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THE CUT LOCI ON ELLIPSOIDS AND CERTAIN LIOUVILLE
MANIFOLDS*

JIN-ICHI ITOHT AND KAZUYOSHI KIYOHARA®

Abstract. We show that some riemannian manifolds diffeomorphic to the sphere have the
property that the cut loci of general points are smoothly embedded closed disks of codimension one.
Ellipsoids with distinct axes are typical examples of such manifolds.
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1. Introduction. On a complete riemannian manifold, any geodesic v(t) start-
ing at a point y(0) = p has the property that any segment {v(¢t) | 0 < ¢t < T} is
minimal, i.e., the length of the segment is equal to the distance between the points p
and v(T), if T > 0 is small. If the supremum ¢ of the set of such T is finite, then
the point (o) is called the cut point of p along the geodesic (t) (¢ > 0). The cut
locus of the point p is then defined as the set of all cut points of p along the geodesics
starting at p. For the general properties of cut loci, we refer to [19], [26].

The study of cut locus was started at 1905 by H. Poincaré [22] in the case of convex
surfaces, and there are several classical results, for example, [21], [35], [36]. From its
definition, the cut locus of a point p on a compact manifold M is homotopically
equivalent to M — {p}, but it can be very complicated, see [5], [9]. The structure
of cut locus was studied in connection with the singularity theory, see [2], [3], [34].
Recently, a property of cut locus was used to solve Ambrose’s problem on surfaces
[8], [9], and it was proved that the distance function to the cut locus has Lipschitz
continuity [13], [20]. Other applications of cut locus are found in [4], [20] also.

It is well known that the cut locus of any point on the sphere of constant curvature
consists of a single point, and it is also known that this property characterizes the
sphere of constant curvature (an affirmatively solved case of the Blaschke conjecture,
see [1]). However, in most cases, to determine cut loci are quite difficult problems.
There are only a few cases where the cut loci are well understood; for example, analytic
surfaces [21], symmetric spaces and some homogeneous spaces [7], [23], [24], [25], [31],
certain surfaces of revolution [6], [30], [32], [33], Alexandrov surfaces [27], tri-axial
ellipsoids and some Liouville surfaces [10], [11], [29] ([29] is an experimental work).
Especially in higher dimensional case there are not many results without symmetric
spaces and some singular spaces [14], even if using computational approximations.

In the earlier paper [10], we proved that the cut locus of a non-umbilic point
on a tri-axial ellipsoid is a segment of the curvature line containing the antipodal
point, inspired by an experimental work [12]. Also, we gave the complete proof of
Jacobi’s last geometric statement ([15], [16], see also [28], which contains historical
remarks). Furthermore, we have seen in [11] that there are many surfaces possessing
such simple cut loci. Surfaces we considered in [11] are so-called Liouville surfaces,
i.e., surfaces whose geodesic flows possess first integrals which are fiberwise quadratic
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forms. In such cases the geodesic equations are explicitly solved by quadratures. But,
to determine cut loci we needed some additional conditions, which is satisfied in the
case of ellipsoid.

In the present paper, we shall give a higher dimensional version of the above-
mentioned results. We shall consider cut loci of points on certain Liouville manifolds
diffeomorphic to n-sphere, and prove that the cut locus of any point is a smoothly
embedded, closed (n—1)-disk, if the point does not belong to a certain submanifold of
codimension two. We shall also prove that the cut locus of a point on that submanifold
is a closed (n — 2)-disk. The n-dimensional ellipsoids with n + 1 distinct axes will be
shown to possess such properties. Here, “Liouville manifold” is a higher dimensional
version of Liouville surface, which we shall explain in the next section.

Now, taking the ellipsoid M : " ju?/a; =1 (0 < a, < --- < ap) as an example,
let us illustrate our results in detail. The elliptic coordinate system (A1,...,A,) on
M (An <--- < )\qp) is defined by the following identity in A:

- u; _1:)\1_[2:1()\19—)\)
=0 a; — A Hl(az - )\) '

For a fixed u € M, \; are determined by n “confocal quadrics” passing through wu.
From A\g’s, u; are explicitly described as:

o @il M\ — @)

u. =

o TLsi(ay —ai)

Let Nj and Ji be the submanifolds of M defined by

Ny ={u=(ug,...,un) €M |up=0} (0<k<n),

2
Je={ueM|u=0 Y —Y—=1} (I<k<n-1).

They have the following properties: Ny is totally geodesic, codimension 1; Jy C Ng,
Jy, is diffeomorphic to S¥~1 x §n=F=1. | J, J, is the set of points where some principal
curvature with respect to the inclusion M C R™*! has multiplicity > 2; and

Nk = {/\k =ai Oor /\k+1 = ak }, Jk = {)\k = /\k+1 = ak }

Then our theorem in this case may be stated as follows (see Theorem 7.1 for the
general setting).

THEOREM 1.1. Let us denote by C(p) the cut locus of a point p € M. Let
(A2, ..., A0 be the elliptic coordinates of p. Then:

(1) Ifp & Jn—_1, then C(p) is an (n—1)-dimensional closed disk which is contained
in a submanifold (possibly with boundary) defined by A\, = 0. Also, C(p)
contains the antipodal point of p in its interior. For each interior point q
of C(p) there are exactly two minimal geodesics joining p and q; the tangent
vectors of those geodesics at p are symmetric with respect to the hyperplane
d\, = 0. For each boundary point q of C(p), there is a unique minimal
geodesic from p to q, along which q is the first conjugate point of p with
multiplicity one.
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(2) Ifp € Jn_1, then C(p) is an (n—2)-dimensional closed disk contained in Jy_1.
It is identical with the cut locus of p in the (n—1)-dimensional ellipsoid Ny_1.
For each interior point q of C(p) there is an S*-family of minimal geodesics
joining p and q; the tangent vectors of those geodesics at p form a cone whose
orthogonal projection to Ty, J,,—1 is one-dimensional. For each boundary point
q of C(p), there is a unique minimal geodesic from p to q, and along it q is
the first conjugate point of p; but the multiplicity is two in this case.

The organization of the paper is as follows. In §2 we shall briefly explain Liouville
manifolds in the form what we need. In §3 we shall illustrate how to solve geodesic
equations on a Liouville manifold. Since the geodesic flow is completely integrable
in this case, solutions are given by integrating a system of closed 1-forms. In this
particular case, a natural coordinate system provides “separation of variables”. This
coordinate system is analogous to the elliptic coordinate system on ellipsoids. In §4
we shall give an assumption under which the results on cut loci are obtained. Some
useful inequalities are proved there.

In §5 basic properties of Jacobi fields and their zeros are investigated, which are
crucial in the arguments of the following sections. In §6 we define a value ty(n) to each
unit covector 7, which will indicate the cut point of the geodesic with initial covector
1. Then, we prove some preliminary facts on the behavior of geodesics starting at a
fixed point. The main theorem, Theorem 7.1, will be stated in §7 and proved in §§7-9.

In the forthcoming paper, we shall clarify the structures of conjugate loci of
general points on certain Liouville manifolds, which will be a higher dimensional
version of “the last geometric statement of Jacobi” explained in [10], [28].

Preliminary remarks and notations. We shall consider geodesic equations in
the hamiltonian formulation. Let M be a riemannian manifold and g its riemannian
metric. By b : TM — T*M we denote the bundle isomorphism determined by g
(Legendre transformation). We also use the symbol # = b~1. The canonical 1-form on
T*M is denoted by «. For a canonical coordinate system (x,£) on T*M (x being a
coordinate system on M), o is expressed as y_, ;dz;. Then the 2-form do represents
the standard symplectic structure on T M.

Let E be the function on T*M defined by

B = 30600, 400) = 3 3 g7 (@68

We call it the (kinetic) energy function of M. For a function F, H on T* M, we define
a vector field X and the Poisson bracket {F, H} by

oF 0 OF 0O
XF_Z(aéiaxi_axiagi)’ {F,H} = XpH.

i

Then X g generates the geodesic flow, i.e., the projection of each integral curve of Xg
to M is a geodesic of the riemannian manifold M.

2. Liouville manifolds. By definition, Liouville manifold (M, F) is a pair of
an n-dimensional riemannian manifold M and an n-dimensional vector space F of
functions on T*M such that i) each F' € F is fiberwise a quadratic polynomial;
ii) those quadratic forms are simultaneously normalizable on each fiber; iii) F is
commutative with respect to the Poisson bracket; and, iv) F contains the hamiltonian
of the geodesic flow. For the general theory of Liouville manifolds, we refer to [18]. In



260 J. ITOH AND K. KIYOHARA

this paper we only need a subclass of “compact Liouville manifolds of rank one and
type (A)”, described in [18]. So, in this section, we shall briefly explain about it.
Each Liouville manifold treated here is constructed from n + 1 constants ag >
- > a, > 0 and a positive C* function A(\) on the closed interval a,, < A < ao.
Let a1,...,a, be positive numbers defined by

_2/ V= A)‘” — =L,

(A —ay)

Define the function f; on the circle R/a;Z = {z;} (1 < i < n) by the conditions:

<dfi )2 (CD)ATT o (fi — )
dri) A(f:)?

22) [0 =, i) = e, fil-m) = file) = filG )

(2.1)

Then the range of f; is [a;, a;—1]-
Put

R= ﬁ (R/auZ)

i=1
Let 7; (1 < <n—1) be the involutions on the torus R defined by

- Qi1
Ti(xlu"'axn)_(:I;l7"'7xi—l7_xi7 2 _$i+17xi+27-"7$n)7

and let G (~ (Z/2Z)"~') be the group of transformations generated by 71, ..., Th_1.
Then it turns out that the quotient space M = R/G is homeomorphic to the n-sphere.
Moreover, let p € R be a ramification point of the branched covering R — R/G.
Suppose p is fixed by 7;,, ..., 7;,, and is not fixed by other 7;’s. Taking a suitable
coordinate system (y1,...,Yyn) obtained from (z) by transpositions (z; < z;) and
translations (z; — z; + ¢), it may be supposed that p is represented by y = 0 and 7;,
is given by

W15 Un) = (Y155 Y212, —Y21-15 —Y20, Y214 15 - - Yn) -
Then we can define a differentiable structure on M so that

(yf - y%v 29192, - - -, ygk—l - y%kv 2Yok—1Y2k, Y2k+1s - - -+ Yn)

is a smooth coordinate system around the image of p. With this M is diffeomorphic to
the standard n-sphere. One can prove those facts by comparing the branched covering
R — R/G with the standard case; see [18, p.73].

