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We study the small time path behavior of double stochastic integrals of
the form fé (f§ b(w) dW )T dW (r), where W is a d-dimensional Brownian
motion and b is an integrable progressively measurable stochastic process
taking values in the set of d x d-matrices. We prove a law of the iterated
logarithm that holds for all bounded progressively measurable b and give
additional results under continuity assumptions on b. As an application, we
discuss a stochastic control problem that arises in the study of the super-
replication of a contingent claim under gamma constraints.

1. Introduction. In this paper we study the small time path behavior of dou-
ble stochastic integrals of the form V(1) = fé (Jo b(w) dW )T dW(r), where W
is a d-dimensional Brownian motion and b is an integrable progressively measur-
able stochastic process taking values in the set of d x d-matrices. We first proove
a law of the iterated logarithm under general assumptions. Then, we prove addi-
tional results under continuity assumptions on b. The results for V? can easily be
generalized to double stochastic integrals of the form fé (fo b(u)dM Nt aM @),
for d-dimensional martingales M (t) = fé m(r)dW (r) corresponding to regular
enough matrix-valued processes m.

Results on the small time path behavior of stochastic integrals can be applied to
characterize the set of all starting points from which a given controlled continuous-
time stochastic process can be driven into a target set at a prespecified future time.
It is shown in [7] and [8] that under suitable conditions, the set of initial data
from which a controlled state process can be steered into a target set, satisfies
a dynamic programming principle (DPP), from which a dynamic programming
equation (DPE) can be derived. Since in [7] and [8] the control process is con-
strained to take values in a subset of R¢, the essential step in the derivation of the
DPE from the DPP is an analysis of the small time behavior of single stochastic
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integrals. In [6], the problem of super-replicating a contingent claim under gamma
constraints is studied. This problem naturally leads to an analysis of the small time
behavior of double stochastic integrals. The results in [6] are obtained under the
assumptions that the contingent claim depends on only one underlying asset and
that the gamma constraint is an upper bound. In this paper we provide a more ex-
tensive study of the small time path behavior of double stochastic integrals than
in [6] and discuss the super-replication problem under upper and lower gamma
constraints.

In Section 2 we establish the notation and discuss basic examples of double sto-
chastic integrals. The main results of the paper are stated and proved in Section 3,
and in Section 4 it is shown how they can be used to find the super-replication price
of a contingent claim in the presence of gamma constraints that are more general
than in [6]. We keep the presentation in Section 4 simple by making strong as-
sumptions. For a general treatment of the super-replication problem under gamma
constraints in a multidimensional framework, we refer the reader to the accompa-

nying paper [2].

2. Problem formulation and notation. Let (2, ¥, P) be a complete prob-
ability space endowed with a filtration I := {¥F (¢), t > 0} that satisfies the usual
conditions. We are interested in the small time behavior of double stochastic inte-
grals of the form

2.1 Vb = /Ot<‘/(;rb(u)dW(u)>TdW(r), t>0,

where {W (¢), t > 0} is a d-dimensional Brownian motion on the filtered probabil-
ity space (2, ¥, I, P), {b(¢),t > 0} is an integrable F-progressively measurable
stochastic process with values in M, the set of d x d-matrices with real compo-
nents, and 7 denotes the transposition of matrices.

In the easy case where {W (¢), t > 0} is a one-dimensional Brownian motion and
b(t) =B, t >0, for some B € R, we have

Vi) = g(Wz(t) —1), t>0.
It follows from the law of the iterated logarithm for Brownian motion that
. 2VEA (1)
2.2) lim sup =p for every 8 > 0,
~no  h()

where
1
h(t) :=2tloglog e t>0,

and the equality in (2.2) is, as all other equalities and inequalities between random
variables in this paper, understood in the almost sure sense. On the other hand, it
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can be deduced from the fact that almost all paths of a one-dimensional Brownian
motion cross zero on all time intervals (0, €], ¢ > 0, that

2VA(t
(2.3) lim sup @ =
N0 t

—-B for every 8 < 0.

The purpose of this paper is to derive formulae similar to (2.2) and (2.3) when
W ={W(t),t > 0} is a d-dimensional Brownian motion and b = {b(¢),¢ > 0} is a
progressively measurable matrix-valued stochastic process. Note that if b(¢) = B,
t > 0, for some fixed symmetric matrix g, then

V() =W@) T BW(t) — Tx[Bl,  1>0,

where Tr denotes the trace of a matrix. It is already not completely obvious if the
formulae (2.2) and (2.3) have analogs in this case and how they look. In Section 3
we will prove extensions of (2.2) and (2.3) for processes of the form (2.1).
By I; we denote the d x d identity matrix. For y € R", we set |y| := (yl2 4+ 4
y)1/2, and for g € M4,
IBl:=sup [Byl.

yeR? |y|=1

By $¢ we denote the collection of all symmetric matrices of M?, and for all
B € 8%, we set

Ae(B) :=min{y” By:y e R? |y| = 1},
A*(B) :=max{y” By:y e R?, |y| = 1}.

Note that A* and A, are continuous, and therefore, measurable functions from $¢
to R. We endow the set 8¢ with the usual partial order

B>a ifandonlyif Xl (8—a)>0,

and we set 51 ={Bes8:p>0).

