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A binary renewal process is a stochastic process {X,} taking values in
{0, 1} where the lengths of the runs of 1’s between successive zeros are inde-
pendent. After observing X, X1, ..., X, one would like to predict the future
behavior, and the problem of universal estimators is to do so without any
prior knowledge of the distribution. We prove a variety of results of this type,
including universal estimates for the expected time to renewal as well as es-
timates for the conditional distribution of the time to renewal. Some of our
results require a moment condition on the time to renewal and we show by an
explicit construction how some moment condition is necessary.

1. Introduction. The classical binary renewal process is a stochastic process
{X,} taking values in {0, 1} where the lengths of the runs of 1’s between suc-
cessive zeros are independent. These arise, for example, in the study of Markov
chains since the return times to a fixed state form such a renewal process; cf. [7].
(More details on this will be given in the next section.) In many applications, the
occurrences of a zero, which represent the failure times of some system which is
renewed after each failure, are of importance and so the problem arises of estimat-
ing when the next failure will occur; cf. Example 12.13 in [8].

Our purpose in this paper is to investigate the possibility of giving a universal
estimator at time n for the residual waiting time to the next zero in the binary
renewal process {X,}. Let {pr};2, be the conditional probability that a run of
k 1’s follows a given O event. This distribution describes completely the renewal
process as a two-sided stationary process. In order that the probability of Xo = 0 be
nonzero it is necessary that u = Y 72 kpx < oo and then P(Xo=0)=1/(1+ p)
is positive. (This relation between the mean of the conditional renewal distribution
and the stationary probability of the renewal event is well known in ergodic theory
as Kac’s formula for the expected return time to a set, and in probability theory
cf. [7], Chapter XIII and [28], Section 1.2.c.) If the process distribution is known,
then after observing Xo, X1, ..., X,, one may give a consistent estimator for the
expected value of residual waiting time to the occurrence of the next zero as

L= Zl?iL(k —L)pi
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if there is at least one zero among the values of Xg, X1, ..., X, and the last zero
occurs at moment X, _; = 0. (Indeed, if X,,_; =0 and forall n — L <i <n,
X; =1, then for k > L the probability that foralln +1<i <n—L+k+ 1,

X;=1,and X, 14141 =0is Z°€k = .) We denote this L by 7(Xg, X1, ..., Xp).
i=L Fl

Similarly we define t = t(XO_OO) as that + > 0 such that X_, =0 and X; =1
for all —¢t <i <0. It is clear from the stationarity that P(t = L) is proportional
to Y po; pr and thus for the finiteness of the unconditional expectation of the
residual waiting time we would have to demand that 332, k px < 0o. We shall not
assume this since we are interested primarily in the conditional expectations and
with probability 1 for n sufficiently large at least one of the X; =0, for0 <i <n
and for any fixed value of t(Xo,..., X;,) = L <n the expected residual waiting
time is 7 < o0o. This of course is well known in the classical analysis of renewal
processes. In the spirit of recent investigations into universal estimators for various
features of stationary processes (see [1-3, 6, 10, 13, 14, 17, 23-25, 29, 30]) we take
up here the problem of how well can we do when all that we know is that the binary
process {X,} is in fact a renewal process. The fact that we are trying to estimate
the time to next occurrence of zero rather than X, takes us out of the framework
of previous investigations. In earlier works such as [11] attention is restricted to
those renewal processes which arise from Markov chains with a finite number of
states. In that case the probabilities p; decay exponentially and one can use this
information in trying to find not only the distribution but even the hidden Markov
chain itself. Since we are considering the general case where the number of hidden
states might be infinite, this exponential decay no longer holds in general and the
problem becomes much more difficult.

For the estimator itself it is most natural to use the empirical distribution ob-
served in the data segment Xg, X1, ..., X,,. However, if there were an insufficient
number of occurrences of 1-blocks of length at least t(Xg, X1, ..., X,), then we
do not expect the empirical distribution to be close to the true distribution. In
particular, if no block of that length has occurred yet, clearly no intelligent es-
timate can be given. For this reason we will estimate only along stopping times
A1, A2, ... and our main positive result is that there is a sequence of universally de-
fined stopping times A, with density 1 and estimators h,(X¢, X1, ..., X;,) which
are almost surely converging to (¢ (x,x,.....x,,)- (For further reading on estimation
along stopping times see [12, 15, 16, 18, 21, 22].) We also will define estimators
p1(Xo, X1, ..., X»,) which are almost surely converging in the variation metric
to the conditional distribution of the residual waiting time. These results will re-
quire a suitable higher moment condition on the {p;} distribution. These estima-
tors are simply the averages of what we observe in a piece of the data segment
Xi,s ..., X, where «, is chosen so that there is a large fixed number of occur-
rences of the relevant pattern. The reason for these stopping times A, is that we
want to estimate only at those times when we feel that we have enough data.

Another kind of result may be obtained without a higher moment condition.
Namely, there is a sequence of estimators 4, and j, such that for any renewal
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process and almost every sequence of observations Xg, X1, ... there is a sequence
of density 1 of n’s D, which depend on the observed sequence of X; along which
these estimators converge to the @, and conditional distributions of residual wait-
ing times. The difference is that now we are unable to determine what these se-
quences are by finite observations.