Now, put
(=)' TTi<k<n-1(fi(zs) —ar) (1<ji<n-1)
bij(zi) = k] , ,
(1) Tro (fiw) —ar) (G =n)
and define functions Fy, ..., F,_1, F;, = 2E on the cotangent bundle by
(2.3) > by Fi(x,&) =& (1<i<n),

j=1
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where &; are the fiber coordinates with respect to the base coordinates (z1,...,xy).
Although there are points on T* R where F; are not well-defined, it turns out that F;
represent well-defined smooth functions on T*M. Computing the inverse matrix of
(bi;) explicitly, we have

(e

= 23111<Km<ﬁ< 0 — fi(@)
(- 1)"7i1_[1§;l§_n(fz($l)—aj) )
Fi= H1<k<n 1(ax — ay) Z Hl%;lgn(fl(xl)_fi(xi)) S

kZj i=1
G<j<n-1).

One can also see that FE, restricted to each cotangent space of M, is a positive
definite quadratic form. Therefore

(2.4) g=> (U [T —fi) | da?

i I#£i
is a well-defined riemannian metric on M, and F is the hamiltonian of the associated
geodesic flow. We call E the energy function of the riemannian manifold M. From
the formula (2.3) one can easily see that

{Fi,F;}=0 (1<i,j<n)

3

where {, } denotes the Poisson bracket (see [18, Prop.1.1.3]). In particular, the geo-
desic flow is completely integrable in the sense of hamiltonian mechanics.

As examples, if A()) is a constant function, then M is the sphere of constant
curvature. This case is explained in detail in [18, pp.71-74]. If A(\) = v/, then M
is isometric to the ellipsoid Y ;" ju?/a; = 1. In this case, the system of functions
(f1(z1),..., fa(zy)) is nothing but the elliptic coordinate system (see Introduction),
i.e., fi(x;) = X\i. One can easily check that the induced metric >, du? coincides with
the formula (2.4) when f; satisfy the equations (2.1) and A(\) = V/\.

Finally, let us define certain submanifolds of M which are analogous to those for
the ellipsoid stated in Introduction: Put

Ny ={x e M| fe(vx) =ar or fer1(Trt1) =ar} (0<k<n),
Jp={z € M| fi(zr) = fe1(@e41) =ar} (1 <k<n-—1).

Then we have, putting (Fy), = Fj

T; M,

LEMMA 2.1.

(1) Ji = {p € M | (Fy)y = 0}.

(2) Ny ={pe M | rank (Fg), <1} (1<k<n-1).

(8) Uy Ji is identical with the branch locus of the covering R — M = R/G.
(4) Ny is a totally geodesic submanifold of codimension one (0 <k <n).
(5) Jp C Ny, and Jy is diffeomorphic to S*~1 x §n=F=1,

Proof. For (1) and (2), see [18, pp.52-56]. (3) is obvious. (4) follows from
the fact that Ny is the fixed point-set of the involutive isometry (z1,...,z,) —
(T1y.e s —Thy ..., Zn). (5) is easily seen by comparing the branched covering with
the standard one, [18, p.73]. O
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3. Geodesic equations. The geodesic equations are generally written as

dt — 0&  dt - Oxy

However, since our geodesic flow is completely integrable, it is better to consider the
equation of geodesics with F; =¢; (1 <j<n-1)and2E =1. If ¢ = (¢1,...,¢p-1,1)
is a regular value of the map

F=(F,...,Fa1,2E) : T*M — R" |

then its inverse image is a disjoint union of tori, and the vector fields Xr,, Xg on
it are mutually commutative and linearly independent everywhere. Here X denotes
the hamiltonian vector field determined by a function f;

B of 9 9f 2

%

Let w; (1 <j < n) be the dual 1-forms of {7, X, }, where 7 : T*M — M is the
bundle projection. Then, by (2.3) we have

bi
wlzz2—§id:ci (1<l<n).

i
They are closed 1-forms, and the geodesic orbits are determined by

(3.1) w =0 (1<lI<n-1),

and the length parameter ¢t on an orbit is given by

(3.2) dt = 2wy,.
Putting
n—1 n—1
O\ = I G-an)|e-T[r-a),
=1 | 1<k<n—1 k=1
k#j

we have from (2.3)

G=e [ by@e =/ (1)0(fi(z) (1<i<n),

J

where €¢; = sgn§; = sgn (ddﬁi) = +1. If a covector (z,&) with F; = ¢1,...,F,—1 =

Cn—1, 2F = 1 satisfies & # 0 for any 1 < ¢ < n, then we have

(=1)'O(fi(:)) > 0.

Therefore for such ¢y,...,c,—1, the equation ©(A) = 0 has n — 1 distinct real roots
b1 > by > -+ > b,_1, and they satisfy

fi(@r) > b1 > fa(wa) > by > -+ > fr1(@n—1) > bno1 > fulxn).
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Thus we have the identity

o) =-T[—w),
and c; are expressed by ;s as

— 1 (4 — )

3.3 c; = 1<7<n-1).
(3.3) 7 Thi<k<n—1(a; — ag) (1<j< )
k#j

Conversely, let by, ...,b,—1 be any real numbers satisfying
(3.4) aiv1 <b; <ai—1, biv1 < bs
for any ¢, and define ¢1, . .., ¢,—1 by (3.3). Then there is a covector (z, §) with F} = ¢4,

ey Fu1 =cp_1, 2E = 1. It can be verified that if by, ..., b,_1 satisfy
(35) a1 < bi <a;—1, b 75 a;, bi+1 < b; for any %
then the corresponding ¢ = (¢, ...,¢n—1, 1) is a regular value of F'.

To describe the behavior of the geodesics it is more convenient to use the val-
ues (by,...,b,—1) rather than using (¢1,...,¢,—1) directly. So, we shall mainly use
(b,...,bn_1) as the values of first integrals which determine the Lagrange tori F~!(c).
Also, we shall denote by Hy,...,H,_1 the functions on the unit cotangent bundle
U*M whose values are by,...,b,_1. Namely, H;’s are determined by

_ I (4 — Hi(w)

N ngkgnfl(aj - ak)
k#j

HI(M)ZZHn—l(M)u MEU*M

The range of H; are given by (3.4).

Now, put
a;-" =max{a;,b;} (1<i<n-1), af =a,
a; =min{a;, b} (1<i<n-1), ay =ao -
If by, ..., b,—1 satisfy the condition (3.5), then the m-image of a connected component

of F~'(c) (a Lagrange torus) is of the form
Lyx---xL, CM,
where each L; is a connected component of the inverse image of [a;L, a;_4] by the map
fi R/Z — [a;,a;-1] .

(Observe that the “generalized band” Ly x --- x L,, C R is injectively mapped to M
by the branched covering R — M.)

Along a geodesic (z1(t),...,x,(t)), the coordinate function z;(t) oscillates on L;
if L; is an interval, or x;(t) moves monotonously if L; is the whole circle. Also, the

function f;(z;(t)) oscillates on the interval [a;, a; ,].
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After all, the equations of geodesic orbits
w; =0 (1<i<n-1)
are described as
n €(=1) " Tli<k<n—1(fi(zi) — ag) dx;
Z k#1
DTS (i) — be)

Note that this system of equations is equivalent to

0 (1<i<n-1).

" fi(_l)iG(fi) dx;
Z =0
=D IS G - )

for any polynomial G()) of degree < n—2. By (2.1) those equations are also described
as

(3.6) ( ) G(f)A(f:) df;
HV Tt (i b) - Lol — an)

where €, = sgn of df;(z;(t))/dt.
By (3.6) we have

— [ (—=D)'G(fi)A(fi) dfi(xi(t))
> dt =0
i—l/s \/_HZ:ll( fi =) - Tleo(fi — ak) ‘ at ‘

for any polynomial G()) of degree < n — 2 and for a fixed s € R. By using the
variables o; defined by
t
wit) = [
0

/ > GUf)AU)
SO TS - b T — )

Here, f; is regarded as a function of oy, i.e., putting ¢;(t) = a; + |¢| for [t| < a;—1 —a;
and extending it to R as a periodic function with the period 2(a;—1 — a;), we have

fi = ¢iloi + €i(fi(z:(0)) — ai)) ,

where ¢; = +1 is the sign of df;(z;(t))/dt at t = 0. Also, integrating dt = 2w,, =
> (bin/&)dx;, we have

"0 (M GAg)
(38) dO’i =t—s y
; /‘”(S) 2\/— TThzi (i = bi) - TTimo (Fi — ax)

where G()) is any monic polynomial in A of degree n — 1.

207

dfi(zi(t))
dt

‘ at
this formula is rewritten as

(3.7)

dO'i:O.
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4. A monotonicity condition for A(\). We put the following conditions on
the function A(N):

(4.1) (=D 2A®(X) >0 on [an, ao] 1<k<n-1)

for n > 3, where A®) denotes the k-th derivative of A. For the case n = dim M = 2,
we need (4.1) for 1 < k < 2, as described in our earlier paper [11]. A typical example
satisfying the condition (4.1) is the ellipsoid, in which case A(\) = v/A. Since the
condition (4.1) is C"~1-open, there are surely many A()\) satisfying it.

In the rest of this section, we shall prove some inequalities which are obtained
under the condition (4.1). Put

G = J[ (-b) @a<i<n-1).
1<k<n—1
k#l

PROPOSITION 4.1. If A(\) satisfies the condition (4.1), and if by,...,bp—1 and
ag, - - -, ay are all distinct, then the following inequalities hold:

(1)
/ )" ”#IA( M Tjer(X = b))
\/ [Ty O = k) - TTemo (A — ax)

where I is any (possibly empty) subset of {1,...,n—1} such that #I < n—2;

(2)
) G)A(N) dA
Z >0,
/ \/ H (A= br) - Tlr—o (X — ax)

di <0,

where 1 < <n-—1.
The inequality (1) is still valid if b;’s (j & I) are mutually distinct. Precisely speaking,
when a sequence of b;’s with b;’s and ay’s being all distinct converges to some b;’s
which satisfy by, # by for any k,l € J, k # 1, then the formula in (1) has a limit and

the limit is still negative.

In the following two lemmas, we shall assume that b;,...,b,-1 and ag, ..., a, are
all distinct.

LEMMA 4.2.

