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Abstract. We study the persistence exponent for the first passage time of a random walk below the trajectory of another random
walk. More precisely, let {B,} and {Wy} be two centered, weakly dependent random walks. We establish that P(¥,,<y B >
W, |W) = N~Y 1o for a non-random y > 1/2. In the classical setting, W,, = 0, it is well-known that y = 1/2. We prove that for
any non-trivial W one has y > 1/2 and the exponent y depends only on Var(Bj)/ Var(W1). Our result holds also in the continuous
setting, when B and W are independent and possibly perturbed Brownian motions or Ornstein—Uhlenbeck processes. In the latter
case the probability decays at exponential rate.

Résumé. On s’intéresse a I’exposant de persistance du temps de premier passage d’une marche aléatoire en-dessous de la trajec-
toire d’une autre marche aléatoire. Plus précisément, étant données deux marches aléatoires {B,} et {W,}, centrées et faiblement
corrélées, on établit que P(V,<y By > Wy|W) = N—v+o(D) pour un certain exposant y > 1/2 déterministe. Il est bien connu que
lorsque W, =0, on a y = 1/2. On prouve ici que lorsque W n’est pas la marche nulle, alors y > 1/2, et dépend seulement du rap-
port Var(B1)/ Var(W7). Notre résultat est également valable en temps continu, lorsque B et W sont des mouvements browniens ou
des processus d’Ornstein—Uhlenbeck indépendants. Dans ce dernier cas cependant, la queue du temps de premier passage décroit

a taux exponentiel.
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1. Introduction and main results

Let {X;};>0 be a stochastic process. In many cases of interest there exists y > 0 such that
P(Vy<; X5 > —1) = o),

The exponent y is often called the persistence exponent associated to the process X. The persistence exponent of
stochastic processes have received a substantial research attention. We refer to [1] for a review on this subject.
In this paper we are interested in the rate of decay of

p) :ZP(sttBs = f(t))a

where B is a standard Brownian motion starting from 0 and f is a continuous function. The case when f (1) = —1 is
particularly easy by the reflection principle. More broadly, if f is negative near 0 and f (1) = o(r'/>7¢) for some ¢ > 0
then p(r) = t~1/7+°() _The situation changes for f(f) = —1 + At'/? with A > 0. It turns out that p(f) = —¢®+o)
for a function 6, which is strictly increasing in A.
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It seems interesting to consider the case when f is a trajectory of a stochastic process. A Brownian motion,
considered in this paper, is particularly intriguing as it is of order #'/2. Formally, we consider the wall f to be sampled
as a Brownian curve W independent of B and kept frozen. We prove there exists a function y such that for any g e R
we have

log P(Vs< B, = BW,|W) _

— a.s.andin L.
Jim Tog? v (B)

One important result is that y (8) > 1/2 for all § # 0. This means that the conditioning has an strong impact on the
asymptotic of this probability, i.e.
lim P(Vs<;Bs > BWs|W)
t=+00 E(P(Vs< By = BW;|W))

The function y is universal. An analogous result holds for the decay of the probability of a random walk staying
above the path of another independent random walk. Further, the assumption of independence can be weakened or,
even more generally, we can admit random walks in a time-changing random environment.

We also study an example of strongly ergodic diffusions namely a Ornstein—Uhlenbeck process. We obtain that
the probability for an Ornstein—Uhlenbeck process to stay above the path of another Ornstein—Uhlenbeck process
decays exponentially fast. The decay is strictly faster than the exponential decay of the expectation of this conditional
probability. Our results are presented below in separate subsections further in Section 1.4 we present related results
and motivations.

1.1. Brownian motion over Brownian motion

Theorem 1.1. Let B, W be two independent standard Brownian motions. There exists a function y : R — R such that
forany eR,0<a<b<+ooandx >0,

. 1
L logP(Vs<ix + By = BW, B, — W, € (at'/?, bt ?)|W)

=—y(B) as.andin L?, forall p > 1.
Moreover, the function y is symmetric, convex and for any 8 # 0,
y(B) > y(0)=1/2. (1.1)

Consequently, y is strictly increasing and limg_, ;o ¥ () = +00.
Remark 1.2. We conjecture that 8 +— y () is strictly convex and grows at quadratic rate.

Remark 1.3. Adhering to the parlance of disordered systems one can interpret (1.1) as the relevance of the disorder.
Namely, for any g > 0 we have

. E[—-1ogP(Vs<ix + By = BW|W)] . —logP(Vs<;x +Bg > BWs) 1
lim > lim =—.
1—+00 logt t—+o0 logt 2

We contrast this result with the case a random wall with fast decay of correlations. For simplicity we choose an
i.i.d. sequence but the result is still valid for other processes such as Ornstein—Uhlenbeck. In this case, the disorder is
not relevant, the wall has no impact on the asymptotic behavior of the probability.

Fact 1.4. Let {X;};cn be an i.i.d. sequence of random variables such that EX; = 0 and IEXi2 < 400 and B an inde-
pendent Brownian motion. We have

1 lOgP(Vne{l,.‘.,N}x + B, > Xpl{Xi}ien) 1
m = —— a.s.
N—+00 log N 2
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The result of Theorem 1.1 is stable under perturbing the starting condition and the wall.

Theorem 1.5. Let B, W be two independent Brownian motions, f : Ry — R and g : Ry — R functions such that
there exists ¢ > 0 verifying
o

log g (t
—0.  infg(t)>0 and lim 2880 _
>0 t—~+oo logt

f(@0)=0, lim 0.

t—+o0 t1/2—¢
Forany B e Rand 0 <a < b < +o00 we have

i 102P(Vszig(t) + By = BWs + f(s), B — BW, € (at'’?, bt'/2)|W)
t——+00 logt

=—y(B), as.andL? p>1.

1.2. Ornstein—-Uhlenbeck process over Ornstein—Uhlenbeck process

We recall that an Ornstein—Uhlenbeck process {X;};>0 with parameters (i, o) is a diffusion fulfilling the stochastic
differential equation

dX[ ZUth - /,LX; dr.

The main result of this section is following. In Remark 1.7 we will explain how this result extends the one of
Theorem 1.1.

Theorem 1.6. Let X, Y be two independent Ornstein—Uhlenbeck processes with the parameters (i1, 1) and (u2, 1)
respectively, where (i, 1o > 0. There exists two functions v, ., and 8, ., such that forany B € R,0 <a < b < +o0,
if Xo > BYo then

loglP(Vo<; X5 > BYs, X, — BY; € (a, b)|Y) _

t_l)i?oo . =—Yu.u,(B) as.andin LP,p>1, (1.2)
log P(¥s<; X, > BY:, X, — BY, € (a, b))
Jim g S<tAs St t t — _Slul,uz(ﬁ)- (13)

The functions Yy, u,» Sy, u, are symmetric convex and for any  # 0 we have
Yt (B) > 81,1, (B) > 0. (1.4)

Observe that the assumption o1 = 03 = 1 is non-restrictive. Given an Ornstein—Uhlenbeck process X with param-
eters (11, 1) the process o X has parameters (w1, o). Setting

—logP(Vs<; X5 > BYs, X; — BY; € (a,b)|Y)
t

g(B;o1,02, 1, n2) := lim
t— 400

where X, Y are two independent Ornstein—Uhlenbeck processes with parameters (11, 012) and (u2, 022) respectively,
we have

02

g(ﬂv 01,02, U1, ,U«Z) = Vm,uz (ﬂo—_]>
Furthermore, using the scaling property of the Brownian motion we obtain

Yy = M2V /up 1

The same relations hold for 8, ,,.
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Remark 1.7. It is well-known that if W is a standard Wiener process then

_ o _
X i=xe M+ ——e MW,

e

is an Ornstein—Uhlenbeck process with parameters (u, o) starting from X¢ = x. Using this relation one can see that
Theorem 1.6 with = 1 = w2 is equivalent to Theorem 1.1. One also checks that

Viu(B) =2uy(B), Suu(B)=p.

We stress however that the case of different p’s cannot be expressed in the terms of Theorem 1.1. Moreover, we
suspect that max (g1, 2) > 8y, 4, (B) > min(uy, (2).

1.3. Random walk in random environment

Results analogous to Theorem 1.1 hold for random walks. Let { By, },,en, {Wx }nen be two independent random walks.
There may exist n such that P(x + B, > W,) = 0. To resolve this issue we introduce

Av = [{P(Vaznx + By = Wa W) > 0} (1.5
N>0

We briefly study these events.

Fact 1.8. For any x < x’ we have A, C A, and limy_, 1 o, P(A,) = 1. Moreover, the following conditions are equiv-
alent:

e Forany x >0, P(A4,) =1.
e sup Sp > sup Sy, where Sp, Sy are respectively the supports of the measures describing By and W (we allow
both the sides to be infinite).

Now we present an analogue of Theorem 1.1 in the random walk settings.

Theorem 1.9. Let B, W be two independent random walks such that EB; = EW| = 0 and suppose that there exists
b > 0 such that Ee®B1l < 400 and Ee?'W1! < +00. Then for any x > 0 and 0 < a < b < 400 we have

—1ogP(V,<nXx + B, > Wy, By — Wy € (aN'/2, bN/2)|W)

lim
N—+00 log N
Var(Wy)
_ 7§ NaBy) on As, @.s.
+00 on AS,

We stress that the function y is the same as in theorems in Section 1.1.

Theorem 1.9 can be extended to a more general model of a random walk in random environment that we define
now. Let u = {{t, }nen be an i.i.d. sequence with values in the space of probability laws on R. Conditionally on u we
sample {X,},en a sequence of independent random variables such that X,, has law p,,. Moreover, we set

n n
S, :=ZX]-, W, :=—ZE(Xj|u) and B, :=S,+ W,.
j=1 j=1

Note that W is a random walk and conditionally on p the process B is the sum of independent centred random
variables. We make the following standing assumptions:

(A1) We have EW; =0, Var(W)) € [0, +00) and Var(B;) = IEBI2 € (0, 4+00).

(A2) There exist C1, C» > 0 such that E(e€!181l|1) < C5 as.
(A3) There exists C > 0 such that Ee€IW1l < 400.
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We introduce a function f : N — N and we extend definition (1.5) as follows

Ax = [V {P(Vaznx + By = Wy + f(n)|W) >0} (1.6)
N>0

Theorem 1.10. Let S be a random walk in random environment and B, W as described above. Let f : N — N such
that | f (n)| = o(n'/?=%) for some & > 0. For any x > 0 and 0 < a < b < 400 the following limit exists

—logP(Vy<nx + Sp > f(n), Sy € (aN'/2,bN1/?) )

N—+o00 log N
Var(W;)
_ Wy onAe o (17)
400 on AS,

The previous result holds with some uniformity on the starting position. It is somewhat cumbersome to define an
analogue of A, in this case. For this reason we state an example with the starting position xy ' 400, such that the
event becomes trivial by Fact 1.8.

Theorem 1.11. Let S, B and W be as above. Let f : N — N such that | f (n)| = o(n'/>~%) for some ¢ > 0 and
{xn}n = 0 be such that x,, /' +00 and x, = 1€ Then for any 0 < a < b < 400 the following limit exists

lim log P(V,<nxy + Sy = f(n), Sy € (@N'/2,bN'/?)|W) Var(W;)
1 [
N—+00 log N v Var(B)

1.4. Related works and motivations

Our result can be understood from various perspectives. One of them is the so-called entropic repulsion. This question
was asked in [3] in the context of the Gaussian free field for d > 3. Namely, the authors studied the repulsive effect
on the interface of the wall which is a fixed realization of an i.i.d. field {¢x},cz«. They observe that the tail of ¢,
plays a fundamental role. When it is subgaussian the effect of the wall is essentially equivalent to the wall given by
0, while when the tail is heavier than Gaussian the interface is pushed much more upwards. It would be interesting
to ask an analogous question in our case. By Fact 1.4 we know already that the disorder has a negligible effect when
]EXI.2+8 < 400, for ¢ > 0. We expect that when IEXl2 = oo the repulsion becomes much stronger.

The paper [3] was followed by [4] which could be seen as an analogue of our work. Namely, the topic of this
paper is a Gaussian free field interface conditioned to be above the fixed realization of another Gaussian free field.
The authors obtain the precise estimates for the probability of this event and the entropic repulsion induced by the
conditioning.

Theorems 1.1 and 1.6 can be seen as a first step in the study of persistence exponents in random environment.
These results give examples of a one-parameter family of persistence exponents.

Similarly, a natural question arising in random walk theory is to study the probability for a random walk to stay
non-negative during n units of time. Typically this probability decays as n~!/2, which is known as the ballot theorem.
Our result stated in Theorem 1.10 provides a version of this result for random walks in random environment. The
decay is n~Y for y > 1/2. Moreover, y > 1/2 whenever the quenched random walk is not centered.

