Annales de I’Institut Henri Poincaré - Probabilités et Statistiques

ANNALES
2019, Vol. 55, No. 3, 1402-1438 DEINUT
https://doi.org/10.1214/18-AIHP923 HENRI
© Association des Publications de I’Institut Henri Poincaré, 2019 POINCARE
PROBABILITES

ET STATISTIQUES

www.imstat.org/aihp

Edge of spiked beta ensembles, stochastic Airy semigroups and
reflected Brownian motions

Pierre Yves Gaudreau Lamarre! and Mykhaylo Shkolnikov?

ORFE Department, Princeton University, Princeton, NJ 08544, USA. E-mail: plamarre @princeton.edu; mshkolni @ gmail.com
Received 2 October 2017; revised 29 April 2018; accepted 27 July 2018

Abstract. We access the edge of Gaussian beta ensembles with one spike by analyzing high powers of the associated tridiagonal
matrix models. In the classical cases 8 = 1, 2, 4, this corresponds to studying the fluctuations of the largest eigenvalues of additive
rank one perturbations of the GOE/GUE/GSE random matrices. In the infinite-dimensional limit, we arrive at a one-parameter
family of random Feynman—Kac type semigroups, which features the stochastic Airy semigroup of Gorin and Shkolnikov (Ann.
Probab. 46 (2018) 2287-2344) as an extreme case. Our analysis also provides Feynman—Kac formulas for the spiked stochastic
Airy operators, introduced by Bloemendal and Virdg (Probab. Theory Related Fields 156 (2013) 795-825). The Feynman—Kac
formulas involve functionals of a reflected Brownian motion and its local times, thus, allowing to study the limiting operators
by tools of stochastic analysis. We derive a first result in this direction by obtaining a new distributional identity for a reflected
Brownian bridge conditioned on its local time at zero. A key feature of our proof consists of a novel strong invariance result for
certain non-negative random walks and their occupation times that is based on the Skorokhod reflection map.

Résumé. Nous accédons a ’extrémité du spectre des ensembles béta gaussiens avec perturbation de rang un par I’entremise de
grandes puissances des matrices tridiagonales qui y sont associées. Pour les valeurs traditionnelles 8 = 1, 2, 4, ceci correspond
a I’étude des fluctuations des valeurs propres maximales des matrices aléatoires GOE/GUE/GSE assujetties a une perturbation
additive de rang un. En dimensions infinies, nos résultats nous menent vers une famille de semi-groupes de type Feynman—Kac
qui, dans un cas extréme, correspond au stochastic Airy semigroup introduit par Gorin et Shkolnikov (Ann. Probab. 46 (2018)
2287-2344). De plus, nos résultats ont pour corollaire des formules de Feynman—Kac pour les spiked stochastic Airy operators
introduits par Bloemendal et Virdg (Probab. Theory Related Fields 156 (2013) 795-825). Ces formules sont exprimées a I’aide de
certaines fonctionnelles du mouvement brownien réfléchi et de ses temps locaux. Ce faisant, les opérateurs en question peuvent étre
étudiés a 1’aide du calcul stochastique. Nous obtenons un premier résultat dans cette lignée en démontrant une nouvelle identité
décrivant la distribution du mouvement brownien réfléchi ayant été conditionné sur son temps local a zéro. La principale innovation
de notre démonstration consiste en la preuve d’un nouveau résultat sur 1’approximation forte du mouvement brownien réfléchi et
de son temps local par une marche aléatoire non négative en utilisant la méthode de réflexion de Skorokhod.
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1. Introduction

A remarkable advance in the study of random matrices and related point processes has been the development of a the-
ory of operator limits for such objects in [8,9,14,16,18,19,23,31,32,34,36-38]. This line of research originates from
the publications [13,14] by Edelman and Sutton, who have realized that the random tridiagonal matrices of Dumitriu
and Edelman [12] (see (1.2) below for a definition) can be viewed as finite-dimensional approximations of suitable
random Schrddinger operators. Since the joint eigenvalue distributions in the Dumitriu—-Edelman models for the pa-
rameter values 8 = 1, 2, 4 are given by the eigenvalue point processes of the Gaussian orthogonal/unitary/symplectic
ensembles (GOE/GUE/GSE), respectively, the insights of [13,14] suggest that the limiting fluctuations of the largest
eigenvalues of the latter can be read off from the random Schrodinger operators associated with the former. This ap-
proach has been carried out rigorously in the seminal paper [32] by Ramirez, Rider and Virdg. We also refer to [23]
for a corresponding universality result, to [8,9] for extensions to spiked random matrix ensembles, to [18,31,34] for
operator limits describing the fluctuations of the smallest eigenvalues of large positive definite random matrices, and
to [36,38] for operators arising in the study of the bulk eigenvalues of random matrices.

More recently, Gorin and Shkolnikov [16] have proposed a different operator limit approach to the study of the
largest eigenvalues in the Gaussian beta ensembles. The latter are point processes on the real line, in which the joint
density of the points A > Ay > --- > Ay is proportional to

N
[T Go—x) [Te? (1)

l1<qi<q:=N q=1

For B8 = 1,2,4, the Gaussian beta ensemble describes the eigenvalue process of a random matrix from the
GOE/GUE/GSE, respectively (see e.g. [1, Section 2.5]). Gaussian beta ensembles with general values of 8 > 0 ap-
pear frequently in the statistical physics literature and are commonly known therein as “log-gases”, see e.g. [15,
Section 4.1].

The starting point of [16] is the celebrated result of Dumitriu and Edelman [12] establishing (1.1) as the joint
eigenvalue distribution, for all values of 8 > 0, of the random matrix

V2G X(N=DB
X(N-DB V26, X(N-2)8

p._ 1 .
Hy =— X(N-2 V2G; . , (1.2)
N \/,E ( )B . ‘
’ . XB
Xp V2Gy
where G1, G2, ..., Gy are independent standard Gaussian random variables, xg, x28, ..., X(N—1)g are independent

chi random variables indexed by their parameters, and the chi random variables are independent of the Gaussian
random variables. According to [32, Theorem 1.1], the rescaled eigenvalues of H B s

Agn=NY0QVN -3, q=1,2,..., (1.3)

converge in finite-dimensional distributions as N — oo to the eigenvalues A1 < A, < --- of the stochastic Airy
operator

2

B 2 / 2
H f:=< +x+—Wx)f, f € L*([0,00)), f(0) =0, (1.4)

- Vi

where W’ is the white noise on [0, o). Thus, the simple computation

A [TN?3) A [ TN?3)
(ﬁ) = (1 - #) —e M2 T >0 (1.5)
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suggests the convergence of the high powers

H}/\S} LTN?/3)
, NeN (1.6)
(wﬁ )
to e~TH’/2 in a suitable operator topology. The main result of [16] (see [16, Theorem 2.8]) establishes a more general

version of such an operator convergence directly, without relying on the findings of [32]. The proof is achieved
by expressing the entries of (1.6) in terms of expectations of certain functionals of simple symmetric random walk
bridges and their occupation times, and the asymptotics of such expressions are obtained by making use of various
strong invariance principles for the considered discrete processes. In contrast to H?, the operator e~ TH'/2 is an
integral operator, and the corresponding integral kernel can be written in terms of the Brownian motion W and an
independent Brownian bridge (see [16, equation (2.4)]). This allows to study the properties of e~ THE2
stochastic analysis (see [16, Proposition 2.14], [17, Theorem 1.1] for an example).

In this paper, we continue the program initiated in [16] and consider the case of Gaussian beta ensembles with
one spike. To this end, it is useful to recall that the stochastic Airy operator 4# describes the limiting behavior of
the largest eigenvalues in the Laguerre beta ensemble (see [12,32]). The latter interpolates between the eigenvalue
processes of sample covariance matrices X X*, where the entries of X are independent standard Gaussian random
variables. From the point of view of statistical applications, the Laguerre beta ensemble is arguably not the most
interesting model, since the entries in the columns of X are uncorrelated. Instead, one often considers multiplicative
perturbations of X X* of the form X ¥ X*, where ¥ = f]r @ Iny_, is the direct sum of a deterministic full rank r x r
matrix fl, and the (N —r) x (N — r) identity matrix Iy_,. Such models are known in the literature as the spiked
covariance models, and we refer to the introduction in [8] for an excellent summary of their practical applications in
statistics.

As first discovered by Baik, Ben Arous and Péché [2] in the case of complex covariance matrices, the fluctuations
of the largest eigenvalues exhibit a phase transition (known as the BBP phase transition) depending on the size of the
perturbation. In the subcritical regime, the perturbation X is so insignificant that the limiting behaviour is the same as
in the unperturbed case; in the critical regime, the fluctuation exponents are the same as in the unperturbed case, but
the limiting distributions are different; and in the supercritical regime, the size of the perturbation is so large that the
largest eigenvalues of X X X* separate from the bulk of the spectrum.

The BBP phase transition was later extended to finite rank additive perturbations of the form X + X, where X
is a Wigner random matrix (i.e., Hermitian with independent entries) [27]. Similarly to covariance matrices, the
asymptotic edge fluctuations of X 4+ ¥ can be characterized in terms of the size of X, and the same trichotomy
(subcritical, critical, and supercritical phases) described above occurs. Such additive perturbation models and their
generalizations find applications in physics [5,22] and signal processing problems [20].

For rank one perturbations, the critical regime of the BBP phase transition has been analyzed in detail by Bloe-
mendal and Virdg [8], and we describe their main result in the case of an additive perturbation. The corresponding
tridiagonal model

by tools of

V2Gi +/BNEN  x(N-1)p
X(N-1)B V2G; X(N-2)

HYY = — Xv-2p  V2G3 (1.7)
* . ° . . Xﬁ
xp V2Gy
can be obtained for 8 = 1,2,4 by applying the Dumitriu—Edelman tridiagonalization procedure to the sum of a
GOE/GUE/GSE matrix and a rank one matrix with non-zero eigenvalue VN¢ N, Where

lim N'3(1 —¢ty)=weR. (1.8)

N—o0
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Then, for all 8 > 0 and under the scaling of (1.3), the ordered eigenvalues of H ﬁ;w converge in finite-dimensional
distribution sense, as N — 00, to the ordered eigenvalues of the spiked stochastic Airy operator

2

Biw . d 2 2 !
HPW = —g T W [ feL?([0,00), f'(0) = wf(0). (1.9)

The case w = oo formally corresponds to the Dirichlet boundary condition f(0) = 0, motivating the convention
HP® =P,

Remark 1.1. The limit in (1.8) determines the regime in the BBP phase transition: a limit of co corresponds to the
subcritical regime, a finite limit to the critical regime, and a limit of —oo to the supercritical regime.

We turn to our main results. For the sake of convenience, we work with a modification of the tridiagonal model
(1.7):

VNiy VN +&
VN + & a VN =1+§&
MEY = JN—T1+¢ a . (1.10)
' 1+&n_1
I+én_1 ay

The following assumption summarizes the conditions we impose on the matrix entries throughout the paper. We
emphasize that we allow the random variables aj, a, ... and &g, &, ... to vary with N, even though the dependence
on N is suppressed to simplify the notation.

Assumption 1.2. The random variables ay, a, ... and &, &1, . .. are mutually independent and such that:

(@) |E[a, ] =o((N —m)~'7) and [E[£n]| = o(N —m)~'/?) as (N —m) — oo,
(b) E[arzn] = sg + o(1) and E[E,%,] = s? +o0(1) as (N —m) — oo, where s,, s¢ are non-negative constants satisfying

2
A7“‘+s§=%forsome,6>0,
(c) E[la,|P] < CPpYP and E[|§,,|P] < CP pYP for all N, m and p, with some constants C < oo and 0 <y < 2/3.

Moreover, we assume that the non-random sequence £, N € N satisfies (1.8) and use the convention ag := 0.

Remark 1.3. Assumption 1.2 holds, in particular, when the a,,’s are chosen to be i.i.d. Gaussian with mean 0 and
variance 2/, whereas the &,,’s are drawn independently such that each \/B(~/N — m + &) is a chi random variable
with parameter S(N — m) (see [16, Lemma 2.2]). However, we note that this is slightly different from the spiked
Gaussian S-ensemble (1.7), since there is no Gaussian random variable with /N £ . We show in Remark 1.8 that the
results of this paper also apply to (1.7).

Motivated by the computation in (1.5), we consider the powers

Biw [TN%3)

. M

ME = <L) . T=>o0. (1.11)
* 2N =

The operator limits of the latter turn out to be given by the following definition.

