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Abstract. We discuss an “operational” approach to testing convex composite hypotheses when the underlying distributions are heavy-
tailed. It relies upon Euclidean separation of convex sets and can be seen as an extension of the approach to testing by convex opti-
mization developed in (Electron. J. Stat. 9 (2015) 1645-1712; Electron. J. Stat. 10 (2016) 2204-2242). In particular, we show how
one can construct quasi-optimal testing procedures for families of distributions which are majorated, in a certain precise sense, by a
sub-spherical symmetric one and study the relationship between tests based on Euclidean separation and “potential-based tests.” We
apply the promoted methodology in the problem of sequential detection and illustrate its practical implementation in an application to
sequential detection of changes in the input of a dynamic system.

Résumé. Nous proposons une méthode « opérationnelle » pour le probleme de tests d’hypothéses composites convexes lorsque les
distributions sous-jacentes possedent des queues lourdes. Elle s’appuie sur la séparation euclidienne des ensembles convexes et peut
étre vue comme une extension de la méthode développée dans (Electron. J. Stat. 9 (2015) 1645-1712 ; Electron. J. Stat. 10 (2016) 2204—
2242) pour I’étude des tests d’hypotheses reposant sur des techniques d’optimisation convexe. En particulier, nous montrons comment
construire des tests quasi-optimaux pour des familles de distributions qui sont majorées, dans un sens précis, par une distribution
symétrique quasi-sphérique et étudions la relation entre les tests basés sur la séparation euclidienne et les tests utilisant des potentiels.
Nous appliquons la méthodologie proposée au probleme de la détection séquentielle et décrivons sa mise en oeuvre pour la détection
séquentielle de ruptures dans I’entrée d’un systeéme dynamique.
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1. Introduction

The following important observation, attributed to H. Chernoff [6] (see also [3,4]), was the starting point of our research.
Let X and X, be two nonempty closed and convex sets, one of them being bounded, in R”. Suppose that, given a noisy observation
w=x+E 1)

of the unknown signal x € X| U X5, where & ~ N (0, I,,) — the standard n-dimensional Gaussian vector, one wants to decide on the hypotheses
Hj :x € Xy vs. Hy : x € X». Then, assuming that X and X, do not intersect (the decision problem is clearly unsolvable otherwise), optimal
tests (with respect to different definitions of maximal risks) can be obtained using the following simple construction:

(1) solve the following (convex optimization) Euclidean separation problem

1
Opt = min

1 2
— — , 2
xlexl,xzexz 2||x ! ”2 @

where | - ||2 is the Euclidean distance.
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(2) Given an optimal solution (x>,1< s x%) to (2), compute

1 2

Xy — X 1 T/ 1 2

hy = ——>— and c*:Eh*(x*—i-x*).
llxx — xicll2

Then the test Ty which accepts Hj if h,{ w — cx > 0 and accepts H, otherwise minimizes the maximal risk of testing — the maximal over
x € X1 U X, probability of rejecting the true hypothesis — over the class of all (deterministic or randomized) tests.* Furthermore, the risk of 75
is easily computable: the maximal probability of wrongly rejecting the true hypothesis is

L [Ty g £(Opt)
— | e = Erf(Opt),
V2m Jopt

where Erf(-) is the standard error function.

This simple observation had important theoretical consequences (see [11,15]). Surprisingly, its “practical implications”
have been largely overseen. Indeed, when the problem (2) can be solved efficiently,’ one can assemble pair-wise tests into
multiple-testing procedures to build provably (nearly) optimal tests for a wide class of Gaussian decision problems (e.g.,
various detection problems [3-5,7,12]). Then in [9] the corresponding framework was extended to “good,” in a certain
precise sense, parametric families of distributions, which include, aside from the Gaussian family, families of Poisson
and discrete distributions, the “common denominator” of these developments being the fact that for these families the
near-optimal (plain optimal, in the case of Gaussian family) tests can be built upon using affine detectors which can be
found by convex optimization. Later, affine and quadratic detectors were studied in a more general setting in [13].

In this paper we extend [9,13] studying the application of tests based on “Euclidean separation” to the problems where
the distribution of the observation noise £ has “heavy tails.” In particular, in Sections 2.2 and 2.3 we discuss the problem
of testing convex hypotheses for sub-spherical families of distributions, which include Gaussian and Gaussian mixture
distributions such as multivariate Student [14] and multivariate Laplace [8] distributions. We study the relationship of
sub-spherical families with detector-based tests, and show how “good” detectors can be built for sub-spherical families,
as well as for some other (e.g., sub-Gaussian) families of distributions in Section 2.4. Then in Section 3 we explain how
tests based on Euclidean separation of pairs of convex hypotheses can be used to construct sequential change detection
procedures. Finally, in Section 4 we present a numerical illustration of the proposed techniques: we implement sequential
decision rules, developed in Sections 3.3 and 3.4 for a toy problem of detecting changes in the input of a dynamical
system — changes in the trend of a simple time series.

2. Basic theory
2.1. Pairwise hypothesis testing: Situation and goal

The basic problem we intend to consider in a nutshell is as follows: we are given observation
w=x+E, 3)

where x € R" is an unknown signal, and £ is a random noise with probability density p(-), taken with respect to the
Lebesgue measure, known to belong to some given family 7P. Our basic goal is, given two nonempty closed convex sets
X, CR", x =1, 2, with one of these sets bounded, to decide, via observation (3), on the hypotheses H,, x =1, 2, with
H, stating that the signal x underlying observation belongs to X, . In other words, we are to decide upon the families P;
and P, of distributions, where P, is the family of distributions of random vectors x + &, & ~ p with p € P and x € X,.
For the sake of brevity, we shall simplify the description of the hypotheses H, to “x € X,.”

Stationary repeated observations. We “embed” the just defined inference problem in the family of inference problems
(Sk), K =1,2, ..., where (Sk) is the problem of deciding whether x € X; or x € X, via sample X =(wy,...,wk) of
K independent observations

wr=x+&, k=1,...,K, 4)

with independent noises & ~ p(-) € P; we refer to observations (4) with independent across k noises & ~ p € P as to
stationary K -repeated observations.

4A test which accepts Hj if hl o — ¢« > o and accepts Hy otherwise, with a properly chosen «, is also minimax optimal in several other settings, e.g.,
Neyman—Pearson problem, etc.

SWhat is the case when sets X 1 and X» allow for a “computationally efficient description.” We refer the reader to [2] for precise definitions and details
on efficient implementability. For the time being, it is sufficient to assume that (2) can be solved using CVX [10].
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Semi-stationary repeated observations. Inference problem (Sk) can be viewed as a special case of a more general
inference problem (Sg) as follows. Suppose that {X ’1‘, X ’2‘ : 1 <k < K} is a collection of nonempty convex and closed

sets such that at least one of the set in every pair (Xk , X’z‘) is bounded. Let also P!,..., PX be K given families of
probability densities with respect to the Lebesgue measure. Suppose that the observation wX = (w1, ..., wg) is given by
ok =xk+&, k=1,...,K, 5)

where {xk}f: | 18 a deterministic sequence, & ~ pj are independent across k noises, and {py € Pk}f: | 18 a deterministic
sequence.6 In the sequel, we refer to observations (5) satisfying the just imposed restrictions on {xk}f: , and {Ek}f: 1> s
to semi-stationary K -repeated observations. Our objective in problem (Sg) is to decide, via the observations (5), on the
hypotheses H,, x =1, 2, with H, stating that x; € Xl)‘( forallk=1,2,...,K.

A simple test for (Sg) or (Sk) is, by definition, a function Tk (@5), 0¥ = (w1, ..., 0k), taking values {1, 2}, with
Tk (wX) = x interpreted as “given observation wX , the test accepts H  and rejects the alternative.” We define the partial
risks Risk, s(Tx P, X1, X2), x = 1,2 of a test Tk on the inference problem (Sk ) as

Risk;s(Tx|P, X1, X2) = sup sup Proby {7k () =2},
xeX| p()eP

Riskos(Tk|P, X1, X2) = sup sup Proby , {7k (o) =1},
xeXs p()eP

where Prob, , stands for the probability with respect to the distribution of observations (4). In other words,
Risk, s(7Tk |P, X1, X2), is the worst-case probability for Tk to reject H, when the hypothesis is true. The partial risks

Risk Xg(’TK |[Pk, X ]1‘ X’;]Ezl), x = 1,2, of a test T on the inference problem (Sk) are defined similarly, but now the
supremum is taken with respect to all deterministic sequences {x; € X’)‘(}f: , and {p € Pk},{(:l participating in (5).
Finally, the risks of Tx on (Sx) and (Sk) are defined as

Risks(Tx [P, X1, X2) = ma}szistS(TmP, X1, X2),
x=1.
. K . K
RISk§(TK|[ka Xy, Xé]k:l) = max R1st§(TK|[Pk, Xy, Xé]k:l)'
x=1,

Our intention is to investigate the performance of specific tests stemming from “Euclidean Separation” of X and X»
(or X ’1‘ and X’z‘) to be described in a while.

2.2. Sub-spherical families of distributions
We shall be primarily interested in sub-spherical families P.

2.2.1. Sub-spherical families of distributions: Definition and basic examples

Definition 2.1. A. A sub-spherical family of distributions P =P}, on R" is specified by an even probability density y (-)
on the axis such that y is positive in a neighbourhood of the origin. P}, is comprised of all probability densities p(-) on
R” such that p(-) is even, and

V(eeR", Jlell2=1,8 20):/

eTE>$

p&)déE < P,(5) :=/5 y(s)ds. (6)

That is, p-probability mass of a half-space not containing a neighbourhood of the origin is upper-bounded by P, (),
where § is the distance from the origin to the half-space, and

[ee)
Py(r)z/- y(s)ds:R— [0, 1]. @)
r
B. A sub-spherical family P =P} is called monotone, if it contains a cap — a spherically symmetric density ¢(§) =

f(I€ll2) where f is nonincreasing on the nonnegative axis and such that the induced by g density of the distribution of
el &, |le|l» = 1, is exactly y (-). Note that whenever this is the case, y () is nonincreasing on the nonnegative ray.

