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SUBGRADIENT ESTIMATE AND LIOUVILLE-TYPE THEOREM
FOR THE CR HEAT EQUATION ON HEISENBERG GROUPS*

SHU-CHENG CHANGT, JINGZHI TIEf, AND CHIN-TUNG WU$

Abstract. In this paper, we first get a subgradient estimate of the CR heat equation on a
closed pseudohermitian (2n + 1)-manifold. Secondly, by deriving the CR version of sub-Laplacian
comparison theorem on an (2n + 1)-dimensional Heisenberg group H™, we are able to establish a
subgradient estimate and then the Liouville-type theorem for the CR heat equation on H™.
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1. Introduction. In the paper of [Y], S.-T. Yau derived a gradient estimate
for positive harmonic functions on a complete noncompact Riemannian manifold. As
a consequence, Liouville-type theorems can be proved for manifolds of nonnegative
Ricei curvature. Moreover, in the paper of [LY], P. Li and S.-T. Yau established the
parabolic Li-Yau gradient estimate and Li-Yau Harnack inequality for the positive
solution of the heat equation on a complete Riemannian manifold.

However for a pseudohermitian (2n + 1)-manifold (M, J,0), the corresponding
estimates are not clear due to a lack of sub-Laplacian comparison theorem and CR
Bochner formula. In this paper, we consider the CR heat equation (1.6) with respect
to the sub-Laplacian on (M, J,§). By using the arguments of [LY] and CR Bochner
formula (2.1), we are able to derive the CR version of parabolic Li-Yau gradient es-
timate and the so-called reversed Li-Yau Harnack inequality for the positive solution
of CR heat equation. Then by combining the standard parabolic Li-Yau gradient
estimate, we derive a subgradient estimate of the CR heat equation on closed pseudo-
hermitian (2n + 1)-manifolds. Moreover, by deriving the CR version of sub-Laplacian
comparison theorem on (2n + 1)-dimensional Heisenberg groups H", we are able to
establish the subgradient estimate and the Liouville-type theorem for the CR heat
equation on H™.

The main key step is to derive the CR version of Bochner formula. This formula
(2.1) involving a third order operator P which characterizes CR~pluriharmonic func-
tions ([L1]), is hard to control. However after integrating by parts (see 1.5), we are
able to relate this extra term to the CR Paneitz operator Fp.

We first give a brief introduction to pseudohermitian geometry (see [L1] for more
details). Let (M,&) be a (2n + 1)-dimensional, orientable, contact manifold with
contact structure £, dimgp& = 2n. A CR structure compatible with £ is an en-
domorphism J : £ — & such that J2 = —1. We also assume that J satisfies the
following integrability condition: If X and Y are in &, then so is [JX,Y] + [X, JY]
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and J([JX, Y]+ [X,JY]) = [JX,JY]—[X,Y]. A CR structure J can extend to C®¢
and decomposes C®¢ into the direct sum of T o and Ty ; which are eigenspaces of J
with respect to ¢ and —i, respectively. A manifold M with a CR structure is called
a CR manifold. A pseudohermitian structure compatible with £ is a CR structure J
compatible with £ together with a choice of contact form 8. Such a choice determines
a unique real vector field T transverse to &, which is called the the characteristic vec-
tor field of 6, such that (T) =1 and L1760 = 0 or dO(T,-) = 0. Let {T, Z,, Z5} be a
frame of TM ® C, where Z, is any local frame of T o, Z5 = Zy € Tp,1 and T is the
characteristic vector field. Then {6, 0%, 6%}, which is the coframe dual to {T', Z,, Zs},
satisfies

_ i pa 8
(1.1) df = ih,50% N 67,

for some hermitian matrix of functions (h,3). Actually we can always choose Z,, such
that h,3 = dag; hence, throughout this paper, we assume h,3 = dap-
The Levi form (, ), is the Hermitian form on 73 ¢ defined by
(Z,W),, = —i(d9, Z AT,

We can extend (, ), to Ty by defining (Z, W>L9 =(Z,W),, forall Z,W € T .
The Levi form induces naturally a Hermitian form on the dual bundle of T7 o, denoted
by (, ) Ly and hence on all the induced tensor bundles. Integrating the Hermitian

form (when acting on sections) over M with respect to the volume form dy = 6 A df,
we get an inner product on the space of sections of each tensor bundle. We denote
the inner product by the notation ( , ). For example

(g, 0) = /M ey du,

for functions ¢ and .
The pseudohermitian connection of (J,6) is the connection V on TM ® C (and
extended to tensors) given in terms of a local frame Z, € T} o by

VZo =0."®Z3, VZs=0s"®2Z5 VT =0,

where 6,7 are the 1-forms uniquely determined by the following equations:

doP =0 N0 +O0NTP,
(1.2) 0=r1,N0%
0= 90/3 + 955‘,

We can write (by Cartan lemma) 7, = Aq,07 with Ay, = A,4. The curvature of the
Webster-Stanton connection, expressed in terms of the coframe { = 6°,6% 69}, is

Hﬁa = HBE‘ = dt%“ — 9[37 A 970‘,
* = 11,° = To” =T115° =11,° = 0.
Webster showed that IIg* can be written

Hga :Rgap,}@p/\96—I—Wgapep/\e—Wagpeﬁ/\e—f—i@g/\Ta —Z'Tg/\ea
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where the coefficients satisfy
Rgaps = Rogop = Rapsp = Rpaps,  Wpay = Wyags.

We will denote components of covariant derivatives with indices preceded by
comma; thus write Aag,. The indices {0,c,a} indicate derivatives with respect
to {T, Zu, Za}. For derivatives of a scalar function, we will often omit the comma, for
instance, fo = Zof, fop = ZgZaf —0a"(Z5)Z~f, fo=Tf for a (smooth) function.

For a real function f, the subgradient Vy is defined by Vi f € § and (Z,Vyf), =
df (Z) for all vector fields Z tangent to contact plane. Locally Vi f = > faZo+ foaZa-
We can use the connection to define the subhessian as the complex linear map

(VEVf Ty og@Toq — Tio®To,

by

(VI F(Z) = V2V
Also

Apf =Tr ((V1)?f) = Yo (foa + faa).

The Webster-Ricci tensor and the torsion tensor on 77 o are defined by

Ric(X,Y) = R,5X°Y?,
and

Tor(X,Y) =iY, 5(AsgX Y P — Ayg XY P),

where X = X°Z,, Y = YPZg, R.3 = R,7,3. The Webster scalar curvature is
R=R," = h“ﬁRag.
Next we recall some definitions.

DEFINITION 1.1. (i) A piecewise smooth curve v : [0,1] — M is said to be
horizontal if v '(t) € & whenever ~ '(t) exists. The length of v is then defined by

1
1
1) = [ 60 @)
0
The Carnot-Carathéodory distance between two points p, g € M is

de(p, q) = inf {I(v)| v € Cpq},

where Cp, 4 15 the set of all horizontal curves joining p and q.

(i) By Chow connectivity theorem [Cho], there always exists a horizontal curve
joining p and q, so the distance is finite. We say M is complete if it is complete as a
metric space.

DEFINITION 1.2. A smooth real-valued function w in M is said to be CR-
plurtharmonic function if for any point p € M, there is an open neighborhood U
of p in M and a smooth real-valued function v on U such that Oy(u + iv) = 0.
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DEFINITION 1.3. ([L1]) Let (M?"*1,J,0) be a complete pseudohermitian mani-
fold. Define

a=1
which is an operator that characterizes CR-pluriharmonic functions. Here

(13) PBQD = Z(Qpaaﬁ + inAgacpa)

a=1
and Py = (ﬁgg@)@ﬁ, the conjugate of P. Moreover we define
(1.4) Pop = 4 (66(P) + 04(Pp))

which is the so-called CR Paneitz operator Py. Here &y is the divergence operator that
takes (1,0)-forms to functions by 6p(0,0%) = 04.% and 0y(0x0%) = ox,*. If we define
O = b and Oy = pab®, then the formal adjoint of 8y on functions (with respect
to the Levi form and the volume form du) is Of = —0.

