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Abstract. We prove a priori estimates in Lo for a class of quasilinear stochastic partial differential equations. The estimates are
obtained independently of the ellipticity constant & and thus imply analogous estimates for degenerate quasilinear stochastic partial
differential equations, such as the stochastic porous medium equation.

Résumé. Nous montrons une estimée a priori dans Lo, pour une classe d’équations différentielles partielles stochastiques quasi-
linéaires. Les estimées sont obtenues indépendamment de la constante d’ellipticité ¢ et impliquent par conséquent une estimée
analogue pour les équations différentielles partielles stochastiques quasi-linéaires dégénérées, telles que 1’équation stochastique
des milieux poreux.
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1. Introduction
We consider quasilinear stochastic partial differential equations (SPDEs) of the form!
du = [8,' (aij(x, u)dju + Fti(x, u)) + Fy(x, u)] dt
+ [8: (g (x, w)) + GF(x, w)] apf, (1.1)
uo=§,

for (t,x) € [0,T] x Q =: Qr, with zero Dirichlet conditions on 3Q, for some bounded open set Q C R and g*
being independent Wiener processes.

In this work, using Moser’s iteration techniques (see e.g. [21]), we prove the following: First, roughly speaking,
we show that if the initial condition £ is in L, then the solution is in L for all times # > 0. Second, we show
a regularizing effect, that is, if the initial condition is in L, then for all # > O the solution u(¢) is in Lo, and the
corresponding norm blows up at a rate of =7, for some constant 6 > 0, as ¢ \ 0.

A key point in these results is that the obtained estimates are uniform with respect to the ellipticity constant of
the diffusion coefficients a’/ and thus can be applied to the case of degenerate, quasilinear SPDE, such as the porous
medium equation.

1Throu‘ghout the article we use the summation convention with respect to integer valued repeated indices.
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More precisely, under certain conditions on the coefficients a'/, F', F, g'k, G* (see Assumptions 2.1-2.2 below
for details), we prove the following L°° bounds:

Theorem (see Theorems 2.7 and 2.10). Let « > 0, u € [2,00] N ((d 4 2)/2, o0]. There exists constants N, 6>0
such that if u is a solution of (1.1), then

Ellull} o) = NE(U+IEIT o)t IV L, 0 + 1V 1L, 00):
and

Ellul] o p.1yx0y < P NE(+IENL, 00 H VL, 00 T 1215, 00):
forall pe (0,T).

In the above theorem V! and V2 are functions that can be regarded as dominating any existing “free terms” coming
from the drift part and the noise part of the equation, respectively (cf. Assumption 2.1 below).

A key point in the two estimates above is that the constants N and 6 are independent of the ellipticity constant of
the diffusion coefficients a’/. Hence, the established estimates carry over without change to degenerate SPDE such as
stochastic porous media equations

d
du = [A(|u|m71u) + f,(x)] dr + Zotaiu odﬁf

i=1

S (1.2)
+ [v,k(x)u +gf(x)], dwf
k=1
uy=§,
with zero Dirichlet conditions on d Q and m € (1, c0), where ,3}, e Btd, w,l, w,z, ... are independent R-valued stan-

dard Wiener processes. The corresponding theorem reads as follows:

Theorem (see Theorems 3.7 and 3.8). Ler i € [2,00] N ((d 4 2)/2, 0o]. There exists constants N, 6 > 0 such that
if u is a solution of (1.2), then

2 2 2 2
Ellull? op) < NE(1+ 1§17 0 1100 + 1181011, 000):
and
2 -6 2 2 2
ElullLoo.ryx0) <P~ NE(U+IENG 11T, 0 + 181211, c00))-
forall p e (0,T).

We restrict to affine operators in the noise in (1.2) for the sole reason that no complete well-posedness theory in
L, spaces of (1.2) with non-linear noise is yet available. We emphasize that this linear structure is not required in the
derivation of the a priori bounds established in this work. Concerning the well-posedness for nonlinear noise we also
refer the reader to [14] for a well-posedness theory of such equations in a kinetic framework.

In the following we will briefly comment on existing literature on the regularity of solutions to stochastic porous
media equations. The existence of strong solutions (i.e. |u|" 'u € L2((0,T); HOI)) has been shown in [12] under
the assumption that the operators in the noise are bounded and Lipschitz continuous and under the assumption that
& € Ly4+1. In the case of linear multiplicative noise (and o = 0) (1.2) can be transformed into a PDE with random
coefficients. Based on this, the Holder-continuity and boundedness of solutions has been shown in [2,13].

Concerning the regularity theory for deterministic singular and degenerate quasilinear equations we refer to [3,8,
26] (see also the monographs [9,27] and the references therein). The regularity of solutions to non-degenerate SPDE
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has been addressed in [4-7,10,17]. For general background on SPDE and stochastic evolution equations we refer to
[1,19,22,23].

1.1. Notation

Let us introduce some notation that will be used throughout this paper. Let T be a positive real number. Let
(2, F,F,P) be a filtered probability space, where the filtration IF = (F;);¢[0,7] 1s right continuous and F contains
all P-null sets. We assume that on €2 we are given a sequence of independent one-dimensional ' -Wiener processes
(ﬂ,k),fozl. The predictable o-field on Q7 := Q x [0, T'] will be denoted by P. Let Q C R¥ be a bounded open domain.
Forz € [0, T] weset Q; = [0, 7] x Q. The norm in L, (Q) will be denoted by || - [|,,. We denote by H(} the completion
of C2°(Q) under the norm

2 2
u = Vul“dx
el /Q |Vul

and by H ~1 the dual of HO1 (Q). For g € [1, 00), we denote by ]HI;1 the set of all H~!-valued, [F-adapted, continuous
processes u, such that u € Ly(Q27,P; Ly(Q)). Similarly, we denote by L, the set of all L>(Q)-valued, F-adapted,
continuous processes u, such that u € Ly (Q7, P; Hol(Q)). We will write (-, -)y for the inner product in a Hilbert
space H. For m > 1, we will consider the Gel’fand triple

Lns1(Q) = H ' (Lt 1(Q))".

The duality pairing between L,,11(Q) and (L;,+1(Q))* will be denoted by L., (*s*) Ly, - Notice that this duality is
defined by means of the inner product in H~!. Consequently, for u, v € C2°(Q)

*
Lm+l

(U, V), = @, v)g-1 = (u, (—A)_lv)Lz(Q) #/qudx.

For more details we refer to [23, pp. 68—70]. We will use the summation convention with respect to integer valued re-
peated indices. Moreover, when no confusion arises, we suppress the (¢, x)-dependence of the functions for notational
convenience.

The article is organized in two sections. In Section 2 we prove our results for the non-degenerate equation. In
Section 3, we verify the well-posedness of the degenerate equation, and we approximate the solution by the method
of the vanishing viscosity, and by using the estimates of the previous section we pass to the limit.

2. Non-degenerate quasilinear SPDE

As already mentioned in the introduction, in order to obtain the desired estimates for equation (1.2) we first study a
class of non-degenerate SPDEs. More precisely, we consider SPDEs of the form

du = [3; (a (x, w)dju + F} (x,u)) + F,(x,w)] dt
+ [3; (¥ (x, w)) + GF(x, )] dBr, 2.1
up =&, (2.2)
for (t,x) € [0, T] x Q, with zero Dirichlet conditions on 9 Q.

Assumption 2.1.

(i) The functions a‘:j, FlF:Qr x Q xR— Rare P ® B(Q) ® B(R)-measurable.
(ii) The functions g', G : Q7 x QO x R — I, are P ® B(Q) ® B(R)-measurable.
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(iii) There exists constants ¢ > 0, & > 0 and m > 0 such that for all (w,1,x,r) € Qr x O xR
iy 1 . " o 3
(ai-’ (r,7) = 50,8, (x, 1) g7 (x,r))%"éf > (clr|™ +6) 181, (2.3)

@iv) For all (w, t) € Q7 we have Fti e C1(Q xR), gf € C2(Q x R; ). Moreover, there exist predictable processes
vivi.Qr— L,(Q), such that V3 v2eL,(0,7T); L>(Q)) almost surely, and a constant K such that for all
(w,t,x,r)eQr x O xR

|Fre, )|+ |Fl (e, 0| + 18 F) (x, 1| < V) + K, (2.4)
|G (x, P, + |g;'(x,r)|l2 + |a,~g;'(x,r)|l2 + |3i2gf(x,r)|lz <V2(x)+K]|r|, (2.5)
0,81 (e, )|, + (8,981 (v, )], < K. (2.6)

(v) Let Ng :={keN:3i e{l,...,d}, g'* £ 0}. We assume in addition that for all (w,f) we have (G’,‘)keNg €
C'(Q x R; 1r(Ny)), and for all (w,t,x,7) € Q7 x Q xR

S aiGEe. P < VA + Klrl. 2.7)
keNg

(vi) The initial condition & is an Jy-measurable L;(Q)-valued random variable.
Assumption 2.2. There exists a constant N such that for all (w, ¢, x) € Q7 x Q we have

V)| + Vi < N. (2.8)
Remark 2.1. Assumption 2.2 is purely technical in the sense that our estimates do not depend on the bound of V!
and V2. As it will be seen in the next section, Assumption 2.2 can be removed provided that one has solvability of the
equation and some stability properties with respect to the “free-terms”.
Definition 2.1. A function u € L, will be called a solution of (2.1)-(2.2) if
(i) Foralli, je{l,...,d}, almost surely

L 2

/0 Ha” (u)a,'uH L, dt < o0o.

