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Abstract. In this paper we study the problem of pointwise density estimation from observations with multiplicative measurement
errors. We elucidate the main feature of this problem: the influence of the estimation point on the estimation accuracy. In particular, we
show that, depending on whether this point is separated away from zero or not, there are two different regimes in terms of the rates of
convergence of the minimax risk. In both regimes we develop kernel-type density estimators and prove upper bounds on their maximal
risk over suitable nonparametric classes of densities. We show that the proposed estimators are rate-optimal by establishing matching
lower bounds on the minimax risk. Finally we test our estimation procedures on simulated data.

Résumé. Dans cet article, nous étudions le probleme de I’estimation de densité ponctuelle a partir d’observations avec erreurs mul-
tiplicatives. Nous clarifions 1’élément essentiel de ce probleme: I’influence du point d’estimation sur la précision de I’estimation. En
particulier, nous montrons que, selon que le point est éloigné de zéro ou pas, il y a deux régimes différents qui s’expriment en termes de
la vitesse de convergence d’un risque minimax. Dans les deux régimes, nous développons des estimateurs de type noyau et prouvons
des bornes supérieures sur leur risque maximal, ceci sur une classe convenable non paramétrique de densités. Nous montrons que les
estimateurs proposés sont d’ordres optimaux en établissant des bornes inférieures correspondantes sur le risque minimax. Enfin, nous
testons notre procédé d’estimation sur des données simulées.
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1. Introduction

Problem formulation and background. In this paper we study the problem of nonparametric density estimation from ob-

servations with multiplicative measurements errors. In particular, assume that we observe a sample Y1, ..., Y, generated
by the model
Yi=Xin;,, i=1,...,n, (1.1)
where X1, ..., X, are independent identically distributed (i.i.d) random variables with density fx, and n1,...,n, are
ii.d. random variables, independent of X1, ..., X, with known density g. Our goal is to estimate the value of fx at a
single given point xo from observations Y1, ..., ¥,. If fy stands for the density of ¥ = Xn, then
1
fr) =1fx*gl(y) :=/ ;fx(y/x)g(x)dx
—0oQ
1
= / —g(y/x) fx(x)dx, yeR. (1.2)
o0 X
Thus fy is a scale mixture of g, and estimation of fx from observations Y7, ..., Y, can be viewed as the problem of

demixing of a scale mixture.


http://www.imstat.org/aihp
http://www.imstat.org/aihp
https://doi.org/10.1214/18-AIHP954
mailto:denis.belomestny@uni-due.de
mailto:goldensh@stat.haifa.ac.il

Density estimation under multiplicative errors 37

The outlined estimation problem appears in the literature in various contexts. First, the model (1.1) with normal errors
n; and positive random variables X; represents a stochastic volatility model without drift. In this context estimation of the
volatility density fx from observations Y1, ..., Y, was studied by Van Es et al. [19], Van Es & Speij [18] and Belomestny
& Shoenmakers [6].

Second, if (n;) are uniformly distributed on [0, 1] then the corresponding model (1.1) is referred to as the multiplica-
tive censoring model. In this setting Vardi [20] studied the problem of estimating the distribution function of X under
the assumption that two samples Yi,...,Y, and X, 41, ..., X+, are available. The aforementioned paper develops a
nonparametric maximum likelihood estimator; large sample properties of this estimator are studied in Vardi & Zhang
[21]. The problem of density estimation in the multiplicative censoring model was considered in Andersen & Hansen
[1] and Comte & Dion [8], where estimators based on orthogonal series have been developed. Kernel density estimators
were studied in Asgharian et al. [4] and Brunel et al. [7]. We also refer the reader to the recent work by Belomestny et al.
[5] where a generalized multiplicative censoring model with (7;) being beta-distributed random variables was introduced
and studied; see also references therein.

Third, as mentioned above, the outlined problem can be viewed as the problem of demixing of a scale mixture. Closely
related problems of estimating mixing densities were considered by Zhang [23,24] and Loh & Zhang [15]. In particular,
the paper [23] develops Fourier techniques for estimating mixing densities in location models, while [24] and [15] focus
on estimating mixing densities in discrete exponential family models. However we are not aware of works on estimating
mixing densities in the context of scale models. Finally, we also mention related results on estimating regression functions
with multiplicative errors-in-variables that are reported in Iturria et al. [13].

A naive approach to the problem of density estimation in the model with multiplicative errors is based on reduction
to the additive measurement error model. In particular, assuming that X;’s and n;’s are positive random variables and
taking logarithms of the both sides of (1.1), we come to the additive model Y/ = X! + 7, where ¥/ =1nY;, X| =
InX; and n; = Iny;. In this model, the density fx’ of X’ can be estimated using the well developed methodology for
additive deconvolution problems (see, e.g., [23] and [10]), and then an estimator for fx can be obtained using the inverse
transformation fx(x) = (1/x) fx’(Inx). This idea has been utilized in Van Es & Spreij [18] and Van Es et al. [19].
However, several questions about applicability of this approach arise. First, it can be used only if X and n are nonnegative
random variables. Second, it does not provide an estimator of fy at the origin x = 0 since the inverse transformation is
not well-defined there. Third, even if this approach is applicable, it is not clear whether the resulting estimator possesses
the desired optimality properties.

In contrast to voluminous literature on density deconvolution in the model with additive measurement errors, the
problem of density estimation from observations with multiplicative errors was studied to a much lesser extent. In fact, it
was considered only for specific distributions of errors (#;) such as normal, uniform or beta, and the estimators proposed
in the literature are tailored to a specific form of the error density g. In this context the following natural questions arise.
How to estimate fx under general assumptions on the error density g? Which properties of the error density g do affect
the estimation accuracy, and what is the achievable accuracy in estimating fx? What can be said about properties of the
deconvolution estimators based on the logarithmic transformation of the data?

The main goal of the present paper is to develop optimal estimators of fy in a principled way under general assump-
tions on the error density g and to provide answers to the questions raised above. Our approach makes use of the Mellin
transform which, in view of its properties, is an appropriate tool for constructing estimators in this setting.

We adopt minimax framework for measuring estimation accuracy. Specifically, accuracy of an estimator fx (x0) of
fx (x0) is measured by the maximal risk

Ralfx: £1:= sup [Egy | fx(xo) — fxxo)|’]"?
fxex

where X is a class of densities. Here and in what follows, [E s, denotes the expectation with respect to the distribution of
the observations Y7, ..., Y; when the unknown density of X is fx. The minimax risk is defined by

Ry[Z] = inf Ryl fx; T1=inf sup [Eyy | fx(ro) = fx(xo)|"]"%,

fx fx fx€Z
where inf is taken over all possible estimators. Our goal is to develop an estimator fx (xo) which is rate-optimal, i.e.,

Ralfx; 1< C,REE],  supCy < 0.

Main contributions. The main contributions of this work are as follows.
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We elucidate the main feature of the multiplicative measurement errors setting: the influence of the estimation point
Xxo on the achievable estimation accuracy. In particular, assuming that unknown density fy belongs to a local Holder
functional class in a vicinity of xo, we show that, depending on the value of x, there are two different regimes in terms of
the rates of convergence of the minimax risk. We develop a general method for estimating fx (xo) in these two regimes.

The first regime corresponds to the situation when the value of x¢ is separated away from zero. Here the achievable
rate of convergence is primarily determined by the value of xg, by the local smoothness of fx, and by the ill-posedness of
the integral transform in (1.2). The latter is characterized in terms of the rate at which the Mellin transform of g decreases
at infinity on a line parallel to the imaginary axis in the complex plane. It is worth noting that this characteristic is global
in the sense that it is determined by the global behavior of the error density g on its support. We construct a kernel-
type estimator of fy (xg) and prove that it is rate-optimal in terms of dependence on the sample size n, parameters of the
considered functional class X and xg. It turns out that the deconvolution estimator based on the logarithmic transformation
of the data is a special case of the proposed estimation procedure. As a by-product of our general results, we demonstrate
that if x¢ is separated away from zero, the random variables X and n are nonnegative, and fx belongs to a local Holder
class in a vicinity of xp, then under certain conditions on g the deconvolution estimator is rate-optimal. However, if fx
satisfies some additional constraints, e.g., a moment condition, then the accuracy of the deconvolution estimator can be
improved.

In the second regime, where xo = 0, completely different phenomena are observed. It turns out that in this case the
achievable accuracy in estimating fx (0) is determined by smoothness of fx and by local behavior of g in vicinity of
the origin. Thus, in contrast to the first regime, the minimax rate depends only on local characteristics of g and is not
affected by the ill-posedness of the integral transform in (1.2). In particular, our results imply that if g is bounded and
does not vanish in a vicinity of the origin, then the minimax rate of convergence is only by a Inn-factor worse than the
one achievable in the problem of density estimation from direct observations. We also construct a rate-optimal estimator
of fx(0) and prove a matching lower bound on the minimax risk.

Organization of the paper. The rest of the paper is organized as follows. In Section 2 we introduce notation, discuss
some properties of the Mellin transform that are used throughout the paper and present an identifiability result. Section 3
deals with the setting when xq is separated away from zero; we construct estimators under different assumptions on the
error density g and present results on their accuracy over suitable classes of densities. Section 4 is devoted to the problem
of estimating fx(0). A simulation study of the proposed estimators is presented in Section 5. Finally, proofs of main
results are presented in Section 6 while proofs of auxiliary statements are given in Section 7.

2. Preliminaries

In this section we introduce notation and discuss basic properties of the Mellin transform that will be extensively used
throughout the paper. This material can be found, e.g., in [16] and [22]. In addition, we present a result on identifiability
of the distribution of X in the model (1.1).

The Mellin transform. For a generic locally integrable function u on (0, co) the Mellin transform of u is defined by

oo
u(z) = Mlu; 7] :=/ x¥ lu(x)dx (2.1)
0
for all z € C such that the integral on the right hand side is absolutely convergent. The region of convergence €2, is an
infinite vertical strip in the complex plane C,
Qu,={z€C:a<Re(x) <b}, a<b,

or a vertical line 2, = {z : Re(z) = ¢} if u(x)x¢~!' € L1 (R,) for one ¢ € R. For example, if u(x) = O (x~¢+¢) as x — 0+
and u(x) = O(x~2~€) as x — oo for some € > 0, then the integral in (2.1) converges absolutely and defines an analytic
function #(z) on Q, = {z :a < Re(z) < b}.

