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ON THE MINIMAL TRAVEL TIME NEEDED
TO COLLECT n ITEMS ON A CIRCLE

BY NELLY LITVAK AND WILLEM R. VAN ZWET
University of Twente and University of Leiden

Considem items located randomly on a circle of length 1. The locations
of the items are assumed to be independent and uniformly distributed
on [0,1). A picker starts at point 0 and has to collect allitems by
moving along the circle at unit speed in either direction. In this paper we
study the minimal travel time of the picker. We obtain upper bounds and
analyze the exact travel time distribution. Further, we derive closed-form
limiting results whem: tends to infinity. We determine the behavior of the
limiting distribution in a positive neighborhood of zero. The limiting random
variable is closely related to exponential functionals associated with a Poisson
process. These functionals occur in many areas and have been intensively
studied in recent literature.

1. Introduction. This paper is devoted to the properties of the optimal route
of the picker who has to colleet items independently and uniformly distributed
on a circle. Byoptimal route we mean the route providing the minimal travel time
(see Figure 1). The problem has applications in performance analysis of carousel
systems. A carousel is an automated storage and retrieval system which is widely
used in modern warehouses. The system consists of a large number of shelves
or drawers rotating in a closed loop in either direction. Orders are represented
by a list of items. The list specifies the type and retrieval quantity of each item.
The picker has a fixed position in front of the carousel, which rotates the required
items to the picker. In this paper we study the minimal travel (rotation) time of the
carousel while picking one order afitems, the locations of which are assumed to
be independent and uniformly distributed on the carousel.

Let Up = O be the picker's starting point and, féor=1,2,...,n, let the
random variableU; denote the position of théth item. The random vari-
ables U1, Uy, ..., U, are independent and uniformly distributed @8, 1).
SetU,,+1 =1.Let

0=Up:n<Ur:p<---<Up:p< Un+l:n=1

denote the orderedp, Us, ..., U,+1. Then the picker’s starting point and the
positions of the: items partition the circle inte 4+ 1 uniform spacings

Di,n= itn—Ui—1:n, l<i<n+1
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,,,,,, > candidate route

— » optimal route

Fic. 1. Minimal travel timeon acircle.

Let X1, X», ... be independent exponential random variables with mean 1 and
write

It is well known that [cf. Pyke (1965)]

d
(11) (Dl,m D2,n7 ey Dn+l,n) = (Xl/Sn+17 XZ/SVH-L ey Xn—i—l/Sn—&-l),

that is, the spacings are distributed as normalized exponentials. According to Pyke
(1965), this construction is useful “to show that an ordering of uniform spacings
may be considered as an ordering of the exponential random variables.”

Now, let 7,, be the minimal travel time. We explof® in terms of the uniform
(n + 1)-spacingsD1 ,, D2y, ..., Dy+1.,. FOrn =1, the problem is trivial. The
picker just chooses the shorter distance from the starting point to the item, and
thus the travel timd? is distributed ag1/2) D1 1 (a normalized minimum of two
exponentials). Fot = 2, one can easily verify that the optimal route is guaranteed
by the nearest item heuristic where the next item to be picked is always the nearest
one. The travel time distribution for this heuristic was obtained by Litvak and Adan
(2001). It follows from their result thef, is distributed agl/2) D1 2+ (3/4) D2 .
Forn > 3, the problem becomes much more difficult.

A crucial and simple observation made by many authors [see, e.g., Bartholdi
and Platzman (1986)] is that the optimal route admits at most one turn. Obviously,
it is never optimal to cover the same segment of the circle more than twice. Thus,
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in general T, can be expressed as

T,=1— max{ max{D;, —Uj_1:x},
1<j=zn |

(1.2)
max{Dy,42—j, — (1— Un+2—j:n)}}-
1<j=n

This formula is easy to understand by means of Figure 1. Clearly; ferl,
2,...,n,thetermD; , — U;_1., is the gain in travel time (compared to one full
rotation) obtained by skipping the spacifg , and going back instead (ending in a
clockwise direction). The same can be said aliout>_; , — (1 —U,42—j: ), but

here the picker ends in a counterclockwise direction. Under the optimal strategy,
the picker chooses the largest possible gain.

