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Abstract. We are dealing with the validity of a large deviation principle for the two-dimensional Navier—Stokes equation, with
periodic boundary conditions, perturbed by a Gaussian random forcing. We are here interested in the regime where both the strength
of the noise and its correlation are vanishing, on a length scale € and §(¢), respectively, with 0 < €, §(¢) < 1. Depending on the
relationship between € and §(¢) we will prove the validity of the large deviation principle in different functional spaces.

Résumé. Nous considérons les équations de Navier—Stokes avec conditions aux limites périodiques et perturbées par une force
aléatoire gaussienne et démontrons un principe de grande déviation. Le régime étudié est celui-ci ou I’amplitude du bruit et sa
corrélation tendent vers zéro aux vitesses € et §(¢), avec 0 < €,8(e) < 1. Le principe de grande déviation est démontré dans
différent espaces fonctionnels selon le comportement §(¢) en fonction de €.
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1. Introduction

We are dealing here with the following randomly forced two-dimensional incompressible Navier—Stokes equation
with periodic boundary conditions, defined on the domain D = [0, 271]2,

oru(t,x)=Au(t,x)— (u,x) - Viu(lt,x)+Vp,x)+ ﬁa,gé(t,x), xeD,t>0, (1.1
divu(t,x)=0, xeD,t>0, u,x)=uo(x), xe€D. ’
Here u denotes the velocity and p denotes the pressure of the fluid. Moreover, £°(z, x) denotes a Gaussian random
forcing. We are interested in the regime where the noise is weak, that is its typical strength is of order /€ < 1, and
almost white in space, that is its correlation decays on a length-scale § < 1.
As well known, in order to have well posedness in C([0, T]; [LZ(D)]Z) for equation (1.1), the Gaussian noise E‘S
cannot be white in space. In fact, white noise in space and time has been considered in [8], where the well-posedness
of equation (1.1) has been studied in suitable Besov spaces of negative exponent, for i -almost every initial condition,
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where 1. is a suitable centered Gaussian measure, depending on € > 0. It turns out that, for different values of € > 0,
the measures . are all singular, so that the result proved in [8] does not imply the well posedness of equation (1.1)
for any initial datum in some subset of the Besov space that remains independent of € > 0.

In the present paper, we assume that for any fixed § > 0 the noise &°(¢, x) is sufficiently smooth in the space
variable x € D to guarantee that for any initial condition ug € [L2(D)]? there exists a unique generalized solution
in C([0, T]; [LZ(D)]Z) (see Section 2 for all details). As a consequence of the contraction principle and of some
continuity properties of the solution of equation (1.1), for any § > 0 fixed, the family {L(u¢ s)}e~0, given by the
solutions of equation (1.1), satisfies a large deviation principle in C ([0, T']; [LZ(D)]z), for any T > 0 fixed, with rate
€ and action functional

1 T
(=5 /0 105 (F/@0) = AF@0) = B(£ ) [} 2y 1

where A is the Stokes operator, b is the Navier—Stokes nonlinearity and Qs is the square root of the covariance of the
noise £ (see Section 2 for all definitions and notations and also [3]).

In [4], the limiting behaviors, as § |, 0, for the large deviation action functional 1 8 as well as for the corresponding
quasipotential V¢ have been studied. Namely it has been proven that if the operator Qs converges strongly to the
identity operator, and a few other conditions are satisfied, then the operators I% and V' converge pointwise, as § |, 0,
to the operator

1 T
(=3 fo £/ = AF @) = b(F )}y 1. (1.2)

and the operator

_ 2
V(x) - |x|[H|(D)]2’
respectively. Notice that I and V would be the natural candidates for the large deviation action functional in
C([0, T1; [L*(D)]?) and the quasi-potential in [L2(D)]?, in case equation (1.1), perturbed by space-time white noise,
were well-posed in [L?(D)]?.
In [4] we have first taken the limit in € and then in §. In the present paper we describe what happens in the relevant
case the parameter § is a function of the parameter € that describes the intensity of the noise, and
lim §(e) = 0. (1.3)
e—0
Namely, we show that in this case the family {uc se)}e>0 satisfies a large deviation principle in the space
c(o,ry; Bg (D)), where Bg (D) is a suitable Besov space of functions, with o < 0 and p > 2. Moreover, in the
case condition (1.3) is supplemented with the condition

lim e8(e)™" =0, (1.4)
e—>0

for some n > 0, we prove that the family {uc s()}e>0 satisfies a large deviation principle in the space C([0, T';
[L2(D)1]?), where equation (1.1), corresponding to § = 0, is ill-posed. In both cases, the action functional that describes
the large deviation principle is the operator I7 defined in (1.2).

We would like to mention the fact that in [12] Hairer and Weber have studied a similar problem for the stochastic
reaction-diffusion equation
Bu(t, x) = Au(t, x) +cu(t, §) —u’ (t,§) + /e, (1, x), xeD,1>0,
(1.5)

u(0,x) =up(x), xeD,

where D is a bounded smooth domain, either in R? or in R3. By using the recently developed theory of regularity
structures, they study the validity of a large deviation principle for the solutions {u¢ s()}e>0 of equation (1.5), in the
case condition (1.3) is satisfied. Actually, they prove that if, in addition to (1.3), the following conditions hold

lir%elog8(e)_l =2e[0,00), ford=2, 111%65(6)—1 =xr€e[0,00), ford=3,
€e—> €—
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then the family {uc s()}e>0 satisfies a large deviation principle in C([0, T'], C"(D)), where C"(D) is some space of
functions of negative regularity in space, with respect to the action functional

I 2
I%(f)zzfo |8[f_Af+c)hf+f3|[L2(D)]2d[1

for some explicitly given constant ¢, , depending on X and d and such that ¢y = —c.
Moreover, they also consider the renormalized equation

dyu(t, x) = Au(t, x) + (c + 3ecy ) — 9e2efe) u(t. €) — u (1,€) + /e, £°© (1, x),
u,x)=up(x), xeD,

where cétl) and cgi) are the constants, depending on the dimension of the underlying space, arising from the renor-
malization procedure. They prove that, in this case, if (1.3) holds, then the family of solutions {u¢ s()}e>0 satisfies a
large deviation principle in C ([0, T'], C"7(D)), with action functional I?.

Unlike Hairer and Weber, that use techniques from the theory of regularity structures to prove the validity of the
large deviation principle, in this paper we use the weak convergence approach to large deviations, as developed in [5]
for SPDEs (see also [7,13] and [1] for some relevant applications of this method). The argument is simpler and gives
a stronger result. In particular, we are able to prove that, when condition (1.4) is satisfied, then the family {u¢ s(c)}e>0
satisfies a large deviation principle in the space of continuous trajectories with values in the space H itself and not in
a functional space of negative regularity. Notice that in [6] we have studied an analogous problem for the Cbﬁ” -model