%0One can easily verify (cf. [9, Section 3.1.2]) that the constructions and results to follow remain intact when the assumptions on observations (5) are
weakened to the assumption that x; and & are random, and the conditional distribution of &, given x1, ..., xi and &1, .., & _1, always belongs to Pk,
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C. We call a function y on the real axis nice, if y is an even probability density which is continuous and is nonincreasing
on the nonnegative ray. A sub-family P" of a sub-spherical family Pﬁ is called completely monotone, if y is nice, and for

every p(-) € P" and every e € R”, |le||» = 1, the random scalar variable e’ &, £ ~ p, has probability density y,. p(+), and
this density is nice. Note that due to P" C P}, it holds

/800 Ve,p(S)dS < /Boo)/(s)ds Vé > 0. (8)

In the sequel, we simplify the notation P} to P, when the value of n is clear from the context.
Example: Gaussian scale mixtures. Consider the situation where

£~~Zn, 9)

where Z is a scalar a.s. positive random variable with given probability distribution Pz(#) = Prob{Z < ¢}, ¢ > 0 such that
Pz(0) =0, and n ~ N(0, ®) is a zero mean Gaussian n-dimensional random vector independent of Z with unknown
a priori positive definite covariance matrix ® which is known to be < I,,. We refer to © as to matrix parameter of the
distribution of £. Given a unit vector e and § > 0, we have

Prob{e” & > 8} =/ [Prob{e” n > t7/28}]d P2 (1)

t>0

=/ [Probe v, fe” ©'2¢ = 17128} ]d P2 (1)

>0

— / Erf(t =28 /v eT ©e) d Pz (1) < f Erf(t~"/28) d Pz (1)
t>0 t>0

(here Erf(-) is the standard error function), implying that

o0 o
Prob{eT$23}=/ Ve,@,pZ(S)dSE/ vp,(s)ds ¥§=>0,
§ )
where

1 52
Ve,®,P (S)=/ 767413{—7}(1102(0,
et >0 v/ 2mteT O¢ 2te’ Oe

1 52
(s):/ ex {——}dP 1), —00<s§<O00.
S v, =il BT

Clearly, y.,0,p,(s) and yp, (s) are positive even probability densities nonincreasing on the nonnegative ray; these densi-
ties are continuous, provided

/ =12 4P (1) < oo, (10)
t>0

Thus, the family of distributions of random vectors (9) with Z and n as explained above (we refer to these distributions
as to Gaussian scale mixtures) is contained in the sub-spherical family Py, . The latter family clearly is monotone, the
cap being the probability density of ~/Zn with independent Z ~ P, and n ~ N(0, I,,). Besides this, in the case of (10)
the family PVPZ is completely monotone.

A standard example of a Gaussian scale mixture is given by n-variate t-distributions t,(q, ®), ® < I, (multivariate
Student distributions with g degrees of freedom, see [14] and references therein). Here ¢#,(g, ®) is, by definition, the
distribution of the random vector & = ~/Zn with Z = ¢/¢, where ¢ is the independent of n ~ AN(0, ®) random vari-
able following x2-distribution with ¢ degrees of freedom. One can easily see that all one-dimensional projections e’ &,
llell2 =1, of & ~t,(q, I,) are random variables with univariate #,-distribution, implying that the multidimensional den-
sities in question form a completely monotone sub-family of the sub-spherical family P, where ys is the density of
Student’s #, distribution with g degrees of freedom.

Another example of scheme (9) is the n-variate Laplace distributions L, (A, ®), ® < I,,, where Z is exponentially
distributed with parameter A. In this case all one-dimensional projections e’ &, |le|l» = 1, of £ ~ L, (A, I,,), obey the
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Laplace distribution with parameter A, whence the distributions in question form a completely monotone sub-family of
the sub-spherical family P,,., where y is the Laplace density

ve(s) =0 le B s eR. (11)
Finally, with Z taking value 1 with probability 1, scheme (9) describes Gaussian distributions with zero mean and co-
variance matrices < I,; all these distributions form a completely monotone sub-famuily of the sub-spherical family Py,

where yg is the standard univariate Gaussian density:

—s2/2

€

1
vg(s) = Ners

2.2.2. “Calculus” of sub-spherical families of distributions
Sub-spherical families of distributions and their completely monotone subfamilies admit a kind of “calculus” with the
basic rules which follow.

The following two facts are immediate:

Proposition 2.1. Let 73; be a sub-spherical family of distributions, and let x — Qx : R" — R™ be an onto mapping
satisfying QQT < I,,. Whenever p(-) € 73;, the distribution of the random vector Q&, & ~ p, belongs to 73;1. Moreover,
if Q0T =1, and 79; has a cap q, then 73)’," has a cap as well; this cap is the density of the random vector Q&, & ~q.

Proposition 2.2. A sub-spherical family of distributions is closed with respect to taking convex combinations of its mem-
bers. Besides this, the union P, U P, of two sub-spherical families of distributions is contained in the sub-spherical
family P, with

d o0
V(—s)=7/(s)=——ma></ vi(rydr, s>0.
ds i=12J

Complete monotonicity is preserved by taking sums. The precise statement is as follows:

Proposition 2.3. Let p and v be nice, let P" be a subfamily of the sub-spherical family Py, and let P™ be a completely
monotone subfamily of the sub-spherical family P]!. Given r x n matrix A, r x m matrix B and positive definite matrix
® such that

®% > AAT, ©>>BBT, AAT + BBT -0, (12)
consider random vectors of the form
§=0""[An+ BCl, (13)

where n ~ p(-) € P" and ¢ ~ q(-) € P™ are independent. Let also
oo
yo1= [ u=rvear (14)
—0o0
Then:

(i) y () is nice, and for every e € R", |le||» = 1, and every § > 0 one has
o0
Prob{e’ & > 5} 5/ y (s)ds. (15)
§

Besides this, the scalar random variable e & possesses symmetric density, which combines with (15) to imply that
the distribution of § belongs to the sub-spherical family Py,.

(ii) If, in addition to the above assumptions, P" is completely monotone, then the family of distributions of random
variables (13) induced by n ~ p € P" and ¢ ~ q € P™ is a completely monotone subfamily of the sub-spherical
family Py,.
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For a proof, see Section A.1.
As an immediate consequence of Proposition 2.3, we get the following

Corollary 2.1. For 1 <i <[ < 00, let u; be nice functions on the axis, and let P" be subfamilies of the sub-spherical
families PZ[, such that at least I — 1 of these subfamilies are completely monotone. Given r x n; matrices A; such that
AiAl.T + AjAJT > 0 wheneveri # j, let © > 0 be such that

2= AAT 1<i<I

Let P" be the family of probability distributions of random vectors of the form

I
=01 Am,
i=I
where 11, ..., Ny are independent of each other and such that n; ~ p; for some p; € P". Then P" is contained in the
sub-spherical family P!,, where
Y =MLk Kk L
is nice. If all P™ are completely monotone, then so is P".

2.3. Euclidean separation and associated tests

In the sequel, we fix the entities P, X1, X2, H1, H> introduced in the beginning of Section 2.1 and assume that X1 N X, =
& (otherwise no test can decide on Hp vs. Hp with risk < 1/2).

2.3.1. Single-observation Euclidean separation test
Consider the optimization problem

Opt=  min ||x1 —x?
xleX|,x2eX,

(16)

2°

and let xl, xf form an optimal solution to the problem (since both X, X, are nonempty, closed and convex, and one of
the sets is bounded, an optimal solution does exist). We set

s*(a)):th—c*, s Cx =3

_ [xi —xf] 1 [
lxl —x2l12° 2

1
in b7 hT]:—hT 4 x2). 17
min b, x o+ max x| = Shy (3, +x) (17
Note that while (16) may have many optimal solutions, the vector A, and the real c, are uniquely defined by X, x =1, 2.
The affine function s, (-) possesses the following properties:

1
8, 6:= §||xi —xf

XEX] = S*(X)ZS*(Xi)

g (18)
2\ _
xeX, = s*(x)fs*(x*)——&

We can associate with &, and c, the Euclidean separation test T; which, given observation w (3) with x known to
belong to X1 U X5, accepts the hypothesis H; : x € X and rejects the hypothesis H, : x € X» when s, (w) > 0, and
accepts H and rejects Hj otherwise.

Let us make the following immediate observation:

Proposition 2.4. In the situation of Section 2.1 and in the notation from (17), (18), let P =P, be a sub-spherical
Sfamily of distributions, and let ay > 0 and ar > 0 be such that oy + ap < 26. Whenever x € X1 and p € P, the p-
probability of the event {€ : s,(x +&) < %(az —ay)} is at most Py (1), and when x € X3, the p-probability of the event

{E:5,(x+&)> %(az — )} is at most Py, (az). As a result, risks of the test Ty satisfy

Risk;s(T1|P, X1, X2) < Py (1),
Riskys(71|P, X1, X2) < Py(a2).
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In particular, when ay = ap = 6, the risk Risks(T1|P, X1, X2) of the test is at most
0
e =6,(8|y) = Py(5)=/ y(s)ds. (19)
)

For a proof, see Section A.2.

Remark 2.1. In the situation of Proposition 2.4, let the sub-spherical family 7, be monotone. Then the test 7; described
in the proposition has the minimal risk among all single-observation tests deciding on Hy vs. H>.

Indeed, denoting by ¢ (-) the cap of P,,, and by p;(-) and p>(-) the densities of random vectors xi +£, xf +&,&E~q(),
we clearly have

/min[pl(a)), pz(a))] dw =2¢,,

implying by the Neyman—Pearson lemma that the risk of any test deciding on two simple hypotheses x = x, x = xJ via
a single observation (3) is at least &,.

