Annales de I’Institut Henri Poincaré - Probabilités et Statistiques

2019, Vol. 55, No. 3, 1203-1225 ANNALES

DE LINSTITUT
https://doi.org/10.1214/18-AIHP916 HENRI
© Association des Publications de I’Institut Henri Poincaré, 2019 POINCARE

PROBABILITES
ET STATISTIQUES

www.imstat.org/aihp

Limit law of a second class particle in TASEP with
non-random initial condition

P. L. Ferrari?, P. Ghosal® and P. Nejjar®"

Institute for Applied Mathematics, Bonn University, Endenicher Allee 60, 53115 Bonn, Germany. E-mail: ferrari@uni-bonn.de
b Columbia University, Department of Statistics, 1255 Amsterdam Avenue, New York, NY 10027, USA. E-mail: pg2475@columbia.edu
CIST Austria, Am Campus 1, 3400 Klosterneuburg, Austria. E-mail: peter.nejjar@ist.ac.at

Received 26 October 2017; revised 4 May 2018; accepted 21 May 2018

Abstract. We consider the totally asymmetric simple exclusion process (TASEP) with non-random initial condition and density
AonZ_ and p on Z, and a second class particle initially at the origin. For A < p, there is a shock and the second class particle
moves with speed 1 — X — p. For large time #, we show that the position of the second class particle fluctuates on the 1173 scale and
determine its limiting law. We also obtain the limiting distribution of the number of steps made by the second class particle until
time 7.

Résumé. On considere le processus d’exclusion simple totalement asymétrique avec des condition initiales déterministes, densité
A sur Z_ et p sur Z. Initialement on place une particule de deuxieéme classe a I’origine. Si A < p, un choc est créé et la particule
de deuxieéme classe le suit avec vitesse 1 — A — p. Dans la limite # — oo, on démontre que les fluctuations de la position de la
particule de deuxiéme classe sont de I’ordre 1173 et on obtient sa loi limite. On détermine aussi la loi limite du nombre de sauts
faits par la particule de deuxiéme classe jusqu’a I’instant 7.
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1. Introduction and main result

The totally asymmetric simple exclusion process (TASEP) is one of the simplest non-reversible interacting particle
systems on Z lattice. A TASEP particle configuration is described by the occupation variables {n;}jez where n; =1
means site j is occupied by a particle and n; = 0 means site j is empty. The TASEP dynamics are as follows. Particles
jump one step to the right and are allowed to do so only if their right neighboring site is empty. Jumps are independent
of each other and are performed after an exponential waiting time with mean 1, which starts from the time instant
when the right neighbor site is empty.

More precisely, denoting by 1 € S = {0, 1}% a configuration, the infinitesimal generator of TASEP is given by the
closure of the operator L

Lfy =) nj(L=ni)(f (") = f@), (1.1)

JEZ

where f : S — R is any function depending on finitely many n;’s, and n/7*1 is the configuration n with the oc-
cupation variables at sites j and j + 1 interchanged. The semigroup e’ is well-defined as acting on bounded and
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continuous functions on S, see [25] for further details on the construction. Since particles can not overtake each other,
we can associate a labeling to them and denote the position of particle & at time 7 by x; (). We choose the right-to-left
ordering, namely, we have x;1(0) < xx(0) for any k.

The observable we study in this paper is the so-called second class particle. The only difference between a particle
described above (also called first class particle) with a second class particle is the following: when a first class particle
tries to jump on a site occupied by a second class particle, the jump is not suppressed and the two particles interchanges
their positions. Second class particles can be also seen as discrepancies between two TASEP systems coupled by the
basic coupling, see e.g. [26], starting from p. 218, for further details. For instance, consider two TASEP configurations
n,n’ € S which at time 0 differ only at the site 0. Then under basic coupling the two configurations will differ only at
one site for any time ¢ > 0, and we can define

X =) 5Ly, ko) (1.2)

X€EL

to be the position of the second class particle at time 7. From this perspective, the distribution of X; gives an in-
formation on the correlation between n;(¢) and n9(0). For the case of the stationary initial condition, where every
site is independently occupied with probability o, the law of the second class particle is precisely proportional to
Cov(n;(t),n0(0)), see e.g. [31].

Second class particle are also very useful when the interacting system generates shocks, which are discontinu-
ities in the particle density. Indeed, the position of the shock can be identified with X;, see Chapter 3 of [26]. For
that reason already several studies are devoted to the second class particles. For instance, consider a single second
class particle starting at the origin. For TASEP initial condition is Bernoulli product measure with density A on
Z_={...,—3,—-2,—1} and density p on Z+ = {1,2,3, ...} with A < p. Then X; moves with an average speed of
1 — p — A and it has Gaussian fluctuations on a tY2 gcale [9,10,12,22]. For shocks created by deterministic initial
data, [17] obtained the limit law of a first class particle located at the shock. Later, multipoint distributions of several
particles at the shock where obtained [18], and the transition to shock fluctuations was studied [28]. For the case
A < p, what remained open is the limit law of the second class particle X;, and this is what we obtain in this paper.

When the initial condition is product Bernoulli measure with A on Z_ and p on Z with A > p, a second class
particle placed initially at the origin chooses one direction uniformly among its characteristics and then moves at a
constant speed along that direction [11,27]. This means that the fluctuations of the second class particle are of order ¢.
Tightly related with the trajectory of the second class particle is the notion of competition interface in a last passage
percolation model introduced in [13] for A = 1 and p = 0. This connection was later extended for more general cases
in [12]. They prove that for any initial conditions with asymptotically density A < p to the left and right of the origin
respectively, a second class particle moves along a characteristics, chosen according to a random distribution which
depends on the initial condition. However only for the Bernoulli initial condition is the precise distribution known.

For constant density results on the fluctuations of the second class particle are known only for the stationary
case. Using coupling arguments it was shown in [5] that the fluctuation scale of the second class particle is r2/3 (by
controlling some moments). The exact limiting distribution has been obtained in [20].

Main result

In this paper we also consider TASEP with initial density A on Z_ and p on Z, A < p, but this time without initial
randomness. More precisely, we start with TASEP particles at

x,(0) = — Lk‘an whenn > 0,
(1.3)
x,(0) = — Lp_an whenn <0,

and one second class particle at the origin, Xo = 0. Our main result, Theorem 1.1, concerns the joint limiting distri-
bution of X; and of N;, where the latter being the number of steps made by the second class particle until time 7.
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Theorem 1.1. Consider TASEP with initial condition (1.3), where 0 < A < p < 1, and a second class particle at 0 at
time t = 0. Let X, be the second class particle’s position at time t, and let N; be the number of steps it made up to
time t. Then, we have convergence in distribution

X, —vi Ny—2uy't
A3 0 13

):>(X,N) 1.4)

ast — 00, where

1 2
2173 (glgégE ogs((}(;E> 0s)

T udPr \p—p)  a(1-2)

and

G <o‘1(l —2p)§50r _ 02(1— 2k)5<(32815>

_ 1.6
g p(1—p) A1 —2) (10

Here, gél(;E and f;‘éz())E are two independent GOE Tracy—Widom distributed random variables [34], and the constants
are given by

_ 2 v 1—2A 1-2p
T l—A—p+2ip0° TAl=2x)  p(l—=p)

vi=1—X—p, o : (1.7)

and

21/3 21/3
o) = .
(p(1=p)(1 =2 —p+22p))!/3

o1 (1.8)

T =) (1 = A —p+ 200137

One aspect of Theorem 1.1 is the form of the limiting distribution. It is a linear combination of two independent
random variables. This is directly related to the fact that the shock is the location where two characteristic lines meet.
Secondly, the ¢!/3 scale is indirectly related with the fact that TASEP is in the Kardar-Parisi-Zhang (KPZ) universality
class [24] in 1 4+ 1 dimensions (see surveys and lecture notes [4,7,16,21,32,33]). Finally the GOE Tracy—Widom
distribution is due to fact that the regions from where the two characteristic lines starts are have fixed densities and
they are non-random (such situations are called flat initial conditions for KPZ models [14,30], see Proposition 3.1).