Definition 1.4. For every 8, T > 0 consider the operator

w T Rpx o Ja (R¥) LO (RY) .
(UP" £)(x) := Ege [exp(—/o dewrfo T\/ﬁ AW, —w T2 )f(RT)} (1.12)
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acting on the space
={f e Ll (10,00): | f(x)| < C1e>*"" for some €y, Cs < 00,8 € (0, 1)}, (1.13)

where

(a) R* is areflected Brownian motion started at x > 0,
(b) Eg«[-] is the expectation with respect to R¥,
(c) the local time of R* is defined as the continuous version of

T

L4(RY) i=tim > [ Vgase(R))dr a >0, (1.14)

el0 &

(d) W is a standard Brownian motion independent of R*,
(e) the Itd integral with respect to W is defined pathwise, as per [21].

Remark 1.5. A trivial restatement of Definition 1.4 is that L{? " is a random integral operator with the kernel

2
exp(— S55) + exp(— 550
2r T

.ER.\-I:eXp<—/TR—;Cdt+ TLTRY qw Wk (RX))‘Rx_yi| (1.15)
0o 2 o B

KP" (x,y) =

Remark 1.6. For each N, the matrix M’; n can be regarded as an integral operator acting on L! ([0, c0)) by asso-

loc
ciating RV *1 with the subspace of step functions

LN [0 OO) {Zvll —131 N=153(1+1)) © vo,vl,...,vNeR}, (1.16)

and then mapping functions f € Ll ([0, 00)) into L}V([O, 00)) via

loc

N713(+1)

N
Ty f)(x) =Y N0 / SO Ay - Ly y-173 41y (%) (1.17)
=0

N-1/3

. . ﬂ )
before acting with MT; n on them.
Our main convergence result reads as follows.

Theorem 1.7. For every > 0, w € R, and with D defined in (1.13), one has

VfigeD.T20: lim (ryf)  Mfy(ng) = /O FEOUE g)(x) dx, (1.18)

where the convergence is in distribution and in the sense of moments. Moreover, these convergences hold jointly
for any finite collection of T'’s, f’s and g’s, and in the case of the convergence in distribution also jointly with the
convergence in distribution

N3]

f lim N~ 1/6 Z < +sm)=wx, x>0 (1.19)

with respect to the Skorokhod topology. Here W is the Brownian motion from (1.12).
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Remark 1.8. We note that Theorem 1.7 also holds for the matrix model (1.7). Indeed, instead of £, we may consider
7, ~ =€y + g/~/N where g is a fixed Gaussian random variable independent of all other entries in M ]’?,;w. If we
condition on the event {g = y} for some y € R, then Iy clearly satisfies (1.8). Consequently, Theorem 1.7 holds under
this conditioning. Since the limit in distribution and moments thus obtained does not depend on the value of y, it
immediately follows from disintegration that the convergence in distribution holds without the conditioning as well.
As for the convergence of moments without the conditioning, we need only ensure that the bound (3.48) holds for Oy.
To this end, note that the right-hand side of (3.55) becomes ¢~ +o(D=N “0)-ON"""00) i the present context, and

that E[e80PkN _|/2] can be controlled by using the Gaussian moment generating function and (3.51).

Remark 1.9. As in [16], the central idea in the proof of Theorem 1.7 consists of expressing the high powers (1.11)
in terms of functionals of random walks and their occupation times. However, in comparison to (1.6), the presence
of the spiked term ~/N £y in (1.10) induces complications in the asymptotic analysis of the random walks associated
to (1.11). As a consequence, the classical strong invariance results used in the asymptotic analysis carried out in [16]
cannot be applied in the present case. In this context, one of the main technical innovations of this paper is to provide
a new strong invariance principle for certain non-negative random walks and their occupation times, which is based
on the observation that the non-negative random walks in consideration can be viewed as images of simple random
walks under the Skorokhod reflection map. We expect the same idea to apply for a wide variety of constrained discrete
processes.

Next, we present some natural properties of the operators Z/lﬁ;w, T > 0, viewed as operators on L2([0, 00)), and,
in particular, connect them to the spiked stochastic Airy operator 2% in (1.9).

Proposition 1.10. For every B > 0 and w € R, the following statements hold.

(a) If the same Brownian motion W is used in the definitions of HP*" and L{g;w, then for every T > 0,
U —exp(— Lt al ! 1.20
r =exp > almost surely, (1.20)

in the sense that if (f;, Ay : q € N) are the eigenfunction-eigenvalue pairs of HPY | then L{ﬁ;w is the unique

operator on L*([0, 00)) with eigenfunction-eigenvalue pairs (fyq> e~ Thq/2

: g € N) almost surely.

(b) The family (Uﬁgw : T > 0) has the almost sure semigroup property in the sense that for all Ty, T» > 0, one has
Z/lTﬂl;wZ/{%w = UTﬁl;:sz almost surely.

(c) Forevery T > 0, the operator L{Tﬂ’w is symmetric, non-negative and belongs to the Hilbert—Schmidt class almost
surely.

(d) For every T > 0, the operator Z/{Tﬁ;w is almost surely trace class and obeys the trace formula
. 00 .
Tr(uﬁ’w)=/ KB (x, x)dx. (1.21)
0

(e) The family (Uf;w : T > 0) is L2-strongly continuous in expectation, that is, for all p >0, T >0 and f €
L2([0, 00)), one has
tim B[ £ U™ F[2] =0 (1.2

Remark 1.11. Proposition 1.10(a) should be viewed as a Feynman—Kac formula for the spiked stochastic Airy oper-
ator HA.

Remark 1.5 shows that one might be able to understand observables of the limiting operators Uﬁ;w, T > 0, such
as moments of certain linear statistics of their spectra, by investigating the corresponding functionals of reflected
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Brownian motions conditioned on their endpoints. As a first step in this direction, we consider E[ K ﬁ v (0, 0)], which,
in view of the next proposition, seems to be the simplest object to study.

Proposition 1.12. For every 8, T > 0 and w € R,

E[K5"(0,0)]

3/2 1 oo ja 2 0
= /iE[exp<—T—</ ry dt —/ Lo da) — Tl/zle—(r))], (1.23)
aT 2 0 0 B 2

where 1;, t € [0, 1] is a reflected Brownian bridge.

Since the density of L(l)(r) is known (see e.g. [28, equation (3)]), it suffices to find the conditional distribution of
the functional

/ 1 /oo L? (V)Z
redr — da (1.24)
0 0 B

given L(l)(r) to compute the right-hand side in (1.12). For g = 2, this leads to the following theorem of independent
interest.

Theorem 1.13. Let ry, t € [0, 1] be a reflected Brownian bridge. Then, for every a > 0, the conditional distribution of
the functional

1 < L{()?
/ r,dt—/ L~ da (1.25)
0 0 2

given L(l)(r) = « is Gaussian with mean —o /4 and variance 1/12.

Remark 1.14. Conditional on L?(r) = 0, the process ry, t € [0, 1] is a standard Brownian excursion, so that The-
orem 1.13 is a generalization of the distributional identity for the latter found in [16, Corollary 2.15] (see also [17,
Theorem 1.1]).

As a consequence of Theorem 1.13, we obtain an explicit formula for E[K %w 0,0)].

Corollary 1.15. Forany w e R and T > 0, and with

VT(T —4w)

1.26
42 (1.26)

Cw;T =

it holds

[2 T3
V=7 eXp(9—6> (1 + V7 Cu:r exp(ci;T)(erf(Cw;T) + 1))7 (1.27)

2 [z, —d? .
where erf(z) .= T fo e~ da denotes the error function.

For B # 2, we were not able to obtain an analogue of Theorem 1.13.

Open Problem 1.16. Find the conditional distribution of the functional in (1.24) given L(l)(r) for all 8 > 0.
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Remark 1.17. A simple computation based on Theorem 1.13 shows that the unconditional distribution of the random
variable

1 oo ya 2
A= Jﬁ(/ 7y dt —/ Mc1a> (1.28)
0 0 2

has a moment-generating function given by

K2 3 5 3
E[exp(kA)] = exp<7> —V 3¢ exp(2« )erfc( EK)’ (1.29)

2

2 . . .
where erfc(z) := ed /. Zoo e~ % da denotes the complementary error function. Therefore, it seems natural to view the

density of A as a sum of the standard Gaussian density and a function that integrates to 0, which yields a corresponding
decomposition of the moments of A (see Table 1 for the first few moments). In particular, Table 1 suggests the
following formula for the odd moments of A:

220 — 1))
B[] = 2D e,

4(n —1)! (1.30)

leading us to believe that A admits an interesting combinatorial interpretation.

The remainder of the paper is structured as follows. In Section 2, we prove the strong invariance principle for
non-negative random walks that was alluded to in Remark 1.9. Section 3 is devoted to the proof of Theorem 1.7. The

proof has the following general structure: first, we write the entries of the matrix M’;u,\), as expectations of suitable

functionals of the non-negative random walks of Section 2 and the entries of the matrix M f,;w; then, we derive the
limiting behavior of suitably truncated versions of such expectations using the strong invariance principle of Section 2;
finally, we remove the truncation by obtaining appropriate uniform moment estimates on the functionals involved. In
Section 4, we show the properties of the limiting operators Uﬁ ¥ T > 0 listed in Proposition 1.10. Lastly, in Section 5
we establish Theorem 1.13, as well as Proposition 1.12 and Corollary 1.15. The proof of Theorem 1.13 combines the

ideas of [17] with the analogue of Jeulin’s theorem for a reflected Brownian bridge conditioned on its local time at
zero from [29, Corollary 16(iii)].

Table 1
The first few moments of A

E[A] —/61/2
E[A%] 1+6
E[A%] —6v/6m
E[A%] 34108
E[47] 12067
E[A%] 15 4 2646
E[A7] —3360+/67
E[4%] 105 + 85,032
E[A°] ~120,960v/67
E[A!0] 945 + 3404,430
E[All] —5322,240v/67
E[A!2] 10,395 + 163,446,660
E[A13] —276,756,480/67

E[A!%] 135,135+ 9153,449,550
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2. A strong invariance principle

This section focuses on the strong invariance principle for certain non-negative random walks and their families of
occupation times, which is at the heart of the proof of Theorem 1.7. For starters, we let Y = (Yp, Y7, ...) be arandom
walk on the non-negative integers with transition probabilities

1
PY,y1=z+1|Y,=2]=PYpp1=z—-1|Y,=zl==, z=12,...,
2
| 2.1
P[Yn—i-l:l|Yn=O]=P[Yn+1=0|Yn=0]=§'

In other words, when Y is away from 0, it behaves like a simple symmetric random walk (SSRW), and when Y is at
0, it stays at 0 or moves to 1 with equal probability.
GivenT >0and N e N,weletk =k(T,N) .= LTN2/3J and T} := kN~2/3_ Moreover, for each x > 0, we define
a process X¥* t € [0, T] satisfying
k; k; kxy d
(Xo ™ X5 e XET) = (Yo, Y Y | Yo = [xN'7 ) 2.2)

and interpolating linearly between these time points (see Figure 1 for an illustration). We also introduce the normalized
occupation times of XX for positive levels:

LY(x**) .= N"'3|{r €0, T]: X5 =aN'3}|, a>0 2.3)

and use the convention
LO(x%%) :=lim L9 (x*). (2.4)

al0

Remark 2.1. Note that the normalized occupation times as defined above have the property that for any measurable
function ¢ : R — R that vanishes on (—oo, 0], one has

Tk . .
/ o(XF ) dr = / @(a)L*(X*) da. 2.5)
0 R
Finally, we let
H(X5Y) = {1 € [0. TN N"2PN: XM 1, o= X1 =0} (2.6)
be the number of the horizontal steps at zero in (X g;x, X ]1{\/;{2 e X I};{x). Our strong invariance principle can now be

stated as follows.

Theorem 2.2. For every T > 0 and x > 0, there exists a coupling of the sequence of processes X**, N € N and a
reflected Brownian motion R* such that

sup |[NTIBXEY _RY| <CcNTlogN, NeN, 2.7)
t€[0,Ty]

Fig. 1. A sample path of XX* with k =28 and [xN1/3| =3.
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sup|L*(X5¥) — L§.(R¥)| <CN~V16, N eN, (2.8)
a>0
INTYRH(X5Y) — LY.(R¥)/2| =<CN~'logN, NeN, (2.9)

where C is a suitable finite random variable.

A direct construction of the coupling in Theorem 2.2 appears to be difficult. Instead, our proof of Theorem 2.2
relies on the Komlés—Major-Tusnady coupling of a SSRW with a standard Brownian motion and an application of
the Skorokhod reflection map. We briefly recall the definition and some properties of the latter.

Definition 2.3. Given a T > 0 and a continuous process Z;, t € [0, T'], we define the Skorokhod map evaluated at Z
as the continuous process

U(Z2) =Z;+ sup (—Z5)+, t€]0,T], (2.10)
s€[0,r]

where (-)+ := max(0, -) denotes the positive part of a real number.