2.3.2. Majority tests based on Euclidean separation

Let K be a positive integer, and let P = P, be a sub-spherical family of distributions. The K-observation majority test
TI?I 4 for problem (Sg ) works as follows: given observations wy, k =1, ..., K, see (4), the test accepts H; and rejects H»
when s, (wr) > 0 for at least K /2 values of k, and accepts Hy and rejects H otherwise. From Proposition 2.4 it follows
that the risk of Tlgn % satisfies the bound

. i K _
K>k>K/2
Let us assume that in the problem (Sk) the families P!, ..., PX in the definition of (Sg) are sub-spherical families of
distributions, and that the sets X ]1‘ and X '2‘ do not intersect for k =1, ..., K. The majority test TI? 4 can be easily modified

to become applicable to problem (Sk). Let the affine function si(-) and positive real §; be the entities s.(-), § associated,
via (16)—(18), with % in the role of P and X é‘( in the role of X, x =1, 2. The K-observation majority test '7'II<naj for the
problem (Sk) given observations wg, k =1, ..., K, see (5), accepts H; and rejects Hy when sy (wy) > 0 for at least K /2
values of k, and accepts H» and rejects H; otherwise. Let now y; be the density underlying the sub-spherical family P*.
When applying Proposition 2.4 to P = Pk, X1 = X’l‘, and X, = X’z‘, we conclude that the risk Risks (75 |73k, X’l‘, X’z‘) of
the test 71 in the problem of deciding, given a single observation wy, upon the hypotheses Hlk 1Xg € X’l‘ \& sz xp € XK,
does not exceed € (8;) = f éio yk(s)ds < % We conclude that the risk of the majority test TI?] Y in the problem (Sk)
satisfies the bound’

. aj K

Risks(T¢ [P X1 X3],_ )< > pux. @1
K/2<k<K

where piixk = prik(€1(81),...,€x(8k)) is the probability of k successes in the first K non-stationary independent

Bernoulli trials with the probability €, (8x) of success in kth trial. Observe that pjk, 0 < j <k, 1 <k < K, satisfy
the recursion:

Pjk =1 —€)pjlk—1 + €kpj—1jk—1, Wwith pojo =1, (22)

and where, by convention, p_1x =0,k =0, ..., K — 1. Recursion (22) allows to compute all the quantities p ik-0=<j <
k < K, and thus the right hand side of (21), in O(K 2y arithmetic operations.

a positive integer k <n, let P>y, (p) be the probability to get > k heads in n independent flips of a coin, with probability p; to get a head in the ith
trial. Then P>y, (p) is a nondecreasing function of p. Whatever “evident,” this fact needs a proof, and here it is. Let B={w € R" :0 <w; < 1,i <n}
be the n-dimensional cube equipped with the Lebesgue measure p. We have Pxg, (p) = w(Bp), where By = {w € B : Card{i : w; < p;} > k}. When
0<p < pl{ <1,1<i <n, weclearly have B;, C Bp/, and consequently Pxgj,(p) = u(Bp) < lL(Bp/) = P>in (p"), as claimed.
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2.4. Potential-based tests with Euclidean separation

2.4.1. Potentials and potential-based tests

Definition 2.2. A potential is an odd and nondecreasing Borel real-valued function 7(-) on the axis. Given a family P of
probability densities on R”, a nonnegative § and a potential 1 (-), we define the §-risk risks(n|P) of the potential on P as
the smallest € such that

(@) /e*““‘”f)p(s)ds <e V(eeR":fela=1.peP).
(23)

(b) /e"“rs—%(s)ds <e V(eeR":|lela=1,peP).

Let us make the following immediate observation:

Proposition 2.5. For k=1,..., K, let P* be a family of probability densities on R, X’l‘ and Xlz‘ be closed nonempty
non-intersecting convex sets in R", one of the sets being bounded, and let hy, cy and 8¢ be associated with P = Pk,
X, = X])‘(, x = 1,2, via (17) and (18). Given potentials ny, ..., nk, let us define the Euclidean detector induced by the
potential ny and hy, ci as the function

¢x(@) = ne(hf  — cx) : R" > R, (24)
and let
K
pFr1,....00) =) i) R >R, K=1,2,.... (25)
k=1

Finally, let {xk}f:1 and {py € ’Pk}f:1 be deterministic sequences. Then

K K
(@) / e~ kit 60 T [y () die] = [ risks, (mIPY) - V(e € Xf, pr e P9
k=1 k=1

K K
(b) /e¢<’<><x1+sl,...,x,<+sz<> [ [1px&0) dé] < ] Jrisks, (ncIP*) V(i € X5, pic € Pk)le.
k=1 k=1

For a proof, see Section A.3.
Under the premise of Proposition 2.5, consider a test T,? which, given K observations (5) with independent of each

other & ~ py € Pk, accepts the hypothesis H; : {x; € xk k< K} whenever qb(K)(a)l, ...,wg) >0, and accepts H; :
{xx € XX, k < K} otherwise. An immediate corollary of Proposition 2.5 is as follows:

Corollary 2.2. In the notation and under the assumptions from the premise of Proposition 2.5, combining Proposi-

tion 2.5 with Markov’s inequality we obtain that the risk Riskg(TIg I[Pk, X ]1‘, X ]2‘]5:1) of Tlg does not exceed the quantity

TTE, risks, (x| PX).

2.4.2. Potentials for sub-spherical families of distributions
Definition 2.3. A. Given § > 0, we call a potential 5(s) : R — R §-regular, if the function

Hs,(s) = e N0=3) 4 o=n(8+s)

is nondecreasing on the ray s > 0.
B. The §-index of the §-regular potential n on a sub-spherical family P, is the quantity

es(nly) = / T ey~ 8ydr = / 049, 6y ds = / " Hyy(5)y (s) ds, 26)
0

—0o0 —00

where the concluding equality is due to the fact that y (-) is even.
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Proposition 2.6. Let P =P, be a sub-spherical family of probability densities on R", let § > 0, and let 1) be a 5-regular
potential. Then

risks (|Py) < €s(nly). 27

For a proof, see Section A.4.

Example 1: Step potential. Assume that P = P, is a sub-spherical family of distributions, and let § > 0, implying that
&« = 4(8|y), as given by (19), belongs to [0, 1/2) (recall that y is an even probability density positive in a neighbourhood
of the origin). We define the step potential as®

1 1—e&\ .
nis) == ln< > sign(s). (28)
2 £

*

Taking into account that 0 < g, < 1/2, it is immediately seen that 5 is a §-regular potential. The §-index of the step
potential satisfies

es(mly) =2ve.(1 — &), (29)

as is shown by the following computation:

00 1—e, -6 N )
es(mly) =/ e "y (s —8)ds = / y(s)ds+ ./ / y(s)ds
—00 Ex —00 1_8* )
1—¢, &y
= s + (1 —&,) =2, (1 —&y).
& 1—e¢,

Note that in the situation of Section 2.1 with stationary K -repeated observations (4), a sub-spherical family P = P,

and non-intersecting X1, X7, the test 7T, 1? associated with the step potential 1 is exactly the majority test 7}?1 ¥ defined in
Section 2.3.2. Because the index €5(n|y) of the step potential is < 1 due to &, < 1/2, its §-risk risks (n|P) ) is < 1 as well.

Example 2: Ramp potential. Assume that P is the sub-spherical family P,. with y.(s) = ﬁe"s'/ *, s € R (see the
“Laplace” example in Section 2.2). Given § > 0, let us consider the ramp potential ns which minimizes the risk €s(n|yr):

1 yr(s —96) s/ for |s| <6,
ms(s) =5 In( =) ="
2 yr(s +96) 5 sign(s) for |s| > 6.

One can easily verify that ns is §-regular for any § > 0, and the corresponding §-index satisfies

* 8
esmsm):/ \/m(s—5)V£(S+8)ds=e“s“<X+1>,

which is < 1 for all § > 0.

Examples above show that in the situation of Section 2.1, assuming that P = P, is a sub-spherical family, there
exist potentials n with é-indexes €s(n]y) < 1 and therefore, using Proposition 2.6, with risks risks(n|P) < 1, provided
8 > 0. In this situation, when solving problem (Sg) with X ]1‘ =X, X’z‘ = X, X and X, not intersecting, and specifying
6 > 0 according to (18), we can decide on the hypotheses H; and H» with any desired risk € € (0, 1) via semi-stationary
K -repeated observations (5), provided that

(30)

-1
K > K(e) :=J In(e” ) t

In(risks (n|P)~1)

see Corollary 2.2 (here |x| stands for the smallest integer larger or equal to x).

8Hereafter we put sign(s) =s/|s| if s # 0 and sign(0) = 0.
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2.4.3. Potentials for the sub-Gaussian family

Aside from sub-spherical families, there are other families of probability distributions allowing, in the case of X1 N X, =
&, for potentials with risks < 1 and thus for tests with an arbitrarily low risk, provided stationary or semi-stationary
K -repeated observations with properly selected K are available. The simplest family of this type is the family P, of
sub-Gaussian probability densities p(-), with parameters 0 and 7, that is, probability densities p on R" such that

/ehTfp(s)dz; <eith oy eRrr, G1)
Assuming that P = Psg and given § > 0, let us put

15G,8(s) = 8s. (32)
Proposition 2.7. Whenever § > 0, we have

risks (56,5 Psc) < €12, (33)

Proposition 2.7 is a special case of Proposition 3.3 in [13]; to make the presentation self-contained, we provide its
proof in Section A.S.

—s2/2

Note that if P is the sub-spherical family P, with yg(s) = ﬁe , 5 € R (recall that this family contains, for

instance, Gaussian distributions with zero mean and covariance matrix < I, cf. Section 2.2.1) the potential nsg s(s) =
—82/2

1 n( )’:g E;;g;) = §s minimizes the §-index over Py, with €5(nsG,5|yg) =e
2.4.4. “Majority of means” tests
Let now X; C R” and X, C R” be closed convex nonempty sets, one of the sets being bounded, and such that
X1 N X, = 2. In this situation, given € € (0, 1) and K -repeated stationary observations wX, the potential-based tests
developed in Sections 2.4.1-2.4.3 allow to decide on H;, H, with risk < €, where K grows logarithmically with e L
For instance, in the case of a sub-Gaussian family of distributions, the corresponding test attains the risk € provided that
K > K(¢) = O(In(e~1)/8%) (cf. (33)), where 28 > 0 is the Euclidean distance between X and X», see (16)—(18). On
the other hand, these tests rely upon the “Cramer-type” Definition 2.2 of the risk of the potential, and thus assume con-
trol of the exponential moment of n(€). In this section we present a different testing procedure, which only uses second
order characteristics of the potential (mean and variance), and yet allows to achieve arbitrarily low risks of testing for
essentially the same sizes of observation sample. We describe this modification in the simplest case of stationary repeated
observations, generalizations to more general settings (e.g., that of Proposition 2.5) being straightforward.

Now, let xi, xf and /., be associated with X and X» via (16) and (17), and let P be a family of probability distributions
on R”. We suppose that a potential 7(-) and ¢ € R are such that for some ¢ > 0 and all p € P,

@ Eep{n(hI (x] +&) +¢)} —Eeep{n(hI (x2+&)+¢)} > 0,

(34)
(b) Varsp{n(hl(x+& +c)} <1

forall x € X; UX,.0
Example. Let P be a family of zero-mean distributions on R" with covariance matrix < o2,

/Ep(é)dé =0, fssTp@)ds <1, VpeP.
For the linear potential n(z) = ¢t with ¢ = 0 we clearly have

Eep{n(hy (xs +8)+0)} = Eemp{n(hg (37 +8) )} = hi (v, —x7) =28 =10 VpeP,
Vare, [n(h] (x + £)+¢)} = Eep | (1] E)’} <1 V(x € X, U X2, peP)

(recall that § = 7 ||x} — x2||2, and ||h]2 = 1).