Let 7™ be the travel time under so-calledstep strategies: the picker chooses
the shortest route among2 + 1) candidate routes that change direction at most
once (as does the optimal route) and only do so after collecting no morenthan
items. It was proved by Litvak and Adan (2002) that fer 2 n,

Tm =1— max{ max {Dj,—Uj-1:n},

1<j<m+1
max {Dpi2—jn— (1—Upt2—;:
15j5m+1{ mt2=jn 2 J'n)}}
d
=1-— maxy max {X;—S;_1},
w3 — {1<j<m+1{ j—Si-1)
155115amx+1{Xn+z—j — (Sn41— Sn+2—j)}}
; m+1 m+l 4
=1- max{; ij,n’ ; mDn—FZ—j,n}'

Formula (1.3) follows from the following curious property of exponential random
variables obtained by Litvak (2001).

LEMMA 1.1. Foranym=0,1,... and0<gqg <1,

m+1
14) max {X;— (¢ t-1S;,_ 1L -1 11 -gHx;.
(14) | max (Xj—(q " —DSi-)=(q );“ 9)7X;

The proof also implies that forany =0, 1, ..., n,

m+1

— d i i\—
(1.5)  max {Dj,— (¢ = DUja} =@ =1 3 ¢’ A=g) Dy
<j=m+ j=1
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If 2m < n, then the two internal maxima in the third expression of (1.3) are
independentand (1.4) can be used to rewrite each of them separately. Moreover, the
same argument applies for the normalized exponentials yielding (1.3 ¥ 2,
then the two internal maxima become dependent and the argument fails.

In fact, the optimal strategy is the-step strategy witlm = n — 1. Intuitively,
it is clear, however, that with high probability the optimal route has only a few
steps before aturn. Thatis, thestep strategy often prescribes the optimal picking
sequence even whenis relatively small. It was shown by Litvak and Adan (2002)
that already form = 2, them-step strategy is quite close to optimal and, on average,
outperforms the nearest item heuristic.

Let K,(,m) and K,, denote a number of items collected before a turn under the
m-step strategy and the optimal strategy, respectively. If there is no turn, these
numbers are set equal to zero. It was proved by Litvak and Adan (2002) that:
() 7™ and k™ are independent random variables; (ii) for &m0, 1,...,m
and 2n < n,

IP’(K,Em) = k) = P([arg max {D;,—Uj_1.x} =k + 1])
1<j<m+4+1 :

(1.6) = P([arg max {X;—S;_1}=k+ 1])
1<j<m+1 -
1 .
= 2k+1 _ ok—m’

(i) forany k=0,1,...,n — 2,
(1.7) P(K, > k) < 1/2*.

The last estimate is helpful in the analysis of the limiting properties of the optimal
route. For example, it was proved by Litvak and Adan (2002) that for any fixed
k=0,1,...,

(1.8) lim P(K, =k) =1/2*"".
n—oo
Indeed, observe that far=0, 1, ..., m,
P(K™ =k) —P(K, >m) <P(K, =k) <P(K™ =k).

Now, letm andn go to infinity in such a way that the inequality:2< n is always
satisfied. Then (1.8) follows readily from (1.6) and (1.7).

In this paper we first derive simple upper bounds for the minimal travel time.
Then we analyse the distribution @j. Further, we obtain the limiting behavior
of T,, whenn tends to infinity.
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2. Upper bounds. LetT, be the minimal travel time needed to collagtems
independently and uniformly distributed on a circle of length 1. The following
lemma gives an upper bound that holds &oy realization of the random items’
locations.

LEMMA 2.1. Foranyn > 1,thetravel time T7,, never exceeds 1 — «,,1.1, Where

1
W= i g MTAW

1
O‘n+1:2.2m—+1_2, n=2m+1.

This upper bound istight.

PROOF Assume thatn = 2m + 1. Forn = 2m the proof is similar. The
positions of the items plus the picker’s starting point partition the circle into
n + 1 spacings with lengthsli, do,...,d,+1. Note that for any collection
di,do, ...,d,11 > 0 there exists a numbegr=1,2,...,m + 1 such that either

() d;j > 2 Yapi1,di <27 Y41, 1=1,2, ..., j — 1, 0r (ii) dpyo—j > 2/ "Lay 41,
dpio—1 <2 Ya,11,1=1,2,...,j — 1. This follows since
m+1 )
2y 2 Y =di+do+ -+ dpy1=1
j=1

Without loss of generality assume (i). Then the route that skips the spacand
goes back instead has length

l-dj+di+do+---+dj_1<1—ay41,
and its length must be greater or equal tianThis proves the upper bound.