We observe that if (M, J,0) is a closed pseudohermitian (2n 4 1)-manifold, then

_ 1
(1.5) —/ (P + Py, dyyp) dp = Z/ Po - ¢ dp.
M M

In particular if (M, J,0) has zero torsion, we have

Pop = Lo Lo = [A2p +n*T?¢).
Here

Lop = =Ny +inTo = —205°.

For the details about these operators, the reader can make reference to [GL], [H] and
[L1].

REMARK 1.1. ([H], [GL]) (i) Let (M, J,0) be a closed pseudohermitian (2n+1)-
manifold with n > 2. Then a smooth real-valued function f satisfies Pof =0 on M if
and only if Psf =0 on M. It holds also for a closed pseudohermitian 3-manifold of
zero torsion.

(ii) Let Psf = 0. If M is the boundary of a connected strictly pseudoconver
domain Q C C™*1, then f is the boundary value of a pluriharmonic function u in .
That is, 00u = 0 in Q. Moreover, if Q is simply connected, there exists a holomorphic
function w in Q such that Re(w) = u and u|p = f.

In this paper, we consider the positive solution u(z,t) of the CR heat equation

with respect to the sub-Laplacian

(1.6) %u(x, t) = Apu(z,t)

on M x [0,T).
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PROPOSITION 1.1. Let (M, J,0) be a closed pseudohermitian (2n + 1)-manifold.
If u(z,t) is the positive smooth solution of (1.6) on M x [0,00). Suppose that

[2Ric — (n+2)Tor)(Z,Z) > —lo|Z|?,

for all Z € Ty o and ly is a nonnegative constant. Then the function

2
(1'7) G=t |:|Vb§0|2 + (1 + E) Spt]
satisfies the inequality

(A= 2)G > —25(Vep, ViG) s
on n+1)(n+2
AR CrEs Yo ) (G - o )

—lot | Vp|* — 8tu=2 (Pu+ Pu, dbu>L* )
0

Let u(z,t) be a positive solution of (1.6) on M x [0, 00). In section 2, it is proved
that if Pgu =0 at t = 0, then Pgu = 0 for all ¢ on a closed pseudohermitian (2n + 1)-
manifold of zero torsion. Then the extra term of CR Bochner formula (2.1) becomes

(1.8) (Pu+ Pu,dyu) =0

on M x [0, 00).
Now by using the arguments of [LY], (2.1) and (1.8), we are able to derive the

CR version of parabolic Li-Yau gradient estimate for the positive solution u(z,t) of
(1.6) on M x [0, 00).

COROLLARY 1.2. Let (M, J,0) be a closed pseudohermitian (2n + 1)-manifold of
zero torsion and nonnegative pseudohermitian Ricci tensors. If u(x,t) is the positive
solution of (1.6) on M x [0,00) such that

Pﬁu:O

at t = 0. Then u satisfies the estimate

\Vyul® +n—|—2ﬁ < (n+D(n+22*1
- t

1.9
(1.92) u? n o 2n
on M x [0,00).

By combining the result of [CY] and Corollary 1.2, we get the following subgradient
estimate of the logarithm of a positive solution to (1.6).

THEOREM 1.3. Let (M, J,0) be a closed pseudohermitian (2n + 1)-manifold of
zero torsion and nonnegative pseudohermitian Ricci tensor. If u(x,t) is the positive
solution of (1.6) on M x [0,00) such that

Psu=0, 8=1,2,---,n

at t = 0. Then there exist constants C1, Co such that u satisfies the subgradient
estimate

(1.10) t|Vylogul® < Cy + Cat
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on M x [0,00).

Note that the arguments of [LY] can be extended easily to complete noncompact
pseudohermitian (2n + 1)-manifold if one can have the CR version of Laplacian com-
parison theorem. Indeed, this is the case for a (2n + 1)-dimensional Heisenberg group
H™ (see section 5 for details). Then we have

THEOREM 1.4. If u(z,t) be a positive smooth solution of (1.6)

(Ab - %) u(z,t) =0
on H™x[0,T) with
Psu =0
at t =0, then u satisfies the subgradient estimate

(n+2)(n? +5n +2)
4n+1)

£V, logu|* <

on H™x[0,T) for any € > 0.

REMARK 1.2. For the CR Yamabe flow on a closed pseudohermitian 3-manifold
of zero torsion and nonnegative Tanaka- Webster curvature, we have the similar result
on CR version of Li- Yau-Hamilton inequality ([CCW]).

As a consequence, we have the following Liouville-type theorems for CR heat
equation on H™ x [0, 00).

COROLLARY 1.5. Let (H™,J,0) be the standard (2n + 1)-dimensional Heisenberg
group. If u(x,t) is a positive solution of (1.6) on H™ x [0, 00) with a positive smooth
CR-pluriharmonic function as an initial. Then u is a constant.

REMARK 1.3. [t is true that there are no nontrivial positive harmonic functions

on H™. See [KS] for details.

Now for any L2-function u(x,t), we may write
u(x,t) = uker (2, 1) + ut(x,t)

with Py(uger(z,t)) = 0. From Lemma 2.2, we may split the CR heat equation (1.6)
into the following heat equations respectively :

R — 1
(1.11) pr Apu
and

o0
(112) &ukcr = Abukcr

on Heisenberg group (H™,J,0). Observe that H(z,y,t) € C°(H™ x H™ x RT) and
for any fixed y, t, H(x,y,t) € L?>(H™). Then for any L?-function u(x,0) = f(z), we
have

f(‘r) = fker(x) + fJ_(x)
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and
H(LL', Y, t) = err(xu Y, t) + HJ_(xa Y, t)

with Py (fxer(2)) = 0 and Py(Hyer(z,y,t)) = 0. Hence

(g, 1) = / H (2,5, 8) f* (2)de
and

ukcr(yat) :/chr(xayvt)fkcr(x)dx-

As a consequence from Theorem 1.4 and Corollary 4.4, we have the following
subgradient estimate of the heat kernel.

COROLLARY 1.6. Let H(x,y,t) be the heat kernel of (1.6) on H™ x [0,T) with
H(x,y,t) = Hyer(2,y,t) + HY(x,5,t). Then for some constant § and 0 < e < 1,

5, (2n+3) d%(z,y)
Hcr ’ at S 2t ———
Vo, )] < Ol F 5 exp (0

with C(€) — 0o as e — 0.

For simplicity, we first prove Theorems of this paper on a pseudohermitian (2n +
1)-manifold (M, J,0) with n = 1 as in section 3,4. The higher dimensional cases will
be given in section 5, 6.
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Prof. S.-T. Yau for constant encouragement, Prof. J.-P. Wang for valuable discussions
during his visit at NCTS, Hsinchu, Taiwan. The first and second named authors would
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Mathematics, Academia Sinica for the hospitality during the visit. Also the authors
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2. CR Bochner formula and preserving property. In this section, we will
drive the CR version of Bochner formula and the preserving property for (1.6) on a
pseudohermitian (M?"+1 ], 6).

We first derive the following CR. version of Bochner formula on a complete pseudo-
hermitian (M?2"*1 J.0).

LEMMA 2.1. Let (M?"*1 J,0) be a complete pseudohermitian manifold. For a
real smooth function u on (M, J,0),

%Ab|vbu|2 = |(VH)2U|2 + (1 + %) < Vyu, VplApu >1,,
(2.1) +[2Ric — (ni— 2)Tor|((Vyu)c, (Viu)c)
—% < Pu+ Pu,dyu >rs

Here (Vyu)c = ugZs is the corresponding complex (1,0)-vector field of Vyu and
dpu = ug " + uz6®.

