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Abstract. We introduce a general framework allowing to apply the theory of regularity structures to discretisations of stochastic
PDEs. The approach pursued in this article is that we do not focus on any one specific discretisation procedure. Instead, we assume
that we are given a scale ¢ > 0 and a “black box” describing the behaviour of our discretised objects at scales below ¢.

Résumé. Nous introduisons un cadre général permettant d’appliquer la théorie des structures de régularité a des discrétisations
d’EDP stochastiques. L’ approche suivie dans cet article est que, au lieu de nous focaliser sur un type d’approximation spécifique,
nous supposons donnée une échelle ¢ > 0 et une “boite noire” décrivant le comportement des objets discrétisés aux échelles plus
petites.
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1. Introduction

The theory of regularity structures is a framework developed by the second author in [15] which allows to renormalise
stochastic PDEs of the form

Lu=F(u,Vu,§), (1.1)

that are ill-posed in the classical sense. Here, L is typically a parabolic differential operator, & is a very irregular
random input and F is some local non-linearity. The naive approach to study well-posedness of (1.1) would be to
consider a sequence of smooth approximations

Lug = F(ug, Vug, &), (1.2)

and simply declare the limit of this sequence to be the solution to (1.1). However, in many cases it turns out that the
sequence u, either does not possess a limit or the limit is trivial. A way to circumvent this is to renormalise, which
can be interpreted as a kind of “recentering” of the equation, see [2].

This amounts to allowing some of the constants appearing in the definition of F appearing in the right hand side
of (1.2) to be e-dependent and more specifically to diverge as ¢ tends to zero. The theory of regularity structures is
very successful when applied to approximations u that are functions defined on R, it however presently does not in
general apply to discrete approximations of stochastic PDEs or to equations where the operator £ itself is perturbed
by a higher-order term, in such a way that its scaling properties are different at small scales (think for instance of £
given by 9; — A and L, = 8; — A + ¢2A?). In the present article, we develop a general framework that is able to deal
with these cases. The guiding principle is a separation of scales, i.e., above a certain scale ¢ we show that the theory
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of regularity structures still applies, whereas scales below ¢ are treated as a black box. As a result, our framework
is flexible and does not rely on any specific discretisation procedure. More precisely the results in the article show
that, given a stochastic PDE such that the theory of regularity structures can be applied to renormalise it, our present
framework can be used to treat a large class of natural discretisations for it.

1.1. Discussion

Let us first comment on our motivation for this work as well as its relation to some previous work. One of the guiding
questions in the study of particle systems is the question of universality, i.e., what are the characterising features for
a class of particle systems that converge to the same limit under appropriate rescaling and how can one prove this
convergence? The bulk of the literature is concerned with scaling limits of a fixed system which necessarily implies
that the resulting limit is itself a scale-invariant object. The present article however is motivated by the situation where
one considers a family of systems indexed by some parameter and one simultaneously tunes this parameter as one
rescales the system. In this way, one typically obtains scaling limits that are not scale invariant themselves. One of the
insights of the theory presented in [15] is that they are however locally described by linear combinations of objects
that are scale-invariant, but with different scaling exponents.

So far, the state of the art for answering such questions (in the second case where the limiting object can, at least
formally, be described by a singular stochastic PDE) is to heavily rely on special features of the model(s) under
consideration. In the type of situation of interest to us, some standard techniques consist of

e extending the discrete equation to an equation defined on RY, see for instance the articles of Gubinelli and Perkowski
[14], Mourrat and Weber [22], Shen and Weber [23], Zhu and Zhu [24,25];

e linearising the problem via a Hopf-Cole transformation, see for example the articles of Bertini and Giacomin [1],
Corwin and Shen [4], Corwin, Shen and Tsai [5], Corwin and Tsai [6], Dembo and Tsai [7], Labbé [21] in the
setting of the KPZ equation;

o transforming the equation into a martingale problem, see for instance the series of articles by Gongalvez and Jara
[11], Gubinelli and Jara [12], Gubinelli and Perkowski [13], in which the concept of energy solution is developed
to study the stochastic Burgers / KPZ equation.

When applied in the correct context these techniques can be very powerful. The drawback however is that they are
often quite sensitive to small perturbations of the model. Another problem of analytical techniques like regularity
structures or paraproducts is that while they provide a rather clean and general-purpose toolbox in the continuum,
their extensions to the discrete setting require purpose-built modifications that are much less reusable. It is therefore
desirable to have a robust theory at hand which is insensitive to the details of the underlying discrete setting, and it is
the goal of the present article to make a first attempt at developing such a theory.

Another motivation to introduce the framework developed here stems from the fact that a common way to derive
properties of a stochastic PDE is to approximate it by discrete systems for which the desired property holds and then
show that it remains stable under passage to the limit. This methodology was for instance successfully applied by
Hairer and Matetski [17] to prove that the @g-measure built in [9,10] is invariant for the d%‘-equation. In the specific
case where the solution to the stochastic PDE at hand is a function of time, [17] developed a framework adapting the
theory of regularity structures to allow for certain spatial discretisations.

1.2. Strategy

This article aims to justify the philosophy that small scales actually do not matter much. The way we formulate
this here is that we assume some reasonable (albeit technical) assumptions on scales smaller than ¢, that are almost
independent of the specific discretisation one deals with, and we show that this implies desirable estimates on all
scales up to order one. The precise strategy to do so then results in a series of statements that are described further
below.

The main idea to accommodate a large class of discretisations of stochastic PDEs is to consider the behaviour
below scale ¢ as encoded in a “black box™. In order to describe this, our main ingredient is a sequence of linear
spaces X, that can be viewed as subspaces of D'(R?), the space of distributions, and that possess a natural family
of (extended) seminorms. We then work with stochastic PDEs of the type (1.2) such that u, € X;. Examples for X
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include D’ (R?) (thus recovering the original setting in [15]), but also the space of functions defined on a discrete grid
of mesh size ¢, or simply some space of smooth functions. To cast this into the framework of regularity structures we
first work with an abstract version of u,, i.e., we write u, as a generalised Taylor expansion. Here, the monomials
may represent the classical Taylor monomials or they may represent abstract expressions that are functions of €. The
control of these monomials typically amount to the control of explicit stochastic objects and heavily depend on the
choice of the equation at hand.

The “Taylor coefficients” can be thought of as the “derivatives” of an abstract version of a C¥-function and they
are given by the solution of an abstract fixed point problem. We denote the class of abstract functions just described
by D} . The subindex ¢ indicates that the way regularity is measured above and below scale & may differ. Indeed,
above scale ¢ regularity is measured as in the continuous setting [15], whereas below scale ¢, besides some natural
constraints, the way to measure regularity is not further determined. The idea of introducing DY -spaces that depend
on a parameter ¢ is not new and already appeared in the works [18,20]. In a sense the current article generalises some
of the ideas developed there.

Note that the solution to (1.2) is a random space-time function / distribution, whereas the approach outlined above
gives rise to an abstract “modelled distribution” f € DY . To link the abstract object with a concrete object we construct
a “reconstruction map” R¥. Unlike in [15], we do not think of R? f as a distribution, but rather as an element of X,
which could for example represent a space of functions defined on a discrete grid at scale . The way to construct R? is
to postulate the existence of a map R? satisfying certain estimates on scales below ¢ and to then show that analogous
estimates automatically hold on all larger scales. Note that there may be several candidates for R¢ all satisfying the
same quantitative estimates on small scales, so that in our context the reconstruction map is in general not uniquely
defined. To proceed, we further need to define operations on D! in order to actually construct abstract solutions to
(1.2). In particular we define an abstract notion of convolution IC;"', against the Green function K¢ of £ in (1.2) (which
is an operator mapping into X, !) and we show that ICf, satisfies a certain Schauder estimate. It turns out that unlike in
the continuous setting [15] it is not necessarily true that the convolution operator ICf, can be defined in a natural way
so that it intertwines with R® in the sense that

REKS, = K*R®. (1.3)

We however argue that in many cases one can enforce (1.3) by tweaking the definition of K. So far the strategy
outlined above appears to only allow us to describe solutions to (1.2), but, as shown in [15] and [2], the encoding of
renormalisation procedures in the theory of regularity structures is of purely algebraic nature and does not depend on
any specific discretisation procedure, see also Remark 1.1 below.

We finish with some concluding remarks that comment on how one does apply the theory developed in this article.

Remark 1.1. To apply the theory developed in this article to a concrete problem, an important ingredient is the
construction of a suitable regularity structure and a suitable renormalised model. In the usual (continuous) case, a
framework was built in [15, Section 8], and further refined in [2,3] that automatises this construction. To perform an
analogous construction in the present context, one then needs an algebra structure on X, as well as a representation
of the Taylor polynomials, which is often the case. The general analytical results of [3] however fall out the scope of
this article and would have to be adapted.

Remark 1.2. It was shown in [15, Thm. 10.7] (see also [3,19]) that in order to obtain convergence of a sequence
of models to a limiting model it is enough to obtain suitable bounds on sufficiently high moments for its terms
of negative homogeneity. An important ingredient of the proof is the recursive definition of the regularity structure
and the model, provided by the algebraic framework alluded to above. This is the same in the current case. Another
ingredient is the identity I, = R f; ., where f; ;(y) =T',,7 — v forany £ € A and t € 7; with positive homogeneity
and f; .(y) =T'y;7 in case T has negative homogeneity. Provided that the norm || - ||/, ;¢ of Definition 2.1 below is
chosen such that |||z I‘gz,r lle: 5. =0forany £ € A,any v € Ty and any 7’ € R?, the aforementioned identity follows
from Assumption 3.1. A further ingredient is the characterisation of the spaces of distributions under consideration by
a wavelet basis. On scales larger than ¢ a similar characterisation holds in the current case, see Definition 2.7 below.
On small scales, the situation depends on the choice of seminorms on X, introduced in Definition 2.1, but, in many
cases of interest, we expect to have a choice of these seminorms which makes the corresponding bounds simple to
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verify. Finally, the last ingredient is the extension theorem [15, Thm. 5.14]. The analogous statement in the present
setup is the content of Theorem 4.18. Thus, under the appropriate assumptions [15, Thm. 10.7] also holds in the
framework constructed in this article.

1.3. Structure of the article

In Section 2 we develop the framework we will work with, in particular we introduce the sequence of spaces X,
we define the notion of discrete models and the D} -spaces. In Sections 3—6 we explain the main operations on these

spaces.

1.4. Notation

Throughout this work s = (s1, ..., 54) € N‘él denotes a scaling of R4 and we associate to it the metric ds on R4 given
by
ds(y.2)= sup |y —z|"/*. (1.4)
ief{l,...,d}

We sometimes use the notation ||y — z|| s in place of ds(y, z). Moreover, we let |[s| = 51+ - - + 54 and for a multiindex k
we use the notation |k|s =), s;k;. Givenaset B C R? and z € R? we denote the distance of z to B with respect to the
metric ds by ds(z, B). Given § > 0 and ¢ : RY — R we set Sg(m, e 2d)=(87%1z1,...,87%z,) and (Sg’z(p)(y) =
6_|5|g0(S;S (y — z)). We also use occasionally the notation (pf. Moreover, we also write ¢! in place of ¢?_n. For a

compact subset & of R? (also written as & € R?) we denote its 1-fattening and 2-fattening by & and 8, respectively.
We further denote the d;-ball of radius § around z € R? by Bs(z, 3).

We occasionally use the notation [1] to denote the support of the function 7. In this article we use various notions
of norms, seminorms and metrics on various spaces. To improve readability we inserted a norm index in the appendix
listing all these distances.

Given a distribution £ and a test function ¢, we use interchangeably the notations &(¢), (&€, ¢), and f @ (x)&(dx)
for the corresponding pairing.

2. A framework for discretisations

Convention: From now on we assume that we are given a scaling s of R? and a regularity structure .7 = (A, T, G)
containing the canonical s-scaled polynomials in d indeterminates. We also fix a value r > |min A| and we denote
by @ the set of all functions ¢ € C" with ||¢||¢cr <1 such that supp ¢ C Bs(0, 1) and we simply say that “p is a test
function” whenever ¢ € ®. Given an element 7 € 7 = @, 4 Ta» We write || ||, for the norm of its component in 7,
and ||| for its norm in 7. Moreover Q, denotes the projection onto 7.

We build a general framework for allowing for discretisations of models and their convergence to continuous
limiting models. Our construction relies crucially on the following notion.

Definition 2.1. A discretisation for the regularity structure .7 and scaling s on R? consists of the following data.

1. A collection of linear spaces X, with ¢ € (0, 1] endowed with inclusion maps t¢: X, <> D’ (Rd ), so that elements
of X can be interpreted as distributions.

2. Each X, admits a family of extended seminorms | - |l4:%,.z;¢ (i.e., we do not exclude the possibility that
I flla: 8.:z:¢ = 00 for some f € &) with o € R, the &, are compact subsets of R? of diameter at most 2¢ and
z € R?. We moreover assume that these seminorms are local in the sense that if f, g € X, and (tz £)(¢) = (1:2) ()
for every ¢ € C” supported in ¢, then || f — glla: 8,:z:¢ = 0.

3. Uniformly over all f € X;, z € R4 ,x € R, and ¢ € @, one has the bound

e (@) S N f stz zce- 2.1
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4. For any function I": R? x R? — G, there exists a family of extended seminorms || - ||,/ &;s on the space of functions
f: RY — 'T<y withy e R, R e RY and ¢ € (0, 1]. For the same set of indices, and given two functions I'y, '3 :
R? x R? — G, there is a family of seminorms ||-; -|ll,;; &;e on the space of pairs (f, g), with f, g : R — 7~y .Both
families of seminorms are assumed to depend only on the values of f (and g respectively) in a neighbourhood of
size ce around K, for ¢ > 0 a fixed constant.

Remark 2.2. The above way of introducing the seminorms in the fourth item may be a bit misleading. As we will see
in the examples below, they indeed depend on the functions I', I'1, and I'; introduced above, so that the correct way
of denoting them would be || - [l;r; ;s and [I-; -lly;r;,r,, 8;e- However, for the sake of readability and since they will
always be clear from context, we omit these additional indices.