This perspective was the initial motivation for analyzing the problems in this paper (more precisely the result given
in Theorem 1.10). Such a question arises from studies of extremal particles of a branching random walk in a time-
inhomogeneous random environment. In the companion paper [9] we show that the randomness of the environment
has a slowing effect on the position of the maximal particle. Namely, the logarithmic correction to the speed is bigger
than in the standard (time-homogenous) case, which is a consequence of (1.1).

1.5. Organization of the paper

The next section is a collection of preliminary results on the FKG inequality, Ornstein—Uhlenbeck processes and
some technical results. In Section 3 we use Kingman’s theorem to show the convergence (1.2). We prove (1.4) in



1882 B. Mallein and P. Mitos

Section 4 by inferring that the disorder of the wall has an effect on the behaviour of the probability. Section 5 is
devoted to obtaining Theorem 1.1 from Theorem 1.6 and generalize it to obtain Theorem 1.5. This last theorem is
used in Section 6 to study the analogue problem for random walks in random environment. The concluding Section 7
contains further discussion and open questions.

2. Preliminaries and technical results

In this section we list a collection of results that are useful in the rest of the article. We first introduce the so-called FKG
inequality for a Brownian motion and an Ornstein—Uhlenbeck process, that states that increasing events are positively
correlated. We then list some integrability facts concerning Ornstein—Uhlenbeck and derive technical consequences.

2.1. The FKG inequality for Brownian motion and Ornstein—Uhlenbeck processes

In the proofs we often use the so-called FKG inequality, that we now introduce. For T > 0, we denote by C :=
C([0, T],R), the space of continuous functions, endowed with the uniform norm topology. We introduce a partial
ordering < on this space: For two f, g € C, we set

f<g ifandonlyif Vicorf(t) <g@). 2.1)

The FKG inequality is the following estimate, that follows from [2, Theorem 4 and Remark 2.1].

Fact 2.1 (The FKG inequality). Let X be a Brownian motion or an Ornstein—Uhlenbeck process and F, G : C — R
be bounded measurable functions, which are non-decreasing with respect to < then

E[F(X)GX)]| = E[F(X)]|E[G(X)]. (2.2)

The result of [2] is stated for the Brownian motion only. However, this result is easily transferred to the Ornstein—
Uhlenbeck process, as (1.7) preserves the order < defined in (2.1). The same reasoning of transferring estimates on
the Brownian motion to the Ornstein—Uhlenbeck process holds for the other proofs of the section. Thus to shorten and
simplify proofs, we only work with Brownian motion in the rest of the section.

We often use the following corollary of Fact 2.1, stating that increasing events (for the order <) are positively
correlated.

Corollary 2.2. Let X be a Brownian motion or an Ornstein—Uhlenbeck process and A,BB be increasing events (i.e.
such that the functions 1 4 and 1g are non-decreasing for <), then

P(ANB) > P(APB). (2.3)
We also use the following property, sometimes called the strong FKG inequality.

Lemma 2.3. Let X be a Brownian motion or an Ornstein—-Uhlenbeck process, f, g : Ry — R U {—o0} be measur-
able functions such that f(t) > g(t) for all t € Ry. We assume that P(¥;cj0,71X: = f(t)) > 0 and P(¥;¢(0,71 X =

g(t)) > 0. The probability distribution P(-|¥;cj0,71X: = f(t)) stochastically dominates P(-|V;cj0,71X: > g(t)) with
respect to <. In other words for any measurable function h : R;. — R, we have

P(Vieio, 11X = h(O)¥ie0.11X: = £ (0)) = P(Veero,r1X: = h()|¥ie10,11 X1 = g(1)).

Proof. Let X be a Brownian motion, constructed on the canonical Wiener space (C,P). We assume without loss
of generality that P(Xo = f(0)) = P(Xo = g(0)) = 0. Using the Girsanov theorem we observe that P(V;c[0,71X; >
@) =P:er0,11X: > f(2)). Therefore we can freely exchange the symbols > and > whenever convenient.

As X is continuous, note that {V;cj0,71X: > f ()} = {Vicr0,1 Xs > f(t)}, where f: [0, T]+— Ris given by f(x) =
inf,e Fw(x), where F :={w € C : V,¢[o, 11w (t) > f(¢)}. As the infimum of continuous function, we observe that f is
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upper semicontinuous. Thus without loss of generality we assume in the rest of the proof that both f and g are upper
semicontinuous.

By Baire’s theorem there exists a sequence { f,}, such that f,, € C and f,(t) \, f(¢) pointwise. This implies that
Ay :={¥se(0,11X: > fn(?)}is an increasing sequence of events and the limiting eventis |, A, = {¥iejo. 71 X¢ > f(1)}.
We have an analogous sequence {g,} converging pointwise tor g. Up to replacing g, by min( f,,, g,) we may assume
that g, < f, forany n e N.

For any continuous function f, and & > 0, there exists a finite set 0 <t <f, < ... < tx < T such that
P({Yie(t...) Xy, = N\ Vreto.r1Xe = f(1)}) < e, by continuity of X.

We now assume that the statement of the fact is false. In this case there exists a measurable, bounded non-decreasing
function F : C — R and & > 0 such that

E(F(X)Vie0,11X: = f(1)) + & < E(F(X)Vyepo,11X: = (1)). 24
Using the previous arguments, there exists find n and 0 <#; < --- <t < T such that

E(FVieq,.. Xt = [u(@)) <E(FVieq,...i Xy, = gn(t)). (2.5)

One shows that P((X;,...,Xy) € “[Vien,...0Xy; = fu(%;)) stochastically dominates P((Xy,...,Xy) € |
Vie(l,...k} X, > gn(t;)) using the same techniques as [6, B.6]. We notice that conditionally on X; = x and X;,,, =y
the process

{X: = [Gig1 —Dx+ @ —0)y]/ Wi — ti)},e[,l_,tm]

is a Brownian bridge. Moreover if we condition on the whole vector (X;,, X4,, ..., Xy, ), by the Markov property the
bridges on the different intervals are independent.

As a consequence, we can construct two processes X/ and X¢ such that X/ has the law of X conditionally on
Vie(1,..} Xy, = fu(t;) and X¢ the law of X conditionally on V;c(1,... x} X > gx(f;) such that X¢ < X/ . Indeed, we
construct (X ,f,.) and (X fj) on the same probability space such that X / dominates X8. We then link X ,{ with X t{+1 and
X7 with X¥ | using the same bridge ' of length 711 — 1;, setting

X! = X7 @)= 4 X () 2 4 Bl

Vs € [ti, tiy1], Vi
po Xg_xg(t,)t’l*l1 f+Xg(tl),f+,ﬁ, +Biy,-
With this construction, we have Vt < T, Xf <X ,f , which contradicts (2.5), thus (2.4). O

2.2. Integrability estimates for Ornstein—Uhlenbeck processes
We first list a collection of classical estimates for an Ornstein—Uhlenbeck process,

Fact 2.4. Let X be an Ornstein—Uhlenbeck process with parameters o, i > 0 starting from X = x.

1. The process X is a strong Markov process with an invariant measure N (0, %). For any ¢ > 0 the random variable
X, is distributed as A (xe ™1, &2 (1 — ¢=241)),
2. For any y € R the right tail of 7, :=inf{r > 0: X, = y} decays exponentially fast.

3. The process {f(,},zo given by )~(, := X; — e # Xy is an Ornstein—Uhlenbeck process with parameters o, u > 0
starting from X = 0.
4. The quantity M := sup,.; X; has Gaussian concentration i.e. there exist C, ¢ > 0 such that

P(M > y) < Cexp(—cyz), Yy >0.
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The first and third claims follow directly from (1.7). The fourth claim is a consequence of this fact as well, as
max;<1 X; <x + ﬁ max, 2. Ws, where W a Brownian motion. The random variable max, . ,2u_; Wy has Gaus-

sian concentration by the reflection principle, proving this claim. Finally, the second claim was proved in [11].
We recall a classical bound on the tail estimate of Gaussian random variables.

Fact 2.5. Let Z be a standard Gaussian random variable and x > 0. We have

L X PR Pz ra) < e,

S — 2.6
V2m 1+ x? N2 x (26)

We now present a convex analysis result, stating that the probability for a Brownian motion to stay above a curve
f is log-convex as a function of f.

Lemma 2.6. Let X be a Brownian motion or Ornstein—Uhlenbeck process and h1,hy : R — R U {—o00} be cadlag
functions such that

IP’(VSZ()XS > hl(s)) >0, ]P’(VSEOXS > hz(s)) > 0.
Then the function

[0,1] — R4,

A —1ogP(Vy=0Xy = Ah1(s) + (1 — Vha(s))
is convex.

Proof. By standard limit arguments it is enough to show that for any n, N € N the function
[0, 1T — Ry,
2.7)
A — —1logP(Vk<n Xk/n = Ah1(k/n) + (1 — Mha(k/n))

is convex. We use the Prekopa—Leindler inequality along the lines of the proof below [5, Theorem 7.1]. For x € RV, set
H'(x) = d (X)L >0n (k/n)+(1=M)ha(k/n),Vk<N} (X), where we denote by d the joint density of (X1/,, X2/n, ..., Xn/n)-
The density d is log-concave i.e for any A € (0, 1) and x,y € RY we have d(Ax + (1 — 1)y) > d(x)*d(y)(1™».
Similarly

Wt (=i G/ m+ (=2 e/m) = (Wi Ge/m)) (W zhoe/m) '
Thus the assumption of the Prekopa—Leindler inequality is fulfilled i.e.
A 1-1
H*(x + (1= 1y) = (H' @) (H°) .
Now [5, Theorem 7.1] implies (2.7). O

We now give some estimates on the random variable —log P(Vs<1 X > Y|Y), where X and Y are two independent
Ornstein—Uhlenbeck processes.

Lemma 2.7. Let X, Y be independent Ornstein—Uhlenbeck processes.

1. Let C,c > 0 and x > 0. Then there exists C > 0 such that for any Xo ~ N (x, c%) with ¢1 > ¢ and Yy ~ N (0, C12)
with Cy € [0, C] we have that

E[-logP(¥s<1 X, > ¥,|V)] < C. (2.8)



Brownian motion above random wall 1885
2. Let Xo=x>0and Yy =0,we set p=inf{t >0:Y, =0,3s <t :|Ys| = 1}. Then
E[—logP(Vy<, X, = Y;|Y)] < +o0. (2.9)
3. Let X0 =0, Yo=0and a, b > 0 then the random variable
—logP(Vi<1Xs > Ys —a, X1 > Y1 +b|Y)
has exponential moments.

Proof. Let X and Y be two independent Ornstein—Uhlenbeck processes of parameters (i1, o1) and (u2, 02) respec-
tively. We first prove the third point. By the FKG property (2.3) we have

_IOgP(ngle > YS —a, Xl = Yl +b|Y)
< —logP(Vs<1 X5 > ¥y —alY) —logP(X; > Y1 +b|Y).

As X1, Y7 are two independent Gaussian random variables, the second term in the upper bound has exponential
moments by Fact 2.5. We set H = —logP(V,<1 X5 > Y; —alY). Applying (1.7), we have

H < —logP(Ys<1 By (5) = BIWis)| —d'|W),

where B, W are Brownian motions, 8 = Z—T, t1(s) = e — 1 and £p(s) = e*?® — 1 (we recall that 1 and u; are
parameters of the Ornstein—Uhlenbeck processes X and Y). The constants a’, 8 > 0 can be calculated explicitly but
do not matter for the calculations. We denote by

Ap = {Vieste[%z—i,z—i]Btl ) = BIlWyo| —d'},
Az = {¥iem(0)\¥yepp1, 3211 B Z BIWno| —a'}.
Using the FKG property (2.3) again we have
H < —logP(A; N Ay |W) < —logP(A;|W) — log P(Az|W).

For i € {1, 2} we write H; = —logP(A;|W). We prove that H; is exponentially integrable. The same arguments will
directly apply to prove that H; is exponentially integrable. We observe that

. —i/4
Bi={VienV,e30-1 2y Buto) = Buaiyn Z BIWots) = Wiy = 27/a'/8} C Ar.
Let 6 > 0, using the fact that the increments of a Brownian motion are independent we obtain

LO) :=E(") <E(PBIW) %) =[] Li®),
ieN

where

Li®) :=EP(Y,e32-1 2181 -2 /2 Z B Wa) @il = 274" w)~).
and a” := a’/8. By the Brownian scaling we get

Li(0) = E(P(Y,ei32- 24 Bt 01112121 Z BIWaitng -t | = 214" 1W) 7).

There exist 0 < ¢; < C; such that for any i € N we have

clzzi[n(%z")—n(zi/z)] and Cy <2'[n(27") -1 (277/2)].
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We define analogously 0 < ¢ < C; associated to 7. We set

M:= sup BW, m:= inf B;.

sele2,Cal s€ler, il
With this notation, the estimate becomes
Li(0) <E(P(m > M —2/*a"\M)™") = L;(0).

We have

B 1—P >M_2i/4 //M0
OEL,'(H)—I:E( (m = a| ))

P(m > M —2i/*a”|M)?

