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The focus of this article is on the different behavior of large deviations of
random subadditive functionals above the mean versus large deviations below
the mean in two random media models. We consider the point-to-point first
passage percolation time a; on 74 and a last passage percolation time Z;.
For these functionals, we have lim,_, oo an—” =v and lim;,— % = u. Typ-
ically, the large deviations for such functionals exhibits a strong asymmetry,
large deviations above the limiting value are radically different from large
deviations below this quantity. We develop robust techniques to quantify and
explain the differences.

1. Introduction. We introduce the models to be treated in this work which is
inspired by the results in [3, 5, 7, 9-11].

Model 1. The first model arises by analogy with the continuous time parabolic
Anderson model. Define, for x € Z%, |x|; = |x1| + |x2| + - - + |x4|, and consider
the graph G = (E, E) where

E={(x,n)€Z x Zy:|x|; +n=0mod2}

and E denotes the set of directed nearest neighbor edges from vertices (x, n) to
vertices of the form (x £e;,n+1),i =1,...,d,wheree; =(0,...,i,...,0)1s the
ith basis vector in R?. When d = 1, the edges connect vertices of the form (x, n) to
vertices of the form (x &= 1, n + 1). Notice that 0 = (0, 0) € E and the requirement
|x]1 +n =0 mod?2 implies there are n + 1 elements of the form (x, n) € E which
are accessible from 0 and 2(n + 1) upward directed edges from these points. As for
notation, we shall use x, y, z to denote elements of /i X, y, z to denote elements
of E and m, n, k, I to denote elements of Z . -

Set
(1) E, =8N (2 x {n})
and for A C 79, set
2) En(A)=EN(A x {n}).
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We will call sets of the form E,,(A) blocks. If I C Z, put
3) 21(A) = En(A).
nel

Define the set of nearest neighbor paths in G from x = (x, k) € E; to E, by
4 N ={y:[0,n—k]— E: sothat y(0)=x (andso y(n —k) € E,)}.

Since the edges in the graph G = (Z, E) are directed, the (d + 1)st coordinate
of y denoted y A+l will be increasing. We shall sometimes write y = (y, Zd+1)‘ If
e € E is an edge along Y, we shall write e € y. We also introduce, for m < n,

XEEy,

For A C 74, we set
(6) o= U 8

For simplicity, write 8, = Ng. Now consider an i.i.d. random field {X, :e € E} de-
fined on some probability space (2, ¥, P) with E[X,.] = 0. One choice of interest
for the distribution of X, is & (0, 1). We shall, however, at the very least always
impose the Cramér condition

@) E[e“%e] < 00 Ylc| < cq for some ¢ > 0.
We set
(8) Zy=sup »_X..

YERyecy

Again, simple subadditive considerations lead us to the conclusion that there is
a nonrandom constant y such that
Zy

Iim — = pu, P-as.
n—-oo n

We will investigate the asymptotic behavior (for small ¢ > 0) of the upper and
lower large deviation probabilities P(Z, > (u + ¢)n) and P(Z,, < (u —¢&)n) asn
tends to infinity.

Model 2. The second model is standard first passage percolation and our re-
sults are motivated by the work of Chow and Zhang [2]. In that work, first passage
percolation questions were considered. Here, we consider the graph G = (Z¢, E),
where E denotes the set of nearest neighbor edges in Z¢. When x and y are ad-
jacent edges in Z¢, we shall denote the corresponding edge by e = {x, y}. Here,
we consider the graph G = (Z?, E) where E denotes the set of nearest neighbor
edges in Z9.
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The set over which optimization will take place is the set, ®, of nearest neighbor
paths y in G having finite length denoted by I(y). Given A, B C Z~!,m <n
write

9) Omn(A, B)={y €©:y(0) € A x {m},y((y)) € B x {n}}.
For notational simplicity, we drop O in the case m = 0 writing
On(A, B) =00,x(A, B)
and further simplify in the case A =[—n, n]d_l, B =741 by writing
©, = 0, ([—n,n]""", 2771

for the paths which start in the box [—n, n]?~! x {0} and terminate at the hyper-
plane 74-1 x {n}. The random variable G, was defined in [2] as

10 G,= inf 31,
(10) n ylen@)ne;e

Similarly, if we again take nearest neighbor paths of finite length and define the
subset,

(11) v, =0,(0},{(#,0,...,00})

(12) ={ye0:y0)=0,yd(y)) =®,0,...,0)},
one sets

(13) ap =yien£n;te.

lim -2 = lim 2+ =v>0, P-as.

Under the condition that the 7, are bounded, it was shown in [8] that for some
positive A and B,
P(ay > (v+¢)n) < Ae—Bn?,

When the distribution of the 7, satisty F(0) < p., where p,. is the critical per-
colation probability, then v > 0. Under the assumption F'(0) < p., [2] showed that
for small ¢ > 0, there are positive constants c(¢), ¢’(¢) such that

|
lim —log P(G, < (v —é¢)n) =c(e),

n—oo p

—1
lim —log P(G, > (v+e)n) = c(e).
n

n—oo

(Note: Throughout this paper, we use log to denote the logarithm base 2.)
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The reasons for this quantitative disparity between upper and lower large de-
viation rates is that for G, to be small requires essentially one aberrant path y
along which }_,,, 7. is small, while for G, to be large requires all paths y to have
2ecy le large. See [4] for similar phenomenon. This raises the question of the cor-
responding behavior for P(%” <v—e¢)and P(‘;—” > v + &). As remarked in [2],
the condition E[e“"] < oo cannot ensure that (for d > 1)

— 1
nlgrgo 3 log P(a, > (v+¢)n) <O0.
One seeks natural conditions on the distribution of 7, so that

— 1
lim —
n—oo nd

log P(a, > (v +¢)n) <O0.

However, provided ¢ is small enough that P(f, > v 4+ ¢) > 0, by considering the

environment in which 7, > v + ¢ for all e € [—n, n]?.

1
lim — log P(a, > (v +&)n) > —c0
n—o00 nd

is readily seen to hold.
Using the subadditivity arguments of [1, 8] we have that [provided that P (¢, <
v—e¢)>0],
1
(14) —oo < lim —log P(a, < (v—¢)n) <0
n—o00 p

and [provided that P(X| > 4+ ¢) > 0]
o1
(15) —00 < nli)rglo - log P(Z, > (n+¢)n) <O0.

We first examine the influence of the tail of the distribution of the X, on the
large deviation behavior of Z,,.

THEOREM 1.1.  For Model 1, assume for some positive My < oo that there is
a positive increasing function f so that

log P(X, < x) = —(—x)H f(—x), x < —Mp.

Then for every sufficiently small ¢ > 0,

— 1
lim ——log P(Z, <(u—¢)n) <0

00 pd+1
if and only if
s 1
(16) > Ty <%

n=1
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We remark that an examination of the proof enables a weakening of the
monotonicity assumption on f. It could be replaced by a condition such as the
existence of finite constants My and ¢ such that for x < y < —Mjy, one has
cf(=x) > f(=y).

For Model 1, Theorem 1.1 implies that with {X.:e € E} i.i.d. ¥ (0, 1) random
variables, for some ¢ > 0

nlgrgo # log P(Z, < (n—€)n)=0
[and, in fact, for all € > O, M,Hoond% log P(Z, < (u — ¢)n) = 0]. However, we
will now refine this result, giving the precise large deviation behavior for {X,:e €
E}iid. M(0,1). In the Gaussian case, we have the following theorem.