(i) Forall ¢ € H, ! almost surely, for all € [0, T']

(s, @)L, = (€, )L, +/0 [(F),¢),, — (aV @dju+ F' (), ¢), ]dt

t .
+ [T64 . 6),, ~ (¢ w.59),J st

We first present a collection of lemmas that will be used in the proofs of the main theorems. The following can be
found in [24] (see Proposition IV.4.7 and Exercise IV.4.31/1).

Lemma 2.1. Let X be a non-negative, adapted, right-continuous process, and let Y be a non-decreasing, adapted,
continuous process such that

E(X:[F0) = E(Y¢|¥0)



Loo-Estimates for degenerate SPDE 1769

for any bounded stopping time t < T . Then for any o € (0, 1)

EsupX? <o °(1 — o)_l]EY}’.
t<T

The following lemma is well known (see, e.g., [9, p. 8, Proposition 3.1]). We provide the proof in order to emphasize
that the constant C can be chosen independent of A for A € [1, 2] (see below).

Lemma 2.2. There exists a constant N such that for all A € [1,2], s € [0,T] and all v € Loo((s,T); L;,(Q)) N
Ly((s, T); Hy(Q)), we have

T T 2/d
/ /|v|qudt§N"(f /le|2dxdt)<esssup/ |v|*dx) , (2.9)
s (0] s 4 s<t<T JQ

where g =q(\) =2(d + 1) /d.

Proof. By the Gagliardo-Nirenberg inequality (see [20, p. 62, Theorem 2.2]) we have (notice that d(2 — 1) +2A > 0)
fora.e.t € (0,T)

2 -2
lvy ||Lq < NM)| Vv, ||L/2‘1 ”Ut”(LqA )/q’

where

gd—1) A+2} 2(d—1))2/‘1
—_—, — d>2 .

142
Nb= <I‘=d a2 d—2

+ 15— max{

Since C :=sup, ¢[; o) N (A) < 00, the result follows by taking the g-th power in the inequality above and integrating
over (0,T). O

Next is 1td’s formula for the p-th power of the L, norm. It can be proved as [4, Lemma 2] with the help of a
localization argument.

Lemma 2.3. Let Assumption 2.1 hold and let u be a solution of (2.1). Moreover, suppose that for some p > 2 and
some s € [0, T), almost surely

T
sl + [V, + V21, de <oc.
N
Then, almost surely
T ~
sup ||uz||€p+/ /(Iul”_2+|u|m+p_2)|Vu|2dxdt<oo. (2.10)
s 0

s<t<T

Moreover, almost surely

t .
IIMzIIIZp = IIMsIIIZp +/ /Q(Aij(x, wdju+ F' (x,w)) p(1 = p)lulP2gudx dz
s
! 1 i 2 p—2 p—2
+ 0 EP(P — )3 (g' (x,w)) +G(x,u)|,2|bt| + pF(x, u)ulul dxdz
s

t
+/ /(p(l — )& e w)|ulPu + pG* (x, wyulu|P~*) dx dpt, 2.11)
s JO

forallt e[s, T].
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From now on we fix i € 'y :=[2, 00o]N((d +2)/2, o], we denote by u its conjugate exponent, that is, ,ILL +==1,
and we set

y =1+ (2/d),

vi=v/w,
Ni={le2,00):l=m(l+7+--+7")/u,neN},

K= sugtmax{Zp/(p — 1), Ip04p/(p — 2)} < 00.
pe

Notice that y > 1.

Lemma 2.4. Let Assumptions 2.1-2.2 hold and let u be a solution of (2.1). Then, forall p e N, q > p,and n € (0, 1)

we have
T B )2 n
E(Aqv<sup||u,||{p(@+f /|V|u|<m+l’>/ | dxdt))
t<T 0 JO
n”" -
< 7= VP E(Ag v Iz, o) + P (V1L on + 1V, 000) ™ (2.12)

where Ay = (14 €1lL..)?, and N is a constant depending only onm, T, c, K, d, u, and | Q|.
Proof. We assume that the right hand side in (2.12) is finite, or else there is nothing to prove. Under this assumption,
for each p € 91 we have the formula (2.11) with s = 0. We proceed by estimating the terms that appear at the right
hand side of (2.11). We have

F'(x,u)p(L = p)ulP 720 = 8: (R (F') (x, 1)) = Rp (8 F') (x, ),

where for a function f we have used the notation
' 2
Ry(H)n) = [ pp =D f e plst 2 s

Moreover, from (2.10), (2.4), the fact that V! is bounded and the definition of Rp(F H(x,u), it follows (see
Lemma A.1) that Rp(Fi)(-, u) € Wé’l(Q) for a.e. (w, t) € Qr, which in particular implies that

/ 3% (Rp(F)(-,u))dx =0.
0
Moreover, one can see from (2.4) that
[Rp(3: F') e, )| < pV @Ir P~ + K (p = DIr|”.

By Holder’s inequality and Young’s inequality, we obtain

t
//|Rp(8iFi)(x,u)|dxds
0 JQ

1 p—1 p
=PV, Iz, 00+ K (P = DI,

p—1

1 p
<Np[V' L, oplelT, 0+ K =DIulL , o,

<Np [V o)+ N(Kp+ PP/ P D) ull] | ,)-
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Consequently, almost surely, for each ¢ € [0, T']

t
i _ pP—24q. —-p 1P K P
/0 /QF (x,u)p(1 — p)|u|P~*dudxds <Np~P|V ”LH(QI)+NP “"”Lw@,)’ (2.13)

where N depends only on K and |Q|. We continue with the estimate of the term

1 ! .
Sp(p =1 | | [3i(g e w) + G, w)|, ul P2 dix ds.
2 0 Jo h

Obviously,

i 2 —
/Q|8i(gl(x,u))+G(x,u)|12|u|p 2dx
=) / G* G ) PlufP 2 dx+ ) / 10; (g% (x, 1) + G* (x, ) [P ul P2 dx.
keNg Q0 keN, 0
By the growth condition (2.5), Holder’s inequality and Young’s inequality we have
! ' k 2 p-2
P =1 |G* (x, w) | |u|P 2 dx ds
keng 70 /0
- 2P p
=Np P VAL, 00 + NPIUIL, 0,

Moreover, by Assumption 2.1(v) we have

> o (g™* e w) + G )

keNg

=Y Jorg™ oo + 3 g™ (xow) + GEx )|
keNg keNg

+ Z 28,gik(x, u)Biu(aigik(x, u)+ Gk(x, u)).
keNg

By the growth condition (2.5), Holder’s inequality and Young’s inequality we have
1 ! ik k 2, 1p=2
Ep(p—l)z |9:8™ (x, w) + G* (x, w)|“|u|P~* dx ds
keNg 0o
- 2| P p
NP P |VE L0 + NP L, 0,
Moreover, we have

pp—1 Y 98" e, w)du (9™ (x, 1) + G* (x, ) [u] P72
keNg

=3 (Rp(@)(x, 1)) — Rp(3;9) (x, u),

where

g - Z argik(aigik + Gk)
keNg
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As before, it follows that R, (g) (-, u) € W(} .1 (Q), which in turn implies that
/ 0; (Rp(g)(x, u)) dx =0.
o)

By (2.5), (2.6), and (2.7), we have

t
/0 L'Rp(aig)(x’u)‘dws =N P IVAIL,, 00 + NPT, (0,

Consequently, almost surely, for all ¢ € [0, T] we have

1 ¢ .
—P(P—l)/ / |3i(gl(x,u))+G(x,u)|12 [u|P"2dxds
2 0 0 2

1 4 .
< EP(P - 1)/ / |3rg' (x, u)aiu‘lz2|u|p_2dxds
0 Jo

— 2\ P )4
+Np P VAL, 0+ NPEIRIL, (0, (2.14)

where N depends only on K and |Q]. In a similar manner one gets
p—2 —-p 1P K P
prF(x,u)u|u| dx <Np~’||v HLM(Qt)—}—Np ||u||LM,p(Qt).

