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BILINEAR STOCHASTIC SYSTEMS WITH FRACTIONAL
BROWNIAN MOTION INPUT!

By E. IGLOI AND GY. TERDIK

Lajos Kossuth University of Debrecen

The partial derivatives with respect to time and the fractional Brown-
ian motion of a particular class of stationary processes are defined. Al-
though the fractional Brownian motion is not semimartingale, the bilinear
SDE with fractional Brownian motion input is considered and solved. The
solution is explicitly given in both the frequency and time domains in the
case when the coefficient of the bilinear term is pure imaginary. The sta-
tionary Stratonovich solution of the bilinear SDE with white noise input
is also considered.

1. Introduction. The applications of long-range dependent models in-
volve several fields of science and economics such as geophysics, hydrology,
turbulence, weather and so on. Good lists of references for this field are given
in [1] and [9]. The basic stochastic process of this kind is the fractional Brown-
ian motion defined in [5]. The fractional Brownian motion is given as a par-
ticular fractional operator on the standard Brownian motion. The Gaussian
parametric models of long-range dependent phenomena are usually considered
as either linear stochastic differential equations (SDE) with fractional Brown-
ian motion input or linear stochastic differential equations with Brownian
motion input and with a fractional operator on the output. Actually, these
two types of processes are equivalent. Several linear models with long-range
dependence are discussed in [7]. Most of the observations are not Gaussian,
so there is a need for nonlinear modelling for long-range dependence. One of
the possibilities for keeping the Gaussian input and at the same time get-
ting rid of Gaussianity is the application of bilinear models. The easy way to
get a long-range non-Gaussian process is to put the fractional operator on a
non-Gaussian process, for example, on the solution of the bilinear SDE. This
procedure can be carried out without difficulties. It requires more care if one
considers a bilinear SDE with fractional Brownian motion input, because sev-
eral difficulties arise. This might be the reason why no one has considered any
nonlinear model with fractional noise input either in discrete or in continuous
time.

In this paper we start with the bilinear SDE with white noise input and
list some basic ideas leading to the stationary Ito solution, given in both the
time domain and chaotic frequency domain forms. The first step in studying
fractional Brownian motion as an input of bilinear SDE is to understand its
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basic properties in the frequency domain and introduce the integral of some
deterministic functions with respect to it. We use the It6 calculus extensively
in the frequency domain for the definition of the partial derivatives of a partic-
ular class of stationary processes with respect to time and fractional Brownian
motion. One of the basic problems one has to pay attention to is that fractional
Brownian motion is not semimartingale. Based on these derivatives, the bi-
linear SDE with fractional Brownian motion input is considered and solved.
In the case when the coefficient of the bilinear term is pure imaginary, the
solution of the bilinear SDE is explicitly given in both the frequency and time
domains. It is shown that, in spite of using the It6 calculus in the frequency
domain, the result is that the solution of the SDE follows the ordinary chain
rule; therefore it is a Stratonovich solution. The main reason for this is that
the quadratic variation of the fractional Brownian motion is zero. The station-
ary Stratonovich solution of the bilinear SDE with white noise input is also
considered.

2. Brownian motion input.

2.1. Time domain. Throughout this paper a single scalar-valued input pro-
cess will be considered. At the same time the output process will be complex-
valued because of the complex constants of the equations. Let us start with
the stochastic differential equation

(D dy, = (p+ay,)dt+ (B + vy, dw,,

where w, is Brownian motion with variance o%. The o2 is considered to be
1, otherwise one can use the transformation w,/o, 0B, oy. Equation (1) is a
linear differential equation. Nevertheless, it is called bilinear in system theory
to distinguish between the situations when v is zero and nonzero, that is, when
the solution is Gaussian and non-Gaussian, in other words, when the model is
linear and nonlinear. The It6 solution of (1) is well known (see [3], page 111):

Y, = exp((a— §>t+ywt> <y0+(,u— Bvy) /Ot exp<—(a— ?)s— yws> ds
oo fenl-(o- o)

When vy = 0, Rea < 0 and B # 0, this provides the stationary Gauss-
ian Ornstein—Uhlenbeck process. We are interested in the stationary non-
Gaussian solution of (1); therefore, it is necessary to assume that |u|2+|8|2 > 0,
v # 0 and not only Rea < 0 but 2Rea + |y|? < 0 as well. The starting value
¥, is also well defined and then the stationary physically realizable solution
of (1) is

2

@) ey /—too eXp((“ - 722>(t =)+ y(w, - ws)) ds

2

+8 /joo exp((a - 2)(1: —8)+ y(w; — ws)> dws.
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Note that uy # o must hold; otherwise (1) has only the degenerate solution
y; = —B/y = —p/a. From now on we shall assume that g = 0 and u # 0;
that is, there is no second term in (2). This assumption can be fulfilled by the
following transformation:

yw—afty

The stochastic differential equation (1) without any restriction of generality
becomes

3) 7, Y B

4 dy, = (m+ay,)dt+ vy, dw,,
and this equation will be the subject of our investigation. The expectation of
y, can be calculated from (4) as
m
Ey,=——.
o

One can easily get the autocovariance function R(t) = E(y, —E y,)(yo — E )
of y, directly from (4) if ¢ # 0 and for the variance R(0) from (2),

R(t) = R(0)e* = g L 4 R
(5) |a2(2Rea+[y[?) "’ ’

R(t)=R(-t), t=<O.

2.2. Frequency domain. Suppose there exists a stationary physically real-
izable solution of (4) which is subordinated to the integrator process w,. The
frequency domain representation theorem says (see [2]) that all such solutions
can be changed into the so-called chaotic spectral representation form

(6) Yo=Y /Rk exp(itZw ) f (@) W(doy,)),
k=0

where o) = (01, ®3,..., ), Sog = X' 0; and W(dw,) is the k-
dimensional multiple Wiener-It6 spectral measure according to the Wiener
process w,. The representation (6) is unique up to the permutation of the
variables of the transfer functions f,. One of the main tools of the multiple
Wiener-It6 integral technique is the diagram formula, which in general
expresses the product of multiple integrals in terms of a linear combination
of multiple integrals; see [4]. In this paper the diagram formula is used
for the following particular case. Let g € L%(R) and f € L2%(R*) be Fourier

transforms of some real-valued functions and let f be symmetric, then
/Rg(w)W(dw)/Rk F(0u)W(dog)
= Jon P00 801 ) W(d0(hi1)

+ k/R,H /R g(wp)f(0r)dw,W(dwp_1))-

(7
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Now under the assumption that we are looking for the stationary It6 solution
(2) of (4), that is, by putting by definition the principal value for the integral

1 1- —it
[ Loemite) g, 2,
R

2w lw

it follows from the diagram formula that the following recursion is valid for
the transfer functions £, (see [10]):

'}’fk—l(w(k—l))

, k>1.
lZw(k) — -

(8) fo= _g’ frlow) =

To make it easier to understand (32), which concerns the transfer functions
according to the fractional Brownian motion input, we remark that the sym-
metrized version [, = sym [, of these transfer functions can be written in the
form

—exp(—iuw ;)

du.

i koo ko1
9) frlow) = M%/O exp(au) []

-1 lw;

J

We recall here that the symmetrized version f of f by the vector o () 1s the
average of those values of f which are taken by all possible permutations of
entries of w;). The spectrum of y, can be calculated from the autocovariance
function (5); that is,

R(0)Re«

27

- weR.
T|iw — af

o(w) = %/Re‘”‘”R(t)dt = -

It should be noted that there is no difference between the spectrum of an
Ornstein—Uhlenbeck process and ¢(w); therefore, it is necessary to consider
higher order spectra for bilinear processes.

