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Abstract. Let logc n <d <n/2 for a sufficiently large constant C > 0 and let A, denote the adjacency matrix of a uniform
random d-regular directed graph on n vertices. We prove that as n tends to infinity, the empirical spectral distribution of A,
suitably rescaled, is governed by the Circular Law. A key step is to obtain quantitative lower tail bounds for the smallest singular
value of additive perturbations of A;,.

Résumé. Soit logc n <d <n/2 pour une constante suffisamment grande C > 0. Notons A, la matrice d’adjacence d’un graphe
dirigé aléatoire d-régulier sur n sommets. Nous montrons que lorsque n tend vers 1’infini, la distribution empirique des valeurs
propres de A, convenablement normalisée, suit la loi du cercle. Une étape cruciale consiste a obtenir une borne inférieure quanti-
tative asymptotique pour la plus petite valeur singuliere de perturbations additives de A;,.
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1. Introduction
1.1. Convergence of ESDs and the Circular Law

For an n x n matrix M with complex entries and eigenvalues Ay, ..., A, € C (counted with multiplicity and labeled
in some arbitrary fashion), denote the empirical spectral distribution (ESD)

1 n
wa == 8 (1.1)

i=1

We give the space of probability measures on C the vague topology. Thus, a sequence of random probability measures
un over C converges to another measure u in probability if for every f € C.(C) and every ¢ > 0,

ngr&P<'[c.fdun—[Cfdu

and w, converges to u almost surely if for every f € C.(C), f(C fdu, — f(C f du almost surely. We say that u,
converges to u in expectation if E [ fdu, — E [ fdu for every f € C.(C).

A well-studied class of non-Hermitian random matrices is the iid matrix X,,, which has iid centered entries of unit
variance. A seminal result in the theory of non-Hermitian random matrices is the Circular Law for iid matrices, which

>£) =0, (1.2)
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was established in various forms over several decades. We denote by ficirc the normalized Lebesgue measure on the
unit disk in C.

Theorem 1.1 (Strong Circular Law for iid matrices [74]). Fix a complex random variable & with zero mean and
unit variance, and for each n > 1 form an n x n random matrix X,, = (Ei(;’)) with entries that are iid copies of &. Then
the rescaled ESDs |1 1y converge to picire almost surely.

Jnon

The above strong form of the Circular Law due to Tao and Vu, and is the culmination of the work of many
authors. Previous works had obtained the Circular Law under additional assumptions on the atom variable &, or with
convergence in probability or expectation rather than almost-sure convergence (the above result is called a “strong law”
in analogy with the strong law of large numbers). The earliest result was by Ginibre, who established the Circular Law
(with convergence in expectation) for the Ginibre ensemble, where the atom variable £ is a standard complex Gaussian
[36] (see also [53]); the harder case of real Gaussian entries was handled by Edelman [34]. These results relied on
explicit formulas available for Gaussian ensembles for the joint density of eigenvalues. Following influential work of
Girko [37], Bai was the first to rigorously establish the Circular Law for a general class of atom variables, assuming
that £ has bounded density and finite sixth moment [9]. Following breakthrough work of Rudelson [63], Tao—Vu
[73] and Rudelson—Vershynin [64] on the smallest singular value for random matrices with independent entries, the
assumptions on the atom variable were progressively relaxed in works of Gotze-Tikhomirov [38], Pan—Zhou [60],
and Tao—Vu [72,74].

Theorem 1.1 is an instance of the universality phenomenon in random matrix theory, exhibiting an asymptotic
behavior of the spectrum which is insensitive to all but a few details of the atom variable (in this case the first two
moments). In fact, it is a consequence of a more general “universality principle” established in [74], which states that
if X,,, X ,/1 are iid matrices generated from atom variables & and &, respectively, and M,, is a deterministic matrix
satisfying %HM” llus = O(1) (where ||M||ys is the Hilbert—Schmidt norm), then

UM,+X, — IM,+x;, — O in probability.

(Almost sure convergence is also obtained under an additional technical assumption that we do not state here.) The
Circular Law for general iid matrices can then be deduced from the universality principle (taking M, = 0) and the
Circular Law for the Ginibre ensemble. The perturbations M, can also give rise to limiting measures different from
Mecirc-

Since the work of Tao and Vu the Circular Law has been strengthened and extended in several directions. In
a sequence of works, Bourgade, Yau and Yin [21,22,79] have established the local Circular Law, showing that ficirc
provides a good estimate for the number of eigenvalues of ﬁX » in a fixed small ball B(z, r) down to the optimal scale

r ~ n~1/2%¢ for arbitrary fixed & > 0, assuming an exponential decay condition for the tails of the atom variable &.
A weaker local law was obtained by Tao and Vu in [70] as part of their proof of universality for local eigenvalue
statistics.

We will informally say that a random matrix Y, (that is, a sequence of n x n random matrices (¥,),>1) lies in
the Circular Law universality class if, after rescaling, the ESDs puy, converge in probability to ptcirc. Theorem 1.1
shows this class contains all iid matrices X, but in recent years various works have shown it to be somewhat larger.
In [12,38,72,77] it has been shown that the Circular Law is robust under sparsification, i.e. that matrices of the form
Y, = A, o X,, lie in the Circular Law universality class, where o denotes the Hadamard (entrywise) product, X, is an
iid matrix, and A, is a 0-1 matrix of iid Bernoulli(p) variables, independent of X,,, with p = o(n) and pn growing
at some speed. In particular, Wood [77] showed the Circular Law holds with convergence in probability if pn = n®
for any fixed & € (0, 1), while the recent work [12] allows pn = w(log? n) under higher moment assumptions on the
atom variable.

There has also been extensive work on non-Hermitian matrices with dependent entries. In [18], Bordenave, Caputo
and Chafai showed the Circular Law class includes random Markov matrices obtained by normalizing the entries of a
matrix with iid nonnegative entries of finite variance by the row sums. Nguyen and Vu obtained the Circular Law for
random %1 matrices with prescribed row sums |s| < (1 — ¢)n for some fixed ¢ € (0, 1] [S7]. Later, Nguyen proved
the Circular Law for random doubly stochastic matrices (drawn uniformly from the Birkhoff polytope), which do not
enjoy independence between rows or columns [56]. In [1], Adamczak and Chafai showed that random real matrices
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having unconditional log-concave distribution obey the Circular Law, extending Edelman’s result for real Gaussian
matrices. Adamczak, Chafai and Wolff proved the Circular Law for random matrices with exchangeable entries having
finite moments of order 20 + ¢ (if not for the moment assumption this result would generalize the Circular Law for iid
matrices) [2]. In [28], the author obtained the Circular Law for adjacency matrices of dense random regular digraphs
with random edge weights, i.e. matrices of the form A, o X,, with X,, an iid matrix and A, a 0—1 matrix constrained
to have all rows and columns sum to | pn] for some fixed p € (0, 1). Such matrices A,,, which are the focus of the
present work, can be seen as a discrete version of the doubly stochastic matrices considered by Nguyen.

The second moment hypothesis in Theorem 1.1 is sharp. Indeed, in [17], Bordenave, Caputo and Chafai established
a different limiting law for matrices with iid entries lying in the domain of attraction of an «-stable distribution for
a € (0,2). In [19] the same authors together with Piras have considered random stochastic matrices obtained by
normalizing the entries of an iid heavy-tailed matrix with o € (0, 1) by the row sums, proving convergence of the
ESDs to deterministic measure supported on a compact disk (while they do not obtain an expression for the limiting
density, simulations indicate that it is not the uniform measure on the disk).

Finally, a natural question is whether the Circular Law extends to matrices with independent but non-identically
distributed entries having finite second moment. If the entries all have unit variance then one can replace the assump-
tion of identical distribution with some more general technical hypotheses; see [72], [8, p. 428]. Recently, the work
[32] studied the asymptotic ESDs for matrices of the form Y,, = LnA,, o X, with X, an iid matrix having entries with
finite (4 + ¢)th moment, and A, = (0;;) a fixed “profile” of standard deviations o;; € [0, 1]. In particular, it was shown
that the Circular Law holds if the standard deviations o;; are uniformly bounded and the variance profile (%al%) is
doubly stochastic. Examples were also provided of variance profiles leading to limiting measures different from (g,
though they are always compactly supported and rotationally symmetric. Another recent work [6] has obtained a local
law (analogous to the above-mentioned local Circular Law of Bourgade—Yau-Yin) for Y}, as above, but under stronger
assumptions: that the entries have smooth distribution and the variances are uniformly bounded above and below by
positive constants.

The Circular Law and its extensions have been applied to the stability analysis of complex dynamical systems, in
theoretical ecology [51] and neuroscience [67]. In the latter work, an iid matrix was used to model the synaptic matrix
for a large neural network. There has since been significant effort to extend the results of [67] to various random matrix
models incorporating additional structural features of natural neural networks such as the brain, using both rigorous
and non-rigorous methods [3-5,61]. However, a key feature that has not been covered by these works is sparsity.
While the aforementioned works such as [12,77] can be used to extend the analysis of [67] to sparse iid matrices, it
would also be interesting to treat networks where each node has a specified valence. However, such constraints destroy
the independence between entries, making the analysis of such models challenging.

In the present work we make a first step in this direction by extending the Circular Law to adjacency matrices of
random regular digraphs. For integers n > 1 and d € [n] denote

Ana={Ae€f{0,1}"": Al=AT1=d1}, (1.3)

which is the set of 0—1 adjacency matrices for d-regular directed graphs (digraphs) on n vertices, allowing self-loops.
(Here and throughout, 1 = 1,, denotes the column vector of all 1s.) Given A € A, 4, we denote the normalized matrix

- 1
A= —MA. (1'4)

The main result of this paper is the following:

Theorem 1.2 (Circular Law for random regular digraphs). Assume d = d(n) satisfies min(d,n —d) > logcO n for
a sufficiently large constant Co > 0. For each n > 1 let A, be a uniform random element of A,, 4. Then Wi, = Meirc
in probability.

Remark 1.3. The proof shows we can take Co = 96, but we have not tried to optimize this constant. Various parts of
the argument work for smaller degree, and for the interested reader we state the required range for d in the statements
of the lemmas, sometimes indicating how the range might be improved by longer arguments.
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Remark 1.4. The methods in this paper can also be used to prove the Circular Law for random regular digraphs
with random edge weights, extending the result of [28] to the sparse setting (in fact this is somewhat easier than
Theorem 1.2). Specifically, letting X, be an iid matrix as in Theorem 1.1 with entries having finite fourth moment,
and putting ¥, = ﬁAn o X,, it can be shown that py, — pcirc in probability if min(d,n —d) > logc" n. We do not
include the proof in order to keep the article of reasonable length.

Remark 1.5 (Reduction to d < n/2). From (1.3) we have that 1 is an eigenvector of A, with eigenvalue d (this is
the Perron—Frobenius eigenvalue). A routine calculation shows that if L € C\ {d — n} is an eigenvalue of A, with
nonzero eigenvector v € C", then putting A/ := 11T — A,, we have A, w = —Aw, where

(v, 1)

=w(,v)=v— —1.
w=wd v)i=v A+n—d

Note that w(X, v) =0onlyif A =d and v € (1). Thus, each eigenvalue of — A, (counting multiplicity) is an eigenvalue
of A, with at most one exception, and conversely. In particular, @, and the reflected ESD u_ ; =z (—) differin
total variation distance by at most 2/n. Since [circ 1S invariant under the refection A — —A, in the proof of Theorem 1.2

we may and will assume that d < n/2, as we can replace A, with A}, if necessary.

We conjecture that Theorem 1.2 still holds if min(d, n — d) tends to infinity with n at any speed. For fixed degree
we have the following well-known conjecture.

Conjecture 1.6 ([20]). Fix d > 3 and let A,Sd) € Ay .q be drawn uniformly at random. Then u AD = u%& in proba-
bility, where /L%&, is the oriented Kesten—-McKay law on C with density

1 d2(d—1)
) (o) — e = (1.5)

with respect to Lebesgue measure.

For some numerical evidence supporting this conjecture the reader is referred to [28]. The measure (1.5) is the
Brown measure for the free sum of d Haar unitary operators; see [41, Example 5.5]. Basak and Dembo established
the conclusion of Conjecture 1.6 with A,(ld) replaced by the sum of d independent Haar unitary or orthogonal matrices
[11]. Conjecture 1.6 would follow from an extension of their proof to the sum S,(,d) of d independent Haar permutation
matrices. Indeed, note that S,Sd) is a random element of M,, 4, the set of adjacency matrices for d-regular directed

multi-graphs on n vertices. While the law of S,Sd) and the uniform distribution on A, 4 C M, 4 are different measures,
contiguity results [44] state any sequence of events &, C M, 4 with probability o(1) under the former distribution
must also have probability o(1) under the latter, provided d is fixed independent of n. This allows one to deduce
asymptotic results for A;d) from results for S,(Ld).

A proof of Conjecture 1.6 would require a significantly different approach than the one we take to prove The-
orem 1.2. For instance, to prove Theorem 1.2 we will need to understand the asymptotic empirical distribution of
singular values @ Iy for arbitrary fixed z € C (see Section 7 for additional explanation). In the present
work we do this by comparing with a Gaussian matrix, for which the asymptotics are well understood. However,
when A, is replaced by A;d) the conjectured asymptotic singular value distributions are different, and in particular we
cannot compare with a Gaussian matrix or any other well-understood model.

We mention that in the recent work [10] with Basak and Zeitouni we established the Circular Law for the permu-
tation model S,(,d) (rescaled by +/d) under the assumption that d grows poly-logarithmically as in the present work.
Parts of the proof in [10] follow a significantly different approach from the present paper. In particular, in the present
work the singular value distributions of A, — z for z € C are analyzed by first replacing A, with an iid Bernoulli
matrix B, using a lower bound for the number of 0—1 matrices with constrained row and column sums, and then re-
placing the Bernoulli matrix with a Gaussian matrix using a Lindeberg exchange-type argument (see Section 9). Such
a comparison is unavailable for the sum of permutation matrices. In [10] we derive and analyze the Schwinger—Dyson
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loop equations for the Stieltjes transform of empirical singular value distributions, implementing a discrete analogue
of techniques that were used in [11,39] for the unitary group.

1.2. The smallest singular value

In this section and in the sequel we make use of standard asymptotic notation; the reader is referred to Section 1.4 for
our conventions.

A key challenge for proving convergence of the ESDs of non-normal random matrices is to deal with possi-
ble spectral instability for such matrices. This can be quantified in terms of the pseudospectrum. Recall that the
e-pseudospectrum of a matrix M,, € M,,(C) is the set

Ae(My) = AM)U{ze C\AWM,) : |[(M, —2)7 | =671},

where A(M,) is the set of eigenvalues of M,,. (Here and throughout, || - || denote the operator norm when applied to
matrices.) If the pseudospectrum of a matrix is much larger than the spectrum itself, then the ESD can vary wildly
under perturbations of small norm. For a random matrix M, the pseudospectrum is a random subset of the complex
plane, and we will need it to be small in the sense that

P(zeAg(M,,)) =o(l) fora.e.zeC (1.6)

for some ¢ > exp(—n"(l)). (Here the rate of convergence in the o(1) terms may depend on z.) Establishing (1.6) is a
key step in all known approaches to proving the Circular Law for a given random matrix ensemble (M, ),> (except
in the case of integrable models such as the Ginibre ensemble). See the survey [20] for additional discussion of the
pseudospectrum and its role in proving the Circular Law for random matrices.

Denote the singular values of a matrix M by s1(M) > --- > s,(M) > 0. We can alternatively express our goal (1.6)
as showing that for a.e. z € C,

P(sp (M, —z) <€) =o(1). (1.7)
Establishing (1.7) is an extension of the invertibility problem, which is to show
P(sn(My) = 0) = P(det(M,) = 0) = o(1). (1.8)

The problem of proving (1.8), along with quantifying the rate of convergence, has received much attention for the case
of random matrices with discrete distribution, such as matrices with iid uniform +1 entries — see [23,45,47,71].

The problem of proving (1.7) with M;, = X,, as in Theorem 1.1 (i.e. having iid entries with zero mean and unit vari-
ance) was addressed in works of Rudelson [63], Tao—Vu [72,73] and Rudelson—Vershynin [64]. In particular, through
new advances in the Littlewood—Offord theory from additive combinatorics, for certain random discrete matrices [73]
established bounds of the form P(s,(X,) <n~4) = O~ 8) for arbitrary B > 0 and A = Op(1). This result was
extended in [72] to allow general entry distributions with finite second moment and deterministic perturbations (such
as scalar perturbations as in (1.7)). The work [64] obtained the optimal dependence A = B + 1/2 under a stronger
subgaussian hypothesis for the entry distributions. Recently, this optimal bound was obtained for centered real iid
matrices only assuming finite second moment [62].

The invertibility problem for adjacency matrices of random regular digraphs A, as in Theorem 1.2 was first ad-
dressed in [31], where it was shown that if min(d,n —d) > C log2 n, then

P(s,(An) =0) = O(d™) (1.9)

for some absolute constants C, ¢ > 0. The main difficulties in proving (1.9) over the case of, say, iid £1 matrices are
the lack of independence among entries and the sparsity of the matrix. The author introduced an approach based on a
combination of strong graph regularity properties and the method of switchings.