9Here and below Var denotes the “usual” variance: for a probability density p on R" and f : R" — R, Varg~,{f(6)} = Eswp{fz(é)} -
[Ee~p (£ EN.
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Now, given K -repeated stationary observations X = [x+&1,....,x+E&k], and €1, €3 € (0, 1), we consider the infer-
ence problem (Sk) of deciding via the observation wX whether x € X; (hypothesis H) or x € X, (hypothesis H). Our
objective is to build the test Tx for SX such that, uniformly over x € X; U X» and p € P, the probability of wrongly
rejecting H; (accepting H>) is < €1, and the probability of wrongly rejecting H> (accepting Hp) is < €;. and we want to
attain this goal using the smallest possible size K of observation sample wX .

In(e, )
In(e; )

For the sake of definiteness, assume that €; < €;. We denote « = %(1 —
m = |4e(e ™ 4+ 1)2072%|, and let

) (note that 0 < «x < %). Let now

mj
wj(a)K):l Z n(h,{wi—i-c), j=12,....
i=(j—Dm+1
Denote
«
=B [n(WF (x1 4 €) +0)} = 17 = Bemp (AT (33 +8) + )} + 12
The K -observation majority of means test Tg™ for Sk is as follows: given

K:=Jm=> [2In(e; ") m (35)

observations wy, k =1,..., K, T accepts the hypothesis H; when v; (@) > ¢, for at least J/2 values of j, and

accepts the hypothesis H> otherwise.

Proposition 2.8. In the just described situation, the risks of the test Tg"™ meet the problem specifications, namely,
Risk1s(Tk [P, X1, X2) <€, Riskos(Tk [P, X1, X2) < €2.

For a proof, see Section A.6.

Let us consider the test 72" using the linear potential with ¢ = 0. Under the premise of the proposition, i.e., in the
situation where the noise covariance matrix is < I, and the distance between the sets X and X, is > 2§, the size of the
stationary K -repeated observation sufficient for the test to satisfy the risk specifications is

Je(e™ +1)%72| |2In(e; )| = 0 (8 2 In(e; ).

Note that when €; = €3 = €, the above number of observations sufficient to decide on Hy, H, with risk € is within absolute
constant factor of the number of observations, as given by (30) and (33), needed for the same purpose in the case when
P ="Ps.

3. Sequential detection via Euclidean separation
3.1. Motivating example
We start introducing a motivating example which will help understand the general setting discussed in Sections 3.2,

3.3, 3.4 and which will be used in Section 4.3 to test our methodology.
Consider the simple time series model

Vi = otk + Sk
k=1,2,...,d, (36)
Q = k-1 + Nk + U,
where
e Yy is the observation at time k, and u = [uy;...; uq] € R? is the deterministic input;
e ¢ =[&1;...;¢q] 1s zero mean d-dimensional Gaussian random vector with unknown covariance matrix known to
be < o2ly;
e 11 =[n1;...;nq] is independent of ¢ d-dimensional random vector obeying multivariate Student distribution with v

degrees of freedom and matrix parameter < ;. Here v is a positive integer or +00, with v = oo interpreted as the fact
that n is a zero mean Gaussian random vector with covariance matrix < I;.
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We intend to decide from observations yi, ..., y4 on the nuisance hypothesis u = 0 vs. signal alternative
ue |J [UFuur (o], 37
1<i<d,
O<p<R

where R € (0, 00) is a parameter, U; (p) = —Ui+ (p), and [Ul.+(p) U U; (p)] is the set of “signal inputs of shape i and
magnitude > p.” We consider two cases:

e pulse signal inputs: Ui+(p) ={uce RY: up=0,k#i,p<u; <R}, 1<i <d,
e step signal inputs: Uﬁ'(p):{ueRd:ukzO,k<i,p§ui=u,~+1=-~-=ud§R},1§i§d.

To make the notation consistent with the one used in the general setting described in Section 3.2, we set Up;i—1(p) =
Ul.+(,o) and Ui (p) = U; (p), thus getting N = 2d parametric families of signal inputs and we refer to signal input
u € U;j(p) as to signal input of shape j and magnitude > p.

Control parameters are R > 0 appearing in (37) and tolerance € € (0, 1/2) responsible for the risks of our decision
rules.

Our goal is to find decision rules T and positive reals pkj € (0, R],1<k=<d,1=<j<N,suchthat

e 7T makes a decision given observation yk = [y1;...; yxl, and this decision, depending on yk , is either “signal conclu-
sion,” or “nuisance conclusion” (exactly one of them). In the case of signal conclusion at step k, the inference procedure
is terminated at this step, otherwise we pass to time k + 1 (when k < d) or terminate (when k = d).

e The following risk specifications are met:
— When the nuisance hypothesis is true (i.e., # = 0), the probability of terminating with signal conclusion (false alarm)

somewhere on the time horizon 1, ...,d is <e.
— For every k < d and every j < N, if the input u underlying our observation belongs to U;(p) with px; < p < R, the
probability of signal conclusion somewhere on the time horizon 1, ..., k should be at least 1 — €.

We intend to achieve this goal with as small p; as possible.
We now explain how to cast the problem we have just described as the more general detection problem discussed in
Sections 3.2, 3.3, 3.4. To this end, we need to build a new observation scheme. More precisely, we have
Y =aolli...: 11+ Bin+ Cel + Beu
——
k

for some known matrices By and Cy. Let Fi be d x (k — 1) matrix with columns forming an orthonormal basis of the
(k — 1)-dimensional subspace of R¥ comprised of vectors with zero mean. Let us set

Zk = kTyk = Dyn + Ex¢ + Dyu, (38)

where (k — 1) x d matrices Dy and Ej are given by Dy = FkT By, Ei = FkTCk, and, as is immediately seen, have rank
k — 1. We treat z¥, rather than yk, as an intermediate observation at time k.
We then find a positive definite matrix ®; such that

07 = DDl & O > EEl.

Finally, the observation ok at time k, is the vector (cf. (54))

o =0, =[0, ' Di]u+ 0, '[Din+ Excl. (39)
——— e e’
A &k

We have come to observation scheme (39) which can be handled by the change detection procedure we are about
to describe in Sections 3.2, 3.3, 3.4. In particular, by Proposition 2.3, & has a symmetric density pi(-) € ’P)’ﬁ_l with
Yy = ¥S * V5, Where ygs is the density of the standard univariate Student’s 7, distribution with v degrees of freedom, and
Yo is the density of N'(0, o2).

3.2. Situation and goal

In this Section our objective is to make decisions about an unknown vector u € R" representing inputs of a linear
system in the situation where the information about u is acquired sequentially, and the goal is to decide whether the input



Hypothesis testing via Euclidean separation 1941

observed so far is a nuisance or is “meaningful.” Our modeling methodology goes back to [5]. Specifically, suppose that
the observation w¥ € R™* available at stepk=1,...,K,is

of = Agu+ &, (40)

where u is the unknown system input, & € R are random noises, and Ay € R"*"« are known matrices. Throughout
this section we suppose that we are given

1. afamily P of distributions on R and matrices Z; € R "¢ such that Z is of rank my and
=27, k=1,...,K, 41)

where & obeys some (possibly unknown) distribution pg € P;
2. aconvex compact set Ujpp C R" of admissible inputs;
a convex compact nuisance set Vi C int Ujnp such that 0 € Vyy;
4. N convex and closed “activation” sets W; C R" such that 0 ¢ W; and

hed

we W, p=1 = pweW; (42)

5. N nonempty convex compact “drag sets” Vdjrg such that 0 € Vd]rg'

For the example of Section 3.1, we have & = [n; ¢1, Zk[n; ¢] = ®k_1[Dkn + Exl], Unp={u € RI:0<u; < R},
Viui = Vi, = {0}, and

o for pulse signal inputs: Wo;_1 = {u € R4 tup=0,k#i, 1 <u;}, Wy =—Wsi_1, 1 <i <d;
o for step signal inputs: Wi _1 ={u € RY:up=0,k<i,1<u; =Ujp1=---=ug}, Woj = —Wpi_1, 1 <i <d.

We call an input u € Vy; a nuisance, and a vector z of the form z = pw, with w € W; and p > 0, an activation of shape j

and magnitude > p. Note that if 0 < p’ < p and z is an activation of shape j and magnitude > p, then, as it should be, z

is an activation of shape j and magnitude > p’, due to z = p'w’, w' = (p/p")w, and w’ € W; due to 0 < p’ < p and (42).
We call input u a signal of shape j and magnitude > p (or > p > 0), if u € Ujpp and

u=v+p'w
with v € Vdjrg, w e W;,and p’ > p (resp. p’ > p), and denote by

Uj(p)z{u=v+,ow:ueUinp,veVdjrg,wer}

the set of all signal inputs of shape j and magnitude > p.

Our goal is to decide via observations @, k < K, on the nuisance hypothesis “the input u to (40) is a nuisance” (i.e.,
u € Vi) vs. the signal alternative “the input u to (40) is a signal of some shape and (positive) magnitude.” Note that in
this case, under the signal alternative the input u belongs to a nonconvex set expressed as a union of convex sets. More
precisely, we assume that we are given tolerances

€ €(0,1/2),1 <k <Ky, €;i€(0,1/2),1<k<K,1<j<N
{ Lo ey }

and want to design a sequence of decision rules {7; : 1 <k < K} along with thresholds py; > 0,1 <k <K,1<j<N
with the following properties: for every k < K,

e rule 7; makes a decision based on observation w*, and this decision is either to accept the null hypothesis or to accept
the signal one (but not both);

e if the input is a nuisance, the probability for Ty to accept the signal alternative is < ei;

o if, for some j, the input is a signal of shape j and magnitude > py;, the probability for 7; to accept the nuisance
hypothesis is at most ;.

Given tolerances ¢, €;;, we would like to achieve the outlined goal with thresholds px; as small as possible.
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3.3. Tests Ty, Scheme I

3.3.1. Assumptions on the distribution of noise &
Throughout Section 3.3, we make the following assumption on the family P of probability densities of random distur-
bance & in (41):

Assumption 1. Forevery k < K we can point out a parametric family Hy = {nlg (-) : 8 = 0} of potentials and a continuous
nonincreasing function Ry (8) : R4 — (0, 1] such that R4 (0) = 1 and

risks (nf|P¥) < Rk (8) V8>0, (43)
where P is the family of probability densities of random vectors & = Zx£ with & ~ pe €P.