To this purpose, let {¢c}e~0 be any sequence of {F;};>o-predictable processes, taking values in a ball of
L2(0, T; [LZ(D)]2), P-almost surely, such that

lin%)go€ =¢ weaklyin L? (0, T; [LZ(D)]Z), P-a.s.
€e—

for some {F;};>o-predictable process ¢ taking values in the same ball of LZ(O, T:[L%*(D)]?). As we will explain
in Section 3, in order to use the weak convergence approach to large deviations, we have to show that if u¥ is the
solution of the equation

du(t) = [Au(®) + b(u(®)) + Qege()]dt + Ve dw® (), >0, u(0) = ug,
then we have

éli_r)r(l)‘u% —u?|o=0, P-as, (1.6)
where u? the solution of the random problem

du

2, O =4u® +bu®) +o@®, 120,  u® =u,
and £ coincides with the space C ([0, T]; [L*(D)]?) or C([0, T]; BZ(D)), depending on whether condition (1.4) is

satisfied or not. We would like to stress the fact that the proof of (1.6) is quite different, in the two different cases.
If (1.4) is satisfied, then we can work in a Hilbertian framework. For every « > 0 and € > 0, we use the splitting

ufe =vi¥ +7¢ + oY,
where
t
Pe(t) = / "I 050 0 (s)ds,  1>0,
0

and

t
= e [0 aa ), =0, (17
—0Q
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so that
ule(t) —u? (1) = [v2% 1) — vy (O] + 22 (1) + [@¥ (1) — DL ()]

Our aim is to show that there exists a random family {o. }¢~¢ such that the three terms on the right hand side above,
corresponding to @ = «., converge to zero in L?(€2; C([0, T]; [L2(D)1?)). In order to prove that we proceed with
suitable energy estimates. Here, the key point is the fact that for every p > 1 there exist & > 0 and a random variable
K¢ (p) such that

—0
|Z? |C([O,T];LP(O)) S (C( \% 1) Cp(T)Kf(p)v ]P)—a.s.

and for any  small enough and any p, g > 1 there exist ¢1 ,(p, ¢) and c2 ,(p, g) such that

E|Ke(p)|” < crn(p.g)(ede) 1) 21",

If (1.4) is not satisfied, we have to work with the mild formulation of the equation in the space &7 :=
c(o,T]; Bg (D) NLPO, T; Bg(D)), where BZ(D) and Bg(D) are suitable Besov spaces, witho <0 < «, 8 >1
and p > 2 satisfying suitable conditions. Also in this case we proceed with a suitable splitting of the solution u<, but
we cannot proceed with energy estimates. We consider the decomposition

ufe —u? = [ve(t) — u? ()] + 2 (1),

where z, (¢) is the process defined in (1.7), corresponding to & = 0. In this case, one of the key points in order to prove
(1.6) is showing that

/ e('_S)Ab(Ze (S)) ds|  =ca(0)lze @ ze — €Us(e) I 1o o, 1:1H2 (D)%)
0 Er

for a suitable p > 1 and a suitable constant ¥5() such that
. « _
GIE)I})Elze ® Ze — 606(6)1|L1’(0,T;[HU(D)]4) - 07

for any «, p > 1 and o < 0. This follows from arguments analogous to those used in [8].

2. Notations and preliminaries

We consider here the following incompressible Navier—Stokes equation with periodic boundary conditions on the
two-dimensional domain D = [0, 271]2,

oru(t,x)=Au(t,x) — (u(,x) - Vyu(t,x)+ Vp(,x)+ ﬁa,sﬁ(z,x), xeD,t>0,
divu(t,x)=0, xeD,t>0, u0,x) =uog(x), xe€D, 2.1)
u(t, x1,0) = u(t, x, 2m), u(t,0,x2) =u(t,2m,x2), (x1,x2) €[0,271%,¢ >0,

where 0 < €, § « 1 are some small positive constants. Here & 3(¢, x) is a Wiener process on [L2(D)]?, with covariance
Qs to be defined below.

We assume that the initial condition uo and the noise £% have zero average in space, so that u(¢) remains with zero
average for all time. It is not difficult to get rid of this assumption.

In what follows, we will denote by H the subspace of [L?(D)]? consisting of periodic, divergence free and zero
average functions, that is

H={ue[L2(D)]2:/ u(x)dx =0, divu =0, u is periodic in D}.
D
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H turns out to be a Hilbert space, endowed with the standard scalar product (-, -) i inherited from [L2(D)]*. Moreover,
we will denote by P the Leray—Helmholtz projection of [L?(D)]? onto H.
Now, for any k = (k1, kp) € 72 =172 \ {(0, 0)} we define

1 1
ek(x) = Lk_eix'k — Lk_ei(xlkl"l‘XZkZ)

= s = y € D, kel s
27 [k| 27 Jk| x = (x,x2) 0

k= (ky, —ki), kI =k} + K3

It turns out that the family {ex} kez? is a complete orthonormal system in Hc, the complexification of the space H.
For every s € R, we define

2
HS(D) = {MD—)R |M|%1Y(D) = Z|<“’€k)| |k|25 <OO}.
keZ}

Next, for g € N, we set §; := I1o¢ — I1,4-1, where IT,, denote the projection of H into H, := span{e}|x|<,. Namely

Squ= > (we)nex. uel JH (D).

241 <|k|<24 seR
For any 0 € R and p > 1, we define
BS(D) = {u el JH (D): Zzl"fﬂaqu,,(m < oo}.
seR geN

BZ (D) turns out to be a Banach space, endowed with the norm

1

) p b
lulg o) = (Z 2”""l54u|LP<D>)

qeN
Now, we define the Stokes operator
2 2
Au=PAu, ueD(A)=HN[H (D],
where P is the Helmodtz projection. It is immediate to check that for any k € Zé
Aey = —|k*er, keZ3

For any r € R, we denote by (—A)" the r-th fractional power of —A, defined on its domain D((—A)"). It is well
known that D((—A)") is the closure of the space spanned by {ex} keZ2 with respect to the norm in [H 2r(D)]* and the

mapping
ueD((—A) ) |(=A)ul, €10, +00),

defines a norm on D((—A)"), equivalent to the usual norm in [H 2r(D)]?. Moreover, we have that the Leray—
Helmbholtz projection P maps [H? (D)]? into D((—A)"), for every r € R.
Due to the incompressibility condition, the nonlinearity in equation (2.1) can be rewritten as

(u-V)v=div(u ® v),
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where
e
In what follows, we shall set
b(u,v) =—Pdiv(u ® v), b(u) =—Pdiv(u Q u). 2.2)
We recall here that, whenever the quantities on the left-hand sides make sense, it holds
(b@u),u),, =0, (b@u), Au),, =0 (2.3)

(for a proof see e.g. [14]).
Finally, concerning the noisy perturbation £°(z, x) in equation (2.1), it is a Wiener process on [L?(D)]? and has
zero average. In what follows, we shall set

wl (1) == PEX(r), 1>0.
w?(7) is now a Wiener process on H, and we assume it can be written as

w(t,x) =) Mex(x)Bi(1), 1=0,x€eD,
kez}
where {ex}, ez is the orthonormal basis that diagonalizes the operator A, {8 (?)}, ez is a sequence of independent
Brownian motions defined on the stochastic basic (2, F, {F;};>0, P), and for any 6 > 0

1
@) = (1+8kP) 72, keZg,

for some fixed y > 0. In other words, w? is a Wiener process on H with covariance Q5 = (I + 8(=A))~L. We would
like to stress that our result easily generalizes to more general covariance operators.

