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TAIL PROBABILITIES OF SUBADDITIVE FUNCTIONALS
OF LEVY PROCESSES!
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and Cornell University

We study the tail behavior of the distribution of certain subadditive
functionals acting on the sample paths of Lévy processes. The functionals
we consider have, roughly speaking, the following property: only the points
of the process that lie above a certain curve contribute to the value of
the functional. Our assumptions will make sure that the process ends
up eventually below the curve. Our results apply to ruin probabilities,
distributions of sojourn times over curves, last hitting times and other
functionals.

1. Introduction. Both in the theory and in applications of stochastic processes
one is often interested in two types of questions: When does the process X =
{X(t), t = 0} lie above a certain deterministic function (curve) p = {u(t), t > 0},
and given the process exceeds this curve, what are its values? For example, what
can be said about the distribution of the biggest excess of the process over the curve
and, if both the process and the function are measurable, what is the distribution
of the time the process spends above the curve?

In this paper, we outline a general approach to the asymptotic tail behavior of
the distributions of these and other subadditive functionals acting on an infinitely
divisible process with “not too light” tails. (The latter notion will be made
precise soon.) We focus on a particular class of infinitely divisible processes, the
well-known Lévy processes, and we consider the distributional tails of various
subadditive functionals of their paths. These examples will show in detail how
successfully this method works and how general it is.
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Let X be an infinitely divisible process without Gaussian component and Lévy
measure v. Following Maruyama (1970), the distribution of X is characterized as
follows:

Ee'B-X) :exp{/R[O . ("B — 1 —i(B, T(a)))v(der) +i (B, y)},

(1.1)
B e R0

Here v is the projective limit of the Lévy measures corresponding to the finite
dimensional distributions of X and y € RI%>  The symbol R(%%)) denotes the
space of real functions B defined on [0, co) such that 8(¢) = O for all but finitely
many £, and (8, &) = ¥, ¢(0.00) A" (®). Finally, 7(a)(t) = a()L(ja ()] < 1).

Some examples of the measurable functionals ¢: RI%%) — (—oc0, co] on X we
consider are

Psup(et) = supla ()], ¢ () =sup{r > 0:a(r) > 0},

t>0

(1.2) o
_ P
(o) = /0 ()17 ds.

where y; = max(0, y) and p € (0, 1]. The supremum functional ¢s,, has gained
particular importance in the context of queuing and insurance, where one is
interested in quantitative measures for the excesses of X over high level thresholds,
which event is interpreted as buffer overflow or ruin in the different contexts.
The above functionals have in common that they are subadditive, that is, for any
o], o) € R[O’OO),

¢ +a2) < d(ay) + ¢ (az).

If, with probability 1, ¢(X — p) < oo is finite, it makes sense to measure the
thickness of the distributional tail P (¢ (X — ) > u) for large u. Suppose this tail
does not decay “too fast” as u — oo and define

(1.3) V() =v({e:p(a — p) > u}).

The subadditivity of the functional ¢, the presence of heavy tails and the logic
of large deviations, saying that unlikely events happen in the most likely way,
lead one to the conjecture that ¥ (u) and P(¢ (X — u) > u) are equivalent in the
following sense:

P(p(X—p)>u)
1m =
u— 00 1//(14)

Indeed, relations of type (1.4) were proved in the theory of laws with so-called
subexponential tails. For example, Embrechts, Goldie and Veraverbeke (1979)

(1.4) 1.
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considered the overall supremum of Lévy processes, and Rosifiski and Samorod-
nitsky (1993) studied very general subadditive functionals.

The setup in the latter paper is, in fact, close to the present one. However, there
is one crucial difference: the functionals in Rosifski and Samorodnitsky (1993)
were assumed to be bounded by an almost surely finite pseudonorm of the process.
Hence these processes are, in a certain sense, bounded “from above and below.”
This assumption is far away from the situation in the present paper. Our functionals
are akin to the supremum of a negative drift random walk over the entire infinite
horizon. In this sense, they are bounded “only from one side.”

The validity of relation (1.4) has been established for the overall supremum
functional ¢yp and some particular classes of processes with subexponential tails.
Those include Lévy processes with a negative linear drift [see Embrechts and
Veraverbeke (1982)] and symmetric «-stable processes, o € (1, 2), with stationary
ergodic increments and negative linear drift. In general, the precise circumstances
under which (1.4) is valid for subadditive functionals are not known, even in the
particular case of Lévy processes. The results of the present paper provide a further
step in the process of understanding the tail equivalence relation (1.4) for heavy
tailed processes. Once again, we will focus on Lévy processes and a large family
of subadditive functionals ¢ and deterministic functions .

The proof of our main result (Theorem 3.1) shows that we use the “heavy
tail large deviations heuristics.” This means that large values of the functional
¢ (X — ) are essentially due to one very large jump of the Lévy process that
occurs early enough, before the negative drift took it “too far down.” Since Lévy
processes are well described by Poisson processes, we make extensive use of the
latter tool. In particular, we show that the large deviation idea can be made precise
by considering the “large and occurring early enough” jumps and the “small or
occurring too late” jumps of the underlying Poisson process separately. This leads
one to a decomposition of the Lévy process into two independent processes.
We show that the process which represents the small jumps is asymptotically
negligible; that is, this process will not contribute to the asymptotic tail behavior of
¢ (X — p). The crucial part in this decomposition is the process which represents
the large jumps of the Lévy process. It has representation as a compound Poisson
sum of paths. We show that the tail behavior of ¢ (X — ) is essentially determined
by a single term in that sum.

In related work Hiisler and Piterbarg (1999) considered the tail behavior
of the supremum functional ¢g,, of certain Gaussian processes, including
fractional Brownian motion, with negative (not necessarily linear) drift. The
Gaussian nature of the underlying process causes exponential decay of the tails
P(paup(X — ) > u).

This paper is organized as follows. In Section 2 we give a reasonably transparent
set of assumptions we impose on the family of the subadditive functionals ¢, the
function (curve) u and the distribution of the Lévy processes X. There we also
start looking at some basic examples of subadditive functionals which were the
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motivation for our research. The conditions include regular variation of g and
of the tails of the Lévy measure of X. However, our main theorem holds under
assumptions more general than regular variation and can be substantially relaxed.
For the ease of presentation, a set of such conditions is given in Section 4, where
we also relate the parameters of p, X and ¢. The most general conditions under
which we could prove the main theorem are stated in Section 7. The main result on
the asymptotic behavior of the tails P (¢ (X — p) > u) is formulated in Section 3. It
describes one situation when relation (1.4) is valid. In this section we also continue
the discussion of examples which we started in Section 2 and give additional
examples. We explicitly calculate the tail asymptotics for a number of important
subadditive functionals acting on Lévy processes. Among those are the functionals
in (1.2), but also, for example, the sojourn time of a Lévy process above a curve.
The main steps of the proof are given in Section 5. However, the proof is quite
technical and therefore we postpone various calculations until Section 6.

2. Assumptions and notation. Throughout this paper, C stands for a generic
positive constant C. Its value will be allowed to change from appearance to
appearance, even if we do not mention it explicitly.