3. Small time path behavior of double stochastic integrals. The main re-
sults of this section are Theorems 3.1 and 3.3. Corollaries 3.7 and 3.8 are con-
sequences of Theorems 3.1 and 3.3, respectively. Proposition 3.9, whose proof is
straightforward, is given because, along with Corollaries 3.7 and 3.8, it is needed
in Section 4 of this paper and in the accompanying paper [2].

THEOREM 3.1. (a) Let {b(r),t > 0} be an M%-valued, F-progressively mea-
surable process such that |b(t)| <1 forallt > 0. Then
2Vh(t
limsu | @l <1
\0 h(t)
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(b) Let B € 3¢ with largest eigenvalue \*(B) > 0. If {b(¢), t > 0} is a bounded,
84 valued, F-progressively measurable process such that b(t) > p for all t > 0,
then

. 2vh(@)
lim sup

25(B).
P =27 (B)

For the proof of Theorem 3.1(a) we need the following exponential estimate:

LEMMA 3.2. Let A and T be two positive parameters with 20T < 1
and {b(t),t > 0} an M%-valued, F-progressively measurable process such that
|b(t)| <1, forallt = 0. Then

E[exp(2AV?(T))] < E[exp(2AV ' (T))].

PROOF. We prove this lemma with a standard argument from the theory of
stochastic control. We define the processes

Yo(r):=Y(0) + / b(u)dW (1)
0
and
Zb@t) == 7(0) +/0t(Yb(r))TdW(r), t>0,

where Y (0) € R? and Z(0) € R are some given initial data. Observe that Vi) =
ZP(t) when Y (0) = 0 and Z(0) = 0. We split the argument into three steps.

Step 1. It can easily be checked that
(3.1) E[expAZ'(T))|F ()] = f(t, Y (1), Z" 1)),

where, fort €[0,T], y € R4 and 7 € R, the function f is given by

7t.y.2) = Blexp(2]e + ftT(y F W)= W) awol )|

= exp(212) E[exp(M2yT W(T — 1) + |W(T —1)|* —d(T —1)})]
= u?exp[2hz — dM(T —t) + 2ud>(T — 1)|y|?],

and p :=[1 — 2A(T — 1)]~!. Observe that the function f is strictly convex in y
and
2

2
t! b = t’ 9y b
ayaz( y,2)=g(t,y,2)y

(32) Dy f(t,y,2) =

where g2 :=8ur3(T —1)f isa positive function of (z, y, z).
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Step 2. For a matrix B € M¢, we denote by L£? the Dynkin operator associated
to the process (YB, ZP), that is,

L7 := Dy + 3 TrIBFT D, 1+ 31y D2 + (B0 DY,

where D. and D? denote the gradient and the Hessian operators with respect to the
indexed variables. In this step, we intend to prove that for all 7 € [0, T], y € R¢
and z € R,

(3.3) max LPf@t,y,2) =LY f(t,y,2)=0.
BeMd,|Bl<1

The second equality can be derived from the fact that the process
fle. Y@, zlw),  1€[0.T],

is a martingale, which can easily be seen from (3.1). The first equality follows from
the following two observations: First, note that for each g € M4 such that 1Bl <1,
the matrix I; — BB7 is in 51. Therefore, there exists a y € 51 such that

Ia—pp" =v*.

Since f is convex in y, the Hessian matrix Dgy f is also in /Si. It follows that
y D3, f(t,x,y)y € 8¢, and therefore,

Te( D3, f (1, x, )] = TR D}, f (1, x, )]
(34) =Trl(Ila — BBT)D;, f (1, x, )]
=Trly D}, f(t,x.y)y] = 0.

Second, it follows from (3.2) and the Cauchy-Schwarz inequality that, for all
B € M? such that |B] < 1,

BN D2 f(t,y.2) =g (t, 3, 20BNy
(3.5) < g%ty Dy
=y' D} ft,y,2).
Together, (3.4) and (3.5) imply the first equality in (3.3).
Step 3. Let {b(t),t > 0} be an M?-valued, F-progressively measurable

process such that |b(¢)| < 1 for all £ > 0. We define the sequence of stopping
times

=T Ainf{t = 0: Y2 (0)| + | Z°(1)| = k), k eN.
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It follows from It6’s lemma and (3.3) that

£0.Y(0), ZO) = f(w. Yo (), ZP () — /0 © PO £, Y0 (1), 28 () di

_/(;k[(Dyf)Tb+(DZf)yT](t, Yb(@), 2P (1)) dw ()
> f(w, Y2 (), 2 ()

= [F1D b+ D1 Y0, 2P 0) W ),
0 Y ¢ ' ’
Taking expected values and sending k to infinity, we get by Fatou’s lemma,
E[exp(212%(T))] = £(0, Y (0), Z(0))
> liminf E[f (v, Y*(w0), 2" (w))]

> E[f(T, Y"(T), Z(T))]
=E[exp(22.2°(T))],
which proves the lemma. [l
PROOF OF THEOREM 3.1. (a) Let T > 0 and A > 0 be such that 2AT < 1. It

follows from Doob’s maximal inequality for submartingales and Lemma 3.2 that
forall « > 0,