A reflected Brownian motion R* can be defined by R* = |x + VT/|, where W is a standard Brownian motion.
According to Tanaka’s formula (see e.g. [33, Chapter VI, Theorem 1.2]) one has

t
Ri=x +/ sgn(Wy)dWs + L7 *(W), t€]0,T]. (2.11)
0
Furthermore, if we let
t ~ ~
B :==x +/ sgn(W)dW,, te€][0,T], (2.12)
0

which is a Brownian motion started at x, then it follows from a classical result of Skorokhod [33, Chapter VI,
Lemma 2.1 and Corollary 2.2] that

Rf =B} + sup (—By), =T(B*),, 1€l0,T], (2.13)
s€[0,7]
. ~  L)(RY)
sup (=B}), =L (W)= L) + W) = ==
s€[0,7]

, tel0,T]. (2.14)

We give in the next proposition a discrete analogue of these results.

Proposition 2.4. Let Y= (170, ?1, ...) be a SSRW and define the process ik;x, t €10, Tx] by using the~same procedure
as for X5% (that is, equation (2.2) followed by a linear interpolation), but with with the SSRW Y instead of the
random walk Y. Then, Y and Y can be coupled in such a way that Xf;x =T(Xk%),, t € [0, Ty] and H(X5Y) =

Sk
sup; o, 7,1 (— X7 e

Proof. Both X** and X** can take a total of 2¢ possible sample paths, and the measures that ¥ andf induce on
these paths are uniform in both cases. Therefore, we need to show that I is a bijection taking paths of X5 to paths
of X%* and that H (I'(X%%)) = sup,cjo 7,1 (— X ™)+

Whenever min X%* > 0, the Skorokhod map I' leaves Xkix unchanged, and trivially H (F(}N( k X)) =0=
sup,E[O,Tk](—f f;x)+. On the other hand, whenever min X¥* < 0, the application of I' can be described as follows
(see Figure 2):

(a) one determines the first hitting times 71 < t_» < - - - of the negative integer levels by Xkix ;
(b) one sets F(Xk;x)t = Xﬁc;x fort € [O’ T_1 — N—2/3];
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4 [ ]
2 - ]
0} z.////\\\\v/ﬁ\\ S
—2| Tl (xk) or Xk /\ 2
| | | | c. |
T T T T T
4 - |
20 /\
0 /\/\/\ |
2 Xk;x B
Fig. 2. Illustration of the discrete Skorokhod map.
(c) for j=1,2,..., —minik”‘, one lets F()N(k;x), :=0forte(r_; — N—2/3, T
(d) for j=1,2,...,—min X¥* — 1, one defines I"(X*¥), := X} + jfort € (t_j, 7_j_; — N"2/3];

(e) one puts F()ka"‘), = )?f;x — min X% fort € (Toin kix» Thel-

It follows immediately from this description that the horizontal steps at zero in (F()?k;x )o, F()? kix IN-2/35 s
F()N(’“x)Tk) occur at t_1 — N72/3 7., — N_2/3,...,Tmin}~(k;x — N72/3 g0 that H(F()N(’“x)) = —min XK =
supte[O’Tk](—if;x)Jr. Moreover, for every path of X%* one can uniquely reconstruct the corresponding path

r—1(xkxy = Xk by inferring the sequence 7_; < T_p < --- from the horizontal segments in the path of X%,
solving the equations in (b), (d), (e) above, and inserting the remaining H (X kxy downward sloping segments. U

Next, we prepare another coupling needed for the proof of Theorem 2.2.

Lemma 2.5. For every T > 0 and x > 0, there exists a coupling of the sequence of processes Xk N eN defined in
Proposition 2.4 and a standard Brownian motion B such that

sup |[NTV3XEY — (x4 B)| <CN"PlogN, NeN, (2.15)
t€[0,Ty]

where C is a suitable finite random variable.

Proof. Consider a probability space which supports a standard Brownian motion B and define the standard Brownian
motions

BN :=N'3B.\ 25, 1>0 (2.16)

for all N € N. According to a well-known procedure of Koml6s, Major and Tusnady (see e.g. [24, Section 7]), one can
construct random walks (YO(N), YI(N), ...), N € N as deterministic functions of the Brownian motions BWM N eN,
respectively, such that for every « > 0, there exists a C < oo so that

P[ max |Y,§N>—B,§N>|301og1v]gczv—“, NeN. 2.17)

0<n<k

As a result, we can couple the sequence Xk* N e N with B ensuring

—1/3 yk;
P[max|N /Xmel.

0<i<k

— Byop| = CNT3 logN] <CN™®, NeN. (2.18)
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Lastly, we let « > 1 and conclude by applying the Borel-Cantelli lemma and the Lévy modulus of continuity theo-
rem. (]

Finally, we define the random walk ¥ = (Y, Y1, ...) on the integers, to be used in the proof of Theorem 2.2, by

— — — — 1
P[Yn+1=Z+1|Yn:Z]:P[Yn+1=Z_1|Yn=Z]=§’ z € Z\{0},

| . (2.19)
PlY,41=1Y,=0]=P[Y,; 1 =-1|Y,=0]= 7 P[Y,41=0]Y,=0]= 5

For every n € N, we let
H,(Y)=|{1<i<n:Yi1 =Y, =0} (2.20)

be the number of the horizontal steps at zero among the first n steps of Y and define v(Y),,n =0, 1, ... as the process
obtained from Y by removing all the horizontal steps at zero, so that

Y, =v(?)n_Hn(7), n=01,.... (2.21)
We also introduce, for m € N, T > 0 and a # 0, the normalized occupation times

L @) :=m ' P{0<t < |mT]:Y, =ma}

, (2.22)

where we define Y for non-integer times by linear interpolation. Lastly, we let Lfn.T(v(?)) be given by (2.22) with
v(Y) in place of Y.

Remark 2.&. By examining the transition probabilities of Y it becomes clear that v(?),,, n=0,1,...isa SSRW, and
that Y and Y can be coupled to obey

|7n|:an ”l:O,l,..., (2.23)

provided the two processes have the same starting point. If we condition on the starting point Yo = Yo = |[N!/3x],
then it holds under this coupling that

Lo (x%¥) = L‘}vm;T(Y) + L;Q‘B;T(?), a>0. (2.24)
We conclude the section with the proof of Theorem 2.2.

Proof of Theorem 2.2. The maps I' and f +> sup, (o 71(—f (#))+ are 2-Lipschitz and 1-Lipschitz with respect to the
supremum norm, respectively, so that (2.7) and (2.9) follow from (2.15) by combining Proposition 2.4 with (2.13) and
(2.14), respectively.

We finish the proof of Theorem 2.2 by showing that (2.8) is a consequence of the estimate (2.7) and the regularity
of the local time processes involved. To prove this, we follow the same argument as in [16, Appendix B]: Suppose
that f1, f2 : [0, T] — [0, co) are measurable functions that have local times L(f;), in the sense that

T
/ w(fi(t))dtzf p@L(fi)da, i=1,2 (2.25)
0 R
for any measurable ¢ : R — R that vanishes on (—oo, 0]. Suppose that «, n > 0 satisfy

sup IL(f) — L(f)| <n. i=1,2. (2.26)

ap,a>0,layj—az|<«
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Then, [4, Lemma 3.1] stipulates that®

sup|LA(f1) — LU(f2)| <« sup |fi() — (O] +n. (2.27)
a>0 te[0,T]

We note that a — L% (R*) inherits the regularity properties of a L‘}(W) due to R* = |x + VT/|. Therefore, it
follows from [35, (2.1)] that

sup |L§(RY) — LE(RY)| <CN"Y/B(logN)!/?, NeN (2.28)
ay,ay>0

lay—az|<N—2/15

almost surely for some random variable C. At this point, if we combine (2.7) with (2.28), then the proof of (2.8) is
reduced to following statement: for every & > 0, there exists a finite random variable C, such that

sup  |LU(XRT) — L2 (xF) | <, NTVITE NeN. (2.29)
ay,ay>0
laj—ap| <N~/1

To this end and in view of (2.24), it suffices to prove that

o g ) = Ly D] <CNTUETE, - NN, (2:30)
a1 —az| <N-2/15

Applying [3, Proposition 3.1] to the SSRW v(Y) we get

zes[ng] sup . |L‘;V'2/3;t(v(?)) - L[;\?ZB;;(U(?)” <CN7V/B*e N eN, (2.31)
s R NP7
Ijll—l/zazze\fl\’_z/]5

and this can be extended to a, a> € R by the same argument used for [16, Equation (B.9)]. The desired estimate (2.30)
follows then from (2.21). O

3. Proof of Theorem 1.7

This section is devoted to the proof of Theorem 1.7. Since the proof is rather long, we first present an informal
overview of the arguments in Section 3.1, before rigorously carrying out the proof in Sections 3.2-3.4.

3.1. Informal overview of the proof

Let $>0,weR, T >0and f, g €D be fixed. Our object of study is the scalar product

N
an ) MyiN g = Y O MEN[LT] - (v [1]- 3.1)
1,I'=0

Here and throughout the paper, we index all (N + 1) x (N + 1) matrices A by [,1' € {0, 1, ..., N} and write A[l, ']
for the (/,!’)-entry of A. Similarly, the entries of all (N + 1)-dimensional vectors v are denoted by v[l] for [ €

31t should be noted that, as stated in [4], [4, Lemma 3.1] does not require the condition (2.26), but instead

sup |LU(f) — L) <
laj—az| <k
(see [4, Equation (3.1)]). However, this is easily remedied by implementing the following modification to the proof of [4, Lemma 3.1]: Instead of
defining W(x) :=[1 — x sgn(x)]1[_y 17(x), we define W(x) :=[1 — (x — 1) sgn(x — 1)]1[g 2] (x); the arguments in the proof of [4, Lemma 3.1]
then go through by (2.25).
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{0, 1,..., N}. By the definition of myy in (1.17), we then see that

N2/3 . N2/3

(an)TMf};;“I{,(nNg)zfo /0 FEOKL v, »)g(y)dxdy, where

Bw . 1/3 p 485w
KT;N = Z N / MT;N[I’l/]l[N71/3l,N71/3(l+l))><[N71/3l’,N’1/3(l’+1))‘
1,I'=0

Recalling k = k(T, N) = | T N?/3] and the definition of M’?;”,’V in (1.11), we find for all 1,1’ € {0, 1, ..., N}:

. 1 . . .
M1 = ST S My MG B My e 1) (32)
0<ly ,...,lk_] <N

Since Mf,;w is tridiagonal, only (k 4 1)-tuples (lo, 1, ..., ;) that satisfy [g =1, [ =1’ and |I;_; —I;| € {0, 1} for all s
contribute to M’;i'ﬁ,[l, I’]. Any such (k + 1)-tuple can be thought of as a path from [ to I; that takes steps of size +1
or —1 (when |l;_1 — I;| = 1), and horizontal steps (when [;_1 = [;). In the following, we rely on this observation to
write the sum on the right-hand side of (3.2) in terms of expectations with respect to the random walks of Section 2.
For j =0,1, ... and x > 0, we define the random walk X k=Jj:x its normalized occupation times and its number of

horizontal steps at zero by (2.2)—(2.6), with (k — j) in place of k. We also let )?f_j;x ,1€[0, T—j— N72BH (X,
be the path obtained from X;‘fj Ftel0, T ;] by removing all horizontal segments at zero (see Figure 3). Finally,
we introduce the functional

Fj(X*7 a,¢)

ke HOARY [y RATE ARE
12

1—[ N—2/3(i—1)
i=1 N
k—j—H(Xk7j3x) E’\k Jix X\kfj;x )
1+ Xy 2/3G-1)" " N=2/3i EH(X"*N')
: N_xkix gk )N
i=1 N=2/33i—1) N-2/3;

1 J
'((2«/N)f' Z ]‘[a)?k,;x.j), (3.3)

0<ij<-<ij<k j'=1

where the random walk X*—/* is independent of all a,,’s and &,,’s. (We recall our convention ap := 0 in Assump-

tion 1.2, so that paths segments (5(\11.(17]' L 5(\1{‘;1' §x) that visit zero do not contribute to the sum on the last line of
3.3)) '
Ifx € [N"131, N=13 4+ 1)) and y € [N"1/31', N=13(1' 4 1)), then by definition of M%", one has
. koo ; k—
MR =3 5 Sy (X ) | Xy T = [NV, (3.4)
=0

with Qi;yj being the number of paths X¥~/:* can take such that X ]}k__j;x = [N'/3y], or equivalently,

sz . 2k jP[ k Jx LN1/3 J] (35)

In the above, the parameter j represents the number of times it holds ;1 = I # 0 within a (k+ 1)-tupl¢ (o, 11, ..., Ix).
Removing the corresponding horizontal steps from the associated path leaves us with a path of X*=/3*. At the same
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Fig. 3. Realizations of Xk—Jix (top) and Xk—Jjix (bottom).

time, the term in the third line of (3.3) keeps track of all the possible ways j horizontal steps away from zero can
be inserted into a given realization of X*~/+*_ Finally, the term Qz’_yj arises from the normalization inherent to the

conditional expectation E y—j..[- | X]}k_ ;,;x = |N3y]].