Let X = {X(¢), t > 0} be a Lévy process, that is, a real-valued process with
stationary and independent increments, and Lévy measure p on R. We refer the
reader to Bertoin (1996) and Sato (1999) for encyclopedic treatments of Lévy
processes. In particular, one can find detailed proofs of the properties we mention
and use below.

Specifically, the marginal distributions of a Lévy process are determined by the
characteristic function which, in turn, is determined by its one-dimensional Lévy
measure and drift. If the Lévy process has finite means, we will assume the mean
to be zero, and so write the characteristic function in the form

. 00
2.1 EeXM =exp{/

—0o0

(@ —1— i@x),o(dx)}, 0 cR,

whereas in the case of infinite mean, the drift turns out to be unimportant for our
applications, and we will assume that the characteristic function of the process has
the form

. 0o
(22) EfXM — exp{/

—0o0

(%% — 1 —ifx1(|x| < 1)),0(dx)}, 0 eR.

We always take a version of X with all sample paths in the Skorohod space
D[0, 00), that is, with paths which are right-continuous at every ¢ > 0 and have
left limits at every ¢ > 0. This version of X is automatically measurable; this
feature will become useful because we will have many opportunities to integrate
the sample paths of X.
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If one writes the characteristic function of a Lévy process process X in the form
(1.1), then the corresponding Lévy measure v has the form

o0 o0
(2.3) v(A) =/ / 1(x1[s,00) € A)p(dx)ds,
0 —00
for any measurable set A C RI0-%9) Therefore the function ¥ in (1.3) turns into

(2.4) ¥(u) =/(; /_oo 1(p (xLis,00) — 1) > u)p(dx)ds, u > 0.

We denote the right tail of the one-dimensional Lévy measure p by
H(u) = p([u, 00)), u>0.

Since we aim at readability, we will not assume the most general sufficient
conditions under which our results hold. However, these assumptions can be
substantially relaxed. A set of such conditions can be found in Section 7 and the
corresponding proofs are available in an extended version of the present paper in
Braverman, Mikosch and Samorodnitsky (2000).

2.1. Assumptions on the Lévy measure p. We assume that the following hold:
(2.5) H is regularly varying with exponent —« for some o > 0;

there is a constant C > 0 such that

(2.6) p((—o00, —t]) < Cp([t,00)) foralls>1.

2.2. Assumptions on the drift p. We assume that

(2.7) p is regularly varying with exponent 8 for some 8 > max(a~', 0.5).

2.3. Assumptions on the subadditive functional ¢. Let ¢: RI%-°) — [0, 0o] be
a measurable subadditive functional satisfying the following conditions:

1. The functional “lives off only positive values of its argument”—This means
that

¢(0)=0, andifoa(t)<O0forallz>ty, some ty, then
(2.8)
¢ (a) =P (alo,q))-

Here alg ) = {Ot(l‘)]l[()’;o](l‘), t >0}.

2. The functional is finite on locally bounded functions that are eventually
nonpositive—This means that

¢(a) =p(alpps)) <oo ifa(r) <0forall r > 1y, some 1,

(2.9)
and supa(t) < oo.
t<ty
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3. Monotonicity—This means that

(2.10) ifa(t) <B() foralls, then ¢(a) <¢p(B)
and
(2.11) d(ca) <p(a) forallce[0,1]and o € RO,

Notice that (2.11) is implied by (2.10) if «(¢) > O for all ¢ > 0.

The reader who wants to learn about some relevant examples of subadditive
functionals ¢ satisfying the above conditions is referred to Section 3.

2.4. Function T (s,u). Crucial information describing the behavior of the tail
probability P (¢ (X — p) > u) is contained in the following function. For s > 0 and
u > 0 define

(2.12) T(s,u)=1inf{x > 0:¢(x15 00) — H) > u},
and denote
Tw)=T(@O,u).

To get some feeling about the behavior of these functions, let us consider several
examples. In these examples we assume, for simplicity, that the drift function g is
monotone. Our main theorem below is applicable to these examples irrespective
of p being monotone. See the discussion below.

EXAMPLE 2.1. One of the interesting subadditive functionals is the overall
supremum

Gsup(0t) = supa(r).

t>0

It has numerous applications, among which are use in insurance mathematics for
describing eventual ruin [see Embrechts, Kliippelberg and Mikosch (1997)] and
in queuing for the buffer overflow [see Prabhu (1998)]. It is clear that ¢gyp is a
subadditive functional, and that in this case

(2.13) T(s,u)=u(s)+u.
EXAMPLE 2.2. Here one considers the time the process spends above zero:

¢sojourn(“) = '/0 ]l(Ol(t) > O) dt.

It is, once again, clear that ¢sgjourn 1 @ subadditive functional. Furthermore, in this
case

(2.14) T(s,u) = po(s +u),

where p is a certain nondecreasing regularly varying function equivalent to u;
see Lemma 3.2(i1) below.
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EXAMPLE 2.3. Here we consider the last hitting time of zero:

Prast () = sup{r > 0:x(r) = 0}.

It is not difficult to see that this functional is subadditive and that, in this case,

(2.15) T (s, u) =max(u(s), nou)),

with p( as above.

In the examples above one can compute the function 7 (s, u) explicitly, and our
main result, Theorem 3.1, applies to these examples. It turns out, however, that
one does not really need to be able to compute the function 7 (s, u) explicitly, and
in some of the further examples below such explicit computation is awkward, or
impossible. It is enough to check a few properties of this function; see (4.1)—(4.4)
below.

3. The main results. Here we give our main result which was announced in
Section 1. The main steps of its proof are given in Section 5. Since the proof is
quite technical, we collect some auxiliary results in Section 6.

First recall the definition of the quantity ¥ (u) from (2.4).

THEOREM 3.1. Let X be a Lévy process, L a deterministic drift function and
¢ a subadditive measurable functional satisfying the following conditions:

(1) The assumptions on the Lévy measure, . and ¢ in Section 2 hold.
(ii) The function T (s, u) either is one of those given in (2.13)—(2.15) or, more
generally, satisfies (4.1)—(4.4) below.
(i) Fora > 1and 0 <o <1 in (2.5) the characteristic function of the process
is given by (2.1) and (2.2), respectively.
(iv) ¥ (u) is regularly varying (at infinity) with exponent —a < 0.

Then Y (u) and P(¢p(X — 1) > u) are equivalent:

P@X—p)>u) _
m =

3.1
3.0 400 W (u)

1.

We now apply Theorem 3.1 to compute the asymptotic behavior of the tail
probabilities P (¢ (X — u) > u) for the examples introduced above, as well as some
additional examples.