As we mentioned above, in the present paper we are interested in the asymptotic behavior of equation (2.1), as both
€ and § go to zero. In particular, we shall assume that § is a function of €, such that

elii% 8(e) =0.
In what follows we shall denote by Q. the bounded linear operator in H defined by
Qcer = Ak(8(e))ek, k eN.
Now, if we project equation (2.1) on H, with the notations we have just introduced, it can be rewritten as
du(t) = [Au(t) + b(u®))]dt + Ve dw*© @), >0, u(0) = uy. (2.4)

As proven e.g. in [11], equation (2.4) admits a unique generalized solution u, € C([0, T']; H). This means that u, is
a progressively measurable process taking values in C ([0, T]; H), such that P-a.s. equation (2.4) is satisfied in the
integral form

t

t
(ue(®). @)y = (uo. @) + /0 (ue(s), Ag),, ds + fo (B(ue(9). @), uc(s)),; ds + Ve(w’ @), @),

forevery t € [0, T] and ¢ € D(A).
In what follows, for every o > 0 and € > 0, we consider the auxiliary Ornstein—Uhlenbeck problem

dz(t) = (A —a)z(t) di + Jedw® @), >0, (2.5)
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whose unique stationary solution is given by
t
() =€ / U= gid©(s), teR. (2.6)
—00

Notice that here % (¢) is a two sided cylindrical Wiener process, defined by
DO, x) =Y 1 (8(e))ex(0)B(r).  (t.x) eRx D,
kez3
where

Pr@®),  ifr=0,

Pr(®) = {Bk(—z), ifr <0,

for some sequence of independent Brownian motions {Bk O} 73> defined on the stochastic basis (€2, F, {F;};>0, P)
and independent of the sequence {B(?)}, 72

It is well known that for any fixed € > 0 the process zZ belongs to L”(£2; C([0, T1; D((—A)P))), for any T > 0,
p>1and B < y/2. In the case « = 0, we shall set

ze(1) :=22(1). 2.7)

3. The problem and the method

We are here interested in the study of the validity of a large deviation principle, as € |, 0, for the family {£(u¢)}ec(0,1),
where u. is the solution of the equation

du(t) = [Au(®) + b(u(®))]dt + Vedw®© ), >0, u(0) = uy. (3.1)
Here and in what follows, T > 0 is fixed and € > 0+ §(¢) > 0 is a function such that

lim 8(e) = 0. 3.2)

e—0

We will prove that depending on the scaling we assume between € and §(¢), the family {£(u¢)}ce(o,1) satisfies a large
deviation principle in £, where £ is a suitable space of trajectories on [0, 7], taking values in some space of functions
defined on the domain D and containing H.

Theorem 3.1. Let € — 8(¢€) be a function satisfying (3.2). Moreover, assume that there exists n > 0 such that

lim e§(e)™" =0. 3.3)
e—>0

Then, for any ug € H, the family {L(u¢)}e=0 satisfies a large deviation principle in C([0, T]; H), with action func-
tional

1T 2
(=3 /0 £(t) — AF () — b(f0)) [, dr. (3.4)
Theorem 3.2. Let € — 5(¢€) be a function satisfying (3.2). Moreover, let o < 0 and p > 2 be such that
G
o>——Vv|—-—1).
p p

Then, for any ug € HY(D), with 6 > o + 1 — 2/p, the family {L(u¢)}eso satisfies a large deviation principle in
Cc(0,T17; Bg (D)), with the same action function It introduced in (3.4).
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In order to prove Theorems 3.1 and 3.2, we follow the weak convergence approach, as developed in [5]. To this
purpose, we need to introduce some notations. For any 7 > 0, we denote by Pr the set of predictable processes in
L*(2 x [0, T]; H), and for any y > 0, we define the sets

T
SV = {feLz(O,T; H):/ ’f(t)|2dt§y},
0
and
.A; = {u ePr:u eS;,]P’-a.s.}.

Next, for any predictable process ¢(r) taking values in L([0, T']; H), we denote by u? the solution of the problem
du
E(t) = Au(t) +b(u(®)) + @), >0, u(0) = ugp. (3.5)

Moreover, for every € > 0 we denote by u? (r) the generalized solution of the problem
du(t) = [Au(t) + b(u(®)) + Qep(t)]dt + V/edw*© ), >0, u(0) = uy. (3.6)

Notice that w®(© (1) = Qs w(r), where

w(t,x) =Y ex(x)Bi(t).

k=1

Then, by using the notations introduced in [5], we have

u¢ =G. (ﬁw + / go(t)dr)
0
where G¢ () denotes the solution f of the problem

df 1) =[Af @) +b(f(0)]dt + Qs d ¥ (1), J(0) = uo.

As for equation (2.4), for any fixed € > 0 and for any 7 > 0 and « > 1, equation (3.6) admits a unique generalized
solution u¢ in L*(2; C([0, T1; H)). As a particular case (¢ = 0), we have also well-posedness for equation (3.5).
By proceeding as in [5], the following result can be proven.

Theorem 3.3. Let £ be a Polish space of trajectories defined on [0, T] with values in a space of functions defined on
the domain D and containing the space H, and let IT be the functional defined in (3.4). Assume that

1. the level sets {IT(f) <r} are compact in &, for every r > 0;
2. for every family {¢c}e=0 C A; that converges in distribution, as € |, 0, to some ¢ € AY., in the space L*>(0, T; H),
endowed with the weak topology, the family {u’*}c~o converges in distribution to u®, as € |, 0, in &.

Then the family {L(u¢)}e>0 satisfies a large deviation principle in £, with action functional It .

Actually, as shown in [5], the convergence of u¢° to u¥ implies the validity of the Laplace principle in £ with rate
functional /7. This means that, for any continuous mapping I' : £ — R it holds

6lii%—cslogl[-Eexp(—éf‘(ué)) = (F(f)+IT(f)). (3.7

inf
fe&

And, once one has shown that the level sets of I are compact in &, the validity of the Laplace principle as in (3.7) is
equivalent to say that the family {£(u.)}¢~0 satisfies a large deviation principle in £, with action functional 7.
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The proof of condition 1 in Theorem 3.3 is obtained once we show that, when the space L2(O, T; H) is endowed
with the topology of weak convergence, the mapping

9eL*0,T; H)— u® €&,

is continuous. More precisely, condition 1 will follow if we can prove that for any sequence {@, },en in L2(0, T; H),
weakly convergent to some ¢ € L?(0, T; H), it holds
On _ | —
i o = ul =0.
As for condition 2, we will use Skorohod theorem and rephrase such a condition in the following way. Let (Q2, F, IP)
be a probability space and let {®((¢)},>0 be a Wiener process, with covariance Qs, defined on such a probabil-

ity space and corresponding to the filtration {]-',},>0 Moreover, let {¢¢}c~0 and ¢ be {]-',},>0 -predictable processes
taking values in SY. P almost surely, such that the distribution of (¢, ¢, w (e)) coincides with the distribution of

((pev ‘P’ wa(é)) and

lim ¢ = ¢ weakly in L2(O, T; H), P-a.s.

e—=0
Then, if u ue is the solution of an equation analogous to (3.6), with ¢, and w®© replaced respectively by @, and w?(,
we have that

lim u“’E =ia? iné&, P-as. (3.8)

e—>0

We would like to stress that condition 1 in Theorem 3.3 follows from condition 2. Actually, if we take in equation
(3.6) /€ =0 and {@¢}e>0 = {@u}nen and ¢ deterministic, then condition 1 is a particular case of condition 2.