Using the above inequality combined with (2.13), (2.14), and (2.3) we obtain from (2.11)

t ~
||ut||{p +cp(p — 1)/0 '/Q|u|m4rp—2|vu|2dxds

= ”EHZP + N(ppr v! “ilt(Qt) +p? H v ||£2;L(Qt) +Np* ”M”Z;/p(Qz)) + M, (2.15)

where M, is the local martingale from (2.11). For any stopping time t < 7 and any B € J( we have by the Burkholder-
Davis-Gundy inequality

. ‘ 2 12
EsupIB|M,|§NIEIB</ Z(p(l—p)/ g’k(x,u)|u|p_23,~udx> ds)
t<t 0 (0]

T 2 1/2
+NEIB</ Z(p/ Gk(x,u)u|u|p2dx) ds) .
07 0

We have

P = p)g™ (e, w)ul?28u = 3 (Rp (™) (x, u)) — Rp(8:8™) (x, u).

As before, we have R, &"C,u) e Wé’l (Q), which implies that

/ 0; (Rp(gik)(x, u)) dx =0.
)

Next notice that by Minkowski’s integral inequality, Holder’s inequality, and Young’s inequality, we have

2 2
Z(/Q Rp(aigik)(x,u)dx> < (/Q|Rp(3igik)(x,u)|,2 dx)
k
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Jul _ 2
(/ / p(p = D[dig (x, )], Is|"~>ds dx>

2
< N(Zp/ [V2e)[JulP ™! + |u|1’dx>
Q

2 —
5N||u||ip(p2/Q|v2<x>| | ? 2dx+p2||u||ip>, (2.16)

which implies

t 2
/Z(/ Rp(aigik)(x,u)dx) ds
0 % [}
— 2P
< N§213||us||£,, (PP IV2 1 00 + P IHIE L 0): 2.17)

Consequently, by Young’s inequality we have for any ¢ > 0

T 2 12
NEIg (/ Z(p(l — p)/ ¢*(x, u)|u|p28,~udx> ds)
(i 0

1 — 2 p
< Bl swplul+ INEL(p [V Ho1 7, gy, + P 0l o)

In a similar manner, for any ¢ > 0 we get

T 2 1/2
N]EIB</ Z(P/ Gk(x,u)u|u|”_2dx) ds>
0 0

<eElpsup|lu, ||p + - NEIB( P ” Vzl[o’r] “iz;L(QT) +p* ”ul[O,r]”iM,p(QT))-

t<t
Hence, we obtain for any ¢ > 0

Esuplp|M;| < SESUPIB”“t”p

I<T
1 - 2
+ - NEIg(p~" |V o7, o) + P Ieloall], o)) (2.18)
By (2.15) we have

Elp sup IIMzIIIZ = ]EIBIIEIIL +Elp sup |M; |

t<t

+NEI (p~" |V ol ) + P IV 0T, 0 + P Iul00], 0p)- (219

By (2.15) again, after a localization argument we obtain

4
cplp — 5 E[ / /|V| |(P+m)/2| dxds
(p+m)

=< NEIBIISIIL

+ NEIg(p~ 7| V' 0,11 UL#(QT) +p P V2.1 H[L?zu(QT) +PK”“I[0’T]Hi,u,,(QT)) (2.20)
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and notice that for all p > 2

4cp(p — 1)

prmp 2N

and therefore it can be dropped from the right hand side of (2.20). Let us denote by 7, the first exit time of
e, + VT 00 + V21T, 0, from (=n,n), and by Cp == {[|§]lz, < n}. For an arbitrary C € Fo and an
arbitrary stopping time p < T, we apply (2.18) with t =" A p =: p, and B = C N C,, =: H,, which combined with
(2.19) gives after rearrangement

E sup Iy, lu; I} < NEIy, €]}

1=pn

+ NEIy, (p~?|| V' 0,01

p - 2 p p

L, (Q7) tr p”V To.n1 L2, (Q71) + pKHMI[O“O”]”LM’D(QT))'

By the above inequality and (2.20) (applied with t = p,,, B = H,) one can easily see that for all ¢ > p we have
IEICXZ”I < Elcylg’q < 00,

where

t ATy B
X; =1, <Aq Vv ( sup ||MS||£]7 +/ / |V|u|(’"+p)/2|2dxds)),
S<TpAL 0 0

Yt",q = NPKICn ((Aq \ ||M1[O,tAr,,] ”ZM’P(QT))

+ p—ﬂ(H VlI[O»MTn] ’ZM(QT) + H Vz[[O,t/\r,,]

P
LZM(QT)))
and A; = (1 + ||§]lz)9. By Lemma 2.1 we have

The assertion now follows by letting n — co. (]

Lemma 2.5. Let Assumptions 2.1-2.2 hold and let u be a solution of (2.1). Let p € (0, 1) and set r, = p(1 —27").
Then for all p € N, n € (0, 1), and n € N we have

T } n
IE( sup lull? +/ /\VIuI('"+1’)/2|2dxdt)
te[rrl+lsT] r Tnt1 v Q

n\"1 ,—n
p) 1—n

x ]E(””I[’”’T]”iwp(Qr) +r (VL 00 * | v 12,000 22D

where N is a constant depending onlyonm, T, c, K, d, u and |Q].

Proof. We assume that the right hand side of (2.21) is finite and we set

3
Cn = p(l — ZZ‘”).

There exists a t’ € (ry, ¢,) such that almost surely

T
e, + [ (VG + 19215, ) ds <o
t/
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Let ¢ € C'([0,T]) with 0 < <1, ¥, =0 for 0 <t < ¢y, ¥y =1 for ry1 <t < T, and |/| < 2"+ 2p~!. By
Lemma 2.3 we obtain

t .
lient?, =0 =) [ [ vt P 2ouds
t
+[ w[lp(p— 1)/ |3i(gi('4))+G(u)|12 |u|P—2dx+pf F(u)u|u|p_2dx:| ds
o L2 0 : 0
t
+/ W|:P(1 —P)/ gik(u)|u|p723iudx+p/ Gk(u)u|u|p2dxj| dpk
0 0 0

t
+/0 ”"‘s”ipl/f/d& (2.22)

By using the estimates obtained in the proof of Lemma 2.4, we obtain

t ~
Vielluel] +cp(p— 1)/0 [wam*”mﬁdxds

= Np_p(”Vl HZM(Q,) + ||V2“Z2H(Q,)) + Np* HW””MHZM,,,(Q,)

t
+/ Wl ds + M. 2.23)
0

where M, is the local martingale from (2.22). From this, by using arguments almost identical to the ones of the proof
of Lemma 2.4 one gets

T ~ n
E( sup %Hmll{ﬁ/ / 1/f|V|u|(m+p)/2|2dxdt>
o Jo

tel0,T]

n" -
=N XE(P PUVILn + V1L 00)

T "
K 1/p, ||P l p
+p |y “HLM,P(QT)"'/O 4 ”u”L,,dS> :
Having in mind that 4/ p > p and that p* + || < 8p¥2"p~!, the result follows from the properties of . (]

Lemma 2.6. Let Assumption 2.1 hold and let u be a solution of (2.1). Then for all p > 2 and all « > 0, we have

T a/p
Esup urlf, < NEJEN, + NIE(fO IViEL, + 1V, ds> :
where N depends on a, p, K, T and d.

Proof. We assume that the right hand side is finite. Similarly to (2.15), one can show that
t
P P 1P 2P p

ludll? < lEN7 + N/o (VU2 + V212 -+l ) ds + M,

where M, is the local martingale from (2.11). Moreover, as in the derivation of (2.16), one can check that
t
p 2P 2p
(M), < N/O (NelZ, [VE, + Nl ) ds.

The result then follows from Lemma 5.2 in [11]. U
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We are now ready to present our first main result.

Theorem 2.7. Let Assumptions 2.1-2.2 hold and let u € 1Ly be a solution of (2.1)—~(2.2). Then, for all w € Ty, a > 0,
we have

o o 1|« 2|1«
Elull]cor) = NE(L+IENT 00+ 1V 7,00 T 1V Ls000): (2.24)
where N is a constant depending onlyona,m, T, c, K, d, uand |Q)|.
Proof. We fix @ > 0, u € ['y, and let u’ be the conjugate exponent of 1. Without loss of generality we assume that the
right hand side of (2.24) is finite. Recall also the notations y =1+ (2/d), y =y /u'(> 1) and let § :=my /(y — 1).

By Lemma 2.2, after raising (2.9) to the power y ~!, we obtain by Young’s inequality (with exponents p =y, p* =
y/(y — 1), and note that 2/d(y — 1) =1)

T 1/y T
(/ /|v|qudt) gcq/y</ |Vv|2dxdt+esssup/ |v|*dx). (2.25)
s JO s JO s<t<T JQ

For p > m, we apply this inequality with A =2p/(m + p) € [1,2], g =2(1 + (A/d)), v = lu| " +P)/2 (notice that
g+ p)/2 =1+ yp =i+ 'y p), and we raise to the power a(1')"*!/(8y™) to conclude that

T o a/@7"
E(AO,\/ (/ / |u|m+‘””’dxdt> )
0 Jo
T i a(uy" /@yt
:E(Aav(/ / |u|’”+Pdedt) )
0 Jo

o T ) 5 a(p) ™ /@6y™)
<N7¥ E(Aa v <sup ||u,||{p +[ / |V ]u| P2 dxdt) )
0o Jo

t<T

y T ) ) ap /(57"
<N7 E(AWW v (sup luelly +/ / |V |ue) (P2 dxdt>> (2.26)
t<T ! 0 Jo

where, recall that for g > 0, A, := (1 + 1§z, )?. Let

,;l();n—&-l -1
y —1

pni=m(l+---+y") = ,
and let np be the minimal positive integer such that

Pno =21 and ap/(87") < 1.