It is well-known that for x > 0 we have g(x) :==P(M > x) < C3e_°'3x2 for some c3, C3 > 0. We also prove a bound
from below for the tail of m. Namely, we have

IP’(m>x)zIP’<{Bclzx+5}ﬂ{ sup |BS—B,;1|§5}>

s€le1,C1]

= P(Bcl > X +5)P( sup |Bs — Bc1| 55) > C4e—64x2’

s€ler,Chl
for some ¢4, C4 > 0. We combine the estimates to get

Li(®) — 1 <20P(M <2%a" /2)P(m < —2'/%a" )2) + P(M > 2'/*a” )2)P(m > 0)~*
+00 .
+/ P(m > y)"P(M > y +2/*a") dy.
0

There exists c5, C5 > 0 such that the first two terms can be bounded from above by C se~ ! for any i € N. The last
term is bounded in the following way:

+00 +00 .
/0 P(m > y)fQIP’(M >y+ 2i/4a/’) dy < C4_9C3/O feay? gmes 2742 dy
< Cge™c6!,
for cg, Ce > 0, with the last estimate holding under assumption that 6 is small enough (i.e. 6 < i—i). We conclude that
0<Li(6) —1<Cse " 4 Cgec".

This is enough to claim that ]_[l- eN I:i (0) < 400, thus [; en Li(0) < +00. We conclude that H; admits exponential
moments.
Similar, but simpler, calculations prove that

E[—logP(Vs<1 Xs > Y,|Y, Xo =x, Yo =0)] < +o0. (2.10)
We now prove (2.9). By the FKG inequality (2.3) we have
E[—logP(Vs<p Xy = Ys|V)] < E[—logP(Y;<1 X, = ¥s|Y)]

o]
+E|:Z—1ng(vse[i,i+l]xs > sup Yle)]~

i=1 s€[0,p]

The first term is finite by (2.10). To treat the second one we study

pi(m) == —log P(Vyeiit11Xs = m).
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By point 3 of Fact 2.4 the process X; := X;; — X;e "' is an Ornstein—Uhlenbeck process starting from Xo = 0.
Therefore we have

pi(m) < —logP(X; = me" + 1) — logP(¥sep0,11 X5 = —1).
Clearly —log IP’(VSE[OJ]}N(S > —1) > —o0, using point 1 of Fact 2.4 and (2.6) one easily checks that
pi(m) < Co(m* + 1),
for Cg > 0. Recalling that M = sup¢[o ,; ¥s and Fact 3.3 we conclude
Le]
E(Z n <M>) < B(p[Co(M?+ 1)) = (B()E[Co (M + 1)) < oo
i=1

The estimate (2.8) follows by similar calculations and Fact 2.4. O

3. Existence and properties of the function y

In this section, we denote by X, Y two independent Ornstein—Uhlenbeck processes with parameters (@1, 01) and
(2, 072) respectively. The main result of the section is the existence of y,,, ., (02/01) > 0 such that

—logP(Vs< Xs > Y5, X; = Y; € (a,b)|Y)

t—+00 t

=Yu.ux(02/01) as.

To make notation lighter, we write y instead of y,,, 4, (02/01), as well as § instead of 8, 4, (02/01) in the rest of the
section. We start proving the annealed part of Theorem 1.6.

Lemma 3.1. There exists § > 0 such that for any 0 <a < b < 400,

. —logP(Vs</ X5 > Y, X; — Y; € (a, b))
lim =4.

t——+00 t

Proof. This result is a standard application from spectral theory, thus we only present a sketch of the proof. For any
t>0and x,y € R, we set

ur(x,y) = ]P)(sttxs >Y. Xi — Y €(a, b))

We introduce the space D = {(x, y) € R? : x > y} and the operator
o? o}
L= 718)” + Tzay,y — 1 X0x — U2y 0y.
Note that the operator L is an Ornstein—Uhlenbeck operator, which has been the subject of studies in the recent years,
we refer to [10] and the references therein. By the Feynman-Kac formula we have

orur(x,y) =Lus(x,y) if(x,y) e D,
us(x,y)=0 if (x,y) ¢ D,
uo(x,y) = lx_yefa,n-

2 2
Further, let v be the measure with density exp(— "G]—; — ’LUZ—%). We define the scalar product on L2(D, v) by
1 2

(fs g>v=/Df(x,y)g(x,y)V(dxdy).
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By integration by parts, for any u, v € C°° (D) with compact support, we have

of oy
(u, Lv), = _T(ax”a Oxv), — 7(8))”, 3yv>v = (v, Lu),.

As a consequence, L can be extended into a negative self-adjoint operator on H(l)(v). Moreover, this operator is
compact, as a consequence, there exists an orthonormal basis {/, },en of L*(D,v)anda decreasing negative sequence
{An}nen such that

Lhy, =Ayh, foranyneN,

and hq(x,y) > 0 for any (x, y) € D.
Decomposing f(x, y) = 1x_ye[a,5] On the basis £, we obtain

u(x,y)= Zeﬁ‘”hn(h Yy, f),, forallz>0.
neN

In particular, this yields lim;_, 4 % logu;(x, y) = A1 < 0 uniformly on compact sets, concluding the proof. ]
3.1. Path decomposition

In this section, we present a decomposition of the path Y into large excursions. This decomposition is used both in
proofs of (1.2) and (1.4). We define the random variables {t;};>0, {p;}i>0 such that pp =0 and

Pitl = inf{t > pi 1Yy =0and gy, 0| Y5 = 1} and 7t :=sup{t < pijt1:Y: =0}.
We also define r; := p;4+1 — p; and denote

Yit) =Yy, tel0,r] (3.1)

Remark 3.2. Note that p; is a stopping time (contrary to t;). The precise definition of p; and t; are not important.
What matters for our proofs is that on the interval [t;, p;+1] the process performs a “macroscopic” excursion which is
symmetric around 0, and that p; has a finite mean.

Fact 3.3. The sequence {(Y', ri)}i>o is i.i.d. and the random variables r; and M L= sups<,, ¥ I(s) have tails which
decay exponentially fast.

Proof. The first statement follows by the fact that Y, = 0 and the strong Markov property applied to Y. We define
p:=inf{t > 0:|Y;| =1} then p; =inf{t > p : Y; =0}.

By point 2 of Fact 2.4 both p and p; — p have exponential tails, thus 7; = p; has an exponential tail. For x > 0 we
have

[x]
IP’(Mi > x) < P(squi(s) > x) +P@r; =x) < Z]P’( sup Yi(s) > x) + P(r; > x).
s<x k=1 selk—1,k]
We deduce that M has an exponential tail using point 4 of Fact 2.4. |
3.2. A modified version of Theorem 1.6

In this section, we denote by P, the law of (X, Y) such that X¢ = x and Yy = 0. In a first time, we study the asymptotic
behaviour of log P(VY,,¢0, 5,1 X« = YulY) as n — 400, using Kingman’s subadditive ergodic theorem.
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Lemma 3.4. We assume that Yo = 0. For any 0 < a < b < 400, there exists Y, such that

Yab a.s.andin L.

lim _loginfxe(a,h) P, (Vue[O,pn]Xu > Yy, Xp,, € (a,b)|Y) _
n—+o0 logn B

Proof. Let0 <a <b <400, weset I =(a,b). Forany 0 <m < n, we set

P = Inf PMVucon, on1Xu = Yu, Xp, € I1Y, Xp,, = X) 3.2)
x€(a,b)

and g, , = —log piu.»n. By Markov inequality applied to X, we have

pmvn = inf ]P)x (VME[O,p;z*pm]XM = Yu+pm’ Xpn*pm € I|Y)
x€(a,b)

We observe that the process X under P, has the same law as (X; + xe™*’) under Py. Therefore, from the FKG
inequality (2.3), if b = 4-o0o then the minimal value of p,, , is attained at x = a.

We prove that {gu n}n>m>1 fulfils the assumptions of Kingman’s subadditive ergodic theorem as stated in [7,
Theorem 9.14]. By the Markov property, as Y, =0 forany 1 <m < n we have

Po,n = pO,mP(Vue[pm,pn]Xu > Yy, Xp,, elly, Vue[O,p,,,]Xu > Yy, Xpm €l)> pomPmn,

thus go.» < qo.m + qm.n,» Which is the subadditivity condition [7, (9.9)].
We fix k > 1. We recall that {¥'};>¢ is i.i.d. Consequently the sequence

{qik,a+ 1k hi=0 (3.3)

is i.i.d. and condition [7, (9.7)] is fulfilled. Further, condition [7, (9.8)] follows by the fact that the process {¥;4, };>0
is an Ornstein—Uhlenbeck process distributed as Y. As go_, > 0; Lemma 2.7 implies that Egg 1 < +o0 thus [7, Theo-
rem 9.14] applies and

—1lo
lim 8P _ oy 40 5 as.and L. (3.4)
n——400 n n—+00 n
The constant ¥, 5 is non-random since (3.3) is ergodic. O

Now we prove that the constant y does not depend on (a, b).
Lemma 3.5. There exists y > 0 such that for any 0 < a < +00 we have ¥ = Y4, 4co-

Proof. For any @ > 0 and x > 0, we write
pu(x,a) = ]P)x(vue[O,pn]Xu >Y,, Xpn >alY),

and accordingly ¢, (x, a) := —log p, (x, a). We prove that

. gu(x,a)
lim

n——400 n

=y, as.and Ll, 3.5)

exists and is independent of x > 0, a > 0. Fix x > 0, by (3.4), we know that

. (x,x) .
lim %% Vr.too, as.and L1,
n——400 n
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as the minimum in (3.2) is attained in x = a. We prove that p,(x, 0, +0co) behaves similarly. As p,(x,x) <
Pn(x,0,400), we have

0<d,

. Qn (x5 -xa +OO) _ (In (xa 05 +OO)
o n n
11 Pn(x, X, 400)

0g
n pn(x’ 07 +OO)

= —n""10gPs[Xp, = X[Yuelpo.01 Xu = Yu, Y]
< —n"logP,[X,, > x|Y],
by the FKG inequality. We conclude easily that d, — 0 a.s. and in L'. By a simple monotonicity argument we

conclude that convergence (3.5) holds for any pair (x, a), when x > 0 and a € [0, x] and the limit depends only on x.
We now fix x; > xp > 0, we have p,(x1, 0, +00) < p,(x2,0, +00). On the other hand

qn(x2,0, +00) < —IOg]P’xz[ngp] X5 > Yy, Xp] >x1]Y] + qn—1(x1, 0, +00) . (3.6)
n n n

This proves that ¥ = yx 4o does not depend of x. ]

Lemma 3.6. Forany 0 <a < b <400, we have y = Y4

Proof. Using the previous lemma, we set y = ¥, 400 for any a > 0. To show the claim it is enough to prove that for

any b < +oo the limit cannot be smaller. We define ng = [n — C1logn] for C1 > 1 to be fixed later and n; =n — 1.
Using the Markov property we decompose

Py (Yu<p, Xu = Yu, Xp, € (@,b)|Y) > p1(n) p2(n) p3(n),
where
p1(n) ::xeigfb)Px(Vufpno X, =Y, Xpno € (a, n)|Y),

p2(n) ;= inf P(Vue[pno,pnl]xu >Yu, X,on1 € (a,logn)|Y, Xp,,o ZX),

x€la,n]
p3(n):= inf IP)(Vuelpnl,,0,,]Xu > Yy, Xp,, € (a,b)|Y, X,o,,l =x)~
x€la,logn]
We prove that
—1Io —1Io
lim &P _ o lim —ogP2() _ liminfP(— log p3 < n'/?) > 0, 3.7)
n—+00 n n—+o00 n n—-+oo

where the first two convergences hold in probability. This limit and (3.4) imply the claim of the lemma. We first treat
the second convergence. We have

p2(n) > inf HD)c(vue[o,pnl7p,10]Xu = an0+u, X,o,l1 — O >alY)
x€la,n]

— sup ]Px(Xpn,—pno >logn|Y)
x€la,n]
> IP>a(\vlue[0,p,,l 7,0,,0]Xu = Yu+pnos X,o,,l — Py >alY) — IP>n(X,o,,l — P > logn|Y),

using the Markov property and the FKG inequality. Using (3.4) we get that the logarithm of the first term is &~
C1y logn. Now we fix C; large enough so that EX Py —Pny = 1. This can be established using property 3 of Fact 2.4.
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Further property 1 implies that log P, (X, — Py = logn|Y) < —c; log? n, for some ¢; > 0. We conclude that for large
n the second term is negligible and thus for some C > 0

~1
lim P(M > c) —o.
n—+00 logn

This yields the second convergence in (3.7). An analogous proof gives the first one. For the last one we consider an
event A, :={p, — pn, €[1,2], SUPse(p,,,pul |Ys| <a/2}. Clearly,

p3(n) > inf Py(Xp—p., € (a,b)|Y)Pa(vue[0,pn_pnl]xu > Yurpu 1Yy X py—py, = ).
x€[1,logn]

Conditionally on A, the second term is bounded from below by a constant and the first one by exp(—(logn)?). We
conclude that for large n there is P(—log p3 <n 1/2y > P(4,,)). This finishes the proof as the right-hand side is non-zero
and does not depend on n. (]

Finally, we prove the limit in Lemma 3.4 holds for any starting position.