On the other hand, for stopping times of density 1 we will show that no such
result is possible in general, that is, without higher moment assumptions. More pre-
cisely, there is no strictly increasing sequence of stopping times {1,} with density
1, and sequence of estimators {£,(Xo. ..., X3,)}, such that for all binary classical
renewal processes

limsup|h, (Xo, ..., Xx,) — He(Xq....X3,)| =0 almost surely.
n—oo

(For results of similar vein see [4, 9, 19, 20, 27].)

In spite of this negative result, without any condition on higher moments,
we can find stopping times with density close to 1 along which we converge
to the estimates that are possible with full knowledge of the system. That is to
say, for any ¢ > 0 there exists a sequence of stopping times {kﬁf)}, estimators
() (Xo..... X, @)} and {p(Xo. ..., X, )} such that the density of the stop-
ping times is gregter than 1 — ¢ and almost gurely these estimators converge to (i,
and the conditional distributions of residual waiting times, respectively.

2. Results. It is easiest to formally define a renewal process in terms of an
underlying Markov chain. Consider a Markov chain on the state space {0, 1, 2, ...}
with transition probabilities p; ;—; =1 foralli > 1 and pg; = p; a probability dis-
tribution 7 on {0, 1, 2, ...}; cf. [8], Example 12.13. This chain is positive recurrent
exactly when Y 72,ipo; = < oo and the unique stationary probability assigns
mass ﬁ to the state 0; cf. [7], Chapter XIII and [28], Section 1.2.c. Collapsing
all states i > 1 to 1 gives rise to the classical binary renewal process. Even though
our primary interest is in one-sided processes, stationarity implies that there exists
a two-sided process with the same statistics and we will use the two-sided version
whenever it is convenient to do so.

For conciseness, we will denote X ;’ = (Xj, ..., X;) and also use this notation
for i = —oo and j = oo. Our interest is in the waiting time to renewal (the state
0) given some previous observations, in particular given X(j. Recall that if the data
segment X(j does not contain a zero, the expected time to the first occurrence of a
zero may be infinite; this depends on the finiteness of the second moment of 7. If
a zero occurs, then the expected time depends on the location of the zero and so
we introduce the notation:

(X% ) =ther>Osuchthat X,_, =0, and X;=1 forn—t<i<n.

Note that this is well defined with probability 1. If a zero occurs in X{}, then
(X" ) depends only on X and so we will also write for (X" ), 7(X{) with
the understanding that this is defined only if a zero occurs in Xj.
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Now for the classical binary renewal process {X,} define 6, as

0, = Emax{0 <k:X; =1foralln <i <n+k}|Xg).

o0

~0kPr+(Xg.... X . .

(Note that 6, = Zk‘o% PietrXo.-Xn) a¢ soon as there is at least one zero in Xg- As
Zk:r(xo,...,xn) Pk

we have already mentioned, if no zero occurs, then it might happen that 8, = 00.)
For a family of processes {X ’(1]' )} we use the notation 9,(,j ) Our goal is to estimate
both 6, and the distribution of the time to renewal given X{j but without prior
knowledge of the distribution function of the process.

Define ¢ as the position of the first zero, that is,

Y =min{t > 0: X, =0}.

Let 0 < y < 1 be arbitrary. First define the stopping times A, as A9 = ¥ and for
n>1,
Ap=minfk > A, [ <i < k:t(X)) =t(XH) = k7).

These are the successive times i when the value ¢ = t(Xf)) has occurred pre-
viously enough times so that we can safely estimate the residual renewal time by
empirical distributions derived from observations already made. We also need to
fix k, as the index where reading backward from X, will have seen for the first

time > )L}fy occurrences of an i with 7 (X 6) =1(X 3”). Formally put
in = max|K : |{K <k < A, T(XE) = 0(X)")} = A7),
Define o; as the length of runs of 1’s starting at position i. Formally put

op=max{0<[:X;=1fori <j=<i+I}.

For n > 0 define our estimator 4, (Xo, ..., X;,) at time A, as
An—1
hn(Xo, ..., X3,) = OS] _Z I xiy e (xim O
l

:I(n

[Notice that the role of «;, is rather technical. It ensures that we take into consider-
ation exactly [~ pieces of occurrences.] The above formula is simply the
average of the residual waiting times that we have already observed in the data seg-
ment X ,ﬁr’; when we were at the same value of T as we see at time A,. In a similar
fashion we can define the average of the number of times that the residual waiting
time assumed a fixed value. Namely, define p;(Xo, ..., X,,) for each [ as

1 An—1
X0 X0) = 105 2 e ixp=e o=ty
1

=Kn

Note that p;(Xo, ..., X3,) is a probability distribution on the nonnegative integers.
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THEOREM 1. Assume ) ;2 kTl pr < 0o for some o > 2. Let 0 < y <
min(1 — 2/«, 1/3). Then for the stopping times X\, and the estimator h,(Xo, ...,
X1,), pi(Xo, ..., X,,) defined above, almost surely,

1 lim =1
M e
2) lim |h,(Xo,...,X,,)—6,,1=0
n— oo
and
. Prirxtny

3) nll)ngOZ'Pl(XO,---,XA,,)—?oiol =0.