For easy reference we first collect several well-known facts on regularly varying
functions which will be used frequently below. The reader is referred to Bingham,
Goldie and Teugels (1987) for proofs and more information. Let

(3.2) w(u) =sup{t > 0: u(t) < u}, u>0,

be the generalized inverse of u.
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LEMMA 3.2. (i) Let p be regularly varying at infinity with positive exponent
of regular variation. Then there are monotone functions |, and w* such that

(G3) ) <) <p*@) forallt=0 and lim O =
1=00 1,(1)

(i) Let p and g be regularly varying with positive exponent o of regular
variation and such that limy_, oo u(t)/n() =1 (i.e., i and n are asymprotically
equivalent). Then their generalized inverses are regularly varying with exponent
1/« and asymptotically equivalent as well. Moreover, let

wo(x) =inf{y > 0: " (y) > x}, x> 0.
Then

(3.4) lim A0 _
X—00 M(_x)

(iii) (Potter’s bounds) Let p be regularly varying with a positive exponent o
of regular variation. For every C > 1 and ¢ > 0 there is so = so(C, €) such that,
foralls,t>sg,

t ¢ a+te ¢ a—e
(3.5 & < Cmax((—) , (—) )
w(s) s s
3.1. The overall supremum. Here we consider the overall supremum func-
tional of Example 2.1.

THEOREM 3.3. Assume (2.5)—(2.7). Then
P(psupX— ) > u) = P(sug(X(t) — (1)) > u)
=

(3.6) %0
N/O H(u(s)+u)ds ~ C(a, B)pn™ (u)H (u)

asu — 0o. Here C(a, B) = o [§° 2P (1 + 2)~(1H®) gz,

REMARK 3.4. In this paper we deal with “powerlike” tails and, hence, the
theorem above is stated under the assumptions of regular variation. We conjecture,
however, that the first asymptotic equivalence in (3.6) holds in greater generality,
perhaps under the assumption of subexponentiality of the tail of H. In fact, if ¢ > 1
and u(t) = ut, for some p > 0, is a linear function, then the first asymptotic
equivalence in (3.6) is just the classical result for the ruin probability as proved
by Embrechts and Veraverbeke (1982):

P<sup(X(t) — () > u) ~ i/oo H(s)ds,

t>0

and the latter result is known to hold when H has a subexponential right tail.
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In fact, it is quite possible that the curve g may be allowed to belong to a wider
class of functions as well.

PROOF OF THEOREM 3.3. The first step is to note that it is enough to prove
the theorem in the case when p is a monotone function. Since all the terms in (3.6)
are, obviously, monotone in g, parts (i) and (ii) of Lemma 3.2 show that, knowing
that the theorem holds for monotone functions, implies its validity in general.

Assume, therefore, that g is a monotone function. Note that in our case it
follows from (2.13), (4.5) and regular variation of H that

v~ [ H(uw) +w)ds

as u — oo, which together with Theorem 3.1 establishes the first asymptotic
equivalence in (3.6). Furthermore, by Potter’s bounds [Lemma 3.2(iii)], we see,
further, that

W(M)NM‘XH(M)/(; (/,L(S)—f—u))_ads:aua[—[(u)/(; M&(u)(y—i—u)_(“ﬂ)dy.

Since < is, according to Lemma 3.2(ii), regularly varying, the second asymptotic
equivalence in (3.6) is a standard exercise in integration of regularly varying
functions.

It turns out that the assumptions (4.1), (4.3) and (4.4) are satisfied in this case.
Indeed, (4.1) is trivially true, while for every 0 < § < 1,

o0

/0 H(8T (s, du))ds =/0 H(8(u(s) +du))ds
(37 N
5/(; H (8 (1u(s) +u))ds == Is(u).

Since we have already proved that I; (u) is regularly varying, by Potter’s bounds,
there is a @ > 0 such that I; (u) > Cu~? for all u > 1, while for any 0 < 3§ < 1 and
u>4 _2,

Is(u) < C877 1 (u).

In the case 1 < u < 82 we write

Is(u) = f +/ =1 ) + 17 ).
w(s)<672  Ju(s)>572

Using Potter’s bounds in the same way as before shows that

1P w) < s L w).
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Moreover, since H is the tail of a Lévy measure, we know that, for some C > 0,
H(y) < Cy~?forall 0 < y < 2. Therefore, by the regular variation of u,

0
1w < C8_4u_2/ 1L(u(s) <872 ds < Cs~"
0

for some 01 > 0. Putting everything together establishes that, for some C > 0 and
6, >0,

o0 —0 o0
/0 H(8T (s,8u))ds <C$ 2/0 H(T(s,u))ds

for all u > 1 and 0 < § < 1. This is, of course, more than enough to prove (4.4).
Finally, the assumption (4.3) is an immediate consequence of (3.7) and Potter’s
bounds. [

3.2. The time the process spends above zero. In this section we consider the
sojourn time above zero of Example 2.2.

THEOREM 3.5. Assume (2.5)—(2.7). Then

P (psojourn X — p) > u) = P(/O (X (@) — @) >0)dt > u)
(3.8) .
~ [ H(u) ds ~ Ca pruH (uw)

as u — 00. Here C(a, B) = (@B — DL

PROOF. We may and will assume that g is monotone. Furthermore, we may
assume that ©(0) > 1. Indeed, let

f(t) = max(u(r), 1+1log(1+1)), t>0.

Then (0) > 1, fi(t) ~ p(t) as t — oo, and it is easy to check that monotonicity
and subadditivity of the functional ¢sojourn imply that

P(¢sojourn(X — ) > ”) ~ P(¢soj0um(x - ll) > ”)

as u — 0o.
Note that in this case 7 (s, u) is given by (2.14) [with pq as in Lemma 3.2(ii)],
and so it follows from that part of the lemma, (4.5) and regular variation of H that

W) ~ / H(u(s)) ds

as u — Q.
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Once again, the conditions (4.1), (4.3) and (4.4) hold in this case. Indeed, (4.1)
follows from Proposition 4.2. Furthermore, we have

/(; H(c‘)‘T(S,(SM))dS:/(3 H(8,uds))ds=8/u H(8p0(8s))ds = I5(u).

u

Note that the assumption 1 (0) > 1 implies that o(0) > 1. Therefore, if 0 <6 < 1
and u > 1/8 we can use Potter’s bounds and the fact that H(y) < Cy~2 for all
0 < y <2 to see that for some C > 0 and 6 > 0 we have

Is) < €8~ I (w),
whereas if 1 <u < 1/§, then
Is(u) < C879 (1 + I (w)).
The already established regular variation at infinity of /1 (x) implies now that
Is(u) < C§~" I ()

forall0 < § < 1 and u > 1, which is, once again, more than enough to prove (4.4).
The assumption (4.3) is an immediate consequence of Potter’s bounds. [J

3.3. The last hitting time of zero. In this section we consider the last hitting
time functional of Example 2.3.

THEOREM 3.6. Assume (2.5)—(2.7). Then

P(dprast(X — ) > u) = P(sup{t > 0: X (1) > (1)} > u)
3.9) 00
~uH (u(u)) —i—/ H(u(s))ds ~ C(a, BuH (u(u))

asu — o0o. Here C(a, ) =1+ (aff — H~L

PROOF. The proof is similar to the one for Theorem 3.5. Without loss of
generality we may and will assume that g is monotone increasing and wu(0),

no(0) > 1.
Notice that

0, if x < u(s),

Prast(XL[s,00) — 1) = {,ﬂ—(x), if x > u(s).