In its most basic form, one performs a simple switching on a regular digraph by replacing directed edges i; — ji,
ip — jp withedges i1 — j2, i — ji when this is allowed (i.e. when this does not create parallel edges); see Figure 1.
The switching preserves the degrees of all vertices. One can create coupled pairs (A,, A;) of random elements of
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Fig. 1. Two possible configurations of directed edges passing from a pair of vertices {i1, ip} to a pair of vertices {ji, jo} in a digraph, where a
dashed arrow indicates the absense of a directed edge. Note that there may be edges passing from {ji, j»} to {i1, io}, or between i{ and iy or j;
and jp. A simple switching replaces the configuration on the left with the one on the right and vice versa; for any other configuration the simple
switching leaves the graph unchanged.

Au.a by first drawing A, uniformly at random, and then applying several switchings at different 2 x 2 submatrices
of A, independently at random to form A,. Taking care to do this in a way that A, is also uniformly distributed, one
can condition on A, (perhaps restricted to a “good” event on which A, enjoys certain graph regularity properties)
and proceed using only the randomness of the independent switchings. In particular one gains access to tools of
Littlewood—Offord theory. See [31] for additional motivation of the switchings method for the invertibility problem.

The switchings method has long been a popular tool for analyzing random regular graphs — for additional back-
ground see the survey [78]. It has also recently been applied in the random matrix setting in [13—15] to prove local
laws for the empirical spectral distribution and universality of local spectral statistics for undirected random regular
graphs.

Following the work [31], it was shown in [50] that for C <d <cn/ log2 n we have

log®d
Vd

for some absolute constants C, ¢ > 0. Together with (1.9) this shows that A, is invertible with probability 1 — o(1)
as soon as min(d,n — d) = w(1). The work [50] also follows the approach of using random switchings and graph
regularity properties. The key new ingredients are finer regularity properties that apply for smaller degree, as well
as an efficient averaging argument to improve the probability bound. (We make use of a variant of this averaging
argument in the proof of Theorem 1.7 below.) A natural conjecture is that P(s, (A,) =0) =o(1) forall3 <d <n —3,
which mirrors a conjecture by Vu for adjacency matrices of undirected random regular graphs [76].

In the present work we extend the approaches of [31,50] to obtain lower tail bounds on the smallest singular value
of A, — z for arbitrary scalar shifts z € C. It turns out that we can handle a more general class of perturbations; to
describe them we need some notation. First, note that 1 is a left and right eigenvector of A, with eigenvalue d. By a
standard argument using the Cauchy—Schwarz inequality we have ||A, || < d, so that in fact

P(sn(An) = 0) < (1.10)

Anl = A%1 = [|A,|]1 = d1. (1.11)

We will be able to handle perturbations Z € M, (C) that also preserve the space 1, and which have polynomially-
bounded norm on (1)*. For instance, Z could be the adjacency matrix of another regular digraph, either fixed or
random and independent of A,,. For a subspace W C C" we write

IMlw:=|M:W—C"|= sup [Mu]. (1.12)
ueS-1nw

In the statement and proof of the following result we regard n as a sufficiently large fixed integer and give quanti-
tative bounds. As such, we will generally suppress the subscript n from our matrices.

Theorem 1.7 (The smallest singular value). Let 1 <d <n/2 and let A be a uniform random element of Ay 4. Fix
y = 1 and let Z be a deterministic n x n matrix with || Z| qy. <n? and such that Z1 = ¢1, Z*1 = ¢1 for some { € C

with |d 4+ ¢| > n™10. There exists T = O (y log, n) such that

log®!
P(sn(A+2) <n ) <, % (1.13)

for some absolute constant C1 > 0.
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Remark 1.8. We note that (1.13) only gives a nontrivial bound if d > Clog‘! n for some C = C(y) sufficiently
large. The proof shows we can take C; = 11/2, though there is certainly room for improvement. For instance, this
exponent could be lowered using some refined graph expansion and discrepancy lemmas — see Remark 2.4.

For our purposes of proving Theorem 1.2 we only need the following consequence (recall the notation (1.4)):

Corollary 1.9. Assume logci n <d <n/2 for a sufficiently large constant C| > 0, and let A be a uniform random
element of Ay q. Fix z € C. There exists I' = o(logn) such that

P(sp(A—2) <n ") =0.(1). (1.14)

Proof. We may assume n is sufficiently large depending on z. Up to perturbing I" by a constant factor, it suffices to
verify the matrix

Z=—z/d(1—d/n)1,

satisfies the conditions of Theorem 1.7. The condition || Z|| 11 <n” holds with y = 0.51, say, when n is sufficiently
large. Taking { = z+/d(1 — d/n) we have

ld—¢l>d—|z2Wd=d(1—o,(1)) > 00

and the condition on ¢ easily holds when 7 is sufficiently large. The result now follows from Theorem 1.7 and taking
C}=2C1 + 1, say. O

Recently (a few months after this paper was first posted to arXiv) [49] obtained an improvement of Theorem 1.7
(for the case of scalar shifts), showing that for some constants C,c > 0 and any fixed z € C with |z| < d/6, if
C <d < cn/(logn)(loglogn) then s, (A, — z) > n~% with probability 1 — O(log?d/~/d). We also mentioned that
even more recently it has been shown that uniform random adjacency matrices for regular digraphs and undirected
graphs of fixed degree at least 3 are invertible with probability tending to one as n — oo [42,43,54,58].

1.3. Overview of the paper

The first part of the paper (Sections 2—6) is devoted to the proof of Theorem 1.7. In Section 2 we recall some con-
centration inequalities for random regular digraphs from [30] and use these to show that a random element of A4, 4
satisfies certain graph regularity properties with high probability. In Section 3 we describe the general approach to
Theorem 1.7, which proceeds by partitioning the sphere Sg_l into sets whose elements have a similar level of “struc-
ture” (in a certain precise sense that we do not describe here), and separately controlling infycg ||(A 4+ Z)v|| for
each part S of the partition. We then establish bounds on covering numbers for sets of highly structured vectors, and
prove anti-concentration properties for unstructured vectors. In Section 4 we establish uniform control from below
on ||[(A + Z)v]|| for “highly structured” vectors v, and in Section 5 we boost this to control for less structured vectors
by an iterative argument. In Section 6 we obtain control over the remaining unstructured vectors. We mention that in
each of Sections 4, 5 and 6 we make use of a different graph regularity property from Section 2, and all three sections
use coupling arguments based on switchings.

In the remainder of the paper we prove Theorem 1.2. In Section 7 we recall the approach to proving the Circular
Law via the logarithmic potential, and give a high-level proof of Theorem 1.2 using Theorem 1.7 and two propositions
concerning the empirical singular value distributions for certain perturbations of A,. In Sections 8 and 9 we prove
these propositions by a two-step comparison approach, first comparing A,, with a matrix B, having iid Bernoulli
entries, and then comparing B,, (suitably centered and rescaled) with an iid Gaussian matrix G, for which the desired
results are known. The comparison of singular value distributions for A, with those of B, is accomplished using a
conditioning argument of Tran, Vu and Wang from [75], together with a new estimate for the probability that B, lies
in A, 4, proved in Appendix B. For the comparison between B, and G, we use the Lindeberg replacement strategy,
through an invariance principle of Chatterjee (Theorem 9.4). In the Appendix we prove Lemma 8.4, which gives a
near-optimal estimate on local density of small singular values for perturbed Gaussian matrices.
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1.4. Notation

C, ¢, ¢, cp, etc. denote unspecified constants whose value may change from line to line, understood to be absolute
unless otherwise stated. We use the Vinogradov symbol <; thus, f = O(g), f < gand g > f allmeanthat |f| < Cg
for some absolute constant C < co. By f < g we mean f < g < f. The statements f = o(g) and g = w(f) mean
that f/g — 0 as n — oo. We indicate dependence of implied constants with subscripts, e.g. f <y g; by f = 04(g)
we mean f/g — 0 when « is fixed and n — oo, where the rate of convergence may depend on «.

M, (C) denotes the set of n x n matrices with complex entries. For M = (m;;) € M, (C) it will sometimes be

convenient to denote the (i, j)th entry by M (i, j) =m;;. Foriy, ..., ik, j1, ..., ji € [n] we write
My, ...io)x Gt jr) 2= My i i elk) 1 ell]- (1.15)
If one of the sequences (i1, ..., i), (j1,...,ji) is replaced by an unordered set J C [n] then we interpret J as a

sequence with the natural ordering inherited from [1]. We also write M 12 for the (n — 2) x n matrix obtained by
removing rows i1 and i; (assuming i1 7 ip). We label the singular values of M in non-increasing order:

siM) = -+ = 5,(M) > 0.

In addition to our notation (1.1) for the empirical spectral distribution, we denote the empirical singular value distri-
bution by

1 n
vm = 25&.(,‘4). (1.16)
1=

| - || denotes the Euclidean norm when applied to vectors and the £5 — £7 operator norm when applied to ele-
ments of M, (C). Other norms are indicated with subscripts; in particular, | M ||gs denotes the Hilbert—Schmidt (or
Frobenius) norm of a matrix M. We denote the (Euclidean) closed unit ball in C* by B” and the unit sphere by $"~!.
We write C” for the subspace of vectors supported on J C [1], and write B, S/ for the unit ball and sphere in this
subspace. Given v € C" and J C [n], vy denotes the projection of v to C’.1 =1, denotes the n-dimensional vector
with all components equal to one, and consequently 1; denotes the vector with jth component equal to 1 for j € J
and 0 otherwise. We will frequently consider the unit sphere in (1)*, which we denote

Sghi=" )t ={u e ul =1, (u, 1) =0}. (1.17)

It will be conceptually helpful to associate a 0-1 n x n matrix A = (a;;) to a directed graph I'y = ([n], E4), which
we do in the natural way, i.e. E4 = {(i, j) € (n]?: a; j = 1}. Given a vertex i € [n] we denote its set of out-neighbors
by

NaG):={jelnl:aj=1} (1.18)
Its set of in-neighbors is consequently given by N4t (i). For i € [n] and L C [n] we sometimes abbreviate
La(i):=NsG)NL. (1.19)

We denote the out-neighorhood of a set I C [n] by

Na(l) = UNA(i). (1.20)

iel

Given I, J C [n], we denote by

eal, N=>" a (1.21)

iel,jel

the number of directed edges which start in 7 and end in J. For sets J C [n] we will frequently abbreviate J¢ := [n]\ J.
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2. Graph regularity properties

Recall the graph theoretic notation from Section 1.4. In this section we define three collections of “good” subsets of
A4, namely

A€ in), A% (ng, 8), and  AP(k)

whose elements are associated to digraphs enjoying certain graph regularity properties. We will show that for appro-
priate values of the parameters, each of these sets constitutes most of A, 4. The key tools to establish this are sharp
tail bounds for codegrees and edge densities for random regular digraphs that were proved in [30].

For A € A, 4, the number of common out-neighbors |[N4(i1) N N4 (i2)| of a pair of vertices iy, ip € [1] in the
associated digraph is called the out-codegree of iy, i>. By a routine calculation, for a fixed pair {i1, i2} C [n] and
A € A, 4 drawn uniformly at random we have

dd-—1 d?
E|NAG) N NG| = 242D o &

n—1 n

In the proof of Theorem 1.7 we will want to restrict attention to those A € A, s whose out-codegree at a fixed pair of
vertices is not too large. For distinct iy, i» € [n] and K > O define the set of elements of A, 4 having good codegrees

AR (i in) = {A € Apat [NaGi) N Nalin)| < d/4). @D

Lemma 2.1 (Control on codegrees, cf. [30, Proposition 4.1]). Let 1 <d <n and let A € A, 4 be drawn uniformly
at random. For any distinct i1, 17 € [n] and K > 0,

d? K? 42
P(!NA(il) NNa(i2)| = (1 + K);) < exp<—4+ TR 7). 2.2)

In particular, taking K to be a sufficiently large constant multiple of n/d, we have
P(A ¢ A®E(i), ip)) < e 2.3)
for some constant ¢ > 0.

For fixed sets 1, J C [n] and A € A, 4 drawn uniformly at random, the expected number of directed edges passing
from 7 to J in the digraph associated to A is

d
EeA(I,J)=;|1||J|-

In the random graphs literature, a graph for which the edge densities e4 (1, J)/|I]|J]| (for all sufficiently large sets 7,
J) do not deviate too much from the overall density d/n = e ([n], [n])/n? is said to satisfy a discrepancy property.
For ng € [n] and § > 0 we define the set of elements of A, 4 enjoying a discrepancy property:

Adisc(no,3)= m {AGAn,d3 ea(l, J)_£|I||J|
n

1,JClnl:
1,17 |>no

<ai|1||1|}. 2.4)
n

The following is an easy corollary of the main result in [30].

Lemma 2.2 (Discrepancy property). Assume 1 <d <n/2.Let 8 € (0, 1). If (C/8)nd~/* < no < n for a sufficiently
large constant C > 0, then for a uniform random element A € A, 4 we have

P(A € A% (ng, 8)) = 1 — n°W exp(—cs min(d, 8n)).
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Proof. By [30, Theorem 1.5], there is a set Gop C A, 4 with P(A € Gp) =1 — noM exp(—cd min(d, dn)) such that for
any fixed 1, J C [n],

d
IP’<A € Go, leall, J) — ;IIIIJI

d 2d
>8—|I||J|) <2exp| —c6“—|I||J]]). (2.5)
n n
Let ng be as in the statement of the lemma. Applying the union bound over choices of 1, J with |I[, |J| > ng,
disc c n Zd 2 —n
IP’(AGQOOA (no,é))§4 x 2exp| —cé“—ng | <27,
n

where in the last bound we took the constant C in the lower bound on ng sufficiently large. Thus,
P(A € A%C(ng, 8)) > 1 —=P(A ¢ Go) — 27" =1 —n?V exp(—cs min(d, 8n))
as desired. ([

Finally, we will need to show that most elements of .4, 4 satisfy a certain neighborhood expansion property. By
the d-regularity constraint, for any / C [rn] and A C A, 4 we have

INA(D] <dlT].

It turns out that for random regular digraphs and |/| < n/d, this upper bound is not far from the truth. For « € (0, 1)
we define the set of elements of .4, 4 enjoying the “good expansion property”:

AP = () {AeAna: |Nar(D)] > kd| |} (2.6)

JC[n]:
|J|<n/2kd

Lemma 2.3 (Expansion property). There are absolute constants C, ¢ > 0 such that if Clogn <d <n/2, then

IP’(A e Aexp(lofgn)) =1-0(c).

Remark 2.4. While the above will be sufficient for our purposes, we note that Litvak et al. obtained a stronger “log-
free” version in [50] (see Theorem 2.2 there), showing that with high probability one has [N 7(J)| > kd|J| with «
arbitrarily close to one, uniformly over |J| < ckn/d (in fact they allow x — 1 at a certain rate with d). Moreover,
their result holds for all d at least a sufficiently large constant. Using their result in place of Lemma 2.3 would lower
the power of log by 2 in our assumption on d in Theorem 1.7.

Proof. This is essentially a restatement of [31, Corollary 3.7], taking the parameter y there to be x logn. While it
was assumed there that d = w(logn), the proof actually only assumes d > Clogn for a sufficiently large constant
C=>0. (|

By definition, for A € A%*P (k) and a sufficiently small set J C [n], the number of rows of A whose support overlaps
with J is within a factor « of its maximum value d|J|. However, we will also need lower bounds on the number of
rows whose overlap with J has cardinality within a specified range. For J C [#] and r > 1 write

NT D ={iehl: 1< Na@NJ|=<r},
N ={i e [NaG)n | =1},

and similarly define N7 (J), N7 ().
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Lemma 2.5. Let1 <d <n/2,x €(0,1) and A € A¥P (k). Then the following hold-
(1) Forall J C [n] such that |J| <n/2kd,

<r 1
\A@}cm!z(x—-;IT)dU| (2.7)

forallr > 1.
(2) Forall J C [n] such that |J| > n/2«d,

N (D] >n/8 (2.8)
forall 1 <r <kd|J|/4n.
Proof. We begin with (1). Fix such a set J and let » > 1. We have
dlJ|=ea(Ngt(J), J)
= > WMOnI+ Y Nadnd|

ie/\//f{(]) ie./\/:{(])
> (r + DN ()]
> (r+ D(kd|J| = [N (D))

and (2.7) follows upon rearranging.

We turn to (2). Let J and r be as in the statement of the lemma. Let m € (57, 5.7] be an integer, putk = [ |J|/m],
and let Ji, ..., Ji be pairwise disjoint subsets of J of size m. Denote J' = | J;~, J;, and note that |J'| > |J|/2. By our
restriction to A®*P(k), for each [ € [m] we have

Ny (I)| = kdm. 2.9)

Let B be the adjacency matrix of the bipartite graph with vertex parts U = N7(J’), V = [k] which puts an edge at
(i,1) when |[N4 (i) N J;| > 1. From (2.9) we have that the number of edges eg (U, V) in this graph is bounded below
by kdmk. On the other hand,

ep(U, V) <k|{i eU:|Np(@)|>r}|+r|{ieU:1<|Np()| <r}|
<IN (D)|+rn.
Combining these bounds on e (U, V) and rearranging, we have

rn |J]
| :Tr(J)‘dem_TZKdm<l—M>,

where in the second inequality we applied our assumption on r. Now since km = |J'| > |J|/2 we conclude

1
| A>Tr(J)| > El(dm > %

as desired. O
3. Partitioning the sphere

In this section we begin the proof of Theorem 1.7. Throughout this section A denotes a uniform random element
of Ay, 4.
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3.1. Structured and unstructured vectors

A well-known approach to bounding the probability a random matrix M is singular is to classify potential null vectors
v #£ 0 as “structured” or “unstructured”, and use different arguments to bound

P(3 structured v: Mv=0) and P(3 unstructured v: Mv =0).