By combining inequality (2.26) (with p = p,/u’) with (2.12) (with n = a8~y ™", g = 87"/’ > p,/1') we obtain
for all n > ng

T a/@7"
E(Aa \Y </ / [ |Prt1 dxdt) )
0 Jo
T o /(7"
:E(Aa v (/ / ||V Pr g x dt) )
0 Jo

/i
< an((Aay"/u’ Vul?o,)
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, ap'/(By")
P/l ))

/i 2
+ V3 on

Pn —pn/1 |
+<ﬁ) (V2o

T a/@y")
< cnIE(AO, Y </ / lu|Pm dx ds) )
0 Jo

p \ PO . .
ra(Z) R IV, g0+ 1V o) 0
where
; %)
NP (smn (0 N\ /) 1 2
cn =NV (87" /(W) 1—(au’/(6f”))<N(u’)k> : (2.28)

N does not depend on n, and we have used that p,/y" 1 §. Notice that the right hand side of (2.27) is finite (by the
assumption that the right hand side of (2.24) is finite, Lemma 2.6 and (2.8)). One can easily see that

o0 ~ [o)0] , n
l_[Nl/V" <00, 1_[(5)7"/(,1/0())&” /67" _ 00

n=1 n=1

Also, p, <mny" which implies that

00 Pr o /(87")
n
| |(N(M/)k> < Q.

n=1

Moreover, since e 2* <1 — x for all x sufficiently small, we have for some constant N that and all M ¢ N

M 1
[1——=<
= tawyerm)

M 185
20 /87"
NeXon=1 201 /87"

which implies that ] < 00. Consequently, there exists an N € R such that for any M € N

00 1

n=1 T—(@i /G7™)
M

[[en=N. (2.29)
n=1

Since p,/y™ 1 &, there exists an N such that for all n € N large enough, we have
_ - Sy" _ _ " Sy" _ _
pnap /@y )S N(yn) app/(6y™) < N(J/D‘/Z) n
Since, a > 0, y > 1 we have

o0 —apn /(67")
) < oo. (2.30)

> (%

n=1 s

Consequently, by iterating (2.27) and using (2.29) we obtain

Op < (]_[ Cn>®,,0 —i—N(Z x,,)E(l +V0%, (2.31)

n=ny n=ngo

where

T a/(6y") Pn —apn/(@y")
®, :=E<Aa Vv </ / |u|Pr dxdt) ), Ap = (—/) ,
0 Q n
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and

V= “VIHLH(QT) + ”Vz“Lzu(QT)'

By virtue of (2.29) and (2.30), we can let m — oo in (2.31) and use that p,,/(§y™) — 1 to obtain by Fatou’s lemma

T a/(y")
o 1m 1 Pn
Ellullz cor 51211_1)ng</0 /Q|u| dxdt)

apngy/(87"0)
< NEulyigry +NE(1+ 11T ) + Val)-

Since p,/y" is increasing in n, we have p,,/(8y"°) <1 and thus
Ellullf g,y < NE(L+ 1l op) + 181 c0) + Vil®)- (2.32)

Notice that by the assumption that the right hand side of (2.24) is finite, combined with (2.8) and Lemma 2.6, we get
that the right hand side of (2.32) is finite. By the interpolation inequality

Il o = ellullecor + NellullLaon.
we obtain after rearrangement in (2.32)
Elull? o,y < NE(L+ ull%, 0, + IE1%_ o) + Vul).
which again by virtue of Lemma 2.6 gives (since p© > 2)
Elull? o, < NE(1+E1%_ g + Vul).
This finishes the proof. O

Remark 2.2. In [4], in the non-degenerate case, mixed LLLZ -norms of the free terms appear at the right hand side
of the estimates. This is also achievable in our setting provided that one has a mixed-norm version of the embedding
Lemma 2.2 (see also [4, Lemma 1]).

Next we present the “regularizing” effect. Recall that y = 1+ (2/d), y = y/u', s =my/(y — 1), and p, =
m(l+4+y+---+y™). We will need the following two lemmata.

Lemma 2.8. Leta > 0, and let q := py,, where ng is the minimal positive integer such that p,, > 2 and o/ (§y"°) < 1.
Suppose that Assumptions 2.1-2.2 are satisfied and let u be a solution of (2.1). Then, for all p € (0, 1) we have

-0
E”””(Zoo((p,T)xQ) <p NE(l + ””qu((rnO,T)xQ) + |Vp.|a), (2.33)
where

T'ng = :0(1 - 27”0)1 Wul = ” v! “LM(QT) + ” v? ||L2#(QT)’

N is a constant depending only on a, m, T, ¢, K, d, u, and |Q|, and 6 > 0 is a constant depending only on o, d,
and m.

Proof. Similarly to the proof of Theorem 2.7, by Lemma 2.2 and Lemma 2.5, we have for all n > ng

T /@7t
E(/ / |u |Prt1 dxdt)
"n+1 0
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) 57 T o/ (7"
< (p7'2) an(f /|u|””ds)
'n o

- —apa/(67")
+ (pflzn)om /@y )Cn (ﬁ)

; (2.34)
w

EQ+ V7, 0n + V215, 0m)-

where ¢, is given in (2.28). Under the assumption that the right hand side of (2.33) is finite, it follows that the right
hand side of the above inequality it is also finite for n = ng, and by the same inequality and induction it follows that
is finite for all n > ng. Also notice that for all M € N

M
1_[ (pflzn)om /@y") <Np~?,
n=ny
with 6 = (au’/8) >, 7" Consequently, by iterating (2.34) and passing to the limit as n — oo we obtain
- T a/8y"o
Ellulf _p.1yx0) < pgNE</ / |ue| Pro ds)
Tng J Q

ng
£ I+ W)
< pngE(l + ||M||‘zpn0 ((rnO’T)XQ) + |VM|0[)7

where we have used that p,, < §y"°. O

Lemma 2.9. Suppose that Assumptions 2.1-2.2 are satisfied, let o > 0, and let u € Iy be a solution of (2.1)—(2.2).
Then, for all p € (0, 1) we have

E||M||0Ltoo((p,T)XQ) =< ,O_GNE(l + ”u”DLtZ(QT) + |Vu|a)’ (2.35)

where N is a constant depending onlyon o, m, T, c, K, d, u, and |Q|, and 6 > 0 is a constant depending only on «,
d, uandm.

Proof. Due to Lemma 2.8, we only need to estimate E||u ||%p (e TYX 0) by the right hand side of (2.35). For this, it
ng \'ng»
suffices to show that for all § > 0, p > 2, and o € (0, 1) we have

B - B
E”“”LP((Q,T)XQ) <Ng E(l + ”u”LZ(QT) + |Vu|ﬁ)» (2.36)

where N is a constant depending only on 8, p, 0, m, T, ¢, K, d, r and |Q|, and 6>0 depends only on 8, d and m.
We assume that the right hand side of (2.36) is finite. Let us set pg =2, ppe1 =m + ppy,n’ =min{n € N: p, > p},
and g =ko/n’,fork =0, ...,n’. Clearly, it suffices to prove that for all k =0, ..., n’ we have

g =) p
Elulz,, o rixer <€ NE(U+ L, (o 1y0) + Vicl’): (237

since (2.36) follows by iterating (2.37) finitely many times. We assume that the right hand side of (2.37) is finite and
we first prove it for k > 1. Let Q;{ = (ok +0k+1)/2. Let ¥ € C'([0, T]) with 0 < Yy <1,y =0for0<t < Q,’C, Yy =1
for gg+1 <t <T,and |y]| < 2n’0~!. Then, similarly to (2.15) we have for p > 2

t ~
Vielluel] +cp(p— 1)/0 /Qw|u|m+ﬂ|w|2dxds

=NV 00+ 1V21L,,000) + NIV PulL, (0,

t
+/ ¥ llully, ds + My, (2.38)
0
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with M; is the martingale from (2.22). If 8y /pix+1 < 1, then by virtue of Lemma 2.1 and the familiar techniques of
Lemma 2.4 we obtain

T } By
E( sup vilulf, + [ /w\V|u|<m+P>/2\2dxd;>""+‘
1€[0,T] P o Jo
< NB((IV 15,00+ 1V o) + 1977012 o+ [ vt as) ™, 2.39)

where N depends on 8, p, 0, m, T, c, K, d, r and |Q|. If By/pr+1 > 1 we have by the Burkholder-Davis-Gundy
inequality

Esup | M, |f7/Pee < NE(M)RY 2Pt (2.40)

t<T

Again, as in the derivation of (2.17) we have

2 1
)7 < sup iz, (V21,0 + 197412, 01)

which combined with (2.40) gives by virtue of Young’s inequality, for any ¢ > 0

Esup |M;|P7/P1 < eBsup(Yllu |7 )77/ P4
t<T t<T 4

+ le/pu“P )ﬁV/PkJrl.