(—1)IG(\) dA B
Z/ \/—H =0

PorA = be) - TTh—o(h — a)

for any polynomial G(\) of degree < n — 2.

Proof. Let W = {A} be the region C U {oco} — Ui, [a;,a;_;]. Then there are a
meromorphic function p on W such that

n

1:[ —bk H/\—ak),

k=0
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and the holomorphic 1-form (G(A)/u)dA on W. Taking the sum of contour integrals
around the intervals [a;",a; ,], one obtains the desired formula. O

LEMMA 4.3. Let J be any nonempty subset of {1,...,n—1}, and let B()\) be the
function defined by

A(br)

42 _ AW + B __ A
(42) er] - bk Z A— bk o en Hf;i(bk —by)

Suppose A(X) satisfies the condition (4.1). Then B(\) satisfies

(—1)#']+mB(m)()\)<O for ap <AX<ap and 0<m<n-—1—#J

Proof. We shall prove this by an induction on #J. When J = {k}, then

(4.3) B()) = %ﬁca”“) - /01 At — by) + be)dt,

and we have (—1)'*™B(™)(\) < 0 by the assumption on A(\).
Now suppose #J > 1,1 ¢ J and let J; = J U {l}. Then

AN _ ek B()\)
[kes, A =bx) ,; b b A

_ Z 1 €k . €k + B(bl) + B()\) — B(bl)
z b, —bp \A—=br, =1 A—b A—b '

Let us denote the last term in the right-hand side by B (\). Since it is written as

/1 B'(t(A = by) + by)dt,
0

we have (—1)#J+1+mB§m)(/\) < 0 by the induction assumption. O

Proof of Proposition 4.1. First, suppose that by,...,b,—1 and ag, ..., a, are all
distinct. Let A(A) be a positive function on [ay,, ag] satisfying the condition (4.1). Let
I be as in Proposition 4.1 (1) and let J be its complement in {1,...,n — 1}. Define
the function B()\) by the formula (4.2). Then, by Lemmas 4.3 and 4.2 we have

mLopeicn (=) HHELAN e, (= br)
Z lel d\
i=1 /ﬁ \/ HZ 11( —b) - Hk 0( — ay)

(44) n a;_, ( 1)n71+#1B()\) - (A b)
- s =12 U ).
i=1 /“T \/— Pr(A = bi) - Hk oA —ax)
Since (—1)""'[]}Z (A =b;) >0on (a},a; ), and since

(- #IB()\) <0

by Lemma 4.3, we have the inequality (1) in this case.
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Next, let us consider the limit case. The limit b;’s are assumed to satisfy by # b
for any k,l € J, k # I. Note that the function B(\) is defined by the formula (4.2)
and it only depends on A(X) and b;’s (j € J). Since the limit b;’s (j € J) are mutually
distinct, it follows that the function B(\) has a limit. Therefore the right-hand side
of the formula (4.4) has a finite limit and it is still negative by the same reason as
above.

To prove (2), we put

AR _ Al
A=b A—D

+ B\ by).

Then the left-hand side of (2) is equal to

dX

0 <~ [ (=1)'BOGB)TTZ (A —by)
Ty 2=
i—rlf VTS0 = b - T~ an)
a;m—w(—meongﬂA—m
dX

¢ H (A= be) - [Tio(A — ax)

)\ bl)H1<J<n 1(/\ b )
/ i1 A\,
= \/ ITit O = b) - T () — an)

The second line of the right-hand side is equal to

li/ -1 (=1)'By(A, b) [Li<cjcn1(A=b5)
2 9
i=1 ( —bi) - [Tjmo (A — ak)
where
BOWb) — A'(h) 0
By = 2l )

Since B1(\, b;) < 0, it follows that the right-hand side of the formula (4.5) is positive.
a

5. Jacobi fields. In this section we shall consider Jacobi fields along a geodesic
which is not totally contained in the submanifold N; for any 0 < i < n. Let y(t) =

(z1(t),...,xn(t)) be such a geodesic. In this case, the corresponding values b; of the
first integrals H; satisfy b; # a;41 and b; # a;—1 for any 1 < i < n — 1. We shall
consider the following three cases separately: (i) by,...,b,—1 and ao,...,a, are all

distinct; (ii) there are some ¢ such that b; = a;, but other b;’s are not equal to any a
nor by; (iii) there are some j such that b; = b;_1, and there may be some ¢ such that
b; = a;, but there is no [ such that b; = a1 or by = a;_.

First, let us consider the case where by,...,b,_1 and ag,...,a, are all distinct.
For each 1 <i <n—1,let S; C R be the set of the time s such that f;(z;(s)) = b;
(bi = aj) or fir1(zip1(s)) = b; (bi = a; ). Then S; are discrete subsets of R. At
each point y(s) where s ¢ S; for any i, the system of functions (Hq, ..., H,—1) can be
used as a coordinate system on the unit cotangent space U ;(S)M around the covector

(z(s),&(s)) = b(¥(s)). Then, identifying 0/0H; € Ty (5)) (U

(s M) with a covector in
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T3 M in a natural manner, we put Vi(s) = ﬂ(aim/bimD € TysM at y(s). Asis
easily seen, the norm |0/0H,| is equal to

\/ ) =1G (b;)
Hm 1 fm Im) bi) .

At the point v(s) where s € S;, we put v? = fi(z;(s)) — H; if b; = a] (resp.
v} = H; — fiy1(wit1(s)) if b; = a; ), and use v; as a coordinate function on UM

instead of H;. We choose the sign of v; so that it is equal to the sign of &; (resp. &;41).
Then we put V;(s) = ﬂ(au /|£ ) in this case. It is easy to see that R 3 s — V;(s) is
smooth up to the sign. Therefore we can take a smooth vector field Vi(t) along the
geodesic y(t) such that Vj(t) = £V;(t) for any t € R. We now define the Jacobi field
Y; s(t) along the geodesic y(t) by the initial conditions Y; s(s) = 0 and Y/ ((s) = Vi(s)
for any s € R, where Y/ (t) denotes the covariant derivative of Y; () with respect to
0/0t.

Let us denote by Q(Y, Z) the symplectic inner product of two Jacobi fields along
~(t) which are orthogonal to +(t) for any ¢:

QY,Z) =g(Y(t),Z'(t)) —g(Y'(t), Z(t))

which is constant in ¢. Let ); (1 <4 < n — 1) be the vector space of Jacobi fields
along v(t) spanned by {Y; s(t) | s € R}.

PROPOSITION 5.1. Along the geodesic v(t) such that by,...,b,—1 and ag,...,an

are all distinct, the Jacobi fields defined above have the following properties.

(1) Y s(t) € RVi(t) for any 1 <i<n—1 and s,t € R. Also, V1(¢),...,Vp_1(t),
A(t) are mutually orthogonal for any t € R.

(2) Vi and Y; (i # j) are mutually orthogonal with respect to the symplectic inner
product , i.e., UY;,Y;) =0 for any Y; € Y; and Y; € Y;.

(3) Each V;(t) is parallel along the geodesic ~(t).

(4) Each Y; is two-dimensional.

(5) If v(s1) and y(s2) (s1 < s2) are mutually conjugate along the geodesic ~y(t),
then there is ani (1 < i <n—1) and a nonzero Jacobi field Y € Y; such that
Y(Sl) = Y(SQ) =0.

(6) Yis (s2) # 0 if s1 € Si, s2 # s1, and either [s1,52) NS; = 0, s1 < s2 or
(52,81] ns; = (Z), So < S87.

(7) The Jacobi field Y s, (t) (s1 € S;) vanishes at t = sz if and only if s3 € S;.

Proof. Let v(u,t) = (..., zr(u,t),...) be a one-parameter family of geodesics such
that x(0,t) = x5 (t) and (9xr/0u)|u=0 represents the Jacobi field Y; s, (t). Suppose
that G = G, j # i, and s = 51 and t = s2 do not belong to S; U S; in the formula
(3.7). We then differentiate the formula in u. Since

o #0: 2l =0 (k#0),
we have
u (=)'G, (f)AS)
> d( i) (Yis, (52))
5.1) =1 \/ TTezt (fi = o) - Tlizo (fi — ax)

do; =0,

1y /01(52) (=D)'Gi i (f)AR)
2c o1(s1) _ n—1 _ . n _
=1 \/ [Li—i (ft = bx) - TTeo (fi — an)
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where ¢ = £ (the norm of 9/0H; at v(s1)) and f; = fi(z;(sz2)) in the first line, and
Gij(A) = iz (A —br). Observe that the second line in the above formula vanishes
by the formula (3.7). Moreover, the covector

15N /(=!G (f)A(S) )
! =t \/_ Hz;ll(fl =) [Ti—o(fi — ax) fi=fi(zi(s2))

is equal to the one represented by 9/0H; at y(sz2), which is a nonzero scalar multiple
of b(Y/, (s2)). Thus we have

7,52
Q(Yi751 ) Y]}Sz) = g(Y;,Sl (82)7 Yg s2 (52)) 0,

which is valid for any si,s2 € R by continuity. In particular, we have
9(Yi s, (s2),Vj(s2)) = 0 for any j # 4, and also g(Vi(s1),Vj(s1)) = 0 by differenti-
ating it at so = s;. Thus we have (1) and (2).

(3) and (4) follow immediately from (1) and (2). The assertion (5) is also obvious.
Next, we shall prove (6). First, we assume s1 < s2 and so ¢ S;. In the same way as
above, we have

d(fi(22))(Yis, (52))

Zn: ) (S)A)
= - T (= ) - T — an)
1 o1(s2) ~D)!Gi(fi)A
Ay CVGAG) o
7D (fi by~ TGt (= be) - TTio (o — an)
Note that, since [s1, s2]NS; = 0, fi—b; never vanish on the interval [0;(s1), 07(s2)]. The
second line in the above formula being negative, we have g(Y s, (s2), Y/, (s2)) # 0.

Thus Y; s, (s2) # 0.
Next, let us take s3 € S; such that s; < s3 and [s1,s3)NS; = 0. As proved above,

0 0
N AR R

82) (—1)'Gi(f1)A(S)
Z dal
/ (s1) (fy — b; \/ TThs (fe = o) - Tlio (i — ax)

for any s such that s; < so < s3. Suppose b; = a;r. Since
g(}/i-,sl (SQ)a }/i/,sz (52)) = Q(ifsl ) Ys ) g(}/z 51 (Sl) }/1}52 (51)) )

multiplying both sides by 2|v;| = 24/ fi(x;(s2)) — b;, and taking a limit sy — s3, we
have

(—1)"'Gi (b)) A(bi)
\/ Hk;&z —br) - Hk:o(bi - ak)

where ¢’ = |0/0H;|y(5,)|0/0Vi|(s5)- Since the left-hand side of the above formula is
equal to

(5.3) —C Q(Yz sl( 51),Y; 152

Clg(yi781 (83)7 YzI,Sg (83)) )
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and since the right-hand side does not vanish, we have

(54) }/7;751 (83) 7& 0, le}ss (81) 7é 0.