This approach goes back to the work of Komlds on iid Bernoulli matrices X = (;;), where an integer vector v is said
to be structured if it is sparse, i.e. | supp(v)| < n/10, say. The key observation is that unstructured vectors v enjoy
good anti-concentration for random walks

n
Ri'v=25ijvj, 3.1
j=1

in the sense that R; - v is unlikely to be zero, where R; denotes the ith row of X. On the other hand, while structured
vectors only have crude anti-concentration properties, the set of structured vectors has low entropy (i.e. cardinality),
which allows one to obtain uniform control via the union bound. Later, in [71] Tao and Vu used more complicated
classifications of potential null vectors v € Z" \ {0} by relating concentration properties of the random walks (3.1) to
arithmetic structure in the components of v using tools from additive combinatorics (such as Freiman’s theorem).
This approach carries over to the problem of bounding the smallest singular value. From the variational formula

sp(M) = inf |[[Mu]l,
ueSn-1

if S U---U Sy is a partition of S"~!, then
P(s,(M) <£) < IP( inf || Mul| < e) g IP’( inf || Mul < s). 3.2)
UES] ueSy

The analogue of Komlés’s argument for the invertibility problem was accomplished by Rudelson for a general class
of iid matrices in [63] (see also [64]). There a unit vector is said to be structured if it is close to a sparse vector.
Specifically, for m € [n] we denote the set of m-sparse vectors

Sparse(m) = {v eC": |supp(v)| < m} 3.3)
where supp(v) = {j € [n] : v; #0}, and for m € [n], p € (0, 1) we define the set of compressible vectors
Comp(m, p) =S"~' N (Sparse(m) + pB"), (3.4)

where we recall that B” denotes the closed unit ball in C", so that £ + pB" denotes the closed p-neighborhood
of a set E C C". In [63], (3.2) is applied with N = 2, taking S; to be the set of compressible vectors (with an
appropriate choice of paramers) and S, the complementary set of “incompressible” vectors. As in the invertibility
problem, incompressible vectors enjoy good anti-concentration properties for the associated random walks (3.1),
while the set of compressible vectors has low metric entropy, which allows one to obtain uniform control using nets
and the union bound. Later works of Tao—Vu [72,73] and Rudelson—Vershynin [64] used larger partitions based on
arithmetic structural properties.

In the present work, the distribution of A,, calls for a different notion of structure than those discussed above. In
the work [31] on the invertibility problem for A, an integer vector was said to be structured if it had a large level set.
Thus, for controlling the smallest singular value, we consider a unit vector u € S"~! to be structured if it is close to a
vector with a large level set, and call such vectors “flat”. Alternatively, non-flat vectors are those u € S"*=! for which
the empirical measure % Y71 8u; of components enjoys some anti-concentration estimate; this perspective will be
expanded upon in Section 3.3.
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Formally, for m € [n] and p € (0, 1), define the set of (m, p)-flat vectors

Flat(m, p) =S"" ' n (pIB%" + U (Al + Sparse(m)))
reC

= {u €S"" :3v € Sparse(m), A € C with [|u —v — A1|| < p}. (3.5)
We denote the mean-zero flat vectors by
Flaty(m, p) = Flat(m, p) N (1)~. (3.6)

For non-integral x > 0 we will sometimes abuse notation and write Sparse(x), Flat(x, p), etc. to mean Sparse(|x]),

Flat([.x], o).
Now we state our main proposition controlling the event that ||(A + Z)u|| is small for some structured vector u.
For K > 1 we denote the boundedness event

B(K)={lA+ Z|ly. < KVd} (3.7)

(recall the notation (1.12)). From (1.11), our assumptions on Z and the triangle inequality, B(K) holds with probability
one for K+/d = d + n? . (Sharper bounds than this hold with high probability, but are not necessary for our purposes.)
For much of the proof we will leave the parameter K generic. For K > 1 and m € [n], p € (0, 1), denote

Ex (m, p) = B(K) A {3u € Flatg(m, p) : | (A + Z)u| < pKVd}. (3.8)

Proposition 3.1 (Control on flat vectors). Assume log4 n<d<n/2and1 < K < n" for some fixed yy > 1/2. There
exists I'g < yolog, n such that for all n sufficiently large depending on yy,

IE”(EK (% nFO>> <o, (3.9)
yolog'n

where ¢ > 0 is an absolute constant.

We briefly outline some of the ideas of the proof. As in prior works controlling invertibility over structured vectors,
we will reduce to controlling the size of ||(A + Z)u|| for u ranging over a p-net for the set Flaty(m, p) — that is, a finite
set Xo(m, p) C Flaty(m, p) whose p-neighborhood contains Flaty(m, p). The restriction to B(K) allows us to argue

P(Ex (m, p)) <P(3u € Zo(m, p) : |(A+ Z)u|| <2pKVd).
Applying the union bound,

P(Ex (m, p)) < [Zo(m, p)| egla(l p)IP’(” (A+ Z)u| SZpK\/c_l').
ueXo(m,

In the next subsection we construct such p-nets of controlled cardinality. Our task is then to obtain a strong enough
lower tail bound for |[(A + Z)u||, holding uniformly over fixed u € X(m, p), to beat the cardinality of the net.

It turns out that with no additional information on # we can only beat the cardinality of the net when m is fairly
small (of size m <« d/logn). However, once we have shown Ek (mg, pg) is small for some mg, pg, then when trying
to control vectors in a net Xo(m, p) for Flaty(m, p) with m > mg, we can restrict the net to the complement of
Flato (mo, po):

B(Exm. p)\ Ek (mo. po)) = [Botm.p)] o max - P([(A+2Z)u] <2pKVd).

This additional information that u ¢ Flatg(mg, pg) allows us to get an improved lower tail bound for ||[(A + Z)u||,
which beats the cardinality of the net |1 (m, p)| for m < (d/1og®® n)mg. Assuming d grows at an appropriate
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poly-logarithmic rate, we can iterate this argument along a sequence (my, px) until my > n/log>n as in (3.9). The
values p; will degrade by a polynomial factor at each step, but this is acceptable for our purposes.

We mention that this iterative approach is similar to arguments from [29,65], and to a lesser extent [64,73]. How-
ever, those works concerned matrices with independent entries; consequently, our proofs of lower tail bounds for
[I(A 4+ Z)ul| with fixed u are substantially different, making use of coupled pairs (A, A) formed by applying random
switching operations, and relying heavily on the graph regularity properties from Section 2.

We prove Proposition 3.1 in Sections 4 and 5. In the remainder of this section we develop some useful lemmas
concerning flat and non-flat vectors.

3.2. Metric entropy of flat vectors

In this section we bound the metric entropy of the sets Flatg(m, p) — that is, we find efficient coverings of these sets
by Euclidean balls. The following is a standard fact on the existence of such coverings of controlled cardinality, and
is established by a well-known volumetric argument; see for instance [55], [29, Lemma 2.2].

Lemma 3.2. Let V C C" be a subspace of (complex) dimension m, and let p € (0, 1). There exists a set Xy (p) C
V N B" with |2y (p)| = O(1/p)*™ such that Ly (p) is a p-net for V NB" — i.e. for every x € V N B" there exists
y € Zy(p) such that ||x — y|| < p.

Using this we can show:

Lemma 3.3 (Metric entropy for flat vectors). Let 1 <m <n/10 and p € (0, 1). There exists Xy = Xo(m, p) C
Flatg(m, p) such that | Xo| = O(mipz)m and Y is a p-net for Flaty(m, p).

Proof. Note we may assume that p is smaller than any fixed constant. Consider an arbitrary element u € Flaty(m, p).
We may write

u=v+il+w

for some v € Sparse(m), A € C and |jw| < p.
We begin by crudely bounding ||v|| and |A|. Suppose v is supported on J C [r], |J| = m. By the triangle inequality,
lv+ A1]| <1+ p, and by Pythagoras’s theorem

v+ ALy )12+ [[ALye |2 < (1 + p)2. (3.10)

Ignoring the first term gives

[ 1 2
Al <(1+p) p— Sﬁ (3.11)

by our bound on m and assuming p < 1/2. Ignoring the second term in (3.10) and applying the triangle inequality and
(3.11) yields

m
||v||§1+,0+||)»11||§(1+,0)<1+ m)sz. (3.12)

Denote v := % Z'j:l v; and similarly for w. Since u € Sg_] , we have
O=v+2r+w.
Rearranging and applying Cauchy—Schwarz gives

U+ Al =|w| < p/v/n.



The Circular Law for random regular digraphs 2125
Thus we may alternatively express

u=v—-vl+[@+M1+w]
=v—vl+w (3.13)

with Jw'|| <2p.

In the remainder of the proof we will obtain a 3p-net for Flaty(m, p) from a p-net for the projection to (1) of
Sparse(m) N 2B". Then we will show that we can rescale the resulting vectors to lie in Flaty(m, p) to obtain a 6p-net.
The result will then follow by replacing p with p/6.

By Lemma 3.2, for each J C [n] with |J| = m there is a p-net X;(p) for 2B’ of cardinality o(1/p)*" (by
dilating a p/2-net for B”). Taking the union of these nets over all choices of J € ([r,:z]) yields a p-net X (m, p) for
Sparse(m) N 2B" of cardinality at most (") O(1/p)*" = O (n/mp*)™.

Let '(m, p) denote the projection of X (m, p) to the subspace (1)+. Since projection to a subspace can only
contract distances and cardinalities, X'(m, p) is a p-net for Proj 4y (Sparse(m) N 2B") and |X/(m, p)| < |Z(m, p)|.
Now by (3.13) and (3.12), any element u € Flatg(m, p) is within distance 2p of an element of Proj(l)L(Sparse(m) N
2B"), and hence is within distance 3 of an element of X' (m, p).

Finally, we rescale every element of '(m, p) to be of unit length and denote the resulting set by Xo(m, p). Note
that the rescaling leaves Xo(m, p) C Proj 1 (Sparse(m)). In particular, £o(m, p) C Flato(m, p). Moreover, for any
u € Flaty(m, p) and y € X'(m, p) with |[u — y|| < 3p, it follows that || y|| € [1 — 3p, 1 + 3p], so by the triangle
inequality u is within distance 6p of y/||y|| € Xo(m, p). Thus, Xo(m, p) is a 6p-net for Flaty(m, p) of cardinality
O (n/mp>)™. The result now follows by replacing p with p/6. O

3.3. Anti-concentration properties of non-flat vectors

In this section we observe that the property of a unit vector u € S"~! not lying in Flat(m, p) implies an anti-
concentration property for the empirical measure %Z?zl d8y; of its components. We then show that we can find a

large “bimodal” piece of the empirical measure for such a vector; specifically, we can find two well-separated subsets
of the plane that each capture a large portion of the total measure.
Forv e C", A € C and p > 0 we write

. A 0
E,(\, p) = {]e[n]: vj_ﬁ‘<ﬁ} (3.14)
and define the concentration function
1
Qu(p) := sup —|Ey (%, p)| (3.15)
recn

(as |Ey (A, p)| takes values in the discrete set [n#] the supremum is attained). We remark that Q,(p) is the classical
Lévy concentration function for the empirical measure % Yol Sy

Lemma 3.4 (Anti-concentration for non-flat vectors). Ler u € S"~! \ Flat(m, p). Then Q,(p) <1 — o
Proof. If this were not the case then there would exist A € C such that |E, (A, p)| > n — m. Then taking v = (u —

ﬁkl) E.(r,p)¢ We have that v € Sparse(m), and
1
Uu—v— —)\1” = ‘

1
‘e _u>
NG < Jn Eu(h,p)

which implies u € Flat(m, p), a contradiction. |

<p
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Lemma 3.5 (Existence of a large bimodal component). Let u € S"~! \ Flat(m, p). There exist disjoint sets Jy, Jo C
[n] such that |J\| > m, |J2| >n —m and

14 . .

luj, —ujl > NG Vji€Ji, j2 € ). (3.16)
Moreover, there is a set J|{ C Jy with | J{| > m such that for any 1 <r < min(|J{|, | 2]),

1 1 0 J! J

— == |>—= VvJ/el '), ]y e . 3.17

P Duled vie(l)ue( e

J€J; J€Jy

Remark 3.6. We will later apply the above lemma when studying random variables of the form W, . =
Z;”:l &j(uj —uxz(j), where § = (&1, ..., &) is a sequence of iid Bernoulli(1/2) variables and j > 7 () is a pairing

between 2m distinct elements of [#]. We will think of W,  as a random walk on C with steps u; — uy(;), and use
(3.16) to argue that for certain u this walk takes many large steps and is thus unlikely to concentrate significantly in
any small ball. At some point we will also consider a random walk whose steps are differences between averages of
the components of u over sets of equal size, rather than differences between individual components, in which case we
will need (3.17).

Proof. We observe that for any ¢ > 0,

Qu(e/2) 2 cQule) (3.18)
for some universal constant ¢ > 0. Indeed, letting A € C be such that Q,(¢) = %lEu (A, )|, we can cover the ball
{weC:|w—A| <e} with O(1) balls of radius £/2, and the claim follows from the pigeonhole principle.

Write gx = Q4 (2_1‘) and consider the non-increasing sequence {gx}rez. Since all components of v lie in the unit
disk we have g = 1 for k < —% log, n. Let

ko =min{k : g <1 —m/n}.

Then kg > —% log, n, and from Lemma 3.4 we have ko < [log,(1/p)]. From (3.18),

Gko+1 = Cqrg—1 = (1 —m/n). (3.19)

Let Ao € C such that gg,+1 = %|Eu (ro, 27 k0=1)|. We have

|Eu (Ao, 2_k0)| <ngr, <n-—m.

Taking J; = E, (ro, 27%0)¢ and J, = E, (A9, 2%~ 1) we have | J1| > m, | 2| = ¢2(n —m), and for all j; € Jy, jp € Jo,

Z—ko—l

> P
NN

lujy —uj| =

and (3.16) follows.

For (3.17), let ¢o > 0 be a sufficiently small constant, and divide the complement of the ball B(rg//n, 2750 /\/n) C
C into [1/cq] congruent angular sectors. By the pigeonhole principle one of which must contain at least com of the
components of J;. Taking J{ to be the set of corresponding indices, we can take co smaller if necessary to ensure that
for some open halfspace H C C,

. . . . . 14
dlst(H, {uj:]e]z}), dlst(H‘,{uj:]eJ{})zﬁ.

(3.17) now follows from the above lower bounds, the convexity of H, and the triangle inequality. (|
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4. Invertibility over very flat vectors

In this section we prove the following lemma, which already implies Proposition 3.1 for d > n/log? n, but is weaker
for smaller values of d.

Lemma 4.1 (Very flat vectors). Let 1 <d <n/2 and 1 < K <n" for some fixed yy > 1/2. Recall the events (3.8)
with A € Ay, 4 drawn uniformly at random. For all 1 <m < cd/yylogn we have

P<5K<m, Kc—ﬁ» — 0fed), @1

where ¢ > 0 is an absolute constant.

Here the key graph regularity property will be the control on codegrees enjoyed by elements of the set A% (i, i5)
from (2.1). We need the following variant of a lemma of Rudelson and Vershynin (see [64, Lemma 2.2], [29,
Lemma 2.10]).

Lemma 4.2 (Tensorization of anti-concentration). Ler ¢y, ..., {, be independent non-negative random variables.
Suppose that for some €y, po > 0 and all j € [n], P({; < €0) < po. There are c1, p1 € (0, 1) depending only on po
such that

n
P(Z 7 < cle%n> <. (4.2)

Jj=1

Proof of Lemma 4.1. Let m be as in the statement of the lemma and denote
J— C’
P= Kk m

First we consider an arbitrary fixed vector u € Flaty(m, p). By definition, there exists A € C, v € Sparse(m) and

w € pB" such that u = v + 2=1 4 w. We note that
N

lv+wl>1/2. (4.3)

Indeed, by the triangle inequality,

Z ull = lv+wll=1—v+wl. 4.4)

o[

On the other hand by the assumption u € Sg_l and Cauchy—Schwarz,

n
VR =D vj+wi| < llv+wlvn
j=1
and so
Al < llv+wl.

Combined with (4.4) this gives (4.3).
Let J C [n] with |J| = m such that supp(v) C J. From (4.3),

2 2

NG

< ||v+w||2§mmax uj—
jeJ

B —
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It follows that there exists j; € J with
A - 1
Uj ——|> ——.
T 2ym

On the other hand, since Zje ge lwj |2 < lw||* < p? it follows from the pigeonhole principle that there exists j, € J¢
such that

(4.5)

’ ‘ wpr] = —2
uj,——|=|w; .
R | TR S
By the previous displays and the triangle inequality we have

P 1

1
2ym N Jn—m "~ 4m

Let A € A, 4 be drawn uniformly at random. We form a coupled matrix Ae Ay.q as follows. Conditional on
A, we fix some arbitrary bijection 7 : Ny7(j1) \ Na1(j2) = Ny7(j2) \ N47(j1) (f these sets are empty we simply
set A = A). We do this in some measurable fashion with respect to the sigma algebra generated by A. We let § =
(&)i_, € {0,1}" be a sequence of iid Bernoulli(1/2) indicators, independent of A, and form A by replacing the
submatrix A z(i))x(j,j») With

~ 10 —1 +1
A(t,n<i)>x(./1,jz>=<0 1>+Si <+1 _1) 4.7)

for each i GNAT(jl) \ Nyt (j2).