Further, Theorem 1.1 indeed shows that that the 7!/2 fluctuation of X, (and the Gaussian distribution) observed
with Bernoulli-Bernoulli initial condition strongly depends on the randomness of the initial condition. The reason
is that the fluctuations generated by the dynamics (of KPZ type) are not visible as they are much smaller than the
Gaussian fluctuations of the initial condition of the two regions which are strongly correlated with the shock. Finally,
notice that when A — p — 0, the constant Y in (1.7) converges to 0. This is not surprising as a similar phenomenon
has been observed for the random initial condition, A — p — 0 corresponds to look at the stationary initial condition,
where the position of the second class particle has a non-trivial limiting distribution in the #*/3 scale [20,31].

On the way to Theorem 1.1, we determine a technical result which, however, has its own interest. In Lemma 3.6 we
find a Gaussian bound for the tail of the distribution of the starting point (or, exit point) of a geodesic in the stationary
model of last passage percolation (defined in (3.38)) from a line to a point.

Method and outline

The result of the paper uses as first ingredient the asymptotic independence of the last passage times from two disjoint
initial set of points of a last passage percolation (LPP) model [17], see Proposition 3.1, which is a consequence of
slow-decorrelation [8,15]. The trajectory of the second class particle is the same as the competition interface in LPP
introduced by Ferrari and Pimentel in [13]. It is however not straightforward to extend the result on the competition
interface of Ferrari and Nejjar, Theorem 2.1 of [18], to the position of the second class particle. The reason being that
between the two observables there is a random time change and the second class particle moves with non-zero speed.
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The next key ingredient in the proof is a tightness-type result on the two LPP problems, see Proposition 3.2 and
Corollary 3.4. This extends to general densities the method of Pimentel [29], which extends the comparison with
the stationary process by Cator and Pimentel [6], see Lemma 3.5. For its application one has to estimate the tail
probabilities of the exit points, see Lemma 3.6 and Lemma 3.8. The latter as well as the limiting GOE Tracy—Widom
distributions are taken from the recent universality result for flat initial condition by Ferrari and Occelli [19].

The rest of the paper is organized as follows. In Section 2 we recall the connection between TASEP and LPP as
well between second class particle and competition interface. We then collect asymptotic result on LPP which are
used later. Section 3.2 contains the proof of Theorem 1.1. It is based of preliminary results on the control of LPP at
different points, whose proof is presented after the one of the main theorem.

2. Some results on TASEP and LPP

Here we first recall the connection between TASEP and LPP, then between the second class particle and the competi-
tion interface, and finally we collect some known result about LPP.

2.1. Last passage percolation and connection with TASEP

We consider last passage percolation (LPP) on Z?. To define it, let Ls, Lr C Z*. An up-right path 7 from Lg to
L is a sequence of points 7 = ((0), ..., (n)) in Z? such that 7(0) € Ls,7(n) € L and 7()) — 7@ — 1) €
{(0,1),(1,0)},i =1,...,n. Consider a family of independent non-negative random variables {w; ;}; jez. Then the
last passage percolation time from Lg to L is defined as

Legope= max 3 o, 2.1)
ST G jen\Ls

where the maximum is taken over all up-right paths from Lg to Lg. In case there are infinitely many or zero such
paths, we set, say, Lz, £, = —00. We denote by 7™%* a path for which the maximum in (2.1) is attained; as we will
consider continuous w; ;, 7™** will be a.s. unique.

Let {x,,(0),n € I}, I C Z be a TASEP initial data and consider the line

L:={(k+xx(0),k):kel}. (2.2)
Let furthermore {w; ;}(;, j)ezx1 be independent and distributed as
wj,j ~ Exp(vj), (2.3)

where v; is the parameter for the exponential waiting time of particle number j. Then, for any integer ¢, the link
between TASEP and the last passage percolation is given by

¢ ¢
P(ﬁ{LHmk,m < r}) = P(ﬂ {otn (1) = my — nk}>. (2.4)
k=1 k=1
2.2. Competition interface and second class particles
Given an initial data {x, (0), n € Z} we consider separately the sets

L ={(k+x(0),k):k>0}, L7 ={(k+x00),k):k <0}. (2.5)

We assume that xo(0) = 0 and x1(0) < —1, which guarantees that L 0+ _, (4 ») # L - (m,n) for all (m,n) € Zz>1. We
consider the two clusters -
Fio = {(l, j)eZZ:Lﬂ‘F_)(i’j) >L£’—>(i,j)}v (2 6)
r®:={G,j))€Z* L ¢jy>Lrraj)-
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Note that by assumption for each (m,n) € Zz>] we have (m,n) € I'° U T2 almost surely. These two clusters are
separated through the competition interface ¢ = (¢, ¢1, ¢2, . ..), defined by setting ¢9 = (0, 0) and

2.7

¢ _ ¢n+(190) if¢n+(1,l)ef‘°°,
) gy +(0.1) if gy + (1, 1) € T

We write ¢, = (I,, J,), n > 0, by definition I, + J, = n. In our construction, we always have ¢; = (1, 0). Now, in
[13] a coupling was introduced between the competition interface and the second class particle, see [12], Proposi-
tion 2.2, for the statement for general TASEP initial data. In the construction of [12], TASEP with a second class
particle initially at the origin is seen to be equivalent to TASEP without a second class particle, but an extra site,
and initially a hole at the origin and a particle at site 1. Associating to this initial data the sets (2.2), (2.5) and the
competition interface, I, — J, — 1 becomes the position of the second class particle after its (n — 1)th step, i.e. by
setting 7, = L. _, 4, and defining

(I, J®)=n, 1 E[tn, Tag1) 2.8)
the coupling of [12] makes that

(1) =T —1), 9= Xr=0 2.9)
(the shift by —1 is not present in [12], due to slightly different conventions).

2.3. Some asymptotic results for LPP

We consider i.i.d. weights {w; ;}i jez With w; ; ~ Exp(1), where Exp(1) denotes the exponential distribution with
intensity 1. The basic result about convergence of the point-to-point LPP time is the following.

Proposition 2.1 (Theorem 1.6 of [23]). Let 0 < n < co. Then,

lim P(Lo ((yn ), (N} < #ppN + 50y N'/?) = Fgue(s), (2.10)
N—o00
where j1p, = (1 + ﬁ)z, and oy = o1 + ﬁ)4/3, and FguE is the GUE Tracy-Widom distribution function.

Further, we need the following upper/lower tail estimates for the distribution of Lo, (;n,n). These estimates were
collected in [17], based on results from [1,2,20].

Proposition 2.2 (Proposition 4.2 in [17]). Let 0 < n < oo. Then for any given ng > 0 and so € R, there exists
constants C, ¢ > 0 only dependent on Ny, so such that for all N > Ny and s > sg, we have

P(Low (1N, (N )) > ippN +sN'3) < Cexp(—ecs), .11
where ppp = (1+ ﬁ)z.