REMARK 2.1. In [Chi] and [CC], the CR Bochner formulae (2.1) was derived for
n=1.
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Proof. First from [Gr], we have for a real function u
%Ab|vbu|2 = |(VH)2U|2+ < Vyu, VplApu >1,,
(2.2) +(2Ric — nTor)((Vyu)c, (Viu)c)
=20y " (UaUm0 — Ugliag)-
We use the matrix haB to raise and lower indices. In the following we always

compute at one point. Then one may assume hQB = 50@ to lower the index. For
instance,

PBSD = Z(‘paaﬁ + inABa(pE)

a=1

and

n
Uow — U0 = E Aﬁauy
=1

and
Uy = U5 — Ug,.
Compute

LU UF0

= U Uog — 1 Z:Zl A 5 GUaty

= %“a;gzl(%ﬁg — Uggs) 121 Anﬁ Flyla

= 2uaPou +i 27:1 A5 FUqly — % Eﬁ:l(uauﬁga)
izzzl A 5 guyug

= %uaﬁau - % 22:1(7‘&“555)

and
—iUglao = conj(itaUg)-
Then
—2i Y0 (Uatigo — Uglian) = —2 < Pu+ Pu,dyu >;
+% ZZ,gzl(uauma + UEUBEQ)-
But

< Vyu, VelApu >,

= Za,g=1[ualUgs T ugpla + ua(ugy + ugp)al

=20, p=1(UaUgps + Uuatsp,) + 30 go1 (Uatl s + Uaugg,)
= EZ,g:l(uauﬁga + ugtgs, )+ < Pu+ Pu,dyu >py

+in Z:)QZI(A 7 alaly — A 5 quguy)

= Zz,gzl(uauﬁga + Ut gg, )+ < Pu+ Pu, dyu >
+nTor((Vyu)c, (Veu)c).

It follows that

=203 0 (uaUuzo — Uzliag) = —% < Pu+ Pu,dyu >r

(2.3) —2Tor((Vyu)e, (Viu)e)
+2 < Vu, VoAyu >, .
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Finally from (2.2) and (2.3), we have

38| Voul? = [(VP)?ul? + (1 + 2) < Vyu, Vidpu >,
+[2Ric — (n + 2)Tor|((Vyu)c, (Veu)c)
—% < Pu+ Pu,dyu >rr -

O

LEMMA 2.2. Let (M, J,0) be a closed pseudohermitian (2n + 1)-manifold of zero
torsion. If u(zx,t) is a solution of

(30 2)ute 0

on M x[0,00) with Pgu(x,0) = 0. Then Pgu(x,t) =0 for all t € (0, 00).

Proof. Let (M, J,0) be a closed pseudohermitian (2n-+1)-manifold of zero torsion.
From Remark 1.1, we have Pyu = 0 if and only if Pgu = 0 and

Pou = ((Ap)*u + nT?u).

It follows that Ay Pyu = PyAyu. Apply Py to the heat equation, we obtain

d
(Ab - 5) Poyu(z,t) =0

on M x [0,00) with Pyu(z,0) = 0. Hence the Lemma follows from the maximum
principle and Remark 1.1. O

LEMMA 2.3. Let (H™, J,0) be the standard (2n+1)-dimensional Heisenberg group.
If u(x,t) is a solution of

<Ab - %) u(z,t) =0
on M x[0,00) with Pgu(z,0) =0, 8=1,...,n. Then Pgu(x,t) =0 for all t € [0, 00).

REMARK 2.2. Since (H™,J,0) is complete noncompact, Pgu is not necessarily
vanishing even if Pou = 0. So we need to have a different proof from Lemma 2.2.

Proof. We first do it for n = 1. We need the following commutation relation ([L1])

Cro1—Crio = C;1Ann —kCra 1,
(2.4) Crot—Crio = CraAn+kCrAg,,
CI,lT — CI,Tl = Cro+kWCT,

Here C; denotes a coefficient of a tensor with multi-index I consisting of only 1 and
1, and k is the number of 1 minus the number of T in I.
For

%UTM = (Abu)ml
(UTI + Uﬁ)iu
(u +u

T1T11 1711177
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it follows from (2.4) that

U1y, = UT11T1 — Y1101 = Y1111 — “UT110

and
ulﬁu = u11111 + M'J’()Tu
= (uT1111 "“1101) + ZuoTll '
= u11111 __ZuTno) ZullOl + ZuoTn
= U  — — LU .
11117 1110
Thus for Lo = —Ay + 2iT
4 A ] L
(2.5) Pt 1 T SvliTn 2y, = — Loy

This plus (2.5) imply

Q(Plu) = —EQ(Plu).

ot

Similarly for n > 2, we have

a n n

5 ) = 5. ( Zumﬁ Y (Bpw)aas = Y (tyy + uyy)aas.

a=1 v,a=1
Now by commutation relations
Uyygag = Ugyaap T iUoaas

(2.6) — e T iliwei

U~y Baa — Z'uﬁ'yOOz + anaﬁo
U~y paa — MUyl + LUz B0
and
Uyyaap = Ugyafo
(2.7) =  Uyyfaa — WUxy0a
= UyyBaa — WUxyp0 — WUyya0-

It follows from (2.6) and (2.7) that

%(Pﬁu) = Z:a 1(UyFaas + Usyaas) —n
= Ay(Pgu) —2i Z'y a=1Uyya0 T i Z'y a=1Uaapo — 1 Z'y,a:l U350
= Ap(Pgu) —2i Z'y a=1 Uyya0
Ap(Pgu) — 20T (Y 0, Pau).
Hence
a n n ] n
E(Z Pgu) = Ab(z Pgu) — z2nT(Z Psu).
B=1 B=1 B=1
That is

8 n n
&(Z Pau) = —Lon (> Pau).
B=1 B=1

Here Lo, = —Ay 4 i2nT. Since 2n is not an odd integer, — Lo, is a subelliptic op-
erator again. Then by the uniqueness of solution to subelliptic parabolic equation,
Pgu(z,t) =0 for all ¢t € [0,00) if Pgu(z,0)=0, 8=1,..,n. 0
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3. Subgradient estimate of the CR heat equation. In this section, we first
establish the subgradient estimate of Theorem 1.3 for n = 1. For n > 2, we refer it
to section 6.

Let (M, J,0) be a closed pseudohermitian 3-manifold. By using the arguments of
[LY], we are able to derive the CR version of parabolic Li-Yau gradient estimate for
the positive solution u(z,t) of (1.6) on M x [0, o).

Let ¢ = logu. Then ¢ satisfies

0
(Ab - &> ¢ =—|Vopl?.

On the other hand, from Cao-Yau’s ([CY]) paper, one has the standard parabolic
Li-Yau gradient estimate.

PROPOSITION 3.1. ([CY, Theorem 2.1]) Let (M, J,0) be a closed pseudohermitian
(2n + 1)-manifold and u(z,t) be a positive smooth solution of (1.6) on M x [0, 00).
Then there exist constants C',C" and 8y > 1 such that for any § > do, u satisfies the
estimate

5ﬂ§g+0”

U t

Vyul*

(3.1) -

u

on M x [0, 00).

Now we derive the CR version of parabolic Li-Yau gradient estimate for the
positive solution of the CR heat equation. First, we need the following Lemma.

LEMMA 3.2. Let (M, J,0) be a closed pseudohermitian (2n + 1)-manifold. Let
p=Inf, for f >0. Then

52) <PSD+P<PadbS€>Lz
' = [2(Pf+ P, dbf>L; — 3 (Voo, Vi Vool ?) — 571 A fIVe.