Lemma 3.7. Forany x >y and 0 <a < b < 400, we have

lim _long(Vue[O,pn]Xu > Yy, Xpn €@ b)Y, Yo=y) _
n—+00 logn N

a.s. and in Ll,

Proof. We prove this result assuming Yy = 0, the case Y 7 0 being treated in a similar way. We write
qn(x,a,b) = —IOng(Vue[o,pn]Xu > Yy, Xpn € (a, b)|Y)

Using the two previous lemmas, we have

. gn(x,a,b) . SUPxe(a,b) qn(x,a,b) ~
limsup ———— < lim =V,
n— 0o n n——+00 n
as SUP,e(q.p) gn (X, @, b) = qo,n. Similarly, for any x > a, we have

sa,b)y . gn(x,a, - .4, -

iminf 288D i DT g dn(@ 8 F00)
n——+00 n n——+o0o n n——+00 n

by the FKG inequality. Finally, using a reasoning similar to (3.6), a similar inequality holds for x < a. Consequently,

the convergence

9 9 b ~

lim M =y, as.and L], 3.8)
n——400 n

holds for any a, b, x. O

3.3. Existence and basic properties of y

We now prove that (1.2) holds. To this end we state an auxiliary fact, whose proof is postponed to the end of the
section.

Fact 3.8. Forany C >0, a > C and b € (a, +00] the family of random variables { H;},>0 defined by

_ —logP(Vs< X; > Y+ C, X; — Y; € (a,D)|Y)
= p .

H;: (3.9

is L?-uniformly integrable for any p > 1.
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Proof. Without loss of generality it is enough to work with integer times and assume that a > C. Denoting the
probability in (3.9) by p; we estimate

n Xk — Y € (a,b)|Y)

yeeey

- 10g Pn = — IOgP(stnxs = Ys + Cv Vke{l

< —logP(Yseo.nXs = ¥y +C, X1 — Y1 € (a,b)|Y) + Z 9k
ke{l,un—1)

where we have set

g = —log[ inf )P(vse[k,kﬂ]xs > Yy 4+ C, Xps1 — Yis1 € (@, B)|Y, Xe — Yy =x)].

x€(a,b

By the Markov property the random variables {gx}i>1 are independent and identically distributed thus, by
Lemma 2.7, the sequence {% Y k—1 qk}n is LP-uniformly integrable. Further, the proof follows by standard argu-
ments. (]

Lemma 3.9. Forany 0 <a <b <400 and Xy > Yy, we have

lim —IOgP(ngthZYth—YzG(a,b)lY)_ v

= a.s.andin L.
t——+00 t E(r1)

Consequence of this lemma, we set y = E(); 5

Proof. Let m(r) := |t/Ep; —t%/3] and M(¢) := |t/Ep1 +1*/3] and
A= {t €lomey, pmn1}-
Clearly, p, = ZZ;(I) 7k, using Fact 3.3 one checks that 1 4, — 1 a.s. By Fact 3.8 it follows that

lim H;14 =0, as.andL”. (3.10)
t—>—+00 4

By (3.8) we have

—logIP(V, X, > Y|Y t
liminfH, > lim 14 ——° s Xs Z X51Y) m(@) _

Y as and L. G.11)
t— 400 t——+00 m(t) t Er

The bound from above is slightly more involved

- logp(vsfpm(,)xs > Y, Vse[pm(,),pM(,)]Xs — Y5 €(a,b)|Y) M(1)
M) t

14 H <1y,
Let us denote the probability in the expression above by p. We fix a’, b’ such that a < a’ < b’ < b and use the Markov
property
Yo, € (@, 0)Y)

+ log[ inf 10gP(Vse[p,,,(,)_,,Mm]Xs —Ys; €(a,b)|Y, X pit :x)].

x€la’,b’]

logp z log]P)(VSSpm(x) Xs = ¥, Xﬂma) -

It is easy to check that the second term divided by ¢ converges to O (which essentially follows by the fact that M (¢) —
m(t) = o(t)). Thus using (3.8) again we obtain

liminf H, < ——, a.s.and LP.
t—+00 ]Er1

This together with (3.11) concludes the proof of (1.2). U
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We study the properties of the exponent y as a function of a constant 8 by which the path Y is multiplied. More
precisely, with a slight abuse of notation, we set for 8 € R

1
y(B)= lim —logP(X; > BY,s <t|Y),
t—>+o0
again without denoting the dependence in w1, 2, 01, 02, to avoid cumbersome notation.
Lemma 3.10. The function y is symmetric and convex.

Proof. As the law of Y is symmetric, y is symmetric. In effect, for any ¢ > 0 we have
(d)
P(XY 2 ﬂYS’S S t|Y) == I[D()(S 2 _ﬁYSaS S t|Y)9

thus 1im— o0 +logP(X; > BY;, s < 1|Y) @ limy— 400 T log P(X; > —BY;,s < t|¥). We conclude that y(B) =
Y (=B).

To prove convexity we use Lemma 2.6. To this end we fix + > 0 and A € (0, 1). Applied conditionally on Y the
lemma implies that for any ¢ > 0, almost surely

_logP(Vs<i Xy = (ha + (1 = 1)D)Ys|Y)
t
< _}LIOgP(ngsz > a¥s|Y) —a _A)logP(ngsz = bYs|Y)

t t

Taking t — 400 we obtain y (Aa 4+ (1 — A)b) <Aiy(a) + (1 —A)y (D). O
Using the same arguments, one obtains easily the following result.

Lemma 3.11. For 8 € R, we set

1
6(5) = lim - IOgP(VSSth > ﬂYS)’
t—>+o0 t
the function § is symmetric and convex.

Proof. We recall that by Lemma 2.6, the function
B —logP(Vs<s, Xy > BY|Y)
is a.s. a convex function. Thus, for any A € [0, 1] and 8, B’ we have
P(Ys<r, Xo = (M + (1 = DBV IY) < P(Vs=, Xy = BY YV P(Vysy, Xy = BY,1Y) 7

Consequently, using Holder inequality, we obtain
1—2
E(P(Vs<r, X5 = (M8 + (1 = M)B)Y,|Y)) <PV, Xs = BY) P (Vozr, Xo > B'Y,)

concluding the proof. (]

4. Relevance of the disorder

By Lemmas 3.1, 3.9, 3.10 and 3.11, there exist two convex symmetric functions y;,, ., and §,, ., such that (1.2) and
(1.3) both hold. Therefore, the only thing left to prove Theorem 1.6 is the strict inequality (1.4).
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Observe that for any fixed 7 > 0, by Jensen’s inequality we have
E[~logP(Ys< X; = BY,|Y)] > —log P(Vs<i X > BY;),

which implies vy, 4, (B) = 8,, 4, (B) for any B € R. Obtaining the strict inequality is a much harder result. We recall
the path decomposition from Section 3.1. The key observation, on which the proof strategy hinges on, is that Jensen’s
inequality applied on each interval [p;, p;+1] allows to prove there exists a “gap” between the two quantities. The
main technical difficulty will be to control this “gap” uniformly in i. This control is established in Proposition 4.5.

In this section, unless specified otherwise, we assume that X and Y are two independent Ornstein—Uhlenbeck
processes, with parameters (i1, 01) and (2, 02) respectively, such that Yo = 0 and X = 1. Before the main proof
we present three technical lemmas. The first one is a concentration inequality for a conditioned Ornstein—Uhlenbeck
process.

Lemma 4.1. Let X be an Ornstein—-Uhlenbeck process. For any C| > O there exist Cy, C3 > 0 such that for any
f Ry — Ry being a C1-Lipschitz function we have

P(X, > x + f()IVs< X5 > f(s)) <exp(—Cax?), x=C3f(1), 4.1
as soon as Xo € [ f(0) +2, (Cy + 1) £(0)).

Proof. To avoid cumbersome notation we assume that # € N. The proof for general ¢ follows similar lines. Further we
assume that

Yozt f(5) Zmin{(s + D', (¢ —s + D). 42)
If it is not the case, by Lemma 2.3 we can freely change f by
s> fs) +min{(s + D3, (0 =5+ D'}

which is (Cy 4 1)-Lipschitz.
We shorten x; :=x + f(¢) and let ¢; > 1. Using Lemma 2.3 we estimate
P(Xt > x| Vy< X5 > f(s)) =< ]P)(Xt > Xt Vo<t X5 = f(8), Voeqt,...0Xn = le(n))
_ P(X;: > x1, Vo<t Xy = f()IVnet,...0} Xn = €1 f(n))
IPD(stz‘Xs = f(5)|vn€{l ..... t}Xn >c1 f(n))
- P(X: = x/|Vnef1,...1 Xn = c1 f(n))
- ]P(sttxs > f(s)lvne{l ,,,,, t}Xn > le(n))

(4.3)

Let us first treat the denominator denoted by ;. We use (4.2) and choose c; sufficiently large so that 7; is bounded
from below by a constant independent on ¢ and f. Using Lemma 2.3 we obtain

Ii = P(Yse0.11Xs = f()Vaeqt,..) Xn = 1 f (n))
X P(Yser1,1Xs = f()Vaeql,...} Xn = 1 f (n), Ysepo,11Xs = f(5))
> P(Ysero,nXs = f()IX1 =1 fFD)P(Vser,nXs = £ Vnel,...n Xn = 1 f(n)).

Continuing in a same manner we obtain that
Ig = P(Ysepo,nXs = f(9)1X1 =1 £(1))

<[] P(Vsem-1mXs = F©IXn1=c1f(n—1). 4.4)
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By point 3 of Fact 2.4 conditionally on X, _1 = c; f(n — 1) the process {f(,},e[o,l] defined by X, = Xn—1+t —
c1e ™ f(n — 1) is an Ornstein—Uhlenbeck process starting from X¢ = 0. Thus

P(Vsen—1,mXs = f($)|Xn—1 =c1f(n — 1))

=P(Veeon ¥,z sup f()—cre fin—1))

s€[n—1,n]

> P(Vsepo,nXs = —cre " f(n)/2).

We used inequality SUPse[n—1.n] f(s)—cre ™ f(n—1) < —cre ™ f(x)/2 which can be easily verified by (4.2) and
Lipschitz property as soon as c; is large enough. By point 4 of Fact 2.4 we conclude that

_ 2
P(Vsetn—1,mXs = f($)|Xuo1 =c1f(n = 1)) = 1 = Cexp(—c[cre™ f(n)/2]").
By this estimate, (4.4), (4.2) and increasing c if necessary we obtain
P(VSS[XS = .f(5)|vn§txn—l = le(n)) =D,

for some p > 0 which does not depend on n. From now on ¢ is fixed. Now in order to show (4.1) it is enough to
prove that the numerator in (4.3) decays in a Gaussian fashion. This is the aim for the rest of the proof. We define a
sequence {Gp},>0 by putting Go = Xo > 0 and

Gy, =X, —cnXp—1, n>1 4.5)
where ¢, = % It is easy to check that in fact ¢, = ¢ € (0, 1) and moreover the random variables {G,},>0

are independent, distributed according to A/(0, b?) where b is a function of the parameters of the process X. We will
prove that there exist ¢, C> > 0 such that for any x > C f(t) and t € N we have

P(X; > x + f(O)Vneq.. ) Xn = c1 £ (1)) <% (4.6)

.....

We start by choosing constants B, ¢; > 0 satisfying

(1-B)?
< —.

B 1),
e(1) 2 2

4.7
Let L > 0, without loss of generality we assume that f(#) > L. This assumption with the Lipschitz property yields
that

Z1Sf(t+1)S
f@)

for Ay such that Ay N\ 1. We fix L such that B/(cAr) > 1. We proceed inductively. The constants L and C»
potentially may be increased during the further proof (the other constants stay fixed). We stress that this increase
happens once and later the constants are valid for all steps of the induction.

Checking the base case is an easy exercise. Let us assume that (4.6) holds for > 0. Let x be such that x 4 f(r +1) >
c1 f(t+ 1), we have

A AL 4.8)

.....

_ P(Xip1=x+ ft+ DI|Vaep,..nXn = c1 f(n))
P(Xi41 = c1 f(t + DIVaeq1,..nXn = c1 f(n)
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We denote the denominator by /p. By (4.5) and (4.8) we have

Ip =PB(Gr1 = c1 f(t+1) —cc1 f(D) = P(Gri1 = c1(AL — ©) f(1)). 4.9)
By (4.5) and the union bound we conclude that the numerator is smaller than 1, + 12, where

1 I=P<Xr > g(x + f@+ D) Vaeqr,.. Xn = le(n)),

I7:=P(Gp1 = (1= B)(x + f(t + D))).
Letx > C f(t + 1) then

B B
;(x +ft+D)—caf@) = G+ Dfe+D—ef®

B
z f(l)[m(cz +1) - Cl] = Cof(1).