Proposition 2.3 (Proposition 4.3 in [17]). Let 0 < n < oo and ppp = (1 + ﬁ)z. There exists positive constants s,
Ny, C, ¢ such that the following holds

P(Loo (1ygn), (8 )) < HppN +sN'3) < Cexp(—cls*/?) (2.12)
forall s < —sp, N > Np.

Recall our initial data

x,(0) = —L)Fan whenn > 0,
(2.13)
x2(0)=—[p"'n| whenn <0,
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where 0 < A < p < 1. This creates a shock into the system. We consider the following anti-diagonal lines

e A [ m e

The next result consists in the limiting law from £, and L.

Lemma 2.4. Let 0 < A < p < 1 be fixed. Define the constants

. 1—A—p . 2
yI_l—k—p—i—ZAp’ MO'_I—)»—p+2Ap’
21/3 21/3
o] .= , o) = .
(1= =1 —p+2x0))1/3 (p(1=p)(1 =1 —p+2xp)'/3

Then, we have

L —)N) — oN 2235
lim P L — ((1+y)N,(1=y)N) M“o <s)= FGOE ,
N—oo N1/3 o1

and

L —y)N) — koN 2213
lim P L,—((14+y)N,(1—-y)N) <s)= FGOE S '
N—o00 N1/3 lop)

Proof. Let us define ﬁzo ={(L(0 — D)x/pl, x), x € Z} the two-sided extension of L,. Let Q the projection of
P=((1+y)N,(1—y)N)
along the (1, 1) direction onto £°, as illustrated in Figure 1. It is given by

Q= (2(1 = p)y N, —2ypN).

(2.14)

2.15)

(2.16)

2.17)

(2.18)

(2.19)

Now we set N = (I —y( —2p))N and we considering Q as the new origin. Then £, is mapped into

L,={(L(p — Dx/p),x),x € ZN {x <2ypN}} and the point P is mapped into P = (N, N). Thus

. Lz, 1+y)N,(1—y)N) — HON ) Lz L nW —a)N
lim P( = (14N (1=9)N) SS>= i P( p= (V.5 <_)
N a1N1/3 o]

N—oo N173 N—o00

P

gt
— X

Fig. 1. Illustration of the mapping used in the proof of Lemma 2.4.

(2.20)
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with ag = 1/(p(1 — p)) and a; = 1/(p(1 — p))*/>. In Theorem 2.1 of [19] it is proven that

L o o —agN
L2~ (N,N 0
lim ]P’( Fo N0 §s> = Fgoe(2*%s). (2.21)
N—so0 CllNl/3

To obtain (2.21), one need to show that with high probability the maximizer is localized in a M N?/3_neighborhood of
(N(2,0 - 1D/p,— (2,0 -1/ - ,0)) This was shown in Lemma 4.3 of [19]. Due to the condition p > A, the
startlng point of the line E is of order N to the left of A. Thus one has

Lz iy —aN L oo, .5y — 9N
lim ]P’( Lo=> (V. N) < i) — lim 1}»( Al < i). (2.22)
N—oo a1N1/3 0] N—oo a1N1/3 0]
Combining (2.20)—(2.22) we get (2.16). The statement (2.17) is proven analogously. U

By maximizing the point-to-point law of large numbers, one gets that the maximizers from £, to P (defined in
(2.18)) starts, on the O(N) scale, from

—2(p— X
A= (0= D0 DeN, &= (2.23)

The straight line passing from A, to P (defined in (2.18)) is the characteristic and it has direction given by
((1 — p)2, p?). Similarly, the maximizers from £, to P starts, on the O(N) scale, from

(G- _ 20—k
= (A= D/A, 1)&EN, E‘_l—,\—p+2)\p' (2.24)

Slow decorrelation [8,15] says that the fluctuations from £, and £;, to the end-point are almost the same as the ones
from these lines to a point of the characteristic line at a o(/N) distance to the end-point. Therefore, for any 0 < v < 1,
we define the points on the characteristics

= (1 +y)N = (1= p)’N", (1 —y)N — p’N"), (2.25)
=(1+y)N = (1 =1>N", (1 —y)N = A*N"), (2.26)

see Figure 2.

E\

Ay

AP
c,

Fig. 2. Ilustration of the geometric setting of Lemma 2.5 and 2.6. The black solid line represents the set of points U,]e TN Dy.
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Lemma 2.5. There exists some [11(y) and fiy(y) such that

. LE,—((1+y)N.(-y)N) — L1 N"”
ngloop( e <5) =G,
L . (2.27)
. Ep— ((14+y)N,(1—y)N) — 12 -
ngnOOIP’( L < s> = Gy (o).
and
L — N + i NV 22/3
lim P ZL=f Z KON i <s ) = FgoE %),
N—oo N1/3 o1
. N 23 (2.28)
. L,—E, — MON + 2 _ 2512
Nh_I)nOOIF’( N1/ <s )= FGoE o )’
where Go and G|, are GUE Tracy—Widom distributions up to a scaling factor.
Proof. (2.27) follows from Proposition 2.1, while (2.28) are obtained as in Lemma 2.4. O

Lemma 2.6. Fixany2/3 <p <1.Forne Jgn:=[0,1— NB=1] define Dy =(n(1+y)N|, [n(1 —y)N]). Then

lim IP( U {Dnenglg’;%ko =0,

N—oo

1<y (2.29)
dim 2 (pyenps, })=0

neJp.n

Proof. We prove the statement for 7 ;"%*
LCp%E »

Recall &, from (2.23). For the event

, the other being similar. Let us set ¢ = N~X! for some 0 < x; < 1/3.

B(N,¢) = {ng;";Ep 0 e{((o—Dx/p.x):x < +e)N}} (2.30)

we have limy_, o P(B(N, ¢)) = 1 by Lemma 4.3 of [19]. Consider the point R = ([(p — 1)(§, + )N /p], (6, +
g)N]). Then

max max
BWN.e)n | J {D, e T K= U {Dyeng®e ). (2.31)
neJp.n neJp.n
since n‘anzHEp can coalesce with, but not cross 7 g% E, Define the event Y (N) that % E, contains a point of the

straight line (in Z2) joining R+ (0, N*2) with E, + (0, N*2), for some 1 > x2 > 2/3. By Theorem 3.5 of [28], we have
that P(Y (N)) converges to 0. Choose now 1 — x1 < x2 < B. The straight line joining R + (0, N*?) with E, 4 (0, NX?)
crosses the line from (0, 0) to ((1+y)N, (1 — y)N) at euclidean distance O(N*2) from ((1+y)N, (1 —y)N). Since

P(Y(N)) converges to 0, so does P(|J {D, nR‘Pi’)‘Ep 1), finishing the proof. O

neJg,.nN

3. Proof of the main theorem

In Section 3.1 we provide some results on the limiting LPP problems as well as tightness-type results. The proofs are
mostly postponed to Section 3.3. These results are then employed to prove the main result, Theorem 1.1 in Section 3.2.
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OV /P' UO)

L

L,

Fig. 3. Tllustration of the different end-points considered in this section. We have P = P(0) = P(0,0) =((1+y)N,(1 —y)N), P(U) = P(U,0).
In the analysis we take U, V of order N /3,

3.1. Preliminary results

The very first result of this section corresponds to the scaling limit of the last passage times from two half lines £,
and L, to the points (on the line x + y = 2N) lying in a neighborhood of ((1 + y)N, (1 — y)N) (see (2.15) for y).
Before stating the result, we introduce some notations. Recall that P = ((1 + y)N, (1 — y)N). Any point on the line
X+ y=2N can be written as (1 +y)N + U, (1 —y)N — U) for some U € R. For convenience, we denote