3. Stochastic differential equations with fractional Brownian mo-
tion integrator process.

3.1. Fractional Brownian motion. The definition of the fractional Brown-
ian motion with parameter & € (—%, %) due to [5] is the following:

w® = 1“(11+h){ [ 19— 9w+ [ - o) dws},

t € R. Formally wgh) can be expressed with the help of the fractional integral
operator [ &h)( f) defined as

1) = s [ =9 ).
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namely, the Ath fractional integral process of the Brownian motion, adjusted
to zero at zero; that is,

(h) _
Wi r(1 ¥ h) f (-

_ I§1+h)(w,) _ IglJrh)(w,)
h h
= 1" (w) - I§" (w).

s)(”h)‘lw/sds / (—s)+h- lw ds

r(1 +h)

Clearly, wﬁ‘” = w;,.

We shall consider only the case 0 < & < % because of the following motiva-
tions. First, the long memory or long-range dependence property that we are
interested in appears only for a positive A. It is widely known from experience
that fractional Brownian motion with a negative A hardly occurs in practice.
Furthermore, the latter case would need very different considerations and
even the object of this paper would reach a deadlock at some point. Again, we

shall assume in the sequel that 0 < & < %

The most important properties of wgh) (see [5]) are the following:

h —0;
§ ) is mean square continuous and continuous with probability 1;

. it has stationary increment processes;

. in any t € R, w( ) is not differentiable with probability 1;
. it is self-similar with self-similarity parameter A + 5 L that is, the vectors

Wl ..., wl)) and (o[22 have the same distribu-
tion;

6. its first and second order moments are

Ew!™ =0,

cnqac,o_m!—a

«(h)

(10) Cov(w (h), wgh)) 5

(|t|2h+1 + |S|2h+1 _ |t _ S|2h+1)’
(11) Var w™ = k(h)|t|21,

where

lu)

(12) w(h) = o /

' lo|™?" dw.

In the rest of the paper, the constant (&) will frequently appear. In the
Appendix, Lemma A.2, it is expressed in terms of the gamma function as
well.

It is evident that we have at least as many difficulties integrating with re-

spect to w( ) as integrating by w, in the simple case. What is more, wgh) is not

semlmartmgale since its quadratic variation process is zero; see Lemma A.1
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in the Appendix. That fact makes it necessary to create a new stochastic in-
tegration concept.

The spectral domain representation of wgh) has already been mentioned in
[5] and [8], but not exactly in the form that follows.

THEOREM 3.1. Let the spectral domain representation of the Brownian mo-
tion w, be

eitm -1
w, =/R T W(dw),

Lw

where W(dw) is a complex Gaussian white noise spectral measure and
E|W(dw)|?> = (1/27) dw. Then the spectral domain representation of wgh) is

itw _ 1
(13) wﬁ"’=/ T (iw) "W(dw).
R Il
From (13) we get the formal representation of the “derivative process,”
which exists only in the sense of Schwarz distribution (see [5]):
h)
dwg _
dt

(wMy = /R " (i) "W (dw).

The next result is the invertibility of wgh). For that reason we define the inte-
gration of a nonrandom function with respect to wgh). Formally,

[ r@dw?” = [ Fo@”yde= [ f@) [ i) W(do)dt
= f / et £ (8) dt(iw) "W (dw).
R /R

This idea is given a precise meaning by the definition.

DEFINITION 3.1. Let f: R — R, f € L?(R) and

2
/‘/ e”“’f(t)dtl lo|"2" dow < .
R|/R
Then
/ £(t)dw® = [ / et F(8) dt(iw) " W(dw).
R R JR
The use of this definition is seen in the following theorem.

THEOREM 3.2.

wtzl“(ll_h)/_too{[(t_s)h_(_s)h]X(oo,O](S)+(t—S)hX(O’t](S)}dw‘(gh).



52 E. IGLOI AND GY. TERDIK

DEFINITION 3.2. We shall denote the o-algebras generated by the pasts of
the processes w, and wgh) by Zf’oo, 1 and Zﬁ’gg o respectively.

It is not difficult to show that in Theorem 3.2 the integrand is not only in
L%(R), but in L*(R) as well. So one can apply Lemma A.3 in the Appendix to
obtain from Theorem 3.2 the following theorem

™

THEOREM 3.3. S %, ;1 = T’ -

The spectral domain approach, the idea of which arises from [10], is espe-
cially useful in our situation. It has the advantage that we can exploit the
simplicity with which the spectral representation form of the processes un-
der consideration depends on time. It is based on the technique of spectral
domain representation of square integrable stationary functionals of the frac-
tional Brownian motion; see [2].

DEFINITION 3.3. Let us denote the space of all complex-valued stationary
processes y, which are measurable with respect to the o-algebra 7 (w®) =

o{w™, t € R} by Sy(w™), that is,
Sy(w™) = {y, € LA (w'™)): y, is second-order stationary}.

It is clear that by Theorem 3.3, Sy(w®) = Sy(w). Thus, every y, € Sy(w™)
can be transformed into the spectral domain chaotic representation form

00 k
(14) yo=X [, exp(itZogy)falwu) [1o,) ™" Widaog)).
k=0 1
where
2 - k!
Elnl =Y o [, 1Fa(ou)P H|wj| " dw < oo,

= (2m)*

and every y, of that form is in Sy(w™). Since Sy(w™) does not depend on h,
from now on we shall use the notation Sy = Sy(w™).

By transfer functions we shall mean the functions f. An essential property
of the representation (14) is that the transfer functions f;, are unique, at least
up to permutation of their variables. To reach more symmetrical formulas
we assume in advance that the transfer functions are symmetric functions,
that is,

fk(w(k)) = sym fk(w(k))-
(k)

3.2. Stochastic integration and differential equations with respect to frac-
tional Brownian motion. We would like to give meaning to the stochastic
linear differential form

(15) dy, = & dt +n,dw'”.
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Equation (15) is for the shortened form of the integral equation

T
(16) Yr =0 +/O (&, dt + ntdwﬁh)),

where the processes &,;, n;, € S,. For the form (16) to be well defined on the
one hand and unique on the other, one needs to make some assumptions for ¢,
and 7,. Assume that the representations of ¢, and 7, are as (14) with transfer
functions f f)(w(k)) and f ;")(w(k)), respectively.

