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ALMOST SURE CONVERGENCE FOR ITERATED FUNCTIONS OF
INDEPENDENT RANDOM VARIABLES!

BY JONATHAN JORDAN
University of Oxford

We consider a class of probabilistic models obtained by iterating random
functions of k random variables. We prove an analogue of the weak law
of large numbers and under a symmetry condition we prove a strong law.
The symmetry condition is satisfied if the initial random variables are
exchangeable. Our results can be used to give stronger results than those
previously obtained in the special case where the function is deterministic.
Both types of models have applications in physics and in computer science.

1. Introduction. Let D C (—o00,00) be a closed domain and consider a
function

f:i)k—>@ for some k € N.

Now consider a set of i.i.d. random variables {X;O); j=>1}=%© say, on some
probability space (2, F, P).
Define

I _ (0) (0) .
X; _f(X(J'—l)k—H""’Xjk) for j = 1.

This gives a sequence XV = RX® of ii.d. random variables. We iterate the
map R to get a sequence XO D o™ ofiid. sequences, and we are
interested in the limiting behavior.

This type of model arises naturally in the study of networks of random resistors
on hierarchical lattices; see for example Schlosser and Spohn (1992); Essoh and
Bellisard (1989); Schenkel, Wehr and Wittwer (2000); Wehr (1997); Wehr and
Woo (2000). Hierarchical models are studied in statistical physics because they
can often be solved explicitly and may provide insight into behavior on standard
lattices. For a discussion see Stinchcombe and Watson (1976); Bernasconi (1978).
For studies of some statistical physics models in the hierarchical setting see Griff-
iths and Kaufman (1982); Derrida (1986). Similar models also occur in other
situations arising in physics, such as modelling earthquakes and fibre strengths
in Newman et al. (1994). A discussion of the relationship between classical
probability results such as the central limit theorem and renormalization in physics
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appears in Jona-Lasinio (1975). Fluctuation theorems for specific models are
obtained in Essoh and Bellisard (1989); Wehr and Woo (2000); Schenkel, Wehr
and Wittwer (2000).

An application to computer science is the study of the biased coin problem
considered in Alon and Rabin (1989); Boppana and Narayanan (1993) and related
to the use of physical sources of randomness with a small bias. A model of the
above type is studied, with

f(x1,x) = min((% —&)x) + (% +&)x2, (% +&)x + (% — £)x2).

Another, similar, problem is discussed in Alon and Naor (1993). Boppana and
Narayanan (1993, 2000) is concerned with the problem of a group of processors
designating a processor as a leader in circumstances where some of the processors
are faulty. In this case the function f is replaced by a random function:

X1+ x2
2
= min(xy, x2) with probability &,

fx1,x2) =

with probability 1 — ¢

where ¢ is the probability of an individual processor being faulty, with processors
being faulty independently of each other and of the initial sequence of random
variables X(®. This is an example of the randomized hierarchical models
considered in Section 2. Using an extended moment calculation, it was shown
in Boppana and Narayanan (2000) that, for ¢ < %, there exists §; such that

P(X 5.") < 81) < &2 for n large enough, for any §> > 0. Our results can be applied to
show that there is an almost sure constant limit, although it would remain to show
that the limit is nonzero.

In the case where the function is continuous, defined on £ = [0, 1], concave,
positively homogeneous and increasing convergence in probability to a constant is
proved in Shneiberg (1986). For one particular function obtained by considering
a specific lattice, almost sure convergence to a constant is proved in Essoh and
Bellisard (1989). The most general result to date is due to Li and Rogers (1999)
who at each level n of the renormalization considered a (deterministic) function f;,
of k, variables. They assumed that the initial sequence of random variables was

stationary and m-dependent; that is, the two collections {X 50)’ X ,(,0)} and
{X ,(gim X ,(gim 42, - - -} are independent, and proved a weak law of large numbers.