Note that Assumption 1 indeed holds in the situations of our primary interest. Specifically, assume that Z; Z kT < Ip, 10
Then

e when P = P:é is the family of sub-Gaussian distributions on R", with parameters 0, I, , then Pk belongs to the

family ’P:(l}k of sub-Gaussian, with parameters 0, I, , distributions on R”*. By Proposition 2.7, (43) is ensured by the
choice

7'lk:{'7I§(S)=5s,820}, Rk(3)=e_82/2;

e when P =P, is a sub-spherical family of distributions on R"¢, (41) combines with Proposition 2.1 to ensure that the
family P¥ is contained in the sub-spherical family of distributions 773”‘. Invoking the example of the step potential
from Section 2.4.2, (43) is ensured by setting

1 I—ed) .
Hi = {nlg(s) =3 ln(w> sign(s), 8 > 0}, Ri(8) = 2,/8*(5)(1 - 8*(8)),
£.(8) =/Ooy(s)ds.
s

3.3.2. Building decision rules
For every k < K and every j < N, consider the parametric convex optimization problem

. |1 i
Opty;(p) = min {5 [ Ak(v" =T + pw]) |, : v € Voi, v € Vi w € W) v+ pw e Uinp}a (Pij[p])
v, v,w

where the parameter p is positive. _
From our assumptions on Vyyi, Uinp, VG{rg and W; it immediately follows that
. the set A; of those p > 0 for which (Py;[p]) is feasible, is a half-open segment (0, R;] with 0 < R; < 00, and

. when p € A;, problem (Py;[p]) is solvable, and Optkj(p) is a real-valued continuous nondecreasing function on A
such that lim,_, ;o Optkj (p) =0.

[N

Given k < K, we specify the test Ty as follows.

1. We compute the quantities R; M

2. We select somehow a (perhaps, empty) set Jx C {1,2, ..., N} and reals pi; € (0, R;], j € Ji, in such a way that
(@) prj = Rj when j ¢ Ji;
(b) we have

Z Ek_lei (Opty,; (pxj)) < ex. (44)
Jj€Jk
Note that (44) implies that Opt; ] (prj) > Ofor j € Ji, otherwise the left hand side in (44) is at least 1 due to Ry (0) =1,

and we have assumed that €, < 1/2.

10This always can be achieved by appropriate scaling of observations (40).
U The simplest way to identify R; is to run bisection in p on a large initial range of p in order to find the largest p for which (Py;[p]) is feasible.
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3. If Jy = &, Ti accepts the nuisance hypothesis. When Jj, £ &, we act as follows:
(a) for j € Ji, we solve the optimization problem (Px;[0x;]) and denote by (v,i 7 Vkj» Wk j) an optimal solution to the
problem. We set

Axlvy; — uj]

8kj = Opty; (pkj), Ugj = Vkj + PkjWkj, hyj = m s
= Al gl o (oh) = b, (Wt — ay),

with 1715‘(-) given by Assumption 1, and define o from the relation
e = exj /Ry (8kj); (46)

(b) finally, given observation ¥, the rule 7; accepts the nuisance hypothesis if ¢ i (@) + j >0forall j € Ji, and
accepts the signal hypothesis otherwise.

3.3.3. Performance analysis

We now check that the just defined decision rules meet the goal stated in Section 3.2. Let us fix k < K and j € Ji. Given
feasible input u, let Pf be the distribution of observation ¥, the input being u. By construction and due to Proposition 2.5,
applied to observations oF = Agu + & and X1 = Ay Vi, X2 = AxUj(pxj), we have

/e—¢kj(wk)PIf (da)k) <Rk(8j), when u is anuisance,
(47)
/ ePii (@) Pk (dwk) <Ri(8kj), whenu is a signal of shape j and magnitude > py;.

Assume first that the input « is a nuisance, and let us upper-bound the P,f -probability of rejecting the nuisance hypoth-
esis at step k. This takes place only when ¢ (@) + ay ; < 0 for some j € Ji, and, by the first relation in (47), for a given
j € Ji the P,f—probability of this event is at most e Ry (6;) = R,%(Sk i)/ €kj where the last equality is due to (46). As a
result, the P,f -probability to reject the nuisance hypothesis at step k is at most

Z 6l:le%(‘ski) = Z EI:le%(Optkj () < €,
J€Jk j€Jdk

where the concluding inequality is due to (44).

Now, let the input u be a signal of shape j and magnitude > p;. Due to pg; = R; for j ¢ Ji, we have j € Ji. Let
us upper-bound the Pf -probability of the nuisance conclusion at step k. By construction, the latter occurs only when
orj () + ayj > 0, and, by the second relation in (47), this can happen with P,f -probability at most e* Ry () = €;j,
where the concluding equality is due to (46).

The bottom line is that the probability of false alarm at step k (a signal conclusion when the input is nuisance) is < €,
and the probability of pi;-miss (the probability to make a nuisance conclusion when the input is a signal of shape j and
magnitude > pg;) is at most €;.

3.4. Decision rules Ty, Scheme II
Throughout Section 3.4, we make the following

Assumption A. The family P of probability densities of the disturbance & in (41) is such that for all kK < K, probability
densities of noises & belong to sub-spherical families 773”‘ with some common y .

Note this assumption takes place, e.g., when P is a sub-spherical family ’P;E and Z; ZkT =< ILy,, k < K, see Proposi-
tion 2.1.
We put (cf. (19))

ex(8ly) 2/8 y(s)ds, (48)
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3.4.1. Building the decision rules
Given k < K, we specify T as follows.

1. Exactly as in Scheme I, for every j < N, we consider the parametric convex optimization problem (FPy;[po]) with
positive p, and compute R}, the largest o for which the problem is feasible.

2. We select somehow a (perhaps, empty) set Jy C {1,2,..., N} and reals ox; € (0, R;], 1 < j < N, and ayj, x = 1,2,
J € Ji in such a way that pox; = R; when j ¢ Ji, and we have

(@) eulaokjly) <exj Vj€ i,
(b) Z ex(@ikjly) < €k, (49)
J€Jk
(©) ok +oakj <28k, ki =Opt; (k) Vj € Jk.
Note that for j € Ji we have aqi; > 0 and az; > 0 (by (49)(a)—(b) combined with €; < 1/2, ¢, < 1/2; recall that
£«(sly) = 1/2 when s < 0). As aresult, (49)(c) implies that §;; > O whenever j € J.
3. If Jy = &, Ti accepts the nuisance hypothesis. When J; # &, we act as follows:

(a) for j € Ji, we solve the optimization problem (Py;[0k;]) and denote by (v,’{j; Vkj, wkj) an optimal solution to the
problem. Similarly to (45), we set

Aklvy; — ukj]

Ukj = Vkj + PkjWkj, hyj = ——F——,
A S — Ui
I Aklvy; — uijlll2 (50)
1
ckj = EhijAk[vl/cj + ukj], rj (a)k) = tha)k — k)

(b) finally, given observation o*, the rule T accepts the nuisance hypothesis if ¢y (wr) > %(az;{j —axj) for all
J € Jk, and accepts the signal hypothesis otherwise.

3.4.2. Performance analysis
Let k < K be fixed, and let P,f be the probability distribution of observation ¥, the input being u. Taking into account
(49)(c) and applying Proposition 2.4 with oy = ayj, 6 = 8; and X1 = Ay Vi, X2 = AU (pk;), we obtain

1 .
(a) Pf{d’kj (wk) < E(Olzkj —Oélkj)} <é&laijly), ifue Vi,
(51)

1
(b) Pf{(pk,-(w") > (e — Ollkj)} < eulajly), ifueUj(pox)).

Assume first that the input « is a nuisance, and let us upper-bound the Pf -probability of rejecting the nuisance hypoth-
esis at step k. This rejection implies that ¢ (a)k) < %((xzk j — a1xj) for some j € Jyi, and by (51)(a) the PL{‘ -probability of
this event for a given j € Ji is at most &,(a1x;|y). As a result, the P,f -probability of signal conclusion at step kK when u
is a nuisance is at most

> elanyly) < e

J€Jk

where the inequality is due to (49)(b).

Now let the input u be a signal of shape j and magnitude > py;, i.e., u € U;(p) with p > p;. Due to px; = R; for
j ¢ Ji this means that j € Ji. Let us upper-bound the be—probability of a nuisance conclusion at step k. The nuisance
hypothesis is not rejected only when ¢y (&%) > %(az;{ j — a1kj), and by (51)(b) the P,f -probability of the latter event does
not exceed &, (a2kj|y) < €; (recall that by definition of sets U;(p), u € U;(p) with p > pi; implies that u € U;(ok;)),
where the concluding inequality is due to (49)(a).

The bottom line is that the Pf -probability of false alarm at step k (rejecting the nuisance hypothesis when it is true)
is < €, and the Pf—probability of pij-miss (making a nuisance conclusion when the input is a signal of shape j and
magnitude > ;) is at most ;.
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4. Application: Change detection in linear dynamical system
4.1. Problem statement

We consider the change detection problem as follows.

1. We are given a discrete time linear time invariant system

X = Pixi—1 + Qru + RiE,

(52)
y;:C;x—}-D,u—I—S[S, t:l,...,d,

where

e x =[xp; x1;...;Xq], x; € R™ is the state trajectory, u € R" is the input, y, € R"» is the output at time ¢;
e & € R™ is arandom disturbance with (unknown) distribution P;
e P, ..., 8,1 <t <d,are known matrices of appropriate sizes.

Given 7 <d,weset y* =[y1;...; y]. We denote E, =R"™ x ... x R" and similarly for E,,.
d .

2. We are given sets Uyyp C E, (admissible inputs), Vi C E, (nuisances), Vd]rg (drags), W; C E;, (activations of shape
j and magnitude > 1), 1 < j < N, meeting the requirements of Section 3.2. These sets, exactly as in Section 3.2, give
rise to the notions of admissible and nuisance inputs to (52), same as signal inputs of shape j and magnitude > p.

3. The distribution P of disturbance & is known to belong to a given family P of probability densities on R . We are
also given tolerances €, € (0,1/2), ¢, €(0,1/2),1<t<d,1<j<N.

We acquire observations y, one by one, so that at time ¢ we have at our disposal the observation y’ = [y1;...; y;]. Our
objective is to design tests 7; and thresholds p; i >0,1<t=<d,1=<j< N, meeting requirements completely similar to
those from Section 3.2:

e given observation y’, the test 7; should make either a nuisance, or a signal conclusion (but not both);

o if the input to (52) is a nuisance, the probability of the non-nuisance conclusion at time ¢ should be at most ¢;, and if,
for some j, the input is a signal of shape j < N and magnitude > o;;, the probability of the nuisance conclusion at
time ¢ should be at most €;;.