Remark 2.3. Assume that in the fourth item in the above definition one has I'y = I'». In practice one then often has
the relation || f; glly; &;e = Il f — &l &;¢. See for instance the four examples introduced further below, where this is
indeed the case.

Remark 2.4. In practice we are not interested in all possible functions I'y and I'; as above, but in specific sequences
of maps (I'®).¢(o,1] that depend on the underlying model, see Definition 2.7 for an explanation of that terminology.

To illustrate the setup described above, we mention the following four examples to which we will refer frequently
in this work. We leave it as an exercise to verify that these are indeed examples of discretisations in the above sense.
In all examples below &, denotes a compact subset of R? with diameter bounded by 2e.

1. The purely discrete case. Let A‘j CR? be a locally finite set such that, for some constants ¢, C € (0, 1], it holds
that for every z € A‘j, inf#z/eAg lz —2'lls € [ce, Ce]. We then set X, = RAY with

H@) =" Y f@e@),  Ifllaseze=e" sup [fO)]- 22)

ZEAg yeﬁgﬂAg

Moreover, we set

W My: g0 = sup sup e 77| £ (2) = T2, fD) - 2.3)
y,2€RNAL:|ly—z|ls <e B<Y
and
Ifs Flly: e = sup sup 7| f(2) = T5, f ) = F@ +T5, )| 5 (2.4)

v,2€RNAY:||ly—zlls<e B<Y
forally €eR, ¢ € (0,1], R € R? and f,f:Rd—>’7'<y.

2. The semidiscrete case. Let Ag_l C R9~1 be as above. We let X, = L®(R x Af‘l) and we write s = (51, 5). The
inclusion map ¢, and the family of (extended) seminorms || - ||4; &, ;z:¢ are then defined by

@)@y =e > /R f, ), x)dr,

)ceAlgF1 2 5)
Iflacgeize =" sup |-
yeﬁgﬂRxAg_]
Furthermore,
Iflyge = sup  supeP V[ f(2) =T5 f )] (2.6)

y,zeRANRx A4~ B<y
ly—zlls<e
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and
s Fllyise = sup supeP V| f(2) =T5 f ) = F@+T5 0| 4 2.7)
y.2€RNRx A~ B<y
ly—zlls<e

forall y e R, ¢ € (0, 1],R@Randf,f:Rd—>T<y.
3. The continuous case. In this case, we set X, =C (Rd, R) with ¢, given by the canonical identification between
continuous functions and distributions. We set

I flle: 8e:z:e =€ sup | £ ()], (2.8)
YER:
as well as
Iflyge= sup  supeP V| f(2) =% f )5
v.zeR,|ly—zlls<e B<y
and
WFs Fllyise = sup  supeP V| f(2) = T5 fO) = F@+T5 0 5 (2.9)

v.2€8,[ly—zlls<e B<y

for y eR,ﬁ@Rd,ee(O, 1] andf,f:Rd—>7'<y.
4. The transparent case. We let X, = D' (R?) with ¢, given by the identity. Let A € (0, €] and z € K, we write CDQ’ Z
for the set of all ¢ € ® such that [Séyzgo] C Re. We endow X, with

I flla:oszie = sup  sup A% £(¢2)]-
)»E(O,shped)é’z

Finally, we define

£ @ —T5FO)llp
Iflly:se = sup  sup e (2.10)
vzeflly—zlls<e <y lly —zlls

and

. If () =T5 f) = fF@+TE fMlg

Ifs fllyge=  sup  su = @.11)
v.2€R,ly—zlls<e <y ly —zlls
fory eR,AeR? ee(0,1]and f, f: R — T_,.
Remark 2.5. Note that in the first three examples the extended seminorms || - ||o: &,;7;¢ are always finite and thus

proper seminorms. This is not true anymore in the last example. The fact that in the former examples the index z does
not appear in the respective definitions is not a typo. Thus when considering a concrete equation that falls into the
framework of one of these three examples one may also simply omit this index.

Remark 2.6. The transparent case is actually the setting of the original theory of regularity structures developed in
[15]. In particular it is possible to check that the various assumptions stated in this article are satisfied in the original
setup. Another example in which our setup could be applied is the space-discrete <I>‘3‘-model studied in [17], which
falls into the semidiscrete case. In the forthcoming article [8] we investigate the parabolic Anderson model in discrete
space, where the noise term is given by the fluctuation field of the simple symmetric exclusion process, and we let the
mesh of the space tend to zero. The framework of the present article allows to study that problem (it indeed served as
the original motivation for this article).

We denote by L(T, X¢) the space of all linear maps from 7 to X,. We then have the following definition.
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Definition 2.7. A discrete model for a given regularity structure .7 = (A, T, G) consists of a collection of maps
2> IE € L(T, X;) and (x, y) —~ I'y, € G such that

e ['!_ =id, the identity operator, and F;‘ény,Z =I¢ forx,y,ze RY.

e One has IT7 =TI5I'{_ forall y,z € RY.

Furthermore, for any compact set £ C R? and every y > 0 one has the analytical estimates

Sl (2.12)

(M) (SEo) STl e e S

and, setting 7" (y) = rj.t—r,

lel—m e
Ireel, Stetle=21" WA Hlasee S 170 2.13)
uniformly over XA € (g, 1], test functions ¢ € ®, all homogeneous 7 € 7 with |7| < y, all m < |t|, and uniformly
over 7,7’ € A such that ||z — Z’||s € (¢, 1]. In the second bound in (2.12) we moreover considered compact sets £, of
diameter bounded by 2e.

Remark 2.8. In the above definition, the proportionality constants are allowed to depend on ¢. In practice however
one is interested in obtaining convergence to a limit as ¢ tends to zero, and this usually requires them to be independent
of ¢ in order to obtain useful statements. The same remark applies to all estimates stated in this article. In particular
if in any of the assumptions stated in this article the corresponding proportionality constants do not depend on ¢, then
the same is true for any derived estimate.

Remark 2.9. For a compact set & C R? we let || T1¢ ||§f,)ﬁ and ||I"® II)(/‘S_)R be the smallest proportionality constants such
that (2.12) and (2.13) hold respectively. Let Z¢ = (IT¢, I'®) be a model, we set |||Z€|||(;y)ft — |8 ||(;fR + ¢ ||<;>ﬁ and
for a second model Z¢ = (I1¢, T'?) we denote || Z¢; Zg|||§f;)ﬁ = ||TI¢ — I:ISII)(/E;)ﬁ + ||_F8; 1_"5||)(f;)ﬁ. Here, ||I'¢; f‘€||3(f;)ﬁ

— _ £ & .
denotes the sum of the suprema of || (FZSZ/ — Fzgz,)t /N2 — z’||‘5tl " and |||fzf’F ; f;’F |z |: ;¢ over the same set as in

Definition 2.7.

Remark 2.10. In [15] the definition of a model required IT¢ to map into the space of distributions D’ (R?) (this means
X, = D' (RY) in the current framework). Moreover, only the first inequalities in (2.12) and (2.13) were imposed. They
were however imposed for all A € (0, 1]. We refer to such models as “continuous models” and we denote them by
(IT, T'). The “transparent case” above shows that the notion of “discrete model” is a (strict) generalisation of that of a
continuous model. A natural way to compare a continuous model to a discrete model (I1¢, I'?) is via the quantities

| —1%|| ..., = sup supsup supsupr™"/|(I.7 — . [157)(S _¢)|. and
ViRZE (e 1] 0eA teT; ped zeR ’
l<y
(2.14)
It —r°| 4., =supsupsup  sup [z— Z/Hm_g Tt =T 7], -
yiti= teAm<tlzeT;, z,7/eR ¢ -
t<y =2 lls €&, 1]

With Remark 2.10 at hand we have the following definition.

Definition 2.11. Let Z = (I1, ") be a continuous model and let Z¢ = (T1¢, I'?) be a discrete model. For every compact
set & C RY, we define a distance between IT and T1¢ via

I = 00, sop (] s 700 219
and between I" and I'¢ via
IT; F8||y;ﬁ =|r- F8||y;ﬁ2£ + SUPH|fZT’r£ ||||TM;‘E + sup |z—7 ||’5n_m 1722 T |- (2.16)
z,T m,z,z/, T
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Here, when referring to the discrete model Z¢ the supremum is taken over the same set of indices as in Definition 2.7,
whereas when referring to the model Z the supremum is additionally taken over A € (0, ¢] and ||z — 7’||s < &, respec-
tively. We finally define the distance between Z and Z° by

|”Z’ Zg|||y;ﬁ = ||H’ HS ”y;ﬁ + ”F’ I‘E ”y;ﬁ‘ (217)
We have the following definition.

Definition 2.12. Let y € R and fix a discrete model (IT¢, I'?). The space D} consists of all maps f : RY — Ty such
that for every compact set & C R? one has

(e) def If(2) =T, fFWp
WfIl, = sup  sup oy
(v.2)eR  B<y ly —zlls

exlly—zlls=<1

+ |||f|”y;ﬁ;s < Q. (2.18)

We say that f € D! is a modelled distribution.

Remark 2.13. Note that we could have equipped the D} -spaces with a norm that involves the expression

sup sup || £ (2)| (2.19)

zeRB<y B

as was done in [15]. However, since this term will not be part of any bound that we state in this article, we decided to
omit this term in Definition 2.12.

Remark 2.14. In some situations we only consider elements of DY taking values in some given sector V of 7. In this
case we also use the notation DY (V). In cases where V is of regularity o we also write Df;) ¢. Occasionally we want
to emphasize the dependence on a given model Z¢ = (I1¢, I'®), and we use the notation DY (Z¢) or D} (I'?) to do so.

Remark 2.15. Given two models (1%, T'?), (T1¢, T%) and two functions f € DY (I'¢) and f € DY (I'¢) we define a
distance between f and f via

_ I f(2) — f(2) = TE )+ T FD
I A= sup  sup e
(,2e’  B<y ly —zlls
e<[ly—zlls<1

+IIf3 f”ly;ﬁ;s. (2.20)

Remark 2.16. Fix a continuous model (IT, I'). One can define the space of functions D” (I") as all maps f : RY —
T~ such that

_l"Z
1= sup sup SO Ta/ Wl

Goek p<y  lly—zlll7P
Iy—zlls <l

2.21)

Note that this definition differs from [15, Def. 3.1]. However, the finiteness of the norm in (2.21) implies the finiteness
of the corresponding norm in [15], so that the current setup indeed agrees with the one in [15]. It is also consistent
with (2.18) in the sense that the two expressions agree in the transparent case.

Definition 2.17. Given a continuous model (IT, I') and a discrete model (I1%, I'¥) and two functions f € DY (I") and
f& € DY (I'?), we define the distance between f and f¢ via

e I/ @) =T fWlp ¢
fifoll,.q= sup sup — ol || WA | I
SR N v L
y—zlls<e
_ fe€ _sz e fé
o s /(@)= f@ =Ty f)+TL f ()’)”ﬁ. 2.22)

(v.)ek  P<y Iy —z1%7"
e<lly—zlls<1
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In plain words, at scales larger than ¢ we compare f and f¢ in the natural way, and at scales smaller than & we simply
add the bits describing f and f* at these scales.

Convention: For the rest of this article the symbol £ is reserved for a compact subset of R? with diameter bounded
by 2e¢.

3. The reconstruction theorem

In this section we prove that given an element f in D} and an operator R® : DY — X, such that R? f is close to
IT¢ f(z) on a local scale, then they are also close globally. The significance of it is that I f(z) is a local object,
whereas R? f can be thought of as a global object. The following two assumptions are key for this and they are
assumed to hold throughout this article.

Assumption 3.1. Let y > 0 and fix a discrete model (IT¢, '?). We assume that there is a linear map R : D} (I'?) —
X, such that for every z € R? and every compact set 8 C R? of diameter at most 2¢ containing z,

IR = TEF @ e SN N i 3.1

locally uniformly over all z, over all such compact sets K., and ¢ > 0. Any map R? satisfying (3.1) is called a
reconstruction operator.

Remark 3.2. Recall that the norm || - ||, &,;¢ is allowed to depend on a neighbourhood of size c¢ of &, for some
fixed value of c. In practice it is often (3.1) that determines the choice of ¢, i.e., one first chooses a candidate for R?®
and then one verifies for which choice of ¢, given a reasonable candidate for || - ||, &,.s, a bound of the type (3.1) is
satisfied.

Remark 3.3. A common choice for R? is given by R® f(z) = (I1{ f(z))(z), provided of course that this is a mean-
ingful expression, which is the case in the first three examples given in the previous section. To verify Assumption 3.1
in the purely discrete case, fix z € Afj and a compact set &, as required above. Then for every y € &, we can write

e |(M5F M) ) — (MEf (@) @)| =77 [T [f () = T3, £ (@] )]
<Y e[ f () - T5. F @]

l<y

5 ”Hs (s) Zg—yﬂz‘ fO) — f(z)

l<y

|, (3.2)

and, since there are only finitely many terms of homogeneity smaller than y, (3.1) readily follows from the definition
of [ ly; &, Essentially the same computation can be done in the semidiscrete and continuous case. In the transparent
case, it is a consequence of [15, Theorem 3.10] that the reconstruction operator satisfies Assumption 3.1.

When comparing reconstruction operators corresponding to different models, we also need to make the following
assumption.

Assumption 3.4. Fix two discrete models (IT°, I'?) and (T1¢, I'®) with associated reconstruction operators R¢ and

R¢, and let f € DY (I'?) and f € DY (I'?). We assume that for every z € R? and every compact set £, of diameter at
most 2¢ containing z,

R f —MEf@ =R F@+ T @], 5,000

SITENE0F5 Fllysse + 110 = T8 1 F e (3.3)
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locally uniformly over all z, over all such compact sets K, and ¢ > 0. Fix a continuous model (I1, I") with associated
reconstruction operator R, f € DY ('), and f* € DY (I'?). We assume that for every n € O,

[e(R*/* = ML S @) = (RS = Mo f )| (n7)]

<o I g5 7 178 T e 64

locally uniformly in z € R?, and uniformly over all &.