The inversion formula for the Mellin transform is

c+ioco
u(x) = —/ X %U(z)dz, ce QN (=00, 00).
270 Je—ico

Let u(x) and v(x) be functions such that the integral / = fooo u(x)v(x)dx exists. Assume also that the Mellin trans-
forms u(1 — z) = M[u; 1 — z] and V(z) = M[v; z] have a common strip of analyticity, which will be the case when I is
absolutely convergent. Then for any line {z : Re(z) = ¢} in this common strip the Parseval formula is valid:

00 c+ioo
/ u(x)v(x)dx = i / u(l—2)v(z)dz.
0 270 Je—ioo
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. _ 1
In particular, we get for u = v and ¢ = 3

00 1 %) 1 2
/ uz(x)dxz—/ il - +iw )| do.
0 2w —00 2
It also holds
R T P L[ 2
/ uw (x)x=* " dx = —/ ’u(s+ia))| dw. 2.2)
0 2r J -

Let us mention the relation of the Mellin transform to a multiplicative convolution integral (1.2); this property is central
in subsequent developments. Let # and v be defined on [0, 00), and let

1
[u *v](y) 5=f —u(x)v(y/x)dx;
0o X
then
m(z)zM[u*v;z]=M[M;Z]M[v;z]=ﬁ(2)5(2).

We shall use the Mellin transform techniques for functions defined on the whole real line. To this end, for a function u
on (—o00, 00) we set

foon. Jut), x>0, o Ju=x), x>0,
ut(x):= {0’ =0 and u (x):= {0’ £ <0. 2.3)

It is evident that with this notation u(x) = u™(x) for x > 0 and u(x) = u~(—x) for x < 0. The one-sided Mellin trans-
forms of function u defined on (—o0, 00) are given by

ﬁ+(z)=/ xz_lu’L(x)dx:/ ¥ u(x) dx,
0 0

00 0
ﬁ‘(z):/ xz_lu_(x)dx=/ (=) tu(x) dx.
0 —00

The Laplace and Fourier transforms. The bilateral Laplace transform of function # on (—o0, 00) is defined as

o]

(z) = Llu; z]:= / u(x)e ¥ dx,

—00
and if the integral absolutely converges on a line {z : Re(z) = c}, then the inverse Laplace transform is given by

1 c+ioco
u(x)=-— / (z)e™ dz.
C

2mi —ioo

The Fourier transform of u is #(w) = Flu; ] := L[u; iw] = i(iw).

Identifiability. In the model (1.1) we do not assume that the random variables X and 7 are nonnegative. This fact
raises the question whether the distribution of X is identifiable from the distribution of Y. The next statement provides a
necessary and sufficient condition for the identifiability.

Lemma 1. The probability density fx is identifiable from fy if and only if g(x) # g(—x) on a set of positive Lebesgue
measure.

The proof of Lemma 1 is given in Section 7. It shows that the identifiability condition is equivalent to the requirement

that |[[g7(z)]* — [2™ (2)]?] is not zero for almost all z in the common strip of analyticity of g+ and g~ . Finally, we note
that if one of the variables X or 5 is nonnegative, then the condition of identifiability is trivially fulfilled.

3. Estimation at a point separated away from zero

In this section we consider the problem of estimation of fx at a point xo separated away from zero.



40 D. Belomestny and A. Goldenshluger
3.1. Construction of estimator

We adopt the linear functional strategy for constructing our estimators. This strategy has been frequently used for solving
ill-posed inverse problems (see, e.g., [12] and [2]). In our context, the main idea of this method is to find a pair of kernels,
say, K(x,y) and L(x, y) such that:

1) ffooo K (x,y)fx(y)dy approximates “well” the value fx(x) to be recovered;
(i) kernel L(x, y) is related to K (x, y) via the equation

/ K(x,wa(y)dy:/ L(x.y) fr () dy. 3.1)

—00 —00

Then under (i) and (ii), the empirical estimator of the integral on the right hand side of (3.1) provides a sensible estimator

for fx(x).
Kernel construction. Let K : R — R be a kernel function and for any positive real number % define

#K(ln(i/x))’ y/x >0, (3.2)
0, y/x <0. ’

Kh(x,y)Z{

Let 87 (z) = M[g™; z] and g7 (z) = M[g~; z] be the one-sided Mellin transforms of g, and let
Qg+ NQ,- =:{z€C:a <Re(z) < b} (3.3)

be the common strip of their analyticity. Since g is a probability density, we always have a <1 < b; hence Qg+ N 2, is
non-empty — it always contains the line {z € C: Re(z) = 1}. We note that Q,+ and/or 2,- can degenerate to this line. In
this case, by convention, we put a = 1, b = 1, and corresponding open interval should be replaced by a singleton.

Fors € (1 — b, 1 — a) define

LS,h(-xv Y)
1 pstioo xz  K(—zh)g+t(1—2)
T Jomico 151° Faor-ga-op 9 Y/x>0 (3.4)
1 S+i00 | x K(—zh)g~ (1—2) ’
—miw Jsmico 3 R PG 45 /X <0,

For the time being, we suppose that the kernel K and the error density g are such that the function Ly ; is well defined;
the corresponding conditions on K and g will be formulated later. Several remarks on this definition are in order.

Remark 1. (i) We can assume that the Laplace transform K (-) of kernel K is an entire function. This does not restrict
generality since K can be always chosen to satisfy this assumption.

(i) If [§7(2)]* — [§7(2)]* # 0 for all z € Qg+ N Q- then the integrands in (3.4) are analytic functions in {z € C:
1 — b <Re(z) <1 —a}. In this case the integrals in (3.4) do not depend on the integration path, and L ;(x, y) does
not depend on s € (1 — b, 1 — a). If function [g+(2)]*> — [¢~ (z)]* has zeros in Qg+ N Q,- then the functions under the
integral sign in (3.4) are meromorphic, and L ,(x, y) depends on parameter s.

The relationship between kernels L ,(x, y) and Kj(x, y) in (3.4) and (3.2) is revealed in the following statement.

Lemma 2. Let Kj,(x, y) be given by (3.2). Let s € (1 — b, 1 — a) where a and b are given in (3.3), and suppose that the
integrals on the right hand side of (3.4) are absolutely convergent. Then it holds that

/ Loa(e. ) fr () dy = f Ky e 1) fx (1) dr. (3.5)

—0o0 —0o0

The proof of Lemma 2 is given in Section 7. We note that relationship (3.5) is in full accordance with the linear functional
strategy [cf. (3.1)]. Because @ < 1 < b, it holds that 0 € (1 — b, 1 — a); hence one can always choose s = 0 in (3.4). This
choice yields

1 (0 (xjio__ K(-ohgt(—iw)
Lon(x,y) = 2w x f—oo |y| Er(1—io)P-[g-(1—iw) do, y/x >0,
0.A(EY)=1 " [ o __KCohzUoio) g,y g
Znx J—oo Y o P-a- (—ioP o Y :
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If g is supported on [0, 00), then §~ =0, g = Z; in this case
“K(—zh)

1 s+ioo X
2ix K_ioo y| 31 -2

and L p(x, y) =0 whenever x/y < 0. In particular, for s = 0 we have

Lsp(x,y)= dz, y/x>0, (3.6)

1 [%|x|" K(—wh)
Lp(x,y):=Lop(x,y)= / 70— iw)

dow, y/x>0. 3.7
27x

y

Estimator. For |xo| > 0 we define the estimator of fx (xo) by

. 1 &
fono)==3 Ly nxo, Y)), (3.8)
j=1
where L j is given in (3.4), h > O and s € (1 — b, 1 — a) are two tuning parameters to be specified. In what follows with
a slight abuse of notation we shall write fh (x0) := fo,h (x0) and Ly (x,y) := Lo p(x,y).
Note also that (3.5) implies

[e.e]

Efx[ﬁ,h(m)]:f Kn(xo, 1) fx () dt.

—0oQ
The latter formula is crucial for the analysis of the bias of f;, 1(x0).
3.2. Relation to the additive deconvolution problem

There is close connection between the kernel Ly (x, y) = Lo (x,y) defined in (3.7) and kernels used in the additive
deconvolution problems. Specifically, suppose that X and 5 are positive random variables, and let ' = In7. If g is the
density of 7, and g is the corresponding characteristic function, then g, (x) = e*g(e*) is the density of #’, and the
characteristic function of 1’ is g,/ () = Flgy; 0] = M[g; 1 —iw] = g(1 — iw). Therefore the expression for Lj(x, y)
in (3.7) can be rewritten as

1 K h
Lp(x,y)= & —lolny=In9 g4 x>0,y>0,
2mx NS g,7 ()
and the corresponding estimator of fx (xg) [cf. (3.8)] is

Z/ K( wh) —zw(lnY —Inxo) dw. (39)
S gn (w)

fx(xo) == ZLh(xo,Y )=

anon

On the other hand, consider the additive deconvolution model for the logarithms, Y’ = X’ 4+ 5/, where Y/ =1InY,
X’ =InX and ' = In7. Then the standard deconvolution estimator of fx-(zp) is of the form

K(—wh) -
frrtto) = —Z / g( (Z)) Tj=0) g,
oo 81

Since fy (tg) = e™ fx(e™), we can estimate fx (xg) = %fxr (Inxg) by

. 1 .
fx(x0) = — fx(Inxp)
X0

1 & ™ K(—0h) _jgy—
_ (= a)) m)(Y lnx‘))da), (3.10)

2w xon i oo g,] (a))

which coincides with (3.9).

We conclude that if random variables X and 7 are positive, and the parameter s of the estimator ﬁ n(x0) in (3.8) is set
to zero, then both approaches lead to the same estimator. Thus, the estimator (3.10) is a particular case of our estimator
fs,h (xo) defined in (3.8). We note however that tuning parameter s adds some flexibility, and its proper choice can improve
accuracy of ﬁ n(x0) under suitable assumptions (see, e.g., Theorem 3 below).
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3.3. Convergence analysis

We proceed with convergence analysis of the risk of the proposed estimator fs,h(xo). In order to avoid unnecessary
technicalities, from now on we will assume that X and 5 are nonnegative random variables, i.e.,

supp(g) C [0, 00), Qo ={z€C:a<Re(z) <b}, supp(fx) C [0, 00) (3.11)

for some a > 0 and b > a. Under these conditions the kernel L; 5 (x, y) is given by (3.6).

Assumption (3.11) streamlines the presentation and, in fact, does not lead to loss of generality. In particular, the ensuing
analysis of the risk of fs 1 (xp) remains valid for general random variables X and 7, provided that the conditions imposed
in the sequel on the Mellin transform g of g are replaced by the corresponding conditions on ([g7]> — [§~1%)/2* and
(TP — [ 1)/& [ef. 3A).