We assumed that B/(cAp) > 1 thus the last inequality holds if we choose C» large enough. We can thus use the
induction hypothesis (4.6) for 7. We have

1 B B 2
I, SCXP{—Q(;X‘F;f(f‘i‘l)—f(f)) }

B 2
< exp{—c@(?x + [B/(cAL) — 1]f(t)> }

Recalling (4.9) and increasing L so that ci(Ar —¢) f(t) > c1(AL — ¢)L > 2 holds we can use the Gaussian tail
estimate (2.6) as follows

I, _SaArL — C)f(t)e”%(AL—wzf(z)2

B 2
T exp{—q(;x—i—[B/(cAL)—1]f(t)> }

Ip — b
S5ci(AL — ) f(1) c2(AL —¢)? 2¢3B[B/(cAr) — 1] _aB?
= b exp) -~ 22 EORE xf@ype &
2 N2
We increase C» (we recall that x > C, f (¢ + 1)) so that 4 (Azz ) - Cy 2B [BC,//E‘CLAL)_”. Then we increase L if neces-

sary so that the first two factors are bounded by 1/2. Finally

which by (4.7) implies In1 /Ip < exp{—cyx?}/2. We perform similar calculations for Inz:

12 5ci(AL —¢)f(1) (AL — )2 f(1)? (1—B)? )
EE 5 exp{ 1 s }exp{—T(x—i—f(t)/AL) }
Sci(AL — o) f (1) cH(AL —0)? (1-B)? (1-B)?
=< b exp{ ! b2 f(f)z — fo(f)} CXP{_T)CZ}
1 (1 — B)?
= EeXp{_T’CZ}’

where the last estimates follows by increasing C; and L if necessary (analogously to the previous case). Now, by (4.7)
follows I,% /Ip < exp(—cax?)/2. Recalling the previous step we obtain (I,} + I,%) /Ip < exp(—cax?) which establish
(4.6) for ¢t + 1. O
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A similar property holds for conditioning in future.

Lemma 4.2. Let X be an Ornstein-Uhlenbeck process and u € [c, C], for C > ¢ > 0. Then there exist Ci,c1 > 0
such that for any t > 1 we have

V2
P(Xu > X |VsepuusnXs = (1 +5 —w)'?) < Cre™1".

Proof. We set f(s) := (1+ [s])'/3, by Lemma 2.3 it is enough show the claim with f(s) instead of (1 +s)!/3. Using
the Markov property we write

PXy, = x} N {Vsepu, Xs> f(s—u)})
P(Xu 2 X Vseurn Xs > f(s —u)) = : MIP(V}[{:[;(Mszs ];)) :
selu,u t N -

[ wk. 0P(X, edy)
PP w, HP(X, edy)

where
w(y, 1) =P(Vs< Xy = f(5)| X0 =y).
The function is increasing with respect to y, thus the denominator can be estimated as

4
/ w(y. NP(X, € dy) = w3, 1) - P(X, €[3.4]).
3

By the Gaussian concentration of X,,, one checks that to show the claim it is enough to that

w(x,t) 5/3
260 <exp(C(logx)>?), (4.10)

for C; > 0 for x > 3. It will be easier to rewrite w as w(x, 1) =P(Vs<; X5 > f(s) — xe™"%) with the assumption that
Xo=0.Letus sett, := [C;logxT], where C; > 0 will be adjusted later. For x > 3 we have

w(x, 1) =P(Vser.nXs = f(s) —xe " |Vyzr, Xy = f(s5) —xe™ )
X P(Yy<r, Xy = f(s) —xe™™)
< P(Vserr.nXs = f(s) —xe ™|V, X5 = f(5) —xe™ ™)

< IE”(VSE[;X,,]XS > f(s) —xe M Vo< X5 > fs)+1— 3671”),

where in the last line we used Lemma 2.3. Moreover, by convention we assume that the probability above is 1 if £, > .
Similarly we estimate

w3,1) = P(Vs<, Xy = f(s)+1 =3¢ VYep, Xy > f(5))
> P(Vs<r, Xy = f(5) +1—3e7)
X HD(Vse[tx,t]xs > f(s)|vs§txxs > f(s)+1— 3€_l”)~

Using calculations similar to (4.4) and f(#;) = 0((logx)1/3) one can show that

P(Yozi, Xs = £(5) + 1= 367) > e3¢ Co0e0 ™0,
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for some c¢3, C3 > 0. Now we will show that for C, large enough (recall that 7, := [C;logx]) and y > f(ty) + 1 —
3e~Mx there exists a constant ¢ > 0 such that for any ¢ > ,, we have

]P)(Vse[tx,t]xs > f(S)|th =y)
P(Yselr,,11Xs = f(5) —xe ™ M|X, =)

=P(Yseir.1Xs = f ) ¥sere.nXs = f(s) —xe ™, X, =y) >c.

Integrating one verifies that

IP>(\7,se[tx,t]Xs > f(s) _xe_l”nglst > f(s)+1— 3e™H) < c_1
P(Vsepre.nXs = f($)Vs<r, X5 = f(5) + 1 —3e™45) -

which is enough to conclude the proof of (4.10) and consequently the proof of the lemma. Equivalently we will show
that

H = IP)(Else[tx,t]xs < ) Vserr,.1Xs = f(s) —xe M, X = )7) <l-—c 4.11)

We consider

[
H <Y P(AseiarnXs < F($)Voi Xy = f(5) —xe™, X;, = y)

k=t

[1]
< Z P(Jsek i+ Xs < [ Vsepk+11Xs = f(k) —xe™, X, = ).

k=t

The first inequality follows by the union bound and the second one by the assumption on f and Lemma 2.3. The first
term (i.e. k = t,) can be made arbitrarily small by choosing C; (and thus ¢,) large. To estimate the other terms we
define a function p; : Ry — R by

Pr(A) = —log P(Vyer k+11Xs = Al Xy, = V).
By Lemma 2.6 one deduces that p is convex. Further we notice
P(Vsetkk+11Xs = AlXy, =) = P(Xi = Aet| X, = y)P(Vserki+11Xs = Al Xg =" A).

The second factor can be easily bounded from below by a strictly positive constant uniform in A, k. Thus for some
C4 > 0 we have pr(A) < Cs4(A + 1)2. Using the convexity of py it is easy to deduce that for some C5 > 0 we have
p(A) < Cs(A + 1), where p; denotes the left derivative of pi. Thus

10g P(Vsep k11X = £ ) Ve ks Xe = £ k) — xe ™)
= pr(f k) — xe ™) = pi(f (k) = —Csxe ™" f (k).
Now we can make the final estimate. We write

1 7
Z (1 —exp(—Csxe " f(k))) < Ce Z F(kye—re=Togk/uD)

k=t +1 k=|ty |

for some Cg > 0. Increasing C; (recall that 7, := [C;logx]) if necessary, we can make the sum arbitrarily small,
proving (4.11) and concluding the proof. |

We introduce b; : [0, ] — R by
bi(s) :=min{(s + D3, (¢t —s + D'/} 4.12)

Let us recall the notation of Section 3.1. We have
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Lemma 4.3. There exist C, ¢ > 0 such that for any n, k € N we have
P(Vs<p Ys < Chp, (5)) > c, P({P(Bukl{ri}) = 1/10}) > c, (4.13)
where By i :={Y ., <s<p, ¥s < C(s — pry1+ D'/}

Proof. The proof of this result is rather standard, thus we only present a sketch of it. We observe that for any k € N,
we have

P(VA‘SPA» YS = Cbﬂk (S))
3
<1=P(320: Y = CU+9'3) = P(Fre0.p0: ¥ = C(1+ (o —9) 7). (4.14)
We note that by (1.7) and the law of iterated logarithm, we have

Y,

sup — <400 as.
s>0 (1+5)173

thus the first term in (4.14) can be made as small as wished by choosing C large enough. To treat the second term, we
use the decomposition in excursions of the Ornstein—Uhlenbeck process and observe that (Y, _s) has the same law
as the concatenation of an excursion conditioned to be larger than 1 and an independent Ornstein—Uhlenbeck process.
Thus, using William’s decomposition and the law of iterated logarithm again, for a given ¢ > 0 we can choose C > 0
large enough such that

P(EISE[Oka] 1Y > C(l + (ox — S))1/3) <

We now prove the second inequality. By the Markov inequality, we have

P(P(B; ;|{ri}) > 9/10) < gl}v( o)
Using now the Markov property at time pi, we have
P(B5 1) <P(EFsz0: Y = €1 —9)'7),
therefore choosing C large enough, we can make this probability as small as wished. (]

Proof. The proof is rather standard therefore we present only a sketch. We denote f(s) := C(s + 1)!/3. We consider
P(Vs<o Ys < Chp(8)) =1 = P(g<p, Y5 = Cbp, (5))
> 1= P(I5<p Y5 = Cf(5)) = P(Is<p. Y5 = Cf (or —9)). (4.15)
Let us treat the second term. Let [ € N, we have

P(Elsgpk Yy > Cf(s)) =< ]P(ESZOYS = Cf(s))

+00
= P(ase[o,pl]ys > Cf(s)) + Zp(ase[pi,mﬂ]ys > Cf(S)) (4.16)
i=l
We recall Fact 3.3 and the notation there. For large enough i and some ¢ > 0 we have
P(3serorpisn¥s = CF(9)) <P({M" = Cf (o))} N {pi = ci}) +P(p; < ci)
<P(M' > Cf(ci)) +P(p; < ci)

< g—C1Cf(ci) +e‘c2i,
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where C1, C; > 0. Increasing / and C one can make (4.16) as small as we want. Treating the third term of (4.15)
similarly we obtain the first statement of (4.13). We set A, x := {P(B,, ¢|{ri}) > 1/10} and p := P(A, k). We have

P(By.x) =EE[15,, |{ri}]
=E[14,,E[15,,{ri}]] + E[1ac, E[13,,[{ri}]]

<p+0-p)/10

By the first argument we choose C such that P(B,, ;) > 1/10 which implies p > 0 (uniformly in » and k).

4.1. Reformulation of the problem

O

We introduce necessary notions and reformulate the problem. Let M be the space of finite measures on Ry. Given

m € M we denote ||m| := fR+ m(dx). Let P be the functional space

P :={ f : continuous function from [0, 7] to R such that f(0) = f(r) =0}.

4.17)

Let us define an operator 7 : M x P +— M. Given a measure m € M and f € P such that f :[0,7] — R we set

T (m, f) :=m defined by

m(dx) := ”m”Pm/HmH (VsSth > f(s), X; € dx),

where under P, /| the process X is an Ornstein—Uhlenbeck process such that X =Tm/||m].

For n € N we define iteratively M-valued random variables 7}, by

where Y” is given by (3.1). Using the Markov property one proves by induction that

T, =P(¥5<p, X5 = Yy, Xp, €dx|Y).

Let us denote F := o (p;, i € N). The following lemma relates 7, to our original problem.

Lemma 4.4. Let y,, ., and 8, ., be the same as in Theorem 1.6. Then

— m E[—log || Ty |l] 5 < liminf E[—log E(| 7, 1117)]
Vi, =, —nErl ) pipp = MDY nEr .

The following proposition is the main technical result of this proof.

Proposition 4.5. There exist ¢ > 0 and ng € N such that
Elog | T, || — ElogE(||T, || F) < —ne,
for any n > ny.

We observe that this proposition together with Lemma 4.4 imply (1.4).

(4.18)

(4.19)

(4.20)

4.21)

Proof of Lemma 4.4. The first convergence in (4.20) holds by (3.8) (recall also relation between y and y,,, ., given
in (3.11)). We observe that (4.19) yields E(|| T, || |F) = P(Vs<p, Xs > Y|F). We note that methods of Section 3 imply
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that

—IOgP(ngpn Xs = Ys|]:)
n

4.22)

converges a.s. and in L! for the sake of brevity we skip details. We define r(n) := Ep, — n?/3 = nEr; — n?/3 and

a sequence of events A, := {p, > r(n)}. Using Fact 3.3 one proves 14 — 0 a.s. Consequently the convergence of
(4.22) implies
]EI.A;; IOgP(ngr(n)Xs > Y| F) -0

n——+00 n

Using E(|| T, |||F) < 1 we estimate

ElogE(|IT,I|F) < El 4, logE(I| T, I|F)
=< ]EIA,, lOgP(str(n)Xs > Ysl‘F)

=ElogP(Vs<rm)Xs = Ys|F) — El ac log P(Vs <) X5 = Ys|F). (4.23)
We denote the first term of the right-hand side of (4.23) by J,,. Applying Jensen’s inequality we get

Jn =< IOgP(ngr(n)Xs = Ys)~

By (1.3) and the definition of r(n) we have limsup,, J,,/(nEr1) < —6,,, 4, and the second term (4.23) can be shown
to converge to 0. We conclude that the second claim of (4.20) holds. O

4.2. Proof of Proposition 4.5

Proof of Proposition 4.5. We recall 7 =0 (p;, i € N) and define a filtration {F¢}x>0 by putting Fo := {&, 2} and
Fr :za{Yi i <k}, k>0,

(see also Figure 1). We recall (4.18) and for k € {0, 1, ..., n} define M-valued random variables Tnk by
T* .= (T, | F, F).