Remark 3.5. Given two discrete models as above, the form of the reconstruction operator alluded to in Remark 3.3
shows that R? is usually a bilinear function of the pair (f, [1°). Therefore, the validity of the Assumption 3.4 can be
shown in a similar way as the one for Assumption 3.1.

Theorem 3.6. Let y > 0, and fix a compact set K. Fix a discrete model (T1¢, T'?) such that Assumption 3.1 is satisfied.
We then have the estimate

e (RS f =TI £ @) (02)| 87 [T0° A I (3.5)

uniforml_y over all test functionn € ®,all § € (¢, 1], all f € DY allz€ R, andall ¢ € O, 1]. Givgn a sec_ond discrete
model (T1¢, T'%) such that additionally Assumption 3.4 is satisfied, then for all f € DY (I'?) and f € DY (T'?),

1o (R°f =R f = TE £ (2) + TEF () ()|

S8 (1T0° R0 Ty + N0 = T[S ) (3.6)

uniformly over all parameters as above. Finally, if R is the reconstruction operator corresponding to a continuous
model (I1, T') such that Assumption 3.4 holds, f € DY (I"), and ¢ € DY (%), then

[(te (REFE —TIE£5(2)) — RS + T £ (D)) (n))]

SO (TN Sl + 1005 T ) (3.7)

uniformly over all parameters as above.

Before we give the proof we need to introduce more notation. For n € N we define the scaled lattice

d
Aj:{zz—nﬁjkjej:kjeZ}, (3.9)
j=1
where we denote by ey, ..., eq the canonical basis of R,

Proof. We fix a smooth function W : R — [0, 1] such that supp W C [—1, 1] and such that additionally for every
zeR,

Y WE+h =1 (3.9)

keZ

Fix k € N and let zx € A}, zx+1 € A ;- We define rescaled versions of W via

d
Vo) =@ i —2k),  and Wiz, 1) = g O Wiz 1 O), (3.10)
i=1
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where y; and zi ; denote the i-th coordinate of y and zj, respectively. Note the simple but useful identity

> Wy =1, (3.11)

5
k€AY

which immediately follows from (3.9). We may now start with the core part of the proof. To that end, let ng be the

smallest integer such that 27”0 < § and define \Il Zk] Wy, ), as well as \Il Tzl = 18Uz, 24,1 Note that for

each k > ng the support of lI/Z 2] is contained in a ball of radius 2% with center z;, and a similar statement holds for

= 8.k
Z,[zkszk+11°

[ng] such that ds (zx, zjk) < 2~k With all this at hand we see that for every N > np we can write

To continue, for each zx € A7 such that d(zx, [ng]) < 27% we let Zjk be an arbitrary chosen element in

W(REf = T £(2))(n?) =T+ T4 110, (3.12)
where
I= Z LE(REf Hlef(ZIN))( Z[ZN)
ZNEA}‘V
= Z Z LS(H;I\'-Hf(Z\k-i-l) qu(f(zlk))( Az Zk+1]) (3-13)
k=no zx €A} zk+1€A7
M= Y (T, fGn) — M@)o ).
ZnoeAzo

where we made use of the identities (3.11) (recall at this point that z|k is really a function of z;). We now choose N

to be the smallest value such that 27V < ¢, so that the support of \IJ N 1s a compact set of diameter at most 2¢. We
also remark that for any k € [ng, N] there exists an element € ® and a constant ¢ that is uniformly bounded in k
such that

(82")‘5‘ 8,k —ck82 k— lllf,

Z 2k, zk41] Zlk+1

and similarly for \Ilj [z- Here, the constants ¢ appear since the various derivates of (§2¢)!%/% \I/Z [z.z61] UP tO order r
may not satisfy the estimates that rescaled elements of ® necessarily do satisfy. We can therefore estimate

|te(R°f — sz f@w) (\I’zg,[zw )< ((SQN) elp=ny IR f — nzw f(Z\N)”y:[‘iff.b

y1haN;E

5(62/\’)_‘5‘2—/\/}/||n8| (8) "|f|” ]];5' (314)
Thus, the desired estimate (3.5) on I follows from the fact that, since N > ng, one has \IJ lew ] =0if § <llzyw —
z|ls, combined with the bound [{zy € A%, : llzv — zlls 5 8} < (2N8)!sl. Here, the proportlonahty constants only

depend on the dimension. To deal with II, note that \IIZ (zeozent] =0, unless ds(zi, zk4+1) < 2751, Recall that Q,
denotes the projection onto the subspace of degree £ in our regularity structure, we can therefore estimate for each
k € [ng, ..., N — 1] and each pair zj, zx+1 contributing to the sum in II,

|Ls(n2k+1f(z\k+l) Hz‘kf(zuc))( et 2k+1])|
= \LE(HZHl [f(Z|k+1) - sz+12|kf(z|k)])( Z [zk zk+1])|
= Z‘LS(HZ/(H Q@[f(ZV“H) - FZ](JrlZU(f(Zlk)])( z, [Zk 21\+1])|

<y
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- (&) —
= (8297 [0 S 276 f g = T F@w
l<y

< (0257 T R 27 (3.15)

where we exploited the fact that the distance between z)x and zjx4+ is at most of order 2% To conclude the estimate

of II we note that for each z; € A the number of values for z;4 that contribute to the corresponding sum in (3.13) is
at most 5¢ and the number of k such that \IJ Zk 2] ;é 0,ie., lzk —zlls S(E+2~ k) is of the order (82k)|5| Thus, we
see that summing the right hand side of (3. 15) over k € [ng, N — 1] yields the desired estimate on II. The estimate on

II1 is similar and we therefore omit the details. To prove (3.6) we first write ¢, (R f — 7_2€f =TI f(z) + lzlif(z))(ng)
as a sum of three terms I, II’ and III' where,

I/Z Z LS(RSf Rgf Hz‘Nf(Z\N)‘i_HZle(QN))( ZN]) (316)

5
ZNGAN

and I and III' are the “telescopic sum” terms analogous to I and IIT in (3.13). To estimate I’ we may use Assump-
tion 3.4 and we can proceed in exactly the same way as we did to estimate I. To bound IT" and III' we make use of the
identity

5 f(z) — 05 f(2) = TS £ () + 105 £ ()
=T(f(@) = T4 () — f@+T )+ (M =15 (f @) —TL, f(). (3.17)

From that point on, one proceeds in the same way as for the bounds on II and III. The bound (3.7) is then obtained in
virtually the same way as (3.6). (]

3.1. The reconstruction operator in weighted DY, -spaces

In [15], versions of the DY -spaces were introduced that allow for singularities on a hyperplane P. In the present
context this translates to spaces DY"" that have an additional dependence on ¢ and that generalise the corresponding
spaces DY'"in [15]. Fix d € [1, d), let P be the hyperplane given by

P={zeR?:z;=0,i=1,....d}, (3.18)
and denote by m = 51 + - - - + 5; the (effective) codimension of P. We further let

lzllp =1Ads(z, P), and [y, zllp=Ilylp AlzlPp, (3.19)

as well as

={(n2e@®@\PY:y#£zlly—zls <ly.zllp}. (3.20)

Our construction relies again on the existence of a family of “small-scale” norms exhibiting the correct kind of
behaviour for & # 0.

Assumption 3.7. We are given two families of extended seminorms || - lll,y, &, and [[-; -lll,»;%;¢ on the space of
functions f : RY — T~y , respectively on pairs (f, f) of such functions, with y, n € R, R € R? and ¢ € (0, 1].

These are such that, for any two discrete models (I1¢,T'¥) and (I1¢, I'®), and two functions f € DY (I'¥) and
f € DY (%) one has

|||f|"y;ﬁ;s Sds(zv P)777V|||f|”%n;ﬁ;8»
Il f; f|”y;ﬁ;£ ,S ds(z, P)"_ylllf; f|||y,r);ﬁ;g»

for any compact set & > z such that ds (R, P) > diam(R) € (¢, 1], as well as any y > 0 and n € R.

(3.21)
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Remark 3.8. The way to think about | - [,/ ;; &;¢ and [[-; -[l,,; ;¢ is that they are weighted versions of || - |l ; &;¢ and
llI-; -lll; ;e respectively. A natural choice in the transparent case is given by [15, Def. 6.2], but with the first supremum
restricted to points z with ||z||p < ¢ and the second supremum restricted to pairs y, z with ||y — z||s < &.

Similarly, a possible choice in the purely discrete case is

I f(@)llp w s If (@) =TLfWlp

|"f|||y,n;ﬁ;s= sup sup — up — (3.22)
cef\P p<y 11V 20 oese By e Blly.zllb )
llzllp <€ ’ ly—zlls<e
and
_ If()— f@I
Wfs flllyp;s:e = sup sup Tmﬂ
z€R\P B<y ”Z”P R
llzllp<e ’
If@) —T5f) — fF@+TEFOI
+ sup sup o 2 (3.23)
(v.2)€Rp, B<y e"Plly, zllp.,

ly—zlls<e

where ||z]lpe = lzllp Ve and ||y, z|lp.e = ||y, zllp V €. In a similar manner, one may choose the corresponding norms
in the continuous and in the semidiscrete case.

We then have the following definition.

Definition 3.9. Fix a regularity structure .7 and a discrete model (I1¢, I'?) and let € R. We define the space DY""
as the space of all functions f : R?\ P — T~ such that |||f|||§f) . g < 00, where |||f|||)(f) . ¢ 1s defined by

n 1
ILf @I 1f @ =T WMl
sup sup Tﬁ)ﬁio 4+ sup  sup yﬂ;y = Ay, 5 (3.24)
zeR\P <y |zl p aefe, B<y ly—zls "y zllp
lzllp=¢ e<|y—zls=I1

Elements of D}"" are called singular modelled distributions.

Remark 3.10. Given two discrete models (IT1¢, I'?) and (I1¢, T'%), and f € DY""(I'*) as well as f € DI'(I'?), we
define || £ fII) . ¢ via

N
- If @~ f@I -
5 P o= sup sup === I £ Flly e
ef\P B<y  |izllp
lzllp=e
If(2) = f@) =T, fF)+TE F
+ sup  sup ng n—)fy / . (3.25)
(y.00€Rkp, <y Iy —zlls “lly,zllp
e=lly—zls=l1

Remark 3.11. Given a continuous model (IT, I'), if we choose || - [, 5, &;¢ as in the transparent case of Remark 3.8,
then Definition 3.9 coincides with [15, Def. 6.2]. From now on we assume that in the transparent case || - [l . &;¢ 18

given in this way.

Definition 3.12. Fix a continuous model (IT, '), a discrete model (I1¢, I"?), and two functions f € D¥""(I") and
1€ € DI(I'®). We define their distance || f; £]l,.,: & as the sum

155 720, e ime = W Mymssie + MFENL e e (3.26)
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where

15 51z = sup sup LT

es\Pp<y ||z 0PN
lzllp=e
If @) =Ty f)— fE@+ T FEWI
+ sup sup / C2AY ﬁf SO ﬂ 3.27)
(y.)efkp, B<y Iy —zlE "Ny, zllp "

e<lly—zlls<1

Here, we remind the reader of the convention made in Remark 3.11.
We make the following assumption.

Assumption 3.13. Let V be a sector of a regularity structure 7 of regularity «, let (I1°, I'*) and (I, T ) be two
discrete models with associated reconstruction operators R® and R?, and let f € DY) and f € DY(I'?). Let
further f and f be such that they take values in V. We assume that,

IR £l stmie S AU

& Pe 2 (&) e el (&) (3.28)
IR £ =R Pl S N5 07 U+ 10— B 1)

locally uniformly over z and over all compact sets K, with diam(f;) < 2¢ containing z. Fix a continuous model
(I1, ') with associated reconstruction operator R, further fix f € D¥"I(I'), and f¢ € DY(I'¢) both taking values
in V. We assume that for every n € @,

|(eR° S =R f) ()]

< e M|l £+ 178 T g ] 629)

locally uniformly in z € R, and uniformly over all € € (0, 1].

Remark 3.14. We shortly argue why Assumption 3.13 is reasonable. Assume that we are in the purely discrete case
and that R? is given as in Remark 3.3. Then, for every f € D}""(I'®), any compact set &, and any y € A;’ N K we
have

REF )] = (M5 £ )] < S f ] < 1D S o] e (3.30)

<y <y

To see that this implies the first bound in (3.28), multiply and divide each summand above by ||y||('7 O19 and note

that || y||(77 ON0gl—ann < 1. The remaining two parts of the assumption can be shown in a similar way in this case.

Theorem 3.15. Fix a discrete model (T1¢,T¢), let f € DY"(T'¢) for some y > 0, some n <y, such that f takes
values in a sector V of regularity o <0, and assume that Assumption 3.7 holds. Further let & be a compact set, and
let n € ®. Then, provided that o A 1) > —m, the reconstruction operator R? satisfies the following.

1. One has the bound
|te(REf =T £(2)) ()| Sds(z, P67, (3.31)

forall § € e, 1], and for all z € R such that ds(z, P) > ce + 26.
2. If Assumption 3.13 is satisfied, then

e (R°£) (n2)| < 8% (3.32)
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for all § € [e, 1], and for all z € R. In particular, there is no requirement on the location of the support of ’7§ . In both

estimates the proportionality constant is a multiple of |1 ||;8.)§|||f|||;8)n,[n5].

3. Let (I1°, T'¢) be a second discrete model with associated reconstruction operator R¢ such that Assumption 3.13 is
satisfied, then
(R f = R*f = M2 f(2) + AL (@) (n2)| S ds(z. PY17 87, (3.33)

forall § € [g, 1] and for all z € & such that ds(z, P) > c& +28. Moreover, the estimate (3.32) holds for |t (R* f —
RES )(n§)| as well. In both cases, the proportionality constant is a multiple of

IR R0 7+ 17— LR 334

4. Let (T1, ') be a continuous model such that Assumption 3.13 holds, then Item 3. holds for it as well. More precisely,
if one replaces (I1¢, I'?) by (I1, ), the discrete reconstruction operator R¢ by R and f by f € DV1(I'), the same
bounds as in Item 3. hold, provided the proportionality constants are adapted accordingly.