The case where sy < sp is similar. Therefore the assertion (6) follows.

Now, in the situation of (6), take so € S; such that sg < s1 and (sg, s1]N.S; = 0.
Then, again multiplying both sides of the formula (5.3) by |v;| = v/ fi(z:(s1)) — b;
and taking a limit s; — sg, we have

9(Yiso(s3), Y5, (s3)) = 0.

Thus it follows that Y; s, (s3) = 0, and combined with (5.4) we have (7). O
The following corollary is immediate.

COROLLARY 5.2. Fiz tg and let tg <t} <ty < ... be the zeros of the Jacobi field
Yi i, (t) for t > to. Then:
(1) Iftg € S;, then the set {ti} coincides with {t € S; | t > to}
(2) If to & S;, then every ti & S;, and there is just one element of S; in the
interval (t},t; ) for each k.
(8) The set of conjugate points of y(to) along y(t) (t > to) is equal to {y(t},) | k >
L1<i<n-1}.

We shall prove one more result on the zeros of Jacobi fields in this case, which
needs the assumption (4.1).

PROPOSITION 5.3. Fiz i and take s1 and so such that s1 & S;, s1 < s2, and
o1(s2) — ou(s1) < 2(a;_, —a]) for any l. Then Y; s, (s2) # 0.

Proof. Let s3 € S; such that s; < s3 and [s1,s3) N S; = 0. If so < s3, then
the assertion follows from (6) of the previous proposition. Now suppose s3 < sa.
As above, we shall compute g(Y; s, (s2), Y/, (s2)). In this case, however, the formula
(5.2) is invalid, because the integral diverge at ¢t = s3. So, instead, we differentiate

the formula

oy / 2apy—af Vo(o1) (—1)'Gi(AA(f) don
(5.5) =1 Jois2) VTGS (= b0 - T U — )
+22n:/all (—1)!G(V)A(N) dA o

Sl I O ) T — )

in terms of the deformation parameter defining c¢Y; s, , ¢ being £ (the norm of 9/0H;
at 1(51)):

S a(=D'Gi(f)Af)
> ! d(fi(@1))(cYis, (52))
=~ T (= ) T — )
1 e (20a,—at)rou(s:) (=D'Gi(f)A(fi) doy
5.6 9 Z
(5.6) 2 -1 ~/Uz(82) (fi —bi)\/— Hz;ll(fl — b) 'szo(fl — ay)

,0 " )lG( JA(A) dA —0.
2o ;/ \/ H —bg) - TTheo N — ar)

<
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Note that b; is not contained in the range of f; while o; moves in the interval
[01(s2),2(a;_; — a;) + ou(s1)] (I = i,i+ 1). Since the second line of the formula
(5.6) is positive or zero, and since the third line is positive by Proposition 4.1 (2), it
therefore follows that g(Y; s, (s2), Y, (s2)) # 0. O

Next, we shall consider Jacobi fields along the geodesic v(t) for which some b; is
equal to a;, but other b;’s are not equal to any aj nor b;. For ¢ with b; = a;, let S;
be the set of s € R where f;(z;(s)) = b;. One can see from the formula (3.7) that .S;
is also the set of s € R where f;11(x;41(8)) = b;, i.e., s € S; if and only if y(s) € J;.
For such i and s € S;, we define Y; ,(t) as the Jacobi field 7.(XF,) along the geodesic
v(t). For s € S;, Y; s(t) is defined as before. Also, for j with b; # a;, the set S; and
the Jacobi fields Y; s(t) are defined as before.

PROPOSITION 5.4. For a geodesic y(t) stated above, the statements in Proposi-
tions 5.1, 5.3 and Corollary 5.2 equally hold.

Proof. Only the parts related to the Jacobi field Y; (t) = m.(XF,) would be
nontrivial. Suppose b; = a; and s; € S;, s2 € S;. Considering the symplectic inner
product of two Jacobi fields Yj 4, (¢) and Y 4, (t), we have

~ 0
Q(S/};Slvn,sz) =CWw (8 7XF1)
H; (3(s1))

9 Tlugy( = ) {:o (j #1)

_cabj_Hlé’;;’H(ai—ak) #0 (=i

where w is the symplectic 2-form ), d§,Adzy, 9/0H; is the tangent vector to U:(SI)M
at b(¥(s1)) defined as before, and ¢ = 1/|0/0H;|. The proposition follows from this
formula. O

Next, we shall consider Jacobi fields along a geodesic for which there are some
j such that b; = b;j_; and there may be some ¢ such that b; = a;, but there is no
! such that by = a;41 or by = a;—1. In this case, f;(z;(t))(= b; = bj—1) remains
constant along the geodesic y(t). We put this value )\9- for convenience. For each
point y(s) on the geodesic, we adopt p;, ;1 as the coordinate functions on the unit
cotangent space UJ .\ M, around the covector b(¥(s)), instead of H;, H;_1, defined by
the formula:

pi—1 = Hj_1 + H; =2\, p2 =4(H;—y — \))(\] — H;j) .

We choose the sign of u; so that it is equal to that of &;. Let us denote by Z; 4(¢),
Zj_1 (t) the Jacobi fields along the geodesic y(¢) with the initial conditions

Z,s(s) =0, Zj ((s) = 8(0/0px)/10/ O] (k=34 j—1).

1\/(—1)"Gj,j—1()\?) < 0 i> o
C 2\ [y (Fn = AN \Opy1 Opy )

Note that

} 0
Opj—1

_ ‘i
O

at each covector b(%(s)).
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Define the real number 6, (s2) by the formula
T /‘”(52 (—1)'Gj i1 (J)A(f) doy
1<i<n /ouls)) |fi — )\0|\/ g (i = 0k) - TTi—o (S — ak)
(5.7) el ,
(_1)JGJ,7 1(/\ )A(/\O)

+2951 82 =0.
Vg o A = 00 T () — ax)

We then have the following proposition.

PROPOSITION 5.5.

(1) Zys,(s2) =0 fork=34,j—1 and any s1, s2 such that 05, (s2) = .

(2) Zjs,(s2) and Z;j_1,s,(s2) are linearly independent for any s1 and sq such that
0 < 05, (s2) <.

Proof. We consider a one-parameter family of geodesics ¢ — ~(u,t) such that
v(0,t) = ~(t), v(u,s1) = v(s1), and the values b; of the first integrals H; for ~y(u,t)
are the same as those for 7(t) except that b;_1(u) = H;_1(0(¥(u,t))) = A} + u®.
Since bj = A} = fj(z;(u,s1)) for any w, it follows that the Jacobi fields Yj s, (t)
and Yj_1 s, (t) are defined along the geodesic y(u,t) for v # 0. Observe that on
the unit cotangent space UJ, \M, (0/0v;)/|0/0v;| tends to +(9/0u;)/|0/0pu;| and
(0/0H;-1)/10/0H;_1]| tends to (0/0pj-1)/|0/0u;—1| as u — 0. Thus the Jacobi fields
Y; s, (¢) and Yj_1 4, (¢) along the geodesic y(u,t) converge to Jacobi fields Z; s, (t) and
Zj_1,s, (t) up to the sign along the geodesic v(t) as u — 0, respectively.

Moreover, with this procedure of taking the limit, we claim that the Jacobi fields
Y o, (t) and Y, _1 , (t) along the geodesic y(u,t) tend to

€(cos0Z;s,(t) +sinbZ;_1 ,,(t)) and €(—sindZ; ,,(t) + cos0Z;_1,s,(t))

respectively, where e = £1 and 6 = 6, (s2). To see this, we begin with the formula
before taking the limit:

) ()G AU
(58) Z b1 d/UZ‘ =0.
/ (s1) \/ HZ L (i = b) - Tiso (fi — a)
Define the function 0(u,t) by

(@ (u, ) = bj(cos O(u, 1))* + b1 (u)(sin O(u, 1))
0(u,s1) =0, (0/0t)0 >0 .

Then, taking the limit © — 0, we see that

/Uz‘(52> (- )jGj_,jq(fj)A(fj)
oj(s1) \/ H —bk) HZ:o(fj _ak)

dO’j

tends to
( )JGJ Jj— 1()‘O)A()\Q)

20 O 82 .
\/Hk#] Jj— 1 bk) Hk(/\o - ak)
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Thus we have 6(0,t) = 6, (t) by (5.7). The covector 9/0H; at the point y(u, s2) is
equal to

Z ) (fl) (fz) dfi ,
4 \/ HZ 11 fz bk) Hk O(fz_ )

which tends to, as u — 0,
lz fi= A e/(=1)'Gy -1 (f)A(f:) dfi
0
BE W= A Ty (= b) - Thio(fs = an)
l (—1)j+1 cot 6 Gjyjfl()\g)A()\g) de
4 \/Hk;&j,j—l(/\? = bi) Tl (A} — ax) 7
where 6 = 0, (s2). Also, 9/0H;_1 tends to
lz fi= el(=1)'Gj—1(f)A(f:) dfi
4 = N Ty (= i) - T — )
1 (=17 tand G;;—1(A))ANY) df;
! \/Hk#,g‘—l (AY = br) - [Tamo (A — ax)
As is easily seen, we have
Z fi— Az i (=1)'Gjj-1(fi) A(fi) dfs
i |fi | \/_Hk#]‘_l(fi—bk)'HZ:o(fi_ak)
( )7+1G” 1()‘0) ()‘?) dfj
4 \/Hk;ﬁ],] 1 k) ’ HZ:O()\g - ak) ,

where ¢ = 1/]0/0pj—1] = 1/|0/0u;| at vy(s2). Therefore the claim follows.
From the formulas obtained above and (5.3), we thus have

h(Z!

j*1752 2

b(Z] 5, (52)) =

J,52

g (Z]-_le (s2), cos® Z . (s2)+sin@ Z7 1,5, (8 2)) =0,

J,82
g (Zj_]sl(SQ) —sin@ ZJ S2(52) + cos@ Z 1 S2( 2)) =0,
(5.9) 9 (Ziun(52), 0080 2}, (52) + 5100 Z)_, ., (52))
o sin 6 (_ )JGJJ—l(/\?)A(/\?)