4. Proof of Theorem 3.1

In what follows, {¢¢}ce(0,1) and ¢ are predictable processes in A;, for some y > 0 fixed, such that ¢, converges to ¢,
PP almost surely, in the weak topology of L>(0, T; H).
For any @ > 0 and € > 0, we introduce the random equation

dv o o o
E(t):Av(t)va(v(t)sze (t)+d>6(t)) +az (1), v(0) =up — z¢ (0), 4.1D
where z¢ is the process introduced in (2.6), solution of the linear equation (2.5), and
t
D (1) = / " Qcpe(s)ds, 1>0,
0

is the solution of the problem

dd,

=AD (1) + Qe (1), ®.(0)=0
Notice that if ¢, € A)}, for some y > 0, then

t -2
|q)€(t)|Lp(D) SC[) (t _s)_p2_p|g0€(s)|Hds’

so that

T t _p=2 P
|¢€|{p(O,T;LP(D))5c/O (/0 (t—s) 2 |¢E(s)|Hds> dt

p+2

» Ty =
SCTKDE'LZ(O’T;H) /0 s % ds .
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This implies that
|Pelrro,1:Lr(DY) €T, pa/V, P-as. (4.2)
As shown e.g. in [11], equation (4.1) admits a unique solution
v e C([0,T1; H)NL*(0,T; V), (4.3)
and the unique generalized solution u¢ of equation
du(t) = [Au() + b(u(®)) + Qepe()]dt + Vedw®© (1), >0, u(0) = uy, (4.4)
can be decomposed as
ug () =vg () +zg (1) + (1), t€[0,T].

Lemma 4.1. Assume that {¢c}e=0 C A?,for some fixed y > 0. Then, there exists ct,, > 0 such that for every € > 0
andt € [0, T]

t
2Of + [ el as

=cTy exp(C|Zg|i4(0,t;L4(D)))(|u0|12‘1 + |z‘2‘(0)|i1 + (0‘2 +1) |Z?|i4(0,t;L4(D)) +1). (4.5)
Moreover, we have

4
|v‘§ |L4(0,T;L4(D))

=cCry exp(C|Zg|i4(0,t;L4(D)))(|u0|%l + |z§‘(0)|i1 + (0‘2 + 1) |Z(€x|i4(0,t;L4(D)) + 1)2~ (4.6)

Proof. Let v¢ be the solution of problem (4.1), having the regularity specified in (4.3). Due to the first identity in
(2.3), we have

1d

2dt

=(b(Z (1) + De(1)), vE (1)) + (b(vE (1), 22 (1) + Pe (1)), v (1)) + (2 (1), vE () -

For every n > 0, we have
|(b(=2 (@) + e (), vE @) ]
= |(b(z2 (1) + ®c (1), (1)), 22 (1) + P (D)) |

Ol O

=[O 220 + P p,
<[l D[, + (2201 ) + P ap)-
As H'/2(D) < L*(D), by interpolation, we have
[(b(vE (1), 22 (1) + P (1)), V2 (1)) |
= [(p(vf ). 22 () + Pe(n)) ;|
< e[ O] VO | 1] 28 ) + PeD)] 14 )
3/2 1/2

<cld O]y e O] 5 |2€ @) + @] 14

= r)|v2‘(t)|%, + cn|v2‘(t)}§{(}z‘;‘(t)|i4(l)) + |¢€(Z)|14(1)))'
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Moreover, we have
al(e2 ), v ) | = 02 OF, + e[z O
Therefore, if we pick n = 1/6, we get
%|v§‘(t)|i, + e},
= ol O (12 O] ap) + PO ap) + (@ + 1) |20 1) + @O 1)

Due to (4.2), by using the Gronwall lemma this yields (4.5).
In order to prove (4.6), we notice that, as H'/?(D) < L*(D), by interpolation we have

T
4 2 2 2 2
|Ug|L4(O,T;L4(D)) = C/o |v2‘(s)|v|v§‘(s)|Hds = |”3|Lw(0,T;H)|”g|L2(0,T;V)'
Therefore, (4.6) follows immediately from (4.5). O

Remark 4.2.

1. Due to (A.8), there exist k > 1 and ¢(T") > 0 such that for any € > 0

ac=c(D)|Kc@ Bl vl = [z |L4(0,T;L4(D)) < Land [zge (0)|H =1 @7
Thanks to (4.6), this implies that
|Ug6 |L4(0,T;L4(D)) = CT,y (|u0|H + a€2 + 1), P-a.s. (48)

and in view of (A.9), we can conclude that if (3.3) holds, then
E|vg[Lao.r:14py < & (T ) (luolfy +1), x> 1. (4.9)
2. As aconsequence of (4.5),if ¢ € .A}} and v? is a solution to the problem
dv
E(Z)=Av(t)+b(v(t)+F(<p)(t)), v(0) = uo,
where
' A
L0 = [ g ds.
0
we have
212 Lol 2
W5+ | [0 ds <cry (1+ luoly)- (4.10)
0
Moreover, by interpolation,
|v¢|L4(O,T;L4(D)) < cr,y (1 + luoln). (4.11)

In the next lemma we investigate the continuity properties of the operator I' and we prove the convergence of &,
to I'(¢) in case the sequence {¢c}¢=0 is weakly convergent to ¢.
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Lemma 4.3. For every p < 1, there exist 8, > 0 and cy > 0 such that
|F((p)|c9p([0’T];Hp(D)) =< C,O|(p|L2(0,T;H)’ P-a.s. (412)

for every ¢ € L*(0, T; H). In particular, if {¢c}e=o is a family in Al., weakly convergent in L*>(0, T; H) to some
Qe A;,for every p < 1 we have

lim | =L@ c o rnpy =0 P-a-s. (4.13)

Proof. Forevery 8 € (0, 1), we have

T(p) (1) =cp /0 - ) P Iy (p) (s) ds,
where

Yg(p)(s) = /0 s~ o) P g(0) do,

Due to the Young inequality, we get

p Trrs _p P » T 2 7
IYﬂ<¢>|Lp<o,T;H>=/O (/0 (s—0) |go(a)|Hda> delwle(o,T;m(/o s 1’+2ds> ,

and hence, if 8 < 1/2+ 1/p, we have

|Y/3 (¢)|LP((),T;H) = Cp(T)|€0|L2((),T;H)-

Now, as shown e.g. in [10], if 8 > p/2 + 1/p we have that the mapping
! 1
YeL?0,T;H) / (t — ) PH D4y (5)ds e CP=277 ([0, T1; HP (D)),
0

is continuous. Therefore, we can conclude that

|F((p)| Ecp,ﬁ(T)|¢|L2(0’T;H), P—a.s.

ﬂ,ﬁ,l
Cc" 2 r([0,T];HA (D))

if p/241/p < B <1/2+1/p, and this implies (4.12).
Now, in order to prove (4.13), we notice that

D — (@) =T (Qc(@e —9)) +T(Qecp — 9.

Since Qc(pe — @) € A; and Qc(pe — @) — 0, as € | 0, weakly in L2(0, T; H), due to the compactness of the
immersion of C%1 ([0, T]; HP(D)) into C ([0, T]; H?* (D)), for every p; > p3, from (4.12) we conclude that

m P (Qc (@ = )| o7y 00y =00 P-as. (4.14)
for every p < 1. Moreover, thanks again to (4.12),

p
|F(Q6(p - (p)|C([O’T];Hp(D)) =< CplQEgo - §0|L2(O,T;H) — O, P-a.s.

as € — 0, and together with (4.14), this implies (4.13). O

Remark 4.4. Notice that, as the sequence {¢c }¢~0 and the process ¢ are in A’;, we can conclude that the convergence
in (4.13) isin LP(2), forany p > 1.
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In what follows, we shall denote
pe (t) :==vg () —v¥(r), t=0.