Under stronger conditions they proved the following strong law [Theorem 2.1(iii)
of Li and Rogers (1999)].

THEOREM 1.1. Suppose that the f, satisfy the subadditive constraint

1 k
fn(xl,...,xk)f%z:xi forall(xl,...,xk)ei)k.
i=1
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Then if D is bounded below, the f,,n > 1, are symmetric functions of k (> 2) real
variables and X© = {X;O); Jj > 1} is a sequence of i.i.d. random variables such
that

EIX\”| < oo,
then for some A € D,

lim X%n) =A a.s.
n—oo

We will develop a randomized version of the problem and extend the weak law
from Li and Rogers (1999) to this setting. In the randomized setting the symmetry
condition needed for the strong law is less rigid and we can then use this strong law
to weaken the conditions of Li and Rogers (1999) in the nonrandomized model,
giving the following result.

THEOREM 1.2. (a) If
k

@, x) <) i,
i=1

where the o; are positive constants with a; < 1 for each i, Zf-‘zl a;j =1 and
E(X{I(Lx{")") < oe,
where
§>1 and L(x)=max{l,logx},
then there exists . € D with

X{”) — X a.s.

(b) Further, if o; = % for all i, then the conclusion holds under the weaker
condition that EngO)l < 00.

Part (b) of this was originally claimed in Wehr (1997).
The main results and their proofs are described in Section 2. Some lemmas
necessary to prove the results are included in the Appendix.

For recent work on this problem in the Banach space setting, see Hambly and
O’Connell (2000).
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2. The randomized model. We let X(© = {X;O); j > 1} be a sequence of
independent identically distributed random variables with P(X® € £) = 1 for
some closed domain £ C R. We define £ = inf{x :x € D}. (Note that £ may be
—o0 but otherwise &€ € D.)

Now let Zj-n); j =1, n>1 be a set of independent (of each other and of X 0y
and identically distributed random variables taking values in some measurable
space R. For each r € R let f,:DF — D be a real measurable function of
k variables, where £ is a fixed integer, k > 1.

We now define a sequence {X™; n > 0} by

(n _ (n=1) (n—1) (n—1)
Xj _fzj,’”(‘x(k—l)j-i-l’X(k—l)j+2’""ij )

XM = Rx"D =(x"; j>1)
g =70
The leader election model of Alon and Naor (1993); Boppana and Narayanan
(1993, 2000) has R = {1, 2}, fi(x1,x2) = x”gxz, Sfa(x1, x2) = min{x1, x2}.
Define o -algebras F,, = O'(Xi(]); 0<j<n,i=1l)and §, = G(Zi("); i>1).
The following result is based on Theorem 2.1(i) of Li and Rogers (1999) and
the proof is largely the same except for the use of conditional expectation.

THEOREM 2.1. Suppose that we have nonnegative constants oy, 1 < i
<k, r € R, such that Z;‘:l o =1forallr and a;, < A for all i,r and some
constant A < 1. Further suppose that for all r € R, we have the subadditivity
constraint

k
fr@xnxa, o x) <D e

i=1

If
EX{? A0) < oo,

then for some A € D U {§},
IEXY’)\L)» asn—>ooandX§n)—>p)».
PROOF. Define k
g;n)(xl, e Xp) = Zai 7 Xi
i=1 7

and
-1
h;ﬂ)(xl, co X)) = g;-n)<h8—1;k+1(x1’ e Xpn—1),
A (x )
G=Dk4+2 X rn=14 15 <+ Xopn=1)5 -+
(n—1)
i (g1 g1s - Xkﬂ)>,

where hg-o) (x) =x forall j.
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Note that
le
h;")(xl, e Xgn) = Zdi(,’;‘)xia
i=1
d\" D) sy Where i = (p — DK~ + g with 1 < p <k and

1 < g <k"!. Inductively, we see that max; di(’”l) < A" — 0asn — oo. This allows

(n) _
where di’j = Olp’Z;n)

us to use Lemma A.1 (with a, ; = di(’”l)) to give
k"l
0 0
(1) Y d %[0 -, Ex)”.
i=1