P[ sup 2V”(z)za] :P[ sup exp(ZAVb(t))zexp(ka)]
0<t<T 0<t<T

< exp(—Aa) E[exp(2AV0(T))]
(3.6)
< exp(—Aa) E[exp(2kV’d (7))]

= exp(—Aa) exp(—AdT)(1 — 2AT)~4/2.
Now, take 0, n € (0, 1), and set for all k € N,
ar =1+ n)2h©O% and A :=[1205A + 7L
It follows from (3.6) that for all k € N,
P[ sup 2VP() =1+ n)zh(ek)]

0<t<@k
d 1 dj2 1 —(14+n)
5exp<— ><1 + —) (klog —) .
2(1+n) n 0

.¢]
S0+ < oo,
k=1

Since
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it follows from the Borel-Cantelli lemma that, for almost all w € €2, there exists a
natural number K?(w) such that for all k > K% (w),

sup 2VP(t, w) < (14 1n)2h(6").

0<t<pk

In particular, for all r € (%1, %],

WL w) < (1 +2h(E%) < (14 n)z%.

Hence,
2V (L4 )
lim sup < .
~No  h(@) 0
By letting 6 tend to 1 and 7 to zero along the rationals, we conclude that
2Vh(t
lim sup @) <1
~No  h@)
On the other hand,
2VP(t 2V=o(t
liminf ()z—limsup ()2— ,
N0 h(1) ~no  h()

and the proof of part (a) is complete.
(b) There exists a constant ¢ > 0 such that for all r > 0,

(3.7 clg = b(t) = B = —clqg,
and an orthogonal d x d-matrix U such that
B :=UBU" =diag[A*(B), A2, ..., Aal,
where A*(8) > Ay > - -+ > Aq4 are the ordered eigenvalues of the matrix §. Let
y :=diag[3c,c,...,c] and y:= u'yu.

It follows from (3.7) that for all t > O,

y—Bzy—-b)=0,
which implies that

ly =bOI <ly = Bl=2"(y = B) =1"(7 — B) =3c = 1*(B).
Hence, by part (a),
2VY=b(t)



DOUBLE STOCHASTIC INTEGRALS 2479

Note that the transformed Brownian motion,
W) :=UW®), >0,

is again a d-dimensional Brownian motion and

. 2vr(@) . WOy W) —Tr(y)e
lim sup = limsu
~No  h(@) NG h(t)
. WO yW (@) —Tr(y)t
= lim sup
NG h(t)
3.9 - -
. W) yW@)
=limsup ————
AN h(t)
Wi(1))?
> lim sup 3CM = 3c.
\0 h(t)
It follows from (3.9) and (3.8) that
. 2vh@) VY () 2VY (1)
lim sup > lim sup — limsup ———
~No  h@®) ~no  h@) AN h(t)

>3c— (3¢ = A%(B)) =27 (B),
which proves part (b) of the theorem. [J

In the next theorem we refine the statements of Theorem 3.1 under stronger
assumptions.

THEOREM 3.3. Let {b(t),t > 0} be an M?-valued, F-progressively measur-
able process such that

t
/ |b(r)|2dr < 0 forallt > 0.
0

Assume that b(0) is a deterministic element of 84, and there exists a random vari-
able ¢ > 0 such that almost surely,

(3.10) fot |b(r) = b(0)|>dr = 0% fort \,0.
(a) If A*(b(0)) < 0, then

b
lim sup Ve = —Tr[b(0)].
t\O
(b) If A*(b(0)) = 0, then
b
lim sup 22 = 1*(b(0)).

~No  h()
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REMARK 3.4. Note that for deterministic ¢ > 0, condition (3.10) follows if
there exists a constant C > 0 such that

(3.11) Ellb(t) — b(0)?1 < Ct**  fort > 0.
Indeed, if (3.11) is satisfied, then

Ub(r) — b(0)|?
E|:/0 Tdr} < 00,

1 _ 2
/ |b(r) — b(0)] dr
0

therefore,

rlte < 00,

and we have for all ¢ € [0, 1],

t 1 b(r) — b(0)|? Lb(r) — b(0)|?
‘/(;|b(r)—b(0)|2dr§_/(; H’A)ﬂ%drtl—hgf/o %d?tl—m.

To prove Theorem 3.3 we need the following.

LEMMA 3.5. Let {W(t),t = 0} be a d-dimensional Brownian motion and
B e M?. Then

RIS I B
(3.12) liminf - [W (O BW(1)] =0.

PROOF. It follows from the self-similarity property of {W(¢), t > 0} that the
Gaussian sequence,

X(n):=e"?W(e™), nez,
is stationary, and the fact that
nlggoE[X(n)TX(O)] =0
implies that it is ergodic (see, e.g., Section V.3 in [5]). Hence, the sequence
Y(n) =X BX()|=€"|W(e™ W™  nel

is stationary and ergodic as well. Therefore, we can apply the ergodic theorem
(see, e.g., Theorem V.3.3 in [5]) to conclude that for all § > 0,

1 l’l—l
Jim o > 110,51(Y(j) = E[110,5)(Y (0))] = P[Y (0) <] > 0.
=0

This shows that

liminfY (n) =0,
n—oo
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which implies (3.12). U

PROOF OF THEOREM 3.3. Since b(0) is symmetric, we have for all > 0,
(3.13) 2VE(r) =2VPO (1) +2VP (1) = W () T BO)W (1) — Te[b(0)]r + 2V (1),
where

b(t) := b(t) — b(0), t>0.