Proof. In the following, we use the Einstein convention notation. Let Q(x) =
IVi|? (z). We compute

vbQ = QEZQ + QQZE = 2vb(§0a§05)
= 2f74(f2fafa§ + f2fafa5 — 2fafafB)Zg + complex conjugate.

It follows that

Py
= Yaap + inAﬁa@E
= S faap — [P fatap — [P fafap — [P fofaa + 2f fafofa) + inAsaf " fx

= [ (Paf — 3 f Qo ™ fo )

= £ (Paf ~ 5 Qs ~ o fa),
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thus

(Py + Py, deO>L; = <(Pﬁ<p) 0° + (Psy) 07, 06° + cpEHB>Lg
= (Psyp) w5+ (PﬁSD) vg
= (Psf - %f@ﬁ — ¢pfaa)ps + complex conjugate
= [ (Pf+Pf.dvf),. - % (Voep, Vi | Vipl*) — %f‘lAbf Vol
This implies the Lemma. O

LEMMA 3.3. Let (M, J,0) be a closed pseudohermitian 3-manifold. If u(x,t) is
the positive smooth solution u(x,t) of (1.6) on M x [0,00). Suppose that

(2Ric — 3Tor)(Z,Z) > —ko|Z|?,

for all Z € Ty o and ko is a nonnegative constant. Then the function

(3.3) F=t (|Vbsal2 + 3(/715)
satisfies the inequality

1

9t

—kot | Vyep|* — 8tu~2 (Pu+ Pu,dyu), . .
0

0 2
(Ab— —)FZ _§<vb§0=va>+ F(F—9)+

ot

Proof. First differentiating (3.3) w.r.t. the ¢-variable, we have

1
F = ¥F+t (|Vb<p|2 + 3<pt)t

1
(3.4) = <F 4+t (4V0] + 300
t t
1
= S F +t[8(Vop, Vopr) + 3000

By using the CR version of Bochner formula (2.1) and Lemma 3.2, one obtains

Ay F =t (Ab Vel + 3Ab<Pt)

= t2/(V7)?0? + 6 (Vip, Vi App)
+2(2Ric— 3Tor)((Vee)c, (Vep)c)
—8(Py + P, dyp) ; + 30,04

(3.5) > t{d on|* + (Aup)® + 6 (Vop, Vi Auip) — ko [Viepl”

—8(Py + P, dyp) ; + 30,04

= t[4]en1|* + (App)® + 6 (Vop, VoAuep) — ko [ V|
—8u 2 <Pu + Pu, dbu>L3 + 44| Vo)
+4(Vip, V| Vi|*) + 304¢).
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Here we have used the inequalities

2 1 1 1
(3.6) (V) 20|” =2]en|* + §(Ab%0)2 + 5%’(2) > 2|1 |* + §(Ab80)27

. k
(2Ric = 3Tor)((Vap)e, (Vog)e) = —ko | (Vag)el” = =5 Vol

and
ur Apu
<Pt = — = —
U U
Applying the formula
2 1 4 2
(3.7) App = o1 — [Vipp|” = EF 3 Vool

and combining (3.4), (3.5), we conclude
0 1 2 9
Ap = o0 | 2 =2 F 4 thpul” + (Ap)” + 6 Vo, ViApp)
+4 (Vo Vol Vogl*) — 8(Vip, Vipr)
—ko | Vop|® + 4| Vip|? — 8u2 (Pu + Pu, dbu>L;]

1

2 4
= _gF + t[—§<vbgp, Vo F) — 3 <ng0, Vb|Vb<p|2> +4 |<p11|2

+(Ab<p)2 — ko |ng0|2 + 4<pt|Vb<p|2 —8u~2 <Pu + Pu, dbu>Lg]'
Now it is easy to see that

(Vo, Vi |Voe|*) = 4Re(p1101907) + App| V|
Thus

=3 (Yo, V5| Vegl?) —?Re(fu%ﬁwﬂ — 3850 Vie|?
—4leul” = Llerl* — 320 Vopl?

2
4o |” — 21Vue* — 2 A0 Vip|

v Il

Here we have used the basic inequality 2Re(zw) < €|z|? + e w|? for all € > 0. All
these imply

(B =F)F = —1F =3V, Vol) +tl(B00)? + §A00[ Vool
+32|Vyp| — ko [Vip|” — 8u™2? (Pu + Pu, dbu>Lg]
> —2(Vyp, Vo F) + L F(F —9)

—kot | Vyp|” — 8u~2 (Pu+ Pu, dbu>L* )
]

This completes the proof of Lemma 3.3. O

THEOREM 3.4. Let (M, J,0) be a closed pseudohermitian 3-manifold of zero
torsion and nonnegative Tanaka- Webster scalar curvature. If u(z,t) is the positive
solution of (1.6) on M x [0,00) such that

Plu:O
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at t = 0. Then u satisfies the estimate

Vyul?

(3.8) 2

gt 9
U t
on M x [0, 00).

Proof. Applying Lemma 3.3 to ¢ by setting A11 = 0, ko = 0 and
<Pu + Pu, dbu> =0.

Then we have

0 2 1
(3.9) (Ab - §> F > ~2(Vip, VoF) + o F(F ~9).

The theorem claims that F' is at most 9. If not, at the maximum point (xg, o) of F
on M x [0,T] for some T > 0,

F(xo,to) > 9.

Clearly, to > 0, because F'(z,0) = 0. By the fact that (x¢,to) is a maximum point of
F on M x [0,T], we have

AbF(.’I]Q,tO) S 07

VbF(:E(),to) = 0,

and
Ft({E(), to) Z O

Combining with (3.9), this implies

1
0> QTF(HUO, to)(F(zo,t0) —9),
0

which is a contradiction. Hence F' < 9 and the theorem follows. [

Then by combining Proposition 3.1 and Theorem 3.4, the subgradient estimate
Theorem 1.3 follows easily for n = 1.

4. Subgradient estimates in the Heisenberg group H'. In this section, we
first establish Liouville-type theorems for the CR heat equation on a 3-dimensional
Heisenberg group H'. Secondly, we derive the subgradient estimate for CR Heat
Kernel on H*.

From [PP], we recall the following result.

PROPOSITION 4.1. If u(x,t) be a positive smooth solution of (1.6) on H™ x [0,T),
then u satisfies the estimate
Voul*  w

t
5 <
u u

-3

on H™ x [0,T).
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THEOREM 4.2. If u(z,t) be a positive smooth solution of (1.6)

(Ap — %)u(m,t) =0

on H' x [0,T) with
Plu =0
at t =0, then u satisfies the subgradient estimate

Vyul? 9
| b;i| _'_3@ < +e€
U U t

on H! x [0, T) for any e > 0.

Proof. Let Baogr be a ball of radius 2R center at O € H'. Let ¢ = logu and
F = t(|Vyp|* + 3¢1), then

Vyul? F
sup | bg| + 3E = sup—.
Br u u Br t

Let ¢ € C§°(R) be a cut-off function ([DT]) such that 0 < ¢ < 1, ¢(¢t) = 1 for
t €10,1], ¥(t) =0 for t > 2. We also require

(4.1) ' <0, ¢ >~—-Cp, and ——

where C} and Cy are positive constants. Denote by d.(x) be the Carnot-Carathéodory
distance from O to z in H'. Then we define n(z) = v (@). It is clear that

suppn C Bag and n|g, = 1.

We want to apply the maximum principle to nF. The function n may not be
smooth at the cut locus of O € H'. However, when applying the maximum principle,
we can assume 7 is differentiable as in [LY].

If nF attains its maximum at (xo,t9) € Bar x [0,77] with 0 < T” < T, clearly
we may assume (nF)(zo,to) > 0 (otherwise F' < 0, and the theorem is true). So
xo € Bag, to > 0, and by the maximum principle, at (zg, to)

(4.2) Vi(nF) = FVyn +nVpF =0,
(4.3) Ab(nF) <0,
and
(4.4) 9 (F) = nF, > 0
. 8t 77 - 77 t — .