1=0 i=f(xg")p’

Note that p;(Xo, ..., X1,), h, and A, depend on y and so on «.

In order to reduce our assumption from o > 2 to @ > 1 a slightly more involved
scheme of stopping times is needed.

Let 0 < y < 1 be arbitrary. First define the stopping times A, as A§ = v and for
n>1,

A¥ =min{r > A¥_:3¢ <i <logt such that T(X)) = t(X})
and |{logr < j < 2llo¢!] :r(Xé) = 7(X})}| = 2tleet) =1,
(Note that all logarithms are to the base 2.) Put
K =min|K : [{{loght] < j < K:7(X]) = t(X)")}| = [2Hoe2il =1},

Note that k* < 2U1°2%2) For n > 0 define our estimator *(Xo, ..., Xx) at time
*

A, as

*

1 n
* —
in(Xo0. - X)) = pallogrIa—ryy
i=logk|+1

1 : Ak Of.
{T(Xé)):f(x()n)}

(Notice that «;; ensures that we take into consideration exactly [2togiz)(1-y)q
pieces of occurrences.) The above formula is simply the average of the residual
waiting times that we have already observed in the data segment X 'Lcl’;;g AL+ when
we were at the same value of 7 as we see at time 1. Note that &) (X, ..., Xox)
is by far not as efficient as &, (Xo, ..., X,,) since as long as 2" < A* < 2m+1 the
estimator /2, (Xo, ..., X;x) is not refreshed. Keeping the same estimate for many
values of n enables us to use weaker moment assumptions since the number of
unfavorable events that we have to consider is reduced.
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In a similar fashion we can define the average of the number of times that the

residual waiting time assumed a fixed value. Namely, define p;(Xo, ..., X;x) for
each [ as
1 i
PrXo, s Xo) = —romerg—e O L e
(2Log a1( )] i—llogne 141 {t(X)=1(Xy™),0i=1}
Note that p;(Xo, ..., Xyx) is a probability distribution on the nonnegative integers.

THEOREM 2. Assume Y o k**t1 py < oo for some o > 1. Let 0 < y < 1/3.
Then for the stopping times Ay and the estimator hy(Xo, ..., Xx), pj (Xo, ...,
Xyx) defined above, almost surely,

)\‘*
“4) lim 2 =1,
n—oo0 p
®)] lim |A}(Xo,..., X3x) — 6| =0
n—o0 n n
and
00 p Af
. ~ I+7(Xy")
(6) nlggoz P?(XO,---,X)»;)—# =0.
1=0 i=t(Xéﬁ) Di

Note that neither %y, p;'(Xo, ..., Xx) nor A} depend on «.

The main point in the above theorems is that we eventually know when the error
is small. If we do not want to know this, then the moment condition can be dropped
as is exhibited in the next theorem.

Define the estimator /,, (X o) as

n—1 _. )
Lizy Oilizxp—rxp))
¥ <i<n—1:t(Xp) =t(X))
This is just the average of values of 6; for the data segment X{j for those indices i

for which (X)) = t(X}).
Define also p;(X{)) as

ha (X)) =

n—1 .
Zi:gﬁ I{r(X{)):r(XS),Oi:l}

Y <i<n—l:t(Xh)=t(XD}I

pi(Xp) =

THEOREM 3. For any binary renewal process {X,}, and almost every se-

quence of observations X{°, there is a set of indices D(X{°) C {0, 1, ...} such

ID(X3)N(0,1,.

that 1im,, o 0L and

(7) lim  |h (X0, ..., Xp) — 6| =0

neD(X§°),n—00
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and
o
) . P+t (xp)
®) lim 3 (X))~ s | =0,
neD(X§).n—o00 ¢ i=t(xp) Pi

However, for stopping times we need some restrictions to achieve consistency
on density 1 as is showed in the next theorem.

THEOREM 4. For any strictly increasing sequence of stopping times {A,} and
sequence of estimators {h,(Xo, ..., Xy,)}, such that for all binary classical re-
newal processes lim,,_, o %" = 1 almost surely, there exists a binary classical re-
newal process such that

P(limsup |hn(Xo, ..o Xa,) — 0O, > O) > 0.
n— 00

We do not know if a similar result can be formulated for the estimation of the
distribution of the residual waiting times in total variation.

Finally, if one merely intends to predict along a stopping time with density
greater than 1 — ¢ for some fixed ¢ > 0, then no condition on higher moments at
all is required as it is stated in the next theorem. Let )»(()8) = and for n > 1 define

2O =minfr > 22y <i <ro(X)) < T(XHY <11 —e/2)).