Remark 3.16. We assume for the rest of this article that Assumptions 3.7 and 3.13 hold.

Proof. The bound (3.31) can be derived in the same way as [15, Eq. 6.6] (note that instead of using [15, Lem. 6.7]
one may directly apply Theorem 3.6). Thus, we assume from now on that d, ([ng], P) < ce+25. We start by choosing

a smooth function U : R4+ — [0, 1] such that \iJ(Q) =0 for o ¢ [1/2, 2] and such that

> W(2"0)=1, forallg>0. (3.35)

nez

Furthermore, we let ¥ : R — [0, 1] be as in (3.9). The final ingredients are a smooth mapping Np : R \ P — R,

that satisfies the scaling relation Np (S;rI z) =8Np(z), depends only on (z1, ..., z;), is such that for some constant
¢ > 0, the relation ¢ ' Np(z) < ds(z, P) < cNp(z) holds for any z € R?, and the sets B, defined by

g% ={zeR?:z;=0fori <dandz; € 27" Zfori >d}. (3.36)
‘We then define
U, (y) =V(2"Np(y)). (3.37)

Let no € Z be the greatest integer with [\flk] N [nf] = o for all k <ng and N be the greatest integer such that
ds([\ilN], P) > (1 + ¢)e. Note that the former (together with our additional assumption on the support of ng at the

beginning of the proof) implies that 270 is of the order 8§, whereas the latter implies that 2~ is of the order &. It then
follows from (3.35) that

=Y U+ ¥, (3.38)

no<n<N n>N

which we write as I, + II,. Note that

L= Y > 0w =y ) . (27— ya). (3.39)

no<n=N yeE',

To proceed define x,,;y(x) = 8|5|2"‘5|n2 ()W, (X)W (2"5a+1 (X1 = Ygg1)) - --- - W(2" (x4 — yq)) and note that each
Xn,zy defines a test function. Applying a suitable partition of the identity we may write

M
Xn,zy = ZXr{,zy (3.40)
j=1
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for some fixed constant M and each X;{, 2y 18 supported in some ball with center zy, ; € R4\ P)N[ Xn,zy] and whose
radius r satisfies ce +2r S ds(zy,j, P). Thus, by 3.31, foreach j e {1,..., M},

e (REf =T £ (20,)) (i) | S dazy o PY7 277" 270 (3.41)

Since |15(H8 f(zy j))()(,, W S22 n@AM) and the fact that 270 ~ §, we may conclude as in the proof of [15,
Prop. 6.9]. To deal with IT, we multiply it by a partition of unity like so:

= Y IWwN =y ) w2V = yg)). (3.42)

=N
yeER

Define {y, .y (x) = 8/#12NSIIL (x) W 2V %+1 (xz,  — vz, ) -+ - W(2V% (x4 — y4)) and note that by Assumption 3.13
and Equation 2.1,

e (R 1) Rv.a) | S & IR F et wotize = & NIMG 01 (3.43)
We may now finish as above. We omit the details. Items 3. and 4. may be shown in a similar manner. (|

4. Convolution operators

In this section we explain how to convolve a modelled distribution with a discrete kernel. Here, one should think of
the kernel given by the Green’s function of the linear part of the equation at hand. It will be a standing assumption
from now on that our regularity structure contains the polynomial regularity structure, and we write 7 for the span of
the symbols X* representing the usual Taylor monomials. Throughout all of this section, the following assumption is
in force.

Assumption 4.1. The regularity structure .7 contains the polynomial regularity structure .7 = (T, G, N) correspond-
ing to the scaling s. We also assume that we are given a family of discrete “polynomial models” (IT¢,T"?) on .7
converging to the canonical continuous polynomial model.

Remark 4.2. It follows from our assumption that, for ¢ small enough, the map I1 is injective on T for every z. We
henceforth assume that this is the case for all ¢, which is of course not a real assumption since we are mostly interested
in the case of ¢ — 0.

We now describe the assumptions we want the kernel at hand to satisfy. Unfortunately these have a quite abstract
appearance, so to illustrate what these really mean in practice we provide concrete examples in Remark 4.11 below.
Let N be the smallest integer such that 27N <. Throughout this section we fix 8 > 0. For z € R, and ¢ € R we let
Xe ¢, be the set of all F' € & such that

|‘£(F)(‘P?)‘ 52—’!{’ and || Fll¢; 8,z S

for all scaled test functions ¢! with n < N, and all compact sets &, of diameter at most 2¢ containing z, and we require

the proportionality constants to be independent of n < N. Recall at this point that we use the notation ¢ = <pz . We
let Xep = UzER Xg ¢.z- We then assume that there is a family of linear operators K;; on X;, as well as a family of

linear operators 7, . : Xe; — (7'<;+,3)R For F € X; ¢ ; we use the notation
(T2 F) () = Z XFQ (T, F) (@), (4.1
kls<¢+p

and we abbreviate K¢ = YN _ K%, and Tf = >N T, ;- We then require the following.
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Assumption 4.3. Thereis 8 > Osuch thatforalln <N, ¢,¢’ e Rwith ¢’ < ¢, all y,z € R such thate < ||y —z||s <
27" andall F e X, ¢, N X gy,

1. the consistency relation Qk((Tns,{ F)(2)) = QT g,F) (2)) holds for all multiindices |k|s < ¢’ + B,
2. one has the estimates

2B sup g, [ F) (D), ifn <N — 1,

3 <
H (Tn,:F)(Z) ”k ~ 2N(|k|ﬁ_ﬁ_“IIFII;;ﬁg;z;e, ifn=N,

4.2)

where in the latter estimate K. denotes a ball of radius ¢ centred at z,
3. one has the estimate

|7 F) @) =T, (T F) ),

< 2"([4“4—.31—/3)”), _ Z”LH'/S]—V% Sup|(L£F)(g0?_l)
ped

, 4.3)

which only needs to be satisfied forn < N — 1,
4. one has the estimate

Z H K;F - Hi(Tl’f,C F)(Z) H{+ﬂ;ﬁs;z;g
n<N
Ssup 27 sup [ (F) (@) [+ sup  [IFllgisuicthies 4.4)
n<N ped heBs(z,2¢)
7’€Re

locally uniformly over all compact sets K, of diameter bounded by 2¢,
5. uniformly over ¢ € ® and § € (¢, 1] one has the estimates

|t (K F) (#2)] S [(Qo((Ts 0 F) ), ¢2)

(RSP )] 277 s P (2)
ne

’

where the second inequality above is only required for 27" < §. The proportionality constants above are uniform
over y, z and n.

Remark 4.4. The fourth item above is only needed in the proof of Theorem 4.9 to show that the reconstruction
operator and the convolution operator IC;:, (whose definition will be given in the sequel) do essentially commute (see
Theorem 4.9 for a more precise statement). It however follows from Remark 4.13 and 4.14 that in many cases of
interest this follows immediately from the respective definitions, in which case the fourth item above is unnecessary.

As in [15] we impose that the kernels K kill polynomials up to a sufficiently high degree. In our setting this may
be formulated as follows.

Assumption 4.5. There is a o0 > 0 such that foralln < N, all z € R4, and all |k|s < o, one has KjHiXk =0 and
(T TEXF)(2) = 0.

We remind the reader of the following definition from [15].
Definition 4.6. Given a sector V, a linear map Z : V — 7T is an abstract integration map of order 8 > 0, if the

following properties are satisfied:

1. One has 7 : V; — T4, and this mapping is continuous.
2. OnehasZt =0forallte VNT.
3. OnehasTTZ —ZT' € T forevery I' € G.
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Definition 4.7. Fix a sector V and an abstract integration map Z on it. We say that I1° realises K¢ for Z, if for every
;€A ,everyt €V, and every z € R4,

MiZ(r) = K*Mitr — NE(T5 M5t) (2). (4.5)
We furthermore require that [1¢ agrees with the discrete polynomial model from Assumption 4.1 on 7.

With all of these definitions at hand, we are now in the position to provide the definition of the “convolution map”
K¢ on modelled distributions announced at the beginning of this section. As in [15] it turns out that for different values
of y one should use slightly different definitions. Given f € DY, we set

KEf@=Tf@)+ Y (TENMEQ: f(2)) @) + (T (R° f — 5 £ (2))) (2). (4.6)

LeA

Before we state one of the main results of this article we need one more assumption.

Assumption 4.8. Let .7 = (A, T, G) be a regularity structure, let V be a sector of T, let (I1¢,'?) be a discrete
model, and fix y, 8 > 0. We assume that, for f € DY (V, T'?) and any compact set &,

(&)
5 1l 4 peee S ITEL 0L, @)

Let (I1°,T%) be a second discrete model for .7, denote by I@f, the associated convolution operator, and let f e
DY (V,T¢). We assume that,

5 7 K5 I, e < 100020 AN + e — e ||(;)%Illflll(;)§- 4.8)

In both estimates the proportionality constant is supposed to be uniform in & > 0 and we remind the reader that &
denotes the 2-fattening of {.

Theorem 4.9. Let 7 = (A, T, G) be a regularity structure and (I11°, I'?) be a model for 7 satisfying Assumption 4.1
and fix a compact set R. Let B > 0 and assume that there are operators K, and T,f’ ¢ satisfying Assumption 4.3, let
T be an abstract integration map acting on some sector V and let Z® = (I1¢,T'%) be a discrete model realising
K¢ = ZQI:O K: for L. Let furthermore y > 0, assume that Assumption 4.5 is satisfied for o = y and define the
operator K, by (4.6). Then provided that y + B ¢ N, and that K%, satisfies Assumption 4.8 we have that Kj, maps

’D;’(V) into Dngﬂ(V) and there is an operator A® : DZ(V) — X such that the identity
R, f=KREf+A*f (4.9)
holds for every f € DY (V). The operator A® satisfies the estimate

(&)
1471y e eszse SUAN (4.10)

locally uniformly over compact sets R of diameter bounded by 2¢ and over z € RY. The proportionality constant
depends on the norm of the model, but is independent of € otherwise. If Z¢ = (I1¢, T'?) is a second model satisfying
Assumption 4.1 and realising K¢ for T such that Assumption 4.8 is satisfied, then one has for every f € DY (V,T'?)
and f € DY (V,T¢) the bound

>e 711 = (&) r = (&)
U575 K5 £l o S TN flll(;)% +[me -] §|||f|||(;f:, 4.11)

uniformly in €.
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Remark 4.10. Assumption 4.8 will never be explicitely used in the proof of Theorem 4.9. Therefore, the above
theorem essentially states that given f € DY, then IC;:, f satisfies the large scale estimate in the Definition 2.12.
Remark 4.11. Examples of kernels satisfying all assumptions from this section are:

1. the usual heat kernel, i.e., the fundamental solution to 0; K (t, x) = AK (t, x);

2. the usual discrete heat kernel, i.e., the fundamental solution to 9; K (¢, x) = AYK (t, x), where A4 is the discrete
Laplacian acting on functions defined on Z¢;

3. the fundamental solution to 3, K®(z, x) = (A — e2A2)K4(t, x).

We will only give the arguments for the kernel K¢ in the third item. For the heat kernel (discrete heat kernel) the
arguments then follow in the same way (but using the estimates in [17, Section 5] for the discrete heat kernel). We
assume that we are in the continuous case, and that the scaling is given by s = (2, 1, ..., 1). We claim that for ||z||s > ¢
this kernel satisfies the bounds

|DEDYKE ()| S 1z o2 (4.12)

To show (4.12), setting z = (¢, x) as usual, we distinguish between the case ¢t < &2 and the case ¢ > £2 and we exploit
the explicit form of K*¢:

€ . (k22 k|4
DEDIKE = f,,( 00, fE e t) = (—D)"ikE (k| + &2 |k|*)" e~ (I IRDY

For t < £2, we exploit the identity

[€]42|m|+d

1 _
i fem kN0 =1 gem(£2/1.K),
where we set

gZ,m(C, k) — (_l)ml€k€(|k|2 + C|k|4)me*(|k|2+c‘|k‘4).