Now
X" 1Famt, §u) = fyo (X700 X770

Kk
(n—=1)
= Zo‘i,zf”)xi
i=1

and using properties of conditional expectation and the i.i.d. property of X"~D
we have

k
E(Xi”) 1G,) < Zai,Zi")E<Xi(n_l) |9>n)
i=1

=EX"" Vg,

but X 1n_1) is independent of G, so that EX in), n > 1, is a nonincreasing sequence
of real numbers, hence there exists A € [—c0, 00) such that

2) EX™ | asn— oo

Then if EX!\” = —o0o we have, using (1), that X\ — , —00 and if E|X\”| < oo
then

n—oo

lim P(X{" > EX{” +¢)=0.

Further,

n
(n) < 1y ©
X I{X%")zIEXEO)%?} < 'Z;dﬂ’lp(i |I{Z§Zldll,in'(())Z}EXEO)_'_g},
i=
and for every M > 0,

kn
(0)
E(Zd"silXi |I{Zf~‘jldn,ino)ZEX}O)-ﬁ-S})

i=1

kn kll
0 0 0
< M]P(} i X" > EX(” +s> +E<§ | XU g -|X.(0)>M}>’
i=1 i1 i=1n,ilA; |Z
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which with E|X ("] < oo implies that

3) lim B(x{"1

n—>00 {Xi")zEXiO)+e}> =0.

Now we repeat these arguments but starting with %0 instead of with X©. The
conditions on X imply that E(X 5"0) A 0) < oo so they apply to X0 as well.

So if for any no, IEX%”O) = —o0 then Xgn) —p —o0 and if E|X§n°)| < oo then
lim P(X|" > EX{" +¢) =0
n—o0
and
: (n) _
“) nll>ngoE<X1 I{X§”)3JEX§”")+8}> =0.
So if A = —oo then we have

Xi") —p —00
and if A > —oo, forall ¢ > 0,

lim P(X{" > +e)=0

n—oo
and

. (n) _
®) nlgrc}oE(Xl I{Xi")zx+e}) =0.

If A > —o0 then
B =2 =B((X" =) o) +B((X = 4) g5
+E((x{" = 2)1

so using (2) and (5) gives that
o= i B((x{" ~3)1

{A—€<X§")<)\+s’}>’

{Xi“sm})

— : () /

= _nll?éoE«Xl - A) I{A—s<X§")<x+e/}> =€
for all ¢’ > 0. Hence

. (n) _
© Jim (X =)o, ) =0
and (5) and (6) give the result
X{”)—>pk as n — oo.

As in Li and Rogers (1999), the proof finishes by taking an a.s.-convergent
subsequence to obtain . € D U {£}. O

The next result is based on Theorem 2.1(ii) of Li and Rogers (1999) and gives
a form of strong law, but only for the limsup. Again the proof is based on that in
Li and Rogers (1999).
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LEMMA 2.2. With the hypotheses of Theorem 2.1 and additionally if D is
bounded below and we have

E(x{”1(L1XPD)’) < 00

for some & > 1 then for some A € D the conclusion of Theorem 2.1 holds and
additionally,

lim sup X{") =X\ a.s.

n—oo

PROOF. With the hypotheses of Theorem 2.1 holding, we know that X in) —>pA
for some A € D U {£}. However D is closed and bounded below, so & € D, hence
A € D. There exists a subsequence {n;; j > 1} such that

lim Xinj) =)\ as.

j—o00

and hence

(7) lim sup Xinj) > A a.s.
j—o0

Now X in) < Zf-‘il di("i)Xi(O) as before. The condition Zf;l(di(”i))z <cb™(b >
1, ¢ > 0) necessary to apply Lemma A.2 is easy in our case [see Example 2.1
of Li and Rogers (1999)]. So we have