The assumptions for &, and 7, are

(A1) /Rvﬁe’fl(w(k),)\)||)\|—2hd)\ <00,  k=0,1,2,..., 04 Rk,
x© P 1|
If(f)(w )+ s (n)
k ym £, (0_1y)
Z @ o a4 (o) sy Aoy

k+1 _ 2
(A2) + %/ng)l(w(k)’ w)|o| " do

k
X 1_[ |(1)J'|_2h dw(k) < Q.
1
An intuitive definition of the stochastic integral
r (h)
(17) [ (et + e dwf”)

is as follows. Apply the diagram formula [see (7)] for multiplying 7, by (wgh))/,
add it to &, and integrate from O to 7'. If one carries out this algebra, one has
the spectral domain chaotic representation for (17),

! 1
/o (& dt +m, dwih)) = T(ﬁ)‘f) To fR £ (@)|w] 2 dw)
k=1 "R
k
x [(i)) " W(dog),
1

where

1 ¢
grlop) = S (fge )(w(k)) + sym fgen—)l(w(k—l))
(19) Lo () (k)

k+1 )
+! o )/wal(%)’w)lwl 2holw>, k> 1.
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Since (wgh))’ does not exist in L2({)) and because of the change of order of the
various types of integrations,

%, /Rk AW (), /OT dt,

that method would not be a priori justified without assumptions (A1) and (A2).

DEFINITION 3.4. Let us suppose that the processes &,, 1, € S, fulfill as-
sumptions (Al) and (A2). Then the stochastic integral (17) is defined by (18)
and (19).

REMARK 3.1. For every fixed T' € R, the stochastic integral (18) is a random
variable with a finite second moment.

The following theorem is also an obvious consequence of (18) and (19).

THEOREM 3.4. Let us suppose that the processes &;, m; € Sq fulfill assump-
tions (Al), (A2) and

@_ 1 m 2k
(A3) e WA O

holds. Then there exists a process y, € S, which satisfies (16) such that vy,
is unique in Sy apart from its expectation. The kth (k > 0) order transfer
functions of y, are those in (19).

We have given meaning to the stochastic differential and integral forms

(15) and (16). But if we also require the uniqueness of the representation (16)
of yp — y9, we need to make another assumption, namely, that

2
[ @y, A w2 dps] 2] dA < o,

(A4) A.@
ke N, (l)(kil) (S Rkil.

Let us define the space of the integral processes y,. By Theorem 3.4, the
integral processes y, are functionals of proper processes &;, n, € Sy and of

complex constants, that is, y, = ®(¢, n, f(()y)), where E y, = ff)y).

DEFINITION 3.5.
Sor(w™) = {y,: y, satisfies (16), Ey, € C, &, n, € Sy,
(A1), (A2), (A3), (A4) hold}.
It is clear that Sy (w™) is a linear subspace of S, since the representa-

tion (16) of complex linear combinations of the elements of Sy (w!”)) inherits
assumptions (Al), (A2), (A3), (A4).
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THEOREM 3.5. The representation (16) of any y, € Sqi(w™), is unique.

Because of the uniqueness of (16), we can define the partial derivatives of
any y, € Sg;(w™).

DEFINITION 3.6. If y, € Sy;(w™) has the representation
s
dy, =& dt +m, dwi ),
then the partial derivatives are defined as

9y = &4 ﬁwﬁh)yt = ;.

REMARK 3.2. Let us define for any ¢,, ¢, € R the operator A, , on Sy (w™)
by

. tZ h
A e,y = /t (3535 ds + (9,0 y,) dwl”)
1

12 121
= [ (e ds+ @0y dwi”) = [C(0,35) ds + (0,05,) dwi).

Then A, , coincides with the ordinary difference operator, that is, A, , v =
Ve, = Vey-

REMARK 3.3. Because of (A2) and (A3), ¢, and 7, are connected with one

another. fOT ¢, dt and fOT n; dwgh) are not defined one-by-one. Though each of
them could be defined without the other one, it could happen that neither of
them would give the difference of a stationary process; only the sum of them
would. We are constrained to work in the space Sy to avoid the time depen-
dence of the transfer functions. That is the reason why we have defined only

the “common” integral fOT(ft dt +m, dwgh)). By the way, one might introduce

T T T
B) . 3
| nedw® = [ (&, dt+n,dw”) - [ & adt,
0 0 0
but this is not of primary importance; the common integral comes before.

ExamMPLE 3.1 (Stationary Ornstein—Uhlenbeck process with fractional
Brownian motion input). Let us consider the stochastic differential equation

(20) dy, =ay,dt+ dwgh).
It is shown (see the Appendix) that the partial derivatives of y, are
aiye= [ @ @)i0) " W(do),

9,00 Y = B,
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with the transfer function
1

iw—a

f17(@) = ap

Therefore the unique solution of (20) is

yt:/ eto P (i) W(de).
R —

Lw

Remember that we have defined the integral of proper nonrandom functions
with respect to wgh); see Definition 3.1. Now, we are able to represent y, in
the time domain as well. Assume that Re a < 0. Then
y, = / ¢ P (i) " W(dw)
R

lw—«

_ itw *© au—iuw . —h
(21) _/Re /3/0 e du(io) "W (dw)

b ‘ L h ! (h)
_ / / €59 Be™=9) ds(iw) " W(dw) = B / =) g,
RY—o0 —00

Another type of the time domain integral representation form of y, is
t .
y, =B / / €150 e(=9) d5(iw) " W(dw)
RYJ—o0
t eitw _ eisw ) A
(22) — _aB / / =95 "% ds(in) "W(dw)
RYJ—o0 Lw

t
- —ozB/ e“(t’s)(wgh) - wgh))ds,
—0oQ

where the last integral is an L2-integral.
If Rea > 0, then y, has time domain integral representation forms sim-

ilar to (21) and (22) depending on the future of wgh), that is, the domain of
integration is (¢, 00). The spectrum of y, can be easily derived from the spec-
tral representation of the process and shows its long-range dependence. It is
worth noting here that because of the linearity of (20) there is no difference
between taking the fractional integral operator I Eh) on an ordinary Ornstein—
Uhlenbeck process and the solution of equation (20) with fractional Brownian
motion input.