The risk of f; (xo) will be analyzed under a local smoothness assumption on fx and two different sets of assumptions
on the error density g.

Definition 1. Let 8 >0, A > 0, xo > 0 and r > 1. We say that f € J4, (A, B) if f is a probability density, that is,
¢ =|B] :=max{k € Ny : k < B} times continuously differentiable, and max;—, | f® (x)| < A,

|FOw) = FOR)] < Alx - x’|ﬂie, Vx,x" € [r~'xo, rxo)-

As for the conditions on the error density g, some assumptions characterizing the rate of decay of the Mellin transform
g(o +iw) as || — oo forafixed o € 2, will be considered. Depending on the tail behavior of g, we distinguish between
the following two cases:

e smooth error densities, when the tails of g are polynomial, i.e.,
glo+iow)<|w|™”, |w|—o00,0€,

e super-smooth error densities, when the tails of g are exponential, i.e.,
g0 +iw) xexp{—ylol}, |o|—> 00,0 €.

Our terminology here is similar to that used in the additive deconvolution problem, even though the words smooth and
super-smooth should not be understood literally.

3.3.1. Smooth error densities
The class of smooth error densities is determined by the following assumption.

[G1] For some o € (a, b), there exist real numbers wg > 0, ¢p > 0, B, > B; > 0 and y > 0 such that

min |g(c +iw)| > co > 0,
lw|=wo

(3.12)
Bilw|™" <|3(0 +iw)| < Bolo|™, V]o| > wo.

We will require Assumption [G1] for a particular choice of o € (a, b), and parameters cg, wg, By, B> and y may
depend on o. Assumption [G1] stipulates the rate of decay of g on the line {z : Re(z) = o} as | Im(z)| — oo and implies
that g does not have zeros on this line. This requirement is similar to standard assumptions in the additive deconvolution
problem on the rate of decay of the error characteristic function. The following examples show that [G1] holds for many
well-known distributions.

Example 1 (a Beta distribution). Let g(x) = (v 4+ 1)x"/6"*!, 0 <x <@ with v > —1; then
2@ =W+ /(v+2),  Re(@)>-v,
a=—v,b=o00,and
—-1/2

|0 +io)|=0"""w+ D[ +0)? +?] 7, o> -v.

Then Assumption [G1] is verified for any o > —v with y = 1, wo = 2(6 + v), co = (1/5)26° 1w + 1)/ (v + o)
and B = (4/5)1/29"_1(1) +1),Bo=6°""(v+1). Thecase v=0, 0 = 1 corresponds to the uniform distribution with
g =1/zand |3(c +iw)| = (6> +w?) "2 foro > 0.
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Example 2 (Pareto’s distribution). Let g(x) = (v — 1)#"~!/x", x > 0 with @ > 0 and v > 1. Then
2R =0—-10""/(v—2).  Re(x) <v,
a=—00,b=v,and

, o<V

30 +io)| =0 -1 -0+ "*
Hence Assumption [G1] is verified for any o < v with y =1, wg =2(v — 0), ¢¢ = 1520w — Do (v — o),
Bi =452 —1)6°"1, By=(w— 1)1,

Example 3. Natural examples of random variables whose distributions satisfy Assumption [G1] with y > 1 can be
obtained by multiplication of independent random variables with densities as in Examples 1 and 2. For instance, the
probability density of a random variable which is a product of two independent random variables uniformly distributed
on [0, 1]is g(x) =1n(1/x), 0 <x < 1. For this density g(z) = 1/z% and |g(c + iw)| = (6> + ®>)~!, so that Assumption
[G1] holds with y =2.

Bounds on the risk. We begin with establishing an upper bound on the risk of the estimator f; h(x0) under Assumption
[G1].

In this case the kernel K is chosen to satisfy the following conditions. Assume that K : R — R is a bounded function
that vanishes outside [—1, 1] and satisfies

(i) for a positive integer number m,

1 1
/ K()dt=1, / *K@ndt=0, k=1,...,m; (3.13)
-1 -1
(i1) for a positive integer number ¢, function K is g times continuously differentiable on R and for j =0, 1, ..., ¢
max |KY(x)| < Ck < oo. (3.14)

xe[-1,1]

Theorem 1. Fix some B > 0,r >0, A > 0, xo > 0 and consider the class 7, (A, B). Suppose that Assumption [G1]

holds with ¢ = 1 and some y > 1. Let fh*(xo) = on, h, (x0) De the estimator defined in (3.7)—(3.8) and associated with a
kernel K satisfying (3.13)—(3.14) with parameters m > |B] +1,q9 >y + 1, and

1
h=hy = [A2 (xE +1)%n] 5, (3.15)
Then for h, < min{Inr, 1} it holds that
fohs b WO (2 o
Rl fo.nes Hag.r (A, B)] < C1{A(xg 4+ 1) ] P27 (xgn) 5751, (3.16)
where C1 depends on B only.
Several remarks on the result of Theorem 1 are in order.

Remark 2. (i) If y < 1, then the result of Theorem 1 holds for a slightly smaller set of functions than 7, , (A, 8). In
particular, if

[ fx(Fiw)
er%co,r(Avﬂ)n{fX~/_oo 7(1_'_'&)'))/ dw§c<oo}, (3.17)

for some ¢ > 0 then fy(l + iw) is integrable, and the statement of Theorem 1 is still valid. Note that this additional
condition on fX is very mild: by the Riemann-Lebesgue lemma fX(l +iw) — 0 as |w| — oo.

(i) The above upper bound critically depends on the value of x¢. If xq is separated away from zero by a constant, then
for large enough n the bound takes the form

B
Ral s Ho.r (A, B)] <C2A25+2v+1( ) (3.18)

In particular, this shows that estimation accuracy gets worse for larger values of xg.
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Now we establish a lower bound on the minimax risk under Assumption [G1]. We require the following additional
condition on the error density g.

[G1'] For o € (a, b) the first derivative of g satisfies
1g'(0 +iw)| < Blo|™", V|o| = wp.

Assumption [G1'] is similar to standard conditions on derivatives of the characteristic function of the measurement
error distribution in the proofs of lower bounds for density deconvolution; cf., e.g., Theorem 5 in [10].

Theorem 2. Let xg > C3 > 0 for some constant C3, and suppose that Assumptions [G1] and [G1'] hold with o = 1 and
y > 1/2. Then

liminf{g, 'R:[ . (A, B)]} = Ca,

n—oo

where
2y+1 291 B
— AZB A (Y T )
Pp = AP+ (xo n )f‘ v+
and Cy4 depends on B and r only.

Remark 3. (i) Note that the lower bound of Theorem 2 coincides with the upper bound (3.18) in terms of its dependence
on n, xp and A. This implies that for xo separated away from zero, the estimator fj, (xo) is rate-optimal, and dependence
of the risk on xq over the functional class /¢, (A, B) cannot be improved.

(i1) In view of the interpretation of fh* (xp) given in Section 3.2, Theorems 1 and 2 assert rate-optimality of the stan-
dard deconvolution estimator in the additive measurement error model based on the log-transformed data, provided
that the bandwidth parameter 4. is selected as in (3.15). Note however that the standard choice of 4 in additive
deconvolution does not involve xg.

(iii) The proof of the lower bound in Theorem 2 is based on the reduction to a two-point hypotheses testing problem
when under the null hypothesis

_ O . 1
P = I = Gy

The convergence region of the Mellin transform ]?)((0) (z) of )((0) (x) is the line {z : Re(z) = 1}, and this fact is essential

for the result of Theorem 2. If the Mellin transform is analytic in a non-degenerating strip around {z : Re(z) = 1}
then, under certain assumptions on measurement error density g, the estimation accuracy can be improved in terms
of dependence on x¢. This issue is a subject of the next paragraph.

Choice of parameter s and improvements. It is important to realize the interplay between conditions on g and fx that
lead to the results of Theorems 1 and 2. In particular, the following two facts are essential for the stated results.

(a) Since fy is a probability density, the Mellin transform fx (z) always exists on the vertical line {z : Re(z) = 1}. Note
however that the local smoothness assumption fy € %, (A, B) is not sufficient in order to guarantee the existence
of fx(z) outside this line in the complex plane.

(b) The premise of Theorems 1 and 2 stipulates behavior of g on the line {z : Re(z) = 1} only; in particular, g(z) does
not vanish on this line.

Under (a) and (b) the only possible choice of parameter s is s = 0, and as pointed out in Remark 3(ii), the form of the
corresponding estimator fs 1 (x0) coincides with that of the deconvolution estimator in the additive model based on the
log-transformed data.

As discussed in Remark 3(iii), the facts (a) and (b) are essential for the proof of the lower bound of Theorem 2, which
is achieved on a least favorable two-point testing problem for alternatives f ;(0) and f )((l) satisfying

e e} .
/ P 0xdx =00, i=0,1,Va #£0.
0
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It turns out, however, that if fx(z) is analytic in a strip around {z : Re(z) = 1} then the upper bound of Theorem 1 can
be improved in terms of dependence on xp. As we demonstrate below, this improvement is achieved by the choice of
parameter s.

Let o > 0, M > 0, and consider the functional class

e¢]

Fam(A, B) :Z%co,r(A»ﬂ)m{f:[ xzaf(x)deM}.
0

Note that for fx € %, m (A, B) it holds that
Qf D{zeC:0<Re(z) <2a+1}.
The following statement holds.

Theorem 3. For arbitrarily small € > 0, let
1
S ::max{—a,i(l—b)—i—e}. (3.19)

Suppose that Assumption [G1] holds with o0 =1 — s, and y > 1. Let fs*,h* (x0) be the estimator associated with kernel
K as in Theorem 1 and

S = S, h=h, = C5[M_1A2x0_2‘v*+2(x(’)3 + 1)2n]_2/3+£”‘ .

If n is large enough so that h, < min{lnr, 1}, then

N 2y +1 . B
Rl founn: T (A, B)] < Co[A(xh +1)] 727 (Mxg™ 2~ ") 72771, (3.20)
where C¢ depends on B only.