Therefore T (s, u) is given by (2.15), and so we may conclude that

(3.10) V)~ ub (o) + [ H{uw)ds,

which together with Karamata’s theorem concludes the proof of the theorem. [J
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In this case the conditions (4.1), (4.3) and (4.4) hold as well, with (4.1) following
from Proposition 4.2. Furthermore, we have, by (2.15),

/OOOH(ST(S,SM))ds — SuH (810(5u)) +/;° H(510(55)) ds
=: Hi(6u) + Hy(8u).

It clearly suffices to show that each term Hj(u) and H»(u) satisfies (4.3) and
(4.4). For Hy(u) this was proved in the proof of Theorem 3.5. Now turn to Hj(u).
Let § € (0, 1). Then it follows from Potter’s bounds and regular variation of g and
H that for u > 1/4, say,

Hy(8u) < C8Y Hy (u),

where 6 is a real constant. For small # < 1/§ one can again proceed as in the proof
of Theorem 3.5. Making use of the fact that H is the tail of a one-dimensional
Lévy measure and that 1 (0) > 1, we see that

Hi(Su) < C[SulH(8) < C[8ul8™> < C8'uH (no(u)) = CHy (u). O

3.4. Integral of a nonnegative subadditive function. The functional @sgjourn Of
Theorem 3.5 is a particular case of a more general group of subadditive functionals
obtained by appropriate space-dependent weighting of the positive values of a
process. Consider a nondecreasing nonnegative function f such that f(x) =0
forx <0and

fx1+x2) < fx1) + f(xp) forxy,x2>0,

and let
3.11) ¢1(f)(oc)=/0 fla@)dr.

It is clear that ¢;(y) is a subadditive functional. We will not address here the
question of what functionals ¢;(y) fit in the framework of the theory developed
in the present paper. Instead, we will briefly consider the class of functionals
corresponding to the power functions

(3.12) ) =[x417, 0<p=<l.

We will denote the corresponding functional by ¢,(a). The case p =0
corresponds to the functional ¢sojourn-

The tail behavior of the distribution of the functional ¢, (e) is described in the
following theorem. Its proof is very similar to that of Theorem 3.5, but quite a bit
longer. We omit the argument.
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THEOREM 3.7. Assume (2.5)—(2.7). Then, for every 0 < p <1,

P(p(X — ) > ) = P(/O (X (1) — w1 dt > u)

(3.13) ~
~C(a, B, p)u(F~w)) "H(F< (u))

as u — o0o. Here
F(x)=xPu™(x), x>0,

and C(«, B, p) is a finite positive constant given by
o
Cpp)=[ v P,
0

where y(t) = Y@= +PP)Y ¢t > 0, and h is a strictly increasing continuous
function on [1, 00) given by

1
h(y) = py”? /1/y((yz)’3 —1)(z—1)P"Ldr.

3.5. The supremum of the integral of the process. Here we consider the
subadditive functional

v
Gsupint(@) = sup a(r)dt.
v>0
Unlike other functionals considered in this section, this functional is affected by
the negative values of the process. The tail behavior of this functional is described
in the theorem below. Its proof, once again, is very similar to that of the previous
results, but longer. We will omit its argument as well.

THEOREM 3.8. Assume (2.5)—(2.7). Then

P (Psupint X — p) > u) = P(sup U(X(t) — (1)) dt > u)

v>0

(3.14)

- u
~ Cla. B (u)H<,lLf_ (u))

as u — o0o. Here
X
p1(x) =/0 u(y)dy, x>0,

and C(«, B) is a finite positive constant given by

Cla.p) = fo VO~ i,
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where y(t) = h=1 4P+ ,B)t“’3 ), t > 0, and h is a strictly increasing continuous
function on [0, 00) given by

y 148

"= T

4. More general conditions on the function 7' (s, u). Let T'(s,u) and T (u)
be as above. The following assumptions are needed to replace the explicit
computation of the function 7 (s, u) which we were able to perform in some of
the examples above:

1. Relation between T (s, u) and T (u)—There is A; > 0 such that
4.1) T(s,u) <Ai[u(s)+Twm)] foralls,u>0.

2. A scaling property—There are positive functions g(6) and h(8), 0 < § <1,
satisfying

4.2) h(§) —1 asdtl, llog(g(8))] < 0B ass0
and such that, for every u > u(§) and 0 < § <1,

4.3) /(;OO H(8T (s, 8u))ds < h(é) /(;oo H(T (s,u))ds,

and, forevery u >ugand 0 <4 <1,
o0 o0
(4.4) / H(8T (s, 8u))ds < g(é)/ H(T (s,u))ds.
0 0

4.1. Some implications of the assumptions. We collect some particular conse-
quences of the assumptions on the Lévy measure, the drift g and the functional ¢
in Section 2 and on the function 7T (s, u) in Section 4. All these assumptions are
assumed to hold in the following lemma.

LEMMA 4.1. The following statements hold:

(i) With probability 1, for every y > 0, ¢(|X| — yu) < oo and therefore

pX —yp) <oo.
(1) Foreverye >0andu >0, y >0,

/Oo H(le(s, u)) ds
0 v

4.5) = [ [ 160t — m > 0o ds

1
=< /(; H(;T(s, u)) ds.
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(iii) There is a uy > 0 such that, for every ¢ > 0 and u > uy,
[e.e]
(4.6) / H(eT(s,u))ds < oo.
0

(iv) Foreveryy >0,

O (yxls00) — H) <00  outside a set of measure zero

“.7) with respect to p x Leb.

(v) There exists B1 > O such that, for every u > 2,
(4.8) Hu) > u P and uu) < ubr.

(vi) There is a constant Ay > 0 such that, for all s,t > ty and sufficiently large
to >0,

(4.9) p(s +1) < Aol (s) + (@)l

PROOF. (i) Observe first that if 8 > max(a~',0.5), we conclude from the
regular variation of H and p [see (2.5), (2.7)], and standard a.s. limit results
[law of the iterated logarithm when E[X (D]? < oo, generalized strong laws of
large numbers when E[X (1)]? = oo; see Stout (1974)] that X(t)/t’s_‘3 — O a.s. as
t — oo for positive § provided that 8 — 8 > max(0.5, & ~!). Therefore

1X (1) — ep(r) < |X(0)] — CtP~° — —o0.

So we may conclude from (2.9) that ¢ (|X| — ep) < oo a.s. (with the usual conven-
tion of taking pointwise absolute values of a function).

(i) This statement follows from the definition (2.12) of the function T'.

(iii) Regular variation of m with a positive index implies the following
quasimonotonicity condition: there is a C € (0, 1] and 79 > 0 such that

(4.10) iI;ft',lL(S) >Cu(t) forallt=>t.
s>

Now it follows from (2.8), (4.10) and (2.10) that 7' (s, u) > max(Cu(s), T (u)) for
all s >ty and that T (1) > O for every sufficiently large u (say, u > u). Hence

o0 o0
/0 H(eT (s,u))ds < (to+ DH(¢T (u)) + 1H(Cs,u(s))ds.
fo+
The right-hand integral is finite by virtue of (2.5) and (2.7).
(iv) Relation (4.7) follows from (2.7) and (2.9).
(v) The inequalities (4.8) are immediate consequences of the regular variation
property of H and u.
(vi) Relation (4.9) is an immediate consequence of the regular variation
of w. O
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4.2. How do we verify condition (4.1)? Here is an easily verifiable sufficient
condition for (4.1).