We claim that A < A. Itis clear that for any realization of the signs & the replacements (4.7) do not affect the row
and column sums, so Ac A,.4. Now note that A and A agree on all entries (i, j) & Na1(j1) AN,7(j2) % {j1, j2}. Con-
ditional on any realization of the entries of A outside this set, from the constraints on row and column sums we have
that the remaining entries of A are determined by the set A 47(j1) \ N47(j2), and similarly the remaining entries of A
are determined by Nzt (j1) \ N31(j2). Na7(j1) \ V47 (j2) is uniformly distributed over subsets of Ny7(j1) AN, (j2)
of cardinality |N7(j1)AN7(j2)|/2. One then notes that for any fixed realization of &, the set N1 (ji) AN 7 (j2) is
also uniformly distributed over subsets of N 47 (j1) AN 47(j2) of the same cardinality. The claim then follows from the
independence of &€ from A.

Denote the rows of A + Z by R;. We have

(4.6)

lujy —

Ri-u=Ri-u+&@uj,—uj). (4.8)

Recall the sets A°%€8(;;, ir) C A 4 from Lemma 2.1. Since A 2 Z we have

IP’(H (A+ 2| < c\/g>
=IE"(|| (A+ Zyu| < c\/g)

~ d
P(AT ¢ A%y, j)) + P(h (A+Zu| < c\/g AT € Ac0tee(jy, J'2)>

~ d
=P(AT ¢ A°®E(jy, o)) + EPg (H (A+2u| < c\/;>]l(AT € A%®E(j), ). (4.9)

For A such that AT € A°%(j;, j>) we have

INATGD \NgT ()| =d — [Nat (1) NN (j2)| = 3d /4.
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Now for any i € Ny7(j1) \ N47(j2), from (4.6) and (4.8) we have

~ c 1
Pe (1R ul<—) <= 4.10
él(ll Ml_\/n_1)_2 ( )

if ¢ > 0 is a sufficiently small constant. From Lemma 4.2 it follows that

~ C/ i . )
P Z R -ul® < —|NAT(j1)\NAT(j2)|> < e~ WNGTUDW,T ()
FEN T GD\N,T () "

SO
~ d
Pg (H (A+2u| < c\/;>]1(AT € A®E(jy, j»))
N~ 2 c*d . .
<Fe| IRl < T J(Nar 0\ Nar (] = 3d/4)

<P > IR -ul® < %lNAT(m \NAT(j2)|>1(|NAT(jl> \Nat(ja)| = 3d/4)
ieN, T GD\N,T(2)
< efcd.

Combined with (4.9) and Lemma 2.1 (applied to AT, which is also uniform over Ay q) we conclude

sup IP<|| (A+ 2| < cﬁ) =0(e™). .11
ueFlaty(m, p) m

Let Xo(m, p) C Flaty(m, p) be a p-net for Flatg(m, p) as in Lemma 3.3. On the event g (m, p) we have |A +
Ziyr = K+/d and || (A + Z)v| < pK+/d for some v € Flatg(m, p). Letting u € o(m, p) such that ||u — v| < p, by
the triangle inequality,

[A+2u| < [(A+Z)v| + [(A+ Z)(w —v)|
<pKVd+pllA+ Z|| e
<2pK+/d.
Thus,
P(Ex (m, p)) <P(3u € Zo(m, p) : | (A + Z)u|| <2pKd).

By our choice of p (adjusting the constant ¢) we have 2pKv/d < c¢+/d/m. Thus, we can apply the union bound and
the estimate (4.11) to conclude

n \" _,
P(EK(m,p)) < 0<m—p2) e

< exp(m log(%) +2m (log(%) + 0(1)) — cd)

< exp(O(yom logn) — cd)

< efcd/Z,

where we have substituted the assumed bound on m and the expression for p. The claim follows. O
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5. Incrementing control on structured vectors

In this section we upgrade the control on very flat vectors from Lemma 4.1 to obtain Proposition 3.1 by an iterative
argument. Note that this step is not necessary for large degrees n/log> n < d < n/2. Whereas Lemma 4.1 was estab-
lished by restricting attention to A € A% (i, i), i.e. restricting to the event that A has controlled codegrees, here
we will use the expansion property enjoyed by elements of A®*P (k) (defined in (2.6)). As in the proof of Lemma 4.1
we will create a coupled matrix A using random switchings. This time the switchings will be applied across several
columns rather than just two. While similar in spirit to the coupling from the previous section, the coupling used here
requires some more care and notation to properly define.

5.1. Neighborhood switchings
Leti ={i,i'} C [n] and let J, J' C [n] be disjoint with |J| = |J’|. Define a mapping
SWitChi’J’J/ : -An,d — -An,d

as follows. For A € A, 4 such that J C N4(i) \ Na(i’) and J' C Na(i') \ Na(i), let A" = Switch; ; ;/(A) be the
element of A, 4 that agrees with A on all entries (io, jo) ¢ {i,i’} x J U J’, and such that

Na)=NaD\I)UJ,  Na(i') = Na(i')\J) U J

Similarly, if J C N4 (") \Na(i) and J' C N4 (i) \Na(i’), let A’ = Switch; ; ;(A) be the element of A, 4 that agrees
with A on all entries (ig, jo) ¢ i x J U J’, and such that

Na()=Na@O\IYUJ,  Na(i')=Na(@)\T)uJ’

Otherwise set Switch; s j7(A) = A. It is straightforward to verify that Switch; ; ;- is an involution on A, 4. We say
that A is switchable at (i, J, J') if Switch; j j(A) # A. See Figure 2.

For & € {0, 1} we interpret Switchj 7,y tomean Switch; ; ; when & = 1 and the identity map when & = 0. We will
later need the following:

Lemma 5.1 (Stability of AP (k) under switchings). Let k € (0, 1) and A € AP (k). Let {({i1, 1}}, Ji, Jl’)};f=1 be a
sequence such that the 2k indices i1, 1|, ..., ix, i € [n] are all distinct, and for all 1 <1 < k we have J; N J| = & and
|Jil = |J]]. Let & € {0, 1}* and put

~

A= (orepk SW1tCh{f I )(A).

(One notes that the operations SWItCh s with | € [k] all commute since the sets {ij, il’}, [ € [k] are pairwise

} Ji,
disjoint, so that A is well defined.) Then A € Ae"P («/2).

OO ... OO
AlE

i i’

Fig. 2. Depiction of the effect of applying the switching operation Switchy; ;; 7 j/ in the digraph associated to a matrix A that is switchable at
({i,i’}, J, J). Here we depict only (and all of) the directed edges from {i, i’} to J U J’; in particular, for the configuration on the left, say, it is
important that there are no edges from i to J' or from i’ to J.
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Proof. Fix an arbitrary set J C [n] with |J| <n/2d. It suffices to show
1
NG ()] = Ey/\/AT(J);.
For any i € N7(J) \ N37(J) we must have i € {i, il/} for some [ € [k] such that & = 1. In the case that i = i;, by

definition of the switching we must have i, € N3r(J), and similarly if i = i; then i; € N3r(J). Since the indices
i1,1}, ..., Ik, i are all distinct, we have

(Nir (D] = Nar(D ANz (D] = [Ny (D] = [Nz ()]
and the result follows upon rearranging. g
5.2. Coupling construction
Let L, L’ C [n] be fixed nonempty disjoint sets. Denote

I=[[n/2]] and I'=[[n/2]+1,2[n/2]] (5.1
and fix a bijection 7 : I — I’. For distinct {i, i’} C [n] define

Gru(ii'y={AeA,q:La(i") =2,

Ly (i) \Na@)| = |LaG)| =1} (5.2)
(recall our notation (1.19)). For i € I we abbreviate
G =G (i. 7)), G () =G r(n@).i).
Note G (i) NG~ (i) = @. Denote
IT(A):={iel:AeG" ()} (5.3)
I"(A):={iel:AcG ()} (5.4)
Let A € A, 4. We define a deterministic sequence J (A) = {J; (A)};c;+(ayur-(a) of subsets of L, and a sequence of

jointly independent random sets J'(A) = {J/(A)}ic1+ayur-(a) in L as follows. For each i € I (A) we set J;(A) =
L 4 (i) and draw

L'y (e (i) \NA(i)>
JI(A A 5.5
a )e( LG )
uniformly at random. For each i € 1~ (A) we set J;(A) = L4 (7(i)) and draw
oy (L’A(o \NA.m(i))) 56
|L (D))l

uniformly at random. Note that |J; (A)| = |J/(A)| for all i € IT(A)U I (A). Let & = (&)ieln € {0, 1} be drawn
uniformly at random, independent of all other random variables. Now set

FL,L/(A) = FL,L’ (A, j/(A), E) = (OieIJr(A)UI*(A) SWitChf;,n(i)},Ji(A),Jl.’(A))(A)' (57)

See Figure 3 for an illustration of the construction. We emphasize that Fy, ;/(A) is not determined by A, as it is also
a function of the random variables [7'(A) and §.

Lemma 5.2. With Fy /(A) defined as above, if A € A, 4 is uniform random then Fy 1/(A) € A, 4 is also uniform
random.
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i (i)

Fig. 3. Depiction of the out-neighborhoods of vertices i, 7 (i) for the digraph corresponding to a matrix A € Gti)=¢ 1.1, (@), where we
only depict the directed edges from {i, (i)} to L U L’. Note that J; = L 4 (i), the set of out-neighbors of i in L, while 7 (i) has no out-neighbors

in L. The set Ji/ is a random subset of L/A (@) \ L/A(i) = L' N (N4 (@) \NA(i)) of size | J;|. In the formation of the coupled matrix Fr 1 (A)
we apply Switch{i P (see Figure 2), or not, depending on the value of &; € {0, 1}, and we do this independently for each i € I (A).
’ ’ e

Proof. That Fy ;/(A) € Ay 4 follows from the fact that the individual mappings Switchi have range in

R AOYN/A
Ay 4. To show F, 1/(A) is uniformly distributed, by the joint independence of the indicator variables &; and the sets
Jl./ (A) conditional on A it suffices to consider only one switching operation. That is, fix i € I and let

{i,m ()}, Ji (A), J{ (A) (5.8)

- Switch?! AegGriHuG (A,
A otherwise.

Furthermore, by the independence of &; from all other variables we may fix & = 1 as the claim is immediate for §&; = 0.
Since i is fixed we will lighten notation by writing i’ = 7 (i), G* =G (), J=J;, J' = J!.
Fix an arbitrary element AV e Ay q. Our aim is to show

P(A* =A%) =P(A = A°). (5.9)
Since A*=A when A ¢ GT UG,
P(A* =A%) =P(A=A" A¢GT UG ) +P(A*=A°|AcGM)P(AcGT)
+P(A*=A"1AcG)P(Aeg).

By symmetry we have P(A € Gt) =P(A € G7). Thus, by subtracting a similar expression for P(A = A®), it suffices
to show

P(A*=A"|AeGT)=P(A=A"|A€G™), and (5.10)

P(A*=A"|Aeg)=P(A=A"| Aecg™). (5.11)
Again by symmetry, it suffices to establish (5.10). Note that

Alio, jo) = A*(io, jo) Vi, jo) & {i,i'} x LUL'. (5.12)
Thus, both sides of (5.10) are zero unless the event

o= {A(io. jo) = A%o. jo) Y(io. jo) ¢ {i.i'} x LUL'}
holds. Our aim is now to show

P(A*=A"|AeGT, &) =P(A=A" | AcG . &). (5.13)
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Now notice that due to the constraints on column sums for elements of A, 4, restricting to the event &y A {A € Gt
fixes all entries of A, A* except for those in {i, i} x L6, where

Ly:= L)AL o(i') = Ly DAL (') = Ly (DAL (1),
and the same is true if we restrict to &g A {A € G™}. Thus, it suffices to show
* _ 40 + _ _ A0 _
P(A(i,i’)XL‘/J = A(i,i/)XLé) | A (S g 5 g()) == P(A(l',l'/)XLE) = A(i,i/)XL6 | A S g N ((:()) (514)
Under the conditioning, the submatrix A ;) L is determined by the random set L} := L', (i) \ L', (i") C L;,, and
similarly A:i,i’)ng) is determined by L'y, = L', (i) \ L;.(i") C L;,. On the event & A {A € G}, since A is uniformly

distributed, L’} is uniformly distributed over subsets of L;, of fixed size r := |L;’\0|. Thus, it suffices to show that on

Eon{AeGT), L'}, is also uniformly distributed over subsets of L of size r.
From the definition (5.5), on £ A {A € G} we have

Liy.=LuJ,

where, conditional on A, J' is drawn uniformly from subsets of L', (i) \ L', (i) = L;,\ L'} of size |L (/)| =: 5, and we
note that s is fixed by the constraints on column sums. From the constraints on row sums we have |L'}| =7 —s. Also,
again by uniformity of A € A, 4, L'} is uniformly distributed over subsets of L, of size r —s. Thus, on &y A {A € Gty
L'i. is generated by first selecting Ly C L, of size r — s uniformly at random, and then adjoining a uniform random
set J' C L\ L'} of size 5. It follows that L'}, is uniformly distributed over subsets of L, of size r, as desired. O

In Lemma 5.4 below we show that when A is drawn uniformly at random, with high probability the number
of random switchings |17 (A) U I~ (A)| that are applied to form Fy ;/(A) is fairly large. To prove this we need a
consequence of concentration of measure for the symmetric group, which will also be used in the proof of Lemma 6.3.

Lemma 5.3. Let S, T be finite sets with m = |S| < |T| and let o : S — T be a uniform random injection. Let
Ti,..., T, CT be fixed subsets and set

Ny =|{i € S:0(i) e Ti}|.

We have EN, = |17| Y ies |Til, and for any § > 0,

82
P(|Ny —EN,| > EN,) §2exp(—4+28EN(,>. (5.15)

In particular, if To C T is fixed and U C T is a uniform random set of size m, then for any § > 0,

m|To| m|To| 82 m|Ty|
P( [|UNTy| — >6——— | <2exp| ————— . (5.16)
|T| |T| 4+25 |T|
Proof. Label the elementsof S, T as S = {s1,...,85n}, T ={t1,...,tn}, and define an N x N matrix M = (m;;) with

mij =1(i € [m],1j € T;).

Letting 7 : [N] — [N] be a uniform random permutation, we have

N
d
Ny = Zmir(z‘).
i=1

(5.15) now follows from a concentration bound for Hoeffding’s permutation statistic due to Chatterjee; see [27, Propo-
sition 1.1]. (5.16) is obtained by setting 7; = Ty for all i € S and noting that U io(S). (Il
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Lemma 5.4. Let k € (0, 1), and assume

<d<“ (5.17)
k2=~ C '
for a sufficiently large constant C > 0. Let L, L' C [n] be fixed disjoint sets satisfying
8 n 32n ,
—<|Ll<—, = <|L|=n (5.18)
K 16d k2d

(note there exist such L, L' if C is taken sufficiently large). Let A € A, 4 be uniform random, and recall the sets I,
I (A) introduced in (5.1), (5.3). We have

P(|77(A)| < ckd|L|, A € AP (k)) < exp(—ckd|L]) (5.19)
for a sufficiently small constant ¢ > 0.

Proof. We will use Lemma 2.5 and the row-exchangeability of A.
Let » > 1 to be chosen later, and denote

L) =NFOANGL), @A) =N (L ANA@) \Nyr (L)

(recall our notation from Lemma 2.5). Note that if i € I is such that i € I,(A) and 7 (i) € I[(A;i), then i € IT(A).
Indeed, from 7 (i) € 1/(A; i) we have (i) ¢ Ny7(L), i.e. La(7(i)) = &, and

|ILy (e @)) \NAG@)| > r > |LaG)| > 1.

(So far we have not used the disjointness of I,.(A) from /\/;‘ZTlL/l/ 2(L’ ); this will be needed below to obtain a lower
bound on the size of I,/(A; i).) Thus, setting

XA ={ieINI(A):7(i) € I[(A;i)}
it suffices to show
P(|1F(A)| < ckd|L|, A € A™(k)) < exp(—ckd|L]). (5.20)

For the remainder of the proof we restrict to the event {A € A®*P(k)}; note the rows of A are still exchangeable
under this restriction. First we use Lemma 2.5 to prove bounds on the sizes of I, (A) and I/ (A; i). From Lemma 2.5(1),
by our upper bound (5.18) on |L| and taking

r>2/k (5.21)
we have

VAT (D) = wdILI/2.
Furthermore, from

L ’
L N L) < enlo, 1) = ||

we have |N§T‘L/|/2(L’)| < 2d. Then from the lower bound on |L| in (5.18) we conclude

|1.(A)| = kd|L|/2 — 2d > kd|L|/4. (5.22)
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Now let i € I,(A). Since i ¢ N'AF1/(L') we have

|L'\Na()| > |L'|/2.
Now from our assumption (5.18) it follows |L'| > n/kd, so |L' \ Na(i)| > n/2«d. Thus, taking

kd|L'|
8n

r=

(5.23)

we have r < «d|L'\ N4(i)|/4n, and we can apply Lemma 2.5(2) to obtain
N (L'\Na()| > n/8.