Remark 4. (i) If y <1 then the result of Theorem 3 holds for a slightly smaller set of functions than J%, (A, B), as
discussed in Remark 2(i).
(i1) For xq separated away from zero by a constant, the upper bound (3.20) takes the form

~ 2y+1 _ B
R oot Fura (A, B)] < CoATHAT (MY 1420y =1y 2552791 (3.21)

Because s, <0, this bound is better than (3.18) in terms of its dependence on xq, provided xo > 1. For instance, let n be
uniformly distributed random variable on [0, 1]; then y =1, a =0 and b = oo. If fx has bounded second moment, i.e.,
fx € #1.m(A, B), and the condition in (3.17) holds, then in view of (3.19) the best choice of s is s = 5, = —1, and the

right hand side of (3.21) is proportional to x, PIQBT3), Thus, the accuracy improves for large x¢. This fact is in contrast
to the result of Theorem 1 stated for the functional class .73, (A, B).

3.3.2. Super-smooth error densities
Now we turn to the convergence analysis of the risk of f; j(x¢) in the case of super-smooth error densities characterized
by the following assumption.

[G2] For some o € (a, b), there exist constants ¢y > 0, wp >0, y > 0, v € R, By > By > 0 such that

min ‘g(o + iw)’ >co >0,
lw|<wo

(3.22)
Bilw|"e "l <|g(0 +iw)| < Bolw’e 1, Vo] > wp.

The probability densities on [0, co) with exponential tails are the prototypes of densities satisfying Assumption [G2].
Example 4 (Gamma distribution). Let g(x) = u*x* " le ™ /I'(a), a > 0, u > 0, x > 0; then

=" rE+a—-1/T (), Re(z) > —a + 1.
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As aresult a = —a + 1, b = oo. Furthermore, it is well known [3, Corollary 1.4.4] that for any o > —2, there exist
positive constants C and C’ such that uniformly for |w| > 2,

Clw|o ™ 2e710/2 < T (0 + iw)| < C'|w|"~/2e7I0l/2, (3.23)
Thus, (3.22) is verified for large enough wp with some cp = co(wp) >0, v=0 +a —3/2 and y =7/2.

Example 5 (Half-normal distribution). Let g(x) = v/2/7 (1/v) exp{—x?/(2v?)} with v > 0. As can be easily seen,
g(x) is a probability density on R and it holds

g =n""2(V20)* T (z/2).
In view of (3.23), Assumption [G2] holds for large enough wy with v = (o — 1)/2 and y = /4.

Estimator and bounds on the risk. Now we analyze the accuracy of f; 7 (x0) under Assumption [G2]. In this case the
kernel K is to be constructed in a different way. Specifically, let A > 2 be a fixed natural number, and let w be a function
defined via its Fourier transform,

W () = exp{—|ow|**/21}. (3.24)
Note that f fooo w(x) dx = 1. For a positive integer number m let
m+1
1 1 t
K(t)zZ('nJ.r )(—U”‘—.w(—.). (3.25)
N Jo\J

It is well-known that (3.25) defines kernel K satisfying condition (3.13) (see, e.g., [14]). Although functions w and K
depend on the parameter A, for the sake of brevity we shall not indicate this in our notation. For z > 0, let K, (x, y) and
Lg 1 (x, y) be defined by (3.2) and (3.6), respectively. Consider the corresponding estimator

. 1 o
fsn(xo) = > Lyn(xo, Y)).

j=1

Theorem 4. Suppose that Assumption [G2] holds with o = 1. Let xo > 0, and let fh* (x0) = on, n, (x0) be the estimator
associated with kernel K given in (3.24) and (3.25) with parameters

m= L,BJ +1, h*:CIV[IH(A2x§ﬁ+2n)]_1+ﬁ.
Then

limsuplo, 'R fi.; #y.r (A, B)]} < Ca, (3.26)

n—oo
where ¢, = Ayﬁ(lnn)*ﬁ(lfﬁ)xg, and Cr = C,(B, A) depends on A and f.

Remark 5. Theorem 4 shows that for any fixed A > 2, the maximal risk of fh* converges to zero at the rate
O((In n)_ﬁ(l_(l/”‘))) as n — oo. It may seem advantageous to let . — 0o as n — oco. However, the constant C2 (8, A) on
the right hand side of (3.26) explodes as 1 — oo.

A simple modification of the proof of Theorem 2 shows that under Assumption [G2] and under suitable condition on
the derivative g’ (1 + i) (similar to Assumption [G1']) one has

liminf{g, R[5, (A B)]} = Ca. du 1= AyPl (nm) P,

n—oo

where C3 depends on 8 only. Thus the estimator fh* can be regarded as nearly rate-optimal. It is worth noting that the
result of Theorem 4 remains valid for the class % p(A, B), and the choice of the parameter s # 0 does not lead to
improvements in the rate of convergence in terms of its dependence on xg.
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4. Estimation at zero

Now we turn to the problem of estimating fx(0) in the model (1.1). The following modification of the definition of
H,.r(A, B) will be considered.

Definition 2. Let 8 >0, A > 0 and r > 0. We say that f € JZ. (A, B), if f is £ = |B] := max{k € Ny : k < B} times
continuously differentiable on (0, r] and maxz—=1, . ¢|f *) )| <A,

.....

|f(£)(x) — f(e)(x’)| < A|x —x/|ﬁ7€, Vx, x" € (0, r].
We define also

T (A B M) = A B0 f o sup [ 0] = M. (@.1)

teRy

First we note that if I, := fooo[g(x)/x]dx < 00, ie., if {z : Re(z) = 0} C Q, then fy is finite at the origin, and in view
of (1.2) fy(0) = fx(0)I,. In this case a natural estimator of fx can be defined as fx ) = fy (0)/1,, where fy 0) is
a suitable estimator of fy(0), say, a kernel-type estimator with bandwidth /4, from direct observations Yi,...,Y,. As a
result, under the choice h < n~1/@B+D (gee e.g. Theorem 1.1 in [17]), we get

Rul fa: #2(A. B)] < O(n=P/@FHD),

It is also clear that this rate is minimax over the class 7 (A, B). Note, however, that the condition {z : Re(z) = 0} C Q, is
too restrictive and does not hold in many situations of interest. For instance, it does not hold for the uniform distribution
on [0, 1]. Thus, in the case when {z : Re(z) = 0} is not a subset of 2,, we need to propose an alternative method of
estimating fx (0).

4.1. Kernel construction and estimator

In order to construct an estimator of f at zero, we use the following kernel. For a fixed real number s > 0, consider the
function

Ye(x) = ! e_%(l_s)zx_s exp —l[lnx]2 x>0 4.2)
S m 2 ) ol . .
It is easily checked that [;° ¥ (x)dx =1 and Us(s +iw) = ﬁe_%(l_”ze—%lww Fix positive integer number m, and
define the kernel
m+1
1 a1
K@) =) (mf )(—w“—.m(f), x>0. (4.3)
- J J J
j=l1

By construction, K; satisfies condition (3.13). Another attractive property of the kernel K is that the Mellin transform

I?X (z) decreases at the rate e’%“"'z as |w| — oo along the line {z : Re(z) = s} [see the proof of Theorem 5].
Having defined the function Kj, let us consider its scaled version, K ,(x) := (1/h)K;(x/h) for h > 0, and note that

o0
Ko@) = / K (1) dt = VR (2).
0

According to the linear functional strategy, the kernel L; j,(y) corresponding to K »(x) is given by

. ( )_ 1 s+ioco E&,h(Z)
T 0w i 0 0)

1 R\ Ky(s+i
= 7/ — de, 4.4
2rhl=sys J_ \y/) g0 —s—iw)

provided that the expression on the right hand side is well defined.

—Z
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Consider now the following estimator
1 n
fon @ =~ ;‘ Ly n(Y). 4.5)
1=

The tuning parameters s and & will be specified below in Theorem 5.
4.2. Bounds on the risk

First we establish an upper bound on the maximal risk of the estimator fs 7(0). It is done under the following assumptions
on the error density g.

[G3] For some p €[0,1),g >0andé € (0, 1)
cox P[In(1/x)]* < g(x) < Cox P[In(1/x)]*,  x € (0.9). 4.6)

Assumption [G3] prescribes behavior of the density g in a vicinity of the origin. If p < O then the integral
fooo [g(x)/x]dx is finite, and, as discussed above, the problem reduces to the density estimation from direct observations.
Moreover, since g is a probability density, it must hold p < 1. That is why in [G3] we restrict our attention to the case
p € [0, 1). Note also that [G3] implies that g is well defined in the strip {z : p < Re(z) < 1}, i.e., Qg 2{z:p<Re(z) <1}.

In addition to Assumption [G3], we impose some mild conditions on g that guarantee existence of the estimator f;,h )
under the following specific choice of the parameter s,

1
Sy = =—(1 — p); 4.7)

2
here p is the parameter appearing in Assumption [G3].
[G4] Suppose that |g(1 — s, + iw)| > 0 for all w € R, and

o] e—w2/2 oo e—wz
/ %da)\// =5 do=<C| <00 (4.8)
—oo |8(1 = 8 +iw)] —o0 |8(1 = 8¢ +iw)]

In addition,

NI L e—wZ/Z
/oo‘w(g(l — Sk +i60))

where [ := [(g + 1)/2], and g appears in (4.6).

2
dw < Cy < 00, 4.9)

The conditions of Assumption [G4] are rather mild. First we note that under Assumption [G3] the line {z : Re(z) =
1 —se= %(1 + p)} belongs to the convergence region of g. The first condition in [G4] bounds from below the rate of
decay of g along this line. It ensures that under the choice s = s, the integrand in (4.4) is absolutely integrable and
square integrable; thus the estimator f;*’h(O) in (4.5) is well defined [see the proof of Theorem 5 for details]. The second
condition of [G4] is stated for the derivatives of the integrand in (4.4) and is used to bound the variance of ﬁ* 1(0). Note
that (4.8) holds both for the smooth and super-smooth error densities.

We are now in a position to state an upper bound on the risk of the estimator fAS*, 7 (0) under a suitable choice of the
bandwidth A.

Theorem 5. Fix some positive real numbers A,Aﬁ, M arad consider the class of functions %(A, B, M) defined in (4.1).
Let Assumptions [G3] and [G4] hold, and let f.(0) = f;, n,(0) denote the estimator (4.5) associated with parameters
m> B8]+ 1,s =s, given by (4.7) and

0, pe(.1),

1
h=hy:=[MA™2(Inn)d">n= 1|25
wi=[MA™(Inn) ] D

(4.10)

Then for n large enough such that h,. < min{r, 1} one has

n _ 1+ B
Ru[fu: A4 (A, B, M)] < C3 A5 [M(Inn) T+~ | 75157,

where C3 may depend on 8 only.
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Remark 6. (i) Note that the upper bound of Theorem 5 holds both for smooth and super-smooth error densities, provided
that the mild conditions of Assumption [G4] are fulfilled. This is in contrast to the results on estimating density fx at a
point separated away from zero.