To show the tightness we just plit = d,, 42— ; = 2 Yo, 1,j=1,2,...,m+1.
In this case the travel time under the optimal strategy equalg,l; 1. [

Let us now consider the following approximation®fin (1.2),

TOL1 - max{ max {X;—S;_1},

Sn+1 1<j<m+1

max {X,io_;— — i
LMAX (X2 = (Sin = Swiz- )l .
wherem =m’ = (n — 1)/2 if nisodd andn =m’ + 1=n/2 if n is even. In both
cases we have +m’ =n — 1 so that theX ;’s from the first internal maximum are

not involved in the second internal maximum. That is, the two internal maxima are
independent, and we can apply Lemma 1.1 to each of these separately to arrive at

+1 '+1
2.1) 7941 max m}:—D- m}:iD :
. n = 2 —1 jns . 2 —1 n+2—j,n (-
j=1 j=
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Clearly, TnO gives a tight stochastic upper bound . In fact, TnO andT, differ
with probability of order 2”/2 according to (1.7). It was shown by Litvak and
Adan (2002) thaiTn0 is stochastically larger than the weighted sum

n+1
T =Y (1—a;)Dj,.
j=2

Straightforward estimation of the expected difference betwigeand TnO yields

0.09
E(T° — T*) < 0.09E(D1,) = ——.
( n n) < ( 1, ) 1
Thus,
1= 0.09
0
(2.2) E(Tn)<E(T”)<n—HZ(1_aj)+n—H'

j=2

In Table 1 (see Section 4), we compare the mean travel firf¥%,) obtained by
simulation with upper estimate (2.2) and approximation (4.8), which follows from
the limiting results in Section 4. The results prove that the bound (2.2) is quite
sharp. For largett, however, (4.8) gives a slightly better approximation.

3. The minimal travel time distribution. In this section we produce an
explicit expression fof®(7,, > 1 — ¢). First, note that it is never optimal to turn
after covering half of a circle. Now, consider the events

An,k(uv V) =[Ug:n=u <1/2<1_U:Uk+1:n]v
O<u,v<11/2,k=0,1,...,n.

Fork=2,3,...,n—2,thejointdistributionol/y ., ..., Ux—1:pn, 1= Ugs2:p, - - -,
1-U,:, givenA, i(u, v) is that of
uUy:j-1, .., uUp-1:1-1, VWi—k-1:n—k—=15---> VV1ip—k-1,
whereU andV are independent vectors of uniform order statistics. As the event
[T, =1—¢t]impliesl—v—u—uArv=<t,wehavefok=23,...,n— 2,
P(T, > 1— t|Ap i (u, v))
=Pl max{(U;-4y-1—U;i-1:x—1) —Ui_1:4-1} <t/u,
(1<j<k{( jik—1—Uj_1:x—1) —Uj_1:4-1} <t/u

3.1
(3.1 max k{(Vj:n—k—l —Victink—1) = Vj_1ink-1} < I/U)

1<j=<n—
X 1[1—v—u—u/\v§t]

= Pk—l(t/u)Pn—k—l(t/v)1[1—v—u—u/\v§t]-
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Hereu A v =min{u, v} denotes the smaller afandv and

(3.2) Pm(t):IP( max {D,-,m—U,-_l;m}gt), m=12...;t>0.
1<j<m+1 - :

One readily verifies that the final expression in (3.1) continues to hold forl
andk =n — 1, provided we define

(3.3) Po(t) = 111y, t>0.
Fork = 0 andk = n, we find
P(T, > 1—1t]A;,000,v)) = Py—1(t/v)L1-v<)s
P(Ty > 1—t]Apn(u, 0)) = Pya(t/u)1j1—u<n)-
It follows that
P(T, =1-1)

1/2 p1/2n—1
:/ / 3 (”) ku* =t — kyv k1
o Jo [\k

X Pr—1(t/u) Py—x—1(t /) 11— v—u—unv<rj dudv

1/2
#2-Yagz [ P/ du
t

u=1—

(3.4)

Formula (1.5) and Theorem 2 of Ali and Obaidullah (1982) imply an expression
for P, (¢). Writing
ci=@ -1, i=12...,

andx, = max{x, 0} for the positive part of a number, we find that form = 1,
2,...,

m+1 m+1 m+1
(3.5) Pu(0) =]P’<Z cjiDjm < t) =Y {t—cp)" [Jla—ep™

j=1 j=1 =1
1]

The last expression is also valid far= 0. Of course, for > 1, the terms in (3.5)
sumto 1.