Both these requirements should be satisfied for every ¢ < d, and we would like to meet them with as small thresholds
0rj as possible.

We are about to demonstrate that the just outlined change detection problem can be handled via the techniques devel-
oped in Sections 3.3 and 3.4. Basically all we need to this end is to convert our observation scheme into the one considered
in Section 3, and this is what we are about to do next.

4.2. Building the observation scheme

Given an input u, a noise & and 7 < d, the observation y’ is not uniquely determined by the input and the noise; it is also
affected by the initial state xo of the system. To get rid of the influence of the initial condition we act as follows.

1. We denote by F' the linear subspace of EY, = {[y1;...; y] € R} comprised of all outputs y' = [y1;...; y;] which
in the noiseless case £ = 0 stem from zero input and some initial state of the system, build an orthonormal basis of
the orthogonal complement of F' in E ; and make the vectors of this basis the rows of a matrix, thus arriving at a
M X (tny) matrix M,. Note that u, is a nondecreasing function of ¢.

2. Weset z/ = M,[y1; ...; y;], where y; is given by (52).

It may happen that u; = 0 for some ¢. In this case, our decision rule 7; by construction accepts the nuisance
hypothesis, so that nontrivial decision rules will be associated only with those time instants ¢ for which u, > 1. Let
t =k + 1 be the first instant such that the corresponding p; > 1. Note that time instants ¢ with u;, > 1 form the
final segment {k + 1,k +2,...,k + K =d} of 1,...,d (recall that u, is nondecreasing in t). We set my = U4k,
1 <k < K. By construction,

2 = Agu + By, (53)

with some my x n, matrix Ay and my x ng matrix By, readily given by our data.
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From now on, we assume that!2 K > 0 and that By are of full row rank, i.e. rank(By) =my, 1 <k < K. Finally, we
select somehow invertible my x mj matrices Ly and pass from observations (53) to observations

ok = Aru + &, where ok = LkZK+k, A = Li Ay, & =728, Z = LiBg. (54)

— —T .
For example, we can set Ly = (BB, y~U/2 thus ensuring that ZkaT =1y,
Notice that observations (54) meet the requirements imposed in Section 3.2. As a result, we find ourselves in the

situation considered in Section 3.2 and therefore can apply to the change detection problem in question the machinery
developed in Sections 3.3 and 3.4.

4.3. Illustration: Detecting changes in the trend of a simple time series
We consider the example of Section 3.1 and apply, with minor modifications, the construction outlined in Section 3.4.

4.3.1. Constructing decision rules
To attain our goal (see Section 3.1) we act as follows. The rule 77 is trivial — it always accepts the nuisance hypothesis.
To describe how T, k > 1, is built, let us fix k € {2, ..., d}.

1. Building observation k. Setting £ = [n; ¢] and Zi[n; ¢]1= @k_l [Din + Ex¢], our observations (39) are as required in
(40), and we meet Assumption A.
In our implementation, we use O = Q,lc/ 2, where € is the minimum trace matrix satisfying €y > Di DkT, Qi =
ExE].
We now apply the decision rules of Scheme II from Section 3.4 to observation (39). To define parameters
Ji, pkj, a1k and aog; we proceed as follows.
2. We set
~ €

Je=A{1,...,2k}; ?=m§ €x = 2ke; €j=¢, Je€J ki =R, j¢& . (55)

For j € ﬁ, we specify a1, @), Ok; by the relations

o0 o0 1
/ y(s)ds =¢, / v(s)ds = ¢ =¢, 5kj=§[011kj + o]
o o

1kj 2kj

Note that, by construction, setting €; = 0 we have

d

o0

Vk : Z / y(s)ds < ¢, Zek =e and o o =28, JjE€k
jed "t k=1

cf. (49). _

3. For j € Ji, we consider the convex optimization problem (cf. (Pg;[p])). Optkj(p) clearly is continuous and nonin-
creasing in p > 0 and lim,_, 1o Opt(p) = 0. When Optkj (R) < 8k we set prj = R. Otherwise, we find the smallest
© = pxj such that Optkj (p) = dkj; note that in the latter case we have pg; € (0, R) and Optkj (porj) = Sxj. We have
specified p; forall j € Tr.

4. We set Jy ={j € Ji : prj < R} thus ensuring that pr; < R if and only if j € Ji 13

5. Same as in Section 3.4, for j € J; we denote by uy; an optimal solution to problem (P;[p]) with p = pi; and set (cf.

(50))

Aguj  Agugj

1
hka— ijzih]{jAk”kjs ¢kj(a)):hija)—ckj.

lAcugills 28k

6. Finally, given observation ¥, our rule T; makes the nuisance conclusion if and only if ¢y (wr) > %[azkj — aqg;] for
all j € Ji, and makes signal conclusion otherwise, cf. Section 3.4. Invoking the results of Section 3.4.2, the decision
rules we have built do satisfy risk specifications of Section 3.1.

120pserve that when K = 0 our approach results in trivial tests always accepting the nuisance hypothesis — in this case the input-related component in
the observations is fully masked by the influence of initial condition xg.

3Note that, typically, |Ji| < |j;(|. Thus, one can easily improve the estimation procedure by better accounting for the “remaining at step k” part of
false alarm probability. A simple “dynamic” management of false alarm probabilities of tests is implemented in the numerical experiments described in
the next section. The detailed construction is presented in the Online complement of the paper available at http://arxiv.org/abs/1705.07196.
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4.3.2. Quantifying conservatism: Performance indexes
Let us pass from intermediate observations (38) to observations

~1/2
w* =[DyD]] Pk = Qi+ Sk +Quu, (56)

Ak

where Qy = [DkaT]_l/sz satisfies Qg Q,{ =1I;_1 and S = [DkaT]_l/zEk. Since Qj has orthonormal rows, specify-
ing the distribution of 1 to be multivariate Student’s 74 (v, I;) distribution on R with v degrees of freedom and unit matrix
parameter, the distribution p(-) of the random variable Q7 will be multivariate Student’s 71 (v, Ix—1) distribution. Now,
let  be the smallest nonvanishing singular value of Sy (or, equivalently, #2 is the smallest eigenvalue of Sy S kT ). Clearly,
we can specify the covariance matrix ¥ of zero mean d-dimensional Gaussian random vector ¢ to satisfy ¥ < o/, and
to be such that the covariance matrix of Sx¢ is 620 2Ix_1. We conclude that we can point out distributions of 7 and ¢,
satisfying specifications of the model (36), and such that the random noise A¥ in (56) will be the sum of two independent
zero-mean random vectors, one with (k — 1)-dimensional Student distribution #;_1 (v, Ix_1), and the other — Gaussian,
with covariance matrix (0o)2I;_1. As it is immediately seen, AK has a probability density p(-) of the form f (]| - ||2) with
nonincreasing f and whenever ¢ € R*"! is a unit vector, the probability density y(-) of the scalar random variable e” A*
is

Yk = VS * Yoo -

Here, as above, ys is the density of the univariate Student’s ¢, distribution, and ys,, is the density of N0, (90)2).
Now let V1, V; be two closed convex sets in the space R of inputs such that the sets Q;V,, x =1, 2, are closed, and
one of these two sets is bounded, and let (ui, ui) be an optimal solution to the convex optimization problem

1
§=  min E||Qk[u1—uz]||2. (57)

uleVi,u2eV,
By Remark 2.1, no test based on observation (56) can decide on two simple hypotheses u = u!, u = u2 with risk <
f(;oo Yk (s) ds, implying that the same lower risk bound also holds true for all tests utilizing observations y¥ rather than w*.
Now let V1 = {0} and V> = U (p), so that § as defined in (57) becomes a (clearly, continuous and nonincreasing when
p > 0) function &;(p) of p. Let us define p,fj as follows: if faij(R) vk (s)ds > €, we set ,o,’(“j = R, otherwise p,’:j € (0, R]

is the smallest p > 0 such that f Sij( o) Yk (s) ds < €. By construction, for every p € (0, p,’;j) there is no test which, given an

observation y*, would decide with risk < e on the hypothesis “u = 0” vs. the alternative “u is a signal from U i (p) with
p > 0. It is natural to quantify the conservatism of our decision rules 7y by the performance indexes py;/p; i the less
are these indexes, the less is the conservatism.

4.3.3. Numerical results

We operate on time horizon d = 8 and deal with o = 1 and with 5 values of the number v of degrees of freedom of the
Student distribution of 5, specifically, the values 1, 2, 3, 6, co. In the experiments of this section we use parameter values
R =10%, € =0.01."* The range of parameters pi ; and of ratios o/ p;f’ ; are presented in Figure 1. Some comments are
in order.

1. Relation Uzi_1(p) = —Uai(p) implies that px 2i—1 = px 2i, p,f,zifl = p,’("’zl., 1<i<d.

2. We display the range of quantities px; and px;/ p,’;j only for those values of k, j for which p,fj < R, that is, ignore

pairs k, j for which already an optimistic lower bounds p,fj on the magnitude of signal inputs of shape j which can
be detected, with the required risk, at time k should be > R, which is forbidden by (37). On a closest inspection, the
ignored pairs k, j are the pairs of the form k, j =2i — 1 and k, j = 2i where
(@) i >k, or
(b) k=1,or
(c) [only for pulses!]i =1 <k.
The reasons are clear: (a) stems from the fact that at time k it is impossible to detect a whatever large signal input
which starts at time i > k; (b) reflects the fact that the contribution of a whatever large signal input, if any, to the very
first observation is fully masked by the initial condition «, and in our model we do not impose any restrictions on this
initial condition; (c) is of a similar origin: when the signal inputs are pulses, of a whatever magnitude, at time 1, are
fully masked by the initial conditions and thus cannot be detected at all.

14We use Mosek and YALMIP Matlab toolbox [1,16] to solve corresponding optimization problems.
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Fig. 1. Detecting changes in the trend of a simple time series. Blue/green/red/cyan/magenta: v = c0/6/3/2/1. Left plots: ranges (vertical segments)

of ok 2i—1 = Pk,2i> vs. k. Right plots: ranges (vertical segments) of performance indexes ,Ok,zifl//);: 01 = pkyg,'/pz‘ 5; Vs. k. Ranges of i and k
cover the domain where p;zi = 'Olt,Zi— | <R= 10%. Charts are shifted horizontally to improve the plot readability. On these plots both py »; _; and
Pk,2i—1/Pf 5;_ decrease with v.