This definition and (4.19) imply that

T =P(Vszp, Xs > Y5, X, € dx|{Y'},_,, F), T} =T, (4.24)
By the Markov property of X we have
log| T+ = log I Tk | +1og Pri /7 (Yo <5 <0 Xs = Y5l YK, F). (4.25)

This expression requires some comment. We recall that 7 is a random measure, conditionally on m = Ty /|| Ti || we
understand X to be an Ornstein—Uhlenbeck process starting from m at time pi. Let us now denote

Gk :=E[10gPr 71 (Ypezs<py Xs = Y5 |V, F)| Fie, F]
—logPr, /111 (Y pp <s <, X5 = Y| F).

We notice that G, x is arandom variable, which by Jensen’s inequality fulfills G, x < 0 (we will prove strict inequality
later). In this notation (4.25) yields

E[log| 75|17k, F] = log I T ll + 108 Pr /7 1 (Y g <s <0 X5 = Y5l F) + G

= log” Tnk H +Guk.
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Fig. 1. Notation used in the paper.

We apply this relation iteratively
E[log I I|F] = E[log| T;} || F] = E[E[log| T, | | Fu-1, F]IF]
Eflog| 7"~ |1F] + E[Gnn—11F]
= ]E[]E[]Og” Tnn_l ” | Fn—2, ]:]] + IE[Gn,n—l |F1
[

E[log| 772 | F] + ElGnn—2lF1 + E[Gy 1| F]

n—1

= E[log|| T IF] + ) E[Gu il F1.
k=0

We notice that | 0| = P(V<,, X > Y| F) = E[|| T, ||| F]. Thus

n—1
E[log ||, 1l] = ElogE[I T 1F] + Y EGn .
k=0
One easily sees that an inequality
EGuk <c, (4.26)

for some ¢ < 0, is sufficient to conclude the proof of the proposition. Proving (4.26) is our aim now. To avoid heavy
notation we denote E(-) := E(:|F) and Ei(-) := E(-| F¢).
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Further, we introduce additional randomization: a probability measure P+ and the random variable 7 such that
P.(n=1)=Pi(n=—1)=1/2. For k € N we define {YX(n)}s>0 by

nlYs| ifs € [t, pr+1l,
Y otherwise.

Y =
There are two easy but crucial observations to be made at this point. Firstly,
Ve=oVX(1) > VXE(=1) and Ve p,nYE(D) > YE(=1). (4.27)

Secondly, the excursions of an Ornstein—-Uhlenbeck process are symmetric around 0. Formally, under E+ ® Ey the
process Y k (1) has the same law as Y under E;. Let us shorten m := Ty /|| T || and denote “the gap”

Ak =B B 10g Py (¥ o <s<p0 X5 = YE()|YF)
— B logEx Py (Y, <s<p, X5 = YE)|YF). (4.28)

By Jensen’s inequality we have G, x < A, x <0. In order to show (4.26) we will obtain a bound from above on A,
which is strictly negative and uniform in n, k. We define

Pon (i <<p Xs = VED YY)

Snk = = , (4.29)
T P (Y sz X5 = TR(=D)|YF)
and 7, x := Py (¥ py<s<p, X5 = YX(=1)|Y¥). In this notation (4.28) writes as
1 &n.kZnk + Zn,k
Anik =Ex |:§ (log(g,,,kzn,k) + logzn,k) - log(%)}
1 gnik+1
=]Ek|:§10ggn,k —log( - > )}
1 2
< _gEk(gn,k -~ (4.30)

To explain the last inequality we observe that (4.27) yields g, x <1 and that for x € (0, 1] we have and elementary
inequality % logx — log(%) < —%(x — 1)2. Now we concentrate on proving that in fact, uniformly in n, k we have
gn.k < 1. Let us analyze the expressions appearing in (4.29). We denote Q, 1 (-) := P(-|Y5), A; = Vo <s<prs1 Xs =
)7sk(i)} and B :={V,_ <s<p, Xs = Yy}. We fix x € Ry and we want to find a formula for p; := Qs, « (A; N B). By the
Markov property we get

pi = Qs 1[ Qs k(14,1 X 5, ) Qs, k(181X oy, ) -
We denote Ly (x, y; i) :=Qs, (1.4,|Xp.,, =y), which expresses more explicitly as
Li(x,yii)= P(Vpkfsfﬂk+lx5 z ?sk(mykv Xop =%, Xpp = y)' (4.31)

We write

Qs, k(181X psy)
Qs k(18)

Let us now consider a measure defined by

pi =Qs, k [L(x, Xpeon D) } x Qs, k(B).

Qéx,k(lB|ka+1)i|

Mxnk(Xpyy € D)= QSX"‘[IX”HIED Qs,.x(1B)
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where D C R is a Borel set. One easily verifies that it is a probability measure. Removing the conditional expectation
we get

Qs, k(Ix,,, 018X 1)
Qs,.k(1B) }

_ Qs k(x,  enlB)

QB

= Qs, k(X piy, € DIB).

le,n,k(XpH_] eD) = QBX,k|:

Again, writing more explicitly we have
Mx,n,k(dy) = ]P)(ka_;_] S dY|Vpk+1§s§pn Xs = YSa ka = )C). (432)

Finally, concluding the above calculations we obtain that for i € {—1, 1} we have

Py, (Vpkfsfpnxx > Yyk(l”Yk) = / / Li(x,y; i)ﬂx,n,k(dy)m(dx)
R, JR,
X Pm(vpk+1§S§ans >Ys). (4.33)

Before going further let us comment on the further strategy. It is easy to see that for any fixed x, y € Ry we have
Li(x,y;1) < Lg(x,y; —1). The gap vanished however smaller when x, y — 4-o0c. The uniform inequality g, < 1
can be obtained by showing that with positive probability the measure . , x (dy)m(dx) is uniformly concentrated in
a box.

Let C1 > 0 be a constant as in Fact 4.3. We denote sequences of events

Ani = Ap 0 {re e [1, 101} N A2,
Ap = {ox = 13N {Vy<p, Y5 < Ciby, (5)],
AL = {P(By k| F) = 1/10},

where By, i :={Yp <s<p, ¥s < C1(s — pry1 + 1)1/3}. We first prove concentration of m = Ty /|| T || (recall (4.19)).
Let R > 0, by the FKG property stated in Lemma 2.3, conditionally on the event A,i we have

(Te/ITe ) ([R™, R])
=P(Xy €10, R1[Vy<p X5 > Y5, ¥) —=P(Xp < R V< X5 > ¥y, ¥)
>P(X, € [R7N R|Vs<p X5 = Cibp (5)) = P(X,, < R71X, > 0).

Using Lemma 4.1 we can choose R > 0 such that the first term is arbitrarily close to 1. By easy calculations the
second term can be made arbitrarily close to 0.We fix R such that

(T/NTe)([R™R]) = 14 (1/2). (4.34)
Our next aim is to study concentration of (4.32). To this end we denote

p(x):=P(Xp,, €10, CellVp, <s<p, Xs = Y5, Xpp =),
where C, > 0 is to be fixed later. Using Fact 2.4 we estimate

px) = P({kaﬂ € [0, Ce]} mBn’k|VPk+1SS§anS > Y5, Xy =x)
= P(Xﬂkﬂ € [0, Ce]|Bn,k N {VpkHSsSpn X, > Yy, ka = x})
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X P(B’Zsk|vpk+1555/’n Xs=2 Y5, Xpp =x)
> P(Xppy €10, CellV gy <520, Xs = Ci(s = prg1 + D3, X = x)P(By i),

Assuming that ry = pr4+1 — px € [1, 10], we can set C, such that Lemma 4.2 implies that the first term is bounded
away from 0 uniformly in 7, k and x € [R™", R]. Together with (4.34) this implies

R
/ . Mx,n,k([oa Ce])m(dx) = Cl.A,,,k’
R-

for some C > 0. One further finds ¢, > 0 (we skip details) such that

R
| renslice @ = €214, 439)

We are now ready to come back to (4.29). We recall (4.31) and denote

Li(x,y;1 .
ry = sup M Ly := inf Li(x,y;—1). (4.36)

ve[R-1.R].yeleo,Co] Li(xs y3 =1) xe[R™1,R],yelce,Ce]

We have Li(x,y; —1) > Li(x, y; 1). Moreover, one verifies that for n € {—1, 1} the functions L (-, -; n) are contin-
uous and Lg(x, y;n) > 0 if x, y > 0. These imply r¢x < 1 (note that r; is a random variable since it depends on Y k.
Similarly we have L > 0. One checks that

| mesiimsn@men <1.
Ry JR,
Using the elementary inequality (@ +c¢)/(b+d) <(a+1)/(b+ 1) validforO <a <band 0 < c <d <1 we get

Joon S i,y Dtk (dy)m(dx) + 1
Jor o8 LiGe, yi =Dty i (dy)m(d) + 1

_ i S Lty =Dk dy)m () + 1
T S Ly =Dt (dy)m(dn) + 1

8nk =

Further, we notice that for r¢ € [0, 1] we have (rxa+1)/(a+ 1) < (rkb+1)/(b+ 1) if b < a. Applying (4.35) we get

reLic [ 1 e k(e Cm@0) + 1 nliC/2+1 _ CLiri—1)
Li [ tenillee, Chmdn) +1 — LeC/241 = 4

8nk =

’

where the last estimate follows by (ab + 1)/(a + 1) <1+ a(b — 1)/2 valid for a, b € [0, 1]. Combining the last
inequality with (4.30) we arrive at

G < —C3Bi[14,, Ly (r — 1)?] 4.37)

for a constant C3 > 0.
We are now ready to show (4.26) (which concludes the proof of the proposition). By the strong Markov property
we have

EGux < —C3E[14,, Li(k — D*] < —C3P(A)E[L (rk — D* 1yeqn101]P(A7 1)

We notice that the law of L,%(rk — l)zlrke[l,lo] does not depend on k and it is not concentrated on 0, thus
]P’(.A,i)IE[L%(rk —1)? Ly er1,101] > 0. The other two terms are uniformly bounded away from 0 by Fact 4.3. U
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Proof of Theorem 1.6. As observed at the beginning of the section, Lemmas 3.9 and 3.10, as well as Lemmas 3.1
and 3.11 respectively prove there exist two convex symmetric functions y, § such that for all 8 € R,

logP(Vs< X5 > BYs, Xi — BY:r € (a, D)Y)
t—>+400 t B

logP(Vsci X, = Yo, Xi = Yy c @ b)) _ ¢ 0

-y (B),

t—>+00 t

Moreover, by Lemma 4.4 and Proposition 4.5, for any g8 # 0, there exists ¢ > 0 such that
y(B) =8(B) +c,
proving that y (8) > §(B) for any 8 # 0. O

5. Proof of Theorems 1.1 and 1.5

As observed in Remark 1.7, Theorem 1.1 is a direct consequence of Theorem 1.6. We now extend this result to prove
Theorem 1.5.

Proof of Theorem 1.5. For simplicity, we assume here that a = 0 and b = +o0, therefore we ignore the condition
B, — W, e (atl/ 2 prl/ 2). The proof in the general case is obtained in the same fashion, but with heavier notation.
Denoting x := inf;>0 g(¢), one can find A > 0 and ¢ > 0 such that

—x/2—-Aj) < f() <x/2+Aj@), 1>0,
where j (¢) := min(z, 1'/27¢). We have
P(Vs<ix/24 By = Wy + Aj(s)|W)
<P(Ys<ix + By > Wy + f(s)|W)
<P(Vs<g(0) + Bs = W + f(5)|W)
<P(Vs<ig(t) + B = Ws — Aj(s)|W)
<P(Viy<s=i8(t) +x/2+ By = Wy — Aj ()W), (5.1)

where h(t) is any function such that (h(r))'/?>=¢ > g(t) + x + 1 and h(r) = €°1°29) The right-hand side of the last
expression is bounded from above by

P(Viiy<s<il+ By = Wy — (A+ 1) j(s)|W).
We will show that the event

log P(V, 1+B,>W,—Aj w
AIZ{ lim — og IP( h@t)<s<t1+ By = Wy J(s)] )ZJ/(,B)},
t—+00 logt

(5.2)

fulfills P(A) = 1. The same method can be used to show the almost sure convergence of the left-hand side of (5.1)
(we skip the details). These will conclude the proof. We define a stochastic process {Z;};>0 by

f [ 2
Z; = exp(/o Aj'(s)dW — 5/0 [A)' ()] dS)-

This process is an uniformly integrable martingale (since f0+°°[ j’ (s)]2 ds < +00). We denote its limit by Z,, that
is IP-a.s. positive, and define the measure (on the Wiener space) dQ = Z, dP. By the Girsanov theorem under this
measure {Wy — Aj(s)}s>0 is a standard Wiener process. We prove that

QA =1, (5.3)
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which is enough to conclude the proof. Indeed, as P(Zo, > 0) =1 and E1 4 Zo, = Q(A) =1, we have P(A4) = 1. We
are now going to show (5.3). By Theorem 1.1 it is enough to prove
0=<3d

o 10g P(VOSXSZI + Bs = WY|W) _ 10g ]P)(Vh(t)fxgtl + Bs = WY|W)
o logt logt

— 0, P-as.