THEOREM 1.2. For Model 1 with the {X.:e € E} i.id. N(0,1) and d =1,
for every sufficiently small ¢ > 0,

logn
n2

. logn . |
—o0 < lim —zlogP(Zns(,u—s)n)fnango og P(Z, < (u—e)n) <0.

n—oo N

If the above model is considered for d > 1 dimensions, then it can be seen that

the lower large deviation have a rate of n, that is, there is no log term. Theorem 1.1

generalizes in an obvious way to the analogous question for Model 2 with {#,: e €

E}i.i.d. with E the set of undirected nearest neighbor edges in Z¢. Though this is

a slightly different framework than the problem of Model 1, we see the following
theorem.

THEOREM 1.3. For Model 2, assume for some positive My < oo that there is
a positive increasing function f so that

log P(t, > x) = —xdf(x), x > M.

Then for every sufficiently small ¢ > 0,

— 1
lim —log P(ay, > (v+¢e)n) <0

n—00 pd
if and only if
ad 1
(17) > T <%

n=1

In this paper, we will be dealing with paths and the value of paths. The meaning
of these words or phrases will depend on the model discussed.

In Model 1, a path ¥y = (y, Y4+1) is a function from a finite interval, I, of
nonnegative integers to 2, so that for all n € I, Vari(n + 1) = yg+1(n) + 1 and
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ly(n+1) —ym)|1 = 1. If the interval is I = [n, n2], then the value of the path y
is
np—1
V(V) = Z X€[5
i=n
where the edge ¢; = (y (i), y(i + 1)). However, for simplicity, we shall use the
notation

V(V) = Z Xe.
ecy
A path for Model 2 is simply a function y on a finite interval of positive integers,
I,sothatforalln €I, |y(n) —y(m+1)|; =1 (where both terms are defined). The
value of y defined on I = [ny, ny] is

ny—1
V(V) = Z tel-

i=n

with the undirected edge ¢; = (y (i), y (i + 1)). Again, we simplify this by writing
Vy) = Z le.

ecy

In both cases, for a path y:[a,b] — 74, y(a) is the initial or starting value
and y (b) is the end value or endpoint.

Before embarking on the technical details, we make a basic remark on the idea
behind the proof of the theorems. From now on, the discussion will be for the case
d =1, but the results extend easily to higher dimensions. We will see in Section 2,
Proposition 2.1, that in the context of Model 1, under the assumption (7), for all
€ (0,1),if

(18)  Hspn={x € Esn)(—8n/4,8n/4):Fy e X5, V(y) = (u — &/10)(1 — 8)n}
and
(19) Gonn = {|Hon.n| = 15| Epsn) (—8n/4, 8n/4)|},

then for some ¢ > 0 and all n large enough

P(GS, ) <e <

én,n

. . e —en? . .
That is, outside an event of probability e~ ", starting from most points x €

Efsn)(—dn/4,6n/4) there are paths y to the hyperplane E, along which V(y)
is approximating the supremum of the sum of X, over paths of this length. This
gives control on the contribution far from the starting point. Define

Jo.sn = {x € Efsn)(—8n/4,8n/4): 3y € Rsn),

(20)
y(@n)=x,V(y) = —en/10}.
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If we can show, again under condition (7), that for
(21) Ko.n = {140,601 = 15|Bsn1(—8n/4, 8n/4)[}
one has

P(K§5) <™,

then we would know that with probability at least 1 — 2¢="" there would be a point
x € Bsn)(—dn/4,n/4), a path Y, € Ran with y,6n)=x,a path v, € Ry such
that both V(y;) > —en/10 and V(yz) >(1-— 5)(/1, — ¢/10)n. This glves control
on the contribution near the starting point. Concatenating y | and y. 5 gives a path

y €8, for which (if & > 104%) we have V(y) > (1 — &)n. Since Z, > V(y), it

would follow that for some ¢ not depending on n (for n sufficiently large)
(22) P(Zy < (n—e)n) <27

The moral is that the most likely way for % to be small is for there to be “unavoid-
ably” many large negative X,’s around the point (0, 0). In the Gaussian case, the
probability in (22) is larger due to the fatter tails of the X.. The ideas for Model 2
are similar and are outlined in Section 5.

We end the Introduction by remarking that our arguments are sufficiently robust
to extend to site percolation problems which are natural analogues.

2. Analysis far from the starting point. In this section, we will concretely
discuss Model 1, but similar considerations apply to Model 2. Any differences will
be written explicitly in the following. Our principal results will state that essen-

tially (outside probability e_c”z) it is impossible to ensure that the functional Z,
is small via aberrant values of X, for e of order n away from the point (0, 0).
Thus, small values of Z, must arise from large negative deviations of the field
{X.:e € E} for e comparatively close to the initial point. The points close to the
initial point are “unavoidable” for paths whereas there are ample points far from
the starting point which allow paths to avoid patches of large negative deviations
of the X,.

Recall E, from (2) and the definitions of Hsy n, Gsnon, Josn and Ko s,
from (18)—(20) and (21), respectively, of the previous section. We state and prove
the following results in the case d = 1, but suitably stated analogs hold in all
dimensions.

PROPOSITION 2.1. Under (7), given any sufficiently small positive ¢ and any
8 € (0, 1), there is an ny and a constant ¢ = c(¢g, ) > 0 so that for all n > ng one
has

P(G§,,) <e .
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REMARK. For general dimension d, with the analogously defined events, we

will have the bound P (G, ,) <e ",
The crucial part is a renormalization argument which follows using the reason-
ing of [1], Lemma 2.4.

DEFINITION 2.1. For a path y € 8, , and a subset A C 74, wesay y C A, if
yk)e A, k=0,1,...,n —m. The set of such paths will be denoted by R, ,(A).
Similarly, if x € A x m, then Ry (A) denotes the set of paths y € Ry for which
yk)e A,k=0,1,...,n—m. N

LEMMA 2.1. Givene >0andl € Z4 let
Ai(e) = {¥x € Eo([0, 1)), Fy € R ([0,1)), V(y) = (n — &)1}
There is a ¢ > 0 such that given any ¢ > 0, there is an ly such that for | > |y,
P(Ai(e))=1—ce.

PROOF. For any ¢ > 0, there exists [y so that for I’ > [ (for notational conve-
nience, we will suppose that [’ and [’ /¢ are even integers)

I 83 2
P(EIZG Ny, V(y) > (u — 5)1/) >1— (ﬁ) .

From the FKG inequality applied to the decreasing events

A= {EZE Ny, )/(l,) € Z+, V(iy) = <pl, — %)l,}’

A= {EZE R,y €Z_,V(y) > <M — %)l’],

we have

83 2
) >piana
(100) z P(AiN42)

> P(A1)P(Ay)
= P(A))?

and consequently,

3

&
(23) P(A = P(A9) =1 = 1.

Notice that the y under consideration in either A{ or A§ must satisfy y C [—I’,1']
since such a y starts at 0 and has only /' steps of size 1. We now concatenate paths.
First find, with high probability, a path v, € Ry for which V(y1) > (u — I’
by selecting a path as prescribed in A{. This path satisfies both y; C [—/",!’] and
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y1(") = 0. Treat (y; ('), [’ as the new origin, and continue by selecting a path y. 5 €

l4

Rgl‘,(l ) in an appropriately shifted version of AS. By stationarity of the medium, the
shifted versions of A{ and A$ also satisfy (23). Note this path stays in [—21’, 2/']
and has y»(I") € [-I',y1(I)] C [=I',I'] and V(y2) > (u — 5)I'. Repeating this
procedure % times of going back and forth to stay in [—2/’, 2/’] and concatenating
the resulting paths gives a path y € Ry ([—20, 2']) with V(y) = (un — %)271/
By (23), we have VI’ > [,

P(3y e Nanye=2200, Vo) = (10— 5) 2 ) 21 - -

= - 2) ¢ )~ 50

This by translation invariance {X,:e € E}, yields that with probability at least
1 — &, for all of the (no more than) g points

-5
U U

y € EZZ/<|:—— +1U,—— li| N Z/)
- & &

with y = (y, 2I'), there is a path v, € R(X(ZZ/)/E)H,/([Y —2I', y + 21']) with:

i) lyy() — yl <20, Vi € [0, 2],
(i) V() = (u—5HZ,

Now given any x € Eo([—lg—/ -, i—/ +1']) there exists

U I
y € Ez[/<|:—— +1,—— l/] N Zl/>
- & &

with |y — x| < 2I'. For each such x, pick (arbitrarily) a nonrandom path y )1( €
N%l/([—le—/ -, lg—/ +1']) with ! (2I) = y. For these x, denote the concatenation of
Z;lc and 7, by v, We then have

e\ 2l
€
where Z = min, V(yxl) and each path satisfies v, C [—lg—/ -, 18—/ +1N. It Z>-U,
then

/

o
VO = (= G+ De) (S +2).