- / n )
e \/_ [lhssjo s A = br) - TTimo (A — a)

where ¢ and ¢ are the norms of 9/du; at v(s1) and y(sz) respectively. In particular,
we have:

cosO UZj_1,6,,Zjs,) +8i00 UZj_1,6,,Zj—1,5,) =0
_Slneg( J817Z752)+COSOQ( J817Z]—1752):Ov

where 6 = 6, (s2). As is easily seen, the above formula is also valid when sy < 1,
in which case 8, (s2) = —05,(s1) < 0. Therefore, exchanging s; and sz in the above
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formula, we have

UZjs1,Zjss) = UZj-1,50,Zj-1,5,)

(5.10)
UZj161,Zjsa) = =UZjs1, Zj-1.50) -
By (5.9) and (5.10) we also have

g (Zj71751 (52), —sin# Z_;»)SQ (52) + cos Z;—1752 (52))
(5.11) _ sinf (=1)/G;,-1(\)AN))
/ n :
dee \/_ Hk;éj,j—l(/\g') = bi) - szo()‘g — ak)

Now the assertion (2) easily follows from (5.9) and (5.11). Also, from those formulas
we have

9(Zj s, (52), Z} 5, (52)) = 9(Zj s, (52), Zj_1 5, (52)) = 0
9(Zj-1,6,(52), Z; 5,(52)) = 9(Zj-1,5,(52), Zj_1 5, (52)) =0,

provided 6, (s2) = m. Since the Jacobi fields Z; s, Z;_1 s belong to the limit of
the vector space V; + Yj—1, and since it is orthogonal to the limit of Zk¢j7j_1 Ve
with respect to the symplectic inner product 2, it therefore follows that Z; s, (s2) =
Zj_1s,(s2) = 0. This finishes the proof of the proposition. O

REMARK 5.6. For i with b; # b;—1 and b; # b;11, Propositions 5.1, 5.3 and
Corollary 5.2 equally hold for the Jacobi field Y; s(t).

6. Geodesics starting at a one point. In this and the subsequent sections we
shall assume that the conditions (4.1) are satisfied. Let pg € M be an arbitrary point.
We may assume without loss of generality that pg is represented by (x1,...,2,) =
(29,...,20), where 0 < 2 < o;/4 (1 < i < n). Let Uj M be the sphere of unit

covectors at pg. We denote by

t— ’Y(t,n) = (Il(tan)v s Jn(tﬂ?))

the geodesic with the initial covector n € Uy M at t = 0. The function x;(t,n) is
uniquely determined as a smooth function when b; # a; and b;_1; # a;_; for each
1. In this case, the geodesic does not meet J; U J;_1, a part of the branch locus. If
b; = a;, then the geodesic meets J; and one gets more than one representations for
x;(t,n) and z;41(¢,n) that are continuous at the branch point and smooth elsewhere.
Note that ¢ — f;(x;(t,n)) is uniquely determined in any case.

As before, we put
t
it = |
0

We shall assign a real number to(n) > 0 to each 5 € Uy, M. First we consider the
case which is not equal to any one of the following three cases: (i) the geodesic (¢, )
is totally contained in the submanifold N, i.e., by—1 = an; (i) v(¢t,n) is totally
contained in the submanifold N,,_1 and f,(22) = ap_1 = b1 < fu_1(2%_;); and
(iil) v(t,n) is totally contained in the submanifold N,,_; and py € J,,—1, in particular,
@) =an_1 =bp_1 = fr_1(2%_,). Then, define to(n) by the formula

dfi(xi(t,n)
dt

.

on(to(n),n) = 2(a,_, —ay) .
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In the cases (i) and (ii) listed above, we define ty(n) as follows: Let Y (¢) be the Ja-
cobi field along the geodesic v(t, n) such that Y (0) = 0 and Y'(0) = (9/0x,,)/|0/0xy|.
Then t = to(n) is the first positive time such that Y (¢) = 0. In the case (iii) we de-
fine the Jacobi field Y (¢) along the geodesic y(¢,n) such that Y (0) = 0 and Y’(0) is
the unit normal vector to N,_;. Then t = to(n) is the first positive time such that
Y (t) = 0. It is easily seen that 2, (to(n),n) = —23, or & + 29 in any case.

It will be proved in Theorem 7.1 that the time t = to(n) gives the cut point of pg
along the geodesic y(t,n). In particular, it will become clear that to(n) is a continuous

function of € Uy M and py € M. At this stage, we shall only prove a partial result.

PROPOSITION 6.1. For any n € U, M and py € M, there is a sequence n
(k = 1,2,...) of unit covectors such that the corresponding values by,...,by—1 of
Hy,..., Hy_1 at nx and ag, . ..,a, are all distinct for each k, and

lim 7, =7, lim to(nk) = to(n) -
k—o0 k—oo

Proof. At each covector 1 which is not of the cases (i), (ii), (iii), the function
to(n) is clearly continuous, and we can find such {n;}. For n of the cases (i) or (ii) we
note that to(n) is equal to the limit lims o to(7s), where 15 € U is a one-parameter
family of covectors such that (i) b,—1 = an + s%, (ii) bp—1 = a,—1 + s%, and other b;’s
are the same value as those for n = 7.

Now, for n € Uy M of the cases (ii), (iii), we first choose {7z} € U, M such that
each 7 is of the case (ii), ix — n (kK — o0), and the values by,...,b,_2 for each
M and ag,...,a, are all distinct. Then, for each k we choose n,, € Uy M in the
one-parameter family of covectors given above whose limit is 73 so that ny — n as
k — oo. The case (i) is similar. 0

For a while, we shall assume that pg & J,,_1. Put

Uy ={ne Uy, M | &(n) > 0}
U-={neU;,M | &(n) <0} .

Note that they are well-defined hemispheres under the assumption py & J,,_1. Let

n' € Uy M be the reflection image of n € Uy M with respect to the hyperplane H,

in T; M defined by &, =0, i.e., En(n) =), &) =&(n) 1<i<n-—1).
PROPOSITION 6.2. v(to(n'), ') = v(to(n),n) for anyn € U,.

Proof. Tt is enough to show this for covectors n such that b;’s and a;’s are all
distinct. By (3.6) we have

n rton) (—1)'G(£)A(f) dfizitn)) | o _
Z;/o VT ‘ ‘dt_o

Y= be) - T (s — ax) dt

for any polynomial G()) of degree < n — 2. By using the variables o; given above,
this formula is rewritten as

n_ poito(n).m) (=1)'G(f:)A(f;)
2
/ VT (= ) Tz — ar)

(6.1) do; =0 .




276 J. ITOH AND K. KIYOHARA

Note that
/Un(to(n)vn) (=D)"G(fn)A(fn) o
(6.2) i \/— TTay (fn = bk) - Tlimo (fn — ar)
(=D)"GA)AN) N

o [
/a: \/_ [Tz A = bw) - Thio (A — an)

Since the values of each b; are the same for the two covectors n and 7', and since
on(to(n),n) = 2(a,_; —al) = on(to(n'),n'), we then have

n—=1 .5;(to(n),n) (—I)ZG(fz)A(fZ)
Z dai
(6.3) i=1 /0 \/_ [Tizy (Fe = be) - T (fi — ax)
. n—=1 . (to(n'),n") (—1)1G(fz)A(fl)
_ Z dO’i .
N o 7 S AT

Now, let I be the set of i € {1,...,n — 1} such that

ai(to(n),n) > oi(to(n'),n') -
Then, as we shall prove in the next lemma, there is a polynomial G(A) of degree
< n — 2 such that (—=1)!G(\) > 0 for A € (a;j,a;_,), i € I, and (—1)'G()\) < 0 for
M€ (af,a; ), i & 1,if I # 0. With such G()\), the formula (6.3) clearly yields a

contradiction. Therefore, I = () and

ai(to(n),n) = ai(to(n'),n') -

for every 1 < i < n — 1. This indicates

zi(to(n),n) = xi(to(n'),n’) .
for any 1 <4 <n, and therefore v(to(n'),n’) = v(to(n),n) . O

LEMMA 6.3. Suppose b;’s and a;’s are all distinct. Let I be a subset of {1,...,n}
and let Is be its complement. Assume both Iy and Iy are nonempty. Then there is a
polynomial G(X\) of degree < n — 2 such that

Proof. Assume 1 € I;. We put

G =-J[x—bx),

where the product are taken over all such k € {1,...,n — 1} that both k¥ and k + 1
belongs to I; or that both k& and k + 1 belongs to I>. Since both I; and I are
nonempty, it follows that deg G < n—2. Also, it is clear that the signs of the function
G(X) is different on the two intervals (a; ,a;_;) and (a;’, ;,a;) if and only if X — by,
is a factor of G()), i.e., k and k + 1 belong to the same group. Since —G(A) > 0
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on (af,ay), it follows that this G(\) has the desired property. In case 1 € I3, then
—G(\) possesses the desired property. O

PROPOSITION 6.4. to(n) = to(n') for any n € Uy M.
Proof. By (3.8) we have

n_ poilto(n)m) —1)HLA(f, n-l fi — ay
©a) =3 [ (AW i) g,

= 2/~ TI) (s = bi) - TTio(fi — an)
Since o;(to(n),n) = 0i(to(n’),n’) for any i by Proposition 6.2, it therefore follows that
to(n) = to(n'). O

PROPOSITION 6.5. Suppose that the geodesic y(t,n) does not totally contained in
any N; for any 0 < j <n. Then, o;(to(n),n) < 2(a;_, —a;") for any i <n —1 such
that bl 7§ bifl.