PWU):=(1+y)N+U,(1—y)N -U), (3.1)

so that P = P(0), see Figure 3 for an illustration. We further define the “spatial” rescaled process

u(1=2x1
Lresc,k(u) o Lﬂkap(u;vm) — (uoN — ((1 A)A)N1/3)
N . N1/3 :
u(1=2p) ar1/3 (3.2)
Lllp—>P(uN1/3) (uoN — m )

resc, p L
Ly~ () := N3 ,

where y, o are same as in Lemma 2.4.
Throughout the text, we say that two sequences (Yn)neN, (Yn)neN of random variables are asymptotically inde-
pendent to each other, if for all s, 57 € R

lim P(Yy <s1, Yy <s2) = lim P(Yy <s1) lim P(Yy <s2). (3.3)
N—o00 N—o0 N—o0

Proposition 3.1. Recall the definition of |, o1 and o5 from Theorem 1.1. Then, for any fixed u € R, we have

22/3
llm ]P’( L% u) < 5) = FGOE( s>,

o1

34

Jrese, 2235
lim ]P’( p(u) < S) FGOE< )

N—o00 02

Moreover, for any fixed u, Lresc’)‘(u) and Lresc’p (u) are asymptotically independent to each other.

Otherwise stated, for any fixed u, (LreSC )‘( ), Lresc “(u)) converges in distribution to (éGOEG 2723 ég&EazZ’z/ 3

where Eék())E, k =1, 2, are two independent GOE Tracy—Widom distributed random variables.
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Proof. The limiting formulas (3.4) are obtained by replacing y — y + uN~%/3 in the derivation of Lemma 2.4.
Similarly, Lemma 2.5 holds also with y — y +uN~%/3, so that the end-point of the LPP problemis P (uN'/3) = ((1+
YN +uN'3 (1 —y)N —uN'/3). Concerning the asymptotic independence, it can be obtained as a consequence of
the general Theorem 2.1 in [17], which holds under three Assumptions given in [17]. Now (3.4) verifies Assumption 1
of [17]. Lemma 2.5 verifies Assumption 2 of [17] (upon replacing P by P(uN'/3)), which are the hypothesis of the
slow-decorrelation theorem, see Theorem 2.1 of [8]. This theorem implies that difference of L;f’,sc’)‘(u) (or, L;f,sc’p (n))
and random variables defined in (2.28) (of course making the replacement y — y +uN~2/3) goes to 0 in probability,
as N — oo. Finally, Lemma 2.6 verifies Assumption 3 of [17], which says that that the maximizers to E, and E,, stay
in two separate sets of independent random variables with probability 1 as N — oo. This finishes the proof. (]

By KPZ scaling theory, one expects that the processes u — L;SSC’)‘(MN 173) (resp, u L;f,sc’p (uN'/3)) converges
to an Airy; process in u (see [19] for a proof of it). This means that if we look at the processes u L;SSC’A(M) (or,
L;e,sc’)”(u)), then it will converges to a process with constant value in the N — oo limit. The reason why we consider
here the latter scaling is that the shock, which is the observable that we want to analyze, has width of order N/ only.
For proving Theorem 1.1 we will need to make this observation precise.

Proposition 3.2. Fix any C > 0. Then, for any € > 0, we have

tim P sup |LYH @) — Ly @)]) > &) =0, (3.5)

N—00 Ay Jv|<C

Afliinoop(|ms|lif<cmssc’p(u) B Li‘efsc’p(v)D >#)=0. (3.6)

At time 7, the second class particle will correspond to a point on the competition interface be at a distance O (N'/3)
around the position P, but with a N not being fixed, rather also fluctuating of order #'/3 around a macroscopic value.
For that reason we will have to consider increments of the process in a N'/3 neighborhood of P in any directions.
Thus let us extend the definition of P as follow

PU,V):=(1+y)N,1—y)N)+U(,-1), N:=N+V, (3.7)
and we use the notation

P(u,v) = P(uN'" vN'3). (3.8)
Accordingly, we extend the definition of the rescaled processes in “space and time” as

_ 1/3 (=21  ar1/3
Lresc')h(u V) = LEx—)P(M,v) - (MO(N +uN / ) — (1_A)AMN / )
N ’ T N1/3

i} _ 1/3y _ (1=2p)  a71/3
L (4, v) = Lﬁp—”’(”ﬁv) (Ro(N +vN'/) p(lfp)”N )
N Wv)= N1/3 ’

’

(3.9)

where y, o as before. Below we give statements involving L;SSC’)\ only. Similar statements hold for Lﬁsc’p as well

since the two problems are the same up to exchange of the two axes.

Consider the parallelogram S¢ := {P(uN1/3, vN1/3) |ue[-C,C],ve[-C,Cl}. So far, we have only explored
the LPP times along a diagonal of S¢. Here, we claim that similar result holds along any line parallel to any of
the diagonals inside the parallelogram Sc. We have max,, u,e[—c.C] IL;S,SC’)‘ (u1,0) — Lﬁsc’k(uz, 0)| converges in
probability to O when N goes to 0 by Proposition 3.2. We claim that this property holds for any other v € [-C, C]. In
fact, it is true for the increments in any space—time direction as well. Explicitly, we have the following statements.
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Proposition 3.3. Take any & € (0,1/3). Then there exists No = No(C) such that for all N > Ny, the following in-
equalities

N1/3-8
P( I[nacxc]|L;$SC’A(u, v) — L;SSC”\(O, v)| > e) <K exp(—K262 c ), (3.10)
ue|—C,
N1/3-
B( max | |LR w,0) = L7 @, 0)] = €)=K eXP(—K262 - ) 3.11)
ve[—C,

hold where K1 := K1(X, 8), K3 := K2(A, §) denote two large constants. The constants are uniform for v € [—C, C],
resp.u € [-C, C].

Corollary 3.4. Fix any C > 0. Then, for any € > 0, we have

]\,121100]}»(“ max C]|L§35“(u, v) = L'S(0,0)] > e) —0. (.12)

Proof. We first note

IP( max |L§$SC’A(14, v) — L;SSC’A(O, 0)| > 6)

u,ve[—C,C]
< 3 P u€1[11acxc]|L5$SC’)‘(u, v) = L'S*(0, v)] > e/2>
ve[-C,CINN~1/3Z ’
+ > P(|LR*(0,v) — LE**(0,0)| > €/2). (3.13)

ve[-C,CINN—1/3Z

By virtue of Proposition 3.3, the right side of the above inequality is bounded by 4CK{N /3 exp(—K,e2N1/379/2)
(for some 0 < § < 1/3) which converges to 0 as N goes to co. (]

3.2. Proof of Theorem 1.1

The number of jumps made by the second class particle until time 7 is 2¢ /o + O(¢'/3). For that reason, we introduce
the notation N = ¢/ 0. Since the trajectory of the second class particle is the same as the trajectory of the competition
interface, the second class particle after 2N steps will be at position (Ioy, Jony) = P(UN 173 0) for some U. First we
study Y. This will be the starting point to get the distribution of the second class particle at time 7.