Denote by M; the jth component of the d-dimensional local martingale

for E(u) dW (u), r > 0. It follows from assumption (3.10) that the quadratic varia-
tion process (M ;) satisfies almost surely,

)= /Zbk(u)du_O(r‘+8) for £ \, 0.

By the Dambis—Dubins—Schwarz theorem (see, e.g., Section V.1 in [4]), there ex-
ists a Brownian motion B; such that M;(r) = Bj o (M;)(r), r > 0. Hence, it fol-
lows from the law of the iterated logarithm for Brownian motion that almost surely,

M7y =002 forr \0.

This implies that almost surely,
(z) = / Z M7 (rydr=0@*/%)  fort\0,
and another application of the Dambis—Dubins—Schwarz theorem yields

=0.

vo(t
(3.14) lim @)
N0 1

(a) If A*(b(0)) <0, then for all t > 0,
W) bYW () <0,

and part (a) of the theorem can be deduced from (3.13), (3.14) and Lemma 3.5.
(b) If A*(b(0)) > 0, it follows from Theorem 3.1(b) that

2vb0) (¢
(3.15) lim sup VO > A*(b(0)).
N0 h(t)
To show that actually,
2O
(3.16) lim sup VT = 1*(b(0)),

\O h(t)
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we denote by A*(b(0)) = A1 > Ao > --- > Ay the ordered eigenvalues of b(0).
There exists a positive integer k < d such that A; > --- > A; > 0 and, in case that
k<d,0> Agy1>---> Xrg. Let U be an orthogonal d x d-matrix such that

UbO)UT =diag[r1, Aa, ..., Agl.
The process
W) :=UW(), t>0,

is again a d-dimensional Brownian motion, and for all # > 0,

: 2vPO @) W@ bO)W (1) — Tr[b(0)]r
lim sup ———— = limsu
N\ h(t) N0 h(t)
YW@ Y A (W(0)?
= lim sup <limsu
™N\O h(t) \0 h(t)

<A =2%(b(0)),

where the last inequality follows from Theorem 3.1(a). This and (3.15) im-
ply (3.16), which, along with (3.13) and (3.14), proves part (b) of the
theorem. [J

Our proof of Theorem 3.3 is based on the decomposition (3.13) and the esti-
mate (3.14). The next example shows that (3.14) need no longer be true if assump-
tion (3.10) is replaced by the condition that almost surely,

|b(t) —b(0)| =0 ast — 0.

Whether Theorem 3.3, or some variant of it, can be proved under weaker assump-
tions is an open question.

EXAMPLE 3.6. Letd =1 and b(t) = 1/logloglog(1/¢t). Then,
/t /r b(w)dWu)dW @) =W() /lb(r)dW(r)
0 JO 0
t t
—/ b(r)W(r)dW(r)—/ b(r)dr
0 0
t t
= W(t)[W(t)b(t) _/0 W(r)db(r)] —'/0 b(r)dr
(3.17) . .
— w2 — 2 —
Z[W ®)b(1) /0 W=(r)db(r) /0 b(r)dr]

= %Wz(t)b(t) - W(t)ft W (r)db(r)
0

t t
+ %/0 W2(r) db(r) — %/O b(r) dr.
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Clearly, [jb(r)dr = o(t), as t \ 0. Since

/ 1 ! ! : 2
7= Tog(1/) loglog(1/n) (1ogloglog<l/r>) |

it follows from the law of the iterated logarithm for Brownian motion that
for r \ 0,

t t
/ W2(r)db(r) = / W2(r)b' (r)dr
0 0

? 1
= 0(/ rloglog —b'(r) dr>
0 r

:0(/0[ 1dr> =o(t).

Similarly, for ¢ N\ 0,

t t
W(t)/o W(r)db(r) = W(t)/(; W(r)b'(r)dr

1 rt 1

= 0( /tloglog—/ |/ loglog —b/(r)dr>
tJo r
1 t

=o0 tloglog—/ r~124ar
rJo

/ 1
=0<t loglog;).

/ 1 loglog(1/¢
t loglog—=0(tw> ast 0,
t logloglog(1/t)

it follows from (3.17) that

Since

i Jo Jo b)) dW (u) dW (r)
1m sup
~o floglog(1/1)/(logloglog(1/t))
. (1/2)W2()b(1)
= lim sup =1
~o tloglog(l/t)/(logloglog(1/t))

The next two corollaries are straightforward consequences of Theorems
3.1 and 3.3, respectively.
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COROLLARY 3.7. Let {M(t),t > 0} be an R?-valued martingale defined by
t
M(t) ::/ m@r)dW(r), t >0,
0

where {m(t),t > 0} is an M?-valued, F-progressively measurable process such
that

t
/ Im(r)|>dr < oo forallt >0,
0
and there exists a random variable € > 0 so that almost surely,
t
(3.18) /|moq—numﬁdr=cxﬂ+% for t \ 0.
0

(a) Let {b(t),t = 0} be a bounded M -valued, F-progressively measurable
process such that for all t > 0, Im(@O) b(t)m(0)| < 1. Then

2 /Ot</ou b(u)dM(u))TdM(r)

limsup —
~o h()
(b) Let B be a bounded, F (0)-measurable, 89 valued random variable with
A*(B) = 0. If {b(t),t > 0} is a bounded, 8 -valued, F-progressively measurable
process such that for all t > 0,

m(0) b(t)ym(0) > B,

<I.

then

. 2 t r T .
hrtn\il)lpmfo(fo b(u)dM(u)) M(r) = 1*(B).