Next, we denote the scalar products

) N2/3 N2/3
sfo= [ [ M
0 0
0,7 : -
i B [F (X7 a,8) | X3 = [ NPy [Je () drdy, (3.6)
j=0,1,... and observe
k .
Tty )T My (tvg) =D Sel(f. 9). 3.7)
j=0

We also note that, by the total probability rule,

) N2/3 ' N_]/3(X/}k_"‘;_x+l)
Sci (f, )= / SOOE yi—jix |:Fj (Xk—J;X7 a, 5) .N/3 / o g(y) dy] dx, (3.8)
0 N—1/3XT I
k—j
j=0,1,....The proof of Theorem 1.7 now hinges on justifying the following heuristic computation.

Heuristic computation 3.1. We recall the strong invariance principle of Theorem 2.2. Since log(1 + z) =z + 0(z?)
when z & 0, we have for j =0, 1, ... that

N-2/3(i—1) N-2/3i

VN

ke—j—H (X*=7+) \/N _ Xk A XKIx

i=1

o~

k—j—H(Xk—Jx Tvk—jix k—jix
177 : X251 N Xy
=exp 3 Z log| 1 — N

i=1

k—i—H Xk—j:x "k—j;x "k—j;x
1 - ) XN*Z/—*(:'—I) AR SEVY r R}
~exp| ————= — exp| — Tdt , N —oo0. (3.9)
0

2N2/3 Z; N1/3
1=
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At the same time, (1 —z) /2 =1+ O(z) when z~0 suggests for j =0, 1, ... that
k—j—H(XkJx) %’ Sk—jix ARK—isx
N=2/3—1y N N—2/3;

[ (r : )
i1 ( \/N—Xk_”x AT

N-2/3(i—

k—j—H(X*=i%) k—ix

S;?f;—%(l ) x’;jggf XN_M(FI)/\X —1/2
= ]_[ 1+ 1—
: VN N

i=1

%‘k}x

k—j—H(X*=7¥) XhT Xk?éfg.
%eXp( Z log<1+ N (l/%N ’))

i=1

(k J H(Xk 7X) g’\k Jjix kaj;x
N=2/3(i-1) 2/31')
exp E
N VN

_ a k—j;x ELN1/30J o a X &
=exp Z LY(X ) Ni6 )~ exp| s A L$(RY)dw; |, (3.10)

aeN-13(N—1/2)

%

i=

as N — oo, where W¢ is the Brownian motion arising from a Donsker type invariance principle for the sequence
&0, &1, ... (see (3.20) below). Moreover,

e NB(1 = gp)\ NV HHEEE/NIE)
= (1w

LY.(R*
—>exp<—w T(2 )>, N — o0,

for j=0,1,....
Next, we consider j = 2 and make the simple observation

@3.11)

1

2
— Agr-2x  Aph-2x Ask—2; az, . 3.12
N Z XN,2;31 2/3 (Z x ) Z k 2:x ( )
0<ii<ip<k 1

In addition, from k = O(N%/3) and Assumption 1.2 we infer that the second summand on the right-hand side of (3.12)
is negligible in the limit N — oo. Similar reasoning for j = 3,4, ... reveals that, forall j =1,2,...,as N — oo,

1 J
W Z l_[ aj(\kij;x -j

05i1§~~§l‘j<k j'=1

k J
1
~ v ()

1 at ok i AN1a) |
j— Jix
_jyzj( Z L (X ) N1/6

aeN~1/3N
1 o J
a X a
- ﬁ(‘/o L7 (R )dWa> : (3.13)
where W2 is the Brownian motion in a Donsker type invariance principle for the sequence aj, az, ... (see (3.20)

below).
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Finally, the Lebesgue differentiation theorem suggests that

s (Nl x
N f e 8ONdy—>g(R7), N oo (3.14)
NBXE S

All in all, we expect that, for each j =0, 1, ..., the quantity Sc,é (f, g) converges, as N — 00, to

00 T RX
/ f(x)Epx [exp(— / L ar
0 0o 2

) LO(Rx o0 J
+s§/ L% (R¥)dW} —w#)%(%’/ L‘;(RX)dw;> g(R§)} dx. 3.15)
0 J: 0

Summing over j =0, 1,... and letting W := /B(sz W + %‘"‘W"‘) we end up precisely with the right-hand side of
(1.18).

3.2. Truncated convergence

Our first step in the rigorous proof of Theorem 1.7 consists in establishing a convergence result for truncated versions
of Sc,]( (f,8),j=0,1,....To this end, we define for all § € [—o0, 0] and S € [0, oo] the truncated functionals

=(8.5) (yk—j:
Fj (X J x,a,é)

k—j—H(injl’x) \/ _ Ak—j;x "k—j;x
—Sv ( N = X1y N Xy,

i=1 VN
ke—j—H (X*=J) Epk—jin ki
! 1—[ 1+ XN—12/3(1—1)/\XN—12/3[ H (XK=
. vk—j;x vk—jix N
i=1 \/N = X231y N X y-23;
| k—j—H(X*=7) J
—_— Ak jix NS, j=0,1,... 3.16
JICVN)J ( ; va"z'/z,) ) ! (10

and for all K € NU {0, oo} the truncated functions fx = fhx and gx = ghg, where the continuous kg : [0, c0) —
[0, 1] satisfy hx =1 on [0, K) and hg =0 on [2K, 00).

Remark 3.2. Note that, apart from the truncation at S and S, the functionals F ' and F ;§’S) differ in the way the a,,’s
enter into them.

We now truncate the terms Sc,{ (f,g),j=0,1,... according to

Scl(f.¢:8.5)

-

We also introduce the limiting operators

N2/3 ~(s.S ‘ N71/3(Xl};j;_x+])
S By i [Ff" (X572, 8) - NV / N g(y)dy} d. (3.17)

—1/3 yk=Jsx
N XTk—j

X

_ TR o0 LY (R*
(U;ﬁ;’js)f)(x) ::ERx[(Q\/exp<—/0 Ttdt—i—Sg/O L‘%(Rﬂde—w%)
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1 a o a X a ! < X
(5 [T rswyaws) A3 s(e)| G.13)

j!

for feDand j=0,1,.... (The latter are truncated versions of the limits described in (3.15), whose sum over j
yields U7.)

Proposition 3.3. Let S, S and K be finite. Then, for all functions f € D and g € D N C([0, o0)),

. _ [e°] =
lim S¢i(fx.gx:S.5) = / Fr U5y i) ) dx (3.19)
N—o00 0 ’

in distribution and in the sense of moments. These convergences hold jointly for any finite collection of j’s, T’s, f’s
and g’s, and in the case of the convergence in distribution also jointly with the convergences in distribution

IN'/x) IN'x)
Jim NT"%:saw;‘, x>0 and  lim > NTm/6=SgW§, x>0 (3.20)

with respect to the Skorokhod topology.

The key ingredient in the proof of Proposition 3.3 is the next lemma. Therein and henceforth, for probability
measures  on [0, 00), we use the notations X ki and R™ for the random walk X% started according to the image of
w under the map x — [xN!/3] and the reflected Brownian motion R* started according to , respectively.

Lemma 34. Let n € N and w1, 2, ..., by be probability measures on [0, 00). Then, there exists a coupling of in-
dependent X*m | xkim2 | Xkt with independent R*', R*2, ..., RMn such that the following limits in distribution
hold jointly overl = 1,2, ..., n, and also jointly with (3.20),
lim sup |N~'3x[H — RM| =0, (3.21)
N—001¢[0,T;]
o E N3 o0
. 1 vk 2N Pal a (pi &
Jim > Le(xbm G —Sg'/(; L4(R™)dW, (3.22)
aeN-13(N—1/2)
. LY.(RM
lim N~V H (xR = Ly (RT) (3.23)
N—o00 2
N IBVV: 00
: a ki INPal a I a
Jim > Le(xbm) 78 _sa/O LG (R™) dW. (3.24)
aeN~1/3N

Proof. The lemma can be obtained from the coupling construction of Theorem 2.2 by the same arguments as in
the derivation of [16, Proposition 4.9] from the coupling in [16, Proposition 4.1]. More specifically, one starts with
the case n = 1 and w = §y for some x > 0. Then, the joint convergences (3.21)—(3.24) in distribution are due to the
convergence of the associated joint characteristic functions, which under the coupling of Theorem 2.2 is a consequence
of the almost sure convergences of the conditional characteristic functions

o0
Jim E; [exp<ie 3 L“(Xk;X)‘gL]’vvllfﬁ‘”)} —Ey: |:exp<i9s§ /0 L‘}(Rx)dW,f)], (3.25)

aeN-13(N—1/2)

a 0
lim Ea[exp<ie 3 Le(xk) L}if"i;l”)] —Eya [exp<iesa f L‘}(Rx)dwj)} (3.26)
e 0

aeN-1/3N

for all 6 € R (see [16, first half of p. 18] for more details). The latter follow from the central limit theorem in the form
of the upper bound in [6, Theorem 8.4], the coupling of Theorem 2.2 and Assumption 1.2 (see [16, pp. 18—19] for
more details).
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In the case of n = 1 and a general probability measure w1, the joint convergences (3.21)—(3.24) in distribution
can be deduced from the previous case by integrating with respect to @1 and relying on the uniform boundedness of
characteristic functions. Finally, in the case of n > 1, one can repeat the same proof, but invoking the multidimensional
version of the central limit theorem used before, obtaining this way also the convergences of (3.20) in the sense of
convergence of finite-dimensional distributions. The latter can be improved to the desired distributional convergences
of processes by applying a standard tightness result (see e.g. [7, Problem 8.4 and proof of Theorem 8.1]). (]

We also prepare the following lemma needed in our proof of Proposition 3.3.

Lemma 3.5. Let pu be a probability measure on [0, 00). Then, for each j =0, 1, ..., under any coupling such that
limy— oo N_1/3X]}k__]i;“ = R# almost surely, it holds

lim N'/3

N—o00

N*1/3(x§:;"+1)
f g(y)dy =g(R}) (3.27)

—1/3 yk=Jjin
Nxg
with probability one, for any uniformly continuous function g : [0, co) — R.

Proof. It suffices to write

NI T
1/3 k—j
N fN B g(y)dy
T j

N_]/3(Xk7j;ﬂ+l)

— N3 Ti—j N3 xk=imy g N3 k=i 308

o N-1/3xk—in g(y)_g( Ti—j ) y+g( Ti—j ) (3.28)
T j

and to note that the integral on the right-hand side tends to O with probability one, as N — oo, by the uniform
continuity of g, whereas limy_, oo g(N~1/3X ]}k__’j ) = g(RY) almost surely. O

We are now ready to prove Proposition 3.3.

Proof of Proposition 3.3. Let us first consider fixed j, T, f and g. Since the terms §c,]( (fx.gk;S,S) are bounded
uniformly in N, it suffices to show the convergence of moments. Further, without loss of generality we may assume
fx > 0and fooo fx (x)dx =1 (otherwise we write fx as the difference of its positive and negative parts, and the latter
as multiples of functions of the described kind). In particular, this allows us to define p as the probability measure
with the density fx.

With i.i.d. copies XK=/t xk=iima  xk=iikn of Xk=Jil and ii.d. copies R*!, R*2, ... RM» of R*, the nth
moment of SNC,i (fx.gk: S, S) can be expressed using Fubini’s theorem as

n (s . N*1/3(Xl;l:j"_’”+l)
E[H(ﬂ" (X", a,8) - N1 / ki gK(y)dy):|, (329)
— Nxg

whereas the nth moment of fooo fr(x) (Ug’js)

n T pt [} 0
R LY.(RH)
E[l |<<§Vexp<—/o ?dt+s5/o L‘;(Rﬂl)dwj—wTT)

=1

(3 ooL‘}(R’”)de)j A§>gK(R';')>}. (330

gk )(x) dx reads

J! 0
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To establish the convergence of the expectation in (3.29) to that in (3.2) we work under the coupling of
Lemma 3.4 (that is, we upgrade the joint convergence in distribution in Lemma 3.4 to almost sure conver-
gence by an application of the Skorokhod representation theorem [11, Theorem 3.5.1]) and view the random
walks XK=/ xk=Jima - xk=Jikn ag the respective restrictions of X%, xkina | xKHn o [0, Ty_;]. Then,
Xk=ju xk=jimz  xk=Jibn ipherit the asymptotics (3.21)—(3.24) from xkm xkua o xkisn and Lemma 3.5
applies, so that

N 1/3(Xk _/.ﬂz_H)
lim N1/3/ T gkdy=gk(RY), 1=12,....n (3.31)

N—00 N-13xk T
Ty

with probability one.