Observe that, by the definition of the competition interface, for any u € R, we have

P(P(uN'?,0) e T™®) <P(loy — Joy <2y N +2uN'7)
<P(P(uN'?+1,0)er>). (3.14)

Thus the limiting distribution of Iry — Joy is the same as the limit of P(P(uN 173.0) € I'™). Further, the event

PuN'/3 ,. 0) € I'™® holds whenever Lg,puni30) = L, puniss,o)- Rewritten in terms of the rescaled LPP, we
have obtained

lim P(loy — Joy <2y N +2uN'7?)
N—o0

1—2A y 1-2
= lim ]P’(Lﬁ\e,sc’)‘(u, 0)— —u < L;\e}sc’p(u, 0) — . u),
N—o0 Al —2) o(l—p)

= lim P(LY* " (u, 0) — LY (u,0) <uY), (3.15)
—> 00
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where we defined
1-2x 1-2p
= — >
AMI—=2) pd—p)

(3.16)

since % < p. By Proposition 3.1, L'*(u,0) and L\**(u,0) converges to u-independent non-degenerate dis-
tribution functions. Consequently, for any ¢ > 0, there exists a finite C; = C(¢) > 0 such that P(Ihy — Joy >
2y N + CINY3 <gand P(Ihy — oy < 2yN — CiN13)y<gforall N large enough.

Since U is characterized by the requirement

1—2x 1-2p

Lresc,k(u’ 0) — U= LrCSC»P(u’ 0) — U (3.17)
N (1 —=2) N p(1 = p)
up to O(N~1/3), we have
IP’(|L{| > 2C1) <2¢ (3.18)

for all N large enough.
Let us now approximate the distribution of I/ by the rescaled LPP at the fixed point P (0, 0). By Proposition 3.1,
the random variables

X i= LN*(0,0) and  x, :=L*"(0,0) (3.19)

have non-degenerate limiting distributions and they are asymptotically independent. By Proposition 3.2, uniformly
for U in a bounded interval, for any & > 0,

P(|LS MU, 00— xo| = &) <& and P(|LNPWU,0) — x,| = &) <e (3.20)

for all N large enough. This and (3.18) imply that, for any &’ > 0,

P('U X Xp
T

> a) <4e (3.21)

for all N large enough. Statement as this will be also written in a compact way as U = T X». — Xp) +o(1) where
o(1) means random variable which converges in probability to 0 as N — co.

The next quantity we have to control is the difference of the number of steps to the right and to the left made by
the second class particle at time ¢. Let use introduce the random variables U and V by the relation

(1(0), J(1)) = P(UN'3, VNI (3.22)

First notice that the time when the second class particle made 2N steps is given by

1-2A
— N Lresc,k U,O _
T=puoN + [ N U, 0) =

Z/l:|N1/3 +o(1). (3.23)

By (3.18)—(3.20), there exists a C3 = C3(¢) such that

P(lt —t| > C3N'P) <e (3.24)
for all N large enough. The number of jumps of a second class particle is bounded by a Poisson process of intensity
2 (it has his internal clock, but can be moved by the first class particles, and both have clock rate 1). Thus, together

with (3.24), there exists a C4 = Cy4(¢) such that

P(IV|=Cs) <e (3.25)
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for all N large enough. Also, since the distance made between Iry — Jon and I(¢) — J(¢) is bounded by the number
of steps by the second class particle during [z, ¢], we also have

P(|U| > C4 +2C1) < 3¢ (3.26)
for all N large enough. Thus there exists a C = C(¢) such that for all N large enough,
P(max{|i], [V} < C) > 1 — 4e. (3.27)

Wehavet =L Lo PALY) = L L,—P@.V) where equalities hold up to O(1). In terms of scaled variables, it means

~ —2A ~
L;SSC’)L(Z/{, V) + MOV — mu =0. (328)
Let us prove that, for any € > 0,
(|79 0,0) + oV — —2- 7 = 5 ) < 56 (3.29)
N AMl—n | 77) 77 '

for any N large enough. This is true, since for any N large enough,
P(|LM U, V) — L4 0,0)] > &)

< P(max{|él), IV} = €) +P( max L, v) = LEH0,0)] 2 §) =56, (330)
u,ve[—C,

where we applied Corollary 3.4 to bound the last term by ¢.
Recall the definition of x; and x, in (3.19). Then (3.29) (and the same statement for A replaced by p) writes

foty= 2 gy
w0+ o) = U = oV,
- (3.31)
— p ~
Xp +o(1) = ——U — poV.
g p(1—p)
This gives
=222 4 o), .
| (1-2,; -2 >+ " (3.32)
= Xr— X ] .
Y \p(d—p™ 2 -n"*
Recalling that X, =1 (t) — J(t) =2y N +2(yV +ﬁ)N‘/3, we finally get
X; — vt _ ~
;1/3 = uy P2l +yV) +o(1)
- ( o _ X >+o(1). (3.33)
wPr\p(—p) 21 -2)

By Proposition 3.1, as N — oo, x) — 0'12_2/35((;10)]5 and x, — 022_2/35((;23]5, with SC(}%E’ i =1, 2, being GOE Tracy—

Widom distributed random _variables [34] and asymptotically independent. The result (1.6) follows in the same way
from the equality N, = P(UN'/3, VN'/3) = 2N 4+ 2VN'/3. This ends the proof of the main theorem.

3.3. Proofs of the preliminary results

First we deal with Proposition 3.2. We prove the result only in the case of £;, the case for £, is proven in the same
way. The key ingredient is the coupling between the last passage percolation with two different initial profiles as in
Lemma 2.1 of [29], one of which being stationary.
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3.3.1. Comparison with stationary LPP
Recall that P = ((1 + y)N, (1 — y)N). As already discussed

argmaX{L()\—l()\_l)k’k)_)P} (334)
k>0

lies in the neighborhood of the point &, defined in (2.24).
Using Lemma 4.2 of [3] one can define a stationary model where the starting line of the LPP is any right/down
path, obtained by adding appropriate random weights to the points on the line. Let us define it for

e (|5 ) 2] a3

Fix any positive real number o € (0, 1). Let us consider a family of independent random variables

{pi.qi.i €Z}, pi~Exp(l—0),q ~Expo). (3.36)

Then define the weights {w® (k) | k € Z} given by

0 0
D im|G—k/a) 41 Pi — iz 4i - fork <O,

(k) =10 for k =0, (3.37)
- ZiL(:)Ll_Uk/M pi + Zf:] qi for k > 0.

Using these weights, we define the stationary last passage time L3¢ from £5° in the neighborhood of the point P as
follows

stat, )
Ll pey =ML Gty pey + 0 R} (3.38)

The name stationary follows from the fact, by Lemma 4.2 of [3], for any m, n > 0 we have the property

L= (m,n) - L — (m+k,n)

k
ks LS00 sate - Z 7, (3.39)
=1

with ¢; i.i.d. Exp(1 — A) random variables. Furthermore, we denote the exit point of the last passage path associated
with L*%%¢ from the line £$° to the point P (x) by Z*%"¢(x), more precisely,

Z%ate (x) = arfénZaX{L(r] G—Dkb)— P(x) T ® (k)}. (3.40)
From stationarity we have the following translation-invariance property

zstate (x) L zstate ) 4 x. (3.41)
Similarly, we define

Z;L(x) = ar%n:)ax{L()\—l(A_l)k’k)_)P(x)}. (342)
=

The characteristic direction of the last passage percolation L% is given by ((1 — 0)?, 0%). The line joining the point

On(E) == (0 — DATIE N, EN) (3.43)

and P has direction ((I — A)%, A2). Hence, the characteristic line in the stationary LPP Li;itoi p leaves L at
A

On(r) € L.
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Now, we briefly describe how we complete the proof of Proposition 3.2. Explicit arguments will be given towards
the end of this section. For C, r € R, we define

p
)\,j:(r) :Z)\.iW, (344)
and the good event,
Gn(r) :={Z%" (CN'P) < Zu(0)} N {Z(CN'3) < Z592+(0) ). (3.45)

One can bound P(Q)[—C, C] > €) by the sum of P((Gy (1)) and P(Gy (r) N {QY[—C, C] > €}). We show that
P(Gy(@)N {Qfx\’ [-C, C] = €}) goes to 0 as N increases using Proposition 3.10 which leans on the coupling inequali-
ties of Lemma 3.5. To show P((G y(r))¢) converges to O as r increases, we use Proposition 3.9 which will be proved
using Lemma 3.6 and Lemma 3.8.