+NE(|| V2|| Lu/p(QT)

P
L, (Q1)

Using this and (2.38) we get (2.39) (for By /pis1 > 1), provided that the quantity Esup,ST(lﬁ,||ut||{p)ﬁ”/pk“ is

finite, which can be achieved by a localization argument. Now we use (2.39) with p = pi/u’ (notice that py/u’ > 2
for k > 1) and using the properties of ¥ and the fact that y / px41 < 1/px, (2.39) yields

I T . N n 12 By/pr+1
E( sup ||ut||i“‘,+/ /!vmﬁ’"*"““m! dxdt)
relok+1,T] Pr/H o410

6 B
<0 'NE(L+IulL, (o 1yx0) + Vul”).

An application of Lemma 2.2 (see also (2.25) and (2.26)) gives (2.37). Recall that we have assumed that k > 1. For
k =0, instead of (2.38), we use the estimate

t ~
Wzlluzll'ip +cp(p — 1)/0 /leulmﬂ’zwmzdxds

=NV 00 T 1V2IL o)) + Nlw'Pul

) p
p(Q1) p(Q1) Lp(Q1)

t
+/ Tﬁ/”u”i/) ds + M;.
0

We apply it with p =2 and we proceed as above, this time raising to the power y8/(m + 2y). Following the same
steps, one arrives at the estimate

T B B/ (m+2y)
E(/ / |u|m+2ydxdt)
o1 YO

<o 'NE(1+ llullfz@r) +[v! Hiz(QT) +|v? ”Z(Qw)'

This finishes the proof since m + 2y > m + 2y = py. ]
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Theorem 2.10. Suppose that Assumptions 2.1-2.2 are satisfied. Let u € Ly be a solution of (2.1)—(2.2) and let « > 0
and pu € T'y. Then, for all p € (0, 1) we have

Bl o ryx0) < 0 NE(L+IEN 0+ V! 17,0+ 1V 750 00): (241)

where N is a constant depending onlyon o, m, T, ¢, K, d, u, and |Q|, and 9 > 0 is a constant depending only on «,
d, uandm.

Proof. The conclusion of the theorem follows immediately from Lemma 2.6 and Lemma 2.9. (]

Remark 2.3. In Theorems 2.7 and 2.10, the expressions [lullL,(o;) and |lullL. ((p,T)x0) can be replaced by
sup; o, 7 1e 1l Loo (@) and SUP, ¢, 77 Ut | Lo (0)» respectively. This follows from the fact that u is a continuous Lz (Q)-
valued process.

Remark 2.4. A cut-off argument in space, similar to the cut-off in time as it was used in the proof of Theorem 2.10,
can be used in order to derive local in space-time estimates that are applicable not only to solutions of the Dirichlet
problem but to any u satisfying (2.1) (see, e.g., [4]).

3. Degenerate quasilinear SPDE

In this section, we proceed with the degenerate equation (1.2). Notice that the constant N in Theorem 2.7 and The-
orem 2.9 of the previous section does not depend on the non-degeneracy constant 6. Using this fact we can deduce
similar estimates for the stochastic porous medium equation (1.2).

Suppose that on (2, F, F, P) we are given independent R-valued Wiener processes B,l ey ,5,‘1 R wl] , wlz, ....More-
over, in this section we will assume that the domain Q is convex and that the boundary 9 Q is of class C 2. The
Stratonovich integral

d .
Zata,-u, odp}

i=1
in (1.2) is a short notation for

d
1 -
50[2Aut dt + Zo’,aiut d/gtl .
i=1
In the following, we consider a slightly more general class of equations. Namely, on (0, 7) x Q we consider the
stochastic porous medium equation (SPME) of the form

d
du=[A(®W) + Hu + f;()]dt + ) ordiudp

i=1
0o (3.1
+ Z[v,k x)u + gi‘ (x)], du)f
k=1
ug =§,

with zero Dirichlet boundary condition on 9 Q, where

2
Hiu = %Au + by (x)0iu + ¢ (x)u.
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If we set

gt BE, forke{l,...,d)},
C  wkd, forke{d+1,d+2,..)
and
o0k, forke{l,...,d},
My (u) := i—kd k—d
v “u+g “(x), forke{d+1,d+2,...},

we can rewrite (3.1) in the more compact form

du=[A(®w) + Hu+ fi(x)]dr + > MF(u) dpf 3.2)
k=1 ’

upg==¢.

Assumption 3.1.

(1) The function ® : R — R is continuously differentiable, non-decreasing, such that ®(0) = 0. There exists constants
A>0,C>0,me[l,o0) such that for all » € R we have

rd@) = Alr" ! =, '] <Clr™ ! +C.

(2) Foreachi=1,...,d, the functions b, c 1 Qr X 0 — R are P ® B(Q)-measurable, and for all (w,1) € Qr we
have b' € CﬁQ; R), c € CI(Q; R), and * =0 on 9 Q. The functions o : Qy — @and V:Qr X Q — I are P-
and P x B(Q)-measurable, respectively, and for all (w, 1) € Qr we have v e C 1 (Q; I). Moreover, there exists a
constant K such that for all (w, 7, x) € Q7 x Q we have

o] + b} (O] + e (O] + [ (),
+ | VB ()| + |Ver (x)] + Vv ()|, + |V2bi(o)| < K

(3) The functions f : Q7 — H~!and gk Qr — H™!, for k € N, are P-measurable and it holds that

T o0 )
B (10 + et ) ar < oc.
0 k=1

(4) The initial condition & is an Fp-measurable H ~1_valued random variable such that E|& ||%1,l < 00.

Assumption 3.2. There exists a constant ¢ > 0 such that ¢|r|"~! < &/(r) for all r € R.
We note that Assumption 3.2 implies the first part of Assumption 3.1(1), that is r®(r) > clrim+t,

Letus set A;(u) := A(P(u)) + Hyu; + f;. The operators are understood in the following sense: For u € L, +1(Q),
we have A, () € (Lyy+1)*, M¥F(u) € H™', given by

1
(Lmﬂ)*(A’(u)’d))LmH = —/ch(u)¢dx—/Q§at2uqbdx

— /Q ud; (b (—A)"'¢) + /Q(ctu + f)(=A)"gdx,

—antuakI/fdx, forkef{l,...,d},

k A
(M7 ) () = !/Q vEdy 4 gy dx, forke{d+1,d+2,...},
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for ¢ € L;+1(Q), ¥ € HOl (Q), where (—A)~! denotes the inverse of the Dirichlet Laplacian on Q. Notice that for
¢ € H™! (in particular for ¢ € L,,,41(Q)), it holds that (see, e.g., p. 69 in [23])

(Mf (). ¢) 1 = (M) ((—A)""'9).

Definition 3.1. A solution of equation (3.1) is a process u € Hr;lL 1>

one we have

such that for all ¢ € L,,41(Q), with probability

t t
(Mt,¢)[-171 = (57(]5)1-171 +/(; (Lm+1)*(A(“)’¢>L,,,+1 ds +/0 (Mk(u)’¢)ﬂ—l dﬂf’
forallt € [0, T].
3.1. Well-posedness

In this subsection we show that the problem (3.1) has a unique solution. This will be a consequence of [19, Theorems
3.6 and 3.8], once the respective assumptions are shown to be fulfilled. This is the purpose of the following lemmata.

Remark 3.1. In Definition 3.1, the set of full probability on which the equality is satisfied can be chosen indepen-
dently of ¢ € L;,+1. This follows by the fact that the expression

/ M) dp
0

is a continuous H ~!-valued martingale, combined with the separability of L, .