Our lower bound on |L'| in (5.18) implies there exists a choice of r satisfying both (5.21) and (5.23). We henceforth
fix such a choice of r. Since [N 7(L)| <d|L| < n/16, we conclude

|I/(A; )] =n/16 Vi eI(A). (5.24)

Next we argue that
1
IP’<|I,(A) NnI|< %Kd|L|> < exp(—ckd|L|) (5.25)

(recall our restriction to the event {A € A®*P(k)}). Let us condition on the size of I,(A). Note that the rows of A
are exchangeable under this conditioning and the restriction to {A € A%*P(k)}. Thus, I,(A) is a uniform random
subset of [n] of fixed size at least kd|L|/4, and (5.25) follows from (5.16) (with § = 1/4, say) and the fact that
1= (/2] = n/4.

Now we may restrict to the event {|/.(A) N [| > %Kd|L|}. We condition on I, (A) N I and write m = |I,(A) N I|.
We will be done if we can show

ie L. (ANT:7G) el (A} > kd|L| (5.26)

except with probability O (exp(—cxd|L|)). Under all of the conditioning we still have that the rows of A with indices
in (I, (A) N I)¢ are exchangeable; thus,

P(|{i e (A NT:7@) e I)(A;D)}] < cxd]|L))
=P(|{i e (A NI:7() eo(I/(A;D))}] <ckd|L]),

where o is a uniform random permutation of (/.(A) N I)¢, independent of A under the conditioning. We condition on
A and proceed using only the randomness of . Note that the restriction of o ~! o 7 to I,(A) N I is a uniform random
injection into (I (A) N I)“. We have

1
E|{ie1,(A)m1;n(i)ea(l;(A;i))}}=m > |rAs| > m,
iel,(A)NI

where we used (5.24) and the fact that |1, (A)| < |N47(L)| <d|L| <n/16. Applying Lemma 5.3 with S = I, (A) N I,
T=(AND T =1I(A;0), o lo 7|1, (a)n1 in place of o, and § = 1/2, say, we conclude (5.26) holds except
with probability

O (exp(—c'm)) = O(exp(—ckd|L]))

as desired. O
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5.3. Incrementing flatness

Now we use the coupled pair (A, F ;/(A)) from Lemma 5.2 to boost the weak control on structured vectors in
Lemma 4.1 to the stronger control of Proposition 3.1. We do this by an iterative application of the following:

Lemma 5.5 (Incrementing flatness). There is a constant co > 0 such that the following holds. Fix yo > 1/2 and let
1<K <n". Letk € (0,1) and assume 1/(cofc)2 <d <cokn. Let

ePE <p ol =me (527)
chK d
and let p’, m’ satisfy
, ()] ’ C()Kd
O<p <|—)p, m<m < | ———5—|m. (5.28)
Kn yolog“n
Let A € A, 4 be drawn uniformly at random, and recall the events (3.8). We have
P(Ex (m', p') A Ek (m, p)° A {A € AP (k)}) < exp(—coxdm). (5.29)
We remark that at least one of the assumptions (5.27) and (5.28) on m, m’ is vacuous unless
Y0 2 3
—log"n <d < cpkn. (5.30)
CoK

As in the proof of Lemma 4.1 we will combine anti-concentration bounds for the images (A + Z)u of fixed unit
vectors u with a union bound over a net for the possible choices of u. The main idea is that removal of the event
Ek (m, p) lets us reduce consideration to u ¢ Flat(m, p), leading to improved anti-concentration, while restriction to
Ex (m’, p’) lets us consider only u € Flaty(m’, o), leading to improved metric entropy.

Proof. Let ¢y > 0 to be taken sufficiently small. Let m, m’, p, p’ be as in the statement of the lemma.
For fixed u € S"~! and ¢ > 0 define

Clu,t):={Ap € Apq:|(Ao+ Z)u| <t}. (5.31)

We first use the couplings (A, Fy, 1/(A)) from Section 5.2 to show that

d
sup IP’(A € C(u, copy/ ﬂ) N AEXP(K)> < exp(—cokdm) (5.32)
ueS"—1\Flat(m, p) n

if co > 0 is taken sufficiently small. Fixing an arbitrary element u € S"~! \ Flat(m, p), we can apply Lemma 3.5 to
obtain disjoint sets L, L’ C [n] with |L| > m and |L’| 3> n — m > n such that for any nonempty sets J C L, J' C L’
with |J| = |J'|,

IIEDNT

jeJ jeJ’

>

0
> m (5.33)

By deleting elements we may take |L| = |cm] and |L’| = [cn] for some constant ¢ > 0.
Now let A = Fr, 1/(A) be as in (5.7). By Lemma 5.2 we have Zfi A, so

IP’(A € C(u, 0P/ Kd—m) ﬂAeXp(K)> =IP’<Z€ C(u, Cop/ Kd—m), Ac AeXp(K)>.
n n
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From (5.7) and the fact that the switching mappings are their own inverses it follows that
— stohbi P
A= (OiGIJr(A)UI*(A) SWltCh{;,n(i)},Ji,Ji/)(A)'

From Lemma 5.1 we deduce that {A € AP (k)} C {A € A%P(k/2)}, so

P(A € C(u, Copy/ Kd—m) ﬂAeXP(K)> < P(Ze C(u, copy/ Kd—m), Ae AexP(K/2)>.
n n

For the right hand side, letting ¢’ > 0 a sufficiently small constant and applying the union bound,

P(Ee C(u, copy/ /chm> Ac AeXp(K/2)>
< P(Ze C(u, copy/ /cd_m>’ |17 (A)| > c’;cdm) +P(A € A% (k/2),
n

By our assumed bounds on d and m and taking cg, ¢’ sufficiently small we can apply Lemma 5.4 to bound the second
term above by O (exp(—c’kdm)). Thus, taking cy < ¢/, to obtain (5.32) it suffices to show

IE”(Z € C(u, C0P4/ /cd_m)’ }I+(A)| > cokdm> KL exp(—cokdm). (5.34)
n

Condition on A satisfying |/ FT(A)| > coxdm, and consider an arbitrary element i € I7(A). Writing R;, 1?; for the
ith rows of A + Z and A + Z, respectively, we have

ﬁ,.zRi+g,.<Zu,._Zuj).

jed! Jjed;

IT(A)] < kdm).

From (5.33) it follows that
Pe (1R -ul < 2= ) <172, (5.35)
i Sﬁ —

By independence of the components of & we can apply Lemma 4.2 to obtain that if ¢g is sufficiently small,

n
Ps(”(;{-{- Z)u” = Cop,/ KdTm) =P (Z |§i ul? < c%p%cdm/n)

i=1
< PE( Y IRiul < cop2|l+<A>}/n)
iel+(A)
52_|I+(A)| fe_COKdm.
Undoing the conditioning on A we obtain (5.34), and hence (5.32).
By Lemma 3.3 we may fix a p’-net o = Xo(m’, p’) C Flato(m’, p’) for Flatg(m’, p’) with |Zo| < O(n/m’p>)™ .

By definition, on the event Eg (m’, p’) we have A € C(u, p' K +/d) for some u € Flaty(m’, p’). Arguing as in the proof
of Lemma 4.1 it follows that A € C(u’, 2p’ K /d) for some u’ € X¢. Thus, by our assumption p’ < p/2,

P(Ex (m', p') A Ek (m, p)° A{A € AP (k) })
< Y P(Exm. p)° A{A €Cu, 20’ KNd) N A (x)})

ueXy

< Y P(AeC(u.20'KNd) N AT(k)). (5.36)

ueXo\Flatg(m, p)
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Now by the assumed bound (5.28) on p’/p, we have 2p’K Vd < cop~Jdm[n for all n sufficiently large, and hence

d
C(u, 2,07(«/3) - C<u, copy/ ﬂ)
n

for any u € S"~!. Next note that
o \ Flato(m, p) € Sp~' NFlat(m’, p') N Flat(m, p)° € S"~' \ Flat(m, p).
Thus, we can apply (5.32) to each summand in (5.36) to bound

]P’(SK(m’, ,0’) AEx(m, p)° A {A € AGXP(K)})
< | Xl exp(—coxdm)

m
n
< 0<m’ /2> exp(—coxdm)
0

<exp(O(m'log(n/p")) — coxdm)
< exp(O(m'(log(Kn) +1log(1/p))) — coxdm)

< exp(O(m'yolog?n — cokdm)

1
<exp <— Ecoxdm> ,

where in the fifth and final lines we applied the upper bounds (5.28), and in the sixth line the lower bound (5.27) on
p. The result follows by replacing ¢y with 2cp. (|

Proof of Proposition 3.1. We may and will assume throughout that n is sufficiently large depending on yy. Since
Lemma 4.1 already implies Proposition 3.1 when d >> n/log? n, we may assume
n

d< .
~ log’n

(5.37)

In the sequel, we will frequently apply the observation that the events g (m, p) are monotone increasing in the
parameters m and p.
For k > 0 set

'd k
m = <c73) . pri=n 00k (5.38)
volog’n
where ¢’ > 0 is a sufficiently small constant, and denote
& = Ek (i, pr)-

Note that the sequence my is monotone increasing (if n is sufficiently large) by our assumption d > log* n. From
Lemma 4.1 and monotonicity,

P(&r) = 0(e™). (5.39)

Let k* > 0 be the integer such that

Mpx < % < M4, (5.40)

where the constant ¢ is as in Lemma 5.5.
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Let us denote k¥ = ¢/ logn for a sufficiently small constant ¢ > 0. By (5.37) we have d < cokn for all n sufficiently

large. Also by (5.37),

1

con 2
— >cplog”n > ——
d cok

for all n sufficiently large, so the range for m in (5.27) is nonempty. From the definitions of k* and m; we have

logn

k* .
< logd

Let m’ > con/d to be specified later. By the union bound and monotonicity of £k (m, p) in m and p,

k*
P(Ex (m', pre12)) <P(A ¢ A (1)) + P(E) + Y P(Exs1 AEL A [A € A (k)
k=1

+P(Ex (M, preg2) A Efuyy A{A € AP (0)}).
From (5.41) and the assumed lower bound on d we have
pre+1 =0 1EED > exp(—y10g? )
for all n sufficiently large. Thus, taking
, c(z)cn con cokd

wlog’n d  ylog n

we can apply Lemma 5.5 to bound
P(Ex (m', pres2) A Efeiy A{A € AP (0)}) < exp(—c%rcn).

From monotonicity of Ex (m, p) in m and (5.40),

IP’(EK (m’, ,Ok*+2) AExk <%, pk*+1) A {A € .Ae"p(ic)}) < exp(—c(z)/cn).

For each 1 < k < k*, since p; > pr++1 we can also apply Lemma 5.5 to bound
P(Ex41 AEE A {A € A™P(k)}) < exp(—coxdmy).
Assembling the bounds (5.42), (5.39), (5.43), (5.44) and applying Lemma 2.3 we conclude

k*
P(gK(mly,Ok*+2)) < e—cd_,’_e—cn/logn+Zexp(_COKdmk) Se—cd/Z‘
k=1

Since pprqo = n 1K +2) — ;—O0(nlogan) by (5.41), the claim follows after adjusting c.

6. Invertibility over non-flat vectors

(5.41)

(5.42)

(5.43)

(5.44)

In this section we conclude the proof of Theorem 1.7. Throughout this section A and Z are as in the theorem statement.
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6.1. An averaging argument

The aim of this subsection is to establish Lemma 6.2 below, which essentially reduces our task to bounding the
probability that the difference between two rows of A + Z has small inner product with a fixed unit vector. The
statement and proof were inspired by arguments in [50] for the invertibility problem, which in turn are an intricate
refinement of a basic averaging argument that goes back to Komlés in his work on the invertibility of random +£1
matrices with iid entries [46].

Definition 6.1 (Good overlap events). For iy,i> € [n], £ > 1 and p,t > 0 we define O;, ;, (£, p,t) to be the event
that there exists u € Sg_l and disjoint sets L1, Ly C No(i1) AN (i2) such that the following hold.:

(D) [Lil=1L2 = ¢,

(2) luj, —uj2|.z- %foralljl €Ly, jpeLy,

3) A+ 22| < 2, and

@) |(Ri, + Riy) -ul < .

Recall our notation A% for the matrix obtained by removing the rows with indices i1, iz, and write (AU for the
sigma algebra it generates. Crucially, we note that O;, ;, (€, p, t) isa (A1) measurable event. Indeed, conditioning

on AU fixes R; + Ry, and Na(i1) ANa(i2) by the constraint on column sums.
For each pair of distinct indices i1, i € [n] we choose a (A(" *12))—measurable random vector

pni2) ¢ Sg—l
and (AU measurable sets
Ly(i1,12), L2(i1, i2) C Na(i1) AN (i2)

whic_h, on the event O;, ;,(t, p, L), satisfy the properties' (])—(4) stated for u, L1, Ly; off this event we define
w1 L1 (iy,i2), and Ly (i1, i2) in some arbitrary (but (A% -measurable) fashion.

Informally, O;, ;, (£, p, T) is the event that there is a unit vector which is “almost normal” to the span of the n — 1
vectors {R; i ¢ {i1,i2}} U{R;, + R;,}, and which also has “high variation” on /_\/A(il)ANA (i2). The key property
of uli1-12) L1(i1,i2), and Ly(iy, i2) is that they are fixed upon conditioning on AUL2) We will eventually be able to

restrict to these events with parameters £ > d/ logo(l) nand p,t > n= 0,
Form > 1 and p,t > 0 we define the good event
t
Gm,p,t)= {Vu, v € Flaty(m, p), min(“ (A4 Z)ull, ||[(A+ Z)*v”) > T} 6.1)
n

Recall also the set A% (ng, §) C A, 4 from (2.4).

Lemma 6.2 (Good overlap on average). Let 8/ci <d <n/2 and 8n/d < m < cin for a sufficiently small constant
c1 >0, and put € = \md/(8n)|. Then for all p > 0 and 0 < t < n~'° we have

L disc ﬂ l
P(Q(m,p,t)A{Sn(AJrZ)Sﬁ,AeA (82)})

R - 8t
== > P(Oil,iz(a p/2,1) A {!(Ril — Riy) - u?| < ;}) (6.2)

i1,ip=1

Proof. Suppose the event on the left hand side of (6.2) holds. Let u, v € S"~! be the eigenvectors of (A + Z)*(A+ Z),
(A+ Z)(A + Z)*, respectively, associated to the eigenvalue s, (A + AL By our hypotheses and (1.11) we have

A+ 2" (A+Z)1=(A+Z) A+ Z)1=|d + ¢ 1.
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Then since

t
sn(A+Z>sﬁ<n-1°s|d+c|,

it follows that u and 1 are associated to distinct eigenvalues of (A + Z)*(A + Z) and hence u L 1; we similarly have
v L 1. Thus, we have located u, v € Sg_l such that

[(A+ Z)u

’

[(A+2)*y| < \/Lﬁ

Furthermore, by our restriction to G(m, p, t) we have that u, v € Sg_l \ Flat(m, p).

Our next step is to find a large set Z*(u, v) of pairs of row indices (i1, i) for which O, ;, (£, p/2,t) holds, and for
which |v;; — v;,| is reasonably large. We begin with the former — that is, counting pairs of row indices that are “good”
for u. By Lemma 3.5 there are disjoint sets Ji, J» C [n] with |J1| > m, |J2| > n — m such that

0
Uiy, —Uj| = ——
|./1 /2|—2ﬁ

Let us take the constant ¢y sufficiently small that |J>| > m. For « = 1, 2 put

VjiielJi, pe . (6.3)

3d
10w = {i €ln]: Na() N Jo| < E|J(,[|}.

By our restriction to A% (m /8, 1/2) we have |I£(u)| >n —m/8 for « = 1, 2. Indeed, if this were not the case we
would have |I£(u)c| >m/8, so

3d , 3d
EIIS(M)CIIJaI > ea(19)", Jo) = 120(:) INAG) N | > %|1§(u)0||J,,,|,
ielyu)°

a contradiction. Now for o € {1,2} and i € [n] put
X d ,
Iy(usiy) = {i €\ (i1} : [Na@ NNaGD N | = [ Na (i) mJa|}.

Fori; € Ig(u) we have

3d
INAGDE N | = (1= 22 )1 Jul = 2,
2n 4

where in the last inequality we applied our assumption d < n/2. Thus, using our restriction to A%Y¢(m /8, 1/2) and
arguing by contradiction as above, we find that |1, (u;i1)| >n —m/8 for « € {1,2} and any i| € Ig(u). Setting

d
Zo(u) = {(il,iz) € [n]*: [Naia) NNAGD N Jo| > ’g—n}

we have
2
0= X ]z (n-) =22
ireld(u)

Setting Z (1) := 71 (u) N I (u),

[Zw)| < [Tiw)| + |Za)¢| < 2% = % (6.4)
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Now for each @ = 1,2 and (i1, i2) € Z(u), since
. e md
|NAG2) NNAGD N Ty | = o =t

we may select a subset L (i1,i2) of cardinality £. We have that L|(iy,i2), L}(i,i2) are disjoint subsets of
N4 (i1) AN (i2) such that

Y . .. . ..

lujy —ujpl = T Vji € L (i1, i2), jo € L5(i1, i2). (6.5)

N

Furthermore, for each (i1, i2) € [n]?,
A+ 22l < A+ 2] < =
and

2
|(Ri, + Riy) - u| < |Ri, -ul +|Ri, - u| <2|(A+ Z)u| < 7%

Thus, u, L (i1, i2), L, (i1, i2) satisfy the conditions on u, L1, L5 in Definition 6.1, and it follows that O;, ;, (¢, p/2, 1)
holds for each (i, i) € Z(u).