This sequence of stopping times is designed so that eventually we only stop when
(X 6) takes values bounded by some finite L. The point is that if L is large enough,
then eventually the density of times i when 7(X 6) < L will be greater than (1 —
&/2) so that our stopping times will choose only moments that are less than L. On
the other hand, the fact that eventually the (X 6) < L’s will enable us to prove
the convergence of the empirical estimators by a direct application of the ergodic
theorem.
Define the estimator h,(f)(Xo, X Aff)) at time )Lﬁf) as

i1

Y, 1 © Oj
=V b= )

W <i < :rxiy=c(x )|

h,(f)(Xo, e X?uff)) =

Also define

-1
Zi:w 1 . (&)
{t(Xp)=1(Xy" ),0i=l}

. (&) .
My <i <A o(Xh) = (X))}

pl(g)(X(), ey X)»ﬁ,g)) =
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THEOREM 5. For the stopping times k( &) and estimator hff)(Xo, e X o)
defined above, almost surely,

11rn1nf— >1—

limsup|h,(,f) (X(), R X)\,(lg)) — GAELS)’ =0

n— oo
and
(8) D+t (xp)
hmsupz (Xo, ... A(F)) ————|=0.
n— 00 i= T(Xn) pl

3. Proof of Theorem 1. It is easy to see that lim,,_, » Aﬂ = 1 since if a block
of 1’s has positive probability it will appear with that frequency which is eventually

l
greater than " (Wthh tends to zero). Formally,

0: X, <N
liminf 2 > liminf T > 04 = N}

n— 00 )“n N—00 N

Thus we have to see why the density of times when we stop and estimate tends

tually be greater than it and so for any bounded K we will have

[ >0:7(X))) <K, A\ <N
liming X =0 TX0) < KA SNY 0 y0 3 k),
N—o00 N

As K tends to oo this last expression tends to 1 and thus

0
1> llrfr_l)solép - > I}Lrglong > P(t(X2,) <o0)=1.
This establishes (1).

The usual proof of the weak law of large numbers for independent and identi-
cally random variables {Z,} with a second moment uses Chebyshev’s inequality
P(>! (Z; —EZ;)| = ne) < 1 —E((Z1 — EZ1)?%). We will need a sharpening of
this for random variables with an ath moment for o > 2.

It will be convenient to extend our process, as we may to the past, and establish
first an inequality for an estimator based on an unlimited past. For a given fixed
k, for i > 0 define jik as the ith occurrence of 7(X* ) (reading backward) from
position k, that is,

jF=max|j <k:|(j <l <k:t(X' ) =t(XF )} =i).
Now for i > 0 define

(k) _
Z; ]ik .
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Clearly Zl.(k) are conditionally independent and identically distributed given
(X~ ) = L. Apply Markov inequality and Theorem 2.10 of Petrov [26] to get
that

Kk
(‘Zr WZ() ~ YhsohpntL -
[k1=77 YoherL Ph
2C(e) Y 52oh®phaL
= SR

EQZP 1 e (xk )=0)=352 ZohpieL |

g ‘ r(X’ioo):L)

where C(«) depends only on «. [Notice that

Zh L Ph
Multiply both sides of the last inequality by P(r(X _Oo) = L) =
1 o0 > _ _ 1 .
[ES ST > h—r Pr (note that by Kac’s theorem P(X;_; =0) = S ST cf.

[7], Chapter XIII and [28], Section I.2.c) and sum over L. It is easy to see that

i Yo hphrr  XGZiph _ XiZo het p),
= Xnzopn 1+ 520hpn T 1+ 3520 hpn

and we get the following estimate:

(\2”‘ 1z Zi'ziohph+f<xkoo>’>8>< 2C(@) Y oht py

k=T et ) P k(=2 1+ 3752 g hpn

= y)

Applying the Borel-Cantelli lemma [by assumption > 1] one gets that

1— 0
‘Z’—k " Z(k) Zh:() hph-FT(Xk—oo) ’ <e
1-

eventually almost surely. Particularly, on the subsequence A,

I-y

mn)l Vw Zh rn) P
) N N N ¥ (O =73 Z0m)
eventually almost surely. Since 7(X™) = 1(X)"), hp(Xy") = W and
Z/?C:() Pl An
O, = —Zoo "0 e get that
xp™)

|hn(Xo, ..., Xx,) =6, <e

eventually almost surely which since ¢ was arbitrary gives (2).



ON UNIVERSAL ESTIMATES FOR BINARY RENEWAL PROCESSES 1979

For (3) observe that

- Priecxgm
Pz(Xo")—i"
l 0 Zl .[(X)Ln) pl
14
[)” 281 . Pryrxim)
= > |hXg R
[=0 i= .L,(X)\n)pl
ad P A
An I+t (X,")
+ Z 'pl(X ) — 270
l:’—()‘-n)ylog)‘-n-l i= .[(an)pl
= A, + B,.