First lemma corresponds to a coupling between the last passage percolation with boundary conditions @ and the
ones without them. This is an extension of Lemma 2.1 of [29] to the case of general p.

Lemma 3.5. Fix some 0 < x| < x2. Now, whenever Z%%-€(x) < Z; (x2), then we get

stat,o stat, o
L,C)L%P(xz) - Lﬁkﬁp(xl) = LEZO_)P(XZ) - LLEOQP(XI). (3.46)

In contrast, when Z (x1) < Z%%%€(xy) holds, then we have

stat,o stat,o
LL:KC*)P(XZ) - LET‘)P(XI) < LEx—)P(xz) - LL‘,)L%P(XI)- (347)

Proof. One can find similar result in Lemma 1 of [6] for the exit point in Hammerseley process. Furthermore, [29]
it has been generalized in the case of line to point last passage percolation with any two initial profiles along the
anti-diagonal. Our proof closely follows the arguments of Lemma 2.1 of [29]. We prove in detail only (3.46) since the
proof of (3.47) is similar.

We denote zp = Z;(x2) and z; = Z%€(x;), see Figure 4 for an illustration. Under the constraint z; < z3,
the last passage path from ~L(A = Dz1,z1) to P(x;) crosses somewhere in between the last passage path from
! (A — 1)z2,22) to P(x2). We call ¢,, the point where two paths meet. Thus we have

L%}Lip(xl) =@+ Ly—e + Lo P, (3.48)
Lg, 5Py =Lzopse + Le—P): (3.49)

Cx

2y = ZA<IJC2) r-

2 = Zstat,g(xl) 77777

o0

Fig. 4. Illustration of the geometric setting of Lemma 3.5.
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and, by subadditivity of the last passage time, we have

tat,
LZ;OiP(Xz) Z wg(zl) + LZ]—)CA + LC;—)P(}Q)» (350)
Lg,—Pa) 2 Loy, + Le— P (3.51)

Subtracting (3.51) from (3.49), we get

LEA—>P(x2) - Lﬁx—)P(xl) =< ch—)P(xl) - ch—)P(xz)’ (352)

while subtracting (3.48) from (3.50), one obtains

tat, tat,
LsﬁaioiP(xz) — Lsﬁa;cip(xl) > Lckﬁp(xl) — ch—>P(x2)~ (3.53)
(3.46) follows by combining (3.52) and (3.53). U

3.3.2. Bounds on exit points probability
In what follows, we state a result for the exit point Z%4%€ of the stationary last passage percolation. A weaker bound
with the restriction on ¢ € [1/4, 3/4] can be found in Lemma 2.2 of [29].

Lemma 3.6. Fix any o € (0, 1) and c € R~q. Consider the stationary last passage percolation model Liiﬁ;g. Denote
A

the exit point of the last passage path from L3 to P°(x) := ((1 — 0)*>N +x,0*N —x) by 70 (x). Then, there exists
Mo = Mo(c, A, 0) such that for all M > My, we have

P(|Z5%0 (eN'3)| = MN?3) < Cre= M, (3.54)
uniformly for all large N where C1 := C1(A, @) and Cp := Ca(X, 0) are two constants.

Proof. We only show the bound on the upper tail. Proof of the lower tail follows by the same arguments. For the proof
we need to divide the maximizer on several pieces. For that purpose, in this proof we denote by

La (x) = Il?f-;{L()rl()\—l)k,k)ePQ(x) + ® (k)} (355)

First notice that
P(zsmg = MN2/3) = I[D(LMNM (CN1/3) = L(O,O)—>PQ(cN1/3))v
<P(Lyn2(cN'P) = 5) +P(Lg o) poentizy <) (3.56)
for any choice of s. The law of large number estimates are

Loy poenty =N —areN'3, 0P (MN?*?) ~ —ay MN? s

Lo-1g—1yMN23 MN23)— pe(en1/3y = N + aMN?P — (@rc+ 0‘3M2)N1/3’

. — — _ 2y2
with oy = 728 0p = 7 2% and a3 = SSZOHEL Due to (3.57), we choose s = N — ayeN'/3 — Jas M2N1/3.
In this way, we will be able to make both probabilities in (3.56) very small as M — oo, uniformly in N.
Proposition 2.3 gives immediately P(L ¢ o), po(en1/3) <) <C e~ M 2, Next, consider the first probability in the
r.h.s. of (3.56). For a > 0, use the short-hand notation £(k) = A~ (A — 1)k, we first rewrite L,(x) as follows,
Lo(x) = maX{I}lka L e k) e(a).1) + @° (k) + Le(a),— PQ(x)}

k>a
=wf(a)+ r}l;‘;({L(ﬁ(a),l)ePQ(x) + arglilél{L(ak),kH(e(a),z) + (k) — w?(a)} ]

=w(a) + Ry (x), (3.58)
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where

l

R,(x) = max L¢(a),h— Pe(x) + Z Ok (3.59)
k=a+1

with 6;’s being i.i.d. Exp(o) random variables. The equality (3.59) follows from Lemma 4.1 and Lemma 4.2 of [3].
We also have, for any s, the inequality

P(Lyyn23(cN'P) > 5) = P(0? (MN?) + Ry yas (eN'3) = 5)
<P(0?(MN?*?) = 5) + P(Ryy 2 (cN'?) = 5 = 5). (3.60)
Recall that s = N — ajcN1/3 — %a3M2N1/3. Thus choosing § = —ay MN?3 + %013M2N1/3 we have s =5 — § =
N + oo MN*3 — (ayc + a3 M)N'/3.

Let us bound the first term in (3.60). Denote by g; = ¢g; — 1/0 and p; = —p; + 1/(1 — o). Then, using the expo-
nential Chebyshev’s inequality, we have

MN?/3 A ta=2)MN?3 - o -
P(?(MN??) > ( oa+ Y B zf) e SRV TR () TTIMNT 3 61y
j=1

2
with § = %a3 M?N'73 for any r > 0. Taking r = %N 173 after simple calculations we get, for all N large
enough,

(3.61) < e~4M’ (3.62)

(—2h0+0%°
M3 @do(1-on*”

It remains to bound the second term in (3.60). After shifting the half-line to start at the origin, R p2/3(cN 173y
becomes the LPP from (0, 0) to (y?n,n) = (1 — 0)?N 4+ N3 + 1711 — A)MN?3, 02N — ¢N'/3 — MN?/3) with
one-sided vertical boundary sources with parameter ¢. This LPP was studied in [1] in terms of sample covariance
matrices (see their Section 6 for the connection to LPP). In their proof they obtained exponential bounds used then to
show the convergence to the limiting law. These bounds implies exponential bounds for the right tail of the distribution.
An explicit statement in the LPP language of this bound can be found in Lemma 3.3 of [19]. In our case it corresponds

%. Using (3.8) and the first bound of Lemma 3.3 of [19] with the choice a = W +

O(1/M?) (to match with §), we get uniformly for large N,

with oy =

to have a k =

P(Ryy2 (eN'3) = s —§) < Ce™M”, (3.63)
for all M > My, My a constant and C, ¢ some M -independent constants. This ends the proof of (3.54). O

Below, we note down a simple corollary of Lemma 3.6.