(ii) It is instructive to consider particular cases corresponding to different error densities. For instance, if g is the
uniform density on [0, 1], or an exponential density then p =0, ¢ = 0 and s = 1. So in these cases the upper bound is of
the order (Inn/n)#/ A+ which is only by a logarithmic factor worse than the standard nonparametric rate.

Our next result is the lower bound on the minimax risk. To that end, we introduce the following condition on g.

[G5] Suppose that {z € C:1 <Re(z) <1+ €} C , for some € > 0, and
|1+ e+in)|<Cs<oo, Vo 4.11)

Assumption [G5] is rather mild; it holds if fooo x€g(x)dx < C4 for some € > 0. Note also that [G5] together with [G3]
imply that g is analytic in the strip {z: p < Re(z) <1 +€}.

Theorem 6. Let Assumptions [G3] and [GS5] hold, then for the functional class %%(A, B, M) with M > 1 one has
.. —1 7
liminf{¢, "Ry[ A (A, B. M)]} = Cs.

where
b = AT [lep(lnn)ﬁ%n*l]ﬁ,

and Cs depends on B only.

The lower bound on the minimax risk of Theorem 6 matches the bound of Theorem 5 up to a minor discrepancy in
terms of dependence on M. Note, however, that in the practically important case of p = 0 the bounds coincide. Thus the
estimator f(0) is rate-optimal on the class J7. (A, 8, M).

5. Numerical experiments

In this section we demonstrate that in many cases of interest the developed estimators are given by analytic formulas and
can be easily implemented. We also illustrate numerically theoretical results on performance of the estimators.

5.1. Estimation outside zero

First we study numerically the accuracy of the estimator (3.8) for points separated away from zero. Assume that errors
(n;) are beta-distributed with the density
gy=vx""!, 0<x<1,v>0, (5.1)

then
1
)= v/ Tty =0/ +z2-1). (5.2)
0

Furthermore, consider the case of exponentially distributed X, thatis, fx(x) = e~ for x > 0. Let w(x) = eX/2 //2m,
and for a fixed natural number m let

m+1
m+1 1 t
ISOEDY DY <—> 53
(®) ( i )( ) jw 7 (5.3)

J=1
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The bilateral Laplace transform of K is defined for any z € C and given by

m+1
. m-+1 i1 2
K(z)=§:< _ )(-1)/+—/ eIz gy
J V2nj J-oo

j=1

m+1

1 il \

=2 (mj )(_1),+1e,zzz/2 =K(-2).
j=1

Let us now compute the kernel L 5, (x, y),

1 /-s+ioo(x>z k(Zh) d
. - ~ 4
27ix Js—ico \y/ 8(1 —=2)

Using (5.2), we obtain

1 s+ico / zej2h2z2/2
N - ~7dz
2mix /s_ioo (y) g(1—2)

o
1 / GG () g el W2 g

Lsp(x,y):=

- 2rvxl=sys J_
1 j*sh? | B, 2
T amaiy T { 7 " aEld s e/

v—s j2sh? +1n(x/y)
X (2h2)172 (j2h2)3/2

Thus

ARy | , In2(x/y)] 1
L p(x, =—E —1)/lex {—7}—[1)4-7
shl5:9) mj_1< j >( S I TEr By

Note that the kernel does not depend on s and this corresponds to the fact that the function K (zh)/g (1 —z) is holomorphic.

In Figure 1 we present box plots of the quantity | fh* (x) — fx(x)| for different sample sizes n and different points
x > 0 over 200 simulation runs, where in each run we construct the estimate fh* (x) associated with the above kernel L ;
and a precomputed bandwidth 4,. The latter is found by minimizing Ey[| ﬁ, (x) — fx(x)|?] over h with the empirical
expectation Ex computed using N = 300 independent simulation runs. The left graph in Figure 1 demonstrates conver-
gence of the estimation error for xo = 1 as the sample sample grows, while the right graph shows dependence of the error
for a given sample size n = 500 on x(. As can be seen the error decreases as xg grows, which is in accordance with the

results of Theorem 3.

5.2. Estimation at zero

Now we illustrate behavior of the developed estimator for the case xo = 0. We consider again beta-distributed errors
as in (5.1) and (5.2). Let w(x) = e, and let K be given by (5.3). Using the fact that w(z) = I'(z), we have for any

s > max(0, v)

L > _i‘”y7~w(s +iaf) = i - eI (s +iw)| 1 —
27 J_ oo g(l—5s—iw) 27 J_ oo
1 o

The well-known identity

1 o .
— e'T'(s +iw)do =" exp(—e’), yeR
2r J_ oo

s+iw

e 'PT(s+iw)dw — —/ e 'PT+s +iw)do.
27V J_so
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Fig. 1. Left: boxplots of the distance | fh* (1) — fx (1)|, where the estimate fh* (1) is based on n € {100, 300, 500, 1000, 5000} observations of the r.v. Y

under uniformly distributed errors. Right: boxplots of the distance |fh* (x) — fx(x)| for x € {0.3,0.5,0.8, 1.0, 1.2, 1.5, 1.7}, where the estimate fh* (x)
is based on n = 500 observations of the r.v. ¥ under uniformly distributed errors. The bandwidth 4, is precomputed using 300 independent runs.

leads to
[ ' , y
— e_””y<1— s+lw>F(s+iw)dw=e‘wexp(—e})(1 —e—>.
27 J_ oo v v

Then using (4.4) and a straightforward algebra, we obtain

L n( )_mZ_H (m+1>(_1)j+liex {_L}(l_i>
shY) = j ih Pl A

j=1

The corresponding estimator is f;(0) := rll Yo Loa(Yy).
In our simulation study we take fx(x) = 2exp(—2x) SO that fx(0) =2 and the distribution of 5 as in (5.1) with
v el, %}. In Figure 2 we present box plots of the quantity | f, (0) — fx (0)| over 200 simulation runs, where in each run we

construct the estimate fAh* (0) using a precomputed bandwidth #,.. The latter is found by minimizing E x| fh* 0)— fx(0) |2]
over h with empirical expectation Ey computed using N = 300 independent simulation runs. As expected, in the case
v = 1 the estimator is more accurate than in the case v = 1/2.

6. Proofs of main results

In the proofs below ¢y, c1, c2, ... denote positive constants depending on the parameters appearing in Assumptions [G1]—
[G5] and on B only unless specified otherwise.

6.1. Proof of Theorem 1
Note that under Assumption [G1] conditiql\l (3.14) with ¢ > y + 1 guarantees that the estimator fh (x0) = foyh(xo) is
well-defined. Indeed, under this condition K(— - h)/g(1 —i-) € Ll(I@) NLy(R).

19. The next statement establishes an upper bound on the bias of f 5 (xo).

Lemma 3. Let K, (-, -) be given by (3.2), where K satisfies (3.13) withm > | 8] + 1; then for any x > 0 and h € (0, Inr)

sup V KnGr ) f () dy — ()
fety (A1) —o0

4
<coAlIK| [hﬂmﬂ +hTY |x|’<},
k=0
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Fig. 2. Boxplots of the distance \fh (0) — fx (0)|, where the estimate fh (0) is based on n € {100, 300, 500, 1000, 5000} observations of the r.v. Y under
beta-distributed errors with density (5.1) with parameters v =1 (left) and v = 1/2 (right).

where co depends on B only, and || K ||} = fil |K(x)|dx.

The proof of Lemma 3 is given in Section 7.
20. Now we derive an upper bound on the variance. Using the Cauchy—Schwarz inequality we obtain

E y [ L} (x0, Y))]

I e PV K(—wh) K(—uph)
_ i(w—p) _ _ .
‘4n2x3/_oo/_oo'x°' i =)y Fa i %

L[ * K (—oh)?
= 4nel [m‘fm_’“)’d“/,w g =i

If y > 1 then fy(l — ip) is integrable:

o ~ o0 ~
f |fr(l—iw)|du = f |fxA=iw]- g0 —iw|du
—00 —00
o0
5/ 201 —iw|dp <1 < oo,
—0Q
where the upper bound in (3.12) has been used. Moreover, in view of (3.14) and the lower bound in (3.12) we have

dw < coh~ 21,

/“’ |K (—wh)|?
o 10 —iw)?

Combining these bounds we obtain var 7, { fh (x0)} < c3xy 2p=2r=lp=1,
On the other hand, Lemma 3 and ~ < 1 imply that

sup B gy [fu(x)] = Fx(xo)| < c3A(xf + 1),
fX€<yf;0.r(A,}3)

Then (3.16) follows from substitution of /4, in the bounds for the bias and the variance.
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6.2. Proof of Theorem 2

The proof is based on the standard technique for proving lower bounds (see [17, Chapter 2]). Recall that for two generic
functions # and w on [0, o0) we write [w x u](y) := fo (l/x)w(x)u(y/x) dx.

0. Let ¥ : R — R be a function such that its Fourier transform w is an infinitely differentiable function satisfying for
some § € (0, 4)

~ 1, e[-24+68,—-1-81U[1+35,2-14],
Flv; ol = ¢ (w) =
0, we(—oo,-2]U[-1,1]U[2,00).
Let xo > ¢o > 0 for some constant cq, and define
1

O
; 0.
Ix " x4 In? (x /x0)] t=

Define
M ©) In(x /x0)
fx )= fy (x) +0¢n(x), Y (x) ——1/f< >

where i € (0, 1) and 6 > 0 are the parameters to be specified.
1°. First we show that if 6 is small enough, 6 < min{%, clh_z} then f)((l) is a probability density on [0, 0co). Indeed,
since ¥/ (0) =

/OOWx)dx:fooll/f(M)dx:h/m () di =
0 0o X h —00

Thus, f)((l) integrates to one. Moreover, by construction ¥ is rapidly decreasing as ¢t — oo; in particular, |y (7)| <
71 min{1, clt_z}, Vt € R with some absolute constant c;. Therefore, the conditions 6 < % and c10h? < % imply that
O1v(t/h)| <[w(1+1*)]~", which, in turn shows that f)((l) is non-negative. Therefore f)((l) is the probability density.