But by standard estimates for sums of i.i.d. random variables possessing exponen-
tial moments, for some ¢ > 0,

I
P(Z>-1I)>1—4—e°,
£
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Thus,

2 / € ! —cl’
P(V(Vx)Z(M—(M+l)8)(—+2l))21___4_8 ‘
& 10 €

Now shift the interval [—£ — 7', L 41" to the right by L +1" and set / = (L + 1)2//,
relabel (i 4 1)e as € and the result holds by increasing [y if necessary. [

We need a (crude) bound on the lower tail of the distribution of the random
variable

min max V(y) =Y.
x€Eo([0,1D) y eny([0.1))

The following will suffice

LEMMA 2.2. There exists ¢ > 0 and ro < oo such that for all | > [

P, < —rl) <le~c"! forall r > ry.

PROOF. For each x € E¢([0,/)) and an arbitrary path v, € Nf([O, [)), one
simply considers the random variable
We= > X,.
Ee]/i
Recall that E[X,.] =0 and so E[W,] =0 as well. By assumption (7), there exists
a small positive ¢’ < cg so that if e = E[e¢*¢], then for r > r,
P(Wy < —rl) = P(—c'Wy > 'rl)

< e—c’rlE[e—c/Wi]

’ ’
— e—C rlE[e_C Xe]l

< ef(c/fa/ro)rl.

Taking ¢’ small and then r large, we find there is a ¢ > 0 such that

P(Wy <—rl) < el r > r.
Since
Wy < max V(y),
y N7 ([0.1))
one sees

P( max V(y) < —rl) <le~crl
yex;([0.0))

from which the result follows. [

In the next proof, we need the following definition.
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DEFRINITION 2.2. Given!l € Z4 and (i,r) € {0,1,...,n/l — 1} x {0, 1, ...,
n/l — 1} say a block E,;([li,I(i + 1))) is good if for all x € E,;([li,I({i + 1)))
there exists a path V. € N)(irﬂ)l([li, [(i +1))) such that V(yx) > (1 — &)l.

PROOF OF PROPOSITION 2.1. We continue to give proofs in the case d = 1.
The idea of the proof is to use Lemma 2.1 to show there are on the order of n
channels of width [ starting at Es,, and ending at E,. There is a high probability
that each channel contains a path with value near (1 — &)n. Then we exploit the
independence of the field in these channels.

Given ¢ € (0, u), by Lemma 2.1 we can fix [ so large that P(A;(¢)) > 1 — ce.
Suppose also that § € (0, 1) is given. Without loss of generality, we take n and
(1 — &)n to be multiples of 2/.

Denote the set of good blocks by § and notice that by our choice of /, the
random variables 1¢(&,;([/i,1(i + 1))) are i.i.d. Bernoulli random variables with
parameter not less than 1 — ce. We partition

R

Esn((—dn/4, 6n/4)) = | Epsn)(Cr)
k=1

into R = ‘32—’; — 1 disjoint blocks with Cy,k =1,2,..., R, of side length [ (plus
a “remainder” interval) as well as
((1=8)n)/1

Esn,n](Cr) = U Ersnt+i—i,sn+j1)(Cr)
=1

into @ disjoint blocks of side length /. Abbreviate the notation by writing
Rk, j = Esn+(i—1i.6n+j1) (Ck)-
Fix k and let Yy ; be defined by

24) Yij= min max  V(y).

XE€Esn (-1 (Ch) y ery, |/ (Cr)
The Yy ; are i.i.d. with lower tail behavior governed by Lemma 2.2. For ¢ a small
constant, set
(1-=9%)n
A(cr,n, L k)=43JCq1,2,...,———, | J| < —,
(25)

&
ZYk,jg—l—O(l—(S)n}.

jeJ

LEMMA 2.3.  There exists ¢ > 0 so that for ¢; small and n, [ sufficiently large,
for any k one has

P(A(cy,n,l,k)) < e ¢ el=dn,



LARGE DEVIATION REGIMES 837

PROOF. The statement holds for any k once it holds for one value of k by
the translation invariance of the model. Note that by large deviation estimates for
binomial random variables,

cin/l n
Z ((1 —8)7) < e~ (U=DI(c1/(1=6)w/D),
Jj=0 J

where 1(0) = —01n6 — (1 — 6)In(1 — 6). This bounds the number of subsets J
under consideration.

Let J be a subset as described in (25). Using Lemma 2.2 and the constants ¢
and rg there and Chebyshev bounds, for ¢ > ¢’ > 0 not depending on ¢, [ or n, we
have

&
P Yy i<——({1 -6
(Z ki="1p¢ )”)
jeJ

Se—(c/s/IO)(l—S)n(E[e—c/Y])lJ\

= ¢~ N0 (gl y > _poi] 4+ E[e™Y; ¥ < —roi])!

/ o e (cim)/1
26) < (e 10)(1=8)n (ec ol _// Py < —rl)dr>
C ro
(cin)/1
< o~ (@e/10)1-0)n (ec’rol n i,/ooe—(c—c/)rl dr) ]
C Jry

/ / 12 / (C]n)/l
Sef(c e/10)(1-8)n (ec rol + e*(C*C )"01)
(c—1c)

< ¢~ (ce/200(1=8)n if ¢q is small enough.

Thus, P(A(cy,n, 1, k)) < e~ /1=0)U/D+ce/2000=0)n - Again. by taking I to be
large, we obtain the desired bound. [J

Now returning to the proof of Proposition 2.1 consider, with fixed &,

(1-8)n/1
Vi= Y 1g(Bsnsi—11(Cr)).
j=1
We have by Lemma 2.3 that Vj is stochastically larger than a binomial random
variable with parameters @ and 1 — ce. On the event

Fi = {Vk > ((1 ;5) - cl—1>n} N Aer.n, 1, k)°

for each point x € E[s,](Ck), there exists a path Y. € N7 (Cx) which is constructed

by concatenating paths with values exceeding (1 — £/100)/ through the good



838 M. CRANSTON, D. GAUTHIER AND T. S. MOUNTFORD

blocks Ry, ;. When first encountering a bad block, select a path from the end point
of the path through the good block with a value which beats the minimax at (24) in
that block and continue in this way through, however, many bad blocks it takes un-
til connecting to another good block. Upon arriving in a good block, we know we
can start from any point and find a path with value exceeding (1 — ¢/100)/ through
that block. This gives a connected path. Since we are on the event A(cy, 1, [, k)€,
we find that the value of such a concatenated path satisfies

Vi) = Vkl(M - ﬁ) -9

<(1_5)<“_ﬁ> <“_1%>_8(1188))"

>(u—¢e/50 —6)n for ¢1 small enough.