: (n) v (0) _ 0)
Jlim > dVX; =EX| as.
i=1
and hence
(®) lim sup Xin) < EX%O) a.s.

n—oo
As in the proof of Theorem 2.1, we now observe that the conditions on X© imply
the same conditions on X0 for any integer no (we need D to be bounded below
here, and also Jensen’s inequality). So we can use identical arguments to those
above to obtain
©) lim sup Xgn) < EXgnO) a.s.

n—oo
and letting ng — oo,

(10) lim sup X{") <A as.

n—oo

Then (7) and (10) give the result. [

The next result is based on Theorem 2.1(iii) of Li and Rogers (1999) although
the symmetry condition is slightly modified. It gives strong-law convergence in a
restricted case.
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LEMMA 2.3. Assume the hypotheses of Lemma 2.2, and further, the following
symmetry condition: For all o € S, the permutation group on k elements, we have

[P’(fzgn) €E) :P(fzgn) oo €E)

for all P-measurable subsets E of measurable functions of k real variables
(i.e., changing the order of the input variables does not alter the conditional
distributions of X"~V and X%™).

Then for some ) € D, we have

lim Xin) =L a.s.

n—oo

Further, if a; , = 1/k for all i, r, then the conclusion holds under the weaker
condition that E|X§O)| < 00.

PROOF. The hypotheses of Lemma 2.2 apply so we know that there exists a
A € D such that
X in) —p A
and
(1) limsupXin) =)\ a.s.

Similarly for every / > 1 we have Xl(") — p A and lim sup Xin) =X as.

Now set
£ (n)
n
Y™ =3%"x".
i=1
For n > 0, define o -algebras
Fl=o(¥?D; 1>n).
Our symmetry condition gives that, for 1 <i <k,
() ()| ¢~
E(X(?—l)kH +o+ X |fn/+1> =E |7, )
and hence
EX{ 4+ X317,
. .
We note that the symmetry condition implies that Eo; ,.+1) = 1/k and further that
=

EY™|F )=

Z;nH) and so

is independent of F,_ |,

1
/
E(ai,Zlerl) |3:'n+1) = %
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Hence conditioning on the Z;”H)

give

and using the subadditivity of the functions will

() (n)
E(Xl” + -4 X,
k

and similarly for the other X ,Enﬂ), giving

fn/+1> > EX"VIE )

E(Y®IF) 2 B(X"Y + o+ x5
=yth a5

Hence the sequence {Y(”); n > 1} is a reversed time submartingale, so as in Li
and Rogers (1999) we can use the convergence theorem and the convergence in
probability to conclude that

(12) lim ianin) > A as.

n—oo

Then (11) and (12) give the result.

When «;, = 1/k we can use the strong law of large numbers instead of
Lemma A.2 [as in the proof of Theorem 2.1(iii) of Li and Rogers (1999)] and
so the final part of the statement follows. [J

The following result and its proof are based on Corollary 3.1 of Li and Rogers
(1999).

COROLLARY 2.4. For any set of random variables X" where X" has the
same distribution as X gn) for all n,

X" 50 as.

PROOF. For each n > 1, Xé") is determined by the random variables
(XO k1 <i <2y Uz 1< j<n; K" 41 <i <2k"}. But these
sets are independent for different n and so {X w. > 0} is a set of independent
random variables.

From the proof of Lemma 2.3 we have that Xé”) — A a.s. and so by Borel-
Cantelli we have that

o0
(13) Y P(XS —Al=e) <oo  foralle > 0.
n=0
However, for each n, Xén) and X in) are i.i.d. random variables. By the hypotheses
of the corollary, X has the same distribution as Xén) and hence (13) implies that

o0
Z]P’(|)~((”)—A|28)<oo forall ¢ > 0,
n=0

which, using Borel-Cantelli, gives the result. [J
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We can now use this to strengthen Lemma 2.3 by removing the symmetry
condition. Theorem 1.2 is a special case of the following.