First we deal with the first term. We will use finite sums of exponential bounds in
order to bound it. Now define

*)
Zip =lio =1y

Clearly Zfﬁ) are conditionally independent and identically distributed given
t(X* ) = L. Apply Hoeffding’s inequality to get that

rk'* ] <k>
P(‘Z Z; DI+L
K N, o
< o=k /@K (logh)*h)

‘ > k7 (logh) 2|t (X* ) = L)

After integrating both sides with respect to the conditioning, and using the sum
bound on the events for 0 <[ < [k” logk] — 1, we get

ki k
2D pesy
k1 ; e > k™Y (logk)

P ( max
0<I<[k? logk]—1
< [k” logk] ok TV /(2K (logh)*)
which is summable (by assumption y < % ) and so by the Borel-Cantelli lemma,

kl=r k
Zr ]Z( ) Pric(x*

—_ 700)

eventually almost surely. Particularly, on the subsequence A,

< k7" (logk)™?

max
0<I<[k” logk]—1

Y ¥ Latd An
[Gn) %x,ﬂ 1‘Zf( Y7 70 — ‘
= [ Z;" c(xtn ) Ph

< [(hn)? (l0g 1) 1h "7 (log 1) ™2
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eventually almost surely. Observe that ‘L’(X);"oo) = t(Xé") and ﬁl(XS”) =
S0V 7 G
lz[l(x,,)l—V{J and so we get that

[(An)Y loghy 11

(9) Ay = Z

=0

Pryrxim) - 2

= -| <
Zi:r(xg") pil " loghn

prXgm) —

eventually almost surely. We have to prove that B,, — 0 almost surely. Note that
by the Markov inequality, given 7 (X ]5) =L, for L <k,
Zi’i(w logk] PI+L - 1

YR ~ logk

where g =372, (i — L)pi/ 2321 pi-
Now observe that almost surely for sufficiently large n,

(10)

(11) Hogin < G
Indeed
An—1 1—
An = T(y) 77T
hn(X§) = e S L i O S e L < ()Y — 1
nia(Q r(kn)l—yw i;{:ﬂ {t(Xp=t(Xz"}"! r()hn)l_yw n

[in the data segment X 3” there are at least [(1,)' =77 zeros] and we have already
proved that &, (Xé”) = Moy 0.
0
Now, apply (11), (10) and the upper bound on A, in (9) in order to get

00 00 p An
P . I+7(Xy")
B, < Z pi(Xy") + Z 20070.
I=[(An)" logn] 1=[Gu) loghn] “i=z(x}m) P
[(An)” logan]—1
~ A
<1- Xy") +
= IZZO pi( 0 ) 10g An
v _
[(An)? logA,1—1 pl—i—r(Xé”)
=1- ET E—
1=0 Zi:r(Xé”) Di
¥ _
[(An)? logAn1—1 . . pl-l—‘[(X();") 2
=0 i:r(xé")p’ gAn
6
<
~ logn

eventually almost surely, and so B, — 0 almost surely. The proof of Theorem 1 is
complete.
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4. Proof of Theorem 2. The proof is similar to that of Theorem 1 but with a
number of changes required to deal with the weaker hypothesis. It is easy to see

that lim,,_, oo % = 1 since if a block of 1’s has positive probability it will appear
7 llog a1 (1=y)

with that frequency which is eventually greater than = (which tends to

zero). Formally,

. ...n .. o.max{i >0:AF < N}
liminf — > liminf L

n—o00 )‘n N—o00 N

. A
. liminfmax{z >0:7(X,") <K,Af <N}
N—o0 N
=P(t1(X°,) <K)
for arbitrary large K. Thus

. n ..o 0 .
1> h,?l)so%p_* > I}ln_l)lo%fg > P(t(X2,) <o0)=1.
Let k < m be fixed. Define j(gk’m) =m and fori > 0 let ji(i’? ) denote the @i+ 1)st
occurrence of (X% ~) (reading forward, starting at position m), that is,

. (k,m)

. (k.
Jip1 =min{r > j$

]

merxt ) =t(X* )}
Now for i > 1 define

(k,m) __
Z; = O'j.(k,m) .

1

Clearly Zl.(k’m) are conditionally independent and identically distributed given

T(Xk o) = L. For 1 < o <2 apply Markov inequality and Theorem 2 of von Bahr
and Essen in [5] to get that

om 1—y k,
P(‘Zir(zl) 2 3!
r@mt=r] Y h=L Ph
< 10 > he0 h® PrtL
- 8a(2m)(1—7/)(0!—1) ZZO:L Dh :

>e‘t(X’ioo):L>

[Notice that £(1Z{" |7 (XX ) = L) = ZE" Pt | Multiply both sides of the
h=L
1

last inequality by P (z(X* o) =L)= mz;’; 1. P (note that by Kac’s the-
h=0
-0 =1 . .
orem P(Xy_; =0)= [ES ST cf. [7], Chapter XIII and [28], Section [.2.c) and
sum over L. It is easy to see that
i Zi’,io h® phyL ZZO:L Ph < ZE":O hath
= Xherpn VX2 0hpn T 1+ 3520 hpn
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and we get the following estimate:

my1—y Z

P Zil—(:zl ) -I Zl'(k’m) . ZO:O hph“'f(xlioo)
|’(2m)17}"| o0 « \DPh =&

h=1(X% )

_ 10 Ry,
- ga(zm)(l—)/)(a—l) 1+ ZZO:thh

and in turn

P max
0<k<m—1

my1l—y
RN D ¥ L Ao )
r@m=r] hee(xk ) Ph

_ 10m >0 o h*Fpy,
- Ea(zm)(lfy)(afl) 1+ ZZO=0 hpy,

and the right-hand side is summable. For o > 2 apply Markov inequality and The-
orem 2.10 of Petrov [26] to get that