We have
5 = _IOgP(VSSh(I)l + Bs > WS|Vh(I)§s§t1 + Bs > WS7 W)
T logt
< _IOgP(sth(t)l + Bs = WS|W)

logt
where the last inequality holds by Lemma 2.3. Now the proof is straightforward, indeed

_log(Vo<s<hinl + By = Wy, W) logP(Vo<s<n(y1 4 Bs = Wy, W) log h(z)
logt - logh(t) logt

— 0, P-as.

Theorem 1.1 and logh(¢)/logt — 0.
In order to prove the L? convergence it is enough to show that the family
{—logP(Vs<ix/2+ By = Wy + Aj(s)|W)/1t}

t>0’°

is LP-uniformly integrable. This follows by easy calculations from Fact 3.8 using relation (1.7). ]
We end this section with a proof of Fact 1.4.

Proof of Fact 1.4. Let (Xx)x>0 be a sequence of i.i.d. random variables such that E(X ,%H) < 400. By Borel-Cantelli
lemma, we have

L:=max{n eN:|X,| > nl/(2+8)} <400 as.

Therefore, we have

log P(Vyn By = XalX) _ . up logP(V<p<n By >n'/CHO|L) 1

lim sup < — as.
N—-+o0 logn N—-+o0 logn 2
Similarly, setting M = max,<; X,, we have
.. logP(VnsNBn > X,|X)
liminf
N—>+400 logn
logP(Vy<nBn > —M —n'/CTo|L M) —1
> liminf 08P (Vuzn Bu = " | ) >— as
N—>+o00 logn 2 u

6. Proof of the facts for random walks

We now use definitions of Section 1.3. We write S a random walk in random environment u, and set

W, =—E(Splp) and By =S, + W,.
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To make the notation more clear in this section we assume that we have two probability spaces (2, F, P), (fz, g,Q
which supports B and p respectively. The measure P depends on the realization of w, which is made implicit in the
notation. Thus we are going to prove

logP(V,<nx + By, > W, + f(n), By — Wy € (aN'/2,bN1/?))
N—>-+o0 log N
_ {—J/( YY) on Ay,

—00 on AS,

Q-a.s. 6.1)

Further to simplify the notation we put y := y( \\/,:((‘gll)) ) and

pN :=P(Va<nx + By = W, + f(n), By — Wy € (aN'/2 bN'/?)). (6.2)

We need a bound that the inhomogeneous random walk B grows fast. This will be contained in the first two lemmas
of this section. We will use tilting of measure. Let us denote the increments of B by

X, := By — Bp_1.

Let us recall C; from the assumption (A2). For any 6 € [0, C1] and n € N we define a probability measure H, 4 by

dH; _
= O, Y@ =B 6.3)

The tilting is supposed to “increase” X, s. The following lemma quantifies this
Lemma 6.1. There exist 6y € (0, C1) and 0 < ¢ < ¢ such that for any 0 < 6y and n € N we have

Hy6(X,) € [cOEX?

Z, GOEX?].
Proof. By (6.3) we have
Hop(Xn) = ¥, (OEX, "X,
The proof will be finished once we show that for any n and small enough 6 we have

EX, e’ = (EX2)0 +0(6),  ¥n(0) =1+ 0(6%). (6.4)

By the assumption of the uniform exponential integrability in (A2) and Cauchy’s estimate [12, Theorem 10.26] for
any n and 0 <60 < C;/2 we get

v, (0)<C, [v, @) <C,
for some C > 0. By the assumptions ¥, (0) = 1 and ¥, (0) = EX,, = 0, thus the second statement of (6.4) follows by
the Taylor formula (with the Lagrange reminder). For the first one we notice that EX,e?*» = Y, (0), )/ (0) =EX ,%
and again apply the Taylor expansion. (I
We present now the aforementioned bound.
Lemma 6.2. There exist ¢, C > 0 such that for large enough N on the event

{iE(X,%) > NQ(EX,-Z)/z}

n=1
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we have
P(By > cv/Nloglog N) > N~Clloglog V)

Proof. We define a,, := %Gocnl/ 2 loglogn, where 6y, ¢ are given by Lemma 6.1 and consider the events Ay := {Sy >

ay}. We denote also b, := (Qon’l/ 2 loglogn) v 0 and let us define the tilted measure Py by

dPy N N
- = Ay = exp(anXn> [[ven (6.5)

n=1 n=1

Further, we write gy :=P(Ay) = IP’N(lANAxll). We have to estimate

qN ZPN(IANA;/I)

N N
= (1"[ waan))PN(lAN exp(—anxn»
n=1 n=1

N
> ]P’N<1AN exp(— anXn>).
n=1

We introduce Xn = X,, — ExX,, and accordingly [?n = Z:;l X ;. In our notation

N N
gN = CXP(— Z(ENXn)bn)PN (I.AN eXp <_ anin>) .
n=1

i=1

Now, by Lemma 6.1 and the assumption (A2) we obtain

N N
> EnXn)by <C1 Y _ by <2Ci(log N)(loglog N)?,
n=1 n=1

for C1 > 0. Next, we apply the Abel transform

N-1
= Bnby + ) (by — but1) By

n=1

We define events By = {Vn§N|1§n| < Chay}, for some Cp > 0. We have an elementary estimation |b, — b,41] <
C3n—3/%loglogn, C3 > 0. Putting things together we obtain

N—1
- 2 ~ — ~
gy = N~CillogloeN)Tp <1ANOBN exp(—|BNbN| —C3 ) In3 loglogn||Bn|>)

n=1
. N-1
> N~ CilloglogN)"p <1ANQBN exp(—BNbN —Cy Z n_l(loglogn)2)>
n=1

> N~Csloglog N’y Ay N By),
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where we introduced Cy4, C5 > 0. We notice that

N
Ay 2 1By >ay — ZENXi} D (By > —an/2}.
n=1
Finally, we leave to the reader proving that liminfy_, oo Py (Ayx N By) > 0, which concludes the proof. O

Let us recall the event A, defined in (1.6). Let us denote by py the version of py from (6.2) without condition
By — Wy € (aN'/2,bN'/?) i.e.

ﬁN = IP)(anN-x + Bn > Wn + f(n)) (66)
In the following lemma we prove a crude bound corresponding to the bound from above in Theorem 1.10. Namely

Lemma 6.3. We have

Q-a.s.

lim inf

log pn - 0 on Ay,
N—4o00 2

T |00 onAS,

Proof. The proof will follow again by the change of measure techniques. Due to a very big normalization the proof
can be somewhat brutal. We fix by = b € (0, C) (C; as in (A2)) and use Ay and Py as in (6.5). We denote By :=
{Vo<nx + B, > W, + f(n)} and calculate

N
DN = PN(lBNA;l) > Py <1BN eXP<— ben>>-
n=1

We introduce also lev = {Voeq,.. .M Xn < Nl/z}. Trivially we have

.....

N
PN =Py <IBNOB}V exp(— ZbX,,))
n=1

> e_sz/ZPN (BN N BZI\’)
> e PN By By) — P ((BY))]
> ¢ PN [Py (By) — Ne_CNl/z]’ ©7

where the last inequality follows by the union bound and the fact that exponential moments of X, are uniformly
bounded, see (A2). Let us concentrate on Py (By). We denote v = Q[E(X 1.2)] and define

k
Li=inf{n>0:Vz, Y E(X7) > kv/21.
i=0

Clearly Q(L < 4+00) = 1. Fix K > 0 and denote the following events in G (i.e. describing conditions on W)
Ag = Ak N A%, AL ={L<K), A% = {VexWi <k - f0)}.
Using the Markov property we get

Pn(BN) = Py (Yaet,...k)X + By = Wy + f(n), Bk > Kv/2)
x Py (Yne(k,..N)Bn = Wy + f(n)| Bk = Kv/2). (6.8)
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We denote the first term by pg . It is easy to check that the law of B,, under Py stochastically dominates the one under
P thus {px = 0} C AS. Conditionally on A% we have

+00
n=K

We denote 1§,, := B, —ExB,.By Lemma 6.1, conditionally on A}(, we have Ey By, > ckv/2, thus

Py (Yne(k,..N1Bn = Wy + f(0)| Bk = Kv/2)

+oo
>1— Y Pn(By < —cnv/4|By=Kv/2).
n=0
Observing that the random variables X, are uniformly exponentially integrable we get a constant ¢y > 0 such that
+00
n=K
for K large enough. Putting the above estimates to (6.8) we obtain that for some C > 0
]AK]PN(BN) > IAKCI;K-

Using this in (6.7) we have

log p 0 N
liminf 08 PN > on Ak A)f’ Q-a.s.
N—>+00 —o0o on A% UAS,
The proof is concluded passing K, +-00 and by observing that 1 4, — 1, Q-as. (]

We finally pass to the proof of Theorem 1.10. We notice that by the very definition of .4, (see 1.6) it is obvious that
the convergence holds on .A$. Thus in the proofs below we concentrate on proving the convergence on the event A,.
The instrumental tool of this proof will be the so-called KMT coupling. We choose the measure Q to be a special
one. By [8, Corollary 2.3] we can find a probability space (Q, G, Q) with processes { Wy }r>0 and {Wk}kzo, which is a
random walk with the increments distributed according to A (0, szv)’ where a‘%, = Var(Wj) and

Wi = Wil

lim sup =0, Q-as. (6.9)

k—+oo  (logh)?

Further we can extend the measure Q so that W is a marginal of a Brownian motion, also denoted by 8 Slightly
abusing notation we keep Q to denote the extended measure and W for the Brownian motion.

First we prove (6.1) for this special measure. At the end of the proof we argue how this statement implies the thesis
of Theorem 1.10. We start with the bound from above. We recall py defined in (6.2). One finds A and ¢ > 0 such that
for any n € N we have f(n) > —An'/>~¢. Further we set jy of (6.6) with this function, i.e.

PN = logIP’(V,,SNx + B, > W, — Anl/z_s).

In this part we will show

1 log p
lim sup e 1\]IV < msuplo— <-y, Q-as. (6.10)
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We define a function f: N x M®R)N - R by
n
fn, ) =) EX}. 6.11)
i=1

We recall that the measure P depends on realization of W and that {Z; :=EX 1-2} i>0 18 a sequence of i.i.d variables with

respect to Q. It is easy to check, using the exponential Chebyshev inequality, that (A2) implies existence of C1>0
such that Z; < C;. We define a sequence of events belonging to G given by

A = (Vien Wi = Wil = Qog NP} 0 Ve sup W, = Wil = (log V)2

relk k1]
N {Vk>10gN max | Wi — Wi] < k4/9]

- le{—k2/3,...,k2/3}
N Viztogn | £ (k. 1) — KQ(E(X?))| < k' logk}. (6.12)

We have 1 4,, — 1 Q-a.s. The convergence of the first term follows by (6.9). The proof of the others are rather standard
(we note that exponents 2/3 and 4/9 can be made smaller but this is not relevant for our proof). As an example we
treat the last but one term. We set

G = P( max Wi — Wiet| < k4/9)-
le(—k2/3, ... k2/3)

By the properties of a Wiener process we know that max;¢(_z2/3  x2/3 |Wi — Wit has the tails decaying faster than
exp(—t2/(4k?/3)), for t large enough. Thus

1— <IP’< max Wi — W, >k4/9) <exp(—k*?/4).
gk < e k2/3}| k — Wi | > < exp( /4)

This quantity is summable thus the proof follows by the standard application of the Borel-Cantelli lemma. From now
on, we will work conditionally on Ay . Using its first condition we have

pn <10gP(Viog v <n=n2(l0g N)* + By = W, — An'/27%). (6.13)

We use the coupling techniques also for P. Namely, by [8, Theorem 3.1] on a common probability space (denoted still
by PP), we have processes { Bx }x>0, distributed as the random walk from our theorem and {B;};>¢ a Brownian motion
which approximates B. Recalling (6.11) we define

B = {VenIBi = Bra| = Gog N2} 0 {Viey  sup (B, = B) = (log N2, (6.14)
telk,k+1]

Applying [8, Theorem 3.1] to the first term and standard considerations to the second one we obtain logIP(BY,)/
log N = N +00 —00. We continue estimations of (6.13) as follows

PN < P(Viog N en=n4(10g N2 + By = Wy — An'/*5 By) + P(BY).