In the sequel, all computations will be at the point (zg,t0). By (4.2), V,F =
—FVyyn/n, and by (4.3)

(4.5) 0> Ay(nF) = FAyn 4+ nAyF +2(Ven, Vi F)

2
F|Vb77| '
n

= FAyn +nAyF —2
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By (4.1), we have

Vonl? W PIVde? |2

4.6 =
(4.6) ; R T RQ,
and
1///|vbdc|2 1/)/Abd " / Ol /02
Abn = R2 + R ﬁ + = Abdc = ﬁ - Abd
Since in H!, we have the sub-Laplacian comparison (*) (see the proof in next section)
C
(*) Abdc < d_c,
for some constant C. Then
Cs
Ab’I] > _ﬁ

Substituting this into (4.5) and applying Lemma 2.3 and Lemma 3.3 with A;; = 0,
ko = 0, all these imply

0> Ay(nF) > —%F oplVerl” +nALF
C
> —R—zF—2F|VWI +n[F, 4 2(Vip, Vi F) + gtF(F 9)].

Since nFy = (nF); > 0, 2n{Vyp, Vi F) = %F(nga, V1), the above inequality can be
reduced as

Cs |Vb77|

1
0> -3 F — 2P —— F(Vyp, Vin) + nF(F = 9),

9t
and multiplying by 7, we get

Cg 2 2 1 2
> - —= — — — —
0> RQnF 2F |Ven|™ + 3F77<ngo,Vbn> + o F(F-9)

+ Py

Cs  _|Ven> 2
p— ———2 —_—— —
(nP)< e 2 | T 3 E (Ve Vo) + 5

n

Cs Vyn|? o
> (nF) g2 2 ; . 277F|Vb<p||Vbn|+ (nF)

C; Oy 1 32\/_

02 (1F) (=53 - 258 - 1) ~ 22 FYEE (Wil + g (rF )
1 C 1

— P (-7 - T ) ~ 22 Vil + g P

where Cy = C'3 4+ 2C5. Multiplying by ¢ to the above inequality, this leads to

RQ

1 Cy 2y/Cy 1
=(F) (=nF —1— =3¢ - ZY.22p1/2 t).
(n )<977 7 71 Vel

0> (nF) (%nF—l—Qt) 2tn 3/2Fv 2 |Vl
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Therefore, we get

18+/
77F<9+ 4t 8 02 n'/?2
R?
(i) If ¢t (z0,to) < 0, then, by the Proposition 4.1, |[Vyp|? < |[Vpp|? — ¢ < 1/t and
using 0 < n <1, we have

Vol t.

18\/C
nF§9+ﬁt+ OV 2412

Recall that all the computations are at (:vo,to) and (zg,tp) is the maximum point,
to < T', so we have

0F)(@ ) < (0P ), to) < 9+ 7+ VT

But n =1 on Bg, hence

Cy 18yCsy 1 9
4.7 sup (|V +3 xz, T’ + —,
@) sup (Vigl” + 300, T) < o+ o=+

Now for any fixed time ¢ € (0, 00), by letting R — o0, one obtains

|Vyul? u 9
gut o2
u? + u ~t
on H! x [0,T).
(ii) If @4 (20, t0) > 0, then t'/2 |Vyp| < F/2. The above inequality leads to

18y C5 Cy
F— X202 ()2 — (94 =t ) <0,
n R (77 ) +R2 —

Hence

18\/ CQ t1/2

nF§9+—t+ (nF)Y/2.

R2
If (nF) <1, then

18\/02 o
nF§9+ﬁt+ Y 2t/

Otherwise,

18y/C
anSH—ﬁt—i- 2t1/2( ).

For fix ¢, we can choose R such that %tlm <1, thus

C
nF <184+ — R2
and similar argument as before
C 18
(4.8) sup (|Vop|” + 3¢0) (2, T) < —2 + —

z€BR Rz T
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Now for any fixed time ¢ € (0,00), by letting R — oo such that %tlm

obtains

— 0, one

A 9
| b;L| _'_3@ < +e€
U u t

on H! x [0,T) for any € > 0.0

Then, by combining Theorem 4.2 and Proposition 4.1, Theorem 1.4 follows for
n =1 easily.

Now we will apply the subgradient estimates in Theorem 4.2 and Proposition
4.1 to obtain the following Harnack inequality for positive solutions of the CR heat
equation (1.6) on H! x [0, 7).

THEOREM 4.3. If u(z,t) be a positive smooth solution of (1.6)

(30~ 2)utey =0

Plu:O

on H' x [0,T) with

at t = 0, then for all points x1, T2 in H' and times 0 < t; < to < T, we have the
inequality

t—lexp (_df(ml,xg)> < u(a,t2) - (t_z)(3+e) exp (3d§(x1,w2))

tQ 4(t2 — tl) ’U,(.Il, tl) tl 4(t2 — tl)

for any € > 0.

Proof. Let v be a horizontal curve with y(t1) = 21 and v(t2) = z3. We define
n: [tl,tg] — M x [tl,tg] by

Clearly n(t1) = (z1,t1) and n(ta) = (22,t2). Let ¢ = logu(z,t), integrate < ¢ along
7, we get

to d
¢($27t2)—<ﬁ(5€17t1)=/ %@dt

t1

- /tz {(0.900) + ¢} a.

t1

Applying Theorem 4.2 to ¢y, this yields

to .
o(w2,t2) — p(z1,11) S/ {|7||Vb80|+<ﬂt}dt
t1
t2 (3 -2 34¢
< — dt
<[ i+

to 3 .2 t2
:/ —|y| dt + (3 +¢€)log <—)
o 4 t1
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Then the right-hand side inequality in theorem 4.3 follows by taking exponentials of
the above inequality. Similarly, we can also get the left-hand side inequality. O

As a consequence of Theorem 4.3 and [CY], we have

COROLLARY 4.4. Let H(z,y,t) be a L*-heat kernel of (1.6) on H' x [0,T). Then
for some constant 6 and 0 < € < 1, we have the inequality

(e di(z,y)\ _ C(e)° A
H@’y’”fme"p(‘(zLﬂ)t)S oo (55)

with C(€) — 0o as e — 0.

REMARK 4.1. Here we use the volume V(B,(R)) < CRZ"2) in an (2n + 1)-
dimensional Heisenberg group H™ ([DT]). One should compare this result with [BGG].

Then Corollary 1.6 follows easily from Theorem 1.4 and Corollary 4.4.

5. Sub-Laplacian of Carnot-Caratheodory distance on Heisenberg
groups H". In this section, we prove the sub-Laplacian comparison () as in previous
section. We consider the following two vector fields defined on R? with coordinates
(z,t) = (21, 22, ):

0 0 0 0
X1 = 8—171 + 2&(E2a and X2 = 8—172 — 2GI1E

with a > 0. It is easy to check that
[X1, Xo] = —da—.
Now we consider the following operator
An=—5(X7 +X3)

The vector fields X1, Xo and T = % and the operator Ay are left-invariant with
respect to the “Heisenberg translation”: for (x,t) = (x1,z2,t) and (y, s) = (y1, Y2, $) €
RB

(z,t) 0 (y,8) = (1 +y1, T2 + Y2, t + 5+ 2a[rays — T1Y2]).

Actually, the above multiplicative law defines a group structure on R? which we call
the 1-dimensional Heisenberg group with (z,t)~! = (—z, —t).