Corollary 3.7. Recall the definition of P(-) given in (3.1). Consider the last passage percolation model LStat € for

0 = A+. Denote the exit poznts the corresponding last passage paths from the line L3 to the pomt P(x) by Z%3t i (x).
Fix some C € R. Let EA be such that the line joining the points QN(é)L )i =" l(k — l)ék N, §A N) and P(CN'/3)
has direction (1 — A1)2, (,1)?). Then, there exists My = My(A), K1 = K1 (\) and K2 = K2 () such that for all
M > My, the followings hold uniformly for all large N

P(Zstat,)»_,_ (CN1/3) _ g}:FN < _MN2/3) < Kl eXp(—KzMz), (364)
P(z** (CN'?) =& N > MN??) < Ky exp(—K,M?). (3.65)
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Proof. To see this, we first translate X-axis and Y-axis linearly so that the origin is moved to the points Q N(E;t).
Notice that the definition of £3° is invariant under these shifts of the origin. In these new co-ordinate systems,
we denote the point P(CN 173y by PL(CN'/3) and the corresponding exit points by Z%@4*+ Using the fact
zstatis (C N1/3y — SfN = 78@bAx we obtain
P(Zstat,AJr (CN1/3) _ f;‘;‘N < _MNZ/S) — ]P(Zstat,m_ < —MN2/3),
~ (3.66)
P(Zstat,)», (CN1/3) _ é;N > MN2/3) — P(Zstat,)uf - MN2/3)

Further, we have ﬁi(CNIB) =t((1— ki)zN, (Ai)ZN) for some constant ¢t > 0.
From Lemma 3.6 applied for o = Ay, there exists My = My(X), K1 = K1(}) and K7 = K>(X) such that for all
M > My, we have

P(|Z59+| > MN*3) < Kje FoM’, (3.67)
for all large N. Since the probabilities in (3.66) are bounded by the ones in (3.67), the proof is completed. U
Concerning the exit point from £, a simple consequence of Lemma 4.3 of [19] results into the following estimate.

Lemma 3.8. Let &, be given as in (2.24). Fix any C € R. Then, there exists Mg such that for all M > Mo = Mo(}),
we have

P(|Z,(CN'3) = & N| = MN*?) < K e~ KoM’ (3.68)
for some constants K1 = K1(A) and K> = K»()), uniformly for all N large enough.

Proof. This results is a simple consequence of Lemma 4.3 of [19]. One shifts the origin to get the end-point ((1 +

Y)N 4+ N3 (1 —y)N — ¢N'/3) along the diagonal of the first quadrant as in the proof of Lemma 2.4. Then one

can extend the line £; to L = {(L’\)L;lxj ,X) | x € Z}. Call Z{¥° the exit point position from £3°. Then

P(|Z(CN'3) — & N| = MN?3) <P(|2°(CN'3) — & N| = MN?73). (3.69)

In Lemma 4.3 of [19] we have exactly a Gaussian estimate (in the variable M) of the latter, which finishes the proof. [

3.3.3. Bound on the probability of good event G y (1)
Now we generalize Lemma 2.3 of [29] to give some upper bound on the probability P((G y (7))¢) (see (3.45) for its
definition).

Proposition 3.9. Fix some C € R. Denote the exit point of the stationary LPP L'\;m (with weights w’+) from the line
X

LS to P(x) by ZsatA (x), Adopt all other notations introduced before. Then, there exists ro = ro(C, L) such that for
all r > rg, we have

P((Gy(r)) < Kie Ko (3.70)
uniformly for all large N where K1 = K1(A) and Ky = K»(A) are two large constants.

Proof. In the following discussion, we will prove that there exists ro (depending on C and 1) such that for all r > ry
the following holds (for all large N)

P(Zstat,k, (CNI/S) - ZA(O)) < 2Kie_Kér2, (3.71)
P(Z,(CN'P) > z94+(0)) < 2K e Ko (3.72)

for two sets of constants {K{, K}} and (K!, I?é} which depend on A. Then (3.71)—(3.72) implies (3.70).
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Proof of (3.71). We begin by noting that for any c; following holds
P(Zstat,k_ (CN]/S) = Z}L(O)) < ]P)(Zstat,)»_ (CN1/3) _ s)LN = —01N2/3)

+P(Z,(0) — &N < —c | N*3). (3.73)

We have to choose ¢ such that both terms on the rhs. of (3.73) are bounded by K{e‘K?z forall r >ri =ro(C, 1)
uniformly for all large N.
The translation invariance property (3.41) gives

Z = (CN'P) = 2%~ (0) + CN'P. (3.74)
The characteristic line passing by ((1 — 2)EN, A2N) having direction ((1 — 22)2, (A_)?) intersects the line L5° at
(1=A"ta(r, N), a(r, N)) witha(r, N) = a;r N'/3 +ar? N'/3 for some constants a1 (1) > 0, a>(%) < 0. Therefore,
Zst2A— () will be close to the point &, N =& N — (aq rN23 4+ apr2 N3y, Consequently we can write
P(Z8* (CN'?) — &N > —c | N*P)
=P(Z5%*=(0) — &7 N > (17 — c)N?/? — (C + axr?) N'/3). (3.75)
Choose c¢1 = ajr/2. Then for N large enough,
(3.75) < P(Z°**=(0) — & N > a;rN*3/4) < K| Ky (3.76)
by (3.65) of Corollary 3.7. On the other side, by Lemma 3.8 there exists ro = ro() such that for all » > ry, it holds
P(Z5,(0) — N < —airN*3/2) < Kje Ko7 (3.77)
Combining (3.76) and (3.77) we conclude (3.71). ([l
Proof of (3.72). For any c3, it holds
P(Z,(CN'3) > 284W2+(0)) < P(Z, (CN'P) — £,N > c3N?3)
+ (254 (0) — N < c3N*?), (3.78)

In the same way as above, we obtain that Z-*+(0) will concentrate around 5;' N=&N — (ajrN 2/3 4 a§r2N 173y
for some a{ (1) < 0 and a} (1) < 0. Choose c3 = |a]|r/2. Then by (3.64) of Corollary 3.7, we get

P(Zstat,k+ (CNI/S) _ é:):‘rN < C3N2/3) S Igle—klrz (379)

uniformly for all large N, and by Lemma 3.8, there is a rp such that

P(Z,(CN'?) =& N > |a}|rN?3) < Rje Kir (3.80)
for all r > rg uniformly for all large N. This completes the proof. (]
d

For the next result, we need to define the rescaled process for the stationary case,

stat, A+ _ pstatAy 1—2 1/3
+ L3 PuN1/3) LL§°—>P(0) T uN
BN,A(M) = N1/3 (381)

The first result focus on a comparison between B and Lresc’)t . The proof is geometric and uses the idea of Lemma 1
p N.A N P g
of [6].
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Proposition 3.10. Recall the good event defined in (3.45), namely

Gn(r) :={Z%"(CN'P) < Z,(0)} N {Z(CN'3) < 2592+ (0) ). (3.82)
Fix any two real numbers 0 < u < v inside the interval [0, C). Then, under the event G 5 (r), we have

By () — By , (v) < LY () — L*** (v) < By ; (w) — By, (v). (3.83)

Proof. To prove this result, we use Lemma 3.5. We start by noting that for any two positive real numbers a < b, the
following hold

Z(a) < Z)(b) and Z%84*E(g) < Z8@LAE () (3.84)

with probability 1. The way we prove these inequalities is by contradiction. If any of the inequalities in (3.84) does
not hold, then the corresponding last passage paths would intersect at some point (lets say ¢) in between. In such case,
the sections of the last passage paths intercepted between L, to c¢ is actually the last passage path from £, to c. If
a # b, then this would imply the existence of two different last passage paths 7z, _, ¢ (or, nz _.¢) from £; to the point
c¢. As a consequence, the uniqueness of the last passage paths will be contradicted. Thus, the claim follows.