We extend, in the piece-wise linear fashion, the function f to the whole line with respect to its first argument. This
function is non-decreasing and we denote its generalized inverse by g (¢, i) :=inf{s > 0: f(s, u) > ¢}. We change to
the continuous time (writing ¢ instead of n). By the second and last condition of (6.12) for some C > 0 we have

PN <P(Yciogn<r<n/c5(log N?+ B, > Wg(t,pt) — A(g(, M))I/Z%) +P(BY).

One checks that Ay C {Vi>clogn Wg(t, w = y HQEXD) ~ Ik 9} using two last conditions of (6.12). Thus conditionally
on Ay we have

P = P(BY) S P(Yeiogncre SU0E N+ Br 2 W, ey — 17 = 241177) = .
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Utilizing Theorem 1.5 one gets

. logpn ( EW? )
lim == )
N—>+oco logN QEX)

We recall that in our notation Q(E(Xiz)) is the same as ]E[E(Blzl w] = IEBI2 in the standard notation. Recalling that
P(BY,) is negligible we obtain (6.10).
Before passing further let us state a simple conditioning fact.

Lemma 6.4. Let {T,},>0 be a random walk and {a,},>0 be a sequence. Then for any N the law P(Tn €
AVaeqt,...NyTn = ay) stochastically dominates the law of Ty .

Its proof following by inductive application of the Markov property is easy and thus skipped.
We pass to the bound from below. We recall (6.2). Our aim is to prove

1 _
liminf 28PN o |7y on A,

= (6.15)
N—+oo logN —oo  on AS.

We denote K := [(log N)®| and Ay := cKIIV/2 loglog K (c is as in Lemma 6.2 ). Utilizing the Markov property we
obtain

log py >loggn +log pw,

where
gn :=P(Vue(o,...ky}X + Bu = Wy + f(n), Bky = Ay, Bk, < N'/),

P (Vne{KN ..... N}X + BXYV > W, + f(n))

= inf
PN X+ BXY —wy e @N'2, bN?)

xe[Ay,N1/3]
where for [ we denote B,l( = By — By, k > I. For gy we utilize Lemma 6.4 as follows

gN = P(Yne(o,...ky}X + By = W)P(Bgy > Ay) — P(Bk, = N1/3). (6.16)

Let us further denote ky := [(log Ky)®] and ay := k;v/2 loglogky . Applying a similar procedure we get

IED(Vne{O ..... Ky}X + B, > W, + f(}’l))
> logP(Biy > an) +log p(x,0,ky) +1log plan, kn. Kn),

where p(x, k, 1) :=P(Ypek...jx + BX > W, + f(n)). We will prove that

,,,,,

A

liminf > —y, -a.s. 6.17
ngjrgologN_ v, Qas ¢ )

Lemma 6.3 and Lemma 6.2 imply

] k
liminf &P 0 kN) {O on A, d

N—>+400 log N —oo  on A¢, 6.18)
loglP(Bg, > A
0gP(Bxy = An) =0, Q-as.

liminf
N—+00 log N
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By simple scaling arguments we notice that (6.17) and (6.18) imply

I k. K N
limint CEPENKNKN) 6 d limint
N—+00 log N N—+00 log N

logIP(Byy > an) —0. Qas

We notice that by assumption (A2) for large N we have P(Bg, > N 173) < exp(—N'/%). Thus this term is negligible
in (6.16) and we get

.. . loggn 0 on Ay,
liminf >
N—+oo log N —oo on AS.

This together with (6.17) implies (6.15). For (6.17) we will apply coupling arguments similar to the ones in the
previous proof. We keep the notation (W, W) and (B, é). We will also use the events of (6.12). Finally, we know that
for some & > 0 we have f(n) <n'/>7¢/2 for n large enough. We set a’, b’ such that a < a’ < b’ < b. Conditionally
on Ay for N large enough

PN =P(Vkyznen AN + BEY = W, + 112782, BEY — Wy € (/N2 b'N'2)).

Further, recalling (6.11) and (6.14) for a’ < a” < b” < b’ we have

A Viy<nsNAN/2+ Bro ik = Wa +nl/27¢
pNZP(é N _W //1\1/\]1/2 b//N1/2 _HD(B;‘V)
FN = f(Ky 1) N € (a ) )

Similarly as in the previous case the second term will be negligible. Let fn (-, ) be the piece-wise linearization of
{Kn,...,N}on+— f(n,un)— f(Kpy,p).Itis non-decreasing thus we may define its inverse by gy (¢, n) := inf{s >
0: fn(s, ) > t}. We set v = Q(E(X?)) (we recall that X| = By)

Cn := {Vi=o0|gn (t, ) — t/v] < [(og N)* v £*/3]}.
We leave to the reader verifying that 1¢,, — 1 Q-a.s. Now conditionally on Cy we have

~ N ~ 1/2—
PN =P(Yoky2<i<my AN/2+ Br = Wy o) + (gn (2, 1)) /2e

Dy) —P(BY).
where My =vN — N3/ and
Dy = Vit <t<onsn34 B — Wy € ("N 0 NYV2) )
Using the third condition of (6.12) and performing simple calculations we have
Ay NCN C {Viztogn Wen () < Wijo + 147 + (log N)?}.
Therefore on Ay N Cy, for N large enough, we get
N =P (Vokyp<r<my An/4+ By = Wypy + 177, Dy) — P(BS).
We choose a”’, b such that a” < a” < b”" < b” and apply the Markov property
IP>(VuK1\;/2§t§MNAN/4 + ét > Wt/u + l‘4/9, DN)
> P(Viyp<i<my AN /4 + Bi = Wiy + 147, By — Wity o € ("N, B N'/?))

X P(Dp|Buy — Wity jo = X).

inf
xe(a///Nl/va///Nl/Z)

It is easy to check that with high probability (with respect to Q) the last term is bigger than 1/2. Recalling that P(B%,)
is negligible and utilizing Theorem 1.5 we obtain (6.17). This together with (6.10) implies (6.1) for the special choice
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of the realization of W (i.e. we worked with the measure @@ on which we had the coupling (W, W)). To remove
this assumption let us consider / be the space with R-valued sequences with the product topology. Given any other
probability measure P supporting W and B we have P(W € A) = Q(W € A) for any A in the Borel o-field of /. One
checks that

. logP(Vy<nx + By > gy + f(n), By — Wy € a@N'/2, bN'/?)
Ao:=1gel: lim = =—y
N—>+o00 log N

belongs to this o -field. Now we have
P(Ag) =Q(Ap) = 1.

This concludes the proof of Theorem 1.10. We skip the proof of Theorem 1.11, it follows by rather simple modifica-
tions of the above proof.
We are still left with

Proof of Fact 1.8. The first part of the fact is easy e.g. by the Hsu—Robbins theorem. For the second part let us
consider first that sup Sp = 4-00. Then every step of B can be bigger than the one of W thus clearly for any N
we have P(V,<yx + B, > W,|W) > 0. Now, we assume S := sup Sp < +o0. For any fixed N we have P(B; >
S —x/(2N)) > 0. Further, one verifies that

{VnzN 1By — By =S —x/(2N)} C {P(Vp<nx + By = W, |W) > 0}.

Therefore, one obtains P(A,) = 1. The second part of the proof goes easily by contradiction. If the condition does not
hold then there exists S and & > 0 such that P(W; > § 4+ ¢) > 0 and P(B; > S — ¢) = 0. From this we conclude that

P(Wrax/e1 = [2x/€1S 4 2x) > 0

while P(Brax/e1 > [2x/€15) = 0. -

7. Discussion and open questions

In the concluding section we discuss some open questions and further areas of research.

e The function y introduced in Theorem 1.1 calls for better understanding. We are convinced that it is strictly convex.
It should be possible to obtain its asymptotics when 8 — +00, we expect that y (8)/8% — C, for C > 0.

e The qualitative results of our paper should hold in a much greater generality. Let us illustrate that on an example.
We expect that the convergence in Theorem 1.9 stays valid for any processes {W, },eN, { Bn}neN Whose increments
are weakly correlated (for example with the exponential decay of correlations like Cov(Wy, 1 — W,,, Wy — Wy) ~
exp(—c|n — k|)). Similarly the qualitative statement of Theorem 1.1 should be valid if processes {B;};>0, {W:}r>0
are diffusions without strong drift (possibly the proper condition to assume is that the spectral gap is 0).

e The case B =0 in Theorem 1.1 is well-studied, in particular it is known that conditioning a Brownian motion to
stay above the line has a repelling effect and such a process escapes to infinity as ¢!/ as r — +o00. Our result
y(B) > y(0) for B # 0 suggests that the repelling effect is stronger when the disorder is present. Quantifying this
effect would be an interesting research question.

Acknowledgements

We would like to thank prof. Anton Bovier, prof. Giambattista Giacomin, prof. Zhan Shi and prof. Ofer Zeitouni for
the interest in our work and useful comments. Moreover, we would like to thank the reviewer for remarks, which
led to improvement of the paper. Piotr Mito§ was supported by the Polish National Science Center grant DEC-
2012/07/B/ST1/03417.



1916

B. Mallein and P. Mitos

References

(1]
[2]
[3]
[4]

[5]
(6]

[7]
[8]

[9]
[10]
(11]

[12]

F. Aurzada and T. Simon Persistence probabilities and exponents. In Lévy Matters V: Functionals of Lévy Processes 183-224. Springer,
Cham, 2015. MR3468226

D. Barbato. FKG inequality for Brownian motion and stochastic differential equations. Electron. Commun. Probab. 10 (2005) 7-16.
MR2119149

D. Bertacchi and G. Giacomin. Enhanced interface repulsion from quenched hard-wall randomness. Probab. Theory Related Fields 124 (4)
(2002) 487-516. MR1942320

D. Bertacchi and G. Giacomin. On the repulsion of an interface above a correlated substrate. Bull. Braz. Math. Soc. (N.S.) 34 (3) (2003)
401-415. MR2045166

R. J. Gardner. The Brunn-Minkowski inequality. Bull. Amer. Math. Soc. (N.S.) 39 (3) (2002) 355-405. MR1898210

G. Giacomin. Aspects of Statistical Mechanics of Random Surfaces. Notes of the Lectures Given at IHP, 2001. Available at
www.proba.jussieu.fr/pageperso/giacomin/pub/IHP.ps.

O. Kallenberg. Foundations of Modern Probability. Probability and Its Applications. Springer, New York, 1997. MR1464694

M. Lifshits. Lecture Notes on Strong Approximation, Publications IRMA Lille, 2000. Available at https://sites.google.com/site/mlprobability/
home10/ml09.

B. Mallein and P. Mitos. Maximal displacement of a supercritical branching random walk in a time-inhomogeneous random environment. To
appear. DOI:10.1016/j.spa.2018.09.008.

G. Metafune, J. Priiss, A. Rhandi and R. Schnaubelt. The domain of the Ornstein—Uhlenbeck operator on an L” -space with invariant measure.
Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 1 (2) (2002) 471-485. MR1991148

A. G. Nobile, L. M. Ricciardi and L. Sacerdote. Exponential trends of Ornstein—Uhlenbeck first-passage-time densities. J. Appl. Probab. 22
(2) (1985) 360-369. MR0789359

W. Rudin. Real and Complex Analysis, 3rd edition. McGraw-Hill, New York, 1987. MR0924157


http://www.ams.org/mathscinet-getitem?mr=3468226
http://www.ams.org/mathscinet-getitem?mr=2119149
http://www.ams.org/mathscinet-getitem?mr=1942320
http://www.ams.org/mathscinet-getitem?mr=2045166
http://www.ams.org/mathscinet-getitem?mr=1898210
http://www.proba.jussieu.fr/pageperso/giacomin/pub/IHP.ps
http://www.ams.org/mathscinet-getitem?mr=1464694
https://sites.google.com/site/mlprobability/home10/ml09
https://doi.org/10.1016/j.spa.2018.09.008
http://www.ams.org/mathscinet-getitem?mr=1991148
http://www.ams.org/mathscinet-getitem?mr=0789359
http://www.ams.org/mathscinet-getitem?mr=0924157
https://sites.google.com/site/mlprobability/home10/ml09

	Introduction and main results
	Brownian motion over Brownian motion
	Ornstein-Uhlenbeck process over Ornstein-Uhlenbeck process
	Random walk in random environment
	Related works and motivations
	Organization of the paper

	Preliminaries and technical results
	The FKG inequality for Brownian motion and Ornstein-Uhlenbeck processes
	Integrability estimates for Ornstein-Uhlenbeck processes

	Existence and properties of the function g
	Path decomposition
	A modiﬁed version of Theorem 1.6
	Existence and basic properties of g

	Relevance of the disorder
	Reformulation of the problem
	Proof of Proposition 4.5

	Proof of Theorems 1.1 and 1.5
	Proof of the facts for random walks
	Discussion and open questions
	Acknowledgements
	References