Lemma 3.1. Under Assumption 3.1 there is a constant N depending only on K such that for all (w,t) € Qr, u €
Ly+1(Q) we have

V ud; (bl (—A) " 'u) dx
Q

‘/ uc,(—A)_ludx
]

Proof. By continuity it suffices to show the conclusion for u € C2°(Q). We have

< Nlul3 (3.3)

< Nllul3,-. (3.4)

/uai(b;'(—A)—lu)dXZ/(aib;')u(—A)—ludx+/ blud; (—A) udx. (3.5)
0 0 0

Recall that 0Q € C? which implies =Nl e HQ(Q). Hence, writing u = (=A)(=A) "Ly, integration by parts
gives ((=A)~ !y vanishes on 9 Q)

‘/ (3:6)u(—A)udx
0

=

f(a,-jb;')(a,-(—A)—lu)(—A)—ludx
0

+ VQ(a,-b;')(aj(—A)lu)zdx

< Nlul3- (3.6)

where we have qsed Young’s and Poincaré’s inequalities. For the other term, since 9; (—A)"'u € H'(Q) (recall that
dQ € C?) and b’ vanishes on 8 Q, we have

/b;'uai(—A)—ludx=/ bl (3;(—=A) " u)d;8; (= A)udx
0 0

+f (3;6))(3; (=) u)d; (=A) ' udx.
Q
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For the second term in the above equality we have by Holder’s inequality

2
< Nlul? .

f(ajbi)(8;(—A>*‘u)ai(—A)*‘udx
0

while for the first term we have

/b;’(aj(—A)*lu)a,'aj(—A)*ludx
0

1 .
:_‘/ bio; (3;(—A)"'u)> dx
2lJo

_ %‘/(Bibf)(aj(—A)_lu)zdx

2
< Nlull, i,

where we have used again that b =0o0nd 0. Hence,

‘/ biud;(—A) " 'udx| < Nllull3,-,.
0

3.7

Combining (3.6) with (3.7) we obtain (3.3). Inequality (3.4) follows similarly from the fact that |c;(x)| +

Ve ()] < K.

]

Lemma 3.2. Under Assumption 3.1, there exists a constant N depending only on K and d such that for all (w, t) € Qr

and all ¢, € Ly+1(Q) we have

o0
2ty CHi$ + frr ) s + S IME@D
k=1

o0
< N<||¢||i,_. A +Z||gf||21)»
k=1

and

2t (@) = A, 6 =), |+ D ME@) = ME@) |3 < Nllg — vl
k=1

Proof. We start by proving (3.8). By virtue of the previous lemma, it suffices to show that

— 2012, + (fr g + S| ME@

k=1

o0
< N<||¢||§,l A%+ ZHngi—l)

k=1

Clearly it suffices to show the last inequality for ¢ € C2°(Q). To this end, we have

— o213, + (it + S IME@D

k=1

d [ee)
= 020912, + (fre D1 + 02 S Mgl + D |vko + gl |
i=1 k=1

d o0
<o} <Z 10171 ||¢||%2) + N<ll¢lliw Al + e ”iﬂ)
i=1

k=1

(3.8)

(3.9)
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Hence, we only have to show that
d
2 2
D 10l < g7,
i=1

Let £ € C2°(Q). The action of 9;¢ on ¢ is given by —(¢, 9;¢)r,. We have

d
(@, 3| = (D) (=28)"p,8:), | = Za,az(—A)—1¢,31;)L2

d
_ 2
<Nl ;naiaz(—m '],

Consequently,

d
Il < Y ara—a)""o]; .
=1
It now suffices to show that
- 2
Yo laa=ne);, < leli,.
Li=1

This follows from the convexity of Q. Namely, if Q is a convex, open, bounded subset of R? with boundary of class
C?, then it holds that

d

> 10:vl17, ) < 1AV, )
li=1

forall ve H2(Q) N H& (Q) (see [16, p. 139, Theorem 3.1.2.1, inequality (3,1,2,2)]). Applying this to v := (—A)"'¢

finishes the proof of (3.8).
For (3.9), by considering (3.8) (with f =0, g = 0), it is clear that we only have to show that

L {A(@@) — A(PW)). ¢ — V),

m+l

This follows from the well-known fact (see, e.g., p. 71 in [23]) that
LA (R@) — A(@W)). =), =—(P(®)—PW). ¢ —V),, <0
since @ is non-decreasing. This completes the proof. (]
Theorem 3.3. Under Assumption 3.1 there exists a unique solution of equation (3.1).
Proof. It is straightforward to check that the operator A satisfies (A1) (hemi-continuity) from [19]. The fact that A

and M satisfy (A») (monotonicity) was proved in (3.9). Coercivity or (A3), follows from (3.8) combined with (1) of
Assumption 3.1, which implies that

Lo (A(@@), 8], =—(2@).0),, =2l +
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For the growth condition (A4) we have, for v € L1,
[a(@w) +Hv+ fill g, = l@@], L+ TH + fillw,
<N+NIIE A+ 1H + fill g
where we have used Assumption 3.1(1). Then, notice that for ¢ € C2°(Q)
L (HV+ [, @)L
= _/Q %afwdx — /Q ud; (bl (—A)"'¢)dx + /Q(clu + f)(=AN)"pdx

< Nllullzsnym 1@ L0 + Nl 1@ g—1 + NI f Il g-1191 -1

2 1
< N+ IAIE D 1008 ISl

Hence,
|A(@®) +Hv+ fill g, e < NAFIAI + 1007, L),

where N depends only on m, K, C, d and |Q|. This finishes the verification of the assumptions of [19, Theorems 3.6
and 3.8], an application of which concludes the proof. |

3.2. Regularity

In this section we add a viscosity term of magnitude ¢ to equation (3.1) and show that the corresponding equation and
its solution u® satisfy the assumptions of Theorem 2.7, which yields supremum estimates for u® uniformly in ¢. Then,
we show that u® converges to u# and pass to the limit to obtain the desired estimates for the u.

First, we consider an approximating equation where the non-linear term is Lipschitz continuous, that is, for € > 0,

on QT

duy = [A(P W) + eAuy + Hu, + fi]dt + M} (u,) dBf,

ug=4¢,

(3.10)

with zero Dirichlet boundary conditions on d Q. Let us set

T
— p p P
o =BIEN, +E [ (1717, + gl ], ) ar.
Asin [15, Lemma B.1] we have the following.
Lemma 3.4. Assume that Assumption 3.1(2), (3), (4) is satisfied and that ® : R — R is a Lipschitz continuous, non-

decreasing function with ®(0) =0. Then, equation (3.10) has a unique solution u in H, I Moreover, if K» < 0o, then
u € Ly and for any p > 2 the following estimate holds

T
E sup ||ut||’Z, +E/ |||u|(p_2)/2|Vu|||izdt < NK,, (3.11)
t<T ’ 0

where N is a constant depending only on ¢, K, d, T and p.

Proof. The existence and uniqueness of solutions in H ! follows from Theorem 3.3. Therefore, we only have to show
that # € L., and (3.11) under the assumption that K, < oco. Let (ei)?i | be an orthonormal basis of H -1 consisting
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of eigenvectors of —A and let IT, : H~! — span{ey, ..., e,} be the orthogonal projection onto the span of the first n
eigenvectors. Consider the Galerkin approximation

du? = T1,[A(D(u})) +eAul + Hu} + f;]dt + 1, M} (u}) dpf,
ug =T1,&.

(3.12)

Under the assumptions of the lemma, it is very well known from the theory of stochastic evolution equations (see [19])
that the Galerkin scheme above has a unique solution u” which converges weakly in Ly (27, P; L2(Q)) to u (in fact,
this is how the solution u is constructed). Notice that the restriction of I, to L; is again the orthogonal projection
(in Ly) onto spanfey, ..., e,}. Consequently, for any ¢,y € C° we have —(¢, I1,,0; )1, = (3;I1,¢, ¥)r, which
remains true for ¢, ¥ € L;. Hence, by 1t6’s formula, we have

‘ 2
Hu;z”iz < €12, _/ 2<8ju”,8j(i>(un))+£8ju"+%8ju”> ds
0 Ly
t
—i—/ 2(bi8iu"+cu”+f, u”)des
0
& 2w 2
[ (St ¢ Xt 17,
t
+/ 2(M*u" + gk um) apt.
0

Since @ is a non-decreasing Lipschitz continuous function, we have

(3ju", 8;(®(u"))),, 0.

It then follows by standard arguments (see, e.g., the proof of Theorem 4 in [25]) that
T 2
E " dt < NKy,
[y e < s

where N depends only on ¢, K, d, and T'. Since the Galerkin approximation u” converges weakly in Ly (27, P; L2(Q))
to u, taking liminf as n — oo in the above inequality gives

T
Ef lull?,, dt < NK.
0 0

Moreover, since u € Lo (Q7, P; H(} (Q)) and satisfies (3.10), it follows (see [19, Theorem 2.16]) that is has a contin-
uous Ly-valued version which implies that u € L. From here, one can deduce (3.11) by following step by step the
proof of Lemma 2 from [4], keeping in mind that ®'(u) > 0. (]

We use the previous result to obtain the required regularity for the solution of the SPME in the presence of a
non-degenerate viscosity term,

duy = [A(® W) + eAuy + Huug + fi]dt + M (uy) dpf, a3

ug=E&.