THEOREM 2.5. (a) Under the hypotheses of Lemma 2.2 there exists . € D
with

Xi") — A a.s.

(b) If a; , =1/ k foralli, r then the conclusion holds under the weaker condition
thatIE|X§O)| < Q.

PROOF. We define
k
gr(xl,...,xk)=2a,~,rxi for all (xl,...,xk)eﬂ)k.
i=1

Set R =R x S where Sy is the kth permutation group. Then, for each r, o;
r € R, o € S, define f;q) Dk 5> D by

foroy X1y s Xk) = froa (X1, ..., Xp).

The condition on the f, ensures that, for all r,

Fforoy &1y e X1) < 8oy (X1, -+, Xk)

=gro00(x1,...,x;)  forall (xi,...,xz) € D*.

We now co~nsider a model with random variables Y (n), based on the set of
functions {f;; 7 € R}. The symmetry condition of Lemma 2.3 will be satisfied

if we define the random variables Zi(n) so that ]P’(Zi(n) € E x {o}) = (1/k)
X IP’(ZI.(”) € F) for measurable subsets £ C R and o € Si. So if we set y@ =xO
and define i.i.d. sequences Y = {Yi(") :i > 1} using our new model, we can apply
Lemma 2.3 to obtain Yl(n) — X a.s. for some A € D.

Now note that, as {Yi(”) i > 1} are i.1.d., the distribution of Yi(l) is independent
of Zi(l). Hence it is the same as the distribution of X fl). We continue inductively

to see that Xi(n) and Yi(n) have the same distribution for all n,i (although the

joint distributions as n varies will not necessarily be the same). We now apply
Corollary 2.4 to obtain the result.

To apply Lemma 2.3 we need E(|X§O)|(L(|X§O)|))‘3) < 00, giving (a), except
when «; = 1/k when E| X 50)| < 00 is sufficient, giving (b). U

Theorem 1.2 is just Theorem 2.5 in the case R = {1}.
It is conjectured in Li and Rogers (1999) that an almost sure limit will exist for
more general iterations which may vary from stage to stage, and with the initial
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random variables m-dependent rather than independent. In the case where k varies
the reversed submartingale argument of this paper cannot be used and the argument
in Theorem 2.5 requires independence initially, so the methods used here cannot
be applied in their present form to this conjecture.

APPENDIX

Required lemmas. The following results and their proofs are extensions of
Proposition 3.1 of Li and Rogers (1999) to the case with random weights.

A set of random variables {X; : j > 1} is said to be stationary and m-dependent
if for all n the sequence {X,,; ;:j > 1} has the same distribution as {X;:j > 1}
and the collections

{X1,.... Xu} and  {Xuim+1, Xnpms2, -}

are independent.

LEMMA A.1. Let {X,;n > 1} be a sequence of stationary and m-dependent
random variables on a probability space (2, F,P) and {ani; k> 1,n > 1}
an array of nonnegative real random variables on the same probability space
independent of {X,;; n > 1} such that, for all w € 2,

Zan’k=1 forn>1.

k>1
if
sup supa, x — 0 asn— oo
we k>1
and
E(X;Vv0) < oo,

then for each n > 1, 3 ;-1 anx Xy is a well-defined [—00, 00)-valued random
variable with

E(Zan’kxk> =EX;

k>1
and

Zan’ka —p EXy.
k>1

PROOF. We define the o-algebra G, = o (a, x; kK > 1). By conditioning on &,
it is obvious that

E(Zan’ka> =EX;.

k>1
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For the second part, first assume that E(X| A 0) > —oo. Then we know that
E|X{] <o0

from the hypothesis that E(X; Vv 0) < co. Given ¢ > 0 we choose 7 > 0 such that

g2

E(X1x,>2) < ER

Now, for j > 1, define the following two random variables:
Yj(0) = XjIjx, <0y — E(X Ijjx,|<0)).
Zj(‘l,') = Xj —EXl — Yj(‘L').