Since g¢ m (c, -) is a Schwartz function for every ¢ with all its seminorms bounded uniformly over ¢ € [0, 1], we deduce
that there exists a uniformly bounded collection of Schwartz functions G (c, -) such that

2
[€]+2)m|+d e
DIDMKE(x) =1~ G(—,i>.
OV

This immediately implies that

_ le+2|m|+d
oy e —d—|t|— 2|m|
Dth K (l, )C)| ~ 1+ |[_1/2X|w|+2‘m|+d ~ ” ”5
as claimed. For 1 < &2 we similarly note that
d/4 _d+lg IK\+4\m\+d
(Szt)d/4f€ m(k/( ) )= 2t he m(t/s k)

for some collection %y, (c, -) of Schwartz functions, uniformly bounded over ¢ € [0, 1], so that for t < &2 one can
write

0~ e _ _d+|e] e +4m|+d t X
DXDI K (t,x)—g 2t 4 H(z,m s (413)

with H having the same properties as G. This yields as before

2|

|DEDKE(t,x)| S (4.14)

|€|+4|m|+d
s

b
|£2t| + |x|\£|+4\m|+d
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which yields the required bound when combining it with |¢| < 2 and |x| > &. We moreover note that as a consequence
of (4.13) and (4.14) the bound (4.12) holds even for ||z]|s < € provided that m = £ = 0.
With this estimate at hand we can then use the same techniques as in [15, Sections 5 and 7] to decompose the kernel
K¢ as
N—1
K*=R*+Ky+ > Ki. (4.15)

n=1

where R® is a smooth (uniformly in ¢) remainder and each K is supported in the set {z : ||z||s <27"}, and satisfies
the estimate

sup| DEDKE (2, x)| < 2nlsl=2HIe+2imD) (4.16)
Zz

but only for £ = m = 0 when n = N. We then define for any { € R, and any n < N,

k .
Y kle<ci2 7w S DXKiz—y)F(y)dy, iftn<N—1,

e . 4.17)
842501 [ K5 (z— y)F(y)dy, ifn=N,

(Tlf,cF)(Z) = {

and now we can finally show the validity of all the assumptions in this section. To that end we assume that ¢ is such
that ¢ 4+ 2 > 0, since otherwise there is nothing to be shown. The first item follows directly from the construction
of T,f . To see that the second item is satisfied note that for all # < N — 1 and all multiindices k the function z —

2n2—lkls) pk g ”(2) defines a scaled test function, so that we can write

(15 @l =| [ D*Ki=roa]

— pn(lkls=2) , (4.18)

/2"(2_'““)01‘1(5& —NF(y)dy

which implies the first part in the estimate (4.2) (with 8 = 2). For the small scale estimate, in the same way we see
that

|(T5 . F)@], = V Ki(z=yF(Q) dy‘ S22V Pl gizie,

where we used the definition (2.8) of || - ||¢; &,;z;¢ to gain the additional factor 27¢N Since || (Ty gF)(z) lx = 0 by defi-
nition for all multi-indices k with at least one positive coordinate, we conclude that the second item in Assumption 4.3
is satisfied. We turn to the third item in Assumption 4.3. To that end we note that forn < N — 1,

KT F)@ =T (T )0

= ‘/[DkKS(z—x)— Z l'(z—y)“Dk+°‘K,f(y—x):|F(x)dx , (4.19)
o

la+kls<c4+2

so that the proof of [15, Lemma 5.18] yields the desired estimate. Indeed, one may simply copy its proof (which is an
application of Taylor’s formula), but in [15, Equ. 5.29] one uses the fact that 2C—Ik+tls) pk+t K:(y + h — z) defines
a test function with a support of radius 2”~! centred around y. Since we are in the continuous case, according to
Remarks 4.13 and 4.14 the fourth item is in practice not necessary, so that we omit its proof. The first part in the fifth
item of Assumption 4.3 is a direct consequence of the construction of Tng’ ¢ Regarding the second part we note that

forn <N —1,suchthat2™" < 3§,

te(KEF)(92) = / P (WKE(y — x)F(x)dx, (4.20)
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and that 22" K £ (y — x) < 211, so that

sz” KE(y —0)@d () dy (4.21)

defines a test function with a support of radius 2§ centred around z. The estimate in the case n < N — 1 is then imme-
diate. To see that we also have the desired estimate for n = N we simply use the fact that [ K5, < 272N It moreover
follows from the proof of [15, Lemma 5.5] that one can modify the K’s such that additionally Assumption 4.5 is
satisfied. Finally, Assumption 4.8 is actually a consequence of Theorem 4.9. Indeed, according to Remark 4.10 As-
sumption 4.8 is never explicitly used in its proof. Since in the continuous case the DY -norm on small scales involves
division by powers of ¢ (and not the true distance between any chosen points y and z), and since moreover in the the
large scale part of the definition of the D} -spaces one is allowed to choose y and z such that their distance is of order
&, a triangle inequality argument shows the validity of Assumption 4.8.

Remark 4.12. In the above example for the kernel K¢ we assumed that we are in the continuous case. This would
be for example a good choice in the case of the <I>i—equation, since one can make sense of K¢ x £, where & denotes
space-time white noise, “by hand” as a continuous function. One might however imagine other examples where the
continuous case is not the right choice. If this happens then it seems to be the case that one may also choose some
sort of inhomogeneous transparent case, where one keeps the definitions of the usual transparent case, but at scales
smaller than ¢ test functions are scaled differently, i.e., they are scaled in the following way:

0h (8,0 =8"1ep(57 (s — 1), 87 (v — ).

This scaling is such that, at scale ¢, it coincides with the usual parabolic scaling, but at scales below ¢ it respects the
fact that as a consequence of (4.13) and (4.14) one has for all multi-indices ¢ and m the estimate

|DEDIKE (1, x)| S e8|z (eI=D—leI=dim]
for ||zlls <&, where ||z||s = ((52[)1/4 + |x]).

Remark 4.13. As a consequence of Theorem 4.9 one only has an identity of the form R*KY, = K*R® + small error.
Since the kind of approximation schemes we are interested in usually have a divergent part, one might get worried
that one is not able to control the error term. However, it turns out that in many examples of interest one is able to
enforce the identity R°KY, = K*R® by modifying K. Indeed, consider the common situation in which elements of

X, can be identified with functions on R4 (or some subset thereof) and where the reconstruction operator is given by
(R f)(z) = (TT£ f (2))(2). One then has

(R°KC;, £)(2) = (KIS £ () (2) + TS (T (R° f — T2 £ (2)) (2)) (2). (4.22)

The example to have in mind to think about (4.22) is that the first summand on the right hand side is given by

/ K®(z, ) (M5 f(2)) ) dy, (4.23)
(for a suitable, possibly discrete, reference measure dz), whereas the second term on the right hand side is given by
(MEXH )
> S [ DR - F @)y, (4.24)
kls<y+B ’

Assume that T1{1 = 1 (here, we set 1 = X 0. The definition of a model then yields (ITE X k) (z) ~ ¢lkls (it does however
not yield (IT{ X kY(z) = 0). In this setting one then has

(REKS f)(2) = (K*R* £)(2)

stk
=> ) %/Df@(aw(wf—Hif(z))(y)dy. (4.25)

n 0<lkls<y+p
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Define now an operator A° via
(H8Xk>(z>
(A f)(2) = [Z o === / DYK};(z, )(R* [ =T f(2) () dy] (4.26)
n O<lkls<y+B
Then, the operator IC; = IC;:, — A¢ satisfies Rsiﬁf, = K¢RF? as desired.

Remark 4.14. The problem with the above construction is that there seems to be no reason in general for A° to map

DY into D} P 5o that it may be necessary to introduce higher order corrections to .A°. However, consider the discrete,
semidiscrete or continuous case introduced in Section 2. It is usually possible to impose (Hng)(z) =0, for all z
in the support of the reference measure (this was for instance imposed in [17]), in which case (4.25) shows that the
choice (R f)(z) = (IT¢ f(z))(z), automatically yields .A® = 0. Finally, let us mention at this point that it was shown
in [15] that the identity .A° = 0 also holds in the transparent case. This illustrates that for most cases of interest no
further modification of IC;; is needed.

Proof. Fix y,z € 8 such that ¢ < ||y — z||s < 1. We first estimate the non-polynomial part. Making use of the first
and third property in Definition 4.6 we see that for any € ¢ N,

|15 f @ =T F ],
=|Z(f@ =5 FO), S F @ =TE F O g <y = 2lEP |||f|||(;‘?§. 4.27)
In a similar way we see that
|5 £2) = P& F(y) — K5 F2) + FE 7D, Sy — 2l 70 (4.28)
iR

Thus, (4.27)—(4.28) show that the non-polynomial components satisfy the desired estimates. To deal with the polyno-
mial components of K7, we make use of the following lemma that is established after this proof.

Lemma 4.15. Under the assumptions of Theorem 4.9, for any ¢ € A and any a € V with homogeneity ¢, one has the
identity

(Ia +Z T, Ma (y)) =TI a+ Z HEQEFiya)(z) (4.29)
n, {eA
for any choice of y, z € RY.

As a consequence of Lemma 4.15 we see that,

TR ZfM+T5 ) (T 159 F(1)) ()
n,g

=1IT%, () + Z(T;’ FEQTE f (1)) (). (4.30)
n,¢

N ote that 7 does not produce any polynomial component. Thus, with (4.30) at hand, we see that for any multiindex &,
(T2 K5 fF Ok — (K5, f ()i = 3, 1y + 11, — 1T, ], where

In=ZQk F(MEQE [T, f () = F@]) @),

4.31
I, = Qk(riy(T,iy(REf ST F0)0)), 3D

1L, = (T, (R° f = 5 £ (2)) (2).



Discretisation of regularity structures 2231

We first assume that 27" < ||y —z||s. In this case we bound I, II,, and 111, seperately. We deduce from Assumption 4.3
that for all ¢ and all n,

7 £ (MEQe [T, £ = F@D @Iy, S 2Ky =2l me ] s (4.32)

\_Ve deduce from the representation in (4.31) that only those values E contribute to the first sum in (4.31) for which
¢ > |k|s — B. Thus, summing the right hand side of (4.32) over n such that 27" < ||y — z||s we obtain an upper bound

that is a multiple of ||y —z ||1;/+ﬂ_|k‘5 . In a similar way we can deal with III,,, but making also use of the Reconstruction
Theorem 3.6. To estimate II,, we first note that as a consequence of Assumption 4.1,

T2 T, (REF =T F D)D) |,

k+4¢ . . .
S 2 ( ¢ )”Z—y"ﬁ|9f+k(Tn,y(R f=TEFM))]

Lilk+L)s<y+PB

—B— lls
D DL S Rl PRI T o G (4.33)
v,8 ViR
Clk+Lls<y+B

Summing each summand in (4.33) first over n such that 27" < ||y — z||s, we obtain a bound that is a multiple of
ly — z||7 A= IKls | £ III(s)J% | T2 | (S)E as desired. The corresponding bounds on the difference IC‘; — IC; are obtained in a
2 v
similar fashion. We now seek for bounds on large scales, i.e., for ||y —zl|s < 27", Recall the consistency relation in
Assumption 4.3. Thus, for any ¢ € (|k|s — B, ¥)
Qu(7; - (MEQe [T, f (1) = F(@]) @) = Qu(Ty, (M2 Qe [T, f (1) = f()]) (@) 4.34)

Consequently, adding and subtracting Qk(T,f,yl'Iﬁ[F Zgy O — f(2)1k@) to I, + 11, — 1II,,, we see that we can write
I, + 10, — 11T, as —I, + II), — 11T, where

n’

L= > QT (MQ:[Ts, f() - f()]) (@),
5§|k|5_ﬁ

(4.35)
I, = Qk(T; , (TT5, £ () = R* £) (2),
1T, = Qi (%, (Trr, (15 £ () = R° £)) ).
To bound I, first note that for any . <lkls — B,
1< (ks =B=D [ 11 [| € 11y — 17511 £ 1)
L,52 e |y = <A 436)

Summing this over 7, such that 2" < ||y — z ||;1, leads to a bound that is a multiple of ||y — z||§+ﬂ_""5. It remains to
bound the difference II), — III/,. We note that as a consequence of the third item in Assumption 4.3,

I, — 1L, | < 2"y — 2 T up o (M5 £ () = RS £) (@2 7). 437)
ped
Writing
M5 £ () = RO f = (MEf () = R f) + (T, £ (0) = £(D), (438)

we may estimate using the Reconstruction Theorem 3.6,

€ _ pE n —n el ®)_ (&)
suplie(Mef @ =R f) o) S 277 |G (4.39)
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Regarding the second term on the right hand side of (4.38), we can estimate

suplee (TS (%, £ ) = F@)) (02 S 30N Lly = 2= 727, (4.40)

ped <y

Plugging the right hand sides of (4.39) and (4.40) into (4.37), and summing over n such that 2" < ||y — z||;1 yields
the bound of the required order. The corresponding bounds on the difference Kf, — I@lg/ can be obtained in a similar
way. We omit the details.

We now turn to the proof of (4.9). As a consequence of (3.1) and Assumption 4.8 we have that for every compact
set R, of diameter bounded by 2¢, and every z € R,

(&)
IR = TEKS F @ g pemzse ST 5 £ e
S A, @41)

Setting A® f =R°KY, f — K*R* f, it remains to show that

(&)
MK £ @ = KR F [, piie S N1 IS (4.42)
Since the model realises K¢ for Z, one has
TEKS f(2) =Y (KETIE £ (2) + TE(TE , [RE f — TIE £ (2)]) 2)). (4.43)

n

Consequently, the left hand side in (4.42) can be written as

D (KM ) =R f) = (T, [ME £ (2) = R* £](@))) (4.44)

n

and we may deduce (4.42) using the fourth item in Assumption 4.3. (]
We now provide the proof of Lemma 4.15.

Proof. First note that I'}, Za — 7T} a € T . Since we assumed that I is injective on T, it is enough to show that

( Ta+ Z re, (T8 Moa (y)) =TI (zrgya + Z(Tns’gl'[iQ{nya)(z)) (4.45)
n’E
This identity however follows from the fact that I1° realises K¢ for Z. ]

Remark 4.16. At first sight it is not clear that a map Z with the properties as stated in this section exists. However,
the result below shows that one is always able to extend the regularity structure such that it accommodates a map
T as in Definition 4.6. It also shows that one is able to extend the model to a pair (lﬁls, f‘s) such that T1¢ realises
K¢ for Z. The pair (IT¢, ') turns out to satisfy all defining properties of a model except the second inequality in
(2.13) (which however still holds on the original regularity structure). We call such a pair a large scale model for the
extended regularity structure.

Remark 4.17. The proof of Theorem 4.18 below shows that in the setup of the discrete, semidiscrete or continuous
case, assuming that on the right hand side of (4.3) the factor ||y — z|| s [E+AT=IKs can be replaced by e[¢tA1—Ikls whenever
ly — zlls < €, the large scale model (1'[8 , %) turns out to be a (proper) model. In the transparent setting it is sufficient

that (4.3) also holds for all ||y — z||ls <e.
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Theorem 4.18. Let .7 = (A, T, G) be a regularity structure and (I1°, %) be a model for T satisfying Assump-
tion 4.1. Let B > 0 and assume that there are operators K: and Trf’ ¢ satisfying Assumption 4.3. Let V be a sector
with the property that for every a ¢ N with V,, # 0, one has o + B ¢ N. Let furthermore W be a subsector of V and
letT:W — T be an abstract integration map of order B such that the model (1'15 ') realises K¢ for T. Then, there
exists a regularity structure s containing 9 and a large scale model (I, %) (see Remark 4.16) for ¥ extending
(I1%, T%) and an abstract integration map 7 of order B defined on V such that TI¢ realises K¢ for 7 and such that
Tr=1r for all T € W. Moreover, this extension is continuous.