Let the event
Dy = {¥x € Efsn)(Ci), By, €X(Cr), Vv = (n—e/5)(1 = Sn.
We have just shown that
Fy C Dy.

Thus, using elementary bounds for the binomial random variables Vi and
Lemma 2.3, it follows that

P(Dy) > 1 — e 2",

Therefore, with R = 21 and using the independence of the Dy, with a new value
of c we get

R
(Z . _) K(e—cen/Z)R/IO
Pe=10

— 1 _ e—Cé‘nz

But the discussion above shows that {Zle 1 JTans %} is a subset of
{{x € Esn((—n/4,8n/4)): HZX € N,

Vy) = (u—e/5)(1 — &)n}| = 15(n/2)}

and Proposition 2.1 is proven. [

We now state the variant of Proposition 2.1 for Model 2. The proof is much
the same and so is not given. Here is a rough outline in the case d = 2. Outside
a set of probability less than e™", order of n width / channels are proven to exist
in which there are paths with values on the order of order vn. These channels
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are disjoint and run from [—8n, 8n]?~! x {8n} to [—8n, 8n)?~! x {(1 — &)n}. By
independence, the probability that none of these channels contains a path with
value near vz is on the order of e=<"". Recall the definition of Om.n(A, B) at (9).
We now introduce the idea of channels in this context. Set, for / a fixed but large
integer, Ay = [—n + kI, —8n + (k+ DI,k =0,1,2,..., %" Taking d = 1 and
B = Ay, we define the kth channel as

O, ={r € ©:y(0) € A x {8n}, y (()) € Ay x {(1 — &)n},
y()€eAxZ,j=0,1,....1(y)}.
We then stipulate that a channel Ay, is good provided
V(x,y) € ([—8n + ki, —8n + (k + 1)I] x {3n})
X ([—=8n + ki, —én + (k+ DI x {(1 — 8)n}),
Iy € 6§,
such that y(0) =x, y((y)) =yand V(y) < (v +¢/5)(1 —28)n

and set

e . 9 26n
Gsnn = {I{k:Ak is good}| > I_OT}

The appropriate analog of Proposition 2.1 is the following.

PROPOSITION 2.2. Consider Model 2. There is an ly such that for | > ly, one
has for each sufficiently small ¢ > 0 and & > 0 there is a positive c(e, §) such that

P(G(Sn,n) >1-— 6_0(8,5);12‘

REMARK. For general dimensions d > 2 with events analogously defined the
bound will be 1 — ¢=¢(:5)n"

3. Near the starting point: Gaussian case. In this section, we prove Theo-
rem 1.2. To simplify the exposition, we consider n of the form 2V. The conclu-
sions we arrive at will easily be seen to hold for arbitrary large n. We first consider
a lower bound for

P(Zyn < (u—e)2M).

Then we show it is of the correct logarithmic order by considering the upper bound.
Recall the notation x = (x,m) € &,, where x e Zand m € Z*. For k=0,1, ...,
define

Ti={e€E:e=((x,m), (x £1,m+ 1)), |x| <m,m e 25 2F)}.
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Notice that |Ty| < 2%**!. In higher dimensions, we have |T}| < 2d (228! 4 1)92%,
[In order to accomodate the origin (0, 0), we include the edges from this point
in 7p.] In the following, things are described for 7 with k > 0; we rely on the
reader to make the necessary adjustments to include Tj in the arguments. Fix
M > 0 and set

v M2N*k
27) AN = Ve e Ty, X, < — .

This event would cause a lower deviation in the value of Z,. Using the fact that
the random variables { X, : e € T} arei.i.d. N (0, 1), the following results are easily

seen to hold.

LEMMA 3.1. For A,]cv as above with {X,:e € Ty} i.id. N (0, 1), there exists a
positive constant ¢ so that for all N, M and k < %,

P(AY) = =M PN,

PROOF. This is a simple combination of the fact that {X,:e € T;} are i.i.d.
N (0, 1) and that there are no more than 22k+D points in Ty with k < % O

Since the events {A,’CV 0<k< %} are independent, it immediately follows that

COROLLARY 3.1. For A,lcv as above, there exists a positive constant ¢ so that
N/2 292N
N —cM?2?N /N
P(ﬂ Ay ) >e /N,
k=0

Finally, we have:

LEMMA 3.2. If

—oN/2+1 oN/2+1
By,={YyeNphi ik LV < u+e)2V),
then
. N _
ngnoo P(BN/Z) =1 a.s.

PROOF. By (15), it follows that for any x € E,n/2+1 ([=2N/2+1 aN/241) for
some ¢ > 0,

P( sup V() > (u+ 8)2N) < e

Y EN;—N
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Since there are at most 2V/2%2 4 [ points in B, /241 ([—2V/2+1, 2N/2+1]) the re-
sult follows. [

Putting these together, we can obtain the following proposition.
PROPOSITION 3.1. Given € > 0, there is a c(¢) > 0 so that for all N large,
P(Zyw < (n—e)2N) > 1/2e <2V /IN

PROOF. By the independence of the field {X,:e € E}, the events ﬂ,iv:/

and BI{\,’ Jp are independent. Thus, by Lemmas 3.1 and 3.2, for N large

2 4N
0 Ak

N/2
P4 ) = g
k=0

Now on the event ﬂflv:/ (2) ANNn B% /20 noting that any path y € R,v will take 2k
steps in Ty, if M > 4¢

N2 s N—k
Vi) <> - 2X+ (u+ )2V
k=0 N

M2V N
(28) <——5+w+e)2

<(n—e2".
Thus, we have the result with ¢(g) = 16¢e2. O

Immediately, we get the first inequality in Theorem 1.2, namely, for all ¢ > 0,

logn
2

lim log P(Z, < (1 —&)n) > —o0.
n—oo N
n2
logn

It remains to show that
showing

does indeed give the correct (logarithmic) rate by

— logn
lim 3 log P(Z, < (n—¢)n) <O0.

n—oo

When analyzing li_mn_)ool(;% log P(Z, < (u — e)n) < 0, we could simply con-

sider the event where all values of {X,:e € T;},0 <k < % were large negative

values. However, for the case of mn%oljl%” log P(Z, < (u —&)n) <0, we will

need to consider events on which the sums of the negative parts of the X, for
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e € Ty take on large values and also incorporate the information from Proposi-
tion 2.1. Since the difficulties arise from negative values of X, we are naturally led
to consider, for 0 < k < N + log§, the (independent) random variables

(29) Vi =) X,
ecTy

where X, = X — X . These will control the negative values of the field near the
starting point. We first address bounds on V.

LEMMA 3.3. Given § > 0 a negative power of 2, integers k and N with 0 <

k <N +1logé and c > 2k=N+3 yve have with co=1-— %,
2~2N
— 2
P * V= 2y fexp{%}.