PROPOSITION 4.2. Assume that the following conditions hold.

(i) The subadditive functional ¢ satisfies (2.8)—(2.11).
(ii) There exists y > 0 such that, for all0 <c < 1,

(4.11) ¢ (cxlo,00) — 1) < P (x1[0,00) — I).
(iii) There exists a > O such that, for every s, x > 0,
(4.12) & (xT[5,00) — Mg) = P(axT[o,00) — 1),

where us(t) = u((t — 5)4).
(iv) m is nondecreasing.

Then (4.1) holds.

In fact, condition
(4.13) ¢(ca) <cVp(a) foreveryd<c<1

implies, and is more restrictive than, (2.11) and (4.11). Indeed, if (4.13) holds,
monotonicity of ¢ implies

¢ (cxlio,00) — 1) = (c(¥Lj0,00) — ¢~ ')
<P (xL[0,00) — €' 1) <V P(xT0,00) — ).
Moreover, many of the functionals of interest have the property
(4.14) P (xLs,00) — Hs) = P (XL10,00) — 1),

which implies (4.12).
The proof of the proposition is based on the following property of the
function T (u).

LEMMA 4.3. There is a constant B > 0 such that, for all u, v > 0,

(4.15) Tu+v) <B[Tu)+TW))].

PROOF. By monotonicity of ¢, for every ¢ > 0,

u-+v
2 9

d(T (u) + T (v) + €]l[0,00) — ) > max(u, v) >

which implies that

(4.16) T(”;”) <T@ +T ().
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Let u > 0 and suppose that 7' (2u) > 0. By the scaling property (4.11) we have, for
every € > 0,

u>3¢((1= )T Qu)lj,c0) — ) =277 (1 = )T Qu)L10,00) — 1),
which means that
27VYT u) < T(u).
On the other hand, if 7(2u) = 0, then this relation is trivial. The above relation,

together with (4.16), yields the desired relation (4.15). [

PROOF OF PROPOSITION 4.2. It follows from (4.9) (in which we assume,
without loss of generality, that Ay > 1), u(t) < Aa[u(t —s) + n(s)] for s < ¢, and
SO

ml[s 00) < Ao[pg + () 1[s,00)],
implying by monotonicity of ¢ that
r(x,8) =@ (x1[s,00) — Rl[s.00) = P(A2[(x/ A2 — () L[s,00) — Hy]))-
Now (2.11) and (4.12) yield

r(x,s) > ¢((x/A2 — p(s))L[s.00) — M)
“4.17)
> ¢(alx/Ar — n(s)1L[o,00) — I)-

Now it follows from subadditivity that

P (X500 — ) = Plalx/Ar — 1($)1L[0,00) — #) — @ (1L[0,))-
Let ¢ > 0 and choose x := (1 + &) Aa[u(s) +a~' T (u)]. Then, by (4.17),

d((1+ &) Aa[a(s) +a~ ' T (@)L 00) — 1) = u — (1Lj0,5)).
which implies that
T(s,u—¢(nlp,)) < A2ln(s) +a" ' T,
and, after a change of variable and with (4.15),
T(s,u) < Ag[u(s) +a~'T(u+ ¢(ulp,y))]
(4.18) < Ao[u(s) +a 'BT () +a "'BT (¢ (nljy)))]
=: Ao[uu(s) +a ' BT ()] +a""AyBT (g(s)).

It remains to estimate the last term in (4.18). If it is nonzero, according to (2.12)
we have

(4.19) (AT (2(5))Li0,00) — 1) < g(5).
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Assume that

T(g(s)) > 4u(s).
Using (4.11), (2.8) and monotonicity of ¢ we obtain
ST (2()) 10,00 — 1) = B(2(5)L0,00) — 1)
(4.20)
> (24 (5)1[0,5) — ML10,5))-

But 2u(s) — w(t) = u(s) > u(t) for 0 <t < s, and so (4.20) is at least
d(1ljo.5) = g(s).

However, this contradicts (4.19).
Hence T'(g(s)) < 4u(s) for all s > 0, which together with (4.18) gives
us (4.1). O

5. Proof of Theorem 3.1. Since we have checked that the conditions (4.1),
(4.3) and (4.4) are satisfied when the function 7'(s,u) is given by one of the
functions (2.13)—(2.15), it is enough to prove the theorem under the assumptions
(4.1), (4.3) and (4.4).

5.1. The basic decomposition. For fixed 0 < t < 1 and some §y > 0 we
introduce the set

(5.1) By ={x1j5.00): ¢ (x| 1[5.00) — TR) > 80, s >0, x € R} C RO,

LEMMA 5.1. If 89 > max(uy, 1) (see Lemma 4.1) then the set By has finite
Lévy measure: v(B;) < o0.

PROOF. By definition of the Lévy measure v [see (2.3)] and since (2.6), (4.6)
and (2.11) hold, we have

v(By) =/(; /_ 1(x1s,00) € Br)p(dx)ds

[e.e] [e.e]
< C/ / 1(x1s,00) € Br)p(dx)ds
0 0

< c/oo H(%T(s, 50)> ds.
0

The right-hand expression is finite by the choice of §g. [

From now on § is chosen to satisfy the assumptions of Lemma 5.1 and, hence,
V(B;) < 00. Since B; and Bf are disjoint we can decompose X into a sum

(5.2) X<X, +X,
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of two independent infinitely divisible processes X; and X, with Lévy measures
v1 and vy, respectively, given by

vi(A)=v(ANB;) and m(A)=v(ANBY)

for any measurable A C RI%-%) and where the process X; has a representation as
compound Poisson sum

N
d
(5.3) X =) Y,
j=1
where Y1,Y>,... are iid stochastic processes on [0,00) with common law

v1/v(By), independent of a Poisson random variable N with mean v(B;).
The following fact will be useful in what follows.
LEMMA 5.2. For every y > 0, with probability 1,
d(IXi| —ym) < oo, i=1,2.
PROOF. Since P(X; =0) > 0 and X;, X, are independent, it follows from
Lemma 4.1(i) that ¢ (|X2| — y ) < 0o a.s. for every y > 0. In turn, exploiting the

monotonicity and subadditivity of ¢, we conclude that ¢ (|X| — y ) < oo a.s. for
every y > 0. O

5.2. The upper bound. By (5.2) and subadditivity of ¢, for every ¢ € (0, 1),
P(@(X —p) > u)
= P(¢(Xi + Xz — ) > )
<P@Xi—(A—e)p)>1—eu)+ P(dpXa—ep) > eu)
=:1I1(u) + I(u).

54

LEMMA 5.3. Under the assumptions of the theorem for every T small enough,

(5.5 ling)lim suply(u)/v(m) <1,
(5.6) lin}) limsup Ir(u) /v (u) =0.

From Lemma 5.3 and (5.4) we conclude that

lim sup P(d)(Xw_( ’;) > ) <1
u—0o0 u

This concludes the proof of the upper bound in (3.1).
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We proceed with the proof of Lemma 5.3.