~(S.9)

We proceed to the asymptotics of F (Xk_j;‘”, a,£),l=1,2,...,n. Our first claim is that

k— i— H(Xk—Jim vk—jim vk—Jjim
| R HOER [y RET ARE r g
lim | | =exp| — —dr
N—oo o ~N 0 2

(3.32)

for/ =1,2,...,n almost surely. Indeed, for every such /, according to the Taylor expansion log(1 + z) =z + 0(z?)
about z = 0, an approximation as in the third line of (3.1) (with X*=/:% X*k=J/:* replaced by X*—/:#  Xk—Jit1) holds
up to a multiplicative error of at most

(007w 57))

Writing the resulting approximation in terms of X¥~/:# we obtain (3.32) as an elementary consequence of (3.21).
Next, we prove the joint convergence in distribution

k—j—H(X*Tm0) Ek—iimy ok=Jin
lim ] [1 ( N2 213 )
N—o0 X \/N Xk Jitki /\Xk Jim
i=1 N-2/3(; N-2/3
o
=exp(ss f Lf}(RW)dW,f) (3.34)
0

forl=1,2,...,n. To this end, we use the Taylor expansion (1 — z)_l/2 =14 O(z) about z = 0 to conclude that, for
each [, an approximation as in the third line of (3.10) (with X*—73# Xk=Jitu in place of X*=/* Xk=J*) applies up
to a modification of each

SAk—./;/tl shk—Jjim "EAk—j:M sh—Jjimg

N=2/3G-1)" T N—2/3; 1\1*2/3@‘71)A N*2/3i< -1 k—jiu
o 1+ O(N sup X! )) (3.35)
VN vN 1€[0, T ;]

At this point, we employ the Taylor expansion log(1 + z) = z + O(z?) about z = 0 to obtain an expression as in the
fourth line of (3.10), with the summands therein modified to

E’\k*j;/tz Xk
N=2/3i-1)" T N—2/3i <1 ( -1 k—J; Ml))
+O(N sup X,
A/ N t€[0,Ty— j]
okt ki )
X 0 AX 2

N 0( =213 N-2/3; (1 I O(N—l sup Xk Js m)) ) (3.36)

N 1€[0,Tj— 1
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The contribution of the first line in (3.36) can be evaluated as in the equality on the fifth line of (3.10), which leads to
the limit in distribution of (3.22) after recalling (3.21). The contribution of the second line in (3.36) is asymptotically
negligible due to the almost sure convergence

. 2
k—j—H Xy Egh—jim | gk )
lim N=23G-1)" T N—2/3;

N—o0 — N
1=

=0 (3.37)

(simply apply the Borel-Cantelli lemma upon bounding the fourth moment of the latter sum via Assumption 1.2(c))
and (3.21). All in all, we arrive at (3.2).
Putting (3.32) and (3.2) together with the almost sure convergences

PHOXK Tty _ (1 N - EN))NIB'(H(Xkj:W)/Nm) = exp(—w-L(%(Rw)> (3.38)
N N1/3 2
forl=1,2,...,n (see (3.23)), the convergences in distribution
i 1 kRO g _ 1 (sa [* a (pi a J
g % o) =n(3 [ o) e

forl =1,2,...,n (see (3.24)) and (3.31) we conclude that the expectation in (3.29) converges to that in (3.2). More-
over, the joint convergence for any finitely many j’s, T’s, f’s and g’s can be shown by the same arguments, the only
difference being that the formulas for moments in (3.29) and (3.2) have to be replaced by the corresponding formulas
for joint moments. |

3.3. Uniform moment bounds

In this subsection, we establish some uniform moment estimates, which will allow us to lift the truncations and the
continuity assumption on the g’s of Proposition 3.3. To this end, we define the functionals

fj(Xk’j?x,a, é)

-GN SN S
e ]

N=2/3(i—1)

i=1 VN
k—j—H(Xk—Jsx Sk—jix Sk—jix

J—H( ) ‘i: /2/3(’ l)/\X _"2/3. H(Xk=Jix)

Sk— ok— N
sz ST Gt
k—j—H(Xk=7ix) J
1 > a i =0,1 (3.40)
. - <k—jix ) J=U1,... !
J12VN)I P X\ s,

and, with any f, g € D and random variable Zy (possibly depending on X*¥~/*  the a,,’s and the &,,’s), set

. N2/3 - _ NV T
Sei (/. g: Zw) = / f(X)Exkj;x[Fi(Xk_’;x, a.£) N7 f e 8y ZN} v (34D
0 ’ N-1B3x T
k—j
for j =0,1,.... We also let
Sci(f, 8. K; Zn) :=Sci(f, & Zn) — Sei(fx gk3 Zn),  j=0,1,... (3.42)

for K € NU {0}.
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Proposition 3.6. For all f, g € D, one can find Ny € N and C(K,n) < oo with limg_,~ C(K,n) = 0 such that, for
all N > Ny, if Zy satisfies

E[1Zy"] <©@Gn) (3.43)
for some function ® : N — (0, 00), one has

C(K,n)®(3n)/3

G KeNU{0},j=0,1,.... (3.44)

E[[Sci(f.g. K; Zw)["] <
The proof of Proposition 3.6 relies on the following lemma.

Lemma 3.7. Forall 1 < p <3 and 6 > 0, there exist constants C = C(p,0) < 00, ¢ =c(0) > 0 and Ny € N such

that
sup E|exp| —0N~ 2/3ZN XS ) [ =cem, x>0, (3.45)
N=No i=1
sup E exp<9N—1/3 > L“(Xk”‘)”)] <C, x>0, (3.46)
NzNo L aeN-153N
sup E exp<eN—1/3 Z L“(Xk;x)p)} <C, x>0, (3.47)
NzNo L aeN-1/3(N-1/2)

x;k

sup [} <c, x>o0. (3.48)
NZN()

Proof. Recall the_ random walks ¥ and v(Y) intr%luced in (2.19) and the sentence following it. Throughout this proof,
we condition on Yo = | N1/ 3xJ and assume that Y and X% are coupled as in Remark 2.6. We further write

o = max v(Y); — mm v(Y); (3.49)
0<i<k 0<i<

for the range of the SSRW v(Y) after k steps. It is clear that, fori =0, 1, ..., k,

X];sz/s <— min ¥; < —Omlnkv(Y), < —|N'"x |+ px. (3.50)

0<i<k

According to [10, inequality (6.2.3)] (the case p = 1 therein), one has

E[(N3p)" ] < Vnl(CT'?)", neN (3.51)
with some uniform constant C < oo. Thus, the exponential moment of N~1/3
pendent of N and x, yielding (3.45).

In view of (2.24),

Pk can be bounded by a constant inde-

L4(X5%)7 <277 (L (0()” + Lyss (0)7). (3.52)

Hence, it suffices to show (3.46) with 6 replaced by 277! and 3, y-13yLé(X55)P by
ZaeNq/}Z\{O} L7v2/3; T (v(Y))”. Repeating the proof of [16, Proposition 4.3] verbatim we find a constant C = C(p) <
oo such that

N7 L () < (NP )T N (3.53)
aeN-1537)\{0) ’
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(note that even though [16] considers SSRW bridges, all the combinatorial identities therein apply to SSRWs as well).
At this point, (3.46) follows from (3.51). Moreover, (3.47) is a consequence of

L4(x5%) <209tV (xR g e NTRIN—1)2) (3.54)

and (3.46).

From Proposition 2.4 we know that H(X*¥) = supte[O’Tk](—gf;x)_ir under an appropriate coupling, where we
recall that X is the rescaled SSRW introduced in Proposition 2.4. In particular, H (X*¥) is stochastically dominated
by pr. Consequently, for N € N large enough, the random variable inside the expectation in (3.48) is stochastically
dominated by

1301 _ N3N pp)
Opx N/2(1—4Ly)  _(wto(l))-(ON~1/3
ZNk — <1 - = ¢~ (wto(1)-( Pk)’ (3.55)
where o(1) is non-random, so that (3.48) also follows from (3.51). U

Proof of Proposition 3.6. After observing

Sci(f.8. K:Zn)
N2/3 N2/3
= / [ N2 f(x)
0 0
(P - s
c iy B [F5 (X7 a,8) - Zy 1 X 7 = [Ny [Je () dxdy
’y

N2/3
/0
Qx

St B [Fr (X7 a08) - Zy | X7 = [Ny e (g (1) dx dy (3.56)

N2/3

/ N fo)hk (x)
0

we estimate |§',£ (f, &, K; Zy)| by moving the absolute value inside the double integral and using
0=1—-hghk ) =1ig,00)(X) + 1k ,00)(y), x,y=0. (3.57)

Since the roles of the variables x and y are symmetric, we only focus on the term in E[|§',£ (f, g, K; Zy)|"] originating
from 1k o) (x). We bound the latter by inserting an absolute value into the conditional expectation, applying Fubini’s
theorem and letting fx := f1{x, o), thereby obtaining

n

/[AO’NZB],, E|:l_[|f[(()€[) ’EXk—j;xl [‘F] (Xk_j;x], a, s)’

I=1

N—1/3(X’;—/?_Xl+1)

N3 T e |dy -1zl | | derdxa - -dx (3.58)
—173 k=7 W14y N 15482 n )
N 7

A repeated application of Holder’s and Jensen’s inequalities shows further that the quantity in (3.58) is at most

N N*1/3(ka7/';f‘+1) 3nq1/(3n)
(/0 |fK(x)|E[|ZN|3"]‘/(3”>E[(N‘/3f |g(y>|dy)}

N—1/3X/;k—i;ix
n
CE[|F;(x*7 a,£) ] dx) . (3.59)

N2/3
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Due to f € D and (3.43), we have
~ 3 1-5
| 7 E[1Zn 1] < C1eS 1k ooy (1) O (B) /. (3.60)

In view of g € D, we can choose C, C, and § such that also
NTVAXE T4 f s
N1/3/ T g]dy = Crexp(Co(NTVRXL ). (3.61)
N_|/3Xk7];x k—j
Ti—j
Moreover, by the argument leading to (3.50) and with the same notation as there,

N’1/3X];Ii’_ <x+ N3 (3.62)

It then follows from (3.51) that, with some 51 = 51(C1, n) < oo,

s N*1/3(X§;j;"+1) 3n1/(n)
E[(N// Ig(y)ldy> }

—-1/3 k—j;x
N-Rxy

1-6

Cre€2 ", (3.63)

IA

It remains to control E[|1?j(Xk’f;x,a,§)|3”]1/(3”). For this purpose, we fix an ¢ € (0,8/3) and distinguish
the cases x € (O, N?%/ 3’8] and x € (Nz/ 3-e N2/ 3]. In the first case, we use Holder’s inequality to estimate
E[|F; (XKk=73x a, £)3m1/Gm) by the product of the four terms

k—j— H(Xk—J) _ wk—Jix <k—j;x \ 12n41/(12n)
[< J \/N XN2/3(i_l)AXN2/3i) }

JN (3.64)
i=1
k—j—H(Xk=Jx) Egh—jix ARk—ii 12n1/(12n)

E [T |1+ R (3.65)
] N )’(tk—j;x S(*k—j;x ’ ’
i=1 — AN-23—1) N AN
k—jix

E[Ejl\/?nH(X J )]1/(1211)7 (366)
| k—j—H(Xk=Jx) J\ 12n41/(12n)

E - A=k—jx . 367

[(j!(zﬁ)f 20: ) ) ] Gon
=

Thanks to —V\I/V_ATZ <e ¢/@N) 7 [0, N] and (3.45), the quantity in (3.64) is not greater than Ce~**?UN"") Turning
to the term in (3.65), we write the expectation with respect to the &,,’s as a product and note that, due to Assump-
tion 1.2(c), [16, inequality (4.21)] yields for each factor a bound of the form

ayk—j;x a(yk—j;xyy2 aryk—jix\yy'
exp(lan (x*/ )|E[$a]|+ /<(12nL (X*7)=  (12n LX) )) (3.68)

N-13J/N —a N—2/3(N —a) N—V'I3(N —a)Y'/?