MY (k.
r@mt=rq YhZL Ph
2C() Y52 oh®pher
~ gaam=ye/2 500y

where C (o) depends only on «. Integrating both sides, just as in the previous case
above, we get

>e]r(x’100):L)

my1—y
P(‘ yreh il zEkm B > heo hph+r(Xkoo)’ . 8)
r@m=n Yty Ph

20() Yo h*
— gapm(l—y)a/2 | + ZZO:O hph

and in turn
P( . Zl_r(zzi")“” A - YhzohPhirixt ) ‘ . 8)
oksm—1|  [(2m)7] () Ph
_2mC@ Yokt py
= gem(=y)/2 1 4 5% T hp),

and the right-hand side is summable. Applying the Borel-Cantelli lemma in both
cases one gets that

=

max
oskznt| T N P

my1—y
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eventually almost surely. Since 2" < 1) < 2"+1 for some m, we get that
|hy(Xo, ..., X5z) — 6| <&

eventually almost surely, which since ¢ was arbitrary gives (5). [Indeed, observe
first that for k > v, r(X’ioo) = r(Xk) Now for suitable k < [logA)] and m =

[em=ry_m Yo hp k
) > z! h=0"Pp o (xk )
LlOg)xZJ h:(XO, .. X)\ ) =%i=l_____—i PR and 9;\2 = ————————— e ]
e ENT

Now we will deal with (6). For k < m define

(m)
2" =g =11

Clearly, for fixed k <m and [, Z, (k ™) , i > 1, are conditionally independent and

identically distributed given 7(X _OO) = L. Apply Hoeffding’s inequality to get
that

f(zm‘ "] (k )
(‘Z Z; " Di+L
r@ml= V] Y, P
< e_(zm)lfy/z(zm)Zym4‘

‘ > Q2" "m A o(xk ) = L)

After integrating both sides with respect to the conditioning, and using the sum
bound on the events for 0 </ < [(2™)"m1, we get

om 1-y k
Zf( ) 1Z( ) Prie(xk ) my—y, —2
P max = - > (275 "m
oi<[@myml|  [(2m)' 7] Yz xk ) Ph

< [ me~ @' T/ M)

Now
myy om 1—y /(
P(R2 )Zm] 1’2[( A m)_ Preexto) ‘> f(2’”)ym1>
e r@m'=—n Yty Pl @mym?
< [2™) me~ @' TN M
and
myY _ om 1—-y k
P( max N )Xriﬂ 1ZE 2T Pty r(2m)ym]>
oskem o LTI X e, pel T @Ym

m[(2") m]
T e@mT @M mt’
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which is summable and so by the Borel-Cantelli lemma,
r@mymi-1 Zr@"’)‘ " zkm

max
0<k<m

Pigr(xt
1— T oo
[‘(2m) )/'] Zh:T(X]ioo) Ph

_f@mym
— (2mrm?

)

2
< —
T m

=0

eventually almost surely. Since 2" <1} < 2m+1 for some m,

rallogAnly | log A% |11 p
I+ (X2 2
(12) > PrXp) — | <
* 10 AX
1=0 Zz r(Xé")pl Log

eventually almost surely. [Indeed, observe first that for £k > ¢, 7(X* k 00) = ‘L'(X(I;).
. ylenitn z&m

Now for suitable k < [logA”] and m = [log A} |: p; (XS”) f(Z”‘)"VT and
p1+r(x’\ﬁ) Pk )
Zzoor(x)‘ﬁ)pl Ziz(X]ioo)ph ’
Observe that
00 p
* I+7(X)™)
S - =]
1=0 =iy Pt
2log A5 1¥ 1100 A* 1 "
[ log A ]1— Y pH_T(Xg”)
= Z pi(Xy") — ﬁ
00 p
* l+ (X ll)
+ 3 'PZ(X L
I=P2Uos i1 [log 3 ] z_‘[(X();;‘;) Pi

= A, + B,.
By (12), A, — 0 almost surely. We have to prove that B, — 0 almost surely. Note
that by the Markov inequality, given 7 (X ]5) =L, for L <k,
i llogk P+L _ 1
Zi’iL pi ~ |logk]

where =372, (i — L)pi/ 372, pi-
Now observe that almost surely for sufficiently large n,

14 ;< plloghuly
(14) Mr(Xé”)_

(13)

Indeed

K*

ZiZpog g1 L iy me i @ 2llosri) _ pallogAil(—y)y

Any
hn(Xy") = r2loe7 10— =T alogrl-)

< plloghily _ 4
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(in the data segment Xéﬁ there are at least [21°¢%4:J(1=¥)7 zeros) and we have
already proved that 4, (Xé”) —u o — 0.
LAY}
Now, apply (14), (13) and the upper bound on A, in (12) in order to get

o0 00 p 2
NPT I+t (X"
B, < > pi(Xy") + > S
I=[21e*1)7 [logax ] 1=2U0 07 [log 13 ]1 Ti=r (X)) b
[ztloglﬁJVUOg)L;;ﬂ_l 1
a A
<1-— pir(Xy") + ———
ZZZO log 1]
ZUL)g)Lsz log A*|1—1 %
r log k1=t p i
=1- > S
1=0 i=T(X) bi
[2Llogaj 1y Llog A% ]1—1 p
* l+r(X ki) 1
+ > PI(X ) — ° og A% |
1=0 i r(xg* pPi 08 An
00 P X
I+T(Xy") 3
: 2 x> T [log A
1=T2U08 517 |log | ,-:f(xg%p’ &%n
4
<
~ |logn]

eventually almost surely, and so B;, — 0 almost surely. The proof of Theorem 2 is
complete.