PROOF OF (5.5). The compound Poisson representation (5.3), subadditivity
of ¢ and the same argument as in Lemma 2.7 in Mikosch and Samorodnitsky
(2000) yield that

L) < ENP(p(Y1 — (1 —&)*w) > (1 —&)*u)

& _e(l—e) ) e(1—¢) )T
+k§kP(N_k)[P<¢<Y1 )

=:I11(u) + Ii2(u).

Recalling that EN = v(B;) and using the monotonicity properties (2.10) and
(2.11) of ¢, we see that

111(14):/0 /0 1(p(xT[5.00) — (1 — &)*0) > (1 — &)?u)p(dx) ds

5/0 /O 1A ((1 — &) 2xLpy 00) — 1) > (1 — &)%) p(dx) ds.
Write, for ¢ € (0, 1),
h(e)=h((1—e)*/(1+¢)).

The function H is decreasing, while T (s, u) is increasing in both arguments.
Therefore and in view of (4.4) we can further bound I;;(u#) as follows for
sufficiently large u:

o

Iy () 5/0 H((1—¢)*T(s, (1 —&)%u))ds
<h(e) /Ooo H((1+&)T (s, (1+e)u))ds

< h(e) /Ooo H((1 4+ )T (s,u))ds < g(e)yr(u).

In the last step we used (4.5). Similar arguments and the assumptions on the
function g in (4.2) yield for sufficiently large 4 and sufficiently small ¢ that

e(l—¢)
(1+e)k

o) 2
o < [ENT2 Y PV =) o )| wawr < cvar.

k=2
Since, by (4.2), h (¢) — 1 as ¢ — 0, we finally conclude that

lim limsup I; (u) /¥ (u) < lim h(e) = 1. O
e—0 e—0

u—0oo
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PROOF OF (5.6). Let )~(2 be an independent copy of Xj;. Consider the
symmetrization of X5, given by

(5.7) Z=X;-X,.
By independence of X, and X5 and subadditivity of ¢, we have
P($(Z—ep/2) > eu/2) > P(p(Xo — ep) > eu) P(p(Xo — ep/2) < eu/2).

By Lemma 5.2, the second factor on the right-hand side goes to 1 as u — oo.
Hence (5.6) follows once we have proved that for every € > 0 and 7 small enough

. P@Z—¢epn) > eu)
lim =
Uu— 00 w(u)
Observe that Z is a symmetric infinitely divisible process whose Lévy measure
vz is given by

(5.8) 0.

vz(A) = /Ooo/oo [L(x1[5,00) € AN By) + L(x1[5,00) € (—A) N By)]p(dx) ds
(5.9) o
_ /0 / L(xLs.00) € A N By)p*(dx) ds

for any measurable A C RI?:°)_ Here

p*((t,00)) = p((t, 00)) + p((—00, —1)), ¢ >0,

is the symmetrized one-dimensional Lévy measure of X. Define two symmetric
one-dimensional Lévy measures p; and p; by

(5.10) pO) =p*(-Nix:lxl= 1)) and () =p*(-N{x:lx] < 1)).

Let Z1, Z, be independent infinitely divisible processes with Lévy measures that
are obtained by replacing p in (5.9) by p1, p2, respectively. Then

(5.11) 257, +12
and therefore subadditivity of ¢ implies
P(p(Z —ep) > eu) < P(p(Z1 —ep/2) > cu/2)+ P(p(Zy — e/21n) > cu/2)
=: I3(u) + I4(u).
It follows from Lemmas 6.1 and 6.2 below that, for any € > 0 and 7 > 0,

(5.12) Jim 140)/ () =0,

and so we proceed to estimate /3(u).
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Let (I";) be the points of a time homogeneous Poisson process on [0, 00) with
rate A = p1(R), and let (V;) be iid symmetric random variables with common
distribution p1/p1(R) and independent of the Poisson process. Define, for j > 1,

(5.13) YJ'=lel(¢(|vj‘|]l[[‘j,oo)—‘L'[L)fé()).
Observe that we can represent the process Z in the form
o
Zit) =) Yilir;00(®), =0,
j=1

(Simply compute the mean measures of the Poisson random measures on both
sides of the equation above.) Notice that

d
(5.14) 1, £, T, £, ..) =1, Y1, 12, Y2, .0

for any choice of signs above.
Foru >0and T(u) =T (0, u) let

(5.15) m=mu)=inf{j =0,1,2,...:0(2j) > T (u)}
and
m o0
(5.16) VAR Z Yj]l[Fj,oo) and ng) = Z Yjﬂ[l"j,oo)-
j=1 j=m+1
Then, again by subadditivity,
(5.17)  I3(u) < P(¢(Z1.(m) — e1/4) > eu/4) + P(p(ZV" — ep/4) > eu/4).

However, the right-hand expressions are of the order o(y (1)) as u — oo for every
& > 0 and t > 0 small enough (relative to ¢), as follows from Lemmas 6.4 and 6.6.
This and (5.12) imply (5.8) and complete the proof of (5.6). [

5.3. The lower bound. We again start with the identity
P(@X—p)>u)=PpXi+Xo—p)>u).
Recalling that X and X, are independent and ¢ is subadditive, for every K > 0,
P(¢(X—p) > u)
(5.18) >P(pXi— (1 +e)p) > u+K)P($(~Xz — ep) < K)
=1Is(u, K)Is(K).

LEMMA 5.4. Under the assumptions of the theorem,

(5.19) lim liminfZs(u, K)/¥ (u) > 1.
K—oo u—>0o0
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It is immediate from Lemma 5.2 that limg _, o I(K) = 1. Therefore, from this
lemma and (5.18) we conclude that
Pp(X—
liminf Z@X W > 1)
Uu— 00 w(u)
This completes the proof of the lower bound in (3.1).

1.

PROOF OF LEMMA 5.4. First recall the compound Poisson structure of X
from (5.3). Fork =1, 2, ... and j <k, consider the disjoint events

By = {N:k, o(Y; — (1+¢&)?n) > u+2K,

d(Yi—(1+e)’pn)<u+2K,i=1,....k i#]
¢<— Z Yi—8(1+8)/L)§K}.
1<i#j<k

Subadditivity of ¢ implies

ook
Is(u,K)>>" %" P(By))

k=1 j=1
> P(p(Y1— (1 +&)2n) > u+2K)pi1(K) — p2(u),
where

pl(K):=§2k:P<N=k, ¢<— > Y,-—s(1+8)lL)§K),

k=1 j=1 1<ij<k

o0
p2w) =Y P(N=k, ¢(Y; —(1+&)p)>u+2K
k=2
for at least 2 different j € {1, ..., k}).

Using the independence of Y and }°; ;. ;< Y; and again the subadditivity of ¢,
we have

1K) = EN P(¢p(Y1—e(1+e)p/2) < K/2)P(p(—X1 —e(1+&)p/2) < K /2).