It is immediate to check that o2 is a solution to the problem

o

Lemma 4.5. If {¢pe}es0 C A? and ¢ € A’;,for every a > 0 we have
ani2 o [Tamp
sup [p¢()]y + | |pE®)], dt
1€[0,T] 0
=cy(T) exp(luoli, + 1)(|Zg (O)ﬁ{ + |Zg|i4(O,T;L4(D))(|Ug |i4(O,T;L4(D)) +1 +°‘2)
4 2 2
+ |Zg|L4(0,T;L4(D)) + |c1>€ - F((p)iL“(O,T;L“(D))(l + |“0|%1 + |vg|L4(0,T;L4(D))))'
Proof. Taking into account of the first identity in (2.3), we have
1d 2 2
= (b(v2®) = b(v* (). p2 ), + (B(®e (1) — (L)), P2 (1))
+(b(z2 (). pL D)), + (P(E (@), 2L () + b(22 (). vE (D). pE (1))

+(b(22 (1), De(D)) + (D (1), 22 (1)), pE D)), + (B(0% (1), D)), P2 (1)),
+(b(v? (1), De(t) = T (@) (1)) +b(Pe(t) — T (@) (@), v2 (1)), pX (1)), + 22 (D), 2 (1)),

8
=125,
j=1

Now, we are going to estimate each one of the terms Ig j (), for j=1,...,8. We have
121(1) = (b(pZ (1), v* (1)), pE (D)), = —(b(0Z (), v* (1)) 1
so that, by interpolation, for any n > 0,
2 2 4
|Ig1(t)| = |pg(t)’v |Pg(t)|L4(D) |v(p(t)|L4(D) = 7)|Pg(t)|v + Cn|/?g(t)|H|U(p(f)|L4(D)-
For Igz(t) we have
125 (1) = (b(DPe (1), Pe(1) = T(9)(1)) + b(DPe (1) — () (1), T () (1)), p& (1)) ;-
and, by proceeding as for I (r), we have
o INT 2 2 2
[12,0] < n|pd O], +en(| P4y + [T@ O3 | @) =T @D 4 -

For I7,(t), we have

|1250] = (2 ®). o2 @) | < 0lp O + 4|22 O ).

dpE o o o [ o o o
5 D =Apc(0) +b(ve (1) +2¢ (1) + Pe () — b(v* (1) + T(9) (1)) + @z (1), pe (0) = —z£(0).

223

4.15)

(4.16)

4.17)

4.18)

(4.19)
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and, in an analogous way,

|124@)] + 1250 <m0 Oy + ey 22O 1) (102 O 1) + @151

Concerning Igﬁ(t), by interpolation we get

[1860] < nlpE O, + el @y [0 D3
Finally, with the same arguments used for I¢';, and also for I¢, and IZs, we get
[185(0)] < n‘pg(t)ﬁ, +Cn(|vw|i4(0) + |v‘j(z)|i4(D))|®€(t) - F(‘/’)|i4([))'
For the last term, we have
1250)] < n|pf O}, + eya®|22 0],
Therefore, if we take n = 1/14, we obtain
d
Zlec@l + el

= C|pg(t)|?q(|vw(t)|i4(m + |q’6(t)|i4(1)))

+ (|2 Fapy + IT@O L) + [ O 2y + [VE O | @O = T@ O

+c|z§‘(t)|i4(D)(|v2‘(t)|i4(D) + |‘De(t)|i4(D) +ao?) + c’z‘é‘(t)|:4(D).
Recalling that
2 EA};W - |F((p)|Lp(0’T;Lp(D)) SC[)(T))/, ]P)-a.s.

as a consequence of the Gronwall lemma, this implies that

T
sup [o¢ @+ [ ool ar
tel0,T] 0

4 2 2 2
=& (D eXp(‘vw’L4(O,T;L4(D)))(|Zg(0)|ﬂ + ’Z?}L“(O,T;L“(D))(’U(ex‘L“(O,T;L“(D)) +1+07)

4 2 2 2
+ ’Zg}L“(O,T;L“(D)) + |(I>€ - F((p)}L“(O,T;L“(D))(l + ’v(p}L“(O,T;L“(D)) + ‘US|L4(O,T;L4(D))))‘

Thanks to (4.11), we conclude that (4.16) holds.

4.1. Conclusion of the proof of Theorem 3.1

(4.20)

4.21)

4.22)

4.23)

We have already seen that, if « is any given non-negative constant and vZ (¢) is the solution to problem (4.1), then it

holds
ufe(t) =vg (t) +2¢ (1) + P (1), t=0.

Since u® (1) = v#(t) + T'(¢)(¢), this implies that we can write
ufe(t) —u? (t) = [v2(t) —v? ()] + 22 (1) + [P (t) = T(@) ()], >0,

where « is the random constant defined in (4.7).
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Due to (4.8) and (4.16), it is immediate to check that
Qe % 2 e 2 e 4
|vge () —v (t)|H < ¢y (T, luola)[ |2 (O)|H + ¢ ’L4(0,T;L4(D))
|2 2
+ (|z? |L4(O,T;L4(D)) + |<D6 - F(¢)|L4(O,T;L4(D)))(1 +O‘e)]'
Now, in view of (A.8), for any 8 € (0, 1/4) there exists cg(T') such that for every o > 0
|Zg|c([0’T];L4(D)) =< Cﬂ(T)K€(4, ﬂ)’ P-a.s.

This implies that, if we fix any n € (0, 1/2y) satisfying (3.3) and B, € (0, 1/4) so that (A.9) holds, we get

2
|v(€}l{E (t) - Uw(t)|H = Cy,r](T7 |MO|H)(K?(4’ ﬂ?’]) + Kez(z’ ﬂ) + |(DE - F(¢)|L4(0,T;L4(D)))(1 + Olg) (424)
As a consequence of (A.9) and assumption (3.3), we have

sup Eaf <oo, «>1.
€e(0,1)

Then, thanks again to (A.9), from (4.24) we can conclude that for any x > 1

1
E|Ugs - Uw‘Z([O,T];H) < cy (T, |”0|H)[(65(6)7n)q + (E|®6 - F(‘P)|IZ4(0,T;L4(D)))2]-

Because of (3.3), (4.12) and (4.13), this implies that

; -n_ ; e _ 9|« _
elg%eB(e) =0 = 6lgr(1)1|53|v6 v |C([0,T];H) =0, «>1. (4.25)
Since
Pe _ ., P Pe _ ¢ %3 —
|“e u |C([0,T];H) = |”e v |C([0,T];H) + |Z€ |C([O,T];H) + |(I>€ F(¢)|C([O,T];H)’

(4.25), together once more with (4.12) and (4.13), implies that

. — . A K _
g%ea(e) T=0 = gf})muf _”W|C([0,T];H)—0’ k> 1. (4.26)

In view of Theorem 3.3 and all comments in Section 3 after Theorem 3.3, we can conclude that Theorem 3.1 is

proved.