5. Proof of Theorem 3. In the proof of this theorem we do not need to use
explicit estimates and can rely on the ergodic theorem alone. Notice that these re-
newal processes are always ergodic and therefore any finite block that occurs at
all with positive probability will almost surely eventually occur in the data seg-
ment X with an empirical distribution which is converging to its probability. This
observation yields the following for any fixed m:

n—1

Jim o Bm = L <r i xy-xpe RN v

i=0

=1
e (X prl<27m}

almost surely. What follows is that for each m,
1 n—1

nlggo n Z I (1A (Xg) =32 Okpk+r(xl)/z )Pk|<2"”} =1

almost surely.
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To obtain the set D with density 1 we will construct an auxiliary sequence of
integers N, tending to infinity as follows. For a fixed realization X§°, let No =0
and for m > 1 define

N =min:n > N,,,_1:Vi>n,

1

i
1 & o
J:

>1 -2 mth L

. o) X <2—(m+1)
k+T(X(]))/Zk=T(X(j))pk| }

The existence of these Ny, s follows once again from the ergodic theorem and since
we are requiring only a countable number of conditions we may assume that these
are satisfied simultaneously on a single set with probability 1. Notice that for any
i > N,, the number of indices j where the error we are making is at most 2~ "+
is at least j(1 —2~0"+D), Using this sequence define the set of indexes D (X3

as
< 2i}.

By our previous observation the density of this D; will be 1, namely:

|D1(Xg?) N{0, 1,...,n}|
m =

o

Di(X{®) = U{an,-:

i=1

> keo kPrvr(xp)

(X0, ...\ Xn)
" " Z}C;O:T(Xg) Pk

li 1.
n—00 n+1
Furthermore,
3 > v20 kPrr(xn
lim hn(Xo,...,Xn)—w =0.
neD(X{°),n—00 Zk:z(xg) Pk

For p;(X{) the proof proceeds along similar lines. A set D>(X°) is constructed
with density 1 along which (8) will hold and the set D in the theorem is taken to
be D N Dy which has density 1. The proof of Theorem 3 is complete.

6. Proof of Theorem 4. Suppose that on the contrary

P< lim |, (Xo, ..., X5,) — 65, =o) =1
n— oo

for all binary classical renewal processes.

We first define an auxiliary Markov chain M (7). Let the state space be the non-
negative integers. For i > 0 let p(()(?l? = 21% and pl.(i)lyi = 1. Clearly, state zero is
positive recurrent and since the Markov chain is irreducible this Markov chain
yields a stationary and ergodic distribution. We will modify this Markov chain
MO in such a way that the limiting Markov chain M will remain stationary

and ergodic.
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The binary classical renewal process is defined as X,(f) =0 if M,(,i) =0 and
X,(f) = 1 otherwise. Let Lo =0.
Now choose Nj large enough that

o0
P(U {Lo <hn <N, X\ =0,

n=1

o0
0 0 0
h(X3) s .. X\) =Y ipg)| <
i=0

0) 1
100}‘)( 0>>1—m

This can be done since P(X( ) — =0) > 0and lim,,_, n" = 1. Note that if X(O) =0,
then 60 = £ ip.
For an arbitrary §; < 0.25 p(O) (which will be specified later) let p(()lg = p(()oé 81

and for some k| > 521 p(()l,)(1 p(()o,i] + 1. Now the change in

i) =Y ipl = kisi > 2.
i=0 i=0
Now choose §; so small such that
> P(X) =x0,.... XY =y, 1XS = 0)

(x0.-...xn,)€{0, 1}V

(1) (1) (1 1
_P(XO :xo,...,XN1 =XN1|X0 :O)}SW'

In this way, for the {X(l)} process, for some Ly < A, < Nj, the estimate
hn (X, (1) e X (1)) will be smaller than the target ) 2 i Po) by at least 1 with
probablhty 11— 1000

For an arbitrary Ny < Ly let} ;> , Po ; = B1. For an arbitrary §, < 0. 25p(1) let

p(()z()) = p(()l()) — &7 and for some k; which will be specified later, p(()zl)C = p(()ll)cz + 82.