3. Asit could be guessed, when the signal inputs are steps, the quantities pg;, for j fixed, decrease as k > j grows, since
influence of step-change on our observations accumulates with time. In contrast, no such phenomenon is observed for
pulse signal inputs where there is “nothing to accumulate””!

. The conservatism of our decision rules, as presented in the tables, while unpleasant, seems to be not too high when
v > 3, and becomes really arresting when v = 1. The origin of this phenomenon is quite transparent. The conservatism
seems to stem primarily from systematic use in our constructions, for absence of something better, of the union bounds
for probabilities. For example, when computing p,’jj, we allow for the probability of false alarm at time & to be as large
as €, while in our decision rules, we “distribute” this probability between d instants where we make our decisions.
Similarly, when computing p,fj, we act as if the only alternative to the nuisance hypothesis were a particular signal
hypothesis u € U;(p), while in fact we have several signal hypotheses to consider and should take into account the
resulting “accumulation of risk.” As a result, we require from pairwise tests participating in 7 to have risk essentially
smaller than €, which in the case of a “heavy tail” noise distribution allowed by our model requires an essentially larger
magnitudes of detectable signal inputs than those allowing for detection when the shape of signal input is known in
advance. And indeed, we see that the ratios o/ p,’:j rapidly increase as v decreases.

150, rather, that the noise in the states oy, of the model accumulates at the same rate, thus cancelling the effect of the growing observation sample.
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Fig. 2. Coefficients p 2;—1 = px,2; forv=3, k=8, and i =2,...,8, as a function of the desired risk € of the test (left pane) and the standard

deviation o of the Gaussian noise ¢; (right pane).

We report on Figure 2 the evolution of parameters pi; for k = 8 for step and pulse signals as a function of the risk of
the test € and the standard deviation o of the Gaussian component ¢; of the noise. As expected, pi; increase with o and
when € decreases.

4.3.4. Change detection in linear dynamic system revisited

The methodology developed in Section 3.4 allows for a straightforward refinement which hopefully improves the resulting
inference performance. Note that the inference rules, as given in Sections 3.3 and 3.4 use very conservative bound for
the probability of false alarm — for multiple tests this probability is simply the sum of probabilities of false rejections
of the nuisance hypothesis for each test. This results in the increase of the testing thresholds p;, which amounts to a
“logarithmic factor” in the case of Gaussian observation noise, but becomes much more severe in the case of a heavy-tail
noise distribution. One way to make the decision less cautious is to reduce the number of hypotheses to test by aggregating
the alternatives. Here we illustrate the idea of the proposed modification on the simple numerical example in Section 4.3.
Specifically, when building the detection procedure, at time k we act as follows:

e We compute the quantities pf;, j =1,...,2d, and denote by J;* the set of those j for which pi; < R. As it was
explained, there is no reason to bother to detect at time k signal inputs of shape j ¢ J;'.

o Assume we have somehow associated thresholds pr; > p;;/ to indexes j € J,:‘; our goal, same as before, is to build a

decision rule 7; which, given ok,

— with probability at least 1 — €, makes signal conclusion at time k, provided the input belongs to U (o) with some
JeJs
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— has false alarm probability at time k (the probability to make signal conclusion when the input is a nuisance) < ¢,
D i€k =€.

Next, let us color the sets U; (o), j € J,j‘ (and their indexes) in a number L of colors; let I; be the set of indexes j € J,j
colored by color £. We associate with each £ a convex alternative U* — the convex hull of “alternatives of color £7:

Ut = Conv(U Uj(pkj)), ¢=1,...,L,
jele
and replace the original detection problem with the following one: given observation w* we want to decide on the null
hypothesis Hy “the input is nuisance” (in our case, zero) vs. the alternative H; “the input belongs to U(f:] U*” Same as
before, our goal is to ensure probability of false alarm < €; and probability of miss < €.

Note that if we are able to do so, we meet our initial design specifications — with input from U (pox;) for some j € J/',
the probability of signal conclusion at time k will be at least 1 — €. To build the decision rule, let us use pairwise tests
given by the construction from Section 3.4: we need L tests, £th of them deciding on Hy vs. the alternative Hf cueUt,
with risks e,f of false alarm and € of miss. If we can ensure Z,f:l elf < €, we are done — the decision rule which makes
nuisance conclusion when all our L tests “vote” for Hy, and makes the signal conclusion otherwise, is what we are looking
for. Note that the original construction in Section 4.3 is of exactly this structure, with L = Card(J,j) (i.e., every U;(pk;j),
J € J}}, has its own color). It could make sense, however, to use aggregated alternatives, thus reducing the number of
colors. When doing so,

— on one hand, it is more difficult to decide on Hy vs. the alternatives, because the image A;U* of the “aggregated” set
of signal inputs is closer to the image {0} of the nuisance set than the images AxU;(ok;), j € I¢, of individual sets
of signal inputs participating in the aggregation. Therefore, to ensure the same risk, we now need a somewhat larger
separation of the images of the nuisance and the signal inputs in the observation space;

— on the other hand, we should now “distribute” €, among L < Card(J;") miss probabilities e,f. This would allow to
operate with larger miss probabilities, thus reducing the necessary separation of the images of the nuisance and the
signal inputs in the observation space.

It is hard to tell in advance which of these two opposite effects will prevail; an answer, however, could be provided by
computation, and it makes sense to give to the outlined modification a try. To make things as simple as possible, let us act
as follows.

e After the colors are assigned and the sets U t ¢ < L, are built, we specify elf and the quantities o1, ook, 8¢ to meet the
requirements

¢ €k o €k R 1
ek:Z, 1<ti<L; / y(s)ds:z; / y(s)ds =¢; 51(:5[0111( + aor].
o o

1k 2k

Let us suppose that the relation
1
min —||Axull2 =8, £€=1,...,L, (58)
uet 2
is satisfied. We set

1
T k T
hie = At/ | Axurell2, Che = Ehszkukb Pree (") = hygor — cke,

where uy, are optimal solutions to the optimization problems in (58). It is immediately seen that making at time k the
nuisance conclusion if and only if ¢; (a)k) > %[azk — oqx], we ensure simultaneously the probability of false alarm at
time k at most €, and the probability of miss when the input belongs to (_J jery U;(pkj) at most €, thus meeting our design
specifications.

Specifying pxj. The question we did not address so far is how to choose oy, j € J;F. What we expect of these quantities
is to ensure the validity of (58), and the simplest way to achieve this goal is as follows. Setting px; = 9,0,1‘]., the left hand
side in (58) is a nondecreasing function of €, and we can find by bisection the smallest 8 = 6 > 1 for which (58) takes
place. After 6y is found, we set py; = O p,’: B j€E J,;" . Clearly, with this approach, the performance indexes o/ p,’: B jeJr,
are all equal to 6.
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How it works. We applied the just outlined construction to the data underlying the numerical experiment described in
Section 4.3. Our implementation was the simplest possible: given k, we looked at all j’s such that p;; < R; the set J;*
of these j’s with our data is nonempty only when k > 2 and is either {1, ..., 2k} (step signals), of {3,4, ..., 2k} (pulse
signals). A set U;(p) with odd index j =2i — 1 (even index j =2i), j € J;7, is comprised of signals which are zero
before time i and “jump up/jump down” at time i depending on whether j is even or odd. We color these sets in L = 2
colors, depending on whether the corresponding indexes j are odd or even, that is, we use at step k

vt= | Ujter). =12,
JeJ§,jmod2=¢

with 6y as explained above.

We present on Figure 3 the comparison of performance indexes py;/ p,’(“j, Jj € J;¥, for the original inference routine
(these indexes are presented on Figure 1) and the performance indexes of the just described modified inference. For
our initial routine, the performance indexes slightly vary with j € J, and we present their ranges; for the new routine,
the performance indexes do not depend on j. We observe that in the considered example the proposed straightforward
aggregation of signal inputs typically results in degradation of the performance indexes, and improves these indexes
significantly for the “heavy tailed” noise distributions (the case of v =1).
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Fig. 3. Ranges of performance indexes py; / p,fj (cf. right plots of Figure 1) as compared to the performance index for the refined inference (solid lines).
Red/cyan/magenta: v =3/2/1 (left plots), blue/green: v = 0o/6 (right plots). Charts are shifted horizontally to improve the plot readability. On these
plots px, j/of; ; decrease with v.
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Appendix: Proofs
A.1. Proof of Proposition 2.3

In what follows, for functions f, g : R — R, we say that f dominates g (notation: f > g, or, equivalently, g < f), if

/Oof(s)ds zfoog(s)ds Vsé > 0.
§ $

Let

e & be the family of even probability densities on the real axis;
e N be the family of nice functions on the axis.

10, Note that > clearly is transitive: if f > g and g > h, then f > h. Furthermore, A" C £ (by definition of \/), and £
is closed with respect to taking convolution (evident). We also need the following technical facts.

10.a. \V is closed with respect to taking convolution.

Indeed, let f, g € N. The fact that f % g is even and continuous on the real axis is evident. Therefore in order to show
that f » g € \V it suffices to verify that 4 = f % g is nonincreasing on the nonnegative ray. For 0 < z < f(0), denoting
y(z) =min{y > 0: f(y) =z}, we have for every x > 0,

00 00 fx—=y) f©)
h(x)=/ f(x—y)g(y)dy=/ </0 dZ>g(y)dy=/o H(x,z)dz,

—0o0

where H(x, z) = fxxjyy(%) g(y)dy for 0 < z < f(0) and H (x, 0) = 0. To conclude we observe that for every fixed f(0) >
z>0, H(-, z) is a differentiable, nonnegative, and nonincreasing function on the nonnegative ray. Indeed, for 0 < z <
£(0), the derivative H (x, z) of this function at x is H} (x, z) = g(x + ¥(2)) — g(x — ¥(z)) and it is clear that this quantity
is < 0 since g € N/. We have checked that for every fixed z > 0, H (-, z) is nonincreasing on the nonnegative ray. It follows
that % is nonincreasing on the nonnegative ray.

19b.Let f, feE, geN,andlet f = f. Then fxg = f *g.

Let us verify that for all x > 0, H(x)<H (x), where H and H are cumulative distribution functions (c.d.f.) of the
densities f * g and f g, respectively. Observe that

[e.¢]

H(x) Z/'OO g)F(x —s)ds =/ gx —0)F(t)dt,

—00 —00

same as

H(x)= foo g(x —)F(r)dt,

—0o0

where F and F are the c.d.f.’s of the densities f and f, respectively. Thus, when setting A(s) = F(s) — F(s), we get

e ¢]

H(x)—FI(x):/ g(x—t)A(t)dt:/oog(x—I)A(l‘)dl‘—i—/oog(x+t)A(—t)dt
[e'e) 0 0

[because A(—1) = —A(1)] = /oo AN)[gx —1) —gx +1)]dt >0,
0

where the final “>"is due to A(t) >0 and g(x —t) > g(x + 1) for x, ¢ > 0 (recall that g € ) for t > 0.