5. Proof of Theorem 3.2

In what follows, we fix any o < 0 and p > 2 such that

v (5)
o>——V|—-—1]).
p p

Because of such a condition, we can fix two real constants & and § such that

2 0 >2,  B=2 L1 e 1 o (5.1)
—>a>—0>0, , >2, — <= =< —. .
» b= 2" P27 B2

Once fixed «, o, p and B, for any 0 < s <t we denote

Eei = C([s,11: By (D)) N LP (s, 1; BL(D)).
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&+ turns out to be a Banach space, endowed with the norm

le,, = sup [v()| gy ) + 1VlLrGs,1:B5(D))-
rels,t] P

In the case s = 0, we shall set & ; = &;.
Our purpose here is to show that under condition (3.2) the family {uc}cc(0,1) satisfies a large deviation principle
in C([0, T]; Bg (D)), with action functional I, as defined in (3.4). In view of Theorem 3.3 and the arguments in

Section 3, this follows once we prove that for any sequence {¢c}e=0 C A;, P-almost surely convergent to some

@ € A”., with respect to the topology of weak covergence in L2(0, T; H), the sequence {1}~ converges P-almost
surely to u? in C([0, T]; Bg (D)).
For any € > 0, we introduce the random equation

%(t) = Ave(t) + b (ve (1) + 2e (1)) + Qee, Ve (0) = uo — z¢(0), (5.2

where z.(t) = zg(t) is the process introduced in (2.7). In particular, we have
uf (1) —u? (1) = [ve (1) —u? ()] + ze (1) =: pe(t) + 2 (1), 1 =0.
Since
dpe
d—pt(t) = Ape(t) + b(ve (1) + 2 (1)) — b(u? (D)) + Qee (1) — @(1), Pe(0) = —z¢(0),

we have that p (¢) solves the following integral equation

t t
pet) = =20+ [ A (b(we) = b)) ds+ [ IMb(ze(s))ds

0 0

t
n / A (b(pe(5), 2(5)) + b(ze (5), pe(s))) ds
0

t
+ / eI (B (5), 2e (5)) + b(ze(5), u?(5))) ds + [@e (1) — T(9)(1)]
0

6
=) ().
i=1

Our first goal here is to estimate the norm of each term I ; in the space &, for every t < T, and prove a uniform
bound for p, in 7. To this purpose, we first prove a suitable bound for u¢ in H?(D), with 6 € (0, 1).

Lemma 5.1. Assume that ug € H? (D), for some 0 € [0, 1). Then, for any ¢ € LZ(O, T; H) we have

T
2 2
sup [u? (1) o) + /0 )| yos1py ds = c(luol uo ). 91 L200,7:10))- (5.3)
tel0,T]

Proof. Since
1d ) 5
§E|u‘ﬂ(t)|H + ]uﬁﬂ(t)]v = <¢(;)’ u‘p(t))H,

we immediately have

t )\' t
\u‘/’(z)ﬁﬁfo u? ()]}, ds < |u0|%,+71f0 ()], ds. (5.4)
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For every 6 > 0, we have

1d

5 7110 O o ) + 1 O o1y = (4 O). A W D)) + {0 (0). (=) 1 1))

Now, if we assume 0 < 1 and set g1 =2/(1 —6) and g =2/6, we have

(b(u?®). (_A)eu(p(t»ﬂy = ’”(p(t)|ml(D)|(_A)0“¢(t)|mz(n)|”(p(t)|V'

w%3(D) — L1 (D),  W'™"%(D) < L%(D),
this implies that

(b(u? @), (_A)euw(t)>H| = |”¢(t)|H0(D)|“¢(t)|H1+9(D)|”¢(’)|V

1
Z|“¢(t)|§11+9(m + C|”(p(t)|§10(0)|”w(t)ﬁ/'

=
Therefore, as
@), (= u D) | <l 48 O o ) < %|u¢’(r>|i,l+ew) +clolg.
we conclude that
%|u¢(t)|§10(p) + |”¢(l)|§10+1(p) = C|”w(t)|29(D)|”¢(t)|%/ +clol.

Thanks to (5.4), this implies

T
|4 )30 ) < exp(c /0 !uw(s)fvds)(woﬁ,g(m +elelao )

2 2 2 2
S CXP(C|L{0|H + C|‘P|L2(0’T;H))(|u0|H9(D) + C|¢|L2(0,T;H))’

and (5.3) easily follows. U

Now, let us estimate each term /. ;, fori =1,..., 6. Since

)=

t
s s B
0], = s 2Oy, + ([ 120y 1)

according to (5.1), for any # < T we have

==

t
e 1 ()|, < clze(O)!B;(D) +c(/0 sm2le=0)p ds> ’ze(O)IBZ(D) < cr‘ze(O)’Bg(D). (5.5)

Now, for any two processes u(¢) and v(t), we define

t
Au, v) (@) ;:f eI (u(s), v(s))ds, t=0.
0

By proceeding as in [8, proof of Lemma 6.3], it is possible to show that if v; and v, are measurable mappings defined
on [0, T'], with values in Bg (D) and Bg (D), respectively, then

AW 0O < [ €= H 301 e [026) | o ds. 1< T (5.6)
Uiz Uj) (0| gy ) <€ A s V1) o) [V20) | gy 5. 1 =T, .
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and
|/\ v )(f | < ' r—s é(l i )| () | | Y | d < I 5 7
(U[’ /)( ) BPQ(D) c ( ) Ul( ) BPQ(D) UZ( ) BPU(D) S, ) ( . )

both for (i, j) = (1, 2) and for (i, j) = (2, 1).
It is immediate to check that

b(ve(®)) = b(u? (1)) = b(pe(®)) + b(pe (1), u? 1)) + b(u? (1), pe(®)). 10,

so that, thanks to (5.1), from (5.6) and (5.7) we get
e 2le, < (f)lpeILﬁ(o,;;Bt;(D))(lpe|C([o,z];Bg(D)) + |u(p|C([0,t];B}§(D)))’ t>0,

for some continuous increasing function c1(¢), such that ¢1(0) = 0. Since we are assuming that0 > o + 1 —2/p, we
have that H? (D) — Bg (D), so that from (5.3) we obtain

[eole, < c1()ey (luol g py)lpele, (|Pe|C([O,t];B;§(D)) +1). (5.8)
Concerning I, 3(t), we first notice that
b(ze () = div(ze (1) ® ze (1)) = div(ze (1) ® ze (1) — €V5)1), >0,
where ¥ (¢) is the constant defined in (A.11), for 6 = (¢). Then, since for every p > —1, n >0 and p > 2 we have

1A —(I+5—3+D
e x| gy S et 2T X gy, 1> 0,

from (2.2) we get
t
(1421 n )
|1€,3(t)|BZ(D)5cf (t —5) 143 p+z)‘dlv(ze(S)®Ze(S)—6195(6)1)|[H_(1+n)(D)]4ds
0

t
(1421 n
50/ (t—5) (I+3 ”+2)|Z€(S)®Ze(5)_6198(6)1|[H—n(l))]4d5-
0
In the same way, we have
' —(+g—14D)
|Ie,3(t)|Bz(D)§cf (t =) "2 |20 (5) @ 2e(9) = D5 I |y g pyye -
0

Due to (5.1), this implies that we can find n > 0 and p > 1 such that

|Ie,3|£, <c2(t)]|ze ® ze — 6193(6)1|Lﬂ(O’T;[H*(1+Y)(D)]4)- (5.9

For I¢ 4(t), by using again (5.6) and (5.7), we have

|Ie,4(t)|Bz(D) = Cfot(t —ay A |p€(s)|’3%(D> |Z€(S)|BZ<D> as.
and
! ~la+2-0)
|14 ® |y ) SC/O =) 2 00|y [26 O3y ) 45
and then, according to (5.1), we can find p > 1 such that

e ale, = e3)1el L8 0,1:8y(Dy) 12elLr0.1:B (D)) = €3(DPele, |zel Lo 0.7:85 (D)) (5.10)
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As for I 4(2), for I 5(t) we have