PROOF. It can easily be checked that
T

/Z(/r b(u)m(u)dW(u)> m@r)dW(r)
0 0
t r T
- [ (/ c(u)dW(u)) W) + Ri(0) + Ra0),
0 0

where

c(t) := m©O0) bt)m(0),
T

t r
Ri(r) = fo ( fo b(u)[m(u)—m(ondW(u)) m(©)dW(r),

t r T
Ry (1) ::/0 (/(; b(u)m(u)dW(u)) [m(r) —m@0)]dW(r).
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As in the proof of Theorem 3.3 it can be deduced from assumption (3.18) and the
Dambis—Dubins—Schwarz theorem that
. Rit) . R(1)
lim = lim =
N0t N0t

0.

In particular,

i Ri(t) .. Ra(1)
im = lim =0.
N0 k()  \O h(t)

Now, part (a) of the corollary follows from Theorem 3.1(a). Furthermore, by con-
ditioning on o (B), we can assume that 8 is deterministic and deduce part (b) of
the corollary from Theorem 3.1(b). [

COROLLARY 3.8. Let {M(t),t > 0} be an R?-valued martingale defined by
t
Mo = [ meyawe,  r=o,
0

where {m(t),t > 0} is an M?-valued, F-progressively measurable process such
that

t
/ |m(r)|2dr<oo forallt > 0.
0

Let {b(t),t > 0} be a bounded, M?-valued, F-progressively measurable process
such that b(0) is 89 -valued, and assume there exists a random variable & > 0 such
that almost surely,

/t Im(r) —m(0)|*dr = O(¢'*)

0

and
/”Mﬂ—bmﬁdﬁ:OUHﬁ fort 0.
0

(a) If A*(m(0)T b(0)m(0)) < 0, then

r T
lim sup% t(/ b(u)dM(u)) dM(r) = —Tr[m(O)Tb(O)m(O)].
o Jo\Jo
(b) If A*(m(0)T b(0)m(0)) > 0, then

li > ([ bwad Td *(m(0)T b(0)ym (0
ITSSP%[)([) WM @) dM ) = (m©O)TbOmMO)).
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PROOF. As in the proof of Corollary 3.7 we decompose

t r T
/ (/ b(u)m(u)dW(u)) m@r)dW(r)
0 0

into

/Ot (/Or c(u)dW(u)>TdW(r) + R (t) + Ra(0),
where

c(t) ;=m0 b()m(0),

1 Lfr r
;R](t) = ;/0 (/0 b(u)[m(u) —m(O)]dW(u)) m0)dW((r)—0

for t \( O,
T

;Rz(t) = %‘/(;t (/(-)r b(u)m(u)dW(u)) [m(r) —m@0)]dW(r)—0

for t \( 0.

It follows from the assumptions that ¢ satisfies almost surely,
t
[1e0)—c@Par=0a")  fori o,
0

and by conditioning on o (c(0)), we can assume that c¢(0) is deterministic. Then,
the corollary follows from Theorem 3.3. [J

PROPOSITION 3.9. Let{a(t),t = 0} and {m(¢),t > 0} be two F-progressively
measurable processes taking values in R? and M?, respectively. Assume that

{a(t),t = 0} is bounded,

/0; Im(r))?dr <oco  forallt >0,
and there exists a (0, 1]-valued random variable ¢ such that almost surely,
(3.19) fot PPlmr)>dr=0>"%)  fort\,0.

Then,

r T
tlgr(l)t—3/2+€/0t(f0 a(u)du) m(r)dW () =0.

REMARK 3.10. It can easily be shown that

(3.20) supE[|m(1)|*] < oo

t>0
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implies condition (3.19) for every constant ¢ € (0, 1]. Indeed, it follows from (3.20)
that for every constant ¢ € (0, 1],

1 2
E|:f M dr} <00
o r' ¢
1 2
[P
o r'—¢
Moreover, for all ¢ € [0, 1],

t 1 2
fr2|m(r)|2dr§/ mOF ;s
0 0

rl—e¢

and therefore,

PROOF OF PROPOSITION 3.9. Denote X () = [§ (5 a(u)du)Tm(r)dW (r),
t > 0. By assumption (3.19), the quadratic variation process (X) satisfies almost
surely,

(X))=0@@"%)  forr\ 0.

Now, the proposition can be deduced from the Dambis—Dubins—Schwarz
theorem. [J

4. Applications to stochastic control. In this section we show how results
on the small time behavior of stochastic integrals can be applied to derive partial
differential equations from gamma constraints on hedging strategies. Since these
partial differential equations will be derived from a dynamic programming princi-
ple (DPP), we refer to them as dynamic programming equations (DPEs).