REMARK 5.1. By comparing the previous notations, we first put some conventions

as followings: for a = %

Z = %(Xl —i1X5) and Z7 = %(X1 +iX5)
and
J(X1) =Xy and J(X2) = -X3
and

Ap = —Aq.
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The symbol of Ay is
1 1 1
H(z,&,0) = 5(& + 2ax20)* + 56~ 2a216)* = 5((12 +63),

where (1 = & + 2ax26 and (o = & — 2ax46.
In this notation, Hamilton-Jacobi equations for the bicharacteristic curve
(z1(8),x2(8),t(s),&1(s),&2(s),0(s)) take the form:

(5.1)
z1(s) = g—bl( =& + 2ax20 = (1 (),
,TQ(S) = g—% = 52 — 2@1‘16‘ = CQ(S),
t(s) = 2 = (& + 2am20)(2ax2) — (& — 2az10)(2a21) = 2a(C121 — Ga2),
51(5) = —g—g = (2a0)(& — 2ax10) = (2a6)(a,
a(s) = —5EL =—(2a0)(& + 2aw20) = —(2a0)(y,
0s) = -% =0
where the dot denotes %. We let s run along the ray from 0 to a point 7 € C.

Because of group invariance we need to consider paths relative to the origin and a
point (x,t) = (x1, z2,t) only, and assume boundary conditions

(5.2) 21(0) =0, z2(0) =0, z1(7) =21, x2(7) =12, t(1)=1t.
Then it is easy to see that the Hamiltonian,
Li(5) + 533(s) = H(2..0) = Ho = L (G(0)G(0) + G(0)Go(0)).

is constant along a given bicharacteristic. The projection of the bicharacteristic curve
onto the base is a subRiemannian geodesic connecting the point (z,¢) to the origin.

From (5.1), we know that 0(s) = 6(0) = 0 and we may take it to be the free
parameter. Equations (5.1) imply that

& = €1+ 2a0is = 2a0Cs + 200, = 4afCa,
by =& — 2a0iy = —2a0¢; — 2a0¢; = —4af(y.
Hence,

¢1(s) = cos(4abs)(1(0) + sin(4afbs)(2(0),
Ca2(s) = —sin(4ads)(1(0) + cos(4abs)(2(0).

Therefore, we may solve for x(s) as a function of z, 7 and 6, and then solve for t(s)
as a function of x, ¢, 7 and . Here are the calculations.

x1(s) = /05 Ci(p)dp = —471”9{(2(5) — (2(0)}
1

= 10 {—sin(4a#s)(1(0) + [cos(4abs) — 1]¢2(0)}

- % {cos(2a05)¢1(0) + sin(2afs)}
and

1
m{ﬁ(s) —1(0)}

x2(s) =

ﬁ {[cos(4afs) — 1]¢1(0) + sin(4ahs)¢2(0)}
_ % (= cos(2a05)C1 (0) + sin(2abs)} .
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Therefore,

| 600) | = Stz | inntr) emtsatry | | 24 |

It follows that

(2a9)2
2 sin?(2a07)

(2a0)?

2 2
i+ 15) = — 5
(1 +22) 2 sin?(2a07)

= £ (G O0)G0) +G0)6(0) = ]
When 6 = 0, we have {(s) = ((0), z(s) = ((0)s and t(s) = ¢(0). Substituting these
calculations into (5.1), we have

t—t(s) = 2af [G(p)z2(p) — C2(p)x1(P)] dp

L —COS(4a9P)]dP [¢2(0) +¢3(0)

( ) 20260 ||$H2 a . sin(4a97’)7sin 4a95) ||$H2

sin2(2a601) 2 sinZ(2a61)

THEOREM 5.1. The solution of equations (5.1) with boundary conditions (5.2) is

z1(s) = ;E?ZZ:) {cos[2ab(s — 7)]z1 + sin[2af(s — 7)]|z2},
(5.3) = ::gé;g; {—sin[2af(s — 7)]z1 + cos[2ad(s — 7)]z2},
a sin(4a071)—sin(4afs a
= [2 (4sin2)(2a97'()4 L (T - 8) sin22(2¢1997') (‘Tl + ‘TQ) —t.

The value of the Hamiltonian H on this path is
2a26?
Hy = —5——(x? + 23).
0 sin?(2a07) (1 +22)
Next (5.3) yields
t —t(0) = ap(2a07)||z|?,

where we set

z
w(z) = —5— —cot z.
sin” z

The action integral associated to the Hamiltonian curve is

S(:v,t,T;é’):/o Zgj §) + 0i(s) — H(x(s),£(s),0) b ds.

H is homogeneous of degree 2 with respect to (£1,&2,6), so

2
T OH oH T

From formulas (5.3), we have the following theorem:
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THEOREM 5.2. The action integral S(x,t,7,0) is given by
7(2a0)?

2 sin’(2a67)

= [t = H(0)]6 + ab cot(2a07)(z? + 23), 6 € 0, g) .

S(z,t,7,0) = ||:1c||27

It is convenient to fix 7, 7 = 1. Then the Hamiltonian paths are determined
entirely by the parameter §. We may take the end points to be (0,0) and (z,t). Then
0 must satisfy

t = ap(2a0) (27 + 23) = ap(2a0) ]|,

It can be shown that 4 is a monotone increasing diffeomorphism of the interval (—, )
onto R. On each interval (mm, (m + 1)), m = 1,2,..., p has a unique critical point
Zm. On this interval p decreases strictly from +o0o to p(z.,) and then increases strictly
from p(zm) to +00. Now the complete picture of the geodesics is given in the following
two theorems.

THEOREM 5.3. There are finitely many geodesics that join the origin to (x,t) if
and only if © # 0. These geodesics are parametrized by the solutions 0 of

(5.5) ap(2a0)||z]|* = [t],
and their lengths increase strictly with 6. There is exactly one such geodesic if and
only if
[t] < ap(1)l|l?,
and the number of geodesics increases without bound as ﬁ — 00.

The square of the length of the geodesic associated to a solution 6 of (5.5) is

a6)?
25(x, |t,1,0) = g5y (a? +a3)

(2119)2 (m2+w2) 1] 2 2
Sin?(2a0) (@Z+22)+ t]/a [7 + (@1 + 552)]
2a0)?
= si512(2210) l+u%2a0) {% + (af + UC%)}

= v(2a0) (4 +ia)?).

(5.6)

where v(0) = 2 and otherwise

22 1 z

V\zZ) = = .
() sin?z 1 + p(z) z +sin®z —sinzcos z

2

Consequently, if 2a0 € (mm, (m + 1)7) the length dp of the geodesic satisfies
m2nr? [t] 5 (m+1)%x2 [|t]
I i b | d 2 Neersy 0 2 .

When 2 = 0, we need to find the Hamiltonian paths connecting the origin to (0,t),
i.e., x1(1) = 0, 22(1) = 0, ¢(1) = ¢t. This implies that ¢1(1) = ¢1(0) and (2(1) = (2(0).
It follows that

C1(1) = cos(4af)¢1(0) + sin(4ab)(2(0) = €1(0),

C2(1) = —sin(4ad)(1(0) + cos(4ad)(2(0) = (2(0).
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This implies that
sin(4af) =0, and cos(4af) =1
i.e.,
2a0 = mm, with m=1,2,3,....

In this case,

1
= 55(C(0) + GO0))
therefore, 6 #£ 0 and m # 0 in (5.4). We also know that

mr|t]
2, =,

Summarizing, we have the following theorem.