20, First we note that if x9 > c¢g > 0 for some ¢ large enough then f}((o) € Jt,.r(A/2, B). Now we show that if

0= czAx hﬁ for some constant ¢, then f)(() € Ay r(A, B).
For s1mphc1ty and without loss of generality assume that j is integer, 8 > 1. Then by the Faa di Bruno formula

B S
By _ B\ (=17 j! dP=7  (In(x/x0)
Vi )= Z ( > x/tl dxB—i v h

=0

22’3:(‘3> (_1-1./11'!2 B - N 1/f(k)<ln(x/)c0)>h e J)]_[|:( 1)i+l:|ki
—~\j) xJ kil--kg_;! ! ’
j=0

B—Jj*

where the second summation is over all partitions of 8 — j,and k :== k1 +---+kg_j, ki1 +2ky+---+(B—j)kg_j =B —J.
It follows from this expression and the fact that 7 < 1 that

, W(k)<ln(xh/x0)>‘, V>0,

where c3 depends on § only. Since ¥ is an infinite differentiable rapidly decreasing function, we obtain
[ ) < caxg P ThP L o < x <o,

where ¢4 depends on §. Then setting 6 = czAxg +1h/3 by choice of ¢, we obtain f)((l) € Ay (A, B).
30, Next we bound the x2-divergence between fy M and f}o). We have

Oy [ £O _L/“ 8(x)
K =0 =25 | TG ) P
. 1 /OO g(x) dx > Cs .
my[1 +21n%(y/x0)] 1+ 21n%(x) y[1 4+ 21n2(y/x0)]
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Furthermore,

Moy 2O, _,[T1
fy )= fy (y)—é[g*Wh](y)—G/O xg(x)w(y/X)dx

0

o
=—/ T +io) (1 +iw)y ' do, (6.1)
2y Jooo

where in the second line we have applied the inverse Mellin transform formula. By definition of ¥,

Un(l+iw) = /ooxiwiﬂh(x)dx - fwxiw‘11p<ln(x]1/x°)) &
0 0

oo
= hx}® / Oy (1) dr = hxl® P (—wh).
—00

Substituting this expression in (6.1) we obtain

]

Oh - o~ . oh
A0 = 00 =—— / F( + i) (—wh)e MO dyy = — p(In(y/x0)).
2y J - 2y

The x2-divergence between f;l) and f;o) is bounded as follows

00 (1) _ O 2
Xz( %) (0)):/0 fy =1y ) d

Y °Jy
¥
oo 1 oo
§c692h2/ [1 +2ln2(y/xo)]—p2(ln(y/xo))dy=c602h2/ (1+21%)p* (1) dt.
0 y —00
By Parseval’s identity, definition of ¥ and Assumption [G1]
o) [ee) 5~ ) 2/h 5
/ ,oz(t)dt=/ |21 +iw)| | (—wh)| dw§2/ |20 +iw)|” dw < c7h® 1. (6.2)
—00 —00 1/h

Moreover, using Assumptions [G1] and [G1]

2

/ tz,oz(t)dt:/ ‘%g(wiw)@(—wh) dw

o0 o0
< 2/ |71 +ia))|2|w(—a)h)|2dw+2/ 501 + i)’ |[§ (—oh)|*h? dw
—00 —00
< cgh™ ™! 4 coh? T
Combining these bounds with (6.2) for # small enough we obtain
XZ(P(I)’ P(O)) < co02n2 T = c10A2x§ﬂ+2h2ﬂ+2y+l.

49 Now we complete the proof. Let

2
1
h=hy:=cpx, v (A2n)_m.

With this choice 6 = czAxthf < % for n large enough so f)((l) € J,,r(A, B). We obtain Xz(f(l), ;0)) < 1/n so that

the hypotheses fx = f)((o) and fy = )((l) are indistinguishable from the observations Y1, ..., Y,. Moreover, with this
choice of the parameter &

£ 0) = £ x0)| = 6]y, (o) | = cradxf Tl |y ()

2y+1 BRy—1) B
= 613Amx5ﬁ+2”1 n_ 22T

This completes the proof of the theorem.
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6.3. Proof of Theorem 3

The bound on bias of f;, n(xp) given in Lemma 3 remains intact. We consider only the variance term. For

1
Lep(x,y)= Imx
—0o0

% (x)s+iwk(—(s +iw)h)
- e

y 20 —s—iw)

we have

Efy [L3 4 (x0. Y))]

1 L ) w , K(=(s+iw)h) K(—(s+inh)
S — X 1 =25 —i(w—p))— - - —= —— dwd
4m2xg f_oo/_oo 0 g ) Tl—s—iw) Z(l—s—ip) "

1 o 00 2
<L [T ha—2s—iw du/
4712)(3_23 /;m| | —00

Since fx € Fo.m(A, B), Ifx(l —2s—ip)| <1+ M <ooforall u € Rand —a <s <0. For such s

K(—(s +iw)h)
g —s—iw)

f |y (1 =25 — i) du < <1+M>/ B0 =25 — i) dp < c1(1+ M),

provided that a < 1 — 2s < b. Setting s = s, = max{—c, %(1 — b) + €} for any € > 0 we obtain

(1 + M) [®|K(—(se +iw)h)|?
B[ L3, 4 (0, Y] < ————- —_ (6.3)
47‘[2)60 *Joool 81 — sk —iw)
Furthermore,
v 1 .
K(— (s« +io)h) = [ K (x)e™*"* el "% dx = Flug, p; —wh] =T, j(—wh),
-1
where v; 5 (x) 1= K(x)e_thl[_Ll](x). Therefore
/00 ‘ K (—(sx +iw)h) 2d /00 Ty, n(—wh) |*
- . w = —
00| 81 =55 —iw) 00| &1 =5 —iw)
Cc3 o 2 2
= vt K @] (14 lof) do. (6.4)

where c3 may depend on s,. In view of (3.14), v, 5, is g times continuously differentiable on its support, and viq,z x)=

Z?:O (?)K(j)(x)(—sh)q_je_””‘. Therefore
@ (4 TrY o e 12
”%Z,h”z < Z ( ,>e2ls*h|s*h|q_j |:/ |K(j)(x)| dx]
=0 -1
Taking into account that ¢ > y + 1 and combining this inequality with (6.4) and (6.3) we obtain
var {fs*,h(xo)} <ce(1+ M)xo_zﬂs*h_z’”_ln_l,

This bound together with the bound on the bias leads to the announced result.
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6.4. Proof of Theorem 4

The proof goes along the same lines as the proof of Theorem 1. In the proof below ¢y, ¢2, ... stand for positive constants
depending on 8 and A only.
It is immediate to verify that

|K(@)| < crexp{—0*/24}, Vo eR. (6.5)

This fact together with Assumption [G2] guarantees that the estimator fh* (xp) is well-defined. In addition, by [11, Chapter
IV, §7] as |t| — o0

w(t) =2 /#“r(kl)/(zx—l)exp _ 2x—1 sin T |t|2)‘/(2"*‘)
20 —1 2A 2021 —1)

x | cos EMZK/(ZA—I)COS T + 0(jf 2Dy |
24 200 —1)

Therefore, it follows from (3.25) that for large |#| one has

[K(1)] < ealt|”*7 D/ D exp{—cs e /D). (6.6)

First we bound the bias of the estimator fh* (x0). To that end we note that the proof of Lemma 3 applies verbatim; the
only difference is that now the integration in (7.10) is over the whole real line because K is not compactly supported.
However, since K is a bounded function and in view of (6.6) we have

% e+l eieh] A — 2
|t e 1M K (1)| dr < |t]“" 7T exp{e]r| — c3]t| T T }dt < cq.
—00 —00

This inequality and reasoning of the proof of Lemma 3 yield

sup ‘/ Kn(x, ) f(y)dy = f(x)
fedtsr(Ap)lJ =00

4
SC5A|:hﬂ|x|’3 +h‘“2|x|k] 6.7)

k=0

To bound the variance we follow the lines of the proof of Theorem 1. In particular, in view of (6.5) and Assumption
[G2] we have for small enough A

0 (. 2
Ef[Lio. Y] < c_6/ L o< Zexpler(vh )

2)\/(2)\71)}
x5 Jooo 180 —iw)2 7 X3 '

(6.8)

Indeed, in view of (6.5) and [G2] we have

/ |K (—wh)|? -
|

———dw < cjc
~ . —=*“1%0 -
wlza 181 —iw)?

where constants wg and cg appear in [G2]. Let w1 1= cg(Ly) /@ =D p=22/@2A=1) for sufficiently large constant cg that can
depend on v. Then we have

K (—wh)?
/ L(—‘”_)'zdwgcgf o exp{2lely — lwh? /1) do
lo|>wp 18(1 —iw)] o>

gclo{/ exp{c11|w|y}da)+/ exp{—c12|a)h|2)‘}dw}
wy<|w|<w) |w|>wi

<ci3 GXP{Clz(Vh_l)ZA/(M_I))},

which leads to (6.8). Then the result of the theorem follows from balancing the bounds in (6.7) and (6.8).
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6.5. Proof of Theorem 5

In the proof below c1, c3, ... stand for positive constants; they can depend on parameters appearing in assumptions [G3]
and [G4] and on parameter 8 only. The proof proceeds in steps.

19, First we show that under the premise of the theorem the estimator fs*,h(O) is well defined. It follows from the
definition of function s (x) that

~ o0 . 1
V(s +iw) = e—%u—s)z/ xSHio—ly=s exp{—z[lnx]z}dx
T 0
1 “log? 1,2
:\/Te 2 e 2 ;
b4
therefore
00 X ; o jitie 1—s? 1,2
WA (_')xs+lw—ldx =js+lwl//‘ (S +ia)) — 6_7( —s) e 2@ ,
/0 "\ ' 2w
and
~ 1 | 2 2 mtl m+1 . :
K (S+la))= 677(173‘) e /2 ( . )(—l)j+1jS1+lw.
* N2 ; J
The last expression implies that
|Ro(s +iw)| < com?e™ 20792, 6.9)

where c¢; depends on m only. Next we observe that Assumption [G3] implies 1 — s, =1 — %(1 — p) € g, so that
g(1 — s« +iw) is well defined. Then in view of (6.9) and condition (4.8) of Assumption [G4], K, (s« +i-)/8(1 —s.—i-) €
Li(R) N Ly (R) so that fi, ,(0) is well defined.

20, Our next step is to prove the following statement about local behavior of the density fy near the origin. This result
is instrumental in establishing an upper bound on the variance term.