4.1. Super-replication under gamma constraints. For the sake of simplicity of
presentation, we here consider a financial market that consists of only two tradable
assets. Markets with more assets are considered in the accompanying paper [2].
Let T > 0 be a finite time horizon, let {W(z),t € [0, T']} be a one-dimensional
Brownian motion and let F¥ = {FW (1), ¢ € [0, T]} be the smallest filtration that
contains the filtration generated by {W (¢), ¢t > 0} and satisfies the usual conditions.
We take the first asset as numéraire and assume that the price of the second one is
given by

02
S(r):= Soexp{<u—7>r+aW(r)}, rel0,T],

for some constants So > 0, u© € R and o > 0. By possibly passing to an equivalent
probability measure, we can assume that = 0. Then, given S(t) = s for some
(t,5) €[0,T) x (0, 00), the further evolution of § is

2
“4.1) S() ::sexp{U[W(r)— W(t)]—%(r—t)}, reltT].
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A self-financing trading strategy that is only based on information coming from ob-
servations of the price {S(r), € [0, T]}, can be described by an F" -progressively
measurable process {Y (r), r € [t, T]} that is integrable with respect to {S(r),r €
[, T']} and denotes the number of shares of the second asset held at any given time.
Then, the wealth process is given by

4.2) X(r)y=X@)+ /zr Y(u)dS(u), relt, T],

and the number of shares of the first asset held at time r is X (r) — Y (r)S(r).

We consider a contingent claim with a time-T payoff given by g(S(7T')), where
g: (0, 00) — [0, 00) is a measurable function such that g(S(T)) € L'(P). For the
corresponding Black—Scholes hedging strategy {YB5(r), r € [t, T]} we have

T
E[g(S(T)IF ()] + /t YB3 (r)dS(r) = g(S(T)),

that is, starting with initial capital E[g(S(T))|¥ (¢)] at time ¢, the Black—Scholes
strategy replicates the contingent claim. If one requires the hedging strategy to
satisfy constraints other than conditions that exclude arbitrage opportunities, one
cannot hope that the contingent claim is still replicable, but in many cases, it is
possible to super-replicate it with finite initial wealth. A gamma constraint is a
restriction on the variation of the hedging strategy due to changes in the underlying
asset. To be able to express gamma constraints more explicitly, we require the
process Y to be of the form

4.3) Y(r)=y+fra(u)du+/ry(u)d5(u), relt,T],
t t

for y € R and «, y bounded, FW -progressively measurable processes. Then, a self-
financing trading strategy is determined by the starting value y and a pair of
bounded, FY -progressively measurable processes v = (o, ¥). By a gamma con-
straint we mean a restriction on the process y . In the following we consider gamma
constraints of the form:

(4.4) Tw<S2(r)y(r)<T*  relt,T],

where I', < I'* are two given constants. We call a control process v = («, y) ad-
missible if & and y are bounded, F" -progressively measurable processes and y
satisfies the constraint (4.4).
To emphasize the dependence on the initial data, we denote by (S;s, X/ ;
, s y) the processes given by (4.1), (4 2) and (4 3) corresponding to the admissible
control v and the initial data (S , , 5,2,y t P })(t) = (s, x, y). The collection of
admissible controls v is denoted by #; ;. From the boundedness of « and y it can
be deduced that for all v € A, sup, ., -7 E[{Y}’ ts y(r)St’s(r)}z] < 00, and there-
fore, X, ; \ , is a square-integrable martingale. In particular, admissible controls
do not lead to arbitrage.
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The problems
4.5) w(t,s,y) :=inflx: X7\ (T) > g(S:s(T)) for some v € 4}
and
v(t,s) = iglf&w(t, S, y)
(4.6) =inf{x: X} (T) > g(Si.s(T))

for some y € R and some v € A}

can both be viewed as stochastic target problems. Problem (4.5) is very similar to
the one treated in [7] and leads to the study of the small time behavior of single
stochastic integrals. In problem (4.6), Y is no longer a state variable, and one is
naturally led to an analysis of the small time behavior of double stochastic inte-
grals.

In the next two subsections we derive DPEs for w and v. Our main objective is
to show how one can find these DPEs and where results on the small time behavior
of stochastic integrals are needed. To avoid the use of the theory of viscosity so-
lutions and lengthy approximation arguments, we will make some strong assump-
tions along the way. In particular, we will assume that the infima in (4.5) and (4.6)
are attained and the functions w and v are smooth. Also, we will only show that
w and v are supersolutions of the corresponding DPEs. A more detailed discus-
sion of the super-replication problem under gamma constraints and rigorous proofs
without simplifying assumptions can be found in [2].

4.2. DPE for the value function w. We derive the DPE for w in three steps.

Step 1: Dynamic programming principle. 'We assume that for each (z, s, y) €
[0,T) x (0,00) x R, there exists an admissible control v = (¢, y) such that

”xy(T)>g(S”(T)) where x = w(t, s, y).