PROOF. For the first inequality, we observe that X, < |X,|. Thus, for any
A >0,

PRV =2y < e L
_ e—kaNE[e)LZ*"X;]lTkl

_3 N —k T
<e A2 E[e“ |Xe|]| kl

T;
(30) = e (em")z/?ﬁ [Tt dx)l '
T JO
T;
S e—)\,6‘2N (e()tz—k)Z/z\/z/‘oo e_xz/z dx)l kl
T J-a2-k

_ N —ky2 T
<e rc2 (2e(A2 )/z)l kl
< o he2 4220+ 10924222 '

Since this holds for all A > 0, we are free to select A = 2V 2. Recalling that
¢ > 2k=N+3 (30) becomes

P(Z_k Vk_ Z c2N) S e_(CZZZN)/4+22(k+1) 10g2+(C222N)/8
(31) _ 622N_02/8+22<k_N+1) ]0g2

< o~ (coc®/16)22N 0

LEMMA 3.4. There is a ¢ > 0 such that given ¢ > 0 and § > 0 for which
278 < &, we have for all N sufficiently large,

N-+logé
P< Y 27ty > 82N> < ()N
k=0
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PROOF. The strategy of the proof is to handle the disorder which can
occur subject to the condition ZN+log52 kaf > ¢2V. Denote Z = (Z, U

{oo))N+logd+1 " where again (and throughout the rest of the paper), we as-
sume without losing generality that logé§ is an integer. For v € Z, with v =

(vo, V1, ..., UN+logs), set
J(W)={ke{0,1,2,..., N +logd}:27% > 2k=N+3},
Now put
— . —Vk 38
- {v.kg(:v)Z > 2 }
and for v € 'V, define the event

Bvy= () 27* v =2V

ked(v)
Our goal is to estimate the probability of A = {ZNHOg‘S —k Vi = €2V} by show-
ing
Ac | Bw
veB

for B a suitable subset of V. Now write
I()={ke(0,1,2,...,N +1logs}: 27"V > 2k+3}.

Our assumption 278 < ¢ implies that

N+logé N+logé
Z ka < Z 2k+3
k¢ (w),k=0
< pN+4+logs
32 B
( ) — 52N+4
< £2N,
— 4
by our choice of 8. Thus, if w € A,
3
> 2ty =t

kel (w)

Given w € A, we now produce a v for which w € B(v). For k € I (w), and
27k Ve < 2N select v € 7., satisfying

oN=wetl 5 p7ky = > N =u
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When k € I (w) and 2% Vi = 2N take vy = 0. For k ¢ I (w), select vx = oco. This
gives a v € 'V for which

(33) > 3

kel (w) -~ 8
since if 2% Vi = 2N for some k' € I (w), then
32U =2 =1,
kel (w)
while if 27K Vi < 2N for all k € I (w), then
3¢
2% > N1 P VA g
Z - Z k = )
kel(w) kel(w)
Thus, @ € B(v). Denote the set of vectors v € 'V such that either 2% > 2k—N+3
or v = oo by B. We note that |B| < NY . Then by (32),

(34) Ac | Bw).

veB
Moreover, by Lemma 3.3,

22N
P(B(v)) <exp _Q > 22
16
el(v)
022N 2
<expy— Z 27 (by Cauchy—Schwarz)
16N\,
el(v)
(35) ) s
co2?N (38) }
= expy— ry
16N \ 8
ce202N }
=expy— ,
Pl
for ¢ > 0 not depending on n. To end the proof, by (34) and (35), we have

N B C8222N
P(A) < N" exp s

which gives the claim on adjusting the value of c. [

Thus, in order to prove Theorem 1.2, it will suffice to show that given ¢ > 0 and
a constant 1 to be named later, there is a ¢c; = ¢(, €) such that

N+logs
(36) P({ZzN <(u—2e2"1n { D ngzN}> < ome?V/N.
k=0
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In fact, given Lemma 3.4, this will follow from the stronger inequality

N-+logé
(37) P({ZZN <(n—-e2M1n { 3 27fys <pe2V }) <o
k=0

for some strictly positive c. We pick a random path y* € Rk okt With

o ess([.2)

okt ] ' ok _2k—|—1 2k+1
P =2 =y e g ([ 5 )

as follows:

1. Independently of the field {X.:e € E}, pick the initial site Zk (0) uniformly
in Ex (=2, 2.

2. Independently of the field {X, : e € E}, and the initial point, pick the terminal
site yk(2k) uniformly in Eok+ ([%k“, %]).

3. Given y (1) kG +1) is deterministically fixed to be the nearest neighbor

closestto y (2") If there are two equal closest next moves, it moves to the left. We
shall denote probabilities and expectations with respect to this random selection
procedure by P and E.
The proof of the following lemma is left to the reader.
LEMMA 3.5. There is a positive c so that for all k and for every edge e € Ty,
13(6 € Zk) < 27k,

COROLLARY 3.2. There is a positive c so that for k a strictly positive integer
and yk, as above, we have

k
(ZX > 1002 Vk) 05+

EEZ

PROOF. We have

E|:Z Xe_i|= ZIS(eeZk)Xe_

eezk eeTy

<27k Z X,, by Lemma 3.5

ecTy
_ ky—
=27V,

so the result is simply the Markov inequality. [J
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The following is also a consequence of Markov’s inequality and is left for the
reader to prove.

ko ok
COROLLARY 3.3. Forx e Ezk([%, ZT])’ let I'(x) represent the points y in
[_2k+l 2k+l

1) such that there exists a path from x to y, y _, for which

Dzk—H( s 4 X Yy y

Zeey X, < 10027k V, . For % of the points x € Ezk([_TZk, 51, the cardinal-
2k+l 2k+l

ity ofF(x) is at least - To that of Bk ([=5—, =1 D). Equallyfor 10 of the points
pAS u2k+1([ :H, 2t =10, the cardinality ofthe set {x € uzk([ ) 4 D:yelx)}
is at least < To that of Epr ([ =2 %]).

Assume without loss of generality that 100c > 1 and select n = Wloc and prove
by induction.

COROLLARY 3.4. Forallk=0,1,2,..., N +log$ there is a path, Zy,fromQ

2k+l 2k+l

to 10 of the points y € Eqii1([— =—1), such that

Y X, < 100c22 Vi

<Yy

N +log 8

In particular, on the event {}_; 2= ka_ < ne2lV}, for % of the points, y €

52

Eson ([— 4 ]), there is apath ZX € Ngon such that

(38) Vi = -52".

PROOF. By induction, it is plainly true for k = 0 as we simply consider a
single random variable. Now given that it is true for kK we have by Corollary 3.3

[ 2k+2 2k+2

that for - T of y € Eqrra( =;-1), there is a path from x to y, Y., S0 that

k+1 k+1
for - 1o of the x € u2k+1([ z. 2 =11, we have

Z X, <1002~ %Dy~

€Y,y

But as ]0 + ]0 > 1, it must be the case that for such a y there exists such an x also
with the property that there exists a Y, from 0 to x such that

Y X, < 1ooc22 V.

eey,
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The path y y obtained by the concatenation of v, and Y, gives a path from 0 to y
with the desired properties. [J - o

PROOF OF THEOREM 1.2. Define

F . 9 2Ns s v e B <[ 2N§ 2N5D
= {for — —— sites = - — ),
N8 10 4 LE=\[TT

)
Yy engy, Y X, < (u— 5>2N}.

ecy
By the construction of the path in Corollary 3.4,

N+logé

{(Zow < (n—e)2V}N { > 27y < n82N} C Fy.s.
k=0

But by Proposition 2.1, for § sufficiently small and ¢ <« 1,
P(Fys) <e %"
Thus, by Lemma 3.4,

P(Zyv < (u—e)2") < P<U B(v)) + P(Fy.s)

(39)
< e*CZZN/N +67c/22N. 0

4. Near the starting point: sub-Gaussian case. We continue to consider the
oriented percolation model on E where the directed edges go from a site (x, n)
to the sites (x £ 1,n 4 1), in d = 1. The development in higher dimensions is
analogous. Recall the {X,:e € E} are i.i.d. of mean 0 and so interpreted as pas-
sage times, are not necessarily positive. Also, recall that X, denotes the negative
part of X.. We assume that there exists a positive constant My and a increasing
function f so that

40) P(Xe<-x)=PX; >x)=e "/ forx> Moy, f(Mp)>O0.
We now prove Theorem 1.1, that is, for all &€ > 0, there exists a positive constant

C = C(¢) such that

— 1
lim —logP(sup Viy) < (u-— 8)n> <-C

n—oo n2 }/ERH
if and only if
1
(@) > s <

k=1
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We prove the result for n of the form 2V, but it will be clear from the proof that
the approach extends to general n. In evaluating the justness of the assumptions
on the distribution of the X,, it is worth remarking that the work of the preceding
section can be adapted to show that if the distribution of the X, satisfies

log P(X
liminf—fo) < 00,
X—> 00 X

then the limsup of Theorem 1.1 will equal 0.
Recall that for k£ > 1, ..., Ty denotes the set of edges e from sites (x, m) with
|x| <251 and 2F < m < 25!, We abbreviate the notation by writing

Ry = B ([—2F, 25D).