Remark 4.19. We refer the reader to [15, Thm. 5.14] for a formulation of a more quantitative version of the continuity
statement, which also holds in our case.

Proof. As in the proof of [15, Thm. 5.14] we may restrict ourselves to the situation where the sector V' is given by
V=Vy ®Ve, & & Vo, (4.46)

the «; are an increasing sequence of elements in A, and Wy, = V,, for all k < n. The algebraic part of the proof of
[15, Thm. 5.14] shows that it is possible to define 7 on V such that it satisfies the properties stated in Definition 4.6.
It remains to extend the model (I1%, I'*). To that end we define for t € V,,,
2o € koA — 05(7 1150) (),
fe A\ def 5 A N (4.47)
PEI(0) SINE T+ ) (TEMEQIE 7)(2) — I, (TE T157) ().
CeA

Note that both quantities are well defined, since on the corresponding right hand sides I1¢ and I'¢ are either applied to
elements of homogeneity smaller or equal to |7| or to polynomials. We leave it as an exercise to verify that I1¢ and I'®
defined in this way indeed satisfy the required algebraic constraints. We now show that ﬂ;f (1) satisfies the analytical
estimates stated in Definition 2.7. First of all, note that by the fourth item in Assumption 4.3,

H ﬁii(r)“\fHﬁ;Rg;z;a = Z “ K’fﬁgt - ﬁi(Tlf,\flﬁgr)(Z) ||\r|+ﬁ;ﬁg;z;€ SL (4.48)
n<N

where we recall that N is the smallest integer such that 2~V < ¢. We now turn to the required estimates on scales larger
than &. We first treat the case |t| + 8 < 0. Let § € (¢, 1], fix n € @, and z € R?. We first note that I{Z(r) = K°IiT.
Thus, for n such that 27" > § we can estimate using the fifth and second item in Assumption 4.3,

(K520 08) £ | (T fir) )t a
527”’3/sup|(Lgl:I§r)((pﬁ)||n§(x)|dx. (4.49)
ped

One may now show that uniformly over all x in the support of nﬁ

(e TTET) (gp)| S D 27meslr =, (4.50)

a<|t|

Thus, plugging this estimate in into the right hand side of (4.49) and summing over 27" > § yields the correct bound.
The bound in the case 27" < § may be obtained in a similar manner, but making use of the second estimate of the fifth
item in Assumption 4.3. We now deal with the case |t| + 8 > 0, and we note that the case |7| + B = 0 is excluded by

assumption. Define as in the proof of Theorem 3.6 functions \IJ Tak] and \IJ Zk 2] with zx € A7 and 741 € A i1
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Moreover, let ng be the smallest integer such that 27" < § and let z|; be as in the aforementioned proof. We can write
e (MTEZ(0)) (%) = 1+ 11 + 111, where

1= Z LS(HZWI(T))( Z[Z ])

5
ZNEAN

N-1
= Z Z ( Z\kI(T) Z|k+lI(T))( 2k, 2k+1])

k=no zx €A}, zer1€A7

M= 3" (2@ -1, Zm) (0 ).

2, [Zn
Zng eA”O

As in (3.14) we can estimate

e (118, Z0) (2 ) S (62Y) 2N EED f1e @) g (5 (4.51)

]] Z|NsE”

We now obtain the desired estimate on I making use of (4.48) and arguing in the same way as in the proof of Theo-
rem 3.6. To estimate II, note that

Z\kI(T) Z|k+1I(T) = Z\k (I(t) ZIkZIk+1I(T))' (4.52)

By the defining equation of I'¢ in (4.47), the term inside the brackets may be written as

I(x Fi\kz\kﬂ 7) - Z(T‘El'lzk Qel'Zyzy T 7)(z)) + FZIkZIkH (Tlilnimﬂf)(zlkﬂ)- (4.53)
CeA
We estimate the polynomial and non-polynomial parts separately. Note that T — Fz‘k 2t T is an element of 7_|¢|. Thus,
by our recursive construction
Se A = 8.k
|[8(H§\kI( F;kZ\kJrl ))(\pz,[zk,zk+1])|
ky—lsl —kg || 4 r
N (82 ) Z 2 §||I(T - Fi\kZ\k+lr)||{
¢<ltl+B
ky—lsl —k
SICORDDEE R L L]
¢<|tl+B
< p—k(TI+8) (82’6)*'5" (4.54)

Here we used the continuity of 7 in the penultimate inequality. To obtain the last inequality we used the fact that by
our recursive construction I'¢ satisfies the required analytical estimates on large scales when applied to elements of
homogeneity smaller than or equal to |7|. Summing the above over the domain of summation of II yields the desired

bound. To bound the non-polynomial part we make use of the following lemma whose proof is deferred to the end of
this section.

Lemma 4.20. Fix o < |t|+ B, then uniformly in k € [ng, ..., N — 1],

Z(Tg Hi\k QI 2241 7)) = Z\kZ\kJrl (Tli\ H;k+1 7)(@k+1)
reA

o

<z =z 1A (4.55)
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With Lemma 4.20 at hand the desired estimate on II readily follows. The estimate on III works along the same
lines, we omit the details. This shows that T1¢ satisfies the required analytical estimates. We turn to the analytical
estimates of I'?. To that end recall (4.47). We first deal with the non-polynomial part. In that case we have for any
a<|t|+ 8,

|1Z(tsr =), S|P =7 (4.56)

a—p"
Thus, the desired estimate follows from our recursive construction. The desired estimate of the polynomial part is a
consequence of Lemma 4.20. (I

We finish this section with the proof of Lemma 4.20.

e
7|*

Proof. We write Tg" =>.T; ¢ and analogously for 7|
the left hand side of (4.55) can be written as

Then, for each n, the component of order « of the term on

Z Qu ((Tri\tl ﬁzk QC f‘§|k1|k+1 T)(ZV‘)) — Qu (ﬁ§|k2\k+1 (Tn€,|t\ ﬁ;k+1 T)(Z|k+1))' (4.57)
{>a—p

We first treat the case 27" < ||z — zjk+1lls. We bound the terms above seperately. The second term in (4.57) is
bounded from above by

Z |}ﬁ§\kZ\k+1 Q( (Tlf,‘flﬁZkJr] T)(Z|k+1)) ||Dt

¢<|tl+B

S D0z =z lls 2 EAID,
¢<ltl+B

where we made use of the second item in Assumption 4.3. Summing the above over n such that 27" < |lzjx — zjk+1ls
yields the desired bound. Making again use of the second item in Assumption 4.3 and our recursive construction we
see that the first term in (4.57) is bounded from above by

Z ynle@—p={) ” ff\kZ\kﬂ T ”{ < Z 2n(a—ﬁ—§)|lzlk — 2t ||\5T|*§. (4.58)
>a—p {>a—p

Summing over n such that 27" < |lzjx — zjk+1ls yields the the correct bound. We now treat the case |lzjx — zjk+1lls <

27" To that end we rewrite (4.57) as I(Z)llkz\k+1 — Hg\kakw , where

I(;\kZ\k+l = Q“((Tns,\ﬂﬁiuﬁ-] t)(ZVC)) —Qu (f‘ZE\kZ\k-H (Trf,lr\ﬁ;kﬂ T)(Z\k-i-l))’

H?[\M\Hl: Z Q“((Trfy\flnixkQ§F2€.|k1|k+1t)(z|k))'
{<a—p

o

The third item in Assumption 4.3 shows that IZ‘ K2kt ]

is bounded from above by

2 TEHBI=A) 2 — Z\kHIIQTHm_aZ_”m. (4.59)

We turn to the estimate of II7 . A similar reasoning as above yields
[kZ]k+1

M S Y 2" POz — I (4.60)
¢<a—p

Thus, summing (4.59) and (4.60) over 2" < ||zjx — Zjk+1 ||;l once again yields the correct bound. O
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4.1. Comparison between continuous and discrete convolution operators

In this section we show how one can compare the convolution operators built from a continuous model (IT, I') and
from a discrete model (IT¢, ['?). Before we dive into the details we shortly explain the notion of continuous convolution
operators. This notion was introduced in [15, Section 5] and we explain here how it fits into the framework of the
current article. Assume that there is a kernel K : R? x R? — R that can be decomposed as

K(,2)=)_ Kn(y,2), (4.61)

n>0

where the K,’s are smooth functions supported in the set {(y,z) : |y — zlls <27"}. Given a distribution & € D'(R?)
such that for some ¢ € R,

E(e})| S277, (4.62)

for all scaled test functions 90?, all z e R? and all n < N, we define for any multiindex k,

1/ D*K, (2, y)E(dy), ifn <N,

A ((T,c6) () =

We can now define (7, ;£)(z) in the same way as (Tns,; F)(z) in Equation (4.1).

We note that the first item in Assumption 4.3 is satisfied for T, ; by construction and we assume that there is 8 > 0
such that also the remaining four items are satisfied for it. We moreover assume that the value of 8 coincides with
the value of § for the discrete convolution operator. We now define a continuous convolution operator K, in the same
way as IC;; in (4.6) with the only difference that each T;e) is replaced by T¢, and likewise T,fe) is replaced by T, . We
make the following assumption.

Remark 4.21. We note that Assumption 4.3 was shown to hold in the transparent case. Indeed, as mentioned above,
the first item is a direct consequence of the construction of the 7, ;’s, the second item is a consequence of [15,
Equ. 5.4], the third item is a consequence of [15, Equs 5.28 & 5.31] and the fourth item can be deduced from the third
by making use of choice of the family of seminorms on X, = D’(R?) in the transparent case.

Assumption 4.22. There is a constant C(g) > 0 such that for all n < N, all ¢ € A, all y,z € R? such that ¢ <
ly—zlls <27",and F® € X; ; ;N X yand F € D'(R?) satisfying (4.62),

1. one has the estimate,

|(7  F€) @) = (T @,

2o (supl (e F) () = F(¢!)| + C(e) sup | F (e)]) (464
Qe pe

2. one has the estimate,
(75 F*) @ = (Tne F)@) = T (T  FE) ) + Doy (Tac YO .

< 271(|—§+,3-|*/3) ”y _ Z||L§+/5-|_|k|5

x (sup| (e F*) (¢27") = F(¢2™") |+ Ce) sup| F(¢271)]):
peD ped

The proportionality constants above are assumed to be independent of all parameters involved.

Remark 4.23. Although we did not state it like this, this assumption only seems to be useful when lim,_,o C(g) =0.
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With Assumption 4.22 at hand, we have the following comparison theorem.

Theorem 4.24. Let (A, 7, G) be a regularity structure and let (T1¢, T'?) and (I1, T") be a discrete and a continuous
model for it. Let the assumptions of Theorem 4.9 be satisfied and let Assumption 4.22 be satisfied. Then, for any
f& eDY and f € DY, one has the bound
. . . . () . .
(Lear e | BAPRSY hin el I VATl s S e (VAR
+CEITL A5 + K5 £ e

T
+ osup sup Iy f () zylcyf()’)”ﬁ’

(v.2)efk B<y Iy —zlIlt ™"
ly—zlls<e

(4.65)

where the proportionality constant is independent of all parameters.

Proof. Since the proof works along similar lines as the proof of Theorem 4.9, we refrain from providing all the
details. We however illustrate the appearance of the terms in the second line of (4.65). First of all, the last two terms
are a direct consequence of Definition 2.17 of |-, -|l,,; . To see how the first term appears, note that the term in (4.32)
equals in the current context

Qu(T, £ (M Q[T £2 () — @) (@) — Qu(T, £ (M= Q¢ [Ty F ) — f@)]) @) (4.66)

According to Assumption 4.22 it may be bounded by

2" Kle=h) (SUP|18(H§95[F§ny(y) — FF@])(0f) = Q¢ [Toy F () — £ ()] (¢2)]
(o4

+C(e) sup| M. Q¢ [Ty () = F@] (1)) (4.67)
2
and one see that the latter term in (4.67) is responsible for the appearance of the term C (¢)||IT ||y;ﬁ|||f|||y;;§' ([l

4.2. Convolution operators in weigthed DY -spaces

In this section we extend the result from the previous section to spaces of singular modelled distributions. Before we
state the main result of this subsection we need one more assumption.

Assumption 4.25. Let 7 = (A, T, G) be aregularity structure and let V be a sector of regularity « € A. Fix y, 8 > 0,
n € R and a compact set K. We assume that

5 £l e < ITEN5 A, e (4.68)

where I' =y + B and 77 = (« An)+pBand f € DY(V, T¢). Given a second discrete model (I1¢, I'¢) with associated
convolution operator K¢, and f € DIV, %) taking values in V, we assume that

1575 K5 Ml e < AT L0075 U < I = T A0 - (469)
Here, the proportionality constant is independent of ¢.

Theorem 4.26. Under the same assumption as in Theorem 4.9 let o be the regularity of the sector V, let n <y,
assume that o A 1 > —m and that the operators K, and IS, satisfy Assumption 4.25. If we also assume that the
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reconstruction operator satisfies Assumption 3.13, then, provided that F'=y+B¢Nandij=(@An) +pB¢None
has le,f € Dg’"(V). Furthermore, one has the bound

15 5 K5 T o S5 AU <4 me = Fae] 0 (4.70)

Let (I1, ") be a continuous model with associated convolution operator K, . If additionally Assumption 4.22 is satis-
fied, then for any f € DY"'(T') and any f¢ € DY'" (') we have the estimate

+|

1y £:15 £l o S I T 50 I, 5
+C@lm| .=II|f|||M§+|H/C5f [

+ sup sup 1y £ () — Fzy’Cyf(y)Hﬁ.

voree for Ny —2ll Py,
ly—zlls<e

yomi R
v.n; 8Re

@71

Proof. To show that K7, f € Dg ’ﬁ(V) we proceed as in the proof of Theorem 4.9. We first note that for non-integer
values k we can bound the corresponding terms exactly as in the proof of Theorem 4.9. To bound the differences

I3, f () — T5, K5, f () lIx for integer values k, we distinguish the cases 27" < [y — zlls, 27" € ([ly — zls, %Hy, zllp]

and 27" > |ly — zlls V %lly,zllp. In all these cases it is assumed that ¢ < ||y — z||s and ||y — z||s < ||y, z|| p. The first
two cases can be dealt with in a very similar way as in the proof of Theorem 4.9. We will now provide the details for
the third case for the expression [|K, f(z) — I';, K5, £ (y)llx and we refer to [15, Prop. 6.16] for a proof in a similar
setup. Following the proof of Theorem 4.9 we see that we need to estimate [—I), + I/, —III) ] in (4.35). The first term
can again be dealt with as in the proof of Theorem 4.9. Regarding the difference of the other two terms we may invoke

the third item in Assumption 4.3 to estimate

16, — 0, | < 270 PTPy — 2 P suplae (115 £ () = RE £) (9 ). 4.72)

Z
ped

To estimate the right hand side of (4.72) we apply the triangle inequality to the last term. We further estimate, making
use of Theorem 3.15,

e (RE ) (o2 71)| S 27, 4.73)

Now note that the range of values of n we are considering implies in particular that 2" < ||y, z||;1. Plugging (4.73)

into (4.72) and summing over those n yields a bound that is a multiple of ||y, Z”(omn)+ﬁ [r+A1 ly — z|ILy+m7‘k‘5.