THEOREM 5.4. The geodesics that join the origin to a point (0,0,t) have lengths
di, ds, ds,..., where

m a

Since z1(1) = z2(1) = 0, we may use ((1(0),¢2(0)) to obtain the geodesics as
follows:

:Egm)(s) = —ﬁ {—sin(2mms)(1(0) 4 [cos(2mms) — 1]¢2(0)}
= i : in(2mms G O) — cos(2mms G(0)
= () {smemms) iy + - cosmml i

where [|C(0)]| = 1/¢Z(0) + ¢2(0). Similarly, we have

2™ (s) = ﬁ {[cos(2mms) — 1]¢1(0) + sin(2mms)(2(0)}

= ( ‘ )é {[COS(2m7TS) —1] “(0) + sin(2ms) ) }v

damm 1CCO)l 1€C0)l
and
tM)(s) = [2mms — sin(2ms)] L
2mm
This shows that for each fixed m, m = 1,2,..., the geodesics

(xgm)(s),:Egm)(s),t(m)(s)) can be parametrized by a unit vector ((0)/||¢(0)| on
the unit circle. These curves lie in a cylinder around the t-axis whose radius is

o@1/v/m).

A special case of (5.6) is the square of the Carnot-Caratheodory distance [d.(x,t)]?:

2 - X N = 720/60 ’ T 2:V a |t| T 2
(do( 1] = 25 ,|t|,1,ec>—[ )} o] = v(2 oc>< Tl )

sin(2af.. a
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where 0. is the unique solution of au(2af)||z||?> = |t| in the interval [0, 7/2a). Introduce
a new parameter ¢ = 2af.. Then the Carnot-Caratheodory distance between the
origin and point (z1,22,t) can be expressed as

¢
sin ¢
We will compute Agd.(z,t). In polar coordinates,

_l(6_2+1 0 +i8_2)+2 0 +2226_2
T2\ T raroe T r2oe) T %00 T o

Since d.(z,t) depends only on r = ||z|| = \/a? + 23, we have

de(z,t) = lll with apu(¢)l|lz|* = |t| and ¢ € [0, 7).

—Agy

—Apgd.(x,t) = (18—2 + 2a2r28—2)dc(r, t).
20r? ot?
Introduce a new variable u = |t|/ar?, then
de(r,t) = fe(r,u) = sinqﬁr where u satisfies u = pu(¢p) = %f;m.
Hence
192 2 07 202, ¢

~Auden?) = G5+ m g e n W) = S5 g

where u is given by u = pu(¢). Let g(¢) = =2—. Then

sing*
dg _dg do g g do

2, dg d*¢
du do du du?  d¢? “du

do  du?’

dg d’g do [iat
We next compute 3 5 32 du and 7.

dg _ sing — ¢cos¢ and @7¢(1+0052¢)—2sin¢cos¢
o~ sin’ o dg? sin” ¢ '
Next u = p(¢) implies

_onde  do 1 o u"(¢)
I=p (95)@7 du (%) and a? = (1)
We now compute ' (¢) and p”(¢) from u(d) = ¢ csc? ¢ — cot .

2o —2¢csc? peot ¢ + csc? ¢ = 2csc? ¢(1 — pcot ¢).

and

W pcot p(1 — peot @) + 2 csc? gp(¢pesc? ¢ — cot @)
= 2csc? Plp(3 cot? ¢ + 1) — 3cot @]

We finally compute —Ay, fo(r,u) = %j—;g(gb).

2
—Ap fe(r,u) = @)2 + dg 4 ﬂ

i T do  du?
d’g 1 _@u”(d))}
de?  (W?)  de (u?)
2 {@_@ ' ()
- r(p?)

d¢?  d¢ u’(qﬁ)} '
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We shall compute the term in [...] in term of ¢ first.

Py dg 1)

d¢? do ' (9)
#(1 + cos? ¢) — 2sin ¢ cos ¢ _sing —pcosd 2 csc? plep(3 cot? ¢+ 1) — 3 cot @]

sin® ¢ sin’ ¢ 2csc? p(1 — ¢peot @)
_ ¢(1+cos?¢) —2singcos¢g  ¢(3cot? d + 1) — 3cot ¢
B sin® ¢ a sin ¢
~ ¢(1+ cos? ¢) — 2sin¢cos ¢ — ¢(3cos? § + sin? ¢) + 3 cos ¢ sin ¢
B sin® ¢

:sin¢cos¢—¢cos2¢

sin® ¢

Hence we have

2 [dq dg p"(¢

At = o [ - 5 S
sin ¢ cos ¢ — ¢ cos? ¢ 1

- sin® ¢ " 2r csct d(1 — ¢ cot ¢)?
(1 — ¢ cot @) sin ¢ cos ¢

~ 2resc d(1 — pcot ¢)?

sin? ¢ cos ¢

- 27(1 — ¢cot @)’

1 . $sin? ¢ cos ¢

(5.7) —Ande = 2d, sing — ¢cosg’

We next study the function F(¢) = % where ¢ is given by

(me—twmmw—QQE%?f

The function F(¢) is smooth on the interval [0, ], decreasing from [0, ¢,,,] and in-
creasing from [¢,,, 7]. ¢, is the unique critical point of F'(¢) inside the interval (0, ).
F(0)=3, F(n/2) = F(r) =0.
As r — 0 with ¢ > 0 fixed, ¢ — 7~ and the equation ar?u(¢) = t implies
a_7°2¢ —singcosg 1
t sin’ ¢ -
This shows that

¢ — 7 and sinqﬁw(?)lﬂr as r— 0.

This implies (5.7) makes sense when r = 0. This corresponds to ¢ = 7.
All these imply

3
Abdc = _AHdc < d_
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and then the Sub-Laplacian comparison (x) follows.
We now turn to the study of the (2n + 1)-dimensional Heisenberg group H™. The
manifold is R?® x R and the group law is given by

n
(x,t)o(y,s) = (x+y,t+s+2 Z aj[T2y2j—1 — T2j—1Y2;])
j=1
for a1, ag,--- ,a, are positive constants and numbered so that
O0<a; <az <--- <ay.

The vector fields

0

Xoj 1 = —— + 2020, —
21 8$2j71 + @3%2; 8t
0 0
Xo: = —2a.; L —
2 8$2j 452 18t

0

T=—

ot

are left-invariant and generate the Lie algebra. The associated Heisenberg sub-
Laplacian is

2n
1 2
=1
The symbol of Ay is

H(x,6,0) = 5> [(§j-1 + 2a;2250)* + (&5 — 2a;w0; 10)* = %(Cf +§G).
j=1

N =

We can find the bicharacteristic curve connecting the point (x,t) to the origin by
solving the associated Hamilton’s equations which take essentially the same form as
(5.1). We will just list the formulae that we need and refer to [BGG] for details. The
value of the Hamiltonian H on the bicharacteristic curve is the constant:

- 2a26>
Hy = 9 2
0 Z sin®(2a;76) 7

Jj=1

with 7% = x3, | + 23;. The analogue of (5.5) is follows:

t= Z a;p(2a;70)r75.

j=1
The action integral S(x,t,7;0) takes a similar form:

" 47a26* -
. _ E 2 _ E 2
S(X, t, T, 9) = < m’fj =t0 + P aje COt(QG/jTH)Tj .
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When we study the classical action and Carnot-Caratheodory distance, we set
7 = 1. In the case of x # 0, there are finitely many geodesics from the origin to (x,t).
The geodesics are indexed by the solutions of

(5.8) =" a;n(20,0)r

and their lengths increase with 6. The Carnot-Caratheodory distance from the origin
to (x,t) is

d*(x,t) = 25(x, |t], 1;6.)
where 6, is the unique solution of (5.8) in the interval [0, 7/2a,,).

In the isotropic case a; = as = - - - = ay, the results of the previous computations
for n = 1 carry over with no change.

6. Subgradient estimate on higher dimensional pseudohermitian man-
ifolds. Let (M, J,0) be a closed pseudohermitian (2n + 1)-manifold for n > 2. In
this section, we derive the CR version of parabolic Li-Yau gradient estimate for the
positive solution u(z,t) of (1.6) on M x [0,00) for n > 2.

First, we derive the following inequalities which we need in the proof of Proposi-
tion 1.1.