Proof. The assumption implies that there is no i such that b; = a;41 or b; 11 = a;.
First, suppose that by,...,b,-1 and ag,...,a, are all distinct. Let I; be the set of
i € {1,...,n — 1} such that o;(to(n),n) > 2( 1 —al). Assume that I; # 0. Put
I, ={1,...,n}—1I;. Note that n € I5. For these I; and I, let G()\) be the polynomial
given in the proof of Lemma 6.3. Then we have

norai, (—1)IG(N)A(N) dA
2
i=1 /“f \/—HZ;ll( =) - [T (A — ax)

i(to(m).m) ( 1)'G(fi)A(fi)
6.5 =- doi
( ) 16211/2(‘“ 1—ai) \/ H '—bk)'szo(fi_ak)
Aeiamed) < Vmﬁmqn
—+ Z dO’i .
i€l,—{n} /" (to(n \/ [Tz (fi = bw) - Teo (fi — ar)

Here, the polynomial G(A) is of the form

Tk —by) (f1em)
q”‘{n%iﬁ—m>oﬂeb> ’

where K is the subset of {1,...,n — 1} such that k¥ € K means k and k + 1 belong
to the same group, i.e., k,k+1 € I, or k,k+ 1 € I,. Therefore, n — 1 — #K is the
number of such k& € {1,...,n — 1} that k and k + 1 belong to the different groups.
Since n € I, it follows that

odd if 1€l
even if 1€ I.

n—1—#Kis {

Therefore, by Proposition 4.1 (1) it follows that the first line in the formulas (6.5) is

positive, while the second and the third lines are nonpositive, which is a contradiction.
Thus I; must be empty, and the proposition follows.

Next, we shall consider the case where b;_; = b; for several j, but other b, and

ay, are all distinct. In this case, we define the subset I; of {1,...,n — 1} as follows:
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For k with by_y # by, k € I, if and only if o4 (to(n),n) > 2(a,_, — ag); for k with
bp—1 =bg, ke ifand only if k —1 € I; or k+ 1 € I;. Note that by_; < bp_o and
bk+1 < by if by, = bg_1.
Then, by the same way as above, we define the sets I, K and the polynomial
G(\). Put
J:{j|bj<bj,1,1§j§n—1}.

Since k —1 € K or k € K if by, = bi_1, we then have, instead of (6.5), the following

formula:
i (=1)'G(N)A(N) dX
2
Z/ VoIS

Si A =bk) - TTizo(X — ax)
/aiao(n)m) (=1)'G(f:)A(f:) do;
2(a;,—a}) \/— TTis: (fi = o) - Tlico (fi — an)
/2<auar> (=D)'G(fi)A(f:) do; .
wittom) T (i = bi) - Tl (i — an)

(6.6) =-
i€lNJ

+
i€lNJ

If I; NJ # ), then we have a contradiction by the same reason as above.

Finally, let us further assume that b; = a; for some 7. In this case, the times ¢ such
that f;(z;(t,n)) = a; and those such that f;+1(2z;41(¢,1)) = a; coincide. Therefore, in
each side of the formula (6.5) or (6.6), the sum of the integrals in o; and ;41 remains
finite, and the arguments above are also effective in this case. O

PROPOSITION 6.6. Suppose that the geodesic y(t,n) does not totally contained in
any Ni. For a fized j with b; = b;j_1, let 85, (s2) be the value defined in the formula
(5.7) in the previous section. Then, 0y(to(n)) < 7 for such j.

Proof. By (5.7) we have

() (=1)'Gy, -1 (f)A(fr) doy
1§n/0 .fi —)\9-|\/— [hoej 1 (fr = br) - Tlio (fr — an)
J

) (=1YGj-1(A)HAN)
\/Hk;ﬁj,j—l (/\? —by) HM? —ay)

+290(S =0.

Also, taking a limit a;r, a;_q — /\9- in Lemma 4.2, we have

5 /2<allaf> : (=1)'Gj;-1(F)ANY) oo

1<i<n /0 |fi _/\j|\/_ Iz ja (fe = bx) - Tli—o (i = ar)
I#35

(—1)Gjj—1 (A0 AN?)

21w =0.
\/Hk;ﬁj,j—l()‘g —by) HM? —ag)

+




THE CUT LOCI ON ELLIPSOIDS 279

Therefore we obtain the following formula:

(s e) (=1)'Gjj-1(f)A(fi) doy
I%n/ |fl_)‘]0|\/_ Hk#d,l(ﬁ—bk)'HZ:o(fl—(lk)
= /2(‘” 1mar) (A(f) = AX))) (-1)'Gjj-1(f) don
17;;” |fl —A?l\/— Hk¢j7j71(fl _bk) 'HZ:O(fl _ak)
+2(1 — B(s)) (— )JGJJ 1()‘0)A()\Q) —0.

Vs i1 (A =00 TL(S — a)

We put s = to(n). The first line of this formula is nonpositive by the previous
proposition. Also, applying the (n — 1)-dimensional version of Proposition 4.1 (1) to
the positive function

(A = AGD) /(A=A

the second line is negative. Since (—=1)’G; ;—1(A}) > 0, it thus follows that 6y (to(n)) <
m. O

As a consequence, we have the following proposition.

PROPOSITION 6.7. Suppose that the geodesic y(t,n) does not totally contained in
any Ny. Then:

(1) There is no conjugate point of pg along the geodesic y(t,n) in the interval
0 <t <to(n).

(2) v(to(n),n) is not a conjugate point of po along the geodesic ¥(t,n), unless
bp—1(= Hp-1(n )) fn(z )

(3) Ifbp—1 = fn(22), then y(to(n),n) is a conjugate point of po along the geodesic
~(t,n) with multiplicity one.

Proof. (1) and (2) follow from all results in §5 and Propositions 6.5 and 6.6.
Now, let us prove (3). Since f,(22) = b,_1, it follows from Corollary 5.2 (1) that
Y,—1,0(to(n)) = 0. Hence ~v(to(n),n) is a conjugate point of py along the geodesic
~(t,n). Now we show that Y;o(to(n)) # 0 (or, Z;o(to(n)) # 0) for any j < n — 2.
First, suppose that b; # b;_1 for any j. For k <n — 2 with by # fi(z?), fk+1(xk+1)
, we have Yy, o(to(n)) ;é 0 by Propositions 6.5 and 5.3. If by = fi(2}) or frg1(zl,4),
then again we have Yy o(to(7)) # 0 by Proposition 6.5 and Corollary 5.2 (1). In case
b; = bj_1 for some j, we also have Z; ¢(to(n)) # 0 and Z;_1,0(to(n)) # 0 in the same
way as above by Proposition 6.6. 0

7. Cut locus (1). Let M be a Liouville manifold (diffeomorphic to S™) con-
structed from constants ap > --- > a, > 0 and a positive function A(A) on the
interval a,, < A < ag as explained in §2. We assume that the function A()\) satisfies
the conditions (4.1), i.e

(=D TA®N) >0 on[an,a] (1<k<n-1).

We also assume that n = dim M > 3 in the following theorem, since it is necessary
in some part of our proof, and since the two-dimensional case is treated in another
paper [11].
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Let po be a point as in §6. Let IV be the subset of M represented by z,, = %* + z¥
or —z9 which is a submanifold of M diffeomorphic to the (n — 1)-sphere if 0 < 29 <
an/ 4 and which is a submanifold with boundary diffeomorphic to closed (n — 1)-disk

if 29 = «, /4. Let to(n) be the value defined in the previous section.

THEOREM 7.1.

(1) The cut point of po along the geodesic y(t,n) is given by t = to(n) for any
po € M andn e Uy M

(2) Suppose pg & Jn—1. Then, the assignment n — ~(to(n),n) gives a homeo-
morphism from Uy to its image C(po), the cut locus of po, and it gives C™
embeddings of Uy and OU. respectively. In particular, C(po) is diffeomorphic
to an (n—1)-closed disk, and it is contained in (the interior of) N. Also, for
each n € OU, v(to(n),n) is the first conjugate point of po of multiplicity one
along the geodesic t — ~y(t,n) .

(3) Suppose pg € Jn—1. Then the cut locus C(pg) coincides with the cut locus of
po in the totally geodesic submanifold N,_1, which is a smoothly embedded
(n—2)-disk in J,,—1. For each interior point q of C(po) there is an S*-family
of minimal geodesics joining po and q; the tangent vectors of those geodesics
at po form a cone whose orthogonal projection to Ty, J,—1 is one-dimensional.
For each boundary point q of C(po), there is a unique minimal geodesic from
po to q, and along it q is the first conjugate point of po of multiplicity two.

In this and the next two sections, we shall prove this theorem. The proof will be
divided into five cases: (I) pg € Ny for any k; (I1) 0 < 22 < «,,/4, but pg € N; for
some [; (II1) 2% = 0; (IV) 2% = /4, and po & Jn—1; (V) po € Jn—1. In this section
we shall consider the case (I) and prove (1) and (2) of the theorem in this case. The
proofs for the cases (II) ~ (V) will be given in the next two sections.

For each € U_, let t_(n) be the first positive time ¢ such that x,(t,n) = —22.
Define the mapping ¢ : Uy M — N by

_atom),n) (neTy)
o= {v(t—(n),n) (nel-)

Then, ®(n) € N is the first point where the geodesic v(¢,7) meets N for any . We
shall prove that ® is a homeomorphism. To do so, we need several lemmas
Take a point pj, represented as (x9,...,20_ | z}), where 0 < 2} < 29 < a, /4.

Let U} be the hemisphere of U;()M defined by &, > 0. We deﬁne the mapping
v Uy — Ul so that it preserves the values b; of H; (1 < i < n — 1), ie., by
w(po;gh cee 7€n) = (p107§17 .. '7571)7 where

=& (1<i<n-1), &= “an ) — br)

Note that by’s are functions of (po;&1,...,8n) € Uy. Since by,—1 > fu(20) > fa(xl),
the image 1(U,) is contained in the interior U’ . Let N’ be the submanifold of M
defined by z,, = —x}, and define the diffeomorphism ¥:N — N by

U(z1,...,Tp1, —:C?l) = (21,...,Tp_1, —:C,ll)

We also define ® : U/, — N’ in the same way as Pl
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LEMMA 7.2. U(®(n)) = ®(¢(n)) for any n € Uy.

Proof. We write ¢(n) = 7 for simplicity. For the geodesics y(¢,n) and ~(t,7), we
have the equality (6.1) and the similar one. Taking the equality (6.2) into account,
we have the similar formula as (6.3):

n—1 (t i
o ( >1G<fi>A<fi>
Z dO’i
/ \/ [T=1 (fi = b)) - Tl (fi — a)
g [l < ) G(f)A(f:)
— Z d/UZ‘ .
i—vé V-T2 = b Thio U — an)

Therefore, in the same way as the proof of Proposition 6.2, we have o;(to(77),7) =
oi(to(n),n) and hence z;(to(7),7) = xi(to(n),n) for any ¢ < n — 1. Thus we have
v(to(),7) = ¥(v(to(n),n)). By the formula (6.4) we also have to(77) = to(n). O

By Proposition 6.7, we know that ®|y, is a local diffeomorphism and so is true
for the initial point pf. Therefore it follows from the above lemma that (I)|W is a local

homeomorphism and P| au; is a local diffeomorphism. For the mapping ® on U_, we
have the following

LEMMA 7.3. ®|z— is a C" local diffeomorphism.