Note that in any case ||y — z|ls < ||, z|| p, so that
+B-Ty+ +B-Ty+
Ly, 2| SAPDHETI BT <y gDy gy AT AT (4.74)

yielding the desired estimate. It remains to estimate the term involving H‘; f(y) in (4.72). Shifting the model, we have

e (METE, FO) (027 = Y [ee(MEQe (T, Q7 F (1)) (02 7)]

{<y.{<C
_ 0o
S 2y — 2y (4.75)
t<y.<t
To estimate this, we first note that we have the bound ||y||('7 A0 <y, zll(” A0 and ||y — z||§‘f < 2-1E=8) We

distinguish two cases. First, if n — { > 0, the corresponding terms in (4.75) are bounded by 2—n¢ < @A) Thjg
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estimate is of the same form as in (4.73), so we may c_onclude as above. If on the other hand n — E < 0, the corre-
sponding terms in (4.75) are bounded by 27"¢ |y, z||7;,_§. Taking the prefactor 2"V +A1=A) |y — Z||Ly+m_|k‘5 coming
from (4.72) into account, and summing over the range of values of n under consideration yields the bound

— — ks
ly, 2By g AT (4.76)

Using that ||y — z|ls < ||y, zll p We see that this is indeed bounded by

y+B—lkls
5

Iy —zll Iy, zllp ", 4.77)

as desired. The bound

—B)AO
|5 F @, SNzl 4.78)
may be obtained in a similar way as in [15, Prop. 6.16]. The expression ||K} f(z) — ', f(y) — I@f,f(z) +
f‘jylﬁf, F () |lx can also be dealt with in a similar way and the proof of (4.71) works along the same lines. (I

5. Local operations
5.1. Multiplication

One of the surprising results in [15] is that the multiplication between two (singular) modelled distributions behaves
very much like the multiplication of two continuous functions. We show that under a suitable assumption the same
holds true in the setting of the current article. Before we dive into the details we shortly remind the reader of [15,
Def. 4.1], which defines a product to be a continuous bilinear map (a, b) — a » b such that

e Foreverya € 7y,and b € Tg,onehas a xb € Toyp.
e There exists a unit vector 1 € 7p such that 1 xa =a x1foreverya € T.

Given a regularity structure .7 and a pair of sectors (V, W), we say that (V, W) is y-regular if T'(a xb) = (I'a) » (I'b)
forevery I' € G, forevery a € V,, and b € Wg such that o + 8 < y.

Assumption 5.1. Let (V, W) be a pair of sectors of regularity ; and a, respectively. Let Z® = (T1°, I'*) and ARS
(T1¢, T'?) be two discrete models. Let f; € DY (V,T'?), g1 € DY (V,T9), f» € D*(W,T'¢), and g» € D> (W, I'?) and
let y = (y1 + «2) A (2 + «y1). Then, provided that (V, W) is y -regular, we assume that for every compact set &

|||f1 * f2|”y;ﬁ;s 5 |||f1 |||y|;R;s”|f2"|y2;ﬁ;sy

G.n
me || ()
% f2i g1 % &2llyssie S M1 &1llyise + 25 82llymsie + [T TE0

If f1 e D" (V,T?), g1 e D" (V,T?9), fr e D™ (W,T?), and g, € D> (W, I'?) we further assume that

|||f1 * f2“|y,n;ﬁ;e ,S |||f1 |||y],771;ﬁ;s“lel”yz,nz;ﬁ;s,

_ 5.2)
()
Il f1 % f2;5 &1 *g2|"y,n;ft;s ,S Il f1; &1 ”lyl,m;ﬁ,e + Il f2; g2"|y2,r;2;ﬁ;£ + Hrg; 1—1€| V8|+V22ﬁ’

where n = (71 +a2) A (n2 +a1) A (11 +n2).
Under Assumption 5.1, with the same choice of coefficients, a straightforward adaptation of the proofs in [15,
Sections 4 and 6.2] yield that:

o fi* fr€DL (fix freD{") provided that fi € DI' (V) (fi € DI (V) and f2 € DP*(W) (f2 € D™ (W)).
e The product between two (singular) modelled distributions is continuous. See [15, Props 4.10, 6.12] for precise
quantitative statements.

One can furthermore verify that all examples mentioned in Section 2 (discrete, semidiscrete, continuous and transpar-
ent) satisfy Assumption 5.1.
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5.2. Composition with a smooth function

We shortly review the setup _of [15, Section 4.2]. Given a function-like sector V (i.e., a sector with regularity zero),
one can writea € V asa = A1+ a witha € 76+. For a smooth function F : R” — R, we define

. DYF(A) _,
Fla)= Z — (5.3)
k
where the sum is locally finite. Here, a = (a1, ..., a,) with @; € V and k is a multiindex.

Assumption 5.2. Let V be a function-like sector. Fix y > 0, and let F € C*(R",R) for some « > y/¢ Vv 1, where
¢ > 0 1is the smallest value such that V; # &. Given a collection of n functions f; € DY (V) for a y-regular sector V,
define ﬁy(f)(x) = Q;ﬁ(f(x)), where f = (f1,..., fn). We assume that for every compact set K,

& O, gee ST (5.4)
If furthermore x > (y/¢ v 1) 4+ 1, then if g = (g1, ..., gy) for some functions g1, ..., g, € DZ(V), we also assume
that

IEH: F@Il.pe SIS Ellyis (5.5)

In (5.4) the proportionality constant is allowed to depend only on the norm of f, whereas in (5.5) it is allowed to
depend also on the norm of g. In case that f;, g; € DY*"(V) for some 5 € [0, y], we assume the bounds (5.4) and (5.5)
to hold for the norms ||| - Il 5. ;¢ and [[-; <[l &;¢, respectively.

The arguments in [15, Sections 4.2, 6.3] then show that I:“y( f) defined as above defines an element in DY (V) and
DY (V), respectively. Moreover, in the case that ¥ > (y/¢ v 1)+ 1 they also show that f — F( f) is locally Lipschitz
continuous in DY (V) and DY""(V), respectively. The same arguments also show that Assumption 5.2 is satisfied for
the four examples introduced in Section 2.

5.3. Differentiation

Following [15, Def. 5.25], given a sector V, we say that a family of continuous operators &; : V. — T for i in some
finite index set I, is an abstract collection of derivations if

1. Thereisamap g: I — {1,2,...,d} such that Z;a € T,_s, foreverya € V,, and every i € I,
2. one has 'Y;a = Z;Ta forevery a € V and every i € I.

Furthermore, a model (IT, I") on R is said to be compatible with & if the identity D;I1.a = I1. Z;a holds for every
a €V, zeR? and every i where D; denotes the usual distributional derivative in some direction v; € R? which
belongs to the subspace spanned by those directions j such that §; = s,(;).

Remark 5.3. This is a minor generalisation of the setting of [15] which is natural in some discrete settings. For
example, in the case of a one-dimensional finite difference discretisation of the derivative, one naturally has one
operation corresponding to left-differences and one corresponding to right-differences. Similarly, if we consider a
discretisation of the plane by a triangular grid, we have six natural differentiation operators.

This notion of compatibility is not well suited to the current context when ¢ > 0. Indeed, given f € X, there is no
reason to assume in general that D;i, f is again in the range of (.. Instead, we make the following assumption where,
given a compact set K and & € R, we denote by 1,8 the translation of £ in direction 4, namely 7,8 = 8 + h:
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Assumption 5.4. There are operators @f, i € I,on X, such that for all f € &, alli €1, all @ € R, all compact sets
R, and all z € RY,

[ P el 5.6)

with a proportionality constant that is independent of ¢.
The main definition of this section then reads as follows.
Definition 5.5. With the same notation as in Assumption 5.4, we say that a family of continuous operators &; : V —

T, i €1,is an abstract gradient for R? with scaling s if Z;a € Ta—s, forevery a € Vy and every i, and if Property 2.
above is satisfied. We say that a model (I1%, I"?) is compatible with & if the identity

@fl‘[i = Hi@i, 5.7
holds for all i and all 7z € R?.

We have the following result.

Proposition 5.6. Let f € DY . for some y > Sg(iy and some model compatible with 9. Then, Z; f € Dy 0

a=Sg(i):€”
provided that for all compact sets R,
”l@ifl”y—sg(i);ﬁ;s S, |||f|||y;ﬁ;s7 (5-8)
Under the same assumption, the identity R*J; f = DR f + H{ f holds. Here, the operator H{ satisfies
(&)
VA1 agiyimse S5, sop My (5.9)
s(U, &

for all compact sets R (of diameter at most 2¢) and all z € R?. Here, we denoted by f%g the (1 + &)-fattening of K.

Proof. The first property is a consequence of the respective definitions. To see (5.9), note that for any compact set K¢
and any z € R,, by Assumptions 3.1, 5.4 and the fact that the model is compatible with &,
“Hi‘@if(z) _QfREfH = H’Df(l’[if(z) - )”y—sg(,-);ﬁg;z's

S sup HH f(Z) Rsf”y T Rei23€

Y —5g(i): Res23€

heBs(0,
<[ (j’ﬁg SUp I1f sy e (5.10)
" heBg (0,
The claim now follows from this chain of inequalities and Assumption 3.1. ]

Remark 5.7. To illustrate the above definitions, consider the polynomial regularity structure .7 and assume that X, =
RA:, where A, C R is a graph of degree two, i.e., each vertex has two neighbours. Assume that the distance between
two vertices is between ¢ and 2e. We moreover assume that the action of the model (IT¢, I'¢) on the monomials X¥
are given via (MEX%)(y) = (y — 2)F and I')_X* = (X 4 (y — 2))*. A natural candidate for D¢ is given by

(D% )(2) = w 5.11)

Z
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where ¢, denotes the distance of z from its neighbour to the right. To enforce the compatibility condition (5.7) one
could define 9 via

k—1
gx = L[x + et — x4 = (’l‘) xtek=tot, (5.12)

This choice is motivated by the discrete product rule (D¢ fg)(z) = (D° £)(2)g(z) + (D°8)(2) f (2) + £,(D° f)(2) x
(D%g)(z). The problem with the above definition however is, that it makes the structural object & dependent on &;.
A way to circumvent this is to introduce a new symbol £, having homogeneity s as in [18], and such that additionally
for every T € .7 the symbol £t has homogeneity s + | 7| (in the multidimensional case one would introduce symbols
&; with homogeneity s,(;)). One can then define

k—1

gxk = Z (’;) xtek—t-1 (5.13)

£=0

and letting the action of IT° on £¥ be given by I'IEX"EK = ef H;Xk yields that the model (I1%, I'®) is compatible
with 2.

Remark 5.8. Assume that (I1°, I'*) is a model that is compatible with & and that I1; is injective on 7 for every
z € R9. In this case the identity Z;T" = ' %; is automatic. Indeed, one has
éré Ya = H;@ia = C‘Dfl‘[ia

zhzy

=Dl a = Hi@il";ya,

zh 2y

so that ng D = 9; l"g‘y as desired.

Remark 5.9. Let (IT%, I'?) be a discrete model, and let g be the identity, further let ”Df be a finite difference approx-
imation of the usual gradient in direction i (as for instance in Remark 5.7) and assume that 2 is compatible with
(I1%, T'%). Given a scaled test function (pzA with A > ¢, integration by parts typically yields for any a € T,

(MEZia)(¢2) = (D NZa)(p?) = —(Ma) (Df L) (5.14)

Note that D¢ go? often behaves like a rescaled version of <p§, so that analytical bounds on ®;a are implied by analytical
bounds on a. This is analogous to the continuous case.

Remark 5.10. In the transparent case g is the identity and (5.9) already implies that H = 0. Hence, in this case one
has the identity R*%; = D{R* (and D; coincides with the distributional derivative D;). In all other three examples
mentioned in Section 2, this identity is not necessarily true. This is of course not very surprising since all objects are
only described up to some error term.

6. A fixed point theorem

The goal of this section is to establish a fixed point theorem for the discrete analogue of the setting in [15]. More
precisely, in order to avoid the problem of having to control the behaviour of functions at infinity, we assume that
there is a discrete subgroup .7 of the group of isometries of R?~! acting on R? via Te(t,x)=(t, Tyx) forall g € 7.
Here, t € R and x € R?~! and we denote points in R? either by (z, x) or by z. A further assumption we make is that
the fundamental domain of . is compact. Moreover, we assume that . acts on our regularity structures and that
all models we are considering are adapted to it in the sense of [15, Sections 3.6 and 5.3] (think for instance of .%
restricting the space variable to the torus).