Now we count pairs of row indices that are “good” with respect to v. By Lemma 3.4 and the fact that v € S"~1 \
Flat(m, p) we have that for any i € [n],

|Ey(viy /1, p)°| = {i € [n]\ {1} : vy, —vil = %} >m. (6.6)
Setting

T*(u, v) 1= {(il, i2) € T(u) : vy, — viy | = %} (6.7)
from (6.6) and (6.4) we have

|I*(u,u)|zmn—%=%. (6.8)

Fix (i1, i2) € Z*(u, v). By several applications of the fact that O;, ;, (¢, p/2,t) holds and the Cauchy—Schwarz
inequality,

n
Zgi R; - ul-i2)

i=1

Z iR - u i)
ie[n]\{i1,i2}
2 |00 R+ 1R ] — 4+ 20000

# > [v*(A+ 2)| = |v*(A+ Z)ul)| =

> \(iilRil +vi2Ri2) : u(i]’i2)| -

_ _ . 1
> |(Wiy Riy + Vi, Riy) - u) | — Jn

1, _ _ i _ — i1,i 4
— E‘(vil + Uiz)(Ril + Riz) _u(u,tz) + (Ui1 _ Uiz)(Ril _ Riz) .u(u,zz)| _ ﬁ
1 o - t
> 5| @i, = U)(Riy — Riy) R — (R + Rip) - u )| — Wi
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= §|(vil Uiz)(Ril - Riz) ~u(11v12)|

S 3t
= 2\/_|(Rzl Riz)'u(ll’12)|—ﬁ.

Rearranging we have

;o 8t
|(Ri1 - Riz) . M(Il’l2)| <—.
0

In summary, we have shown that on the event

1
G(m, p, t)A{sn(A+Z)<7 AE.AChSC<nS1 2)}

the event O;, ;, (£, p/2,t) AM{|(Ri; — Ri,) - ul12)| < 8¢/ p} holds for at least mn /2 pairs (i1, i) € [n]? - that is,

di m 1
)

n
. 8t
<> 10[1,52<e.p/2,f>1(|(Ri1 — Riy) -u?)| < ;)'

i1,ir=1
The bound (6.2) now follows by taking expectations on each side and rearranging. (]
6.2. Anti-concentration for row-pair random walks
The aim of this subsection is to prove the following:

Lemma 6.3. Assume 1 <d <n/2. Let iy, i, € [n] distinct, and suppose the event O;, ;, (£, p, t) holds for some £ > 1,
p,t>0.Then forallr >0,

- - | .
P(|(Ri, — Riy) -u12) | < r|A02)) « (1 + —r“/_) (L(Z/p)) +eet, 6.9)

We will need the following standard anti-concentration bound of Berry—Esséen-type; see for instance [29,
Lemma 2.7] (the condition there of x -controlled second moment is easily verified to hold with ¥ = 1 for a Rademacher
variable).

Lemma 6.4 (Berry—Esséen-type small ball inequality). Ler v € C" be a fixed nonzero vector and let &y, ..., &, be
iid Rademacher variables. Then for r > 0,

r+|v
supP(z+Z$]v] )<< ﬂ
zeC

po vl
Proof of Lemma 6.3. By symmetry we may take (i1, i2) = (1,2). We condition on a realization of A2 satisfy-
ing the event O12(¢, p, t) for the remainder of the proof. For ease of notation we will write u, L1, L instead of
w2 1, (1,2), L>(1,2). Note that conditioning on AW fixesu, Ly, Ly. Let r >0 be arbitrary. Our aim is to show

12
P(/(Ry = Ro) -u| =7 ] A1) « (1 + %) (M) et (6.10)
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We now construct a coupled matrix Ae Ay on an augmented probability space. Under the conditioning on A2,
by the constraint on column sums the only remaining randomness is in the submatrix A q 2)x A7, (1)AN, (2)- We create
A by resampling a sequence of 2 x 2 submatrices of this submatrix uniformly and independently. Specifically, we
fix a bijection 7 : L| — L in some arbitrary (but measurable) fashion under the conditioning on A% and let
&§=(¢ '}:1 be iid Rademacher variables independent of A. Conditional on A, for each j € L such that

1 0) (0 1
A(l,z)xo,n(n)e{(O 1>,(1 0)} (6.11)

we put

~ 1 0 0 1
A(l,2)><(j,7r(j))=(0 1>ﬂ(€j=+1)+(1 O>ﬂ(€j=—1);

if (6.11) does not hold then we set K(I,Z)x(j,n'(j)) = A(1,2)x(j,x(j))- Finally, we set X(i, Jj)=A(, j) forall (i, j) ¢
{1,2} x L1 U Ly. Note that Ay 2)x A/ (1)aN,(2) 1S generated by first sampling A (1 2)x A/, (1)AN;, (2) Uniformly under
the conditioning on A2), and then independently and uniformly resampling the 2 x 2 submatrices A 2)x(j,z(j))- It

readily follows that A(l 2)x[n A(l 2)x[n] conditional on AlLD . Denoting the first two rows of A + Z by Rl, Rz, by
replacing A with Ain (6.10) 1t suffices to show

- o~ 12

P(|(Ri — Ry -u| <r | A0?) « ( rf) (Lg(z/p)) +e e, 6.12)
Define

Ly =L (A):={j €L : (6.11) holds). (6.13)

Using this set we can express the dot products ﬁl -u, R» - u in a manner which exposes the dependence on the
Rademacher variables &;:

Riu=z21(A)+ ) ujlE=+1) +uz(jlE; =—1),
JjeL]
Ry-u=2(A)+ ) ux(jl =+ +u;1; = —1),
JjeL]
where z1(A), z2(A) € C denote quantities that depend only on A. Subtracting we obtain
(R = R) - u=2(A) + Y (= uz(j))L(E; = D) + () —uj)LE; = 1)
JjeL]
=z2(A)+ )W), (6.14)
JjeL]

where 9; (1) :=uj — uz(j) and z(A) depends only on A. Since 77 (j) € L; foreach j € L} C L| we have

P . ’
— <|9jm)| <2 Vjel;. 6.15
N 9 (u)| < JeL; (6.15)
Our first task is to show that |L}| > ¢ with high probability in the randomness of the first two rows of A. The
conditioning on A% has fixed all entries but the submatrix A2 x Ny (AN, (2)» and has also fixed m := [Ny (1) \

Na(2)|. Moreover, the submatrix A 2)x A, (1)aN,2) i determined by the set N4 (1) \ N4 (2), which is uniformly
distributed over subsets of A4 (1) AN (2) of size m. Define

L{=Na()NL;, Ly=Ns2)nnx(L])CL,. (6.16)



The Circular Law for random regular digraphs 2145

We have |L)| > |L]|; indeed, L is the image under 7 of the elements of j € L; for which the first alternative in (6.11)
holds. Now we obtain a high probability lower bound on |L]]| by two applications of the bound (5.16) in Lemma 5.3.
Applying (5.16) with T = Na() AN 4(2), U = Na(1) \ Na(2), To = L1 and § = 1/2 (say) gives

P(|L]| > €/4) > 1 — 2exp(—c¥). (6.17)

Next, conditional on L we can apply (5.16) again with T = (N4 (1)ANA(2)) \ L1, U = (Na(2) \ Na(D) \ Ly,
To =n(LY) and § = 1/2. With these choices we have

"

|T|=2m — ¢, \Ul=m— (¢—|L]]), |Tol = |L]|

so on the event |L7| > £/4,

|UIITo| _ m—£€+|L]|

> max(m — €, €/4) ¢

"
T T am—e D m a0t
and we obtain
//
P(|L}] = ct)1 (|L”|>£/4)>IP’<|L ;"’2”‘;—+|L|L”|>1(|Lf|zz/4)

>1—2exp(—ct)
for a sufficiently small constant ¢ > 0. Combining this bound with (6.17) and the lower bound |L’1| > |L’2/ | we obtain
P(|Ly|=ct) =1-0(e™) (6.18)
as desired. We henceforth condition on a realization of A satisfying |L’1| > c£. Now it suffices to show
log(n 172
IP’(|(R1 Rz) u| < r) < <1 + f) (#) . (6.19)

At this point the only randomness is in the Rademacher variables &;.
Next we locate a large subset of L’1 on which the discrete derivatives d; (u) have roughly the same size. For k > —1
define L® = {j e L} : 27**D <13, ()| < 27%}. From (6.15) we have

O(log(n/p))

k
e | L®
k=1

so by the pigeonhole principle we have

14

LY = |L®|» ———
L= oo

(6.20)

for some k. Now define v € C" to have components v; = 3;(u)1(j € L*). From (6.15) and the fact that the compo-
nents of v vary by a factor at most 2 on L* we have

1
IvjlzmaX<%,§llvlloo) VjelL”. (6.21)

From this we obtain

W12y P 4 172
Iz > <log(n/p)) (022
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and
20wl (logn/p)\'"?
oo = 775 ; ol (6.23)
From the expression (6.14), we condition on the variables (§;) j¢z+ and apply Lemma 6.4 to get
P(Ej)/eL*( (Ri — Ry - ul<r) < sup]P’( i+ Z §j9j )| = r>
' zeC T
jeL
n
= sup[P’( z+ Zéjvj < r)
zeC i—1
j_
vl
ol vl
rn (log(n 12
<<<1+ f)( g( /p)) .
0 0
Undoing the conditioning on (§;) j¢1+ gives (6.19) as desired. O

6.3. Conclusion of proof of Theorem 1.7

Fix y > 1 and let C1,I" > 0 to be chosen sufficiently large. We may and will assume that # is sufficiently large
depending on y. We may also assume

d >1og*' n (6.24)

as the desired bound holds trivially otherwise.
From our hypotheses, (1.11) and the triangle inequality

IA+ Z|| e <d+n” <2n” <n’*!

with probability 1. Thus, we may restrict to the event B(n”+1/2). Set

cn

m (6.25)

- ylog*n

for a sufficiently small constant ¢ > 0. With this choice of m and the lower bound (6.24), taking C; sufficiently large
(C1 = 4 will do), we can apply Lemma 2.2 to bound

P(A ¢ Adisc(%’ %)) < nOW,—cd. (6.26)

Furthermore, recalling the events (6.1), by applying Proposition 3.1 to A + Z and (A + Z)* and taking the union
bound we have

P(G(m,n~ "0, n TH2)) > 1 —2e7d (6.27)
for some I'g < y log, n, as long as
n T <nTopr+12/4.

We assume henceforth that I" > I'g, so that (6.27) holds.
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In view of (6.24) and (6.25) we can apply Lemma 6.2 (taking I" > 10.5, and recalling C; > 4) followed by
Lemma 6.3 to bound

]P’(g(m,n_ro,n_FH/Z) A {sn(A—i-Z)gn_r,A eAdisc(ﬂ 1)})

82
2 " md 1 _ _r+1/2
<o 2 P(O’W(s—n’z" W)

i1ir=1

AM|(Ri, = Riy) - u(i"i2)| < gn—l“+1"o+1/2})

12
< _(1 +n—1‘+21“o+1)<i> (To + 1/2)1/210g1/2n+ ﬁe—cmd/n
m md m

< % (%>3/2(1 +n_r+2ro+1) logn + %e—cmd/n_
Taking

'=2I'y+1<Kylog;n (6.28)
and substituting the bounds (6.26), (6.27) and our choice (6.25) for m, we conclude

log>3n 3 log>3n
]P)(Sn(A + Z) E n—F) <<y g\/(_[ +n0(1)e—6d + (10g3 n)e—cd/(}/log n) << gT

The proof of Theorem 1.7 is complete.

7. Proof of Theorem 1.2: Reduction to asymptotics for singular value distributions

We turn now to the proof of Theorem 1.2. We begin by recalling a lemma concerning the logarithmic potential,
which allows us to convert the question of convergence of the ESDs w5 to questions about empirical singular value
distributions. For a Borel probability measure u over C integrating log | - | in a neighborhood of infinity, the logarithmic
potential U, : C — (—o0, oo] is defined

U,(z) :=—/élog|)h—z|dy,(k). (7.1

Recall from (1.16) our notation vy, for the empirical singular value distribution of a matrix M. The following is taken
from [20, Lemma 4.3] (see also [74, Theorem 1.20]).

Lemma 7.1. For each n > 1 let M,, be a random n x n matrix with complex entries. Suppose that for a.e. z € C,

(1) there exists a probability measure v, on Ry such that vy, . — v, in probability;
(2) the measures vy, uniformly integrate the function s — log(s) in probability, i.e. for every & > 0 there exists
T < oo such that

sup]P’(/ [log(s)| dvp,—2(s) > e) <e. (7.2)
{|log(s)|>T}

n>1

Then [y, converges in probability to the unique probability measure w on C satisfying

Uu(z) = —/ log(s) dv;(s) (7.3)
0

forall z € C.
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(We note that [20] uses the weak topology on the space of measures — defined in terms of bounded continuous test
functions — rather than the vague topology used in this article. However, under the uniform integrability assumption
(7.2) the assumption (1) above is equivalent to weak convergence in probability.)

We introduce the centered and rescaled matrix

1 - [ p
Y= —— (A, — pI1") = VnA, — | —117, 7.4
\/P(l—P)( pIL) =+ 1—p 74

where we recall our notation p = d/n. The following two propositions, along with Corollary 1.9, are the main ingre-
dients for establishing the conditions (1) and (2) in Lemma 7.1, and hence for proving Theorem 1.2. The proofs are
deferred to later sections.

Proposition 7.2 (Weak convergence of singular value distributions). Assume log4 n<d<n/2. Foreach z € C
there exists a probability measure v; on Ry such that v_i_y, __— v, in probability. Moreover, the family {v;}.ec
it

satisfies the relation (7.3) with (L = Wcirc-

Proposition 7.3 (Anti-concentration of the spectrum). Assume log*n < d < n/2. There are absolute constants
C, ¢ > 0 such that with probability 1 — O(e™"), for all n € (0, 1],

v%y’l_z([o, nl) < C(n+d~"*). (1.5)

Remark 7.4. From the existence of the weak limit v; provided by Proposition 7.2 we obtain v_i_, _ (1) = O (|I]) +
gnin

o(1) for any fixed interval / C R. Proposition 7.3 gives a quantitative improvement of this bound for intervals
near zero, providing nontrivial estimates down to the “mesoscopic scale” i ~ d~ /48, Recently there have been major
advances establishing quantitative versions of the Kesten—McKay [14] and semicircle [15] laws for undirected random
regular graphs of (large) fixed degree or growing degree, proving that these limiting laws are a good approximation
for the finite n ESDs on intervals I at the near-optimal scale |I| ~ n¢~!. In particular, we expect that the arguments in
[15] could be used to obtain a similar local law for VﬁYn .

Now we conclude the proof of Theorem 1.2 on Propositions 7.2 and 7.3. We let Cy > 0 to be taken sufficiently
large. For the duration of the proof we abbreviate

Vnz i=VE

For any z € C, ﬁYn — z and A, — z differ by a matrix of rank one. By a standard eigenvalue interlacing bound it
follows that their singular value distributions are close in Kolmogorov distance, specifically:

sup|vn (10, 71) = vy (10, n])] < 1/n. (7.6)
neR v

By Lemma 7.1, the above estimate and Proposition 7.2, it suffices to show the measures v, ; uniformly integrate the
logarithm function, i.e. for every & > 0 there exists 7' = T (e, z) < oo such that

supP(/ |10g(s)| dv, ;(s) > 8) <e. 7.7)
{Ilog(s)|>T})

n>1

First we address the singularity of log at infinity. We claim that for any ¢ > 0 and z € C there exists 7' =T’ (¢, z) >
0 such that

/ O,Olog(s)dvn,z(w <¢/2 (7.8)
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almost surely for all n > 1. Indeed, note that for any fixed z € C,

o0 2 _l 1 B * 1 _
/s d""*z(”‘n“(m’*" “”) (m“ “")

1 1 2
= - Z —aij—Z(Sij
n Py Jd(1 —d/n)

2 " aijj 2
<= — Sii
=7 l_; A0 —dmy

(2 Z +2z?
- i
~\nd &~ ¢
i,j=1
< 1+1z%,
with probability one, where in the fourth line we used our assumption d < n/2 (see Remark 1.5), and in the final line

we used that Z:‘ j=10ij = dn for any element A = (a;;) € A, 4. Thus, with probability one, for all 7" sufficiently
large and for all n,

o o0
f log(s)dvy, . (s) < T'e?T f s2dvp . (s) <, T'e™ T
eT’ T/

e

and we can take T’ sufficiently large to obtain (7.8).
It remains to control the contribution of small singular values, i.e. to show that for some T =T (g,z) > T,

-T

supIP’(/e [log(s)| dvn - (s) > e/z) <e. (7.9)
0

n>1

By Corollary 1.9 and taking Cp > C}, there exists I' = o(logn) such that

1 r\ _

Thus, it suffices to show

T

sup]P’(/ [log(s)| v, (s) > s/z) <eg/2. (7.11)
n-T

n>1

(While the term o(1) in (7.10) may not be smaller than ¢/2 for small values of n, we can take T larger, if necessary,
in (7.11) to make the left hand side equal to zero unless # is sufficiently large.) Now since

sup |log(s)| < T'logn = o(log”n),

se[n~T,eT]

from (7.6) we have

T -T

/ |10g(s)|dvn,z(s)_/
n-T n-T

so again enlarging T depending on ¢ if necessary, it suffices to show

2
log(s)|dv_1_y, . (5) =0<10g ") =o()

n

-T

supp(/e }log(s)}dv%yn_z(S) > 8/4) <g/2. (7.12)

n>1
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From the pointwise bound

o0
llog(s)| < D 1jg2-m(s), s €[0,1]
m=0
and Fubini’s theorem, we have

-T

e o
-r -T —m
/n_r |1og(s)|d%yn_z(s) < n;)%yn_z([n e T a27m))

O(T"logn)

— —l_" -T 2—m
go vyl A2
O(I"logn)

= E VL

L ([0,e7T A27]).

