s
</ e s L{n,=0) ds) = 2/ / eI 1{n,=0y duds
0 0 JO

t rs
= Zf / e Us=Jw) g=2Ju I{n,=0y duds,
0 JO

and therefore (using Fubini and the stationary independent increments property
of J), the expected value of the left-hand side is

2[’ /s o= (0 (DR =1) y— (@4 Wu gy 4
0 JO

, where A = v,{1}. Also, note

(40)

41
41 _ 2(1 _ e—(')j(l)-Hx)t)/(nj(l) +2)—(1-— e—(’lj(Z)—H»)t)/(nj(z) + 1) .

nj(2) —n;(1)

Finally, we observe that for every positive integer n, we obtain [recall (29)]

Wi +h = e+ /(0 (1= (=0t

. n k—1 k
=cn+ E —1 - (dx),
“ k:1<k>( ) f(o,u)C vo(dx)

and since, 7{”(0) = 1.(0) = 0, n.(0) = ¢; + [ig)xv-(dx) and 7 (0) =
(—D*71 fig.17 5 vz (dx), for k > 2, it holds that

(42)

(43) nj(n)+,\=]§)(z)n§k>(o).

In particular 7;(1) + A = .(0) = c; + Jo.ipxv(dx) and 1;(2) + A =2n,(0) +
17 (0), so that n;(2) —n; (1) = n.(0) + n7(0).
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To summarize, when E Xo = 0, we have
EX} =2(1,(0))°
x (1= e /l(0) = (1 — e~ CrO@HEON) /(2 (0) + 17 (0)))

/(n%(0) + 7 (0))
1— e—(2n§(0)+n§’(0))t

2n7(0) + n7(0)

(44)

—1y(0)
which converges to
2(,(0)* — 0200y (0)  (0},(0)/n(0))* — n(0)/(2n%(0)
n(0)(2nL(0) + nZ(0)) 1+ 72(0)/(21;(0))

as t — oo. We note that as v,(1, co) = 0, then clearly whenever either c¢; > 0 or
v;(0,1) #0 (i.e., Z — N is not identically zero), it holds that

(45)

(46) n.(0) =c; + / xv.(dx) > / X2 (dx) = —n/(0).
0,1] (0,1]

3.5. Lévy Z, linear Y and X9 = x. Itis of interest to consider the special case
where Y; = rt for some r > 0 and Xy = x for some x > 0. For the case where Z
is compound Poisson this model becomes the growth—collapse process from [16]
where the computation of transient moments turns out to be especially tractable.
Since

Xi

X X,
47 —=—+t—/ dZ;
r r 04 F

we may without loss of generality assume that » = 1. Recall (23). Following the
ideas in the proof of Proposition 3.1 of [4], we first write fora >0 and b > 1,

t b t t b—1
Ee™ ¢t (/ e s ds) = bEe % / (/ e s ds) e e du
0 0 u

b—1
(48) =b /l Ee~Ui=Ju) (/l e~ Us=Ju) ds) e @D gy
0 u

t b t—u b—1
= b/ e Nitatbu po=aliu </ e s ds> .
0 0

Thus, if T ~ exp(@) for some 6 > 0 and is independent of Z, then since the con-
ditional distribution of 7 — u given T > u is the same as that of 7 (memoryless
property), it readily follows that

T b b T b—1
(49) Ee T </ e s ds) - Ee 9T </ e s ds) .
0 nja+b)+6 0
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For a = 0 we have that, since 71 A T ~ exp(A + 6) and fOT e_]SI{NS:o} ds =
fOT'AT e~ s ds,

T J b b T ; b—1
50 E/ s :d):—E</ 1 :d) .
(50) (0 e " 1in,=0yds B+ \Us e " Iin,=0yds

For a > 0 we have, from the fact that 71 A T is independent of 1;7,~ 7y, that
T b
Ee_ajTl{NT:()} (./() e_Jsl{NS:()} dS)