Let 6 > 0 and assume that log  is an integer and that N 4 logé >> 0. Recalling the
definition of V,~ from (29), define the events, for k =1,..., N +log$,

(42) Br(v) =27V e 2V, 2V vEhy)

and, for an N-tuple v = (v, ..., vy) of nonnegative integers or infinity, the event
N+logé

(43) AW)= () Br(wo.
k=1

More generally, given I C {1,2,..., N +logé} and v= (v, ..., UN+logs), Set
(44) AT(v) = (") Be(wp).

kel
Let M be large enough so that M > My, with My appearing in (40). For each
edge e, let

-M _ -
Xe _Xe 1{X;>M}‘

As is the case for X, we also have P(X;’M >x) < e‘xzf(x) for x > M. In order
to prove Theorem 1.1, we use

PROPOSITION 4.1. Under assumptions (40) and (41), for € > 0, there is an
g1 =¢€1(e) > 0 and a § (of the form 27") for integer 1, so that

[e.e]
MEREEE
k=—1logd 8
N+logd < ~N+logd H—
and so that, for Iniiogs = {V = (V1,..., UN1logs) € Zy Doy 27U >
&1}

1. P(UVEINJrIogS Av)) < =2 for some C = C (&) not depending on N,
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2. forv ¢ Inii0gs, on the event A(V) for % of the points x in the middle quarter of

Ryn+iogs, there is at least one path ZS from (0,0) to x so that V (y5) > —%21\’ .

We record the next result which is an immediate consequence of the hypothe-
sis (40).

LEMMA 4.1. For M > My, let Y be a random variable with a N (0, —f(h,,))

distribution and set YM = Y1y=my. Then X;*M is stochastically less than YM,
that is, to say

PX,M>x)<P¥">x) VvxeR
Building on Lemma 4.1, we have the following lemma.

LEMMA 4.2.  There exists universal positive C so that for any integer v with
2N—k—v—2 =M > 1\/107

(45) P(By(v)) < =X 70D,

PROOF. Since M =2N~"v=k=2 and |T| < 2%+1,

DoXo = XM= X ey

ecTy eeTy ecTy

(46) < 22k+1M
— 2N—U+k—1‘

Therefore, as ZeeTk X, > QN—v+k on B (v), we have

Bk(v) C {Z Xe—,M ZzN—U-Fk—l}‘

ecTy

On the other hand, for e € T, let {Y.:e € E} be i.i.d. N(0,1/f(M)) random
variables and YeM = Y.ly,~m). We have for 6 = Mf(M),

00 2
E[" 1= P(Y, < M)+ ,/% /M exp{ey - %}dy

00 2 2

— P(Y, < M)+ M/ exp{ 0 _[y_ 0 }f(M)}dy
21 M
1 92

2f(M) famyl 2

= P(Y, §M)+—exp{

2 2f(M)}'
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AsPY,<M) <1< %e, we have

M 62
E[’7 < eXp{Zf(M) }

for 62 = M? f2(M) > 2f (M), which holds for M large. Thus, by Lemma 4.1 and
the Chebyshev inequality,

P(Bi(v)) < P(Z XM > 2N—v+k—‘>

ecTy
5 exp{_gzN—U'i‘k—l}(E[eGX;’M])|Tk|
S exp{_ezN—U-f'k—l}(E[eQYgM])|Tk|

E exp{_ezN—U+k—l}(E[eQYeM])22k+l

2
< exp 0" okt _ 92N—v+k—1}

2f(M)
— exp{f(M)22(va)74 _ f(M)22(N*U)*3}

1
< exp| 1 0220
16
and the lemma is proved with C = 1—16. U
We now prove claim 1 of Proposition 4.1.

PROOF OF PROPOSITION 4.1.  'We must show

N+logé oy
P( U N Bk<vk>>5e—cz

VElNtiogs k=1

For v=(vi,..., UN+logs) € IN+logs, We say

wisbad,  ifve> 2% 2
or equivalently we say that

v 1S good, ikafN_k—Z

Let G ={ki,...,kj}, j < N +logé, be the indices corresponding to good vy’s and
B ={kji1,...,knyiogs} be the indices corresponding to bad ones. Define now the
event

J
AS(w) = B, (i)

i=I
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and note that there are at most 2V+1°¢% possible choices of G and that for a given

choice of ki, ..., k;, there are at most % possible choices for each of the good
vg;’s. Hence, if it is proven that (for some C not depending on the particular v)

P(AS(v)) <e 2",

then it follows that for N large enough,

P U am)=2¥(Y) e

V) = (3) e
VEIN+Iog8

47

(2N . .
<e c2 with a new choice of C.

Notice that Lemma 4.2 applies for v = vy good provided % > 4Mj. Thus, using
the assumption that f is nondecreasing, we have

J
P(AY(v)) =[] P(Bk, (i)
i=1

(48) .
J
S eXp _C22N 22*21)]% f(2N*Ukl. kiZ)}‘
i=1
Notice that 27 % < 42~ WN=k)/2 forj e B={j +1,..., N 4+ log$}, so their con-
tribution is
N+logé N+logé
43 2% <4 Y 27Nk
i=j+1 i=j+1
N-+logé
<4 Z 2—(N—=k)/2
k=1
N—1

<4 > 27k

k=log(1/8)

o0

<4 > 27k
k=log(1/$5)

< 8—1-

2

Then as Z,](V:Jrll()ga 27V > gq,

J &1
49 » 27 > —
(49) 23

i=l
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We use this to show that under the condition ) ;5 27% > & there is a positive C
such that

Z 2—2ka(2N—vk—k—2) > Z 2—2ka(2(N—k)/2)

keG keG
> C.

From the Cauchy—Schwarz inequality together with hypothesis (49),
e} _ Tkeg2 2 F QNP2

OV AT @R = Y @R
that is,

2
o1 T = DT

Since f is nondecreasing,
0< Y 1/f2N-072)
keG
N+logé

< Y 1/fWN2
k=1

N—1

= 2 uret
k=—1logd
(52)

<> 1/f @
k=2

o0
<23y 1/f@2hH
k=1
< 00.
So, by (51) and (52), we have

o 2 (N—k)/2 8%
2720 £(2IN-R)/2) >
,; ( ) 43 ke 1/f2INR/)

> 0.

This proves part one of Proposition 4.1. [

REMARK. For the higher dimensional cases, the major difference in proof is
that we must use Holder’s inequality rather than the Cauchy—Schwarz.
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We now turn to the proof of claim 2 of Proposition 4.1. This involves a contin-
uation of the ideas of Lemma 3.3.