Alternatively, one can determing, (¢), recursively. Conditioning o1 - ,,,, we
findform=2,3, ...,

P( max 1{Di,m —Ui_1:m} <t ’ Ui:m =M>

1<i<m+

=P ((1 —u) max{Dj,_1—Ui_1:m-1} —u < t) Lu<n
1<i<m

t+tu
= m—l(l )1[u§t]-

—Uu
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This yields the recursive equation

t
(3.6) Pult) = fo m(l—u)"i—lpm_l(fi’t)du,

whichis valid form =1,2, ....
We can now find the distribution of;, by substituting (3.3) and either
(3.5) or (3.6) in (3.4) and integrating. One obtains, for exampler, fo0,

Pi(t) =531 = 1)y — 3¢ — D)y,
Po(t) = ${(Tt = D)} = §{Br — D42 + Lt — D42
and forO<r <1,
P(T1>1-1)= (2t — 1),
P(T2 21— 1) = 5{(4 — 1)+)* = 2{(2r = D)2,
P(T3>1—1) = 3{(6t — D, }* — {4 — 1)1}
—H@r - P+ e -1

Although the general structure of these functions is fairly easy to understand, it
seems quite useless to provide explicit expression®{@), > 1 — ) for much
larger values of:. Instead, we study their asymptotic behavior in Section 4.

4. Limitingresults. In this section we shall obtain the limiting distribution of
(n+1)(1—T,). First of all, let us consider the limiting behavior of

m+1
Pnz(t/(m + 1)) =]P’<(m + 1) Z mDLm < l').
=1

THEOREM4.1. Let X1, X», ... beindependent exponential random variables
with mean 1. Then

(4.1) (m + 1) lej—_lD,;m—> X;ij’
J= J=

and the limiting distribution is given by
P() = lim_Py(t/(m+1))
2 —1- fj(—l)f—lzf expi—(2/ — 1)t} ﬁ 1
j=1 I=1 2 -1
The distribution function P satisfiesthe integral equation

2t
4.3) e_’P(t)zf e "Pu)du.
t
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PrROOF The argument essentially repeats the proof of Theorem 4 of Litvak
and Adan (2001). Define

(4.4) J’”_le X]-, J:lej_
J j=

By the monotone convergence theoréig/) = lim,,_, ~ E(J,;) < oco. In particu-
lar, it impliesP(J < 00) =
Now, using (1.1), we write

milog d (m+1)J,
(m+1) ng i1 Pim= g
By definition, the sequencg/,,} converges a.s. td. The strong law of large
numbers implies that the sequeni@e: + 1)/S,,+1} converges a.s. to 1. Thus,
{(m + 1)J,,,/Sm+1} converges a.s. td which immediately gives (4.1).

The distributionP of J can be obtained via inversion of its Laplace—Stieltjes
transform

o0

o(s) =E(exp(—sJ)) :]‘[

—1+s

One can expand(s) in rational fractions of and obtain

o0 ji—1oj J—1
(—1)/—12J 1
4.5 = - .

Here, in order to write the formula for the residues @fs), one can apply
well-known expressions from so-callgdcalculus [see, e.g., Gasper and Rahman
(1990)], but in our case it is not difficult to verify this formula directly. Inversion
of (4.5) yields (4.2).

Finally, we use (3.6) and the dominated convergence theorem to obtain

P@&)= lim_Py(t/(n +1))

) t/(m+1) 1
= lim m(l—u)"""P _1(

m— 00 0

t/(m+1) +u)
—————— | du
1—u

t
=/ e "P(t+u)du
0

2t
= e’/ e "P(u)du,
t

which proves (4.3). [
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Obviously, we also have convergence of moments. Fokthanoment ofP,
(4.2) yields

00 o . 2i L1
kN k _ _1hJj-1
E(J )_/0 t dP(t)_k!JX::l( 1) (21'—1)kl:l_[121—1

Alternatively, one can directly use (4.4) to find a simple expression for
cumulantse,, v > 1, of P. Itis immediate that

EW)=k1=)Y (2 -1,

j=1

Var(J) =k =Y (2 - 172
j=1

Furthermore,

00 00 (lt)

log(E exp(itJ)) = Z log(1— (2/ — Z Z V(2 -

wherei is the imaginary unit. Since laB expitJ)) = 30k, (it)"(v) 71, it
follows that

o0
K=w-D11Y @ -1, v>1
j=1

The distribution functionP on [0, co) has the remarkable property that it is
infinitely often differentiable and that all of its derivative$®) vanish at the origin.
This is most easily seen by differentiating (4.3), but one may also use (4.2) to
show analytically thatP® (0) = 0 for all k = 1,2, .... It follows that P is not
analytic at the origin. The series (4.2) diverges forrall 0 and, henceP cannot
be represented by its Taylor series aroun€0.