Now, notice that the condition (i) Z; (CN'/3) < 7822+ (0) implies

Z}L (UN1/3) < Z)L (CN1/3) < Zstat,)ur (O) < ZStat,)ur (MN1/3) (385)
whereas the condition (i) Z%2*~ (CN'/3) < Z; (0) implies
7= (wN'P) < 2= (CN'P) < 2,(0) < Z, (uN'P?). (3.86)
Employing Lemma 3.5, we obtain the following inequalities
Ly ) = Ly ) < BY ;) = By, (),
N N (3.87)
LY ) = LY () = By, ) = By, (v)

from (3.85) and (3.86) respectively. Hence, the proof is completed. (|

3.3.4. Proof of Proposition 3.2
Now, we turn to proving the Proposition 3.2. For this, we closely follows the arguments for tightness in [29], Theo-
rem 1. First, we fix some large C > 0. For any € > 0, denote A¢ := {max, u,ec[—C.C] |L§$S°’A (1) — L' ()| > €).

It suffices to show that P(A¢) goes to 0 as N — oo. We have
P(Ae) <P(Ac NGy () +P((Gn(1))°). (3.88)
Bound on P(Ac N Gy (r)). Whenever G y(r) holds, then by Proposition 3.10, we have

resc, A resc,A
max LY (uy) — LS (u2)|
up,u2€[-C,C]J

L omax By, ) — By, o) . (3.89)

<maX{ max B, (ur) — By, (u
< C]| N,)u( 1) N’)‘( 2) uy,ure[—C,CJ

upuz€[—C,
The increments for the stationary case can be expressed, by Lemma 4.2 of [3], as

LuN'/3) luN1/3)
s _IJ)L:t ~ i=1 pi _Zl:l qi, forl/l >0,
LP—PuN'/3) LZ—P(0) 1

L
-1
i=luN131 91 ~ Zi=LuN'/3J pi, foru <0,

(3.90)

where p;s (resp. g;s) are i.i.d. Exp(1 — A1) (resp. Exp(A+)) random variables.
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We have
20y —1
Ak At _ + 1/3
and ;2550 = 2=l K ()rN = for K (1) = 1524288 4 O(N~173). Define
At At At
+ Lﬁic—>P(uN1/3) - L,C;O\OHP(O) E(L[,“’—>P(MN1/3) LE?—)P(O))
By ;W)= N1/6 . (3.92)
Then by Donsker’s theorem, we have
lim By BE(u), 3.93
Jim By, (1) = B*(u) (3.93)

where ‘=’ denotes the convergence in distribution and B%(.) is a two Brownian motions (two sided). The slightly
different centering in (3.91) and (3.81) leads to

NYOBY () =By, () + KMurN =0, (3.94)

This implies that in the N — oo limit, Bix(u) ~ N=V0B*(u). Hence, maxy, u,ej—c.c1|By ; (1) — By , (u2)]
and maxy, u,e[—C,C] |BA_M(u1) — B,\_,’)L(uz)| converge to 0 in probability. This, together with (3.89) implies
limsupy_, o, P(Ac N Gy (r)) = 0 for any choice of r.

Using the bound on P((G y (r))) of Proposition 3.9, we finally obtain lim,_, o limsupy_, ., P(A¢) = 0.

3.3.5. Proof of Proposition 3.3

We show (3.10) for v = 0. The claim for general v € [—C, C] is simply obtained by replacing N by N +
va in the proof and noting that (N + vN/3)1/3 = N1/3 1 O(N~1/3). For any & > 0, define the event
Ae = (maxye[—c,c1 1LY () — LY*(0)] > ). Then

P(A.) <P((Gn (1)) +P(A. NGy (). (3.95)

Applying Proposition 3.9 with r = N1/979/2//C leads to P((G y (r))¢) < Kie_KéNmfa/C. Thus it remains to get a
bound of IP’(;\; N Gy (r)) for such choice of r.

By Proposition 3.10, when the event Gy (r) holds, then the increment of the (scaled) LPP are bounded by the ones
of the stationary case with modified. This implies

P(A.NGy(r) < P(uer[llagfc] By, ze)+ }P’(uegig!c] By, ) < —¢). (3.96)

Recall the relation (3.94), namely Nl/éBiA(u) = Bi,x(“) + K)urN—1/0, By the above choice of r, the term
KW urN—Y6 ~ N=8/2 5 0 as N — 0o. Therefore to bound (3.96) it is enough to bound

IP’( max BN N le/(’), IP’( max —By ; (u) > gNl/f’) (3.97)
uel0,C] ue[0,C]

together with the same bound for u € [-C, 0]. B; , is arescaled version of a sum of i.i.d. random centered variables
with exponentially decaying tails, thus it is a (two-sided) martingale. Each of the bound is obtained in the same way,

T
thus we write the details only for one of each. By Doob’s maximal inequality for the submartingale u > eX B N0

and minimizing over x, we get

P(Mgr[lg)é]l? ) =eN /6> < m%exp{ xsN1/® +lnE[exp(XBX,’A(C))]}. (3.98)
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A simple computation gives

InE[exp(xB}; ,(€))] = 2x>CN'P (h(1 = ) ™' + O(1). (3.99)
Plugging this into (3.98) and minimizing with respect to x > 0, we get

Lh.s. of (3.98) < Ky exp(—K2e*N'/3/C), (3.100)

where K, K7 are two constants which depend on A. This bound and the one above the probability on G y (r)¢ implies
(3.10).

Now we prove the inequality (3.11) for u = 0. The inequality for general u € [-C, C] is obtained by substituting y
with y +uN =2/3 This time we are dealing with LPP between points which are“time-like”, i.e., where both coordinates
of the end-point increase. However, since we are looking at a distance from the reference point P (0, 0) which is the
of the same order as the case of (3.10), we can get a similar bound by using the analysis used to get (3.10) twice. Let
us decompose the increments in (3.11) into a sum two increment the LPP between “space-like” points, i.e., with one
coordinate increasing and the other decreasing. We have

L0, v) — LI*(0,0) = (L'S4(0, v) — L'*((1 — y)v, v))
_i_(L;\e/:sc,)L((] —)/)U,U) —LE\G,SC’)L(O, O)) (3.101)

The first term in the r.h.s. of (3.101) is using (3.10). For the second term in the r.h.s. of (3.101) we get the same
bound by applying exactly the same strategy for getting (3.10). Indeed, all the ingredients having two end-points
used in the proof of (3.10) extends to points which are space-like: see Lemma 4.2 of [3] and the geometric proof of
Proposition 3.10. The detailed proof do not require any new ideas, so we skip the details here.
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