Proof. By Proposition 6.7 and by the above observation, we know that ®|y_ and
®|,7— (= Ply77) are C°° immersions. Let {1} be a one-parameter family of unit

covectors at pg such that ns € U— (s > 0), no € OU_, and 15 = (0/0vp—1) /|0/Ovn_1],
where the variable v, _1 is the one defined in §5. We shall show that (I)|U_, is of class

C' and a local diffeomorphism at 7.
Differentiating the equality

n /Ul(t(ns)vns) (—1)lGn—1(fl)A(fl) doy
= V=TT = b0 - Tl — o)

in s, one obtains

=0

0= Bles Yarolt- () + oot () At (12),7)
(7.1) o n /Uz(t(ﬁs)ﬂls) (—1)lGn—1(fl)A(fl) doy
=i /o (o= bue)\ =TT (= be) - T (fr — )

where ¢; = :t|8/6un_1| at n; and 3 is the 1-form;

€ (=1)'Gn1(fi(1)) A(fi(22))
¢ T () — bi) - TT o (folare) — ar)
Then, taking the limit s \, 0, we have

0= ()] _y BG- (m), )

4e; ( )nGn 1( n— l)A(bn 1) )
\/ Hk;ﬁn 1 (o1 = i) - Tz o(bn—1 — ax)

)

d(fi(z1)) -
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Noting that the covector b(¥(t_(no),70)) is equal to

12 /(=D)L A(fi () T (filan) = be)
=1 \/ Hk 1 fl Il)—bk) szo(fl(xl)_ak)

at y(t—(n0),m0), we see that

d(fi(z1))

1 . 1
o =B {E-(10),m0)) < PP

This indicates that (0/9s)t_(ns)|s=o is finite and nonzero.

Also, by similar formulas to (7.1), the derivatives of y(t_(n),n) by the normal-
ized 0/0H; (j < n — 2) are of the form Y} o(t—(n)) + ¢,¥(t—(n)n) (or Z;o(t—(n)) +
cpy(t—(mn)) € Ty¢_(n),m N, which are continuous in 7 near the boundary OU_.
Therefore the mapping ®|5— is of class C and the lemma follows. O

COROLLARY 7.4. ®: Uy M — N is a homeomorphism.

Proof. The above lemma implies that ®|7— is a local homeomorphism. Thus,
combined with the above result, we see that ® : U; M — N is a local homeomorphism.
Since both U M and N are homeomorphic to the (n — 1)-sphere, and since n > 3, it
therefore follows that ® is really a homeomorphism. O

We shall prove that the image of the map U, 3 n — ~(to(n),n) is just the cut
locus of pg. Let us temporarily denote this image by C. Note that, for any n € Uy M,
the cut point of pg along the geodesic v(t,n) will appear at ¢t < ¢y(n), because of
Propositions 6.4 and 6.2. In particular, putting

V= {tne M|n€U*M,O§t<t0(n)},

we have the following lemma. Put Exp,,(tn) = v(t,7).

LEMMA 7.5.
(1) Exp,, :V — M is surjective.
(2) Exp, (V)NC=0.

Proof. Let ¢ € M be any point (# pg) and let y(¢t,n) (0 <t < T) be a minimal
geodesic joining po and ¢ (n € Uy M). Since T < to(n), (1) follows. Next, assume
that there is some n € Uy M and 0 < T < to(n) such that v(T,n) € C. Then,
2, (T, n) = —af or % + IO Note that if n € Uy, then t = to(n) is the first positive
time when z, (T, 77) = —xo or % + a9, Thus we have n € U_ and T = t_(n). But,
as we have proved in the previous corollary, ~(T,n) ¢ C in this case, a contradiction.
Thus (2) follows. O

Fix n € Uy M and suppose that the cut point of py along the geodesic ~(t,7)
appear before ¢t = to(n), i.e., the geodesic segment v(¢,7) (0 < ¢ < ty(n)) is no longer
minimal. Then there is another minimal geodesic v(¢,7) (0 < ¢t < T') joining py and
q= W(tO(n)v 77)7 ne U;;OM

Since the geodesic segment (¢,7) (0 < t < T') is minimal, we have T < to(7).
Also, since y(T,7) = q € C, we have T = to(7j) by Lemma 7.5 (2). Then, by the
injectivity of ® we have 7 = n or n. But this implies that the geodesic segment
~v(t,m) (0 <t <to(n)) is minimal, a contradiction. Thus ¢ = t(n) gives the cut point
of pg along the geodesic v(t,n). This completes the proof of (1) and (2) of the theorem
in the case where 0 < 2¥ < o, /4 for any i.
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8. Cut locus (2). In this section, we shall give a proof of Theorem 7.1 for the
case (IT) described in the previous section. The cases (III) ~ (V) will be considered in
the next section. Note that the statement (1) of the theorem holds for any py and any
n € Uy M, which is a consequence of the results in the previous section, Proposition
6.1, and the continuous dependence of cut points on the initial covectors. Thus we
shall prove (2) for the cases (II) ~ (IV) and (3) for the case (V).

Now, let us consider the case (II); 0 < 22 < «,, /4 and py € N, for some [ < n— 1.
As in the previous section, we shall show that ® : Uy M — N is a homeomorphism.

PROPOSITION 8.1. Suppose pg € N; and let n € Uy M be a covector such that the
geodesic v(t,n) is totally contained in N;. Let Yi(t) be a nonzero Jacobi field along the
geodesic y(t,m) such that Y;1(0) = 0 and Yi(t) is orthogonal to N; everywhere. Then,

Yi(to(n)) # 0.

The proof will be given below. This proposition together with Proposition 6.7
applied to the intersection of the Liouville manifolds N; in which the geodesic is
contained show that the mapping ®|y, and ®| prry are immersions. Then, in the same
way as the previous section, we see that (I)lﬁ is a local homeomorphism. On the
other hand, since to(n) represents the cut point, and since t_(7) < to(n), the mapping
®[y_ is a C> embedding and ®(U_)N®(Uy) = 0. Also ®(Us M) = N by continuity.
Therefore it follows that ® : Uy M — N is a homeomorphism. This indicates (2) of
the theorem in this case.

In the rest of this section we shall prove Proposition 8.1. We may assume that
there is only one such [ that the geodesic is totally contained in N;. According to the
position of the geodesic v(t,n), there are four different cases: (i) the geodesic v(t,n)
intersects J; transversally; (i) v(¢,n) does not meet Jj; (iii) v(¢,n) is tangent to J,
but not contained in it; (iv) y(¢,n) is contained in J;.

Let us begin with the case (i), and first assume py ¢ J;. We may also assume
fl+1(3:l0+1) < b = a = fi(x)); the case where fl+1(3:l0+1) =b =a < fi(2)) is
similar. Note that f;(z?) < b1 in this case, since the intersection of v(¢,n) and
J; is transversal in N;. Then the Jacobi field Y;(¢) is given by the one-parameter
family of geodesics {7(t,ns)}, where n, € U M satisfies no = 1 and H(ns) = b — 52,
H, () = by for j #1.

To show the proposition in this case, we use a technique similar to the one used
in the proof of Lemma 7.2, which is as follows. Take a point p{ represented as
(29,...,2f,...,29), where 0 = 29 < z{ < ay/4 and fi(z}) < bi_1,a,-1. Let U]_ be

rn

the hemisphere of U;E)M defined by § < 0 and so be U;— in U, M. Taking a sufficiently
small neighborhood W of n in U, M, we define the mapping v : U_nW — U]_ so that

it preserves the values of H; (1 <4 < n—1),i.e., by ¥(po; &1, -, &n) = (Dh; €15+ €n),
where

G=& (41 éz=\/<—1>l-1H<fl<w;>—Hk>.

k£l

Note that Hy’s are functions of (po;&1,...,&) € U_.

Let #} be the value of 2;(¢,9(n,)) at the time when o;(t,¢(ns)) = 2(a;_, — a]),
which is —x} or ] + a;/2. Also, &) is similarly defined. Let N’ be the submanifold
of M defined by z; = &}, and define the diffeomorphism ¥ : N’ — N, by

U(L1,eeny, @y ) = (21,00, 20,. . 1),
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Then we have the following lemma. The proof being similar to that for Lemma 7.2,
we omit.

LEMMA 8.2, W(v(t2(¥(ns)), ¢ (ns))) = V(t2(ns),ns) for any s > 0, where t5(n;)
denotes the time when o(ta(ns),ns) = 2(a; |, — a;").

Since t = ta(ns) is the first positive time when the geodesic y(t,ns) reaches N,
again, it follows that t2(ng) = lims_.o t2(ns) is the first positive time when the Jacobi
field Y;(t) vanishes. Applying Proposition 6.7 to the geodesic (¢, (1)), we have

to(1(no)) < t2(¥(no)). Since

on (t2(4(15)), ¥ (15)) = on(t2(15),7s),

we then have o, (t2(n0),m0) > 2(a,,_; — a,}), which implies to(n0) < t2(n0), and hence
Yi(to(mo)) # 0.

Next, let us consider the case (i) with the condition py € J;. Let ns € U;OM
be as above so that the geodesic y(t,ng) is transversal to .J; in N;. Then the family
of geodesics {7y(t,7s)}s>0 coincides with the family {v(¢, (- (ns,))} for a fixed so > 0,
where {(,} is the one-parameter group of diffeomorphisms of U* M generated by Xp,.
Thus, in this case, the first positive time t2(n9) when the Jacobi field Y;(¢) vanishes
has the property that

Y(ta(mo),ns) = Y(ta(no),mo) € Ji ,  oulta(no),ns) = 2(a;_y —a)") .

Now, let us consider N; as an (n — 1)-dimensional Liouville manifold constructed
from the constants a; (j # !) and the function A(X). Then the variables f;(x;) and
fi41(xi41) are connected to a single variable whose range is [a;4+1, a;—1], and the total
variation of this variable along the geodesic y(t,1m9) (0 < ¢ < t2(no)) is equal to
2(a;_; — a;;). Hence by Proposition 6.5 for the (n — 1)-dimensional manifold Ny, we
have to(no) < ta(no), and thus Y;(to(no)) # 0.