Let T be an F" -stopping time with values in (t, T] For each § > 0, we define 75 :=
TA(t+5), and we set (8, X, §) := (St ,S %y ts y)(tg) It can be deduced from
X, .25 = 8(Sg (D))

that x > w(zs, §, y), that is,

@D s )+ [0S0 (. S (). V().
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Step 2: Application of It0’s lemma. We further assume that the value function
w is smooth. Then, we can apply Itd’s lemma in (4.7) to get for all § > O:

(4.8) ~[Terrar— [T wras.m =0
where
E(r) =G "w(r A1, S 5(r AT), Yt'js’y(r AT)),

Y(r) = (wy + ywy)(r AT, S 5(r AT), Y,‘js’y(r AT)) — r A7),

t s,y
and 4" is the Dynkin operator associated to the two-dimensional process (S, Y'"):

G w(t,s,y) =w(t,s,y) +a)w,(t,s,y)
4.9) +5 162 wss(t s,y)+ 2)/(z‘) o’s wyy(t 5,9)
—I—y(t)cr s wsy(t s, y).
If we set
T:=inf{r >¢:| tsy( ) —y|+|logS; s(r) —logs| > K} AT,
for some constant K > 0, then the processes £ and 1 are bounded.

Step 3: Small time path behavior of single stochastic integrals. Since & is
bounded, it follows from (4.8) that there exists a constant L > 0 such that

/t —Y ) dS; s(u) :/t Y )S; s(w)o dW(u) > —L(r —1)
(4.10)
forall r € [¢, T].

By the Dambis—-Dubins—Schwarz theorem, there exists a Brownian motion
{B(r), r > 0} such that

fr — Y (u)dS;.s(u) = B(/r W(u)sﬁs(u)azdu), relt, Tl
t t

Hence, it follows from (4.10) and the law of the iterated logarithm for Brownian
motion that for all ¢, § > 0,
PllY(u)| > e forallu €[t,t +8]] =

By the definition of ¥ and the gamma constraint (4.4) on the process y, this pro-
vides

411)  =Sp(—wy(t.s.y) <5>(y — ws(t,5.¥)) < Sr(wy (¢, 5, ),
where Sr is the support function of the interval [Ty, ['*] defined by

Sr(u):= sup uc, uel.

[y<c<I'*
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Since ¥ is bounded, we can take expected values in (4.8) and divide by é to obtain

E[—%/ s)dr| 0.

which, in the limit § — 0, implies that
4.12) —Gw(t,s,y) = sup{—g,(“’c>w(t, s,y):a€Rand Ty <s’c < r“}>o,
where 9,(“"') is given by (4.9). Combining (4.11) and (4.12), we obtain

G(s,y,wi(t,s,y), Dw(t,s,y), D*w(t, s, y))
= min{—§w(t, s, y); s°y — [s*wy — Sr(—wy)1(t, s, y);

— 52y + [s?wy + Sr(wy)]1(t, 5, y)} > 0.

With arguments similar to the ones used to show the subsolution property in [7], it
can be proved that w is also a subsolution of the equation

(4.13) G(s,y,wi(t,s,y), Dw(t,s,y), D>w(t, s, y))=0.

We omit this proof because it has nothing to do with the small time behavior of
stochastic integrals.

4.3. DPE for the value function v. For the derivation of the DPE for v we have
to restrict the control processes further by requiring that y is right-continuous and
for all ¢ € [0, T'], there exists an ¢ > 0 such that almost surely,

(4.14) /Or|y(u—|—t)—)/(t)|2du:0(r1+8) for r \, 0.

Again, we proceed in three steps.

Step 1: Dynamic programming. We assume that for each (¢,s) € [0,T) X
(0, 00), there is an admissible control (y, v) = (v, «, ) such that

X,"’S’x,y(T) > g(8;.5(T)) where x = v(t, s).

For a (¢, T]-valued FW—stopping time T and § > 0, weset 75 :=T7 A (t + J). As in
Section 4.2, it can be shown that

(4.15) ot 5) + f YY) S, (1) = 0(5, S4(1)).
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Step 2: Application of It6’s lemma. Again, we assume that the value function
v is smooth. Then, we can twice apply Itd’s lemma in (4.15) to get for all § > 0:

@16y — ["swyar— e+ [Towdut [(pwas, wlds. =0
where
E(r):=Lo(r AT, S5(r AT)),
¢=vs(t,s) -y,
d(r) = Log(r AT, St5(r AT)) —a(r),
Y(r) = v (r AT, Sis(r AT)) —y(r),
and £ is the Dynkin operator associated to the process S:
Lu(t,s) :=uv(t,s)+ %G,%lszvss(t, s).
If we set
T:=inf{r >¢:|log $; s(r) —logs| > K},
for some constant K > 0, then the processes &, ¢ and ¥ are bounded.

Step 3: Small time path behavior of double stochastic integrals. It follows from
the boundedness of & that there exists a constant C; > 0 such that for all § > 0,

T
4.17) / E(r)dr| < C1é.
t
From the boundedness of ¢ and Proposition 3.9 it can be deduced that
1 T5 r
lim — s
im /[ [ s duds..)
(4.18)
1 t+6 pr
=§1\1g§ /t /z ¢m)duS; s(ryodW(r)|=0.