Lemma 4. Let Assumption [G3] hold, and assume that fx(t) < M, Vt.
(1) If p=0thenforally <38
fr) < i+ M) Iny[?H + M8,

where C| depends on q only.
(i) If p € (0,1) then forall y <46

fr» <Co(1+Mp™)y™P|Iny? + Ms~",

where Co depends on q only.

The proof of the lemma is given in Section 7.
3%, Now we are ready to establish an upper bound on the variance term. Define

05 (x) = 1 /Oo eiex 71?50 +io)
* 27 J_ oo gl —s—iw)

With this notation L ,(y) = hs_ly_sps (In(y/ h)) [cf. (4.4)], and therefore

1 % | pg(1 )12
En L] = s /O 2 “‘iﬁs/ O (.

Now we bound the last integral which can be written as a sum J; + J,, where

1 [ 1ps(n(y/m)? 1 % |ps(n(y/h))[?
Ji= /0 3 fr(y)dy, hi= s /5 Vs Jr(y)dy.
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Using Lemma 4 for p =0and s = s, = % by straightforward algebra we obtain

M S
h==- y s, (InGy/B) P[1Inyl9+! + 67" dy

M % )
<5 ('lnh'q+1/ pcof o+ [ |"S*(f)|2|f|"+ldt)ScaMh—lnnmq“,
—0o0

—00

where the last inequality follows from Parseval’s identity, properties of the kernel K and condition [G4] [cf. (4.8)
and (4.9)]. If p € (0, 1) then using Lemma 4 for s = s, = %(1 — p) we have similarly

caaM 2y P|Inyldt*

8o 1
Ji1 < s ;|,os*(ln(y/h))| Wdy

csM
<
- pl+p

o o
(| Inh| / |05, (0] dt +/ |05, (O[] dt) <ceMh™'"P[In(1/m)]".
—00 —00
Combining the last two upper bounds on J; in cases p =0 and p € (0, 1) we can write
Ji <erMh~ P/ )],

where s is defined in (4.10).
In order to bound J, we note that (4.8) implies |p;, (x)| < cg < 00, Vx; therefore

[o/e]
J2§C§h_1_p/ Y fy () dy < coh™' P

3o

Combining the bounds on J; and J, we obtain
Ep[L7 4 ()] < cioMh™ ~P[In(1/ )]

49 We proceed with bounding the bias of f;*’ 1(0). By construction of K, (x) we have
o
/0 (/W) Ko, (/W[ fx () — fx(©)]dx

_ fo Ko, () fx ) — fx(0)] dx
r/h R o ¢
_ /O K| 5 @k + 3140 Cumun” | du
j=1"7" ’

+ / L fxtah) = O] .

Since fx(x) <M, Vx, by (4.2) and (4.3)

m+1 00
<My (’" * 1) W, (x) dx

= J r/h

/ KoL xtan) = fx0)]

< c1Mexp|—ca[In(r/m)]}.

Furthermore, it is readily verified that for small enough A

r/h ) r 2
‘/ K, w)u’ du <c3 exp{—C4|:ln<—>:| }
0 mh

m .
/ K, w)u’ du
r/h
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Using these facts we finally obtain that

‘ fo (/WK o/ W) fx @) — fr (0] dx

2
<csAhP + co(1+ M) exp{—C7 [m(Lﬂ }
mh

We complete the proof by noting that the choice & = h. indicated in the statement of the theorem provides a balance for
the bounds on the bias and on the variance.

6.6. Proof of Theorem 6

The proof is based on the standard technique for proving lower bounds (see [17, Chapter 2]). Throughout the proof
constants ¢y, c1, . .. may depend only on 8 and parameters appearing in Assumptions [G3] and [G5].
19, Let Mo = 7 M /4, and without loss of generality assume that Mo > 1. Let

O . 2Mo
fx (x):= 3 , x=>0.
(1 + Mox)(1 +In“(1 + Mox))

It is evident that f)(fo) (x) <M/2,Vx and f)(fo) € J.(A, B, M) provided that A is large enough.
For h > 0 define

D)= 1000 +coAhPox/h), @)= —x)e*, x>0.

In what follows parameter 7 will be chosen going to zero as n — 00; in the subsequent proof we use this fact. It is evident
that function f )((1) is a probability density, and under appropriate choice of constant ¢y and for & small enough it belongs

to %%(A, B, M). We note also that
$(Z)=/ o) dx=T@) -TE+1), zeQ(p:{z:Re(z)>O}. (6.10)
0

Our current goal is to bound the x 2-divergence between the corresponding densities of observations }0) and f;l). For
any s such that {z : Re(z) = s} € Q, N 2, we have

1
V) = £y = coAn® /0 ;w(%)g(x)dx

coAhP [HIO (pNE
= / <;) 9(2)g(z)dz

2 Js-ico

coARPTs

RN _
ZTysf <§) P(s +i0)Z(s + iw) do = coARP Ty~ ps(In(y/ h)),
—00

where we have used the Mellin transform inversion formula, and we have denoted

1 00 ) &St s+ioo
ps(t) == —/ e P +iw)g(s + iw) do = —/ e P(2)8(2) dz. (6.11)
27 J_ oo 27 Js—ico
Thus
oo ,,—1 21 h
Y, y(n):C(%Azthrs)/ IS TLNN (6.12)
2 ¢))

and now we will bound the integral on the right hand side under a particular choice of parameter s.
20 Let s =s, = %( p + 1). Note that by the upper bound in (4.6) and by definition of s

o0 o0
B tio) = [ lgmar= [0 R0 dr <
0 0
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thus {z : Re(z) = sy} € Q. Let v := %(1 — p) + €, where € is given in Assumption [G5]. Then s, + v =1+ €, and
according to Assumptions [G3] and [G5], function e~ 2(z)@(z) is analytic in {z : s+ < Re(z) < s4 + v}. Therefore the
line of integration in the last integral on the right hand side of (6.11) can be replaced by {z : Re(z) = 54 + v}. This yields

es*t Sx+v+ioco
ps (1) = 5 f e I8()P(2) dz
T Jset+v—ioo
eVt oo
= / e Y"1+ e+in)g(l +€+iw)dw.
T J-co

Then it follows from Assumption [G5] that
o0
|os, (D] < c2e™ / |§(1+€e+io)|do<cze™, (6.13)
—00
where the last inequality follows from (6.10) and bounds on the Gamma function as presented in (3.23) in Example 4.

3%, Now we derive lower bounds on f)EO) (y). Note that f)((o) x)= Mof)((o) (Myx) where

_ 2
D (x) = x>0

a(14+x)1 + 1?1 +x))’

Therefore f;o) ) = Moféo)(Moy), f;ﬁo) ) = _)(((» * g](y) and the lower bounds on f,(,o) (y) can be obtained in an

: : 7(0)
evident way from the corresponding bounds on fy ™ (y).
First we note that the lower bound in (4.6) and the arguments as in the proof of (7.14) in Lemma 4, yield for all y < §/2

§
[ [g(t)/t]dt = cay™P|Iny|?F%, (6.14)
v

where s is defined in (4.10). In view of (6.14) for y < §/2

. 8 2
(0) 8) d
Ty (y)z/y x(L+ /)1 + 02+ y/x)

1 S
> 5 /g(x)dxzcsy_”|lny|q+".
r(1+m*Q2)J, =x
Thus,
(0) I-p_—p q+sx
v ) =esMy Py TP [In(Moy)| 7T, Yy < 8/(2Mo). (6.15)

On the other hand, for any y we have

70 (y) = /"O 2g(x)
Y o mwx(1+y/x)(1 +1In2(1+ y/x))

/1 2g(x)
> dx
0 x4+ y)(1+2In%(x + y) +2In%(x))

. 2 bogx)
Ta(+yA 4220 +y) Jo 142In%(x)
6

S V(1 +2In%(1 +y))’
so that
c6Mo
(14 Moy)(1 +2In%(1 + Myy))’

Dy > (6.16)

49 Now we bound from above the integral on the right hand side of (6.12).
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Let & € (h,5/(2Mp)) be a parameter that will be specified later; then we can write the integral on the right hand side
of (6.12) in the following form

>y~ piny/ h))
y2s=1 £0) d
0 Ty )
_ / y—1p$an<y/h)> q f Yy~ pn(y/h))
0 §

Our current goal is to bound /1 and I; when s = s, = %(p +1).
Using (6.15) we obtain

¢ Y~ oz, (In(y/ h)) col In(Mo&)|~4—> [InE/h)
I < 16_,,f e —dy < 6l (fp| / pe (1) dt. (6.18)
M, " Jo  [In(Moy)l M, .

It follows from (6.11) that
o 1 o0
2 ~ . 2|~ . 2
/ py (1) dt = —/ |@(ss +iw)|*[g(ss +iw)|" do
o0 27 J_so

o0 o0
< 67/ |$(s*+iw)‘2dw=07/ x2 o2 (x) dx < cg,
oo 0

where the equality in the last line follows from the Parseval identity (2.2), and the last inequality is by definition of ¢.
This inequality together with (6.18) leads to

Iy < coMy P [In(Mo£)| 7177, (6.19)

Now consider the integral /5 on the right hand side of (6.17). Using (6.16) we write (remind that 2s, — 1 = p)

cro [ _
12<m : y P71 ol (In(y/ M) (1 + Moy)[1 +In*(1 + Moy)]dy

_ ¢ —p—1 2
_MO{/s y P14+ 1In*(1 + Moy)]p (In(y/ h)) dy
+ MO/S Y1+ 2(1 + Moy)]p? (ln(y/h))dy} — MLZ{IZ(“ +17). (6.20)

Applying (6.13), using a simple inequality In(1 +x) <In2 4 |Inx|, x > 0, and assuming that 4 is small so that Mph <1
we derive

o0
12<‘)=h—"/ e ' p2 (H[1+1In*(1 4+ Mohe')] dt
In(§/ )

o0
< cnh_p/ e_(p+")’e_”’(1 + tz) dr
In(§/h)

o0
< cuh”g—P—”/ e—%“—mf(l +2)dt <ci3h"E7P, 6.21)
0
and similarly

o
12(2) < ciaMoh™PT! / e ImP 21 4+ 42]dt < c1sMoh™ P, (6.22)
In(§/ h)

where we have used that v = %(1 — p) + €. Combining inequalities (6.22), (6.21), (6.20) and (6.19) we conclude that for
small enough 4 and for & € (h, §/(2My)) one has
/ y_'p2nGy/) e oy
0 = My

Ve—p—V — 1
PO ME[In(Mo/E)] ™77 + hYE~P™Y + Moh™P+').
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Let v € (0, v); then we set £ = h(V"*0/(PTV) First, we note that with this choice & > & as required. Second, it is
immediately verified that the second term in the figure brackets on the right hand side of the previous display formula is

bounded above by 40, and the first term is dominant as 4z — 0. Combining this result with (6.12) we conclude that for &
small enough

X2( Y('O)» 1El)) — C16A2M71+‘Dh2(}3+3*)[ln(l/h)]quk’

where we took into account that Mo = 7 M /4.
50. Now we complete the proof of the theorem. Let
h=h,=[c17A72M" P (Inp)9+7p~1]/CFHIEP),

With this choice and appropriately small constant cg the x 2-divergence x2( f. (O), f}l)) is less than 1/n, and the hypothe-
ses fx = f}(fo) and fxy = f)((l) cannot be distinguished from the observations. Under these circumstances

p+1 B
‘f;((o)(O) - f;((l)(O)| —c1 AR = 618A2f’]+_1+P[Ml_p(lnn)q+”n_l]2f‘+'+l’.