with some C’ < oo and 2 < y’ < 3. For N € N large enough, N —a > N/2 when L4(X*~/:*) £ 0, which with
Assumption 1.2(a) leads to the expectation of

a/yvk—jix a/yk—jix\\2 a/yk—jix\\y'
exp(C Z 12nL4(X*7%) (12n L4 (X" =7+%)) (12nL4(X*/ )))/) (3.69)

N1/2 N1/3 NY'/6

aeN-1/3(N-1/2)
as an estimate on the expectation in (3.65). In addition, (3.48) reveals that the expression in (3.66) is at most
CeOUNT), Finally, the expectation with respect to the a,,’s in (3.67) can be controlled via a combination of
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2t/

T s el <e* 4 ¢77, 7 € R, [16, inequality (4.20)] and Assumption 1.2(a) by

(3.70)

C 12nL9(X* 7)) (12nL4(X*=7%)2 (120 L(X*—7))’
212jn eXp(C Z/} NTZ T N1/3 * NY'T6 ’
aeN—'/°N

with the same 2 < y’ < 3 as before. Putting everything together, applying Holder’s inequality, and appealing to (3.47),
(3.46) we arrive at
CefchrO(jN’s)

E[|ﬁ] (kaj;x, a, $)|3n]1/(3n) < 5

. xe (0, NP (3.71)

In the case x € (N?/37¢ N?/3], for all N € N large enough, Xffj;x >N'"¢/2,1t €0, Ty—;], so that

. i _ k=i wk=jix N
k‘]—[ﬁ(k s )‘\/N XN_z/ 3(i— )/\XN 2/3; +§ 1\7]2;3(1 ) Xl]»\;jz.%i

i=1 ﬁ

k—j NN —=N"¢/2 + £k jix Xk;xl
- ( X =230 X n-213; >
B i=1 ﬁ

k |§' Sk—jix Sk—jix |
=<1— 1 >(k /)/2-ﬁ<1+ T )
2NE Pl /N _ N] 5/2

-t h—e . |& N1/3 |

<e kN~"¢/A+O(jN ),exp<2 Z L“(X" m)% . (3.72)

aeN~1/3(N-1/2)

Using Holder’s inequality and Lemma 3.7 as above, but changing the a,,’s and &,,’s to their absolute values and
Assumption 1.2(a) to Assumption 1.2(c), we get

Ce—kN—S/4+o(jN—f)+c1v1/6
2]
Lastly, we insert the right-hand sides of (3.60), (3.63), (3.71), (3.73) into (3.59):

E[|F; (X%~ a,£)]"]" < . xe(N¥3E NP (3.73)

CePUnN e (3n)!/3

2in
N2B3—eyK N23vK n
A </ er'_‘S—cxdx +e—kN_s/4+CNI/6\/\ eC)CI_{S dx) . (374)
K N23-evK
The estimate (3.44) readily follows upon recalling k = [TN%/3| and ¢ € (0, §/3). O

3.4. Proof of Theorem 1.7

3.4.1. Step 1: Remove functional truncations

In order to establish Theorem 1.7, we first argue that Proposition 3.3 remains true when S = —oo and S = co. We
begin with the convergence of moments. Recall the moment formulas of (3.29) and (3.2). Foranyn € N, S € [—o00, 0],
and S € [0, oo], the same arguments used in the proof of Proposition 3.3 provide a coupling under which

—1/3 k=i
N (XTk—j +1)

lim <F(S S)(Xk Jil .a, E) 1/3/
N

N—o00
=1

gx(y) dy)

_1/3Xk*j1l‘-1
T
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n T phi 0 0
R LO.(RM
-] |<§vexp(—/ Ldrﬂ;/ L‘}(R”’)de—wM>
I=1 o 2 0 2

1 [ sa

00 J
.f<—/ L“T(Rﬂf)dwj‘) A§>gK(R¢’) (3.75)
J'\2 Jo

holds almost surely. To prove that the same limit holds in the sense of expectations, we need only show that the
prelimit terms in (3.75) form a uniformly integrable sequence in N € N. In the cases where S and S are not both finite,
this follows from (3.44) with K =0 and Zy = 1. The same argument gives also the joint convergence in the sense of
moments.

We now prove the convergence (3.19) with S = —oo and S = oo in distribution. The convergence in moments of
SNCIJC (fx,gk; S, 00) for finite S implies that the latter form a tight sequence. Thus, it is enough to prove that every

weakly convergent subsequence of S~C]]€ (fk,gk; S, 00) converge to the same limit, namely,
> (8,00)
/ T Ur; gk ) () dx. (3.76)
0

Let SNCéO( fx,8k; S, 00) be a limit point obtained by suqh a subsequence. If we assume that f, g > 0 (as we may do
without loss of generality), then it is easy to see that Sci (fx.gx: S, S) is monotonically increasing in S. Therefore,
the limit point SNCéO( [k, 8k; S, 00) stochastically dominates the limit in distribution

.S

lim Sl (fx. gx: 8. 00) = /0 Fr Uz} g ) (x) d (3.77)

for every finite S. According to the monotone convergence theorem, the right-hand side of (3.77) converges as S 1 00
to (3.76). We conclude that the limit point §céo( fx,gk; S, 00) and (3.76) are two non-negative random variables with
the same moments, and the former stochastically dominates the latter. Any two such random variables must be equal
in distribution, which proves the convergence in distribution of (3.19) when S = 0.

In order to prove the convergence in distribution when S = —oo, we apply the same stochastic domination argument
by exploiting the monotonicity in S. As for the joint convergence for finite collections of j’s, T’s, f’s and g’s, we
apply the same argument, leading to two random vectors with componentwise inequalities between them and same
joint moments.

3.4.2. Step 2: Continuous functions
Next, we prove Theorem 1.7 under the additional assumption that the g’s therein are continuous. Recall the definitions

of Sc,{, S~c,]( and §IJC from (3.6), (3.3), and (3.41), respectively. Let

Al(f,8):=Scl(f,)—Sci(fig:1), NeN,j=0,1,.... (3.78)

In view of (3.7), for all K € N, one has

k koo koo
v )T MENNg) =D Sei(fx. gk D+ Y Ser(fog. KiD)+ Y AL(f.9). (3.79)
j=0 j=0 j=0

We aim to take the N — oo limit of the right-hand side in (3.79) and start with the asymptotics of the first

sum therein. For every finite set of summands S?,i(f;g gk 1), §c,%(f1(, gk ), ..., S~c,{(f,<, gk; 1), their joint limit
in distribution and in the sense of moments is determined by the right-hand side of (3.19) with S = —oo and

S = oo. This and the moment bounds of (3.44) imply that the first sum on the right-hand side of (3.79) converges
to fooo fx (x)(uﬁ;"’ gk )(x)dx in distribution and in the sense of moments. Since the moment bounds of (3.44) for
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§,]C (fx, gk, 0; 1) are inherited by their N — oo limits, we have, in addition,

K—o0oN—oo

lim lim ZSck(fK gx; )= hm / fK(x) T; gK (x)dx / f(x) I/{]é wg)(x)dx (3.80)

in distribution and in the sense of moments.
Moreover, the moment bounds of (3.44) reveal that

lim lim Zka(f g, K;:1H)=0 (3.81)

K—ooN

in L", for all n € N. To analyze the third sum on the right-hand side of (3.79) we introduce, for all j =1, 2,..., the
notations

k—j—H(Xk=7%)

hiNy= ) ]"[aAk,x, PiN) = ) (g ), (3.82)

273
0<ij<--<ij<k j/=1 i=0 N

and [z/]P(z) for the coefficient of z/ in a power series P(z). Then, the Newton identities relating the complete
homogeneous symmetric functions to the power sums (see e.g. [26, Chapter 1, Section 2]) yield

N N S py [ E pry
- = [2/ 7] ex —L——z ]| (3.83)
QVN)I - jIQVN)] Zu(zf N)! Je ,Z:“zj’(Zx/N)J
Therefore, with
o
j - pj(N) .
zZ%=[z/""]exp J Z ), (=0,1,...,j—1, (3.84)
V=l ,ZZJ(N_ N/
it holds
k k j—1
. _ .
DAL =) Selfig Zy). (3.85)
j=0 Jj=0:=0
By [16, Lemma 4.20], one can find bounds E[IZIJ;;L|”] <®@3n, j —t, N) such that
L 0Gn, j—1, N)I/Gn
lim ZZ ’ - =0. (3.86)

(3/2))

N%oo

A combination of the triangle inequality for the L" norm, the moment bounds of (3.44) and the property (3.86) gives
k .

li Al (f.g)=0 3.87

Jim ,Zo ((f.2) (3.87)

in L", for all n € N. This finishes the proof of Theorem 1.7 under the continuity assumption on the g’s.
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3.4.3. Step 3: General functions
For general f, g € D, the same arguments as above reveal that it suffices to identify, for all K € N, the limit of

ZI;':o §E:£ (fk, gk 1) in distribution and in the sense of moments as fooo fx (x)(ug;ng)(x) dx. In fact, it is enough
to establish

k . (0.¢] .
ngnw;)SNcﬂfK,gK; = fo Fr (UL i) (x) dx (3.88)
J=

in distribution, since the moment bounds of (3.44) for §i (fx, &k, 0; 1) then imply the convergence of moments. To
see (3.88) we pick gy x, n € Nin C([0, 00)) so that

Un = ”gr],[(h]( — gK”LZ([O,oo)) r)jo)o O (389)

Recalling the symmetry of S~c£ (-, 3 1) (cf. (3.56)), applying the Cauchy—Schwarz inequality, and repeating the proof
of Proposition 3.6 mutatis mutandis we get

E[‘S~<$1{(fk,gk; 1) — S~c‘,£(f1<,g,,‘1<h1<; 1)‘2]

N2/3 ~ . N71/3(X1}k—j:lx+1) 2
< viE[ f Eyicjis [F; (X*7 a,g) . N'/3 / k) dy} dx}
0 N-13xk=ix
T—i
J
CeOUN™
2
SU (3.90)
To complete the proof of Theorem 1.7 we observe that
k . oo
v s Jim Y Sel(fie gy D= [ Fr U (i) 0 s 39
j=0
in distribution and that
9] Bow 00 Biw
Jim | SO i) () dx = fo fr @) U gx) () dx (3.92)

almost surely, thanks to Proposition 1.10(c).

4. Properties of the limiting operators

The goal of this section is to prove Proposition 1.10. We start by preparing some auxiliary constructions and results.
Recall the spiked Gaussian -ensemble H ﬁ;w defined in (1.7), and let

AP = NVS (/N — HE™), @1
viewed as an operator acting on L2([0, 00)) via Remark 1.6. The next proposition is a direct corollary of [8, Proposi-
tion 2.8, Remark 2.9, Lemma 2.7, Theorem 2.10 and its proof] (note that [8, Assumptions 1-3] are verified for Hﬁ;w

in [8, Section 3]).

Proposition 4.1. For all B > 0 and w € R, the operator HP™ of (1.9) almost surely possesses a purely discrete
spectrum A1 < Ay < --- satisfying Ay — 00 as q — 00. The corresponding eigenspaces are one-dimensional, and
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each is therefore spanned by a normalized eigenfunction f,. Moreover, one can couple HPY with a subsequence of

A’f\jw, N € N along which, almost surely,

lim Ay n=2A7Ay and lim |lvgn = fellz20.00) =0, ¢=1.2,..., 4.2)
N—o0 N—o0 ’
where Ain <Ay N <---<An.N and v1 N, V2N, ..., UN N are eigenvalues and corresponding eigenfunctions of

A'?\,;w. Along the same subsequence, the standard Brownian motion W in the definition of HP*" arises in the almost
sure limit (1.19).

Next, we present an alternative formula for the kernel K ﬁ;w of (1.15), to be used in the proof of Proposition 1.10.

Lemmad4.2. Forall 8 >0, w e€R and T > 0, define the kernels

(x—y)?
KB yy= 2P )
T V2n T
T ix 0o Ja wx
W; LE.(W) .
'EVT/X[l{mino<,<7v?g>0}exp<—/(; — dr+ A waa ‘Wff=y (4.3)
and
—pw 2exp(— U520
K7 (Xv)’)=—2nT E | Yiming-,<r W7 <0)
T Tirx 00 Fa X 0 /17X
% LS (|W Ly (W ~
exp(_/ Ll (L) SRR 5 |>>‘W;=y], (4.4)
o 2 0 VB 2

where W is a Brownian motion started at x, independent of W. Then,

KE" e,y = KB, )+ K" (x,y), x,y>0. (4.5)

Proof. Let R* := |ﬁ7x |. For any random variable Z, we note that
Eg. [Z1|W7] =y] =Eg:[ 2| W} = y[P[W} =y || W7|=v]
+Ej[Z | WE = —y]P[WF =~y | |[WF] =], (4.6)
where
exp(— 455

P[W%:y”ﬁ;ﬂ:y]: 2 7"
exp(— O575) + exp(—U335)

4.7)

Thus, the formula for K g;w in (1.15) can be rewritten as

Y
exp(— 475

2nT
T ﬁ}x oo Ja ﬁ}x Lo ﬁ}x ~
-Eﬁ,x[exp<—/ Wi |dt+ MdWa—wM) ‘W%:yj|
o 2 0 VB 2
2
exp(—25%)

2T
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. A % Lg.(W¥)) LYAWDN |y
.EWx|:exp<—/(; > A+ | waa—wf)(%_—y] (4.8)

Next, we decompose the first expectation in (4.8) according to the events

{ min W >O} and { min W 50}, (4.9)

0<t<T 0<t<T

and note that, on the former event, |VT/"| = W* and L(%(| W= )=0.