Now repeating the argument from the proof of Theorem 4.1, one can show that

o0 o0 1

0\ 4 1 /
(n+1)(1-T,) > max sz Xj,lej_lxj ,
j=1 J=

where Xy, X», ..., X7, X5, ... are independent exponentials with mean 1. Since
the two sums in the maximum are independent and (1.7) ensures that

P(T, # T?) <27 =2/2,

we have proved the following statement.
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THEOREM4.2. Let X1, X», ..., X}, X5, ... beindependent exponential ran-
dom variableswith mean 1. Then

d & 1 & 1 ,
J= J=
and the limiting distribution is
4.7) lim P(T, >1—1/(n+1) = [P()]%

where P (t) isgiven by (4.2).

Again we have moment convergence and foritlemoment we find
lim E[(n + (L - T,)1*
n—0o0

203 (12 1.2
= 2k! =1/ .
/_2::1( ) (2/—1)'(121_[121—1

_Zk'ZZ( 1)l+] i+i 1_[ 1 ﬁ 1
(21 4+ 2 — 2)k+1 21 1 o _1

j=1li=1
An equivalent expression for the expectation can be obtained as
lim E[(n +1)(1—T,)]
n—o0

—/ 1-[P(1)]2

=ZZ 1 ii(—l)”” i+] IL[ 1 l’_[ 1
j:lzj_l P 2i+21'—21:121—1r:12’—1
~ 2.1578
For largen we therefore have the estimate
2.1578
(4.8) E(T,) ~1— T

In Table 1 we compare the mean travel time obtained by simulation with
upper estimate (2.2) (see Section 2) and approximation (4.8). We see that both
approximations are quite sharp, but (4.8) performs somewhat better. It is no
surprise that both (2.2) and (4.8) are closdftd;,) for largen since all three
guantities converge to 1 as— oo. What is encouraging is that, already foe 30,

both approximations ofn + 1)(1 — E(7,)) are very good. That (4.8) yields a
better approximation di(7,,) than (2.2) is to be expected since it is asymptotically
correct up to and including ordert, whereas (2.2) has a slight asymptotic error

of about + 0.006/(n + 1). After all, (2.2) was derived as an upper bound.
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TABLE 1
Estimation of the mean travel time under the optimal strategy

n 3 5 10 15 20 30

E(T») 0.5262 0.6591 0.8052 0.8653 0.8972 0.9304
El(n+1(A-1Ty)] 1.8952 2.0454 2.1423 2.1548 2.1592 2.1572
Upper estimate (2.2) 0.5433 0.6670 0.8068 0.8658 0.8976 0.9306
(n+ 1)[1-upper estimate(2.P) 1.8268 1.9980 2.1252 2.1472 2.1504 2.1514
Approximation (4.8) 0.4605 0.6404 0.8038 0.8651 0.8972 0.9304

(n + D[1-approximation (4.8) 2.1578 2.1578 2.1578 2.1578 2.1578 2.1578

5. Asymptotic behavior in the neighborhood of zero. In this section we
study the behavior o (r) asr — +0. So far we have found only that has
vanishing derivatives at the origin and can not be expanded in a Taylor expansion
aroundr = 0. We shall, therefore, have to attack this problem in a different manner.

Let X1, X, ... be independent exponential random variables with mean 1, let

cj=@ -1, i=12 ...,

and define
o0
J= Z cjXj.

We want to determine the behavior of
Pt)y=P(J <1

for small positive values aof. In principle this problem is solved in Theorem 3.2
of Davis and Resnick (1991), but we need to do a substantial amount of analysis
to make their result explicit, even in our relatively simple case.