ExXAMPLE 3.2 (Stationary Hermite degree 2 bilinear process with fractional
Brownian motion input). Consider the pair of stochastic differential equa-
tions
©3) dx, = ajx,dt+ B dwih),

dy, = ayy, dt + yx, dw}"”,

where a;, a9, 8,7 € C, Rea; # 0, Reay # 0. The unique solution x, of the
first equation is the stationary Ornstein—Uhlenbeck process with fractional
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Brownian motion input, given in Example 3.1. Now we give the y, component
of the unique solution (see the Appendix for the proof):

2 2
y =3 /R Cexp(itSw) (o) [T w,) " W(dogy),
k=0 j=1
with fgy) = é’f)/aQ and

) ) 1
f1 (o) =0, f3 (©g) = Bysym - - .
! ? @ w(2) lwg —o l(wl + w2) — Qg

The partial derivatives of y, are

0y =168+ [, exp(itSop)fs () i0n) " (iwy) " W(da)).

with
V= gl o
— Mmh)r(l —2h) COS(;“ - 2h))
and
o 1
1§ () = igw(zjz P T
&wﬁ"’yt =YX

In case ayg = @7 = a, Rea < 0, the time domain integral representation form
of the solution y, is

(h) (
4 (' —w

yt=—an/ otts) (2 5 :
—0oQ

Now there is a major difference between considering (23) with fractional

h
))2 ds.

Brownian motion input and taking the fractional integral operator I §’” on
the solution of (23) with standard Brownian motion input. The latter has the
following spectral representation:

_ vB
/RZ exp(LtEw(z))(iwl —a1)(i(w; + wy) — ay)

It is seen here that the fractional weight is (i(w; + ws))™" instead of
(iw;)"(iwy)™" and the expectation of this process is zero.

(i(01 + w2))_hW(dw(2)).

3.3. Bilinear stochastic differential equation with fractional Brownian
motion integrator process. The bilinear stochastic differential equation with
fractional Brownian motion is analogous to (1):

(24) dy, = (ay, + p) dt + (yy, + B) dw".
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This equation is interpreted in accordance with the previous subsection. If
Re vy # 0, then we suspect that (24) has no stationary solution, but it does if
v is purely imaginary. Therefore consider the stochastic differential equation

(25) dy, = (ay, + p) dt + (iyy, + B) dw!”,

where a, u, 8 € C, Rea < 0, 0 # y € R. From now on we shall assume that
B =0 and u # 0; otherwise apply the linear transformation (3), as is done in
the nonfractional case. So our problem is to solve the stochastic differential
equation

(26) dy; = (@y, + p) dt + iyy, dw”,

in the set of processes

| y, € Sor(w™): (A1), (A2), (A3), (A4) hold

for d,y, = ay, + n and &wﬁ")yt = iyyt}.

Applying (26) we get from assumption (A3) and from (19) the following infinite
system of equations for the transfer functions of y, having the form (14):

1
0=afo+n+ivg— [ fi(@)e ™ do,
27 Jr

1 .
@27 frlog)= Sog [afk(w(k)) + w(sym fr-1(®g_1))

(k)

(k+1)

[ Frtoan ool #do) | ken
In that case, assumptions (Al), (A2) and (A4) are
(28) /|fk+1(w(k),/\)||/\|72hd)\ < 00, kZO, 1727""‘”(/&) GRk,

R

oo

! 1
kX=: (27T)k /]Rk (Ea)(k))Z

1

af(om) + i7<Sym fr-1(o@k-1))

D (k)

E+1 2

|
(29) + 7/ 1@, ®)|o| ™" dw){
|
k
X l_[ |(1)j|_2h dw(k) < 00,
1

| |2
(30) /RifRka(w(kq),/\,M)|M|72hdﬂi IA|7#dA <00,  keN, wg_;)eRM!

We shall frequently use the following function so we define the notation as

2
(31 K(u) = exp(au - éK(h)u2h+l>, u>0.



FRACTIONAL AND BILINEAR SYSTEMS 59

THEOREM 3.6. The following system of transfer functions

(i'y)k 00 k 1_exp(—iuw')
(32) fk(w(k))=“7/0 K(u)l:[ lw; J

du, k=0,1,2,...,

where we used the conventional notations fy(wq) = fo and Y = 1, fulfills
equations (27) and assumptions (28), (29) and (30). Thus the stationary process

00 k
(33) Y = Z /]‘Qk eXp(ltEw(k))fk(a)(k))l_[(le)_hW(dw(k)), teR
k=0 1

is a solution of the stochastic differential equation (26). Moreover, y, has the
time domain representation

t

(34) Yy, = ;L/ exp(a(t —s) + iy(wgh) - w(sh)))ds, t eR,
—0Q

where the integral is an L2-integral.

REMARK 3.4. From a certain point of view, the following model can mo-
tivate the previous theorem. Consider the system of stochastic differential
equations

dyO,t =(n+ ayo,t)dt,

h
dy, ;= ay, dt+ yyo,tdwg ),

h
(35) dys, s ZayZ,tdt+7y1,tdw§ ),

dyy,:=ayy,dt + 73’N—1,tdw§h),
N > 1, where u,a,y € C, Rea < 0. Then y,, is a stationary Ornstein—
Uhlenbeck process with fractional Brownian motion input and y, , is a sta-
tionary Hermite degree 2 process with fractional Brownian motion input. See
Examples 3.1 and 3.2 in the previous subsection. One can prove that for all
N e N there is a unique solution yy , € Sg(w™) and the transfer functions
in the frequency domain chaotic representation of y , are the following:

((v2/2)k(h)u2h+1)(N-k)/2
((N = k)/2)!

1—exp(—iuw;)

,yk

fiN)(wm) =po /OOO exp(au)

k!

(36) A

Xl_[ lw ;

1 J

du,

if 0 < £ < N and % has the same evenness as N; otherwise fgeN)(w(k)) =0.
Using the inversion formula for the Hermite polynomials,

xN 3 N ) (t/z)(N—k)/Z
N2 (N - Ry

k=0

Hk(x7 t)’
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where Y means summing for all £ having the same evenness as N, and
by Lemma A.6 in the Appendix, one can get the time domain LZ2-integral
representation form

N ¢
(387) YN = % /_OO e”‘(t_s)(wffh) — w(sh))N ds.

In this remark, y was an arbitrary complex number. From now on, let y be
purely imaginary or, as we do from (25), denote it with iy, where y € R. So let
us replace y with iy in each of the previous formulas in this remark.

Now, first summing the equations of (35) and letting N — oo or, equiva-
lently, summing the Nth equations for N = 0,1,2,..., we get the bilinear
stochastic differential equation (26). Second, for a fixed k, by summing the
kth order transfer functions in (36) for N =0, 1, 2, ..., we obtain (32). Third,
by summing the equations in (37) for N =0, 1,2, ..., we get (34).

We do not follow this idea in the proof of Theorem 3.6 as a more direct
argument can be found.

REMARK 3.5. It is an open problem whether the solution of the bilinear
stochastic differential equation (26) given in Theorem 3.6 is unique. In other
words, do the parameters u, «, y in (26) determine the solution uniquely or
not? Obviously, the question is whether the homogeneous equation, that is,
equation (26) with © = 0, has the only solution y, = 0.

REMARK 3.6. The solution y,, given in Theorem 3.6, of the bilinear stochas-
tic differential equation (26) has an almost surely bounded and continuous
modification. The reason is that |exp(iy(w§h) - wgh)))| = 11in (34).