Next, we shall consider the case (ii); the geodesic v(t,n) does not intersects Jj.
There are two cases: a; = fi(x;(¢t,n)) = bi—1; bit1 = fi+1(zi+1(¢,m)) = a;. The proofs
for them are similar, so we may assume a; = b;_1. Note that b; < q; in this case, since
~(t,n) does not meet J;. The Jacobi field Y;(¢) is given by the one-parameter family
of geodesics {y(t,15)}, where n, € U M satisfies no = n and H;_1(ns) = a + 57,
H;(ns) = b; for j # 1 — 1. Define 65(t) by the formula

fil@i(t,ns)) = ai(cos 6‘8@))2 + Hl—l(ns)(SiHHS(t))Q , 05(0)=0

and put 6y (t) = limg_0s(t). Let t2(n) be the time such that 0y(t2(n)) = m. Then
t = ta(n) is the first positive time when Y;(¢) = 0. We shall show that to(n) < ta2(n).
We have

/”“2(’”’") (—1)'Gui1 (F)A) do
0 |fi—al|\/_ [lsi—a (fi = k) - TLi(fi — an)
. (=1)'27 Gpy—1(ar)Aay)
\/_ Hk;él—l(al —by) - Hk;ﬁl(al —ag)

il

=0.
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Also, a similar observation as in the proof of Lemma 4.2 indicates

(=1)'Gri—1(N)A(ar) dX
_2 s
;/ |/\_al|\/_ [z s O = br) - Tl (A — )

_ (—1)l2ﬂ' GlJ_l(al)A(al) '
v/~ Mo (@ = bi) - Tl (a1 — a)

Thus we have the formula:
gz/llAA Aar) (—1)'Gri_1(X) dA
il A= al \/ Hk;ﬁl 1(A—bk) - Hk;él( — ak)

_ 2eimad) (=1)'Gra—1(fi)A(f) do;
; /m(tz(n)m) |fz — al|\/— Hk;élfl(fi — bk) . Hk;,gl(fi _ ak) .

(8.1)

Take a sufficiently large constant ¢ > 0 and put
i =i(i<l), [{]=i-1(@G>1).

Then, by Lemma 4.2 ((n — 1)-dimensional case), the left-hand side of the formula
(8.1) is rewritten as

/ WG (N B(X) dA

o=t T2 (A= a)(A =)

Since B(\) satisfies the condition (4.1), the above value is positive by Proposition 4.1
(1) ((n — 1)-dimensional case). If to(n) > ta(n), then, applying Proposition 6.5 to
the Liouville manifold N;, we have o;(t2(n),n) < 2(a;_, — a;) for any i # I. This
indicates that the right-hand side of the formula (8.1) is nonpos1t1ve, a contradiction.
Therefore, it follows that to(n) < t2(n), and Y;(to(n)) # 0.

Next, we shall consider the case (iii); (¢, n) is tangent to J;, but not contained in
it. First, we assume pg € J;. In this case, it holds that either fl+1(:v?+1) <b=a=
fila) = bi—y or by = fiya(2),,) = ap = by < fi(a}). Since the proofs are similar,
we may assume

S (@) <br=ar = fi(a]) = b1 -

Define a one-parameter family of unit covectors 7y at pg such that 9o =7, Hi(ns) =
a; — s%, and H;(ns) = bj for j # . Then, the geodesics y(t,m5) (s # 0) are still on
Ni, but do not meet J;. Since the zeros of a family of Jacobi fields are continuously
depending on the parameter, it follows that lims_,gt2(ns) = t2(n) represents the first
positive time ¢ such that Y;(t) = 0. Now, substitute 1 = 7, in the formula (8.1) and
take a limit s — 0. Then, if to(n) > t2(n), one gets a similar contradiction as above.
Thus we have to(n) < t2(n), and Y;(to(n)) # 0 in this case.

Next, we assume that po € J;. Let ns € Uy M (no = n) be a one-parameter family
of covectors such that the infinitesimal variation of the geodesics {v(¢,75)} at s =0
is equal to Y;(t). Let t2(ns) be the first positive time such that v(¢,7s) € N;. Then,
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ta(n) = lims_ot2(ns) is the first positive time such that Y;(t) = 0. Also, by the same
reason as in the case (i), we have v(t2(ns),ns) € J; and so does for s = 0. Hence we
have o111 (t2(n),n) = 2(a; — a}',,), and thus to(n) < t2(n) by Proposition 6.5.

Finally, let us consider the case (iv); v(¢,n) is contained in J;. In this case, we
have

bipr = fipr(@iy) = b= ar = fi(z]) =bi_1 .
Define the one-parameter family of the initial points po(s) and the initial covectors
ns € U;O(S)M so that Hy11(ns) = Hi(ns) = by — s* and H;(ns) = b; (i # 1,1+ 1). Then
the formula (8.1) is valid for 7. Taking a limit s — 0, we have:

/ [ZHlGlz 1(A)B(A) dA

<n 17 \/ H (A = a)(A = ay))

_ /2< i,l—ab (=1)'Gri—1(f)A(fi) doi ,
oilta(mm) | fi — al|\/— iz (fi = k) - T (fi — ak)

Since the left-hand side of the above formula is positive by Proposition 4.1, we have
to(n) < ta(n) as before. This completes the proof of Proposition 8.1.

il I4+1

9. Cut locus (3). In this section, we shall give a proof of Theorem 7.1 (2) for
the cases (III) and (IV), and (3) for the case (V). First, we shall consider the case
(III)a Po € Nn

We use Lemma 7.2 in the case where x1, = 0 and use it by exchanging py and p}.
As a consequence, we see that the mapping

(Upo M D) Uy 31— 7(to(n), 1) € N
is a C* embedding. Therefore, to prove (2) in this case it is enough to show that the
mapping
(9.1) OU 2 n— (to(n),n) € Ny

is an embedding.

For pg € N, and n € U;‘ONn7 let fo(n) denotes the value defined in the same
way as to(n) for the (n — 1)-dimensional Liouville manifold N,,. (Note that N, is
constructed from the constants 0 < ap—1 < --- < ap and the function A(X) as in §2.)
As we have proved in (1), t = fo(n) gives the cut point of py along the geodesic (¢, 7)
in N,,. In particular, we have to(n) < fo(n). Therefore, the following proposition will
indicate that the mapping (9.1) is an embedding.

PROPOSITION 9.1. to(n) < to(n) for any po € N,, and n € UpoNin.

Proof. We use the formula
5 / ()" G2 VBOY)
Sl T - b TS (A — an)
:7121/2(111»1 al) (=1)'Gn1m—a(f)A(f:) o
S et (= )= T2 — b Tz (s — an)
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where

AN — Alan)

B(A) =c— .

and ¢ > 0 is a sufficiently large constant. As before, the left-hand side of the above
formula is positive, whereas each integrand of the right-hand side is negative for
i <mn — 2. Thus, if to(n) = to(n), then

2(&;72 - ar—tﬁl) = O'nfl(to(n% 77) = O'nfl(to(n)a 77)7

and we have a contradiction. Therefore it follows that to(n) < o(n). O

Next, we shall consider the case (IV); 29 = a,,/4 and py & J,—1. By the fact
similar to Lemma 7.2 and by the proved cases, we see that the map n — y(to(n),n)
gives C*° embeddings U; — N and OU, — N, where N is the subset of N,,_; given
by z, = —a,/4. To see that the cut locus C(po), the union of the images of those
embeddings, is in the interior of N, it is enough to show that C'(py) does not meet
Jn—1, a connected component of which is equal to the boundary of N. Assume that
Y(to(n),n) € Jn_1 for some n € U;. By Lemma 2.1 we see that F,,_1(n) = 0. Since
po & Jn—1 and pg € Nj,—1, it thus follows that n € U, Np—1, i.e., n € 0U,.. Now put

y(t) = ~y(to(n) —t.m)

Then, ~(t) is a geodesic starting at v(to(n),n) € J,—1 and its first conjugate point
is po = v(to(n)). But, as we shall see just below, the first conjugate point of any
geodesic starting at a point in J,_1 also belongs to J,,—1, which is a contradiction.
Thus C(po) is contained in the interior of N. This finishes the proof of (2) of the
theorem in this case.

Finally we prove the statement (3) of the theorem for the case (V); po € Jp—1.
Note that ¢ = #¢(n) gives the cut point of py along the geodesic v(t,n) for any n €
U,,M. We apply the results proved above to the (n—1)-dimensional Liouville manifold
N,_1, which is constructed from the constants 0 < a,, < a,_o2 < --- < ag and the
function A()\). Noting the fact J,,_1 N J,_2 = 0, we see that the cut locus C(po) of
po in N,,_1 is an (n — 2)-closed disk, and it is the image of the map

U_+ﬂT;0Nn_1 i Jn—lu UHV(EO(W)W%

where £y(n) is the value which is defined in the same way as to(n) for the (n — 1)-
dimensional Liouville manifold N,,_;. It has also been proved that the above map is
an embedding on the interior and on the boundary.

Let 7 be a unit covector such that 7 ¢ Ty N,_1. Let {(s} be the one-parameter
transformation group of 7*M generated by Xp, ,. Then 75 = (s(7]) € U, M whose
orthogonal projection to T;O Jn—1 does not depend on s, and 7t = liMg— 10075 €
T Np—1. By the definition of to(7js) we have v(to(7)s),7s) € Jn—1. Therefore the
Jacobi field 7, XF,_, along the geodesic (¢, 17s) also vanish at t = #¢(7}s). Thus we
have

Y(to(7s), Ms) = Y(to(too)s N+oo), to(7s) = to(7+o0)

for any s € R. Since t = to(7)s) gives the cut point of pg along the geodesic (¢, 7s),
and since M40 € U*N,_1 and 1—«x € U*N,,_; are symmetric with respect to the
hyperplane Ty Jn—1 C T Np—1, it follows that #o(n+ec) = to(7)£e0). Thus we have
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proved that the cut locus C(pg) of po in M coincides with C(py) and that if 7y,
n2 € Uy M have the same T}y .J,,—1-components, then (to(n1),71) = v(to(n2),m2)-
From these it also follows that for n € Uy Jn—1, t = to(n) gives the first conjugate
point of py with multiplicity two along the geodesic (¢, 7). This finishes the proof of

Theorem 7.1.
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