In addition, by the strong Markov property and the symmetry about 0 of Brownian motion, instead of conditioning
on W% = —Yy in the second expectation of (4.8), we can condition on ming<;<7 W;* < ~0, W% = y. This operation,
in turn, is equivalent to inserting 1y, . = <oy into the expectation, conditioning on Wi =y and normalizing the

result by P[ming<;<7 W;‘ <0] VT’;E = y]. Computing

P[ min W¥ <0| Wi = y] — 20/ (4.10)

0<t<T
from the joint density of the running minimum and the current value of a Brownian motion (see e.g. [33, Chapter III,
Exercise 3.14]) and observing
2 —v)2
2T exp(— (x;rTy) ) _ exp(_(xz%) )
2n T 2T

@.11)

we arrive at the right-hand side of (4.5). (Il
We are now ready to prove Proposition 1.10.

Proof of Proposition 1.10. (a) The identity (1.20) follows from Theorem 1.7 by the same arguments as were used to
obtain [16, Corollary 2.12] from Theorem 2.8 therein. To summarize the argument:

1. Let M’?\;w = (A’?\,;w 2NN wyith Afi,;w as in (4.1). According to Proposition 4.1 and a computation similar
to (1.5), we see that /\/l’z, "5 eigenfunctions and eigenvalues converge in the sense of Proposition 4.1 to those of
7THﬂ:")/2
e .

—T’Hﬂ?"’/Z

2. Combining the above with Theorem 1.7 and Remark 1.8, we conclude that Z/{T’S " and e must share the

. . . . . . . W .
same eigenvalues and eigenfunctions, and we note that the Brownian motions W in H”* and Uﬁ arise as the
same limit of matrix entries.

We refer to the proof of [16, Corollary 2.12] for the details; for this argument to apply to the present case, one
only needs to replace every reference to the main result of [32] by a reference to Proposition 4.1, the pointer to [16,
Lemma 6.1] by a pointer to (1.5), and the assertion that the eigenvalues of — %7—[’3 tend to —oo by the same statement

for —%’H,ﬂ‘w (cf. Proposition 4.1).

(b), (c) We proceed to the almost sure Hilbert—Schmidt property of Uﬁ;w, for each T > 0. In view of Lemma 4.2,
it is enough to show that

E_/Oo /oo(Kﬁ(x,y) + KR () dx dyi| < 0. 4.12)
LJO 0

Since

B o o
E/ / Kg(x,y)zdxdy:|<oo (4.13)
LJO 0

is established in [16, proof of Lemma 5.1], it suffices to check

/OO /OOE[?’?“’(x, »?]dxdy < oc. (4.14)
0 0
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Next, we estimate E[fg;w(x, )] by moving the square function into the expectation E . [- | W; = y], dropping
the indicator random variable, employing

La(|WX))? = (L4 (W) + L7 (W) < 204 (W¥)? +2L;9(W*), a >0, (4.15)
and evaluating the expectation with respect to W:
E[K;" (x. )]

2ex _ (a—y)? T _ 00 4.4 ﬁ'/x 2 N -
2o )E|:exp<—f ,Wﬂw/ T O7) da_zng(Wx))‘W;=y], (4.16)
nT 0 —0 ﬁ

According to Holder’s inequality, the latter expectation is at most

T _ 1/3 00 1219 ()2 B 173
E[exp(—/ 3|Wlx’dt> ‘ W3 =y:| E|:exp</ 7T( ) da) ‘ W7 :y]
0 —00 .3
CE[em LV | fx = ], .17)

Thanks to |W;'| > W}, the identity in distribution
(17X (17X d {50 ! ! (170
(Wi el0. 7] Wi=y)= (W) +(1- x—i—?y:te[O,T]‘WT:O : (4.18)

and (1 — LT)x + %y > x Ay, the first factor in (4.17) is bounded above by

T N 1/3
e—T(“”E[exp(— / 3W,°dt> ‘ WY =0] . (4.19)
0

In addition, the coupling of [16, Proposition 4.1] reveals the random variable ffooo L”T(VT/" )2 da, conditioned on Wx =
y, as the almost sure N — oo limit of the left-hand side in [16, inequality (4.15)]. Thus, the second expectation in
(4.17) can be controlled by the limit inferior of the corresponding exponential moment of the right-hand side in [16,
inequality (4.15)]. Proceeding as therein we arrive at

0 124 ﬁ}x 2 - 1/3
E[exp( / % da) ’ W = y:| < CeCll, (4.20)
—0o0

with a constant C = C(8, T) < oo. Also, we see from [28, equation (3)] that the density of the local time at O of a
Brownian bridge from x’ to y" on [0, 1] is

1
(z+x"+Y) exp(i((x’ - y’)2 —(z+x'+ y’)2)>, z>0 (4.21)
and from (4.10) that this local time vanishes with probability 1 — e~ 2"Y' Hence,
E[exp(6L9(7)) |77 = 1]
. / r_@ 2 —x' =y 40
1 +\/Egezxy exp( S YO () g XY HO
2 2 V2
<C(0) <00 (4.22)

due to standard estimates for the complementary error function. All in all, it follows that the left-hand side in (4.14)
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is less or equal to

—y)2 XAy
/ / Cexp| — C 4+ Clx —y| )dxdy < oo, (4.23)

where C = C(B, w, T) is a finite positive constant.
We turn to the proof of the semigroup property in Proposition 1.10(b) and assume without loss of generality
T1, T> > 0. By the just established Hilbert—Schmidt property, it suffices to verify that, almost surely,
UL URY f=UR Y, f 4.24)

on a countable dense set of functions f € L2([0, 00)). Fixing such a function f, writing it as the difference of its
positive and negative parts, and applying Fubini’s theorem we reduce the statement of Proposition 1.10(b) further to

o0
/0 K5, Ky @ ) dz = K3 (.y), x,y20. (4.25)
Let us introduce the transition kernels

exp(—(x »)? )+6Xp( (X+y) )

(x,y):= , x,y>0,T>0 (4.26)
yr(x,y VT y
and the additive functionals
Fr(RY) /T R dt+/oo L7 (Rx)dw —L%(Rx) T>0 4.27
T =— —= —w , =Y '
0o 2 o B ¢ 2
Then,
o0 Biw Biw
/0 Ky (. 2) Ky, " (z,y)dz
= J/T1+T2(-x7 y)
v, (X, D)y, (2, y) Fr, (R¥) | px Fr. (RY) | pz
_ e’'n | R7. =z|Egz|e’ ™ | R5, =y|dz. (4.28)
/0 VI475 (X, ) Er n = 2JEe n=]

To identify the right-hand side of (4) with K %i}Tz (x, y) it remains to notice that the process (R} :t € [0, T1 + T»] |
R’}l 40 = = y) therein can be sampled by

yr (.29, (2.9) 0
YT+, (x,y) >
(b) conditional Z = z, sampling processes R, R® independently such that

(a) picking a random point Z according to the density

(R 1 €0, 7)) < (RF 1 €10, T1]| R}, =2), (4.29)
(R :1€[0.T2]) £ (R 11 €[0, Ta] | RS, =), (4.30)

(c) concatenating the paths of R and R®.

As with the semigroup property, for each 7 > 0, the symmetry property of the operator U4z can be reduced to an
assertion about its kernel:

KB (e, ) = KB (3, %), x,y>0. 4.31)
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Since the transition kernels y7/, T’ > 0 of the reflected Brownian motion R are symmetric, we have
(RF:1el0, TRy =y) 2 (R)_, :1€l0,T]| R} =x), (4.32)

and therefore (4.31). Finally, the non-negativity of Z/lﬁ " follows by extending
o0 Biw o Biw (4 ,Biw
/0 U™ ) f(x)de = /0 (Ur)s Uzjs £)) @) f () dx

:/o (U T/2 f)(x)) dx >0, (4.33)

for a fixed f € L2([0, 00)), to the same almost sure property for all f € L?([0, o0)) simultaneously, by means of the
almost sure Hilbert—Schmidt property of L{Tﬂ o

(d) To obtain the almost sure trace class property of L{;?;w and the trace formula (1.21) we combine the spectral
theorem for symmetric compact operators with the definition of the trace to find

o0
Tr(Uy ") =Y e Thal2, (4.34)
qg=1

The latter sum is the square of the Hilbert—Schmidt norm of the symmetric Hilbert—Schmidt operator L{ﬁ}g) (see e.g.
[25, Section 28, Exercise 11]) and, thus, equals to

o o ﬂ'w ﬁw o ﬂ'w
/0 /0 KT}z(x,y)KT}z(y,x)dydxzfo K7 (x,x)dx. (4.35)

(e) For the Lz—strong continuity in expectation of (1.22), without loss of generality we fix an integer p > 2, an f
with [| fll 22(j0.00)) = 1, and a sequence (#;),en in [0, T + 1] converging to 7" such that 7,, > 0 for at least one 7. Then,

by applying [25, Section 28, Theorem 7] to the commuting symmetric operators Uf; ' neNand Uﬁ;w, with at least
one Z/I,’: ‘" being compact, we can write f as 22021 ¢q fq» where f;, g € N form an orthonormal basis of common

eigenfunctions for Z/{,’: ¥ neNand Uﬁ;w, and ¢;, g € N are the corresponding coefficients. By Jensen’s inequality,
9] p/2
piw Biw “TAL2 =ty Ay )2\2
IR~ g =] (St =)
qg=1
o
e[S ermncmy]

g=1

The random variable (w,q) — (e~ T24(@/2 — ¢=0Aq(@)/2)P tends to 0 in the n — oo limit P x Z;il 865 almost
surely. Its uniform integrability is due to

oo
E[Z Cé(e—TAq/Z _ e—tnAq/2)2P:| S 22p—1E[2(€—p(T+1)A1 + 1)] (437)

and a bound on e "PT+DA1 by the squared Hilbert-Schmidt norm of &/ 5 (Tw 1) whose expectation has been controlled
in the proof of part (c). ([
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5. Functionals of the reflected Brownian bridge

In this section, we prove Theorem 1.13, Proposition 1.12 and Corollary 1.15, in the order stated. The key ingredient
in the proof of Theorem 1.13 is the next lemma, which extends an argument of Hariya [17].

Lemma 5.1. Let 14, t € [0, 1] be a reflected Brownian bridge, a > 0 and Yo, be the joint moment-generating function

of
1 oo
(/ rtdt,f L?(r)zdau?(r):a). (5.1)
0 0

Then, with the three-dimensional Bessel bridge
1 a2

dr —
b2

dp?’* = by =a)2 (5.2)

and the joint moment-generating function 1/~/a of ( fol b:x/ 2 dr, fol W, dr), it holds
Va (01, 02) = e /APy (01 + 202, -61/2), 61,0, €R. (5.3)
Proof. Define the function

1 a
h(a) :=f 1{r,5a}dt=/ LY (r)dd, (5.4)
0 0

as well as the corresponding quantile function @) = inf{a > 0: h(a) > t}. In [29, Corollary 16(iii)] (see also [30,
equation (8.20)]), Pitman shows that

<;Ll Oyt elo, 1]|L0(r)_oe) (b 21 €10, 1), (5.5)

which extends Jeulin’s theorem beyond the o = 0 case. Relying on (5.5) we find
1t
- / — - dr, / by dt)
2Jo p? 0

i —1 l 1 hil(t) 0 N
_<f g, dr, 5/0 L (r)dt‘Ll(r)_a>
< °°1—h(a) 1 [ /
D @) da, / LYl (a) da
2 Jo

0¢) —
L{(r) Ll(r)—a>

/00 1 —h(a)da, = : /00 L{(r)*da ‘ L) :a)

0 0
/ / {ri>a)} dt da, /OO Lcll(}”)2 da ) L(l)(r) = a)

0 0
N </ 5 / L{e) da | L) _“> (5.6)

0 2 Jo

On the other hand, (5.2) implies

1 1y_ 1 1 -
/ (1—t)db;"/2=/ o di / b?/2dr+/ (1 —1)dW,. 5.7)
0 0 b 0 0
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Using integration by parts for the two stochastic integrals and rearranging we get

L ba/zd "4 5.8
ob“/2 2+ ; t—o ¢ dr. (5.8)

Finally, a sequential application of (5.6) and (5.8) yields

1 00
E[exp(@lf Iy dt—|—92/ Lﬁ’(r)2 da) ‘L?(r) =(x:|
0 0
o1 a2
=E|exp dt+202 b dr
2 Jo b 0
1 ) 91 1 -
e—“91/4E[exp<(91+292) / b/ dr — = / W, dt>:|, (5.9)
0 0

that is, (5.3). O
Theorem 1.13 can be now obtained from Lemma 5.1 as follows.