In the following theorem we present the expectation, the autocovariance
function and the spectral density function of the solution y,, given in Theorem
3.6, in the form of simple and twofold integrals.

THEOREM 3.7. The expectation, the autocovariance function and the spec-
trum of the solution (32)-(33)-(34) are

Evo=n K@du,
R(t)=E(y; —Ey:)(y0o —Eyo)
=l [ [ K Kw)

2
Y
< <exp<_2K(h)<|t|2h+1 _ |t _ u1|2h+1 _ |t + u2|2h+1

+ |t —ug + u2|2h+1)> - 1) du, dus,,
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38)  o(A)=|uf? /0 : /0 " K (u1) K (ug) (exp(+(y? AW ) (V) — 1) duey du,

respectively, where

A(ul,uz)(w) —

1 1—exp(—iv o) (1—exp(—iugw) ]2
-_— w
27 lw lw

and

e (w) = Z g’”(a))—zl gx8%---x 8(w)

Jj=0 1 2 j

is the convolution exponential of a function g € L*(R).

REMARK 3.7. The solution y,, given in Theorem 3.6, of the bilinear stochas-
tic differential equation (26) is a long-range dependent or long memory process.
We can justify this as follows. From (38),

_ - |M|272j Y K (1) A u2)y«Jj
B9 e =3 o ] K Kla)(A ) () dus duy

In the infinite sum in (39) each term is nonnegative because for each j the
Jjth term is the spectrum of the jth order chaotic component in (33). The first
term is

Py [ [ K@) Kup) A () duy du,

1Py?| (% o L—eThE
= K d A .
27 /0 (w) LA w 1Al
It follows from Lebesgue’s dominated convergence theorem that
1— —iuA 00
lim [ K(u)L du = / K(wudu #0.
A—0 0

Thus the limit of the first term in (39) is infinite as A — 0. Hence, ¢(X) is not
bounded. This fact implies that the autocovariance function R(t), of y,, is not
integrable, and this is just the definition of long-range dependence.

Finally we mention a fact regarding a special feature of the stochastic in-

tegral with respect to w( ),

REMARK 3.8. It is not surprising that, for each of the solution processes
we have mentioned in the examples and in Theorem 3.6, it is not the Itd
differential rule but the usual deterministic chain rule that holds. That is,
the ordinary differential operators coincide on the above processes with the
differential operators J, and J o described in Definition 3.6. This is in line

with the fact that the quadratlc variation process, which causes the extra term

in the It6 formula in the time domain, is zero for our integrator process w( ),
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4. Stratonovich solution of bilinear stochastic differential equa-
tions with Brownian motion input. The simplest example showing the
difference between the It6 and Stratonovich calculus is the integral

T
/ w,dw,.
0

Let us turn it into frequency domain; by using the diagram formula (7) and
Lemma A.6 in the Appendix, we get

1 ¢ exp(iTw;)—lexp(iTwy)—1

T
/ w,dw, = =
0 2 Jr? iwg lwy

Tr1 r1-—exp(—itw)
+/0 <277/Riw dw) dt

2 T .
_wp—T 1 [ 1-—exp(—itw)
T2 +/0 (277/]1@ iw dw ) dt.

Now the problem is that the integral

1 [ 1—eite
21 ./R lw do,

is not well defined. If one takes the principal value, that is, 0, then the It6
calculus follows, and taking either Abelian or Gaussian mean, that is, 1/2,
the Stratonovich rule is implied. There was no such type of decision in the
case of fractional noise input since all the integrals were well defined. Let
us denote the solution (32)-(33)-(34) by yffh); that is, we are going to point to
the dependence on ~. We have not admitted the case 2 = 0 but we may ask

whether the solution ygh) converges if h — 0. It follows easily, for example,

by (34) and by Theorem 3.1, that L.i.m.;,_oy\"” = y'*) in L2, where y'* is (34)

with 0 in place of £ in it. It is not surprising, again because of the validity of

the deterministic chain rule, that y§°’ is the solution of the bilinear stochastic
differential equation in the Stratonovich sense.
We shall now consider the stationary Stratonovich solution for the general
bilinear equation (4):
dy; = (ay, + p)dt + vy, dwy,

instead of considering only the pure imaginary coefficient vy. It is easy to see
that

t
(40) ve=n[ expla(t—s)+yw,~w))ds, teR,
—00
is the stationary Stratonovich solution given in the time domain. In the fre-

quency domain we suppose that the solution is given by the multiple Wiener—
1t6 spectral representation

yi= 2 /]Rk exp(it2o ) fr(wr) W(dwsy)), teR,
k=0
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where the transfer functions are given by the following system of equations:

1
0=afo+M+V7/ fi(o)dw,
7 JR

[afk(w(k)) + y(sym fr-1(®@-1))

O(k)
(B+1)
+ fRka(w(k),w)dw , kel

If we define by either the Abelian or Gaussian mean the integral
1 [ 1—eite 1
[ = de==
27 /R iw T2
instead of taking its principal value, then the solution of the equations (41)
gives the transfer functions according to the Stratonovich solution. It is easy

to see that the solution of the equations (41) is given by the following system
of functions:

k o0 2
Y Y
Fr(ow) = ME/O eXP((“ + 2)”)
(42) &
) 1;[ Lo,
The proof of the following theorem comes by a straightforward easy calcula-
tion.

(41) fk(w(k)) = iEw(k)

1- —luw ;
ex}?( uw ;) du, E=0.1.2. ...

THEOREM 4.1. The bilinear stochastic equation (4) has a stationary Strato-
novich solution if and only if Rea + (Rey)? < 0. In that case, the solution
is given by (40) in the time domain and by the transfer functions (42) in the
frequency domain. Then E y, = —u/(a + y%/2), the covariance function of y, is

R(t) = R(0) exp((a + ﬁ)t)

—|ully? y?
2la + v?/2P[Rea+ (Rey)2] “P\* T2 )!) i

and the spectrum is

p(w) =

_ R(0)Re(a + v2/2)

- R w e R.
mliw —a— y2/2|2

APPENDIX

LEMMA A.1. The quadratic variation process of wgh) is zero and what is

more,

; (h) (h) 2
Hm E 3 (wyhi1ym) — Wigeym)) =0, tER



64 E. IGLOI AND GY. TERDIK

PROOF. The process w; ") has stationary increments, so by (11),

() \2 Itl 2hi
lim E Z( t((k+1)/n) — Withm) = lim ( nk(h) =0. ]

n—oo

LEMMA A.2.
_ (1 -2h) T
K(h) = m COS(2(1 — 2h)),
where k(h) was defined in (12).

PROOF.

1 exp(iw) — o

277/ lw I ] do
1 1 2
27/ / exp(ivw) dv| |0 do

(43)
1 e
_; /// exp(i(vy — v9)®) dvy dvy|w| 2 do

= —2h 2h-1
hm// /uz exp(iA)|A| 7" dAug duydu,.