1%c.Let fe&, pe(0,1),andlet fo(s)=p"' f(p~'s). Then f, € £ and f, < f.

Indeed, the inclusion f, € £ is obvious. On the other hand, if £ ~ f, one has P(p& > x) = P(§ > x/p) < P(§ > x)
for0 < p < 1 and x > 0, what is exactly f, < f.

19d. Let feN andge & Then fxg = f.

Note that the c.d.f. H of f x g satisfies

H(x):/ g(s)F(x—s)ds:f g(s)[F(x—s)+F(x+s)]ds,
0

—00
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where F is the c.d.f. of f (recall that g € £), and therefore for x > 0 it holds
o
H(x) — F(x) =/ gW[F(x—s5)+ F(x+s) —2F(x)]ds <0
0

due to the concavity of F on R;.
20 Now let p(-) € P", g(-) € P™, and let e € R”, |le|| = 1, be given. Let us set ey = AT O le, ey = BTO ¢, let
n~ p and ¢ ~ ¢ be independent, and let § = ®~'[An + B¢]. We have

w=cle=[aATo ] n+[BTO ] ¢ =eln+ele.

Observe that e]Tel =eTO1AATO e <1ducto ®1aAaTO1 < I-, and for similar reasons 6;62 < 1. We denote p| =

lle1ll2 and pp = |le2||2, so that p1, pp € [0, 1]. When p, >0, x =1,2, wesete, = ,o;lex. Now, let f] € £ (respectively,

f2 € £) be the density of the scalar random variable elTn (respectively, e2T ¢). Note that when p; > 0 (o2 > 0) random

variable elTn (ezTg) indeed has a density, and this density is even. Let also fl ef (fz € &) be the density of élTn (ézTg“).
29 a. Assume for a moment that p; > 0 and ps > 0. Then

e pe Pl whence f1 €&, fl e & and fi(s) = ,ol_lfl(,ol_]s), whence f < f] by 19.c. Since f_l =< and < is transitive,
we have also f] < . . _
e g € P™ and P" is a completely monotone subfamily of P/, whence f» € N, f2 € N and, same as above, f2 < f2 < v,

whence also > < v.
e The density of w is f1 x f>. We have

fixfh=zuxf [by 10.binviewoff1,u €&, f,eNand fi ﬁM],

frxp=<pxv [by 1%binview of fo,v e &, e N and fr <v].
Hence, f1 * fo <y := u*v, such that y € £, and (15) follows. Besides this, in the case in question @ has an even
density.

29 b. Now let p1 =0. Then p; > 0 due to AAT + BBT » 0, and the probability density of w is f>. We have f, < f_z <
v < v (the concluding < is due to 10.d), and (15) follows. Similarly, when p; = 0, we have p; > 0, and the probability
density of w is f1. Similarly to the case where p; = 0, we have f] < ﬂ < <X u*v,and (15) follows. Furthermore, as
we have seen, w always has an even probability density. Finally, y = p * v is nice by 1%.a. (i) is proved.

3% To prove (ii), note that in the notation of item 29 and under the premise of (ii), p, > 0 implies that f, € . Hence,
due to 19.a, the distribution of @ has density from N (this density is f] » f> when p1, p2 > 0, f> when p; =0, and f;
when p; = 0), which combines with (i) to imply (ii). O

A.2. Proof of Proposition 2.4

When x € X1, we have hlx > hTx! = ¢, + 6, thus
1 T 1
§rsax48) < Slog—a)p=18:h, (x+8) <t Sl —a)

1
= g:hf& <c*—h£x+§(062—011)}

N

1
E:h:§<c*—h1xi+§(a2—a1)}

1
=1&:hle <5+ 5(0&2—011)} c{nlt <—ay},
where the last inclusion is due to o + ap < 28. Therefore, for p € P it holds

perde = [ perds < P,
>aq

1
ProbSNP{s*(x +6&) < 5(012 —051)} S/
h @ " (b)

Te<—a
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where (a) is due to the fact that p(-) is even, and (b) is due to p € P, and a1 > 0. When x € X, we have hgx < hzxf =
cx — 6, and using a completely similar argument we conclude that for p € P it holds

Probgmp{s*(x +&)> %(Otz —Oll)} < Py(a2).

O
A.3. Proof of Proposition 2.5
When x; € X’l‘ and py € Pk forall k < K, due to the origin of Ay, 8¢ and ck, we have
hi (v + &) — cx = 8k + hi &,
and, because 7 () is nondecreasing,
/ e bt =c0 by (51) diy < / e~ BHNEED by (8) iy < tisks, (el P¥), k=1,....K,
where the concluding “<” is due to (23)(a). Hence,
“ K K
/eﬂﬁ (X1 +E1 e XK HEK) H[Pk(gk) dsk] — 1_[ |:/ e*‘Pk(Xk‘l’gk)pk(Ek) dgki|
k=1 k=1
K , K
=11 [/ e [karEk]ck)Pk(ék)dgk] [ Tlriskse (nx1P*)].
k=1 k=1
When x; € X’zc and py € P for all k < K, in a completely similar way we obtain
" K K
/elf) (1 +E1,. Xk +HEK) H[Pk(é:k) dék 1_[ I‘lskak 77k|P ] .
k=1 k=1

A.4. Proof of Proposition 2.6

Let p(-) € P, let e € R" be a unit vector, and let ¢ (-) be the probability density of the scalar random variable e’ & induced
by the density p(-) of £. We start with the following well known observation:

Lemma A.1. Let f, g be two probability densities on R such that

/Oof(s)ds=/oog(s)ds,
0 0

(59)
o o
/ f(s)ds 2/ g(s)ds Vr>0,
r r
and let h(s) be a nondecreasing real-valued function on the nonnegative ray such that fooo h(s)f(s)ds < oo. Then

o0 o

/ h(s)f(s)ds > / h(s)g(s)ds. (60)
0 0

To make the presentation self-contained, here is the proof of the lemma:

Proof of Lemma A.1. In view of (59)(a), we can assume w.l.0.g. that 2(0) = 0. Let us extend /4 (s) from the nonnegative
ray to the entire real axis by setting 4 (s) =0, s < 0, thus arriving at a monotone on the axis nonnegative function. Let
n~ f and ¢ ~ g. When denoting H the c.d.f. of i (n), under the premise of the lemma we clearly have

oo

Enwf{h(n)}=/0 th(z):/o (1—H(t))dz=/0 Prob{i(n) >t} dt
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On the other hand, for ¢ > 0 the set {s : A(s) > ¢t} is a ray either of the form [a;, +00) or (a;, +00) with a; > 0, so that
(59)(b) implies that

vt >0, Prob{h(n) > t} > Prob{h({) > t}.

As aresult,

o0

E,lwf{h(n)}:/oooProb{h(n)>t}dt2/0 Prob{h(¢) > t}dt.

We conclude that E;~,{h(¢)} is finite and satisfies
o0
ngg{h(g)}zfo Prob{n(¢) > t}dt <E,~s{h(m)}. 0

19, Note that ¢ (-) is an even probability density on the axis and

>0, s>0,

/; [y(r)—q(r)]drzPy(S)—Pr0b§~p{§ieTgZS}{;O’ S—0.

‘We have

o0 o o0
—n(8+eT &) _ —n(8+s) _ _
/Rne p(f;‘)ds—/_ooe q(s)ds = /0 Hs;(s)q(s)ds < /0 Hsy(s)y(s)ds = es(nly),
(a) (b) ©)

where (a) is due to the fact that g is even, (b) is a result of applying Lemma A.1 to densities y, g and nondecreasing Hs;),
and (c) is due to the definition (26) of the §-index.
20, We have

/ eN(=3+e"9) ey g = / e 10=¢"9) () g [since n(-) is odd]
Rﬂ R’l
=/ e*"(‘HeTg)p(f;‘)dé [since p(-) is even],
Rﬂ

and we have already seen in 1° that the concluding quantity is < €5(n|y). The bottom line is that inequalities (23) hold
true with € = €5(n|y), and (27) follows. O

A.5. Proof of Proposition 2.7

Let e € R” be a unit vector, § > 0, and p € Psg. We have
J e opds = [ T e <R 2
R” R”

where the concluding < is due to p € Pyg and ||e|» = 1. Similarly,

/ en(eTg—(S)p(%_)d&.:/ 6_62+68Tsp(§)d§ 56_624_32/2:6_52/2'
R" R”

The resulting inequalities hold true for all unit vectors e and all p € Pyg, implying (33). (]
A.6. Proof of Proposition 2.8

19 Let p € P and x € X be fixed. Due to the monotonicity of 1, and by the definition of c,, we get from (34)(a):

K

e o
1+4e¥

Eevp{n(hi (x +8) + )} = Bevpn(hy (x, +8) +0)} =c+

I
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and so
T eo
Eet s pWi(lx + 6155 x +8k]) =EBep{n(h (x +8) +¢)} = cu + s
On the other hand, by (34)(b) we have
Vargx ... p (¥ (0%)) =m_lVar5~p{n(hT(x +&)+c)} < m~L.
Now, by the Chebyshev inequality,
K K K e“o
Probsz(wpx‘,.xp{l/rj(a) ) < c*} < Probgz(NpXmXp I/Jj(a) ) —Esl(,\,pxmxp{wj(a) )} < — .
a+e9? 1
~ me2p? T 4e

As aresult, the risk Risk;s of the test 7" satisfies the bound

. J _ 1\’ _ _
Risk;s(T&"™P, X1, X2) < Y <j><4e) f(l—@ <2/ (o) P =" <o,

J2<j<J

where the final inequality is due to (35).
20, The same argument, as applied to x € X, results in

o
14+e<’

Eckprp¥i (X + &1 sx +Ek]) =Benp {n(h] (x +6) +¢)} < —

and

Prongwpxi_,xp{wj(a)K) > C*} < Prongwpx_,,xp{wj(a)K) _Eskfvpx'nxp{wj(w[{)} > 1 —fe" }

K2
E(l+e)

2k—1
mg?

1
<-e
—4

Same as above, we conclude that

JIne; !
Risk2$(7‘lf{nm|73, X, X2) < eJ(K—%) = eXp(—EI 2_1) <e€p,
nE]

where the concluding inequality is due to (35). (]
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