Yi—z
m=0

Now by Proposition 7.3 (and assuming C¢ > 4), except with probability O(e™"), for all m > 0,

V%Yn—z([o’ e A 2_m]) < e T Ao—m + d-148

Summing these bounds over m, we have that on this event,

-T

e
/ ilog(s)I dv%/_y <K e T+ d71/48F10gn e T4 o(cfl/48 log2 n)
n—T n

Assuming Co > 96 (in addition to our previous assumptions on Cp), we have that except with probability O (e™"),
-T

/4 }log(s)}dv%Yn_z(s) <e T+o(). (7.13)

We can now take T sufficiently large depending on ¢ to make the right hand side smaller than ¢ /4 for all n sufficiently
large, giving

-T

e
sup P(/r |10g(s)|deJ_Yn_Z(s) > 8/4) e ™.
n n

n>nop(e)

The right hand side is smaller than ¢/2 for all sufficiently large n. We take T larger if necessary to make the integral
zero for all other values of n, which yields (7.12). Finally, taking T > T'(g, z) completes proof of Theorem 1.2 on
Propositions 7.2 and 7.3.

The remainder of the paper is organized as follows. In Section 8.1 we recall the approach to studying empirical
singular value distributions via Hermitization and the resolvent method. In Section 8.2 we introduce two iid models
to be compared with Y, — a Bernoulli matrix X, and a Gaussian matrix G, — and state lemmas giving quantitative
comparisons between the singular value distributions of ¥, and X,,, and between X,, and G,. In the remainder of
Section 8 we use these comparison lemmas to prove Propositions 7.2 and 7.3. The comparison lemmas are proved
in Section 9. In the Appendix we prove a bound on the local density of small singular values for perturbed Gaussian
matrices.

8. The comparison strategy
8.1. Hermitization and the Stieljes transform

To prove Propositions 7.2 and 7.3 we will use a popular linearization trick and Stieltjes transform techniques, which
we now briefly outline; see [20] for additional background and motivation.
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For an n x n matrix M and z € C we define the 2n x 2n matrix

0 L m—z1
._ Jn n
H (M) := ( L 71, 0 ) 8.1)

Jn

which we refer to as the (shifted and rescaled) Hermitization of M. It is routine to verify that the 2n eigenvalues of
H, (M) (counted with multiplicity) are the signed singular values =£s (\%M —2), ..., L85, ( \/LEM — 7). Consequently,

the ESD fum, (m) is the symmetrization of the empirical singular value distribution v ,,_,i.e.
i
L0y )+ vy (=) 82)
=—(v J+v —)- .
H’HZ(M) 2 ﬁM—z ﬁM—z

Thus, to prove weak convergence and anti-concentration for the measures v_i_, __, it will suffice to study the ESDs
N
1H, (M) - The key advantage of considering the ESDs of H (M) over (ﬁM — zln)*(ﬁM —zlI,) isthat H,(M) is a
linear function of M.
We denote the resolvent of H, (M) at w € C by
-1

R (M) := (H.(M) — wl,) (8.3)

and its normalized trace

1
gwM) = %trRz,w(M)‘ (8.4)

We will frequently apply the bound

i
IRz D] < — 8.5)
SWw

which is immediate from (8.3) as Jw is a lower bound on the distance from w to the spectrum of H,(M) in the
complex plane.
Denote the Stieltjes transform of a probability measure i on R by

du(x

my,:Cy — Cy, mu(w)z/ W ). (8.6)
RX—W

If H is an n x n Hermitian matrix with real eigenvalues A1, ..., A,, the Stietjes transform of its empirical spectral

distribution is given by

n

1 1 1 .
mMH(w):r—lX;)Li_w:;tr(H—w) ) (8.7)
1=

In particular,

8z.w(M) =My, (w). (8.8)

The Stieltjes transforms w — g ,,(¥,) will be a key tool in the proofs of Propositions 7.2 and 7.3. Indeed, it is a
standard fact in random matrix theory that weak convergence of the ESDs uy, (y,) follows from pointwise convergence
of their Stieltjes transforms. Furthermore, a key advantage of considering Stieltjes transforms over moments is that
the former provide good quantitative control of ESDs of Hermitian matrices at short scales, which will be key for
obtaining Proposition 7.3. For more discussion of the Stieltjes transform method in Hermitian random matrix theory
we refer to the books [7,68] and the review article [16].
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8.2. Comparison with Gaussian and Bernoulli ensembles
For each n > 1 we let G, denote an n x n matrix with iid standard real Gaussian entries. We also let B,, = (bi(;')) be
an n x n matrix with independent Bernoulli(p)-distributed O—1 entries, and set
1

Xy = —— (B, — p1,1]), 8.9
Ty Bn Pl 9

where we recall p :=d/n < 1/2. We denote the entries of X,, by éi(j"). As with A, Y, we will often suppress the
dependence on n and write G, X, &;;. Note that the variables &;; are iid centered variables with unit variance. We
further note that for any ¢ > 2 we have the moment bound

L= p\@22  N@D2 @)
EI&;I"S(T> E|&i;] S(;) :<E> . (8.10)

The following two lemmas give quantitative comparisons between the ESDs of H,(Y) and H;(X), and of H_(X)
and H, (G). The proofs are deferred to Sections 9.1 and 9.2.

Lemma 8.1 (Comparison with iid Bernoulli). Let z € C and let f : R — R be an L-Lipschitz function supported

on a compact interval I C R. Let X, Y be n x n matrices as in (8.9), (7.4), respectively. Assume 10g4n <d <n/2.
Forany ¢ > 0,

P('/RfdMHZ(Y)—]E/RfdMHZ(X)

for some constant ¢ > 0.

7] 2/3 cnde’
28>§?exp O(d nlogn)—m (8.11)

Lemma 8.2 (From iid Bernoulli to iid Gaussian). Let z € C and w € C. We have

|Egz.w(X) —Eg.uw(G)| < (8.12)

1
472 @) (1 " <n%w>2)’
where the implied constant is absolute.
In the remainder of this section we use the above lemmas to establish Propositions 7.2 and 7.3.
8.3. Proof of Proposition 7.2

Our starting point is the following, which gives the desired limiting behavior for the Gaussian matrices G, in place
of Y,,. We will then use Lemmas 8.1 and 8.2 to transfer this limiting property to Y,,.

Lemma 8.3 (Convergence of singular value distributions, Gaussian case). For each z € C there exists a probability
measure v; on Ry such that v_i_; __—> v, in probability and in expectation. Moreover, the family {v.};ec satisfies
Jnon

the relation (7.3) with (L = [circ-

Proof. The existence of the measures v, follows as a special case of a result of Dozier and Silverstein [33] (which
allows more general entry distributions and more general shifts than —z1,,). See [60, Lemma 3] for the verification
that (7.3) holds with ©t = ticie- O

Proof of Proposition 7.2. By Lemma 8.3 it suffices to show vi , __ —Ev, , __ converges in probability to the
Jnin Jnon

Zero measure, i.e. to show that for any f € C.(R) and any ¢ > 0,

P dv —-E dv
('/]Rf Jitee T E fe T 6

28) =o(l), (8.13)
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where here and in the remainder of the proof we implicitly allow quantities o(1) to tend to zero at a rate depending on
f and e.
Fix f € C.(R) and ¢ > 0. From Lemma 8.2 and our assumption that d grows to infinity with »n it follows that

E/Rfdvﬁc;n_z :E/Rfdvﬁxn_z+o(l)

(see for instance [7, Theorem 2.4.4]). Thus, it suffices to show

P(/Rfd%yn_z—]E/Rfd%Xn_z

There exists a compactly supported Lipschitz function f; with support and Lipschitz constant depending only on f
and ¢ such that || f — f]lco < &/4. Now it suffices to show

IP’(MngdVﬁYn_Z—IE/RfstﬁX”_Z

But the above is immediate from Lemma 8.1 and our assumption d > log4 n. O

> s> =o(1). (8.14)

28/2> =o(1). (8.15)

8.4. Proof of Proposition 7.3

As in the proof of Proposition 7.2, our starting point is a result for Gaussian matrices. The proof is deferred to
Appendix A.

Lemma 8.4. There are constants C,c > 0 such that the following holds. Let 1 <k <n and let M € M, (C) be a
deterministic matrix. Except with probability O (n*e=%), for all k < j <n — 1 we have sn,j(ﬁG + M) >cj/n.

Remark 8.5. We will apply the lemma with k = /n, but we note that it gives a nontrivial result down to much
smaller scales: namely, with high probability, all but the smallest k£ singular values are within a constant of their
expected values, as long as k grows faster than logn.

Proof of Proposition 7.3. It will be more convenient to work with (1g, (y), the symmetrized probability measure for
Vi y_. (see Section 8.1). Thus, it suffices to show that with probability 1 — O (e™"), for all n € (0, 1],
N

p v ([—n, ) < +d =%, (8.16)
First we show there is a constant C such that for any fixed n € (d —1/48 1],

P(um. vy ([=n,n1) < C(n+d~ ")) =1 0(ne™). (8.17)

Fix n € (d~'/*%,1] and denote I = [—n, n]. Let fy be the piece-wise linear n~!-Lipschitz function which is

equal to 1 on [—n,n] and zero outside of (—2n,2n). We have 1; < f;, pointwise, and by Lemma 8.1 (taking
e =C'd~"1210g!/* n for a sufficiently large constant C’ > 0),

Ml (v) (1) S/fndMHZ(Y) fE/fndMHZ(X) +0(d " 10g"*n)

except with probability O(1yexp(—cd**nlogn)) = O(ne™) (adjusting the constant ¢ to absorb the prefactor
d'/"2 /1og'/* n). The error term on the right hand side above is O (d~'/*%) by our assumption on d. Now to obtain
(8.17) it suffices to show

E/fnduﬂz<x> <n+d V8 (8.18)
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From the pointwise bound

1 n o1
51[_2)7’2]7]()6)5)62—‘,—772 :‘Jx_in, xeR

together with Lemma 8.2 we have

E/fndMHzooSE/H—zn,zmdﬂHzm

= SnEIgz.in(X)

1 1
< 5nEIg;.in(G) + O 1+ 8.19
comseaor 01+ 51) am
1
5nEIg..in(G) + O , 8.20
= SnEIgz,in(G) + <n4x/3> (8.20)

where in the last line we used the assumption n > d="* > =1 to bound (nn)~! = O(1). Now we use Lemma 8.4 to
bound the first term. First, by Fubini’s theorem,

n
S8z (G)Z/ —— dun,G)(*)
z,1n R 2+'72 :(G)

X
I/n
:/ /l{ys 1y (x, y)dun,G)(x)dy
o JRr

x2+r]2

= /Ol/n MHZ(G)([—\/U()’_l —-n). \/7’/()’_1 —n)])dy
- %/0”" {j e [n]:sn_j<%G —z> < /o' - n)de. (8.21)

Let constants C, c be as in Lemma 8.4, let k > 1 to be chosen later, and let G; denote the event that s,,_ ; (ﬁG —2) >
cj/nforall k < j <n—1.0n Gy the integrand in (8.21) is bounded by

k+O(ny/n(y=' —n)).

Inserting this estimate in (8.21), we have

k 1/n
J8z,in(G)lg, K — +/ vyt =n)dy
nn 0
k 1/n poo .
=—+4 < _(x,y)dxd

= /0 /(; =7l y(x, y)dxdy
k * 9

=4
nn /0 x24n?

k
=0<1+—).
nn

From the deterministic bound Jg. i;(G) < 1/n and Lemma 8.4 (taking M = —z1,,) we conclude

ko1 ko1
ESg.in(G) < 1+ — + —P(Gf) < 1 + — + —n?e™ %, (8.22)
moon nmoon
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Substituting into (8.20) yields

k 1
fdMHX<<77+ +ne ¢ + .
/ n X) 1 4 \/3
Taking k = /n, by our assumption on 7 the last three terms are of lower order, which yields (8.18) and hence (8.17).
(By optimizing 1 to balance the first and last terms above, one sees that we actually showed the stronger bound
E [ frdpm,x) <n+d /1)
Now consider the events

Bu(t) ={pmu,m ([-27".27"]) > 1}, meNsg,teRy (8.23)
and put
B=\/B.(2C(27" +d"'/*¥)).
m>0

Denoting m™* = L% log, d], from the union bound,

P(B) = Z (207" +d” ”48)))+P< V Bm(ZC(Z_m+d_l/48)))
< 3 BB O + )+ B (207)
m=0

IA

i c(2™m+d='%))),

where in the second and third lines we used that the events 3, () are monotone in the parameter ¢. Applying (8.17),

0]

P(B) < e Z 27 g e,
m=0

Fix n € (0, 1] arbitrarily and suppose 3 does not hold. Let m be the integer such that 2=+ < 5 <27 We have
pr ) ([=m 1) < paon (277, 27"]) sC (27" +d7 %) <2C(n +a7 %),

The result follows after adjusting the constant C. (]

9. Proofs of comparison lemmas
9.1. Proof of Lemma 8.1

Recall that the matrix B = B,, has iid Bernoulli(p) entries, with p = d/n. Here we follow a strategy that was used
by Tran, Vu and Wang in [75] to prove a local semicircle law for adjacency matrices of random (undirected) regular
graphs of growing degree. The idea is to use sharp concentration estimates for linear eigenvalue statistics of Hermitian
random matrices together with a lower bound on the the probability that the iid Bernoulli matrix B, lies in A, 4. For
the former we have the next lemma, which is easily obtained from the arguments of Guionnet and Zeitouni in [40]:

Lemma 9.1 (Concentration of linear statistics). Let H = (h; j)? j=1 be a Hermitian random matrix with entries on
and above the diagonal jointly independent and uniformly bounded by K //n for some K < oco. Let f : R — R be
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an L-Lipschitz function supported on a compact interval |I| C R, and let Hy be an arbitrary n x n deterministic
Hermitian matrix. For any ¢ > 0,

P(’ [ sauswen & [ dunin
R R

for some constants C, ¢ > 0.

Cn284
28) <(ClI1/¢) exp(—m) ©.1)

Proof. The case Hy = 0 follows directly from [40, Theorem 1.3(a)]. The general case follows from a slight modifi-
cation of the proof in [40] — see [28, Lemma 3.2]. O

The following is established in Appendix B, following an argument of Shamir and Upfal for undirected d-regular
graphs [66].

Lemma 9.2. Assume log4 n<d<n/2. Then
P(B € An.q) > exp(—O(d**nlogn)).

Remark 9.3. The more accurate asymptotic

P(B € Ay.a) = (14 0(1))y2rd(n —d) exp(—n log<w)> (9.2)

was established for the range d = o(y/n) by McKay and Wang [52] and min(d, n — d) > n/logn by Canfield and
McKay [24]. For the proof of Theorem 1.2 it is only important that we have a bound of the form P(B € A, 4) >
exp(—o(nd)).

In Appendix B we actually prove a slightly stronger version of Lemma B.1 allowing d to grow as slowly as
log!'*¢ n.

Proof of Lemma 8.1. Recall that A denotes a uniform random element of A, 4, and B denotes an n x n matrix with
independent Bernoulli(p) entries, where p = d/n. For fixed By € {0, 1}**" we denote

1
M(By) := —————(Bo — p1,17). 9.3
(Bo) p(l—p)( 0 — plyl)) 9.3

In this notation we have X = M (B) and Y = M (A) (see (8.9), (7.4)). For f € C.(R), z € C and ¢ > 0 we denote the
corresponding “bad set” of 0—1 matrices

B(f, z,€):= {Bo e {0, 1}"*": /RfdMHZ(M(Bo» —E/RfdMHZ(M(B»

>e¢ } 94

Our aim is to show that for any L-Lipschitz function f : R — R supported on a compact interval / and any ¢ > 0,

1] 12y cnd84>
P(A€B(f.z.8) < — exp<0(nd ) e 9.5)

Fix such f and e. We can apply Lemma 9.1 (with n replaced by 2n), taking H,(X) for H, (g (z)) ® I, for Hy, and
K =1/,/p to obtain

|1 cn’pet |1] cnde®
P(B € B(f.z,8) < ?exp<— ENE = exp ~e ) 9.6)
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Now notice that conditional on the event {B € A, 4}, B is uniformly distributed over A,, 4. Thus,

P(AeB(f,z,6) =P(BeB(f,z,¢) | B€Ana)
_P(BeB(f,z,6) N Ana)

- P(B € B(f,z,¢))

’

and (9.5) follows from (9.6) and Lemma B.1. O
9.2. Proof of Lemma 8.2

Here we make use of the Lindeberg replacement strategy, which was introduced to random matrix theory by Chatterjee
[25,26], who used it to prove the semicircle law for random symmetric matrices with exchangeable entries above the
diagonal. It has since become a widely used tool in universality theory for random matrices, most notably with its use
by Tao, Vu and others to establish universality of local eigenvalue statistics for various models; see e.g. [35,69,70] and
references therein.