T N—oo

By [6], formula 2.3.3.1.,

M . oo
lim [ e|A|2"dA :[ eM|A|—2hdA:2r(1—2h)cos<”(1—2h)),
M—-ocoJ_M —00 2

SO

2h—1

“N Ay ~2h 2h-1
/ e AT d A T < cuy
—ugN

with some constant ¢ > 0. Thus we can apply Lebesgue’s dominated con-
vergence theorem in (43) to change the order of lim,._, ., and fol foul. In this

manner we have
1 pleie—11% r(-2n (=
— =7 —(1- , i
27/1@ ' ol do = o e s g1 =2

PrOOF OF THEOREM 3.1. By the well-known theorem about the spectral
representation of linear L2-functionals of the Brownian motion,
(h) _ h
ol = g 1)/ (X, ()((t = ) = (=9)")

+ X0, )($)(t — 8) ]

/F(h+1)[/ e ((t—9)" = (=9)") ds
+ /Ot e (¢ — s)" dsi| W(dw).

(44)
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Let us introduce the notation

1

ot ©) = T(h+1)

t
[/ el ((t — )t — (—s)h)ds—i-/o eiso(t — sy ds].
For a fixed t € R, ¢(¢, w) is an inverse Fourier transform. We assume that
o > 0 as one may conjugate for w < 0.

It causes us some trouble that the function which is the subject of the
inverse Fourier transform is not in L!(R), though it is in L%(R). To ensure
integrability, we shall calculate ¢(¢, z) for z = w + iA, A < 0, then take the
limit as A — 0. Hence,

o(t, 2) = F(h1+1)[/ (= )—(—s)h)ds+/0teizs(t—s)hds]

1
T T(h)i

(45)
(th_l)/ —izu h ldu

where we have used integration by parts and transformed the integration
intervals to (0, c0). By [6], formula 2.3.3.1.,

[ el du = T(R) (i)™,
0

since Rez = A < 0. Thus we have

itz __

o(t2)= " Linyh

Now,

itw

-1
lim ¢ (2,  +i)) = (io)™".

On the other hand, taking the limit in the L2(R)-sense in the first row of (45),
we have
Lim. LA
Lm. ot 0 +iA)

1

F(h+1)[/ e ((t - )—(—s)h)ds+/0te““(t—s)hds]

This can be justified easily by applying Lebesgue’s dominated convergence
theorem for the L2-norm of the differences. So, we have

itw

ot o) =" "Liw)yh w20,

and taking into account (44), the proof is complete. O
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ProoF oF THEOREM 3.2. First of all it is not difficult to see that the func-
tion that we have to integrate is in L?(R). For ¢ > 0, by the definition,

/_too{[(t — ) = (=) X (oo 01(8) + (£ — 8) " x (0.0 (5)} Al
= fR{/_OOO[(t - S)7h _ (_s)*h]eisw ds+ /Ot(t B s)fheisw ds}(ia))hW(dw)
= /R{/Ooo u e e quette — /OOO u hemine du}(iw)_hW(dw)

eitw -1
l

(O]

—r(1- h)/R W(dw) =T(1 - h)w,.

The case t = 0 is trivial and the case ¢ < 0 requires similar treatment. O

LEMMA A.3. Let f: R — R, f € L\R)N\L*R). Then ['_ f(s)dw!’ is
ZT(D}Z’ s-measurable.

PROOF. One can apply the usual technique, that is, approximation by step

functions. It is simple to verify the fact that for a step function the integral is
.9“(?(0}2, ;-measurable.
On the other hand, any f € L!(—o0, ¢]() L?(—o0, t] can be approximated, in

the norm || £]ly.5 = || £ |1+ f ]|z, by step functions. So, [*__ f(s)dw’" can be ap-

proximated by Zf’:& t]—measurable random variables of the form 3 ; c(j”)(w(si_‘zl _
3
ng)).
Namely, if
(n) _ (n)
cM(s) = %:cj X[s&”,sﬁ-’?l](s)’
then
(n), (h) (h) t (1)
i —wll) = [ () duw
J
and

2

t t
E / £(s)dw'? — / ™ (s) dwl
1 1
=5 L

1
+ R
27T /]R\[fl, 1]

:Il+12>

2
lo| 2" dw

[ (&) = e(s)e™ ds

2
lo| 2" dw

[ ()~ e e ds
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where
1
I1<</ |f(s)—c(”)(s)|d8> / |w|*2hdw—>0 as n — oo
1

since ¢ — f in L'(—oo, t] as n — oco. Moreover,
1 i
I < (n) isw d d
%A“mj(ﬂﬁc ()’ ds| do

< ;T/R'/_;(f(s) — M(s))e’* ds dw

1
= [ &)~ (s)Pds >0 asn— oo
27 )
since ¢ — fin L?(—oo,t] as n — oco. O

PROOF OF THEOREM 3.4. Because of the linearity of the stochastic integral,
it is enough to prove that &, = n, = 0 follows from

T
0 =/ (¢,dt +m,dw").
0

For the transfer functions this means that
¢ (k+1) _
0= fﬁe )(w(k)) + sym fEZ),D(w(k—n) s / fEerl)(w(k)’ w)|o| " dw
k) ™ R

for £ > 1. The first and third terms on the right-hand side are in space
L%(R, |wj|~2?"), the third one because of assumption (A4). So the second
term must be in L?(R, |w,|~2"), too. But such an “oversymmetrized” function
can only be in L2%(R, |w,|2?) if it is zero. Thus all the transfer functions

£ (@@, k = 0,1,2,... are zero. Therefore all the f(w(;) must be zero,
too. This means that ¢{, =7, =0. O

LEMMA A4. For u > 0,
_ p-iuw h
i/ Lw 2h oo = (2)(2h+1)u2h

27 Jr lw
K(h)iuzhﬂ

2 du ’
where the constant k(h) was defined in (12).
PRroOF.
1 1 — e~ ino 1 N {1 _ g-iuw
7f S ol ?de = lim 7/ 1= o de
(46) 2r/r i Nooo 2m J-N 1w

= lim 7/ / e MAI72 dav? 1 do,
—uN

N—>oo 2



68 E. IGLOI AND GY. TERDIK
By [6], formula 2.3.3.1 (see Lemma A.2),

M . o] .
lim [ e A2 d) = / eI A|2h dA
M—oolJ_M —00

— 2T'(1 — 2h) c0s<72T(1 - 2h)>

= 27h(2h + 1)k(h),
hence

2h—-1

ON Ny =2k 2h—1
/ e AT T < cv
—uN

with some constant ¢ > 0. Thus we can apply Lebesgue’s dominated conver-
gence theorem to change the order of limy_, . and fou in (46). Therefore

1 1—e e —2h —i\|y|—2h 2h—1
or M U d“’—g [} e artta
_ h(2h + 1)K(h)u2h
o 2h ’

from which we obtain the statement of the lemma. O

LEMMA A.5.
k-1 —iuw; k k i A _
1 — o iuo, 1 — g-iuo; d 1—¢e uw;
ksym [ ——— =iZw»H,7 —J[]—
om 1 Lo T lw; du lw,
PrOOF.
d *1—exp(—ivw;)
du lw;
1] _—ex iuw
= ksym(exp(—zuwk) I1 P(- ])>
(k) 1 lw;
k1 —exp(—ivw;) Xk io;
— k J J g .
l:[ iw; Z 1 —exp(—iuw);) exp(—inw,)
k k1 —exp(—ivw) 1 — exp(—iuw
=—iy o;[] (' )+ksym]_[ “f)' ). O
1 1 j om 1 j

The following lemma is known as the It6 formula; see [4] Theorem 4.2.