Lemma 3.5. Suppose that Assumption 3.1 holds. Then, there exists a unique Hr;il-solution of equation (3.13). If

&€ Liyt1(825 Liny1(0)), f € Liny1(Qr; Lin1(Q)), and g € Ly 1(27; Lin1+1(Q; b)), then we have that u, ®(u) €
Lo(Q7; Hol) and V® (u) = ®'(u)Vu. In particular, u € L.
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Proof. The fact that (3.13) has a unique H,;}H -solution follows from Theorem 3.3. For the remaining properties, let
us consider the approximation

du} = [A(Dn(u)) + eAu) + Hul' + fi]dt + M (u]) dpy, .

uo =4,
where for n € N, &, : R — R is defined by
r
d>n(r)=/ min{®'(s), n} ds.
0

By Lemma 3.4, equation (3.14) has a unique solution #" in H ! Which moreover belongs to 1L, and for all g €
[2,m + 1] we have

T
Esup|lu”[¢ +]E/ /|u”|q_2Wu"|2dxdt
t<T 1 0 Jo

T
=< N<E||§||%q +E/O IIfIIqu + | lgl qu dt) < 00, (3.15)

where N depends only on K, T, d, g and .
Let W, (r) = [y ®n(s)ds. By Theorem 3.1 in [18] we have

t
/wn(u¢)dx:/ xvn@)dx—/ /|V<I>n(u")|2+8d>’(u")|Vu”|2dxds
Qg 0 0 Jo
t
+/ (biaiu"—kcu"—f—f, an(u"))L2 ds
0
B
+ [ 5@,
0 2

t
+/ (M* ("), @, (")), dBY. (3.16)
0

vu” + g‘i)Lz ds

Notice that by Assumption 3.1 we have
—@, (u")|Vu"|* <0,
(cu" + £ @n(u") , < N(J [ 7]+ A1),

Lm+1 Lm+1

(B o, @ ("), = = ((@ib")u", u (")), = (B'", 8 @n (")),

1 1 2
S P A (2N PO T
and
(@ ("), Jou +g]7),, < N+ " |75+ gl 7)),

for a constant N depending only on C, K, d, and | Q|. Hence, after a localization argument we obtain for all ¢ € [0, T']

t
B[ wiu)ax+E [ [ve,w)]}, ar
] 0

L1 L1 Lyt L1

t
§N1E<1+I|€I|’"“ +/0 LAY gl |7 4 a7 dt), (3.17)
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for a constant N depending only on C, K, d, and |Q|, which in particular gives by (3.15)

T
B[ 1ve,6);, ar

T
1
< N]E<1 + e+ /0 AN+ el 177 dt) <00, (3.18)

L1
where N depends only on K, T', d, m, C, | Q] and ¢. By (3.15) and (3.18) we have for a (non-relabeled) subsequence
u" = v in La(Qr; Hy(Q)),
u" = v in Ly (7 Lns1(Q)),
@, (un) =1 in Lo(Qr; Hy (Q)),
wh—u*in Lyt1 (25 Lin+1(0)),

(3.19)

for some v, n and u®°. Recall that we want to show that u, ®(u) € L(Q7; H(}). For this, we will show that u = v and
@ (v) = n by using standard techniques from the theory of monotone operators (see, e.g., [19]). Notice that by (3.19)
we also have

u" —v in LQ(QT; H_l),
A®,(uy) = Ay in Ly(Qr: H™'), (3.20)
ufp = u™ in Ly(£2; H_l).

As in Section 3.5 in [19], by passing to the weak limit in (3.14) we have in H~! for almost all (, 1)

t t
vt=§+/ (An+eAv+Hv+f)ds+/ M*(v)dBt, (3.21)
0 0

and, almost surely,
T T
u°°=s+f (An+£Av+Hv+f)ds+/ M* ) dpk. (3.22)
0 0

Hence, we can choose a version of v that is a continuous, adapted, H ~L_valued process. It follows that (3.21) holds
for all ¢ € [0, T'] on a set of probability one and that almost surely vy = u®°. To ease the notation let us set

A} (p) = A(Pul9)) +eAp + Hip + fr,
Ai(@) = A(P(p)) +eAp + Hip+ f;
for ¢ € L;,4+1(Q). Let y be a predictable L,,11(Q)-valued process, such that
! +1
m
E/O Iyl dt < oo,

For ¢ > 0 we set

T
0= [ 2 40(6) — A" ),
0

m+1

T S T
+E / e S [ME ) = MEG)| i di — B / ce= |u =y, dr.
0 k—1 0
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Notice that due to Lemma 3.2 we have for ¢ > 0 large enough (independent of n)

T
On = ]E/O 2eiCI(Lm+l)*<An (u”) - An(y)’ Mn - y>Lm+l dt
T e 2
[ e Y b))

0 k=1
T 2
—E/ Ce—ct”un _yHH_] dt
0

m+1

T
+E /O 2, (AT () — A" — ), dt

T
S]E/ 2L (A OD) = A, U —y)y, .
0

+1

Moreover, one can easily see that by the properties of ®, we have that ®,(y) — ®(y) strongly in L,,4+1(Q27;
Ly+1(Q)), which combined with (3.19) gives

T
lim ]E/O e_C'Z(LmH)*(A”(y) —A(y),u" — y)Lm dt =0.

n— o0 +1
Consequently, we have

limsup O, <0. (3.23)

n—oo

We also set

T
0= [ (2t W), + 2N el
and Og =0, — (9,11. By Itd’s formula (see [19, Theorem 2.17]) we have

T |lulh |5, = N3,
r k
o A T RE S S I AT
T ) T
[ el ar+ / e (MM (). ") - B
0 0

By the estimates in (3.15) one can easily see that

1/2
(/0 Z Mk ,u")il_. dt) < 00,

k=1
which implies that the expectation of the last term at the right hand side of the above equality vanishes. Hence,
—c 2
Oy =Ee™"|uf | },-1 —EIEI3, -1
from which we get that

limsup O, = Ee™ "oz ||}, —E[§]17,1 +8e~" (3.24)

n—0o0
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with & := limsup,_, ., Ellu’y || —Efvr|?
that the quantity

o1 = 0, due to (3.20). On the other hand, by (3.19) and (3.15) it follows

Eesssup”v,lle +E/ ||VU||izdf
t€[0,T]

can be estimated by the right hand side of (3.15) with ¢ = 2. In particular, this implies that

12
(/ Z Mk(v) v)H ldt) < 00.

Hence, by (3.21) and Itd’s formula we obtain

—eT 12 2
Ee™ lorllg - = El&1y; -

T
+ IE/O e "2, (An+eAv+ Hv+ fv)g,  di

T o0 5 T
—HE/ e | M) - dz—IE/ e “elvl?,, dr.
0 k=1 0

Hence,

T
limsup O} = IE/ e "2, .- (An+eAv+ Hv+ f,v), , di
0

n—oo
T o 5 T
—HE/ e Y | M* ) ||H_1dt—E/ e “cl|vll3,-, dt + e~ (3.25)
0 0
k=1
Moreover, by (3.19) we have

T
lim O _IE/O 6_612((Lm+1)*<A(Y)7y>Lm+1 - (Lm+1)*(A(y)’U)Lm+l)dt

n—oo

T

—E/O e_CIZ(LmH)*(AT]+8AU+HU+f,y)Lm+1 dt

T 0 2
+E /0 e (ZHM"@)HH—I —2(M"<y),M"<v>)H_1)dr
k=1
T
—}—E/ e
0

“e(2, y) g1 — Iy13,-1) dt. (3.26)

Consequently,

T
E/O e 2, (An+eAv+ Ho+ f—A(y).v—y), di

m+1

T o0
+]E/ e_c’2Z||Mk(v) — M (y) ||§{,1dt
0

k=1

T
—IE/ ce‘“llv—y”il,1 dt 4 8e~T =limsup O} + l1m 0?2
0

n—oo

=limsup O, <0, (3.27)

n—oo
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by (3.23). By choosing y = v in (3.27) we obtain that § = 0. Moreover, it follows that

m+1

T
]Ef e_Ctz(Lm+l)*<An+8AU+HU+f_A(y)’U_y>L dt
0

T
—E/ ce v — y||i,,l dt <0.
0

Let z be a predictable process with values in L,,+1(Q) with E fOT Iz ||r£': +11 dt < 0o and choose in the above inequality
y =v — Az for A > 0. Then, we have

T
E/ e 2L, (AnteAv+ Hu+ f — A(v—22).2), _ dt
O m

T
- Ef cAte™||z|13,_, dt <0.
0

Dividing by A, letting A — 0 and using the hemi-continuity property we obtain

T
E/O Lar* (A0 = A(®W)), 2),  dt 0.

Since z was arbitrary, we have An = A(P(v)). This shows that v is a solution of (3.13), and by uniqueness, we have
u=v, ®(u) = ®(v) = n. This finishes the proof. O

Remark 3.2. Suppose that Assumption 3.2 also holds and let u® be the solution of (3.13). By writing 1td’s formula

for W (u;)IL,(0), Where W(r) = for ®(s)ds, similarly to (3.17) and after applying Gronwal’s lemma one has

L+ Lipt1

T T
! ’VW(“E)‘VZC{%NE(H||§||m“ + [+ ele 2 dr),
where N is independent of ¢.