We note at this point that following the approach of Hairer and Labbé [16] one could probably also deal with
non-compact situations. However, to keep this exposition technically less involved we refrain from elaborating more
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on it. One feature of SPDE:s is that they come with boundary data, which in our context will typically given by an
initial condition. Depending on the data the solution to the SPDE at hand may have a singularity for small times. To
deal with these situations we let the hyperplane P, introduced in Section 3.1, be given by the “time 0”-hyperplane, i.e.

P={( x):t=0}. (6.1)

Further, we let R* : R x R?~! — R be the indicator function of {(¢, x) : > 0}. We assume that the map f — Rt f
is bounded from D}*" to D", uniformly over ¢, for any choice of y and 7. This assumption is satisfied for all four

examples mentioned in Section 2. Given T € R, we set O =[—1,3] x R4~ and O7 = (—o0, T] x R?~!, and we use
(&)

y.1: 01
function G? of the linear part of the equation such that it satisfies the assumptions of Section 4. However, it is often

possible to write G® = K¢ + R?, where for some 8 > 0, K¢ satisfies all assumptions of Section 4 and R? is a smooth,
compactly supported remainder. The same remark holds for the Green’s function G corresponding to the linear part
of an equation defined on ]Rd, i.e., we write G as G = K + R, where K satisfies all assumptions of Section 4.1. We
make the following assumption.

Il - |||§/8),’,T as a shorthand for ||| - || . For many concrete SPDEs it may not be possible to decompose the Green’s

Assumption 6.1. Fix two discrete models Z¢ = (I1¢, '?) and Z¢ = (I1¢, %), and n > —s;. Let V be a sector of
regularity & > —s1. We assume that the operator R® : X, — X, alluded to above can be lifted to an operator Rf, :

X, — DY (I'®) for any y > 0. We moreover assume that for every T € (0, 1], every ¥ > 0 and every f¢ € DY""(I'?),

RERS = R®, 6.2)
and

1R R R* S e S TS 63)
and

1R s R R 17 Ry RERE T g ST P+ 1127 27150 (6.4)

The proportionality constant in the first bound is allowed to depend only on ||| Z¢ |||§f.)0 whereas it is allowed to depend

also on ||| /¢ |”§/8,)n;T and || f¢ |||J(/‘€’),7;T in the second bound. Here, R¢ is the reconstruction operator corresponding to the

model Z¢, f¢ € DY'"(I'®) and 7 = a A n + B — « for some « > 0. Let Z = (I1, I") be a continuous model. In the
same setting as above we assume that there is an operator R : D'(RY) — D/(RY) that can be lifted to an operator
Ry, : D'(RY) — DY () for any y > 0 such that there is a constant C(¢) > 0 with

|HRV+!9RR+f; R;+/3R8R+f£‘”y+ﬂ,r_;;T;ze

STz 22,0 + 172 2N, + CONZIIy:0), (6.5)

where f € DY'1(Z). Here, the proportionality constant is allowed to depend on the bounds of the models and on
0 F 7 and LIS,

A further assumption that we need is that K and 77, , ; defined in Section 4 are non-anticipative in the sense

that the test functions ¢! appearing in Equations (4.2)—(4.4) have support contained in {z = (¢, X) € RY: ||z —zlls <
27"t <t}and (K}, f)(t, x) depends only on those values (7, x) such that 7 < t. Going carefully through the proofs of
Theorems 4.9 and 4.26 we see that as a consequence of that extra assumption

s 2150 g e S WM 7 6.6)
- ~o111(&) = ¢ || (&) ‘
153 K PN g S W5 TS 017 = B
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Here 7 is chosen as in Assumption 6.1. We assume the same for K, and T} ,4g, then [15, Thm. 7.1] shows the
analogue of (6.6) in the case of continuous convolution operators.

Lemma 6.2. With the same notation as in Assumption 6.1, assume that

ISR 70y e S T N o
- - - ) —_ N
I R 7 R R [ e S T % PN+ 1125 201,

where the proportionality constant in the first bound is allowed to depend only on || Z°¢ |||](f,) , while the proportionality

constant in the second bound is allowed to depend also on || f¢ |||§f)n.T and ||| f¢ |||§,8),7‘T. Then,

s & £ g e ST A5

I R 7 R R I o S T (7 PN+ 1125 2701,

and

ey RY £ KSR £\ s e

ST 1M rise + 1122 2700 + C@NZIy0). 68
Here, the proportionality constants are analogue to the ones is (6.7) and C(¢) is as in Theorem 4.24.

Proof. The proof uses some ideas of [15, Proof of Lemma 6.5]. We therefore only sketch some of the arguments and
provide details only for those ingredients that are new. We first note that as a consequence of Theorem 4.26 and the
definition of the D)*"-norm we only need to control components k such that |k|; < o A 1 + B. We define a sequence
Zn = 5% "z, where 82"z = (27", x1,...,X4—1). Then, [Izy+1 — Zulls = lzat1llp, provided that ds(z,11, P) < 1
(which is satisfied for n large enough). One then proceeds via reverse induction. More precisely, we assume that there
is a multiindex k such that that

|5 RY F)],, SIS forall m > [k|,. 6.9)

Since IC;RJr feD! thanntp , this is certainly the case for k € A such that |k|s is smaller than o A 1 4+ B. Provided
that [|z,+1 — zalls > €, one may then show as in [15] that

| RERY fzns) = Ky RERT fzn) |y, S 27N, (6.10)
Assume now that for any fixed ¢ >0 and 7 € R such that ||Z|| p < ée we have the estimate
IR £ @y, S ™ P for [kls <n Aa+ B. (6.11)

In this case a teleskop sum argument as in [15, Lemma 6.5] yields the claim. It remains to establish (6.11). To that
end we first intend to show that

(TyRERT f)(t,x) =0, ift <—ce. (6.12)
Here, ¢ > 0, is the constant introduced in Definition 2.1. We first note that by (4.2),

|Q((T5, RERT £) (1, )| < 2" WP sup | (1. RERY £) (9], )
Pl

) (6.13)
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for all multiindex k and any n. By our additional assumption of non-anticipativity, we see that the support of each
(pz’l ) is contained in the set

(@0 :T<t,

@ %)— x|, <27} (6.14)

In what follows we write ¢} instead of gof’t’x). To proceed we fix a smooth function W as in the proof of Theorem 3.6.

Letz e Afv (recall that Afv denotes the d-dimensional grid with mesh 27N see Equation (3.8)), we define a function
W: on R? via

d
V(o) =@ @ —2). (6.15)

i=1
As a consequence of (3.9) we can write

ol =Y ¢l (6.16)

ZEAY,
and we see that x!'- := 2(N_”)‘5‘g0? W: is a test function with support of size ¢. Note that by (3.32),

e (RER£) (2 2) | S 27 T [ IR AU (6.17)

Thus, (6.12) is a consequence of the fact that RT f = 0 on the ce-fattening of [ x2:1, provided that t < —ce. To
continue, note that

e IRt f e 7;;%/3’ and

° Qk((Tnfgl'IiQ; RTf(2)(2) = Qk((Tng’Vl'liQ; RT £(2))(2)) for |k|s < ¢ + B and all n (note that on the left hand
side the index of T°¢ is ¢, whereas on the right hand side it is ).

As a consequence of these two items and the definition of IC‘; , the only term we need to estimate to derive (6.11) is
% (T, R°RY £)(2). (6.18)

Fix z=(t,x) € R4 such that r = —ce. Note that z is chosen such that the spatial coordinates of z and 7z coincide, in
particular ||z — z||s ® ¢. Let n € N such that ||z — Z||s <27". Then, (6.12) yields

Qu((TS R R ) @) = Qu((T5, R BT 1)) — QeI (T2, R R¥ 1) ). (6.19)
Using (4.3) we see that the above is bounded by

2Pz — 2P sup | (W RERT 1) (27 (6.20)
n—1
¢z

Applying Theorem 3.15 and summing over n such that ||z —Z||s < 27" yields an upper bound of the order e 1+A~IKls
If |lz — z|ls > 27", then our choice of z and 7 yield 27" & ¢. Thus, we may conclude with (4.2) and Theorem 3.15.
The bound on |4 RT f; l@;R*‘fH;f)ﬁ ;- and (6.8) follow in a similar manner. O

B

Recall that we only have the identity R*KY, = K*R® + A® f, where A® is an operator that can be controlled on

small scales. We saw in Remark 4.13 that typically one is able to lift A® to an operator A® : D} — D!*ﬂ . The precise
form of 4% in (4.26) and the arguments in the proof of Lemma 6.2 show that the following assumption is natural.
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Assumption 6.3. We assume that there is an operator A : D} — DZJF’S taking values only in the polynomial part of
the regularity structure such that R¢.4° = A®. Moreover, in the setting of Assumption 6.1 we have the estimates

AR £ 015 i S T M

y+B.m;T ~ v T’

AR 75 2R T T 5 7+ 125 2500

The smallest proportonality constant in the first bound is denoted |[|.4° |||( BT and is allowed to depend only on
4 ||)(f,)0. The proportionality constant in the second bound is only allowed to depend on the norm of the models, on

the norms of .A® and A and on |||f5|||§i)mT, |||f8|||§i)mT.

Before we can finally state the fixed point theorem we are after, we need to introduce more setup. Let y > y > 0,
F:RYx T, — T; and f:R? — T,. We define

(F(N)@)=F(z. f(2)) 6.21)

Fix R > 0 and assume that F maps D%”Z into DZZ for some 1, 7 € R. We say that F is strongly locally Lipschitz
continuous if

I1ECH: @I hg S 1F: 8IS + 125 Z]55)- (6.22)

Here, Z¢ and Z¢ and f e DV (Z%), g € D! (Z¢) are such that |||Z€|||(8) + |||Z€|||(8) <R and || f|||(8 i
I g|||(g) < R. We have the following result.

Theorem 6.4. Let V, V be two sectors of a regularity structure 7 with regularities ¢, € R with ¢ < ¢ + B. Under
all the assumptions stated in this section and in the setup described above, for some y >y > 0 and some n € R, let
F:R? x vV, — ‘_/); be a smooth function such that, if f € DI'" is symmetric with respect to the action %, then F(f)
defined above belongs to DY and is also symmetric with respect to .% . Moreover, assume that there is an abstract
integration map I such that Q;IIV); cV,. Ifn<@n O 4B,y <7 +B, (1AL)> —sy,and F is strongly locally
Lipschitz continuous, then, for every v € D" which is symmetric with respect to ., and for every symmetric model
Z¢ = (T1%, I'°) for the regularity structure 7 such that T is adapted to the kernel K¢, there exists T® > O such that
the equation

u® = (K5 — A° + RyRE)RYF (u®) +v° (6.23)

admits a unique solution u® € D" (Z?) on (0, T?). The solution map is (v¢, Z) +— u® jointly Lipschitz continuous.
Let Z = (I1,T") be a continuous model and under the same assumptions as above let u € DV'"1(Z) be the unique
solution to the fixed point problem

u=(Ky+RyR)RTF(u)+v (6.24)
on some time interval (0, T). Then,

()
AN e nr (6.25)

|||I/t, ug|||y,n;T€/\T;28 S |||Z; Z€|||y;0 vy TEAT

and the proportionality constant only depends on R defined above Equation (6.22).

Remark 6.5. In practice one would like to guarantee that liminf,_,¢ 7¢ > 0. For that it is enough to show that the
bounds one gets on the various terms appearing in the theorem above are independent of €.
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Remark 6.6. Theorem 6.4 does not allow for an abstract formulation of (1.1) in case the non-linearity depends on
a discrete version of the gradient. The reason for not including this case is that there are numerous ways to define a
notion of the discrete derivative. Hence, it is not clear how to state a single theorem dealing with all these possibilities
at once. Yet, the estimates on the various objects obtained in this article probably allow to adapt the abstract fixed
point problem in most cases.

Proof. With Assumptions 6.1 and 6.3, and with Lemma 6.2 at hand the proof follows in the same way as in [15,
Thm. 7.8]. O

Appendix A: Norm index

In this appendix we collect the various norms and metrics used in this article together with their meaning.

Norm Meaning
ds () Metric with scaling s on R?
lx —ylls Alternative expression for ds(x, y)
I llo: Re:z:e Extended seminorm at scale ¢ on X
I 1lly; ;e Seminorm at scale & on functions f : RY — 7,
-y m:e Distance at scale & on pairs (f, g) with f, g : RY — T,
Iy 8:e Seminorm at scale & on functions f : RY — T<y
s -y, s e Distance at scale ¢ on pairs (f, g) with f, g: RY - T<y
I ||\7(/E.)ﬁ Norm on the space D (I'¢)
-, -III;F';)R Distance between f € DY (') and g € DY (T'¢)
Il |”](/&;)n;ﬁ Norm on the space DY (I'¢)
- '|||§i),];ﬁ Distance between f € DY*"(I'¢) and g € DY (%)
™ Norm on Ty,
[ITT|| gf,)ﬁ Smallest proportionality constant such that (2.12) holds
ey if.)ﬁ Smallest proportionality constant such that (2.13) holds

e (&) : e(8) _ e1(©) g(8)
(V4 H\Z;R Norm on models given by || Z ”ly;ﬁ =1 II}/;ﬁ + I Hy:ﬁ
[VASAL |||;8_) 7 Pseudo-metric to compare two different models
-1p Distance to P given by ||z||p = (1 Ads(z, P))
- -lIlp Distance defined via ||y, zllp = lyllp A lizllp
I =18y a5 Distance between IT and I1¢ at scales above &
IT—T%l,. a5 Distance between I" and I'® at scales above &
z; z# lly; & Distance between limiting model Z and e-model Z¢
Irmy;a DY -norm for a map f with respect to a continous model
s f“?my;ﬁ Distance between f € DY (T') and f¢ € DZ IT®)
(WAl (e ‘DY>"-norm for a map f with respect to a continuous model
Wfs oMy, 8 Distance between f € DY (T') and f¢ € D" (I'¢)
I 1%, & Distance between IT and I1°
IT; T8, q Distance between I' and I'®
W5 £y e stize Distance in D} between f and f* at scales above &
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