LEMMA 6.1. Let (M, J,0) be a closed pseudohermitian (2n + 1)-manifold. Let f
be a smooth real-valued function on M. Then

n n 1 n
(V21 22 0 asl® +2 3 fupl® + 5 D 1 fom + faal”
a,Bf=1 a,B=1 a=1
a#p

Proof. Since

(VISP = 2354 po1(fasfap + fopfas)
230 g1 (| fasl* + | £,51%)
2(22,@:1 |faﬁ|2 + ZZ[;?I |fa§|2 + 22:1 |fo@|2)

and

22:1 |foz5|2 = %Za 1 (|faa+fo¢oz|2+f02)
= a= 1|fo¢a+faoz|2 nf02

It follows that
|(VH)2f|2 = 2(Zaﬁ 1 |faﬁ|2 + Zmi 1 |faﬁ| )+ 3 Za 1 | fom + faa|2 nfg

2(Zaﬁ 1|fo¢ﬁ| +Za,§£ 1|fa3| )+Qza:1|faa+faa|2'

Y

O

LEMMA 6.2. Let (M, J,0) be a closed pseudohermitian (2n + 1)-manifold for
n > 2. Let f be a smooth real-valued function on M. Then

(Vof s VolVof ) < (n+2) Y |fagl?+(n+2) D |fogl

a,f=1 a,f=1
aFf

+(B0f + VP 1912 P2 Z o + faal®.
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Proof. We first derive

(Vo f, Vo Vo f]?)
4370 s—1 Re(fapfafz + fo5fafs)
4R€(ZZ ,B=1 fotﬁfafﬁ + Zggéﬁl faﬁfafﬁ) + 22271(]00@ + faa)|fa|2

(n+2)(2a@ 1|faﬁ|2+zaﬁ 1|fa5| )+ i gt ol ol
+its Zaﬁ 1|fa| |fﬁ|2+22a 1 (fo + faa)lfal®
(n+2)(2a@ 1|faﬁ|2+zozﬁ 1|fa5| )+ i Voo !
+itz Zaﬁ 1|fa| |fﬁ|2+22a 1 (fo + faa)lfal®.

IN

(6.1)

Here we used the identity 30 5, |fal?|f5]% = (Z0_, fal?)? = LI Vuf[*
Now we compute the last term in the above inequality.

Ezzl(fa5+f5a)|fa|2
= [ZZ 1(faa +faa)](zg 1 |fﬁ| )
Za 1(faa+faa)(2ﬁ 1 |fﬁ| )

_Abf|vbf| +Ea 1|faa+faa|(2ﬁ 1|fﬁ| )

NIV f[? + g2l v o Foal?
1D Lam (St [fl)

IN

IN

Substituting the above inequality into (6.1), one obtains

(Vo f, Vu|Vuf|?)

< (4220 oo ool + a0 15l )+ Ao f Vo fI?
+% Za 1|fo¢a+faoz|2 n+2 |vbf|4
+ n+27;—(i_n i) Za 1(Zﬁ 1|fﬁ| ) +n_+22aﬁ 1|fa| |fﬁ|2
< (n+2)(37 5= | fasl? +Eaﬁ—1|fa5| )+Abf|be|

D SN A PRI
ity (S (s i Ful5al?)

= (12X ot fonl® + Z o fol?) + Auf [V
+ s o + Foal? + (9071

Here we have used the identity
2 5 A
s (2;5;1 |fﬁ|2) + Shont LU = (0= 1) (T 1) = 22 91"

This completes the proof of the Lemma. O

Now we can derive the following Proposition 1.1 which is exact form of Lemma
3.3 for n > 2.
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Proof of Proposition 1.1. First differentiating (1.7) w.r.t. the t-variable, we have
1 2
Ge=1G+ tIVoipl® + (1 + el
1 1 ) P
(62) = 2GR0+ D) Vgl + (14 ) Augl
1 1 2
=56+ t[4(1 + E)<Vb807 Vi) + (1 + E)Ab%]-
By using the CR version of Bochner formula (2.1) and Lemma 3.2, one obtains
2
ApyG =t (Ab Vool” + (1 + E)Ab@t>
2
= t[2/(V7)?p” +2(1 + ﬁ) (Vip, Vi App)

+22Ric — (n+ 2)Tor]((Vep)c, (Vop)c)
2P+ Po.di)s; + (14 Dl

]

v

2
21V )20l +2(1 + 5) (Vo, Vo) — lo [Vie|?
.8
n

(6.3)
- 2
(Pp + Po,dpp)rs + (1 + ;)Ab@t]
2
= t2[(V7)?p]? +2(1 + —) (Ve Vo App) — o [Vl
8 _ 4
——u 2 <Pu + Pu, dbu>L* + — ¢ | Vi)
n o n
4 2
+- (Vo, Vi |Ve|?) + (1 + E)Ab(pt]'
Here we have used the inequalities

[2Ric — (n+ 2)Tor](Vop)e, (Vop)e) > —lo |(Vep)e]? = —%O Vil

and
ur Apu
(pt = —= —,
U U
Applying the formula
6.4 App = pp — L L—.
(6.4) b = 1 — [Vl CFeD —— Vel

and combining (6.2), (6.3), we conclude

0
N
< b 6t> ¢
1 2 4
> —;G +t2/(V)2> +2(1 + 5) (Voo, Vilpp) + -~ (Voe, Vi |Vip|?)

1 4 8 _ —
—4(1+ E)<Vb§0= Vior) —lo [Vep|” + ;%WWP —u > (Pu+ PuadbU>L;]

_ 1. 2n e 24 2
- —2G (n+2><vb<p,vbG>+t[2|(v )29l —n+2<w,vb|w|>

4 8 _ _
—lo [Vol” + =t Vaep|? — —u? (Pu+ Pu, dbu>L*].
n n 0
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Now, by Lemma 6.1, Lemma 6.2, Cauchy-Schwarz inequality and applying the formula
(6.4), we final have

0
(2= 5 )¢

2n 8
> — V 7V G +t o + o 2 V 2
T (n +2)< LA n+1z|¢ el + gy Pl Vol
8 _ _
~lo |Vep|” - ~u 2(Pu+ Pu,dbu>Lg] - ¥G
> _ 2n <V VG>+t[L(A )2+L |V |2
= (TL+2) b, Vb TL(TL+1) bp n(n+2)% bP
8 - 5 1
~lo |Veep|” - ~u *(Pu+ Pu,dbu>L;] - ¥G
2n m 8
- \Y% VG t G2 \v4 4
(n+2)< 6, VoG + [(n+1)(n+2)2t2 +n(n+2)2| a4
8 - 5 1
—lo|Vie|” - ~u >(Pu+ Pu,dbu>L;] - gg_

This completes the proof of Proposition 1.1. O
Following the same proof as in Theorem 3.4. We have the following result.

THEOREM 6.3. Let (M, J,0) be a closed pseudohermitian (2n + 1)-manifold of
zero torsion and nonnegative pseudohermitian Ricci tensors for n > 2. If u(x,t) is
the positive solution of (1.6) on M x [0,00) such that

Pgu =0
at t = 0. Then u satisfies the estimate

Voul> n+2u _ (n+1)(n+2)?
S S T
U nou 2n

1
t
on M x [0, 00).

Following the same proof as in Theorem 4.2. We have the following result.

THEOREM 6.4. If u(z,t) be a positive smooth solution of (1.6)

0
(Ab - E) u(z,t) =0
on H" x [0,T) with
Pgu =0

at t =0, then u satisfies the subgradient estimate

\Vyul® +n+2ﬁ (n+1)(n+2)?

<
u? n o [ 2n

e];

on H™ x [0,T) for any e > 0.

Then by combining Theorem 6.4 and Proposition 4.1, Theorem 1.4 follows easily
for all n.
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