! 2
|1€,5(t)|BZ(D) < C/o (¢ —s)_%(l-i-;—a)|u‘p(s)|6g(D)|Ze(S)|Bg(D) ds

and

! _lgg2_
1505y <€ fo (0 =) 2Tl )] gy ) |2 ) 3 ) 5

229

As we are assuming 6 > o + 1 —2/p, we have that 8 > o« — 2/p, so that for any n > O such that0 —n > o —2/p,

we have H!*0~"(D) < B%(D). By interpolation, this implies

|x|BO((D) = Cn|x|H1+9 (D) = =< C?’]|x|H1+9(D)|x|H6(D)7

so that
2 2n

|X|B°‘(D) =< C’7|X|H1+9(D)|X|H9(D)

2
According to (5.3), this implies that u¥ € L™ (0, T; Bg(D)) and

|u“’| 2

2 <c uo|yeo
L™ 0.7:B3(D) v (140l 5o (D))

Due to condition (5.1), since 8 > o + 1 —2/p, we can find n € (0, 1) such that
1 2 0+ 2
——<n< - —a.
B

For such n > 0 we have

b=
L 1.2 B T
b+ -y
Ies(t)| po rmyy <€ s 20TV BT ds u? Zel Lk (0.1:82 (DY) s
|15 )|Bp(D> = </0 ) |u?| LT o BO‘(D))| elLx0.:84 (D))

where

1=
K

1 [1—n+,8—1]_1 1—7

Analogously, if we pick n > 1 —2/p, we get

(1+ —0) B
I 5(5) e, ds < c s 2 ds ) |u? )
/ | €, 5( )|B (D) </0 > | | 1 7 O B“(D))| |L27/32<€7n> (O,t;B;’,(D))

Thanks to (5.11), this, together with (5.12), implies that there exists some p > 1 such that

Uesle, < ca(t)ey (luolgo(p))lze |Lr0,1:B5 (D))

Collecting together (5.5), (5.8), (5.9), (5.10) and (5.13), we conclude that

loele, < C(I)Cy(luolye(p))lpels,(Ipelcqo,t];Bg(n)) + 1zelLe,1:85(D) + 1) +CT|Ze(0)|Bg(D)

+C(I)Cy(|”O|1—10(D))(|Ze|Lﬂ((),T;Bg(D)) +|ze @ ze — Eﬂa(e)l|Lp(0,T;|ny(D)|4)) + |CDe

for some continuous increasing function c(¢) such that ¢(0) =

5.11)

(5.12)

(5.13)

~T@)g,.
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Now, we are going to show that for any sequence {€, },cn converging to zero, there exists a subsequence {€p, }keny C
{€,}nen, such that

lim |pe, |e, =0, P-as. (5.14)
k—o0 k
and this clearly implies that

lim |pele, =0, P-as.
e—>0

Asule(t) —u?(t) = pe(t) + zc(t), fort € [0, T, according to (A.1) we can conclude that

lim sup |u% (@) —u®(®)|zy,H =0, P-as. (5.15)
€—>0ze[o,T]| ‘ |BP(D)

Let {e,},en be a sequence converging to zero. As we are assuming that o < 2/p, there exists p < 1 such that
HP (D) — BZ(D), so that, due to (4.13) we have

lim|®c —T(p)[g, =0, P-as. (5.16)

Then, as a consequence of (A.1), (A.13) and (5.16), we have that there exists a subsequence of {¢,},en, that for
simplicity of notations we are still denoting by {e€,},en, and a set ' C Q with P(€2) = 1, such that

dim (26, @) ¢ o718y + |26(@) @ 26(@) = D50 1| oo 11 oy
+]®e, (@) —T(@) (@), ) =0, we. (5.17)
Next, for any € > 0 we denote
te :=inf{t > 0: |'0€(’)|Bg(1)) > 1}.
If we fix any w € €/, in view of (A.1) there exists some n¢ = ng(w) € N such that for any n > ng and ¢ < 1, (@)
|pe(@)]g, = 3eey (lnol o)) |Pe (@) g, + 7]z 0) | gy ) + [P (@) =T (@) (@),
+cey (110l 0 ) (2@ oo, 7,535y F 126(@) ® 26 @) = €05 oo, g+ o)

This implies that if we take #yp > O such that

1
3c(to)cy (|”O|H9(D)) = 53

forany n > ng and t < 7, (w) A1
|0, (@), < | ®e, (@) = T (@) @),
+ 1 (|26 @ o go,73.85(0y) F 1760 (@) ® 26, (@) = €50 | o 0. 71117 (y1))
As a consequence of (5.17), there exists n; = nj(w) > ng such that

o1 (|2¢, (@) |C([0,T];B;; on |26, (@) ® 2¢, (@) — € ﬁs(f)l|LP(O,T;[H*V(D)]4))

el @)~ T @), <3, nzm,
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so that 7, (w) A to = to, for n > ny, and
|pe, (@), = €|®e, (@) —T @)@,
+ 1 (26 @ e o185y T 1260 (@) ® 26, (@) = €501 | oo 741117 Dy10)-

Now, we can repeat the same argument in the intervals [(i — 1)#g, itg], fori =0, ..., ir, where i is the smallest
integer such that ir#y > T', and we find

|pe, (@) < ic|®, (@) =T (p))¢,

S(i—l)zo,iro
+ iCT(}ZEn (0)) |C([0,T];B;(D)) + |ZE,, (0)) & Zey (a)) - 611195(6)[ L/’(O,T;[H_V(D)]4))’ (518)
for every n > n; = n;(w), where n; (w) > n;_1(w) is such that

1 ([26 @] co, 71550 T 260 @) ® 26, @) = enPs@ | oo, 1,11 oy19)

1
|, @) ~T@ @, < 5. nzn.
Therefore, from (5.18) we obtain that for any n > n;, (w)

|pe, (@), <ic|®e, (@) —T(@)()|g,

+ iCT (|Z€n (a))|C([O,T];BZ(D)) + ‘Ze,, (a)) by Zep ((1)) - 6}'1‘05(6)1 LP(O,T;[H’V(D)]4))’
and due to (5.17) we can conclude that

lim [pe, ()], =0.

Appendix

Here we describe and prove some properties of the solution of the linear problem. As in Section 2, for every o > 0
and € > 0 we denote by zZ(¢) the stationary solution of the linear problem

dz(t) = (A —a)z(1) dt + J/edw’© 1), 1>0.

The process zZ (¢) is given by

t
2(t) = ﬁ/ =AU gpd© 5y, >0,
—0Q

As we already mentioned in Section 2, for any fixed € > O the process zZ belongs to the space L”(2; C([0, T];
D((—A)P))), for any T >0,p>1and 8 <y/2.
We first want to estimate the norm of zZ in Besov spaces of negative exponent.