In particular we will apply the following invariance principle:

Theorem 9.4 (cf. [25, Theorem 1.1 and Corollary 1.2]). Let X and W be independent random vectors in RY with
independent components having finite third moment and satisfying EX; = EW; and IEXl2 = IEWi2 for 1 <i <N.
Denote

y3 = maxmax{E|X; |, E|W; *}. 9.7)
ie[n]

Let f € C3(RN — R), and denote

M3(f)= sup max max|d/ £ 9.8)

ceRrN re{l,2,3}ieln]
Write U = f(X),V = f(W),and let h € C3(R — R). Then
|ER(U) — Eh(V)| <i y323(f)N. 9.9)

With Theorem 9.4 in hand, the proof of Lemma 8.2 boils down to estimating the partial derivatives of the resolvent
R; , (M) from (8.3), viewed as a function of M. The proof is similar an argument that was sketched in the appendix
of [74], and subsequently applied in the sparse setting by Wood [77], and to matrices with exchangeable entries
by Adamczak, Chafai and Wolff in [2] (who used a more general invariance principle from [26] for exchangeable
sequences).

Here we will follow similar lines to the above-mentioned works; the only difference is that we will need to quantify
errors in order to obtain the bound in Proposition 7.3. The aforementioned works all obtained estimates like Proposi-
tion 7.3 by a different geometric argument, also introduced in [74]. Adapting that argument to the setting of random
regular digraphs appears to be of comparable difficulty to the proof of Theorem 1.7 due to the dependencies among
entries. Instead, we have opted to make our comparisons in Lemmas 8.1 and 8.2 quantitative, and apply the geometric
argument from [74] in the simpler Gaussian setting (see the proof of Lemma 8.4).

Proof of Lemma 8.2. Fix z € C and w € C... For any differentiable matrix-valued function ¢ — H (f) € R¥"*?" with
t € R, putting R(t) = (H(t) — wly,) !, we have
d dH

—R=—-R—R. 9.10
dt dt ( )
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Indeed, this can be obtained as a limiting form of the resolvent identity (Hy — wI)™' — (H, — wh~!=—(H —
wD) ™V (H; — Hy)(H; — wI)~! for arbitrary Hermitian matrices H;, H,. Now let H(M) = H,(M) and R(M) =
R; ., (M) be as in (8.1), (8.3). By iterating (9.10) (with H viewed as a function of a given scalar entry of M) we
obtain the following formulas for the partial derivatives of R with respect to entries a1, a2, o3 € [n]? of M:

9, R = R(3, HR, ©.11)
Oy R=" > R(d,, IR (8, HR, 9.12)
oeSym(2)
O3y 00 R =" Y R(Ba, ) H)R (3o, IR (8, HR, 9.13)
oeSym(3)

where the sums in (9.12), (9.13) run over the symmetric group on two and three labels, respectively. (Here we have
used the fact that dy, 94, H = 0 for any o, oz as H is a linear function of M.) Now if o« = (i, j) we have

1

0, H= ﬁ(Ei,j+n +Ejtni), 9.14)
where E; ; is the 2n x 2n matrix with entries (E; j)x,; = 8;=xd j=;. In particular,

max_[|3,Hllus = 0 (n~'/?). (9.15)

aeln)?

Combining (9.11), (9.14) and the definition of g(M) = g; (M) we obtain for any o = (i, j) € n]?,

Oag = _2n;3/2 trRE; j1n +Ej1, )R = —2’1;3/2 tr(E; j4n + Ejin)R%
Since each of E; j,, Ej,; have one nonzero entry with value 1, we obtain we have |0, g| < | R||?/n3/?, and from
(8.5) we conclude
E SR O = 010
We turn to the second order partial derivatives of g. By repeated application of the inequalities
|tr(AB)| < | Allus || Bllus. IAB|lus < [[Allll Bllus 9.17)

we can bound

1
B0 81 < 5= D |rR (s, IR (B, HOR|
oeSym(2)

1 2
=5 > |tr(Bayy IR (B, o HHR?|
oeSym(2)

IA

L=

D 10y Hls | R o FDR? g
oeSym(2)

IA
L=

3
> " 10y, Hllus|9, o, Hllus IR
oeSym(2)

1 3
IL
n
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where in the final line we used (9.15). Applying (8.5) we conclude

max _ sup |9y, 00,8 (M)| <

S~ 3" (9.18)
ap,02€[n]? peRnxn n?(Jw)3

By similar steps applied to the trace of the identity (9.13) (cyclically permuting the trace, repeated application of
(9.17), and the bounds (9.15) and (8.5)) one obtains

max sup |8a| Oy Baag(M)| <

NI VRV 9.19)
ar,02,a3€[n]? preRnxn n3/2(Jw)*

Since d, commutes with 9 (-) the above estimates give (with notation as in Theorem 9.4)

1 1
n9/2(3w)6 + n3(gw)9/2 + nS/Z(Sw)4

1 1 1
=0 1].
<n5/2<sw>4> ((ntm)z T wwiz T )

Now we apply Theorem 9.4 with Ng; ,, in place of f, n? in place of N (identifying R"*" with R”z), and matrices X,
G in place of the vectors X, W. From (8.10) we have

Az(Ngrw) K

y3 <L (n/d)'>.
Taking 4 to simply be the identity mapping, (9.9) gives

Bz, (X) — Edtgeu(G))|

< AN X ! 1+ ! + ! x n?
- n
d n3/2(Jw)4 nIw)/2  (nJw)?

1 1
1 .
< dl/Z(tsu))‘*( * (n3w>2)

One obtains the same bound for the imaginary parts by the same lines. ]

Appendix A: Proof of Lemma 8.4

In this appendix we establish the estimate of Lemma 8.4 for the local density of small singular values of a perturbed
real Gaussian matrix. The argument is a (by now standard) application of an approach introduced in [74]. In fact,
a weaker version of the lemma (but still sufficient for our purposes) follows directly from [74, Lemma 6.7], which
applies to any matrix with iid standardized entries with finite second moment. However, the argument is simpler in
the Gaussian case and gives a stronger bound, so we include the proof below.

Fix M € M,(C) and denote G = G + +/nM. By the union bound it suffices to show that for some constants
C,c>0,

P(su—k(G) < ck//n) = O (ne=) (A.1)

forall 1 <k <n — 1. Fix such a k; since the desired b~0und is trivial for small values of k we may assume k is larger
than any fixed constant. Let R; denote the ith row of G. Put m =n — [k/2], and for each i € [m] set

Vi =span(R; : j € [m]\ {i}).
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We claim
~ k.
Sn—1(G) >,/ — min dist(R;, V;). (A2)
nielm]

Indeed, letting G’ be the m x n matrix obtained by removing the last [k/2]| rows from G, by the Cauchy interlacing
law we have

s1-k(G) = 5,1 (G'). (A3)

On the other hand, from the inverse second moment identity (cf. [74, Lemma A.4]) we have

m m

> si(G) =Y dist(Ry, Vi) 2
i=1 i=1
Thus,
1 -2 a ~nN—2 =~ ) k ~\_D
nl_rg[a}nx]dlst(Ri,Vi) z;si(g/) > Z si(M') ZESn—k(G/)

and (A.2) now follows from (A.3) and rearranging. By the union bound, to obtain (A.1) it suffices to show that for
each fixed i € [m],

P(dist(R;, Vi) < cvk) <e™* (A4)

for a sufficiently small (adjusted) constant ¢ > 0.

Fix i € [m]. For the remainder of the proof we condition on the rows {R; : j € [m] \ {i}}, which fixes the sub-
space V;. Now let Vi’ = span(V;, ER;) (since G is centered, ER; is just the ith row of ./nM). Writing G; = R; — ER;
for the ith row of G, we have dist(G;, Vl./) <dist(R;, V;), so it suffices to show

P(dist(G;, V/) < cvk) <e* (A.5)
for a suitable constant ¢ > 0. Also,
dimV/ <dimV; +1 <m, (A.6)

where here and in the following we mean dimension over C. By rotational symmetry of the distribution of G; we may
assume V; is spanned by the last dim V; standard basis vectors in C". Then we have

n—dim V/
dist(Gi. V)’ = Y G2 (A.7)
j=1
In particular,
Edist(Gi, V/)* =n —dimV/ > n —m > k/2. (A.8)

(A.5) now follows from a standard concentration inequality for Gaussian measure (see for instance [48]).

Appendix B: Proof of Lemma B.1

In this appendix we establish the following:
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Lemma B.1. Fix o € (0,1/2) and ¢ > 0, and let (logn)ﬁﬂ <d<n/2.Set p=d/n and let B € {0, 1}**"* have
iid Bernoulli(p) entries. With A, 4 as in (1.3), there is a constant C > 0 such that

P(B € Ay 4) > exp(—Cnlognmax{/dlogn, d*3, dl_"‘})

for all n sufficiently large depending on €.

Lemma B.1 follows from the above by setting¢ =1/3 and ¢ = 1.

To prove Lemma B.1 we follow an argument of Shamir and Upfal from [66], who established estimates on the
probability that an (undirected) Erd6s—Rényi graph is a d-regular graph. The heart of the proof is to show that with
high probability, the matrix B contains a d-regular factor of slightly smaller density. Recall that a d-regular factor
in B = (b;;) is an element B’ = (b; j) € Ay q such that b;; =0 = b; = 0 (usually this terminology is applied to the
associated graphs/digraphs rather than adjacency matrices).

Lemma B.2. Letn > 1, p € (0, 1), and let B € {0, 1}" have iid Bernoulli(p) entries. Let

1>6>C logn 12 1 B.1
prizCma|(S0) G ®.1

for a sufficiently large constant C > 0, and put d = (1 — §) pn (we assume § is such that d is an integer, and n and
p are such that the range for § is nonempty). Then B contains a d-regular factor except with probability at most
exp(—c82 pn) for some constant ¢ > 0.

In the proof of Lemma B.2 we will write

e(S.T):= Y  BG.j))

ieS,jeT
for S, T C [n] (as in (1.21) but suppressing the subscript B). For i € [n], T C [n] we write

degr (i) == [Np(i)NT

’

where N (i) is as in (1.18). We will apply the following consequence of the Ore—Ryser theorem [59]:

Proposition B.3. Let B € {0, 1}"*" and let d € [n]. Then B contains a d-regular factor B’ if and only if

YT Clnl, Xri= min(d, deg (D) = d|T]. (B.2)
i=1

B.1. Proof of Lemma B.2

We let the constant C > 0 to be taken sufficiently large over the course of the proof. To T C [n], associate the set of
heavy vertices

Hp = {i € [n]:degr (i) > d}. (B.3)
We have
Xr =d|Hr|+e(Hf,T). (B.4)

Thus, we see the inequality in (B.2) automatically holds for 7 C [n] such that | Hr| > |T|, so it suffices to show

P(3T C [n]: |Hr| < |T|, X7 <d|T|) < exp(—c8*pn). (B.5)
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First we will control the event that X7 < d|T| for some T of size less than (1 — §/2)n. By the union bound and
exchangeability of the rows and columns of B,

P(3T C [n]: |Hr| <IT| < (1 —8/2)n, X <d|T))

< Z > P T) <d(IT|-|H]))

HcC[n]:
ITIS(176/2)n|H|§\T|

< Y Z()() e([n —hl,[1]) <d( — ).
t<(1-8/2)n h<t

Now since

d(t —h)y=(1—8)pn(t —h)
= =8)pn—ht—(1=8phn—1)
=1 =8pn—hyx

= (1 —8Ee([n — hl, [1]),
we can use Bernstein’s inequality to bound
P(e(ln — h1,[1]) <d(t — h)) <P(e([n — A1, [1]) < (1 — §)Ee([n — hl, [1]))
< exp(—cézp(n — h)r)

for some constant ¢ > (. Thus,

P(3T :|Hr| <|T|<(1=8/2n, Xy <d|T|) < > Z()()exp (—c8%p(n — h)t).

t<(1-8/2)n h<t

For t <n/2 we can bound

Z (?) <Z) exp(—c8?p(n — hyt) <n' exp(—%cz?%mt) Znh

h<t h<t

1
< p2l exp(—icazpnt)
1 0
<exp —ZCS pnt |,

where we have applied the first lower bound in (B.1), taking C sufficiently large. For n/2 <t < (1 — §/2)n we have

Z (?) (Z) exp(—c82p(n —h)r) < 10" exp(—%cb‘zp(n - t)n)

h<t
1 2
<exp —ZCS pn(n—t) ],

where we have lower bounded n — ¢ > §n/2 and applied the second lower bound in (B.1) (taking C larger, if neces-
sary). Summing these bounds gives

P(3T : |Hr| < |T| < (1 —8/2)n, X7 <d|T|) <exp(—c'8pn). (B.6)
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It remains to bound the probability that X7 < d|T'| for some T of size |T| > (1 —§/2)n. For T C [n] define the set
of light vertices

Ly:={i €[n]:degr (i) < (1 -58/2)pITI}.
For fixed T and i, since Edegs (i) = p|T|, from Bernstein’s inequality we have
P(i € Lt) < exp(—c8>p|T).
Thus, for any £ > 1 we have
P(IL7| > €¢) <n‘P([¢]1 € L7) < exp(£(logn — 8 p|T1)).
Thus, taking C larger if necessary, and if |T'| > n/2, say, then
P(IL7| = €) < exp(—(c/2)8?pIT|¢).

By the union bound, foreach 1 <m <n/2,

IP’(EIT € ( L] ) “|Ly|> z) <n"exp(—(c/2)8*p(n — m)t)
n—m
< n" exp(—(c/4)8* pnt)
< exp(—c'8% pnt)
if

Cmlogn

t=¢*(m):= (B.7)

82pn

By another union bound over the choices of m (and adjusting the constants C, ¢’) we conclude that except with
probability at most exp(—c’8% pn),

[n]

VI<m<n/2,VT € ( ) IL7| < €*(m). (B.8)
n

We may restrict to this event. Now consider 7' C [n] with |T'| = n — m for some m < n/2. We have

X7 > Z min(d, degy (i)) > (n — £*(m)) min(d, (1 — §/2) p(n — m)). (B.9)
i¢LT

Note that under (B.1) we have m < £*(m). Also, since m < §n/2 we have
(1=38/2)p(n—m)=(1—-38)pn=d.

Hence, the right hand side of (B.9) is bounded below by d(n — m) = d|T|, as desired. Thus, we have shown that
IP’(EIT Cln]:n(1=6/2)<|T|<n,Xr < d|T|) < eXp(—C/Szpn)

which together with (B.6) completes the proof.

Remark B.4. The second lower bound in (B.1) could likely be improved, or removed entirely, by separately control-
ling X7 for sets T of “intermediate” size. However, we do not pursue such an improvement as it not necessary for the
purposes of this work.



2164 N. Cook
B.2. Proof of Lemma B.1

Set § equal the lower bound in (B.1), let p’ such that d = (1 — §) p’n, and let B’ € {0, 1}**" have iid Bernoulli(p’)
entries.

Let o € (0, 1/2). From Bernstein’s inequality, the probability that a given row or column of B has support of size
differing from p’n by at least d'~ is at most 2 exp(—cd'~>*) for some constant ¢ > 0. By the union bound we have
that all rows and columns have supports of size p'n + O (d'~%) with probability at least 1/2, say, for all n sufficiently
large depending on ¢. By Lemma B.2, B’ contains a d-regular factor with probability at least 3/4. Denoting the
intersection of these events by G, we have P(G) > 1/4.

Identifying G with a subset of {0, 1}**", we see that every element of G can be obtained by taking an appropriate
element of A, 4 and adding at most

m:=38p'n+d' % < J/dlogn+d*> +d'~¢ (B.10)

entries to each row and column. Thus, letting B(B,m) C {0, 1}"*" denote the set of matrices that can be obtained
from B € {0, 1}"*" by adding at most m entries to each row and column, we have

1/4<P(B'eG)< > P(B'€B(B,m)).
BeA, 4

Since p’ < 1/2 and each element of B(B, m) has at least nd nonzero entries,
n 2n J 2 d
B(B € B(B.m)) < ( ) ()" (1= p)"
m

which yields the estimate

L\ —(n2=nd)
Anal > - NN = p)T T, B.11
And =5 (1) )70 ®.11)
Now let B be as in Lemma B.1. We first note that
P(B € Ay q) = P(B' € Apa). (B.12)

This is easily seen from the following:

P(B € Ap.a) i <P)nd< l—p

P(B' € Aug) \p' 1-p/

n“—nd
P ) =exp(n?Dir(plliy)),

where p, is the Bernoulli(g) measure on {0, 1} and Dgp.(upllmp) is the Kullback-Leibler divergence from i, to
1 p. Since the latter is strictly positive for p # p’, (B.12) follows. Combining (B.12), (B.11) and (B.10), we conclude

P(B € Ay q) =P(B' € Ay q)

2_
= A.al(p)" (1= p)"

1/n —2n
> _
=i()

1
> 7 exp(—2nmlogn)

> exp(— O nlogn(y/Togn + &2 + 1))

as desired.
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