LEMMA A.6. Let H;, be the kth Hermite polynomial

) (—t)k xZ dk xZ
Hy(x,t)= n &Pl o | o exp g, ) xeR, t>0,
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for k=0,1,2,... and
£= [ e(@)W(do),
R

where W(dw) is a complex Gaussian white noise spectral measure, E|W(dw)|? =
(1/27)dw, and ¢ is some square integrable function. Define o = E|&|2. Then

k
(& 0" = 51 [ TTe(0)W(dog,).
° 1

PROOF OF EXAMPLE 3.1. We are going to construct the solution of stochas-
tic equation (20). We define the stationary processes &,, n, by their spectral
representations

1

lw—a

£ = /Reitwf(lf)(w)(iw)*hW(dw), £i(0) = ap

771?i f)n)iB’

where a, 8 € C, Rea # 0. Then &,, 7, € So(w™) and assumptions (A1), (A3)
and (A4) are trivially valid. Assumption (A2) is fulfilled too, because

1 1 2 -
5 | =511 @) + £ lol " do
1
=5: .
B

1
- %/];{ (0 —Ima)? + (Rea)?

1 2
aB- +B' lo| 22" dw
ivw—a

lo| 2" dw < oco.

By Theorem 3.4, the integral process
Ye=Yo+ /Ot(fs ds +n,dw")
is well defined apart from its expectation. By Definition 3.4,
yi= 16"+ [ € (@)iw) " W(dw)
with an arbitrary f f)y ) e C and

(1O + 1) = (5 +8) = 1.

1
lw lw\iw—«a iw—a

F(w) =

Define fgy) = 0. Then & = ay,, so y, € Sy(w™) satisfies the stochastic
differential equation (20), and what is more, that is the only solution of (20) in
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Sy (w™), because the respective transfer function equation system has only
one solution. O

ProOOF OF EXAMPLE 3.2. Define the stationary processes &, and 7, as fol-
lows:

&= 1o+ [, exp(itS) 5 (wp)io) " (i0y) " W(dag),
¢ = YX¢,

where

1 —
gf)ﬁ—/ vB |w| 2hdw
2R iw — oy

47)

(é) 1 1
= sym ;
fa (‘0(2)) asYB 3’(2) (zwl al) le(z) —a

Then &,, n, € Sy. It is obvious that assumption (A1) is fulfilled. Assumption
(A3) is just the definition of £ ) and assumption (A4) is trivial. Let us check
(A2):

3
£ (@) +sym £V (o)

@(2)
o
= Sym - s 2%8 + sym L
W(2) lw; —ag l(wl + (1)2) — Qg W(2) lw; —ag
(0 + wg) B

= - sym - )
(0] +0g) —ay ap l0g—ay

Hence,

) R h
L oo 8 @)+ sym A7) ol 2] 2 doy o

(48) . “(2) .
< |vBF? e (01 + wg) — o iy a1|2|w1|72h|w2|72h dw; dw,.
Now,
o+ =gl
(49) 1 1
(Rea )2/ |wy| 2 dw2+/ mdw2 < oo.
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Equation (49) and the Fubini theorem yield the finiteness of (48). Thus as-
sumption (A2) is satisfied, too. By Theorem 3.4, the integral process

t
Yo = yo+ /0 (& ds+n, dwl”)

is well defined apart from its expectation. By Definition 3.4,
: ) 2 h
y, =Y /Rk exp(itSw ) f (0) [T Gw )" W(dwy)
k=0 j=1

with an arbitrary f; () ¢ C and

» _ 1 ) (n)
fo (0g)= (07 + @) (fz (w2)) + SHB)’(? i (“’1))
1
= yBsym -

e 101 — ay (0] + 0g) —ay’
For the latter formula, see (47). Define

1
)

Then ¢, = ayy,. Since 1, = yx,, so y, € Sy fulfils the second equation of (23).
Furthermore, it is the unique solution in Sy;(w®), for the same reason as in
Example 3.1.

Now let @ = @7 = a9, Rea < 0. We show the time domain integral repre-
sentation form of the solution y,. First, it is very simple to get by integration
by parts that

1 1
sym - .
@) lw] —« lzw@) —

50
o 1 exp(—ilt~)0,)

le

= exp(a(t—s»H

Second, one can show, using the method applied in the proof of Lemma A.4
and by partial integration twice, that

lsw

1 1 —2h _ﬁ !
6L /Riw—a|w| de /

|w|*2hdw du.
2T

Let us substitute (50) and (51) into the frequency domain chaotic representa-
tion of y,, take into account the isometrical isomorphism between the second-
order chaotic space of W and the L2-space of its two-variable transfer func-
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tions and finally use the diagram formula to get the frequency domain chaotic
(h) (h) 2
representation of (w, ws )%, Thus,

ye= 15"+ [ explitSon) <w<z>>ﬂ<lwf> "W(do)

T,
2 exp(itw ;) — exp(isw )

+/Rzl:[ lw;

J

exp(itw) — exp(st)

lw|™?" dw
iw

2
x [T(iw j)_hW(dw(g))> ds
1

¢ (h) ()2
= —afy /ﬂo exp(a(t — s))w ds. O

PROOF OF THEOREM 3.6. Let us first verify (28). For £ = 0,

—iuA

du|A| 72" dA.

1AM dr < ol [ [T 1Kol =5

Since

1— e—zuA

A A|72hdA = cu?t < 00
i

J

for u > 0, with some constant c, therefore

LIFAOIAI d) < eluy [ K ()lu™ du < oo.
For £ > 1,

L1 ra(@g M]IA" A

Ivlk
|M|
0

k11— exp(—ivw ;)

lCl)J'

(52) .
1~ exp(-iud) ex‘.’)f ”‘A)‘w% drdu
l

X/R

Ivlk
= C|M|
0

1—exp(—iuw;) W du < oo,

l(t)j

for almost all ;) € R*. Thus we have proved (28).
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Now, for £ > 1,

k+1 _
%/ fk+1((‘)(k)aw)|w| *h dw

)k+1

_ (Ly (h)/ 2h+1K( )l_[

1 —exp(—iuw;) J
u

l(l)j

follows from Lemma A.4. Thus

k
W( + 1)/ fri1(@a@), o)™

k d *1—exp(—iuw;)
= —af(op) — M(lZ) /0 K(u)% l;[ 7y = du
k
=—af(opw) —iysym [ (0p_1) +1 Z o;f (o),