In our case, the distribution functiadh(x) = P (X1 < x) = 1—exp{—x} and the
densityf (x) = exp{—x} are regularly varying at O with index= 1 andou — 1 =0,
respectively. The;’s are positive and nonincreasing, their sum converges and for
everyd € (0, 1),

(0.0} o0
0" > {5 /i jzp-m = 0" Y (2" — 1)/(2) = 1)} j29-1) > O
j=1 j=1

asn — oo. The densityf satisfies
o0
[T e pwar=12a+iy  forixo
0

Hence, we have verified the assumptions of Theorem 3.2 of Davis and Resnick
(1991) in our case. The theorem states that

(5.1) P(m;) ~explim;}o; (V) /(AS3v/27)  asi — oo.
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Here
o0 Cj o0 1
A=2:1+Ac,_X:2/—1+A’
j=1 =1
s 1 © 21
A) = = -
¢s (%) Ull-i-kc] .U2f—1+,\
= j=1
and
o - 1
SE = = - .
» jzzl(lﬂcj)z ;(21—1“)2

We obviously have to study the behavior of these quantities as oo and,
hencem; — 0. It is easier to deal with integrals than sums. ket 1,2, ... and
A — 00, we have

o0 o0 .
05/ @ —1+nFdx = @ -1+n7F
0 ;
j=1

Oo . m .
<@ -1+ =Y @ 1407
j=0 j=1

)L—k

and, hence,

Y@ —14n7F= /Ooo(zx —1+0 T dx+o007h).
j=1

Fork = 2, this yields

s2—(og2)-t [ + 0 2y+D tay+ o002
52 A<g)/0<y>(y)y<)

= (log))/(x°log2) + 0 (.7?),

asir — oo. If we apply the same approach te:, and logp; (1), however, then
the error caused by approximating these sums by integrals is of the@¢dieand
O(logx), respectively, which yields a multiplicative error factdr + O (ar?))
in (5.1) for some positivez: and ». Of course this is not good enough so we
shall have to expand the series representing and logp, (1) directly with
remaindew (1) in both cases.

Let k be a natural number afde [0, 1) be such that

A= 2k+9
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and thus
k= (logr)/log2—6 = | (logr)/log 2],
6 = (logk)/log2— k = frac((logi)/log 2).

Here|x| and fragx) are the integer and the fractional partxgfrespectively. In
order forA — oo, it is necessary and sufficient that-> oo, while 6 may vary
arbitrarily in[0, 1) with k. Using (5.2) we find

> A

0 2k+0
= X_: — 14 240
00 2k+9 1
= Z 57 2 + OO "logh)

_Z 1 4 i - + 00 tlogh)
- j—k—6 j—k—0
Pt . P T

o0

1 -1
—22/9+1 2219+1+0(x log 1)

koo 1 4
=12::12/+21 9+22/ 71 T OG0 logh)
k 21—9 00 29 1
=k—]§lm+§lm+0(x logr)
00 1-6 00 0
:ggz ;21121— lefiize_ﬁo(’\_llogk)'
Hence
(5.3) amy, = (logr)/log2+ A©) + 0(x"tlogr),
with

o0 1-06 00 29
AO==2 o orat Lo
j=1 j=1
Notice that the terni (6) of order 1 is not constant but dependséoa [0, 1). The
expansion (5.3) is obviously uniform
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Similarly, by (5.3),

loge, () =) log{(2/ — 1)/(2/ — 1+ 1)}
j=1

= Z log{2/ /(2 + 1)} + Z log(1 —27)

j=1

+§:mm1+1ﬂzﬁ—1+x»

j=1

= > log(2//(2/ + 2*%)} + ZIog(l 27)
Jj=1 j=1

+ 0 logh).

Furthermore,

> log{2/ /(27 + 2Kt}

j=1

k
=Y log{2"~?/(2/ + 2¥"%)} + Zlog{ZJ /(27 +2%)}
j=1 j=1

=k(1-0)log2— (1/2)k(k +1)log2

k 00
— > logd + 2777y — > log(1 + 277).
j=1 =1

Substitutingt = (logi)/log2— 6 and using

> logl+ 2 = Y, 20— 06,
J=k+1 j=k+1

we finally find

logr)? |
(logn) " ogA + B@®) + 0(x"tlogh),

(5.4) logy, () =~ ogz T 2

where

B®) =) log{(1—27/)/[(1+2~/)@+2¥))])
(5.5) j=1

—(1/2)6(1—6)log 2.
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Again the termB(#) of order 1 depends ol and the expansion is uniform