This completes the proof.

7. Proofs of auxiliary results
7.1. Proof of Lemma 1

Considering the integral (1.2) for y > 0 and y < 0 and using notation (2.3) we obtain

fy+(y)=/
0

*1 1
Ty ) =—/0 ;f;{(y/X)g_(X)dxﬁLfo ;f;?(Y/X)gJ“(X)dX- (7.2)

e¢]

1 =+ + * 1 - -
S O/MgT @ dx - /0 R 0/08 () dx 7.1

Applying the Mellin transform to the both sides of (7.1)—(7.2), we have
K=K - k@7 @.

-~ o o - (7.3)
fy @ =—fx @8 @)+ fy @& (2).
Note that the line {z : Re(z) = 1} is in the strip of analyticity of f;(t and T because fx and g are probability densities.
Thus the Mellin transforms in (7.3) are well-defined in an infinite strip containing the line {z : Re(z) = 1}.
The system of equations (7.3) has a unique solution ( f; (2), fx (z)) if and only if

~ e
det [—g?g'_(i;) ;*(S)H = }[§+(Z)]2 — [g_(z)]2| #0.

Under this condition, with f)}"(z) and f;(z) satisfying (7.3) in the common region of analyticity containing the line
{z : Re(z) = 1}, functions f; and fy are uniquely determined by the inversion formula

1 o0 N
f%(x):g/ x I FE (1 4 iv) dw.
—00

Therefore the necessary and sufficient conditions for identifiability are
oo
~+ S—0) — z—1 5+ ~—
g @—-g @)= / g) —g(—0)]dx #0, gF@+T () #0 (7.4)
0

for almost all z in the common strip of analyticity of g+ and g~. Note that " (z) + 2™ (z) is an analytic function; therefore
the second condition in (7.4) holds for any density g. Then the statement of the lemma follows from the uniqueness
property of the Mellin transform.
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7.2. Proof of Lemma 2

By (1.2) we have

/ Ls,h(st)fY()’)dy:/ [/ Ls,h(x,ty)g(t)dt]fx(y)dy;

—0Q —0o0 —0oQ
therefore, in order to prove (3.5) it suffices to show that L 5 (-, -) solves the equation
o
| Lt g0 = Kyx. 1.5)
—00

To this end, we will show that for any fixed x the one-sided Mellin transforms of expressions on the both sides of (7.5)
coincide in a common vertical strip of the complex plane. This will imply the lemma statement.
It follows from (3.2) that for x > 0

oo o0
/ yZ—lKh(x,y)dyzxZ—lf K(t)e'"* dt = x* VK (—zh), (7.6)
0

—0o0

and for x <0

0 00
| e R ay ==t [ ke ar

—0Q0 —0oQ0
= —(—x)* 'K (=zh). (1.7)
Let
L,h('sy)a y>0 — L,h(‘y_}’)’ y>0
LGy :={OS y <0 Ly, (G y) = OS b <0,

Remind that with this notation, L 4(-,y) = L:h(-, y) for y>0and L 4(-,y) = L;h(" —y) for y < 0. Integrating the
left hand side of (7.5) we obtain

o0 o0
/ yH/ L p(x,ty)g(r)drdy
0 —0
o) 0 00 00
- /O Yol / Loa(r, 1y)g () dr dy + /0 yo! /0 Loa(r, 1y)g()dr dy
—00

o0 o0 o0 o0

- f Yol f Lon(r, —1y)g(—t)drdy + f Yol f Lo (x, 1y)g()dr dy
0 0 0 0

=1, 08 (1 -2+ L0608 (1 -2,

where we denoted L, (x,2) = M[LY, (x, ): 2l and L, (x,2) = M[L; , (x, -); z]. Similarly,

0 00
/ (—y)Z‘I/ Lsp(x,ty)g(t)dtdy

—00 —0o0

e’} 0 %) e’}
=f0 yz"/ Ls,h(x,—ty)g(t)dtder/O yH/O Lsp(x,—ty)g(t)dtdy
—00

* 1 *© 0 | 00
= / Y / Lsn(x,ty)g(—t)dedy + / yi / L (x, —ty)g(t)dtdy
0 0 0 0
= Z;fh(x, 28 (1—2)+ Z;h(x’ 93T —2).
Comparing these expressions with (7.6) and (7.7), we set

~_ _ ~ ~ xz_lk(—zh), x>0,
Lo, 28 (1—2)+ L;L’h(x, D8t -2 = {0 0 (7.8)
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and

x>0

0,
{ (—x)* 1K (=zh), x<O. (79)

N h(x 28 (1 —72) +LA (X, 8T —2) =

It is immediate to verify that solution to equations (7.8)—(7.9) is given by

B0 = K N
YT =P -3 (A—2P | (=013 (1 —2). x<0,
Lo, .2 = K (=zh) Igm(1 -2, x>0
T AP - A—0P | =0 1§ 1 —2), x<0.

Applying the inverse Mellin transform we obtain

L) = iy /j:({) [g#(llE —(_zfll??[g;lzi op 4 X2 0=0

LD =0 /_+:<_7x) [§+<1k —(foi)iél?fi op & =0y =0
and

Fn = "oy /_+: G) [§+(1k —(Zﬁ)i??ﬁ op & 17 0r=0

FnC ) = i /_+:<_7x> [§+(f —(_zj]l?igglzi op & F=0=0

Comparing these with (3.4) and taking into account that L, , (x, y) = L;fh (x,y)wheny>0and L ;(x,y) = L;h (x,—y)
when y < 0 for fixed x, we complete the proof.

7.3. Proof of Lemma 3

Below cy, c2, ... stand for positive constants depending on £ only. By the change of variables, t = 7 ln(y /x), we have

1 1 1
/EK(“(”’C))ﬂ ydy — f(x) = flK(m[wx(th)—wx(m]dr

where we have denoted wy (7) := e’ f(xe"). Since f € 74 ,(A, B), the function w, () is £ times continuously differen-
tiable on [—Inr, Inr]. Expanding w, (-) in Taylor’s series around zero we have for any ¢ € [—Inr, Inr]

—1
wy (1) = w, (0) + Z w® (0)r* + @, E=£@elo,1].
k=1
Therefore if 4 < Inr then

1 L 1
‘/ K (O)[wx(th) — we(0)]dt| < %/ 11| K (0] [wi th) — w'?(0)|dr. (7.10)
—1 s J-1

It follows from the Faa di Bruno formula that for s > 0

w®(s) = > [(uf ) "], _ el

mell

= 3 [ex £ (xet) 4 el 07D (o) el

mell
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where the summation runs over the set IT of all partitions of the set {1, ..., £}, and |7 | is the number of subsets in partition
. Thus
wff)(éth) _ wff)(O) — Z e(\ﬂ\H)Sthxlﬂl[f(lnl) (xeéth) _ f(\ﬂ\)(x)]
mell
+ Z x\ﬂ\f(INI)(x)[e(IHIH)Sth _ 1]
mwell

+ 3 elmléthyp =1 [ =D (yobth) _ pmi=D ()]

mwell

+ 37 (eMIE — 1) rplrI=t =D .

well
In view of f € J% (A, B) and by elementary inequality |¢* — 1| < lx|el!,

S el ngth il plxl) (o8t — p07D (1)) < o) ALx|Pjeh Pt BH DI,

mell

l
Z x\ﬂ\f(lﬂl)(x)[e(\ﬂ\-i-l)SZh _ 1] < 62A|th|e(z+l)|th‘ Z |x|/<’
mwell k=1

14
Z e\ﬂlélh|n|x|ﬂ|—1[flﬂl—l(xeéfh) _ f(\ﬂ\—l)(x)]

mell k=1

—1
Z (™5 — 1) T FOTIED ()| < eaAleh]et Z |x|¥.

mell k=0

Combining these inequalities and substituting them in (7.10) completes the proof.
7.4. Proof of Lemma 4
We have
1
= [ e ds
Y1 1]
= /0 L /x(/x)g(x) dx +/ L /xO/g)dy =l + I
y
Using [G3] for any y < § and p € [0, 1) we obtain
Y ©
I < Co / —fx(y/x)x7P|Inx|? dx = Coy~" / = fx)|n(y/n)|* dr
(. 1
oo oo
sz<q‘>+coy"|1ny|'1[/ e+ [ tplfx(t)llntl”dt}
1 1

<ciy Pllnyl9.

Since fx(t) <M, Vt >0,

I<M/ g(x)dx<M31+M/ g(x)

< M5! +C0M/ x PN 1nx|? dx.
y

< c3AlthleMy x|k,

(7.11)

(7.12)
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If p =0 then the last integral on the right hand side is bounded from above by |In y|¢*!, and

L <M§™ '+ MCy|Iny|dt!.

This inequality together with (7.11) completes the proof of statement (i).
Now we bound the expression on the right hand side of (7.12) in the case p € (0, 1). Using the following formula (see,

e.g., [9,616.2])
/xp_l(lnx)q dx = %xp(lnx)q — %/xp_l(lnx)q_] dx, Vp#0,q+#—1,
we obtain
/ax_p_lllnxlq dx = /w P~ (Inr)? dr = [M}W -1 fl/ytp_l(lnt)q_l dr. (7.13)
y 1/8 p 18 P J1ys

Hence it follows from (7.13) that

5 1/y -
/ P nx|? dx < [@} < ﬁ[ln(l/y)]q. (7.14)
y 1/

Thus, we obtain

L<M§ '+ CoMp~'y™P|Inyl?.

Combining this inequality with (7.11) we complete the proof of (ii).
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