By Lemma 5.2, ¢ (|X1| — yu) < oo a.s. for every y > 0. Using this fact, (2.10)
and (4.7) [recall that the law of Y| is v /v(B;), see (5.3)] we see that

liminf p (K)/EN > 1.
K—oo
The argument leading to (5.5) also shows that, for every K > 0,

. ENP@Y1—(0+e)?p) >u+2K) 1
liminf = ;
u— 00 Y(u) h((1 +8)_3)




92 M. BRAVERMAN, T. MIKOSCH AND G. SAMORODNITSKY

implying that
o pl(K)P@(Y = (1 + )% ) > u+2K)
lim lim liminf
e—>0K—>00 U—>0© W(”)

1
> lim ———— =1.
0 (1 +£)-3)

Since, as u — 00,
2
p2(u) < EINH[P(#(Y1 — (1 +)*p) > u+2K)]",
(5.19) follows. [
6. Auxiliary facts and lemmas. In this section we provide some auxiliary
results for the proof of Theorem 3.1. In what follows, we always assume that the
assumptions of this theorem are satisfied.

We start with a simple lemma connecting the rates of decay of the function v (u)
in (2.4)and of 1/T (&) in (2.12).

LEMMA 6.1. There are constants g > 0 and C > 0 such that, for all u > 1,
6.1) VU (u) > C[Tu)] ™.

PROOF. Recalling the definition of ¥ (u) from (2.4), observing that H is
decreasing and using (4.1), we obtain

) > /0

Now use that both w(s) and H («) can be bounded by power laws [see (4.8)], and
change the variable of integration to get the desired result. [

o0

H(2T (s,u))ds > '/Ooo H(2A | [p(s) + T (w)])ds.

Next we discuss certain properties of the processes occurring in (5.2) and
subsequent decompositions. The processes X; have independent (though not
necessarily stationary) increments. This property is inherited by the symmetric
processes Z in (5.7) and, subsequently, Z; in (5.11).

Let W; be Lévy processes on [0, co) with one-dimensional Lévy measure p;,
i =1, 2, as defined in (5.10). Then the following identities in law hold:

(6.2) w, iz +v., =12,

where, for fixed i, Z; and V; are independent symmetric infinitely divisible
processes with independent increments.

Our next lemma shows that the functional ¢ applied to the process Z,
representing the “small jumps” of the process Z, has a “light” tailed distribution.
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LEMMA 6.2. Foreveryy > 0andr > 0, we have

(6.3) JWw):=PpZr—ypn)>u)=0(Tm/2)1™") asu— oco.

PROOF. Without loss of generality we may assume that r > 2 and y < 1. By
subadditivity of ¢,

Jw) < P(p(Zalio,7w/2)) — Y I/2) > u/2)
+ P(@(ZoLi7(u/2),00) — VIL/2) > u/2)
=:J1(u) + Jo(u).

The monotonicity properties (2.10), (2.11) of ¢ yield

Ji(u) < P(¢>( sup  Za(H)10,7w/2) — VIL/2> > M/2>
0<t<T (u/2)

<P( sw  Z0)zyTw/2)2)
0<t<T (u/2)

<2P(Z2(TW/2) = yTw/2)/2).

In the last step we used Lévy’s maximal inequality. Another appeal to this
inequality and to the definition of W in (6.2) gives

Ji(u) <4P(Wo (T u/2)) =y Tu/2)/2).

However, the Lévy process W7 has a symmetric Lévy measure supported by a
compact set. Therefore, it has finite exponential moments. By the Burkholder—
Gundy inequality, for every p > 2 there is a positive constant C such that
E|Wa(t)| < CtP/? for all t > 0. Applying Markov’s inequality, we finally obtain
the following bound:

(6.4) Jiw)=o([Tm/2)]™"), u — 00.

Now we turn to the estimation of J>(u). We proceed in a similar fashion. First,
monotonicity of ¢ together with (2.8) gives

Jo(u) < P(P((Za — y /2N [T u)2).00)) > 14/2)
< P(Zy(t) > yu(t)/2 for some t > T (u/2))

<Y P(Zo(t) > yu(t)/2
j=1
for some T(u/2)+ (j — 1) <t <Tu/2)+ j)=: ) bj.
j=1
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Now use again Lévy’s maximal inequality and the fact that g is quasimonotone
and converges to infinity to obtain the following chain of inequalities:

bj <2P(Zo(Tw/2)+ j) > Cyu(Tw/2)+ (j — 1))/2)
<4P(Wo(T u/2) + j) > Cyu(T (u/2) + (j — 1)/2).

By virtue of the regular variation condition on g, there are C > 0 and 8 > f, >
max (e~ !, 0.5) such that

(6.5) w(t)>Cth, t>0.

Finally, applying the Burkholder—-Gundy and Markov inequalities and choosing
p > 2(B> +r)/B2, we obtain, for any r > 2,

< T2+ 10
LW =C) e 1 G-

j=1

The latter estimate together with (6.4) for J; (u) establishes the desired bound (6.3)
for J(u). O

=o([Tw/217").

Now we turn to the processes Z1 () and ng) defined in (5.16). In this context,
recall that (Y;) is a sequence of independent symmetric random variables given
the points (I'x) of a homogeneous Poisson process with rate A = p1 (R). Write

A ={lY;| <0T(Tj,u), j=1,...,m}, m>1,
Sk=Y1+---+ 14, k>1.
LEMMA 6.3. Let m =m(u) be defined by (5.15). For every y > 0 and r > 0,
there are positive constants 6 and C such that, for all u > 0,

Gu):=P(dZimy—ym)>u,Ay) <Cm™".

PROOF. Without loss of generality assume that y < 1. By monotonicity of ¢,

m
. . — < —
d)(; YiLir;.00) Vﬂ) = d)(lg}éxm Skry.c0) Vﬂ)

<¢(y~!

1 —n).
lg}flimek [T'},00) u)

Therefore we have

Gw) = P([max Se=yT(T1,u). An)

< P( max S; > yT(T1,u), A, T < 2)\m) 4+ Py, > 23m)

1<k<m

=Py + Py
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Obviously, p,(,,2 ) decays to zero at an exponential rate. As to p,(,,1 ), observe that

{Ap, T < 20m) C [j_rrllaxm Y| < 6T (2hm, u)} = A

Therefore and by virtue of Lévy’s maximal inequality, applied conditonally upon
(Tx) and (|Yk]),

pl < P((max Sp>yT (), Ap) <2P(Sn = yTw), Ay) <4P(Sp = yTw)).
1<k<m

In the last step we applied the contraction principle for sums of independent
symmetric random variables. Here

m
Sm=Z s Y;= ;m)=Yj1\Yj\§0T(ZAm,u)a Jj=1...,m.

Notice that, conditionally upon (I'y), Sy is a sum of independent symmetric
random variables which are uniformly bounded by 7' (2Am, u). An application of
Prokhorov’s exponential inequality [see Prokhorov (1959); cf. Petrov (1995), 2.6.1
on page 77], conditionally on (I'y), yields

yT(u) . [HT(Z/\m,u)VT(u)]}
———————arcsinh ~ .
20T 2Am, u) 2var(S;, | (Tx))

Let us consider the case o < 2 in (2.5); the case o > 2 is analogous. With §; as in
(6.5) define B3 = 28,/(1 + af); note that B > B3 ' and

p,sp <4E exp{—

H(u):o(u_ﬂ3), u — 00.