We will also need the following.

Lemma 3.6. Let u” be real-valued functions on Q such that u" — u in H=' for some u € H='. Then for any
p €[l,00]

<liminf|u"|, .

lullz, <liminflu"]

Proof. Suppose first that p € [1, 00). We assume that liminf,_, o ||u”||Lp < 00 or else there is nothing to prove.
Under this assumption there exists a subsequence u"* with limy, ||u"* ||Zp = liminf, ||u" ||€p and v € L,(Q) such that

u"  —vin L,(Q).Itfollows thatu = v € L,(Q), which finishes the proof since ||v]|, < liminf [|u"* HIL],,' For p =00
we have the following. We know that the conclusion holds for all p € [1, co). Hence,

1 ..
lullz, < 1QIYP liminf[u" |, .
p n—00 o0
The assertion follows by letting p — oo. O
We can now present our main theorems.

Theorem 3.7. Suppose that Assumptions 3.1 and 3.2 are satisfied with m > 1. Let u € T'y and let u € Hr;i | be the
unique solution of (3.1). Then, we have

2
Ellull} _opy < NE(IENT o)+ [Su(f ©]). (3.28)



Loo-Estimates for degenerate SPDE 1793

where

Se(fse)=1+IfllL,comn + l1gls, HLZ,L(QT)’

and N is a constant depending onlyonm, T, ¢, K, d, u and |Q|.

Proof. Step 1: In a first step we assume that |£(x)|, | f;(x)|, |g:(x)];, are bounded uniformly in (w,?,x). Let u®
denote the unique solution of the problem (3.13). By Assumptions 3.1 and 3.2 we have that equation (3.13) satisfies
Assumptions 2.1-2.2 with =¢,c=c,m=m — 1, and

al (x.r) = (N Ii=j+elizjr +02r/2,
Fle,r)=blr,  Flx,r)=(c;(x) = 3;b.(0))r + f;(x),
ik 7 k _ k—d k—d
g (x,r) = li=k k<aoyT, Gy (x,r) = li=a (v, ()r + g, (x)),

Vi =], V@ =lgawl,

By Lemma 3.5 we have that u® satisfies equation (3.13) also in the sense of Definition 2.1. Therefore, by Theorem 2.7
we have

E|u® Him@ﬂ < NE(1+ 113 )+ [Su(f: 0), (3.29)

where N is a constant depending only on m, T, ¢, K, d, r, and |Q|. By Itd’s formula, the monotonicity of &, and
(3.8), one can easily see that for a constant N independent of ¢ we have

t
o= 2 [ T 4 20— s 0

for a local martingale M; . Hence,

T
E|Juf _”1”?1—1 < NE/O &Ly (Au® u® —u), |dr. (3.30)

m+1
Moreover, by 1td’s formula, Assumption 3.1(1), and (3.8) we have for a constant N independent of ¢
T m+1 2 T 2 0 kN2
E/O Juf |7 dt < NE{ 141517, +/0 1%+ |85 )5 dt ) < oo
k=1

The same estimate holds for u. Hence, by virtue of (3.30), we have

T 2
lim]E/ g — |3, dt =0.
0

e—0

In particular, for a sequence e — 0 we have ||uf" — || g—1 — O for almost all (w, t). By Lemma 3.6, Fatou’s lemma,
and (3.29), we have for any p € [1, o0)

Elul} (o, < liminf B |u® I o

(o) = liminf NE u

< NE(1+ 1§13 ) + [Su (£ ©]).

with N independent of p, and the result follows by letting p — oo.



1794 K. Dareiotis and B. Gess

Step 2: For general &, f, g we set

E"=(-n)VvE)An,  f"=((=n)V f)An,

g = Z(((_Cn) Vv gk) A Cn)ekv

k=1

where (ex)72 ; is the usual orthonormal basis of /; and C,, > 0 are chosen such that IEfOT lg" — gl |I%2 dt — 0. Let
u" be the solution of the equation corresponding to the truncated data. Then by It&’s formula one can easily check that

T
B[l ]y dr < NEJe €]

T 00
v [ Sl -4 ) o0
k=1
as n — 00. Since for each n € N we have

Elu" |7 op) < NE(L+ £ ) + [Su(f ),

the result follows by virtue of Lemma 3.6. ]

Theorem 3.8. Suppose that Assumptions 3.1 and 3.2 are satisfied with m > 1. Let u € Ty and let u be the solution of
(3.1). Then, for all p € (0, 1) we have

b 2
Ellull} _p.ryx0) <P NE(IENF-1 + [Su(f 2]). (3.31)

where S, (f, g) is as in Theorem 3.7, N is a constant depending only on C, m, T, ¢, K, d, u and | Q|, and 6>0isa
constant depending only on d, pu and m.

Proof. Step I:In afirst step we assume that&§ € L,,1(2, L,,+1(Q)) and that | f; (x)[, |g;(x)];, are bounded uniformly
in (w, t, x). Let u® denote the unique solution of the problem (3.13). By Lemma 3.5 u? is a solution also in the sense
of Definition 2.1. Hence, by Lemma 2.9 we have

2 g 2 2
E””8 “Lw((p,T)xQ) =p GNE(l + ””8 ”Lz(QT) + |Sr(f’ g)| ) (3.32)

with N independent of ¢. By It6’s formula, Assumption 3.1(1) and Lemma 3.2 we have
t
2 m+1
o 5+ [ s

t (0.¢]
< N<1 + 11§17, +f0 [ PR N A S P ds) + My, (3.33)

k=1
for a local martingale, with N independent of €. After a localization argument and Gronwal’s lemma one gets
T m+1 2 r 2 - k2
E/O Juf|7F) ds < NE( 1+ €113, +/0 LA+ > ]85 | ds |-
k=1

Plugging this in (3.32) (m + 1 > 2) gives the desired inequality.

Step 2: For general &, f and g, one can proceed as in the proof of Theorem 3.7, this time choosing &" €
Li+1(82; Lip+1(Q)) such that lim, E||§" — 5”%14 =0 and ||&llz-1 < €llz-1 almost surely. This finishes the
proof. |
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Remark 3.3. As already seen, for any & € L,(2; H~!), the corresponding solution u of (3.1) belongs to the space

Lpy+1(27; Ling1(Q)). Consequently, there exists arbitrarily small s > 0 such that E||u; ||’£:+1l < 0o. By Remark 3.2

the quantity E||® (uf) ||i2 (T3 H) (where u® is the solution of (3.13) starting at time s from u{ = u,) can be controlled

by E|lus ||erl . Using this, one can use again the theory of monotone operators to show that the weak limit of ® (u?)
Lm+l

in Lr(2 x (s,T); Hol) coincides with ® (). In particular, the solution u is strong on the time interval (s, T), that is,
®(uy) € H} (Q) forae. (w,1) € 2 x (s, T).
Appendix

Lemma A.1. Let Q C R? be an open bounded set and let R € C'(Q x R) be such that there exist N € R, p € [2, 00)
and g € L,(Q) such that for all (x,r) € O xR

|RGx, r)| + [VxR(x,r)| < N+ [g)|Ir|P72 + Nr|P~1. (A.1)

Set
r
G(x,r) :=f R(x,s)ds,
0
and let u € Hol(Q) be such that
/ |u|de+/ |Vu|?|u|P~2 dx < oo. (A2)
Q0 Q0

Then G(-,u) € Wy'' (Q).

Proof. Let us set

R(x,r), for |r| <n,
R,(x,r) =1 R(x,n), forr > n,

R(x,—n), forr<-n
and
,
Gu(x,r) :=/ R, (x,s)ds.
0
It follows that V, G, (_x, r) and 0,G,(x,r) are continuous in (x,r) € @ x R, and they satisfy with some constant
N(n), forall (x,r)e Q xR
|ViGn(x, )| < NmIrl,  |8,Gu(x,r)| < N(n).

Moreover, we have G, (x, 0) = 0. Hence, by approximating u in HO1 (Q) with u™ € C2°(Q), one concludes easily that
G,(-,u) e W(;’l (Q). Notice that there exists a constant N, such that foralln € N, (x,r) € a x R we have

(i) 1Gn(x, )| < N(1+[g(x)|P +|r|P),
(i) |ViGu(x,r)| < N1+ |g(x)|? + [r|P),
(iii) 19, Gn(x, 1) < N1+ [g()|[r|P=2 + [r|P~1).

This implies by Young’s inequality
|Gn(x, )] < N(1+ |g@)|” +ul?),
VG (e, w)| + |8, G, ) ||Vl < N(1+ |g)|P + [l + [ul? =2 V).
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By Lebesgue’s theorem on dominated convergence we have G, (-, u) — G(-,u) and V,(G,(-,u)) - Vi G(-,u) +
3G (-,u)Vyu in L1(Q), and the claim follows since G, (-, u) € Wy’ (Q) for all n € N. O
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