Then because } ;> ani =1 for all @ € Q and all n > 1, we have from the
definition of Z; (1),

i Xk —EX1 =) aniYi(t) + Y an ik Zi(1).

k>1 k>1 k>1

{ o)< )

< =Y an kB Ze(D)11Gn)-
k>1
Now E|Zi ()| < 2E(|X1]I{jx,|>7}) by the definition of Z; (7) so we use properties
of conditional expectation to get

{

We now use the stationarity and m-dependence of {X,,; n > 1} to get

p( ) - iw(m )

1
=5 ( Z aﬁ’k Var (Y (t)|Gn)

k>1

Now

> an ik Zi(7)

k>1

> an i Zi(r)

k>1

=€

0’)|>—~

C‘O»—

> an ik Zi (1)

k>1

> s) < E(|X1|1{\X1\>r})

<e.

D aniYi(t)

k>1

>é&

+2 Z an,idnp,j COV(Yi(T)7 Y](TNgn))

1<i—j<m
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1
< DY an, Var(Ye(m)|§a)
k>1

2(m + 1)t?
< T upan Y dn
€ k=1 k>1

Now remove the conditioning and use the condition on the a,, ; to obtain

IP( Zan,kYk(t) 28) -0 asn — oo.
k>1
Hence
limsupIF’< > ani X —EX;| > 2s) <s,
k>1

from which we can deduce the result, when E(X{ A0) > —oco. If E(X; AQ) = —o0,
for each M > 0, we truncate and apply the previous argument to X I{x,>—_p) as
in Li and Rogers (1999). [

LEMMA A.2. With the same framework as Lemma A.1, and further that

¢! :=Za,21’k§cb_” foralln>1, weQ
k>1

for some constants b > 1 and c > 0, and
8
E(IX11(L(1X1])") < o0
for some § > 1, where L(x) :=log(max{e, x}), then

> (

n>1

Zan’ka—EXl Zs><oo foralle >0

k>1

and hence (via Borel-Cantelli) we have that

lim Zan,ka=EX1 a.s.
}’l—)OOk>1

PROOF. By subtracting EX from the initial random variables, we can assume
EX; =0.
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For each n > 1, define the following random variables:

Un = an kXl x, 1<,
k>1

Vi =Y an i Xid{x, 1>z,
k>1

and define § = o (ayk; n>1, k>1). Now

S BV~ BV 1)1 = £l9) < - 3 E(IV ~ EGAI9)IIF)

n>1 n>1
|
==Y E(X1yx,>¢) — EX 1 Ix, 150 19)]19)
8n21
by the definition of V,,
2
= = 2 E(Xulyxy>50119)
n>1

by the triangle and Jensen’s inequalities.

Now remove the conditioning to get

2
Y PV, —EVyl>e) < - Y ENX11x, 1557 /c))

n>1 n>1
2 5o b j +1
< _ - J J
_822 —P/ /e <Xl <bT /c)
n=1j=n
ibJ+1 ) )
12 P < |eX| < b

< —E(|Xq{|L(lcX
= Clogh (IX11L(lcX1]))

Now we use variance and covariance arguments again to get

1
P(U, —EUn§)| = €1§) < gVar(UnIQ)

m+1 5
= 7 2 Gk Var(Xadyxy <))

k>1

m+1 _,;
=g Var(X11{x,|<¢,}|$)-
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Now remove the conditioning to get
Y P(|U, —EU,| > ¢)
n>1

m+1 _
< 2 Zcb ”Var(X11{|X”§bn/C})

n>1

m-+1 _ 2
= 5 2 b EX <)

n>1

m+1 (D"
- 2 b (70<<L<b"/c>>fS

)E<|X1|<L<|X1|>>5>)

82 n>1
-2 0(5)
- )

n>1 n
< Q.

Combining the results for U, and V,, we can now use the Borel-Cantelli lemma to
get the result. [
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