D(k)

where we used Lemma A.5. Thus,

. k + 1
af p(op) + W(Sym f-p(@@-1)) + —F5— ( ) / Fri(@gy, o)|o| 2 dw)
@ (k)
(53) Y
=i) o;fi(ow).
1

Hence, the infinite sum in (29) is

P 1(2 )kf |f (@ (k))| l_“w hdw(k)-

We have to prove the finiteness of that infinite sum:

OO

Z 1(2 )k/ |fr(w (k))| H|w]| dw(k)

ey 0L ™ () K(ws)
k=1
— _ _ k
(54) ><1_[|:1 ex;:(w 'Lulw])<1 exlzi) .luzw]))]dulduzﬂlel_% dog,
J J 1

SIS SR o (O (o)
k=1

. : k
><<1/ 1 exp( Lulw)<1 exp( luzw)>|w|—2hdw) du; dus,,

27 Jr 1w lw
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where the fact that we may change the order of [, and f0°° f0°° can be easily
justified because

[ |K<u>|/|

|1<_ —iA | 00
_/ ¢ '|/\|‘2hd/\/0 | K (w)|u?" du < oo.

|w| 2hdwdu

(55)

Continuing (54), let us notice that we may use (13) and then (10) to get
>

& G
< IulP [ [T 1R )lIK (s)

3 G2 (o
k!

([ exp(Reau)du>2 ([ 1K @) du)z < o0,

since Rea < 0. We have finished proving that the transfer functions (32)
satisfy assumption (29).
Let us verify (30). For fixed W(h-1) € Rk_l,

/ | r(@)? H|w | dwg,

2h+1

k
+ud = Juy — uy P duy duy

2
X )|l 2 dp| (2] d

— exp(

le

du < oo

s [ 1K@

with some constant c;, where the inequality is based on (52) and the Jensen
inequality. So we have justified (30) too.

Now let us see the system of equations (27). For £ > 0 we have already
obtained (27); see (53). So we have to prove only the first equation, that is,
for £ = 0. However, that can be easily carried out taking into account that ]_[:’f
means 1 for £ = 0.

Now we are going to prove the time domain form of the solution. By the
isometrical isometry between L?(W) and the Fock space of W, a consequence
of Lemma A.6 and Theorem 3.1 and the Hermite series expansion of a square
integrable function of a Gaussian random variable, we can see that

y, = Z / (W)k / Kt - S)ﬁ exp(ita)j).— exp(isw ;) ds
o .

le

k
x [T ;) " W(dw)
1



FRACTIONAL AND BILINEAR SYSTEMS 75
t = hy (b
=n [ K(t-s) L0 Hw" - wi, c(h)(t - 5)**1)ds
-0 k=0

t . h h
= ,u[ exp(a(t — s))exp(zy(wi ) w ))) ds. O
PROOF OF THEOREM 3.7. From (34),

t o0
Ey, = ,u/_oo exp(a(t — s))E exp(iy(wgh) - wgh))) ds = ,u/o K(u)du.
To calculate R(t), let us use (32) and (33):

R(t)=E(y; —Ey:)(y0 —Eyo)

_ |:U“|2/O /(; K(ul)m
(56) o 2k /1 1 (iu)
Y . —exp(—iujw
3 g Lot
i k
y <1 — exp(—luzw))|w|2hdw) du,du,
LW
. e . x 2k
(57) = |,u|2/0 /o K(u)K(ug) Y %(E((wgh) —wil,) (~w',) dusdu,
k=1 "°
(58) _ |’u|2/0 /o K(uq)K(uy)

2
x (exp(—éx(h)(|t|2h+1 _ |t _ u1|2h+1 _ |t + u2|2h+1

+ |t —Uq + u2|2h+1)> — 1) du1 dLL2.

Regarding the change of order of the various types of integrations, we refer to
the Fubini theorem and to (55).

Let us now consider the spectrum. First we prove that the left-hand side
of (38), which we shall denote by (1), exists in L!(R). For any function

g € L'(R), lg * gli = (lgly)? thus [g**]; < (lgl1)" Hence e*¥(w) =
Y2 o(1/k) g**(w) really exists in L1(R) since

1

- k
> 8
2k

(59)

<> gletl = X gl = ex(lglh)-
1 k=0 """ k :

Now, using the Cauchy—Schwarz inequality, for fixed 0 < u, uy < o0,

1
(ul’u) —_—
(60) HA : Hl - 277‘/];% ilw

— K(h)ulf+1/2ug+1/2.

1- exp(_iulw) |w|—2h dw

'1 — exp(—iugw)

Lw
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From (59) and (60),

Thus,

||exp(*(y2A(u1 uz)))( D) - 1“1 < exp('y K(h)uh+1/2 h+1/2) 1

ol = bl [ [ 1R )l K ()l [expl(r* A 0)() = 1], duuy ducs

< Il [ [T IR @lIK @)l (exp(rk(hyat ™ ™) — 1) duy dus
|M|/ / exp(Rea(u1+u2) —K(h)( 2h+1—|—u§h+1)
+7 K(h)uh+1/2 h+1/2> dul duz
P / [ exp(Rea(u1+u2)—K<h>(u2’”1 2’”1)) dus dus
wl? exp Rea(u; +uy) — —«(h uhH/2 ul /)2 du,du,
2

|u|/ [ <»<p(Rea(u1+u2)—K(h>(u2’”1 ““))dulduz

< |;u,|2f0 [0 exp(Rea(u; + uy))dud uy < oo,

that is, ¢ € L1(R). Now we can apply the Fubini theorem to change the order
of the integrals [;° [;°(-) du; dugy and [;(-) dA in the calculation of the inverse
Fourier transform of i:

(61)

/R exp(itA) () dA

=P [ [ K () K@)

x /R exp(itA)(exp(y2 AW 42\ () — 1) dA duy dus,
=l [ [ K () Kw)

X (exp(/ exp(itd)y? A #2)()) d)\) - 1> duq dus.
R

Here the second equality is a consequence of the fact that

N
Z(yZA(”l’“Z))*k(A) — exp(x(y2 Al 9))) (1) -1 as N — oo
k=1

in L1-norm and that the inverse Fourier transform converts a convolution into
the product of the inverse Fourier transforms. We have already obtained the
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argument of the exponential function in the third row of (61),

/ exp(ith)y2 A®u)()) dA
R

21/’exp(ﬂA)-—egp<wt——u1>A><1-—exp<—¢u2A>)|A|2hdA
R A 1A

= VE((w"” — wi,) (~w’))

2
— _%K(h)(|t|2h+l _ |t _ u1|2h+1 _ |t+ u2|2h+1 + |t —u;+ u2|2h+1);

see (56), (57) and (58). So, the right side of (61) is equal to (58), that is,

[ ¢ w0y dr = Ro),

hence ¢y must be the spectrum ¢. O
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