PROOF. Suppose that A(v) occurs for some v = (v, ..., UNtlogs) & IN+logs

which means that Z,?’:lloga 27% < g1.Fork e {1,..., N +1ogé} denote the mid-

dle quarter of R,«+1 by
< 2k ok
Rok+1 = Bkt ([—7, ?i|)

Let y be a path chosen on the set of paths from Rok to Rys1 as follows. First,
we uniformly choose a point S; in Iézk and, independently, a point A; in ﬁ2k+1.
Given §; and A, we then fix y deterministically as with Lemma 3.3. Denote the
probability involved in this selection procedure by P andlet P = P ® P denote
the product measure of P and P. Since V(y)™ < }_,c, X, it follows that

e

E[lV(y)” |AW] < E[Z X; leey) | A(v)}

ecTy

=Y E[X, |AW]P(e€y).

ecTy

Furthermore, f’(e € Z) < ¢27% for some universal ¢, since Yy was chosen just as in
Lemma 3.3 and, on A(v) [recall A(Vv) C By (vg)]

Z Xe <2N—Uk+k+1

ecTy

‘We thus have
ElV(y)” |A(W)] < 2N 7wt

and the Markov inequality gives

P(V(y)™ = 1002V %+ | A(v) E[V(y)” | A(W)]

) < ;
- 1002N—vk+1
1
<

~ 100

In other words,

P(V(y)™ =100c2V "+ | A(W)) = E[E[1y()=_1008-u-+1y | S | AW)]

1
= 100
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and, again using the Markov inequality, we have
b (7 1
P(E[Liy(y-> 100028 w1y | Si] = 75 1 A(Y)
<10P(V(y)~ = 1002V "%+ | A(v))
1
=10
As S, is uniformly chosen on Iézk, on A(v), the proportion of points s, € ﬁzk
verifying the inequality
P(V(y)” =100c2V 7% | 5 =5;) > 1
has to be less than 1L0’ that is, to say there exists a set, say 8, C kzk, such that
"f;"" > % and on A(v), P(V(y)™ = 100c2V~%+1 | S,  8;) < . On the event
2k
{S; € 8,«}, we can repeat the argument to obtain
P(V(y)™ 2100c2¥ 1% | A(W)) = E[E[1(y ()= 100c28+1-u) | Al | AO)]

1
=10

and, once more using the Markov inequality, we obtain

A, A

P(E[I{V(y)*EIOOCZN_”kH} | Al =11 AW)

< P(V(y)™ = 100c2N "% F! | 5, € 8¢ | A(W))

IA
z
s-

Again, as A, was uniformly chosen independently of S;, this implies that there
i D A
exists a set, say A C Rok+1, such that [l > % and
|R2k+1 |

P(V(y)™ =100c2" "%+ | Ay € Ay, S, € 8o1) < 1.

This implies that for every s; € 4,5« and every a; € 4y, there exists a path y
from s, to a; such that V(y)~ < 100c2V~v+1 which implies V(y) > —100c x
2N—Uk+1 .

Moreover, the construction of 8, and Ao« is so that [$,x N A1 > 17—0|R2k|,
and, therefore, if we take s;,_| € 8k—1, by € Ay—1 NSk and a;, € Ak, there exists
a path from s, _; to b; and a path from b, to a; whose concatenation is a path from
5;_1 to a; with value greater than —100c2V ~U%-1+1 — 100c2V~+1. So, for every
Sig—1 € 81 and every a; € Ak, there exists a path y from s, to a; such that
V(y) > —100c2VT1(27%-1 4. 27%) Repeating the argument gives the existence
of a path y from O to every point in #,~+0gs Whose value satisfies

N-+logé
V(y) > —cl002N T S~ 27u,
k=0
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Since ZNHCg'S 27Y% < g1, we finally obtain that
V(y) > —200ce 2V

and it suffices to choose ] = ﬁ to conclude the existence of a path from 0 to
each point of A,n+10gs C Ryn+i0gs With the property that

e
Viy)>—=2N
62) 7
and |A;N+iogs| > % | R2N+10g5 |. This gives us the existence of the desired paths. [

PROOF OF IMPLICATION PART OF THEOREM 1.1. Proposition 4.1 assures

N +log 3

us that if event A(v) occurs with ), 27 %, then for lo of the points, x, in

RN+10g(3) there exists a path, y~, from (0,0) to x having value at least — 11(\)10
Proposition 2.2, applied with n = 2V, ensures that outside an event of probabil-
ity e 92 for i of the points x in I§N+10g5 there are paths y’ from x to
H,n whose value is at least (u — ¢/10)(1 — 8)2N. Thus, for 10 10 — 1 of the
points x in RN+10g s, there exist paths y*, y’* with the requisite properties. But
for such x, the concatenation of these two paths gives a path from (0, 0) to H,w
of value at least (u — ¢/10)(1 — 8)2N — %. We conclude the result. Now a sim-
ple application of Proposition 2.1 taking n = 2V, guarantees that except on an

—c2?N

event of probability less than e , there exists a set BéN +ogs C R2N+log8 SO

that | By ioes| = 2% |R2N+10g5! and so that there exists from each point of By o5
apathy, leading to R,~ which has

10

Since | Byn+iogs N B£N+lqg5 | > % | Rer:l()gS |, this shows that we can construct a path
y € X,n, by concatenation, which satisfies

Viy)= (,IL - —)(1 _ 52N gzN

Viy) = (M - —)(1 — 82N,

10
> (u—e)2",
provided § < 52—2 U

We have completed the proof of the implication: if (41), then

1
lim — log P(Zy < (1 —&)n) <O0.

n—-oon

To complete the proof of Theorem 1.1, we now consider the case where condi-
tion (41) fails. We will show when (41) fails that, in fact, for all ¢ > 0,

(53) lim ! log P(Z, < (n—é&)n) =

n—-oon 2
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As usual, we treat n of the form n = 2. We first fix 8 so that 26 My < &. We will
later also require that § not exceed another constant. Now, we define for N large
and, in particular, N > —log?$,

1

0 - )
PN s U/ (F29)

Then Zﬁ-\’:_log s €j = 100e. We may suppose without loss of generality that £; < 1
for all j = —logé,..., N.
For reasons which will later become clear, we wish to consider just j € J, where

J=ke{—logs, ..., N}:2%e > My).

j=—logé,...,N.

Note that
N N _
> e Y M
j=—1logé j=—logé
2
< 28My
<e
and so

Zsj > 99¢.

jeJ
Consider the event
VN ={VjeJ X, <-2¢;,Vee Ty_}.
Now by independence,

PvIH=T] JI P&Xe=-2/¢)

jeJ L(e)=N—j

=[] P(Xe = —2¢))
jeJ

22N—j+1)

=exp{— Y 4- 22<N—f>(2fej)2f(2fgj)}
(54) jeJ

=expi— Y 4- 22Ns§f(2f'e,~)}

jeJ

> expy — Z 4.22N s? £ }, f nondecreasing
jedJ

=expl—4-2°V }" gff(zf')}.

jeJ
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Now from our definition of ¢,

2 i 1
) =—o ,
) S NS e /(7 @)
SO
2 i 1
f(27) < )
jXG:IE]f Z/]cv=—10g8 1/(f(2k))

By the positivity of f we conclude
N 2N+2 J 1
P(V )zexp{—Z + —}
! / k:_zlogs £@25

1

—log8 T35 tends to 0o,

Now by assumption >, ﬁ =ooandsoas N — o0, Z,ivz
which implies that

lim 1 log P(V))=0.

N—oo 22N

Our result will hence be complete if we can show that
(55) P(Zyv < (u—22V | V)) > 1)2.
We first consider the event
(56) UyY ={Vy, €Ny v ((—=62N,82")), V(1) < (1 = 8) (. + )2V},
By (15), for N large,
(57) PUY) = 15.

Also, this event is independent of V]N . Secondly, we consider the behavior of paths
in ¥g,~. The most important point is that for any y € R,n, and any j € J, the

path y must contain 2/ edges of level j. Thus, on the event VJN , forany y € Rson
and j € J

> Xe<—2/g 2N

e€Tj,ecy
= —2N8j.