Furthermore, since almost all paths of S; ; are Holder-continuous of order 1/3, it
follows from Corollary 3.7(a) that
1 T5 r
[ [ vwas.wds. e

lim sup ——
N0 h(d)

1
4.19) =limsup ——
SO0 h(d)

< Q.

It can be seen from (4.16) together with (4.17)—(4.19) that

8 pr
/H_ / Y (W)S:,s(u)o dW(u) Sy s(r)odW(r)
t t

lim sup

1 75
(" ras., o) <o,
msup f, £dS,,(r)
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from which it can be derived by the Dambis—Dubins—Schwarz theorem and the
law of the iterated logarithm for Brownian motion that { = 0. Therefore, (4.16),
(4.17) and (4.18) imply that

4.20 li L ds ds 0
<
(4.20) 12“\531’/1@)[, ft Y(u)dS; s(u)dS; s(r) <0.

Since 1 is right-continuous, it follows from (4.20) and Corollary 3.7(b) that
¥ (t) < 0. Note that by the definition of ¥ and the gamma constraint (4.4),

(4.21) Ty < 5% (vss (t,5) — Y () < T,

By the boundedness and continuity of &, we obtain from (4.16) and (4.18) that

. . 1 T5 r
(4.22) f(”fllgn\%lfg/t /t—lﬂ(u)dSz,s(u)dSz,s(i’)-

Since v is smooth, the process vy, (r, S;s(r)) is almost surely locally Holder-
continuous of order 1/3. Hence, since y satisfies (4.14), the process ¥ satis-
fies (4.14) as well. Therefore, we can apply Corollary 3.8(a) to conclude that

g
timint 5 [ [* <y ds, s dsisr)
o 1 t+8§ pr
—timint 5 [ [* 0 8,0 W@ S )7 aW )

1
=50 252y (),
which together with (4.22) shows that
E(1) < 30°57Y (1),
that is,
(4.23) —v(t,5) — 50257 (vgs (2, 5) — Y (1)) = 0.
Combined, (4.21) and (4.23) yield the following:

F(vi(t,5), s%u55(t, 8)) 1= sup F (v, (t, 5), s2vs5 (1, 5) + B) = 0,
p=>0

where
F(p,A):=min{—p — $o?A; T* — A; A — T}

In [2] it is proved under weaker assumptions and with more general control
processes that the value function v is a viscosity solution of the equation

(4.24) F(vi (1, 5), s*vg4(t, 5)) = 0.
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4.4. Discussion of the assumptions and related literature. Using approxima-
tion arguments, it can be shown that w is a viscosity solution of the DPE (4.13)
without the assumption that it is always a minimum and smooth (see [7] for more
details). Under additional continuity conditions on y it can also be shown that v
is a viscosity supersolution of the DPE (4.24) without assuming that it is always a
minimum and smooth. For instance, with the arguments of Section 5 of [2] it can
be shown without assumptions on v that it is a viscosity supersolution of (4.24)
if y is required to be of the form

(4.25) y(r)=z+/ryl(u)du+/r yz(u)dW(u), relt,T],
t t

for z € R and y!, y? progressively measurable processes, and suitable bound-
edness conditions are satisfied. It is an open problem whether the supersolu-
tion property of v can be shown without continuity assumptions on y such as
(4.25) or (4.14). Another open problem is whether the value function v corre-
sponding to trading strategies of the form (4.3) with y of the form (4.25) is also a
subsolution of (4.24).

However, assume that g is continuous and let vBS(z,s) = Elg(S: s(T))] be
the Black—Scholes price of g(S;s(7T)). Then it follows from the comparison re-
sult, Proposition 3.9, in [2] that v > vBS on [0, T) x (0,00), and v > vBS on
[0, T) x (0, o0) whenever the function g(s) + I'*log s is not concave. On the other
hand, without boundedness assumptions on the process « in (4.3), it follows from
Theorem 4.4 in [1] that v < v®S on [0, T') x (0, c0) irrespective of the form of g.

To allow for a proof of a partial dynamic programming principle that is needed
in the proof of the subsolution property of the value function, the control processes
in [2] are also permitted to contain finitely many jumps. More precisely, the trading
strategies in [2] are of the form

N-1 r r
Yy =3 v gy ren) + /t o (1) du + /, y () dS; (),
(4.26) n=0
rels,Tl,

where t = 79 < 71 < --- is an increasing sequence of [¢, T']-valued F" -stopping
times such that the random variable N := inf{n € N: 1, = T} is bounded, all y"
are ¥ " (t,)-measurable random variables and «, y are FW -progressively mea-
surable processes satisfying certain boundedness and continuity conditions (see
Section 2.2 in [2]).

Denote by v!""™P* the value function corresponding to this class of trading strate-
gies. It is shown in [2] that v/"™P® is the unique viscosity solution of (4.24) in a cer-
tain class of functions. Again, for continuous g, it follows from the comparison re-
sult, Proposition 3.9 in [2], that piumps > ,BS on [0, T) x (0, 00), and viU™Ps > ¢BS
on [0, T') x (0, oo) whenever g+ I"*log(s) is not concave. On the other hand, if the
number of jumps N in (4.26) is only required to be finite but not bounded, then it
follows from Lemma A.3 in [3] that vJ"™PS < vBS on [0, T) x (0, co) for all g.
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