Proof of Theorem 1.13. The case o = 0 is the subject of [16, Corollary 2.15], [17, Theorem 1.1], so we focus on the
o > 0 case. By Lemma 5.1, for every 6 € R,

1 00
E[exp(@f redt — g/ Li(r)? da> | L) = a] =e 4, (0, —6/2). (5.10)
0 0

Since fol W, dr is Gaussian with mean O and variance %, the right-hand side of (5.10) equals to 0/ 4+6%/ 2 the
moment-generating function of a Gaussian random variable with mean —« /4 and variance 1/12. (]

We conclude the paper with the proofs of Proposition 1.12 and Corollary 1.15.

Proof of Proposition 1.12. Let 7, ¢ € [0, T] be a reflected Brownian bridge from 0 to 0 on [0, T']. By the definition
of KF™ in (1.15),

Ty o~ ja 0
K?;w(0,0)=,/%E7|:exp<—/o " +/ L;(? dWa—wLsz>:|. (5.11)

Conditional on 7, the integral [;* L7 ™

LG ()?
P

dW, is Gaussian with mean O and variance fooo da. Hence, by taking

the expectation with respect to W first, we find

pu /2 (% /OOL“T(?)2 _ L‘}(?))
E[K;"(0,0)] = nTE|:exp< /0 5 dr + Ny da —w—> : (5.12)

At this point, the proposition is a consequence of

T 00
(/ ’r‘,dt,/ L‘;(r‘)2da,L(}(7)>
0 0

1 o0
(T3/2/ ry dt,T3/2/ L7(r)2da,T1/2L?(r)>, (5.13)
0 0

B

which, in turn, is due to the scaling property of (reflected) Brownian bridges. U
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Proof of Corollary 1.15. In view of (4.21), the local time L?(r) is a continuous random variable with the density
%e‘“z/ 8 on (0, 00). Using this and Theorem 1.13 for the right-hand side of (1.12) we compute

. 2 o
E[K%’w(O, O)]:,/ﬁfo %e‘“z/gexp<—T1/2w%)
T3/2 /T 1 [
-E|exp[ ——— / rldt——/ L{(r)da ‘L?(r):a do
2 U 2 )
3/2 3
= i/Ooge_"‘z/gexp —Tl/zwg—FT/a—i-T— da
Va7 ), 4 2778 "9

3
%5 (8 4 /2 e T—4w?/32 /T (T _ 4w)(erf(%) 1)
- : (5.14)
4/2n T

which simplifies to the right-hand side of (1.15). (]

References

[1]
[2]

[3]
[4]

[5]

[6]
[7]
[8]
[9]
[10]

[11]

[12]
[13]

[14]
[15]

[16]

(17]
[18]
[19]
(20]

[21]
[22]

(23]
[24]

[25]
[26]

G. Anderson, A. Guionnet and O. Zeitouni. An Introduction to Random Matrices. Cambridge Studies in Advanced Mathematics 118. Cam-
bridge University Press, Cambridge, 2010. MR2760897

J. Baik, G. Ben Arous and S. Péché. Phase transition of the largest eigenvalue for nonnull complex sample covariance matrices. Ann. Probab.
33 (2005) 1643-1697. MR2165575

R. Bass and D. Khoshnevisan. Strong approximations to Brownian local time. Progr. Probab. 33 (1992) 43—-65. MR1278076

R. F. Bass and D. Khoshnevisan. Laws of the iterated logarithm for local times of the empirical process. Ann. Probab. 23 (1995) 388-399.
MR1330775

K. E. Bassler, P. J. Forrester and N. E. Frankel. Edge effects in some perturbations of the Gaussian unitary ensemble. J. Math. Phys. 51 (2010),
Article ID 123305. MR2779601

R. N. Bhattacharya and R. R. Rao. Normal Approximation and Asymptotic Expansions. John Wiley & Sons, New York, 1976. MR0436272
P. Billingsley. Convergence of Probability Measures, 2nd edition. John Wiley & Sons, New York, 1999. MR1700749

A. Bloemendal and B. Virdg. Limits of spiked random matrices I. Probab. Theory Related Fields 156 (2013) 795-825. MR3078286

A. Bloemendal and B. Virdg. Limits of spiked random matrices II. Ann. Probab. 44 (2016) 2726-2769. MR3531679

X. Chen. Random Walk Intersections: Large Deviations and Related Topics. Mathematical Surveys and Monographs 157. American Mathe-
matical Society, Providence, 2010. MR2584458

R. Dudley. Uniform Central Limit Theorems. Cambridge Studies in Advanced Mathematics 63. Cambridge University Press, Cambridge,
1999. MR1720712

I. Dumitriu and A. Edelman. Matrix models for beta ensembles. J. Math. Phys. 43 (2002) 5830-5847. MR1936554

A. Edelman. Stochastic differential equations and random matrices. In SIAM Conference on Applied Linear Algebra. The College of William
and Mary, Williamsburg, 2003. Available at http://math.mit.edu/~edelman/homepage/talks/siam2003.ppt.

A. Edelman and B. Sutton. From random matrices to stochastic operators. J. Stat. Phys. 127 (2007) 1121-1165. MR2331033

P. Forrester. Log-Gases and Random Matrices. London Mathematical Society Monographs Series 34. Princeton University Press, Princeton,
2010. MR2641363

V. Gorin and M. Shkolnikov. Stochastic Airy semigroup through tridiagonal matrices. Ann. Probab. 46 (2018) 2287-2344. Available at
arXiv:1601.06800v1. MR3813993

Y. Hariya. A pathwise interpretation of the Gorin—Shkolnikov identity. Electron. Commun. Probab. 21 (2016) 1-6. MR3533284

D. Holcomb and G. R. M. Flores. Edge scaling of the f-Jacobi ensemble. J. Stat. Phys. 149 (2012) 1136-1160. MR3006323

S. Jacquot and B. Valko. Bulk scaling limit of the Laguerre ensemble. Electron. J. Probab. 11 (2011) 314-346. MR2771139

A. Javanmarda, A. Montanari and F. Ricci-Tersenghi. Phase transitions in semidefinite relaxations. Proc. Natl. Acad. Sci. USA 113 (2016)
E2218-E2223. MR3494080

R. L. Karandikar. On pathwise stochastic integration. Stochastic Process. Appl. 57 (1995) 11-18. MR1327950

R. Kozhan. Rank one non-Hermitian perturbations of Hermitian S-ensembles of random matrices. J. Stat. Phys. 168 (2017) 92-108.
MR3659979

M. Krishnapur, B. Rider and B. Virdg. Universality of the stochastic Airy operator. Comm. Pure Appl. Math. 69 (2016) 145-199. MR3433632
G. Lawler and V. Limic. Random Walk: A Modern Introduction. Cambridge Studies in Advanced Mathematics 123. Cambridge University
Press, Cambridge, 2010. MR2677157

P. Lax. Functional Analysis. John Wiley & Sons, New York, 2002. MR1892228

I. G. Macdonald. Symmetric Functions and Hall Polynomials, 2nd edition. The Clarendon Press, Oxford University Press, New York, 2015.
MR3443860


http://www.ams.org/mathscinet-getitem?mr=2760897
http://www.ams.org/mathscinet-getitem?mr=2165575
http://www.ams.org/mathscinet-getitem?mr=1278076
http://www.ams.org/mathscinet-getitem?mr=1330775
http://www.ams.org/mathscinet-getitem?mr=2779601
http://www.ams.org/mathscinet-getitem?mr=0436272
http://www.ams.org/mathscinet-getitem?mr=1700749
http://www.ams.org/mathscinet-getitem?mr=3078286
http://www.ams.org/mathscinet-getitem?mr=3531679
http://www.ams.org/mathscinet-getitem?mr=2584458
http://www.ams.org/mathscinet-getitem?mr=1720712
http://www.ams.org/mathscinet-getitem?mr=1936554
http://math.mit.edu/~edelman/homepage/talks/siam2003.ppt
http://www.ams.org/mathscinet-getitem?mr=2331033
http://www.ams.org/mathscinet-getitem?mr=2641363
http://arxiv.org/abs/arXiv:1601.06800v1
http://www.ams.org/mathscinet-getitem?mr=3813993
http://www.ams.org/mathscinet-getitem?mr=3533284
http://www.ams.org/mathscinet-getitem?mr=3006323
http://www.ams.org/mathscinet-getitem?mr=2771139
http://www.ams.org/mathscinet-getitem?mr=3494080
http://www.ams.org/mathscinet-getitem?mr=1327950
http://www.ams.org/mathscinet-getitem?mr=3659979
http://www.ams.org/mathscinet-getitem?mr=3433632
http://www.ams.org/mathscinet-getitem?mr=2677157
http://www.ams.org/mathscinet-getitem?mr=1892228
http://www.ams.org/mathscinet-getitem?mr=3443860

1438

[27]
(28]
[29]

[30]
(31]
[32]

[33]

[34]
(35]
[36]
(37]
[38]

P. Y. G. Lamarre and M. Shkolnikov

S. Péché. The largest eigenvalue of small rank perturbations of Hermitian random matrices. Probab. Theory Related Fields 134 (2006) 127—
173. MR2221787

J. Pitman. The distribution of local times of a Brownian bridge. In Séminaire de Probabilités XXXIII 388-394. Lecture Notes in Math. 1709.
Springer-Verlag, Berlin, 1999. MR1768012

J. Pitman. The SDE solved by local times of a Brownian excursion or bridge derived from the height profile of a random tree or forest. Ann.
Probab. 27 (1999) 261-283. MR1681110

J. Pitman. Combinatorial Stochastic Processes. Lecture Notes in Math. 1875. Springer-Verlag, Berlin, 2006. MR2245368

J. Ramirez and B. Rider. Diffusion at the random matrix hard edge. Comm. Math. Phys. 288 (2009) 887-906. MR2504858

J. Ramirez, B. Rider and B. Virdg. Beta ensembles, stochastic Airy spectrum, and a diffusion. J. Amer. Math. Soc. 24 (2011) 919-944.
MR2813333

D. Revuz and M. Yor. Continuous Martingales and Brownian Motion, 3rd edition. Grundlehren der Mathematischen Wissenschaften 293.
Springer-Verlag, Berlin, 1999. MR1725357

B. Rider and P. Waters. Universality of the stochastic Bessel operator. Preprint, 2016. Available at arXiv:1610.01637.

H. F. Trotter. A property of Brownian motion paths. /llinois J. Math. 2 (1958) 425-433. MR0096311

B. Valké and B. Virdg. Continuum limits of random matrices and the Brownian carousel. Invent. Math. 177 (2009) 463-508. MR2534097
B. Valké and B. Virdg. Operator limit of the circular beta ensemble, 2017. Available at arXiv:1710.06988v1.

B. Valké and B. Virdg. The sineg operator. Invent. Math. 209 (2017) 275-327. MR3660310


http://www.ams.org/mathscinet-getitem?mr=2221787
http://www.ams.org/mathscinet-getitem?mr=1768012
http://www.ams.org/mathscinet-getitem?mr=1681110
http://www.ams.org/mathscinet-getitem?mr=2245368
http://www.ams.org/mathscinet-getitem?mr=2504858
http://www.ams.org/mathscinet-getitem?mr=2813333
http://www.ams.org/mathscinet-getitem?mr=1725357
http://arxiv.org/abs/arXiv:1610.01637
http://www.ams.org/mathscinet-getitem?mr=0096311
http://www.ams.org/mathscinet-getitem?mr=2534097
http://arxiv.org/abs/arXiv:1710.06988v1
http://www.ams.org/mathscinet-getitem?mr=3660310

	Introduction
	A strong invariance principle
	Proof of Theorem 1.7
	Informal overview of the proof
	Truncated convergence
	Uniform moment bounds
	Proof of Theorem 1.7
	Step 1: Remove functional truncations
	Step 2: Continuous functions
	Step 3: General functions


	Properties of the limiting operators
	Functionals of the reﬂected Brownian bridge
	References