in6 €[0,1).
Substituting (5.3), (5.4) and (5.2) in (5.1), we obtain, for> oo,

Pmy) ~ | 1992 p{ (logi)?
my) ~
(5.6) 2 loga 2log?2

+ (2 + ®> logx + A(9) + B(@)}

It remains to find approximations of lagand(logA)? as functions of
t =m, = (logr)/(Alog2) + A0) /% + O(L"2logA).
We find
log(1/t) =logi —loglogA + loglog2— A(6)(log2)/logx
+ 0((logn)~?),
loglog(1/7) =loglogi — (loglogi)/loga + (loglog2)/loga
+ 0((loglog)?/(log2)?)
and, hence,
logx =log(1/7) + loglog(1/t) — loglog 2+ (loglog(1/7))/log(1/1)
— (loglog?/log(1/1) + A(#)(log 2)/log(1/1)
+ 0((loglog(1/)?/ (log(1/1))?),
(log)? = [log(1/t) + loglog(1/t) — loglog 2% + 2 loglog(1/1)
—2loglog 2+ 2A(9)log 2
+ 0((loglog(1/1))*/10g(L/1)).
Together with (5.5) and (5.6), this yields that, for> O,
P(1) ~ C(9) exp{—(2log 2~ [log(1/1) + loglog(1/t) — loglog 2]2}
« 1—(1/2+1/log2)
with

12 1-27
5.7 CH)=2704-0/2
(5.7) ©) = H(HZQ I

The factorC (9) depends oR = frac((loga)/log 2).
It remains to expressin terms oft. Define

¥ (1) = (log2)~*[log(1/1) + loglog(1/1) — loglog 2.
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We havek 4+ 6 = (logi)/log2= v (t) + o(1), and asC is positive and bounded,
the derivative ofC is positive and bounded ant{6) = C(1—0). This implies that
C(frac{yr(1)}) = C(6)(1+ o(1)). It follows that, ag — +0,

(5.8) P(r) ~ C(frac{y (1)}) exp{ — k)%z[w(t)]Z}t—(l/Z—&-l/log 2

with C definedin (5.7). This is an exact asymptotic expressio®i@y ast — +0.

The dependence on frak(z)) in (5.8) is a most unusual feature. In fact,
preliminary numerical calculations make one wonder whether there is any
dependence at all, since one finds tl&a®) equals a constant~(0.01013)
throughout the interval & 6 < 1 to any reasonable degree of accuracy. Thus,
in order to properly understand the asymptotic expression (5.8), we have to
analyzeC(0) in more detail. Proposition 5.1 states tlig®) does indeed depend
oné, butin a very peculiar way. In fact, for any resl

JI1og2 =

CO) = |:21/82

1'[ (1-277) }(zw))— ~0.0101393(9)) ™.,
where

5 0

93(0) =142 exp{—2k*m?/log 2} coq 2k (1/2 — 6)}
(5.9) k=1

= 93(m(1/2 - 0), exp{—272/log 2}).
Hereds is a theta function
¥3(z,q) =142 Z qk2 coq2kz).
k=1

Note that for allp,
193(6) — 1] < 10712

is a quantity which is difficult to reveal numerically!

PROPOSITIONS.1. For anyreal 9,

[T@a+2""Ha+2v07)
j=1
(5.10) S8 5 o0

_p01-0)/25_ g
3(0) ——=- Jlog2

1‘[(1 2,

where 93(6) is given by (5.9).
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PrOOF We first apply Jacobi’s triple product identity [see, e.g., Askey (1980)
and Gasper and Rahman (1990)]. For ary (0, 1),

o o

(.11) []A-xgHA-x"YgtHA-g/ = Y (g
/:O n=—oo

Takex = —27%, ¢4 =1/2. Then (5.11) becomes
00 . . ) [e9]

(6.12) [Jla+2Ha+2""ha-27/)= Y 2ne-bizpmin,

j=1 n=—oo

The right-hand side of (5.12) is of the form

c®) Y g,

where
_ 2'82n —6(1-6)/2
C(e) = Io—gzz y
and
gx)= ;%2 expl—(1/2)(log2)(x — 1/2+6)?)

is a normal density with meaim = 1/2 — 6 and standard deviatian= 1/,/Tog 2.
The characteristic function @f is given by

y (1) =expi—1%/(21og2) + it (1/2 - 6)},

wherei is the imaginary unit. For each fixedand for each rea, the Poisson
summation formula [see Feller (1970)] gives

400 400
(5.13) > y(g+2k/\)=% 3 glnm/n) explin(r/AE).
k=—00 n=—00

Puti = m, £ = 0. Then the right-hand side of (5.13) becomé® _ ¢(n) and
on the left-hand side we have

Y y@km) =y + > exp(—2k’n?/log 2} expi(1/2 — 0)2kn)

k=—00 k=—00
k0

=1+2) exp(—2k?7?/log 2} cog2km(1/2 - 6)}
k=1

= 93(0).
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Hence, (5.13) reduces to
400 B
Y &) =036,
n=—oo
implying that the right-hand side of (5.12) equal®)d3(6). This immediately
yields (5.10). The proposition is proved]
We summarize our findings in the following theorem.