Lemma A.1. Forany a >0 and € > 0 and for any p,k > 1 and o < o’ <0 it holds

RS
E sup }Zf(t)|KBa(D)§cK,p(ez|k|2(‘7 1>> . (A.1)
te[0,T] P kez2
0
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Proof. Since z%(t) = (—A)~Z(—A)3z%(t), we have
|Zg(t)|BZ(D) = |(_A)%Z?(t)|LP(D)‘ (A.2)

By using stochastic factorization, for any g € (0, 1) we have

s t
(—A) T2 (1) = Smﬂ”ﬂ/ (t — )P 1Y, 4(s)ds,
—0o0

where
s
Yep(s) = / (s — p) Pl PA(— )% dub© (p).
—00

Therefore, if we take p > 1/8, we get

o » to_ase oo \PTU ot »
|(—A)zz6(t)|Lp(D)5cﬁ,p ms 1 e 1 ds oo|Ye,ﬂ(s)|Lp(D)ds. (A.3)

Now, forany t e Rand x € D

p t r
E|Yep(t, )| = cpe'ﬂE(Z f 2 (8(e) k1 (2 — s)‘ﬂe—“—”('k'z*“)ek<x>dﬁk<s>)
kezd” >

P

, t 2
<cpe? (Z / 1 (8(6)) k[ (1 — 5) 272K+ Iek<x>|2ds)
[e¢)

kezd "
%
p _
Scp€2(2|k|20+4/3 2> ,
kez?
so that, integrating with respect to x € D, for any 8 < —o/2, and hence p > —2/0,

E|Y€,ﬂ(z)|§p(m <cp (e Z |k|2(a+2ﬁl))

2
keZi

4
2

Therefore, thanks to (A.2) and (A.3), for any k¥ > p > 2/o this yields

E sup |22, <E sup [(=A)Z220)]5, ) <cepB sup [(—A)Z2(0)[%,
te[O,T]| € |B,,(D) te[O,T]| € |LP(D) K,p te[O,T]| € |L (D)

%
S CK,p<6 Z |k|2(0+2ﬁ1)> .

kez?
The general case follows from the Holder inequality. (]

Next, we estimate the norm of z¥ in L?(D)-spaces. This lemma could be proved using stochastic calculus in
Banach spaces and the notion of y-radonfying operators (see [2]). We give here an elementary proof.

Lemma A.2. For every o > 0 and € > 0 and for every p > 1 it holds

1+ 7
E|z2‘(r>|ipw)scp(T)<elog< 8(;))) . e[0Tl (A4)
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Proof. For every p > 1 we have

dx

Z/ o =) (kP +a>;\k(5(e))ek(x)dﬁk(s)

kez?

E|z§‘(z)|§,,(D) =62E/

| /\

g/ (Z e_Z(t $)(k)? +a))hk(3(6)) yek(x)’ ds)idx
D

kez?

P

p 1 2
1! (X o =)
2 P+ () RPY)
0

IA

Since we have

+00
5 ! N N,
CkPA 48P Ji x(148(e)xY)
keZy

1/00 L 4 1(10 (1+3() +1lo : )
e _— X = — _
Y Js@e x(1 +x) 4 & g5()

this implies that (A.4) holds. ]
Now, by proceeding as in the proof of [9, Proposition 2.1], it is possible to show that for any p > 1 and g € (0, 1/4)

there exist 6 =0(p, B) € (0,1/4) and p = p(p, B) € (0, 1), and a random variable K. (p, B) such that for any o > 0
ande >0

\zg(z)\L,,(D) <@v D (1+t")Ke(p, B), P-as., (A.5)

where

+00 1/m
Ke(p,ﬂ)ZCp,ﬁ</_ (14+02) Y@}y do ) , (A.6)

for some m =m(p, B) > 1, and where
o
Ye(o) = ﬁ/ (0 —s5) P94 gud©s). (A.7)
—00

In particular, we have

|2 cqorrLrmy <= @V D ep(TKe(p, B),  P-as. (A.8)

In what follows, it will be important that the random variable K. (p, 8) has all moments finite, with an uniform
bound with respect to € > 0.

Lemma A.3. Let p,q > 1 and € > 0 be fixed. Then, for any n € (0, 1/2y) there exists B, € (0, 1/4) such that
E|Ke(p, B)|" < cp.py.q(€8(e)77)7, (A.9)

Proof. It is immediate to check that, for any ¢ > m, we have

+00
BKp. B <cppg [ (1407 BT !

L”(D)
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Now, since

Ye(o,x) =€y f e — )P (8)e e (1) dBi(s),

kezd”
we have

4
oo _ s 5
E[Ye(o.x)|” SCPGP/Z(Z |ek|%°°(D)/(; s P ri(8()) e M ds

2
keZy

P
N\ 2
Scp(e Z k1720720 (1 4 8(e) [K|*) 1) =:cpAp(e)?.
kez}
This implies that for any p,g > 1

E|Ye (U)E,,(D) <ci(q, p)Aﬁ(E)Cz(q.,p%

for some positive constants c1(q, p) and c2(q, p). Now, we have

+o00 1 1/ 1\ (™ 2, 1
Aﬂ(e)Ne/ =) dx=€e—| — / yvy T ——dy.
o x172B(1 4 8(e)x7) y \8(e) 5(e) l+y

Therefore, if we pick any € (0, 1/2y) and define 8, := ny /2, we have

Ap, (€) < cedle) ™,
and this implies (A.9). O
In what follows, we shall denote H := R% and w:=N(0, (—A)~'/2). The Gaussian measure u is defined on A,

but in fact w(H? (D)) = 1, if o < 0, so that the support of w is contained in H° (D), for every o < 0.
Now, for any # € H and § > 0, we define

hs =Y (h, ex) (e,

2
keZy

where we recall that, for any k € Z(% and § > 0,

1
VI+8k2r

Next, fori =1, 2 we define

A (8) =

L (hE)?: (0 =V2[(hy) () = 95], xeD,5>0, (A.10)
where
Bs = ! k%A(S)Z— ! k%A(SZ A1)
=202 2 i = e 4 O *
kez? kez}

By proceeding as in [8, Appendix] it is possible to prove that fori =1, 2

s (piN2 . gk . go
Elglgr(l).(ha) :in LY(H, w; H7 (D)),
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3lim hjh3 in L*(H, u; H° (D)),
§—0

for every k > 1 and o < 0. In particular, due to definition (A.10), this implies that

3lim (hs @ hs — D5 lz2) i L (H, w; [H (D)]). (A.12)

Lemma A.4. For every € > 0, let us denote z.(t) := zg(t). Then, for o0 <0 and k, p > 1 we have

giil%)lmze ® z¢ — 6295(6)1"217(0,T;[H”(D)]4) =0. (A.13)

Proof. It is immediate to check that

ze(t) = VeQez(t), 1E€R,

where

t
e gy (s).
(0.¢]

t
z(t)=/ eI qu(t) = Z/

keZ3

The process z(t) is stationary Gaussian and £(z(t)) = u, for every ¢ € R. This means that for any p > 1

Elze ® ze — 6198(6)1|€p(0,T;[H<’(D)]4)
T
= ]E/ |z€(t) ® ze (1) — 6198(6)1|fyv(0)]4 dt
0
- ef’T/H 1Qeh ® Qech = Vs I|[yy5 1yt (dh)

= EPT/H |hs(e) ® hs(e) — ﬁa(eﬂlfm(m]m(dh)-

Because of (A.12), this implies (A.13) in the case x = p > 1. The case «, p > 1 follows from the Holder inequality
and the fact that L? (D) C L9(D), if p > q. O
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