It follows from the representation (5.13) of the random variables Y; that there is a
constant C such that, for any realization (I';),

var(S, | (Ty)) < Cm[T 2am, u)]*~#.

Then use property (4.1) of T (2Am, u) and the definition (5.15) of m = m(u) to
obtain

TQ2xm,u) < A[uQim) +T )] < C[uQ2im) + u(2m)] < Cu(m).
Similarly,
T2hm, )T () = [T @) > [1£(20m — D)]* = Clu(m) .

Combining the latter estimates and using the regular variation (2.7) on w with its
implication (6.5), we arrive at the bound

0T Zam, Wy T ) _ C[M(m)]‘83 -

- Cmb3b—1
2var(S,, | (Ty)) — m
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Since B2 > B3 ! the power of m is positive. Similarly,
Tw T (u) ,
TQ2xm,u) =  pQim)+T(u)

which is bounded away from O by (5.15). Using the fact that arcsinh(z) >
log(1 + 1), t > 0, we conclude that

logm
Pm” =L EXp Co

Collecting all bounds above for G(u), p,511 ) and p,512 ), we obtain our claim by

choosing 6 small enough. [

Our next lemma shows that the first probability on the right-hand side of (5.17)
is much smaller than v (u).

LEMMA 6.4. Let m =m(u) be defined by (5.15). For every ¢ > 0and 1 > 0
small enough (relative to ¢),

6.6) lim P(p(Z1,(m) — en) > €u) _
U— 00 w(u)

PROOF. Since w(t) does not grow faster than a power function, it follows
from the definition of m = m(u) that there exist positive constants C, g such that
m > C[T (u)]?4 for large u. By virtue of Lemma 6.3, for every r > 0 and ¢ > 0
there are positive 6 and C such that

P(p(Z1,ony — m) > eu, Ap) <Cm™" < C[T (w)]™".

Since r > 0 can be chosen arbitrarily large, the latter fact in combination with
Lemma 6.1 implies that

P((Z1,im) — em) > eu, Apy) = o(Y ().

On the other hand, we have

m

6.7  PA <Y P(Y;1>0T(T;,w)=2) P(Y;>6T (T, u).

j=1 j=1

0.

By representation (5.13) for the ¥;’s,
(6.8) YjSTT(Fj,SO)STT(Fj,M)
for u large enough. Thus, for T small enough, the right-hand expression in (6.7)
vanishes. This concludes the proof. [J
The next lemmas are related to the behavior of the second term on the right-hand
side of (5.17). Write
Apn ={IY;| <0T(Tj,u), m<j<n+1}, n=m,m+1,...,00.
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LEMMA 6.5. Forany y > 0 and r > 0, there are positive constants 6 and C
such that, forallu > 0 and n > m = m(u),

(6.9) Hy:=P(Sy — Su >yuTy), Apn) <Cn™".
PROOF. For all j and u > 0, we have T(I'j,u) < Ay[u(;) + T(u)] <

Clu(Ty) + T (u)]. Now, the definition of m = m(u) and regular variation give,
forn>m, T(u) < um)<Cun) < Cu(n). Therefore

Then, for m < n,

Hy < P(S, = Sy >yp(Ty), _max  [¥;] <0C[Ty) +um)).
j=m+l1,...n

Recalling that the Poisson process (I';) has rate A, write
D, ={|I';, — An| < 0.5An}

and notice that P(D;,) decays to zero at an exponential rate. Therefore, for any
r >0,

Hy < P(Sy = Su > u(C). _max  |¥;| <OCIu(Cy) + u(m)]. Dy )

m+1,...,

+ P(Dy)

6.10) < P(Sn —Su>Clum), max || < 0Cu(n)> +Cn"
j=m+1,...n

<2P(8, = Su=Clum) +Cn"
< 4P(§n > C_lu(n)) +Cn™".

In the last step we used the contraction principle and Lévy’s maximal inequality for
the sum of conditionally independent and symmetric random variables Y;. Here

n
Sn:ZY', Yj:Yj]l\Yj\EGCu(n), j=1,...,n.
j=1
Again using Prokhorov’s inequality, conditionally on (I'y) we can bound the tail
probability in (6.10) by

Clum) [ Ol (n)]* ]}
————_aresmh| ——=————1 ¢.
20Cu(n) 2var(S, | (I't))

Proceeding as in the proof of Lemma 6.3 and choosing 6 small enough, the last
expression can be bounded by Crn ™" for any r > 0. This concludes the proof. [J

Eexp{—

The following statement is now a straightforward conclusion from the previous
lemma.
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LEMMA 6.6. Foreveryy > 0andr > 0, there are positive constants 6 and C
such that, for all u > 0 and m = m(u),

6.11) Ru=P(¢Z" —yu) >0, Apos) <Cm ™",
Moreover,

(m) _
6.12) lim L@& —em) > ew)
U— 00 1//(14)

PROOF. Using properties (2.8) and (4.10) of ¢, we obtain the bounds

0.

0o
Ry < P( U {Sn —Sm>Cyulyin Amn)
n=m+1

o0
< > P(Su—Su>CruTn), Am).
n=m+1
Now apply Lemma 6.5 to get (6.11). For u large enough, (6.8) holds for
all j. Choosing 6 small enough (relative to ¢), (6.12) follows from (6.11) and
Lemma6.1. [

7. More general conditions. In an extended version of this paper we proved
Theorem 3.1 under more general conditions on p and g, and the same assumptions
on the subadditive functional ¢ and the function T (s, u). We cite these conditions
here for the sake of completeness and to give an impression how far one can
deviate from the regular variation conditions on H and w. Proofs are given in
Braverman, Mikosch and Samorodnitsky (2000). Although it seems possible to
extend our results to the more general class of Lévy processes with subexponential
tails H (this is known for particular choices of the subadditive functional ¢;
see Remark 3.4), our methods of proof do not easily extend to the class of
subexponential distribution s with semiexponential tails and for the large class of
subadditive functionals studied in Theorem 3.1.

7.1. Assumptions on the Lévy measure p. We make the following assump-
tions:

1. Dominance of the right tail of the Lévy measure—We assume that the right tail
of the one-dimensional Lévy measure p dominates its left tail in the sense that
there is a constant A; > 0 such that

p((—o0, —1]) < A1p([t,00)) forallz> 1.
2. Aj condition—There is an a1 > 0 such that
HQu)>a H@u) forallu>1.

Notice that the A, condition on H yields a bound from below; it excludes
exponential decay of H (u).
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3. Bound from above—There is a 81 > 0 such that

H(u):o(u_’sl), u— 00.

7.2. Assumptions on the drift u. Let p = {u(t), t > 0} be a nonnegative
function satisfying the following assumptions:

1. Power law bound from below—There are a; > 0 and B, > max (8, 10.5) such
that

w(t) > axt?, t>0.
2. Aj condition—There are an A > 0 and a ¢y > 0 such that
w2t) < Aru(t) forall t > 1.

The A, condition on g excludes a too rapid (in particular exponential) growth
of u.
3. Quasimonotonicity of u—There are an a3 € (0, 1] and a #y > 0 such that

irgu(s) >azu(t) forallz>t.
§=
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