THEOREMb5.2. Let X1, Xo, ... beindependent exponential random variables
with mean 1, and let

e .
J=Y @ -1tx;.
j=1

Then
2
0~ i
X exp{—lo%z[x//(t)]z}t_(1/2+1/'°92) ast — —+0,
where

¥ (1) = (log2)~*{log(1/1) + loglog(1/1) — loglog 2]
and 93 is defined in (5.9).
6. Related results. In a similar fashion we can also analyze more general

linear combinations of i.i.d. exponential random variables tlanFor any
g € (0, 1), define

o0
JP=@ -1 @7 -17x;
=1
Clearly,J = /2 One can show that

m+1

(m+1@ -1 Z

D,m—>J(q) asm — 0o,

where the expression on the left occurs in the right-hand side of (1.%)$om.
The random variablg @’ can be written in the following way. LeN (r) be a
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standard Poisson process. Then

o0
- - -1
g lt-1 @ :/0 qN(t)+1(1_qN(t)+1) dt
o0 00
- qu/ MLIOP?
j=1 0

Oo .
— qu[(q")’
j=1
where

00 oo
i—1
I(q):/o " Odr=Y ¢/,
j=1

is an exponential functional associated with a Poisson process. The funétional
has been intensively studied in recent literature. Its density was obtained indepen-
dently by Dumas, Guillemin and Robert (2002), Bertoin, Biane and Yor (2002)
and Litvak and Adan (2001), far = 1/2. Carmona, Petit and Yor (1997) derived
a density of/5° h(N (1)) dt for a large class of functions: N — R_., in particu-
lar, for h(n) = ¢". Bertoin, Biane and Yor (2002) found the fractional moments
of 1D, If i“9(r) is a density off @), theni?) (r) and all its derivatives equal 0
at the pointr = 0. This implies, by the way, that all moments of71%) are finite.
However, forg = 1/e, it was proved by Bertoin and Yor (2002a) that/11/¢ is
not determined by its moments.

The functionall 9 appears in a number of applications. &t be the travel
time needed to colleet items independently and uniformly distributed on a circle
of length 1 operating under the nearest item heuristic (the picker always travels to
the nearest item to be retrieved). Then it was shown by Litvak and Adan (2001)
that (n + 1)(1 — TN) converges in distribution t6*?. Dumas, Guillemin and
Robert (2002) showed that the distributionié plays a key role in the analysis
of limiting behavior of a Transmission Control Protocol connection. These results
were extended by Guillemin, Robert and/&rt (2002), who foundhe distribution
and the fractional moments of the exponential functional

6.1) 1) = /OOO £ g1,

where (£(t),t > 0) is a compound Poisson process. An exponential func-
tional (6.1) associated with a Levy process) appears in mathematical finance
and many other fields. It has been studied recently by Bertoin and Yor (2001,
2002a, b), Bertoin, Biane and Yor (2002), Carmona, Petit and Yor (1997) and Yor
(2001).
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Along the same lines as in Section 5, one can prove theorems similar to
Theorem 5.2 for/@ and J@. In fact, it is straightforward to repeat the
calculations for

o0 o0
g1 =%"¢/x; and 1‘1 JO =3

We obtain, forg € (0, 1) ast — +0,

1 i .
P(ql(q) < t) ~ qu/S /|Og(1/q)|:1:[1(1 _ qj):|t—(1/2+1/|09(1/4))
eXp{ oo q)[w“”@] }[5‘:5,‘”(frac{w(‘”<r>})]‘1
[P(J-LJ(Q) < t) ~ P(ql(q) < t) H(l_ qj)’
—q

j=1

where
¥ @ (1) = (log(1/¢)) *[log(1/1) + loglog(1/1) — log(log(1/q))].

(q)(e)—l+22exp{ 2k%72/10g(1/q)} cog 2k (1/2 — 6)}.
k=1

This agrees with the result of Bertoin and Yor (2002a) that
logi (1) ~ —%(Iog(l/t))2 ast — +0,
wherei (¢) is a density of
1 =/Oooe_N(t)dt = ie_ij.
j=1

For the functionall /2, which describes the limiting behavior of the travel time
under the nearest item heuristic, we find

o
P12 <2)~PJ < [Ja-2)"t,  t—+o0.
j=1
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