Now the change in

2 . 1 1
Zl Ll(l_Ll)p( ) Z?iLl(l_Ll)P(’i) _ kybo 3221 -1, lp(()l)
it P(()z,) Y, p(()ll) Pi+é  Pi(B1+52)

and in
(e e] o
>_ipg) — D ipg, =kaba.
i=0 i=0
Choose N1 < L such that 38 < 100~2. Now choose N, so big such that
o
P(U{Ll <hn <N XV, =0.x0, ==X =1,

n=1
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. i
Yo, = Ll)P( ,)

) 1 l
ha (XS, ... x ) - 0. <—”X( :o)
’ ’ n (1) 0
lOOLlpOl 100
1 2
_(1000) '
Note that if X(l) L, = = (0 and X(l)
Y2, i—Lpyy

(1)
?OLI Po,i

Choose k> so large and 8, so small such that

1
ko8> B 82 Z?iLl lp(() ,)
B1+ 8 B1(B1 + 82)

_ _ v _ 1 _
Ll == XAn = 1, then 9)% =

k]

1
Ky
292= 7002
and
3 |P(X{" =x0,.... X§) = xp, 1 X = 0)

(301w ) {0, 1}V2

—P(XY =x0..... Xy =13, | X =0)| <

10002°

In this way, for the MP process for some Lo < A,, < Ny and for some other
Ly < Ay, < N the estimate A, (X (2), o X ﬁ)) will be smaller than the target by
at least 1 with probability 1 — 1000 10(2)02. (Note that )72 p(()ll) > >20ipg 0

Inductively, assume at stage j we have a Markov chain M (/) which satisfies the
conditions (C;):
There are integers Lo < N; < Lj < --- < N; such that

00 oo J
P(U,..., U ﬂ{Li1<)‘ni<Nl’X§»J)—L, 120’

ny=1 nj=li=1

_ Xt (- Lic Dpgh 1}‘
) -
Zh:L,« lPojh
) _
X _o)

1s) >1-Y ——
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> P(xg ™ =x0,..., X" = xw, 1x¢ 7V = 0)
(XO,-.-,xNj)e{O,l}Nj
(16) —P(X(()J):xo,...,X](\;j):xlex(()J):O) < 007
and
o0
an th(()]}); =1+ Z 100h

Now we will define MUTD . For an arbitrary N; < Lj let Z,>L p(’) B. For

(J) ) (J)

some & < 0.25pgy and k which will be specified later, let pyy = pgg — 6 and

P(()J;i = p(()j 11 +34. Now the change in

1 (i
YR —Lppgt R G—Lppg) ks X, ipg)s
1 - —
2, pii Z?OLJ Py B+ BB+

and in
S GHD ) _
Z lpOJt Zl J
i=1
Now choose L ; such that 38 < 100_(J+1). Choose N1 so big such that

o0
P<U[L <hn <N, X =0.x0 ==X =1,

n=1
(/)
Zz Lj(l—L )p <L ‘X(j)zo
100|170

(X, XD - ZEL )
=L, Po,i

1 J
B (1000) '

. o2, o) .
Note that if kK > K = maxo<; —= ——» then forall0<i < j,
h=L; Po,h
+1
(18) Zh L h (J )> Zh L hp(j)
(J+1) - 0 -
Zh:L,» Po.n Zh:L, Pon

Choose k > K so large and § so small such that

ks OX2L ipg)
> 2,
B+s BB+

ké <

100/+1
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and
() _ ) (/)
> P(Xg" = 0. Xy, = xn; 1 Xg" =0)
(X0 XNJ-Jrl)E{O,l}Nj+1
G+ _ G+D _ G+D
_ P(XO XN (I j+1|X 0)|
1
< —7.
~ 1000/ +!

The resulting Markov chain MU+ is irreducible and positive recurrent and so it
yields a stationary and ergodic distribution and the inductive assumption holds for
Jj+1

Define p =1lim, . p; j) The resulting Markov chain M is clearly irre-
ducible and posmve recurrent and so it yields a stationary and ergodic distribution.
Let X, =0if M,E"O) =0 and 1 otherwise. Clearly, by the induction and (18),

00 oo J
P(U,..., U ﬂ[L,-l <An; < Ni, X3, -1, =0,

ni=1 nj=li=1

Xy, ~Liv1=-=X3, =1,
(00)
Yoher, (h— Li)pyp
B, (X0, ..., X3, ) < -1 ‘X():O
! Zh L (00)
[ee]
2
1— N
- 210001

Since the set (event) is decreasing in j so

(o, e ] o0
P(U U ﬂ{Li—l <A < Ni, X3, -1, =0,

I=1m=1i=1

X —Li+1="-=X3, =1,
(00)
Zh L; (h—L; )P
g (Xo. ... X)) < < -1} [x0=0
Y L; Po,
o0
2
>1—

; 1000

and
o, (00)
0
ZhPOh —1+2100h
h=0

The proof of Theorem 4 is complete.
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7. Proof of Theorem 5. Consider the largest L such that

P(r(X°, ) <L)<1- %

Applying the ergodic theorem we get that almost surely,

. . n 0 &
lkrglg(l)f@ >P(t(X2 ) <L)>1- > >1—e.

It is also clear that

— < P(x%) <L),

and so eventually we are predicting for finitely many blocks of 1’s and by ergod-

icity the consistency of the estimator h,(f) (Xo,..., X A@) is also established. Since

(&)
pl(g)(X S” ) is a probability distribution, now by ergodicity its consistency in total
variation follows immediately for the same reason and the proof of Theorem 5 is
complete.
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