Consequently,

YO =2y

J€J e€Tj ecy jeJ

< —99¢2N
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It remains to show that (with high probability) uniformly over possible y € g,

V(y) < —10e2".
First, consider i.i.d. r.v.s Y, for e € T; for some j < N +logé of distribution
P(Ye <x)=P(X, <x|Xe>—My).

We have that the Y, are stochastically greater than the X,. We couple {X.:e € E}
and {Y,:e € E} so that whenever e € T; with j ¢ J, X, <Y, and o({Y.:e €
T;,j € J}) is independent of 0 ({X.:e € T;, j € J}). We have, for some con-
stant ' not depending on § or N (just on the distribution of Y, ) that as N — oo,

Supz Zeey YE ﬂ) , <0
T 5N M )

where the supremum is taken over paths y € ¥z,~. Therefore, the event

ZEE}/ Ye /
W= —_— 1
{Slzlp SN < (' + )}

satisfies (by independence) for N large
(58) P(W|VN)>9/10.

Then on the event W, uniformly in y,

D Xe= Y Xt Y X

ecy ecy,ecTj,jel ecy,ecTj,j¢J

= Y Xt X Y

ecy,ecTj,jel ecy,ecTj,j¢J

< Y XY Ye— Y Y

ecy,ecTj,jel ecy ecy,ecTj,jel

On VJN , the first term is less than —99s2. On W, the second term is less than
(w + 1)82N. Finally, since necessarily Y, > — M for all e, the third term satisfies

Yo Ye< Ms2V.
ecy,ecTj,jel

Hence, on VJN N W forall y € 8g)n,
V(y) < =992 + 2N/ + 1+ Mo)
< —10e2V

provided § was chosen sufficiently small.



LARGE DEVIATION REGIMES 859

Thus, on VJN nNwnN U(SN, we have for any y € R,n

V(y)= > X+ > X

ecy,ecTj,j<N+logé ecy,ecTj,j>N+logé
(59) <—10e2Y + (1 = 8)(u + )2V
< (un—e)2".

Combining (57), (58) and (59) gives (55) and we are done.

5. Model 2. Finally, we give a sketch for d = 2 of how the proofs are adapted
to the situation in Model 2. There are two minor differences between the two mod-
els, the first is that the underlying graph structures are slightly different. The second
is that in Model 1 the trouble arises from large negative values in the field, whereas
in Model 2, the trouble arises from large positive values of the field. The analy-
sis, nonetheless, proceeds in a similar manner. For the purposes of establishing the
upper bound claimed in Theorem 1.3,

1
(60) nll)rrolo > log P(ay > (v+¢)n) <0,

we can consider the infimum over a smaller set of paths. As before, we will con-
sider, purely for notational convenience, ao , for n of the form 2. Write the typi-
cal path in coordinates as y = (y1, y2). Next, take § > 0 small and consider the set
of paths defined by

Ws.n = {y € ¥on:¥(0) = (0,0), yU(y)) = 2", 0),
v+ 1D = y1(j), whenever y;(j) €[0,82V) U[(1 —8)2", 2]
(61) () = 1y2()l, for y1(j) € [0, 82™),
2V —y1() = 112 (), for yi(j) € [(1 — $)2V, 2],
() e [—82N, 82N, for 82V < y1(j) < (1 — 8)2N).

Next, set

62 a = inf te.

(62) 5,27 VE‘I"(S,NEEZV ¢

Then, obviously,

(63) P(agw = (+)2") > P(ayv > (v +)2V)

and so we can establish (60) by proving

B
(64) lim 3N log P(as v > (v + e)2V) <o.

2N 500
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While in the region {x € Z2:0 < x; <82V} U {x € Z?: (1 — §)2N < x; <2V},
paths in W; o~ behave very nearly the same as in Model 1. Indeed, the graphical
and path structures are quite similar. One now considers the “shells” T; of edges
with distance from the starting or terminal point between 2 and 25!, for k =
0,1,..., N +logé. More precisely,

Tr ={e={x,y}: 2" <|x1| <2 U e = {x, y}: 2F <2V — yy| < 21}

Nearly the same arguments used in the case of Model 1 can be used here. The only
change is that one deals directly with }_,.7, 7. instead of V"~ as defined at (29). In
the present case, one considers

(65) Zp= > t.

ecTy

The main concern is still with the event that the sum },.7, f. may be large. Thus,
similarly to (66), we define

(66) ék(v) = {2_kzk e[2N, 2N—v+l)}

and corresponding versions A(V) and A’ (v) as in (43) and (44). Then an ap-
propriately modified version of Proposition 4.1 follows using the estimates de-
rived as in Lemma 4.1 and Lemma 4.2. The random selection of path procedure
leads to the same probability estimate for an edge to be on a randomly selected
path as in the proof of part (2) of Proposition 4.1. We now substitute Proposi-
tion 2.2 for Proposition 2.1. Then as in the proof of the implication part of The-
orem 1.1, concatenating paths from 0 to the face {x € Z?:x; = 82V, |x»| < 82}

with value at most ﬁZN from the face {x € Z?:x; =82V, |x2| < 82"} to the face

{x € Z*:x; = (1 — 8)2V, |xz| < 82V} with value at most (v + £)(1 — 28)2" and
from the face {x € Z?:x; = (1 — )2V, |x2] <82V} to (27,0, ..., 0) with value at

most ﬁZN all with probability exceeding 1 — o= gives that

Playy < (v+ S)ZN) >1— s

We note that in choosing the oriented lattice structure for our paths at the start and
end, we are giving up a lot. However, it must be borne in mind that the objective
is to find some § so that there will, outside an event of very small probability, exist
many paths from (0, 0) to the interval {2V8) x [—82N, 821 whose values are not
larger than £2% /2. We do not try to find an optimal 8. For the “only if” claim of
Theorem 1.3, namely,

. 1 N
(67) Nh_r)noo INd log P(asy > (v+€)27) =0
holds when
o
1
(68) 00

L Fan -

k=1
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the argument follows the same lines. There are slight differences. For example,
again restricting to d = 2 for convenience, in the present context, define the level
of an edge e to be L(e) =k when e = {x,y},x,y € Z? and |x|; A |y|; =i €
[2k, 2k+1)where |x|; = |x1| + |x2|. Then put

WY =(VjeJ t,>2/e;, Ve with L(e) = N — j}.

Then exactly as in (54) one has

(69) P(W}V)zexp:—16-22NZS?f(2j)}.

jed

This yields

al 1
P(WN)zexp{—22N"r4 —}
! R e

A result analogous to (58) follows from (14). More precisely, define for appropri-
ately small §,

(700 Osn={y€O:y(0) ed[-82", 82" yU(y) = 2", 0))
and set

(71) U =¥y € O50v. V() = (1 = 8)(v — )2V},

We claim that for N large,

(72) P(U) = 15-

To see this, first observe that for N large,

PU) = 15
Consider the event, Eg,~, that for some random point p € a[—82N, 82N ]2 we
have a path y, € @5 v such that y,(0) = p and V(y) < (1 — §)(v — )2V,
which is less than (v — £/2)2" if § is chosen sufficiently small. We may as-
sume that y, (k) ¢ (—82N, 82N )2 Vk > 0, otherwise we could wait until the last
exit from [—82", 82V1? and proceed from there on a path with a smaller value.
Thus, V(y,) is independent of {z.:e € (—82N, 82N)?y. Consequently, we can
take the shortest path with no more than 282" edges from 0 to p. Call this
path y,. By the law of large numbers, we can select N large enough so that
P(|V(yp) — Elt.]| < £82V) > 99/100. Concatenating Yp and y, gives a path y
with V(y) < (1 -8 — e)2N + E[t,] + €82". The remainder of the argument
follows just as in the case of Model 1.
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