TWAT
(1)) = Ee~%/nnT 1{T1>T}(/ e s ds)
0

0 T\AT b
= —Ee @nar (/ e s ds)
A0 0

T b
Ee_aJTI{NT:()} </ e_Jsl{NS:()} ds)
0

T b
(52) = Ee_ajTl{NT:()}(/ e s ds)
0

b B T B b—1
= Ee™T L{ny=0 (/ e s ds) .
nja+b)+xr+6 0

Clearly, when b = 0 and a > 0 we have that

b

and thus

0

53 Ee—a]rl —g = e_(nj(a)‘f')»)T R
(53) (Nr=0} n;(@)+r+0

Now

T n
EXT = E<xe_JT1{NT=0} +f0 e v =0) ds)

(0N ko ki A
54) :;<k>x Ee™ Tl{NT:()}(/O e_sds>

T n
+E</(; e_l‘l{sto}ds> ,

and denoting [recall (43)]

69 m=n@+i=cit [ (1-0-0)@ =Y (} )00,

k=0
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it follows from (50), (52), (53) and (54), with some manipulations, that

i n! "xk]_[leui 1
EXr = ~(Z k! L1 +9 H{M,

i=1 Hi \j i=k+1 M
n
Mi
+ )
1;[1 Mi + 9)

(56)

where an empty product is defined to be 1. Finally, noting that EX7 =
fo 01 4E X} it follows that if {E;|i > 1} are i.i.d. random variables with dlS-
tribution exp(l) then E;/u; ~ exp(u;i). It is well known and easy to check that

L M ® ot = E;
57 :/ e "dP — <t|;
7) H;u—i—@ 0 Z -

i=k i—k Mi

hence, for 1 <k <n,

n

5o ] 1‘[ = [ e—efdp[f_<t<z ]

i=k+1 —p i T i=k+1 M — Hi

and thus we have the following somewhat curious result.

THEOREM 3. Let p;j(t) be the transition matrix function of a pure death
process D = {D;|t = 0} with death rates ju;, i > 1 (0 is absorbing). Then

|

n! " xR TTE
EX] = " (pno(t) + Z %Pnk(”
l 1 .

D():n:|,

(59)

n! D: X
= — E 1_[ :
[Tz mi i=1 !

where an empty product is 1.
In particular, when x = 0, then

n n!
EX; = nf_PnO(f)

i=1Mi
(60) —n'/ /exp( Zu,x,)dxl
Yo xist
X1,y Xy >0
=n!t" f /exp( tZ,u,x,)dx]---dxn.
l 1 X<l
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In fact, one may also give a finite simple algorithm with which to compute
E X/ For the sake of brevity we do it only for the case x = 0. This can be done
similarly to the Brownian motion in the proof of Theorem 1 on page 31 of [22] or,
equivalently, directly from (60) as follows. Set fo =0 and forrn >1and 0 < a; <
ap < ---<ay,let

Jolar,...;an) = | - exp(— aixi)dx1---dxn
[ ool 2

Yo xi<l
X15ee0s Xy >0
1= o xi
=//(f e_ulxldxl>
0
Z,r":zxifl
X2,..0,X,>0
(61)
n
X exp(— Zaixi) dxy - - - dx,
i=2
_ fami(az, . an) —em N fui(ar —ay, .. an —a1)
ap )
Alternatively, if we denote gg =1, and forn > 1 and by, ..., b, > 0,
(62) gl’l(bls ---,bn) = fl’l(blsbl +b2’ -~~’bl + +bn)
Then

_ guo1(bi+by, b3, ... by) —e Mgy (b2, b3, ..., by)
- b :

(63) gn(bla"'vbl’l)

From the above, it is also clear (see also [22], Theorem 1, page 31 for the case
of a Brownian motion) that, in fact,

EX} ="nlfuuit, ..., pnt)
(64)
=1"nlg,(u1t, (w2 — u)t, ..., (n — p—1)1)

is a linear combination of exponentials. An algorithm for computing the coeffi-
cients of this linear combination is equivalent to the above simple algorithm which
involves only a finite number of additions and multiplications.

We emphasize that the fact that Theorem 3 holds for all n > 1, and the algorithm
for the computation of moments, also valid for all n > 1, is special for the case
where Z is a nonzero subordinator. This is true since this is the only case where
nj(n) is finite, strictly positive for all n > 1 and strictly increasing.
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