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Abstract. We study the alternating k-arm incipient infinite cluster (IIC) of site percolation on the triangular lattice T. Using Camia
and Newman’s result that the scaling limit of critical site percolation on T is CLEg, we prove the existence of the scaling limit of
the k-arm IIC for k = 1, 2, 4. Conditioned on the event that there are open and closed arms connecting the origin to 0D g, we show
that the winding number variance of the arms is (3/2 4 0(1)) log R as R — oo, which confirms a prediction of Wieland and Wilson
[Phys. Rev. E 68 (2003) 056101]. Our proof uses two-sided radial SLEg and coupling argument. Using this result we get an explicit
form for the CLT of the winding numbers, and get analogous result for the 2-arm IIC, thus improving our earlier result.

Résumé. Nous étudions le cluster infini conditionné (IIC) a k-bras alternants pour la percolation par site sur le réseau triangu-
laire T. En utilisant le résultat de Camia et Newman montrant que la limite d’échelle de la percolation par site sur T est le CLEg,
nous prouvons I’existence de la limite d’échelle de I'lIC a k bras pour k = 1, 2, 4. Conditionnellement & I’événement qu’il y
ait un bras ouvert et un bras fermé connectant 1’origine a dD g, nous montrons que la variance du nombre d’enroulements est
(3/2 4+ o(1))log R quand R — o0, ce qui confirme la prédiction de Wieland et Wilson [Phys. Rev. E 68 (2003) 056101]. Notre
preuve utilise le SLEg radial a deux co6tés ainsi que des arguments de couplage. En utilisant ce résultat, nous obtenons une forme
explicite pour le CLT sur le nombre d’enroulements, et obtenons des résultats analogues pour le IIC a deux bras, améliorant ainsi
notre résultat précédent.
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1. Introduction

Percolation is a central model of probability theory and statistical physics, see [13,40] for background and [14] for a
summary of recent progress. For bond percolation on Z?, there is almost surely no infinite open cluster at the critical
point when d =2 or d > 10 (see the recent work [11]), and is conjectured that this is the case whenever d > 2. The
term “incipient infinite cluster” (IIC) has been used by physicists to refer to the large-scale connected clusters present
in critical percolation, and was defined mathematically by Kesten [22] in two dimensions. Roughly speaking, IIC is
obtained by conditioning on the event that there is an open path connecting the origin to the boundary of the box with
radius n centered at the origin, and letting n — oo. Following Kesten’s spirit, Damron and Sapozhnikov introduced
multi-arm IIC in [8]. We will give the definitions of these IICs later.

In fact, IIC is a very natural and robust object that can be constructed in many different ways. We introduce some
natural constructions for dimension two as follows. In [22], Kesten gave an alternative way to construct the IIC: Take
p > pec, condition on the cluster of the origin to be infinite, and let p — p.. Jarai [18] showed that if we choose a
site uniformly from the largest cluster or the spanning clusters in [—#, n]?, and let n — oo, then we get the IIC. In
[19] Jarai also proved that the invasion percolation cluster looks asymptotically like the IIC, when viewed from an
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invaded site v, in the limit |[v| — oo. Similarly, Damron and Sapozhnikov [8] showed that the invasion percolation
cluster looks asymptotically like the 2-arm IIC (resp. 4-arm IIC), when viewed from a site v belonging to the backbone
(resp. outlets), in the limit |v| — oo. Recently, Hammond, Pete and Schramm [15] defined a local time measure on the
exceptional set of dynamical percolation, and showed that at a typical time with respect to this measure, the percolation
configuration has the law of IIC. For IIC in high dimensions, see [36,38], where it was also shown that several related
and natural constructions lead to the same object.

In this paper, we will study the scaling limit of IIC for site percolation on the triangular lattice T and the winding
numbers of the arms. Before giving our main results, we wish to introduce some related works in the literature.

The scaling limit of IIC has been extensively studied in recent years, and it has turned out to be useful in under-
standing the discrete model. We list a few related works in the following:

e Percolation in high dimensions. Van der Hofstad conjectured in [36] that the scaling limit of IIC above 6 dimen-
sions is infinite canonical super-Brownian motion (ICSBM), which corresponds to the canonical measure of super-
Brownian motion conditioned on non-extinction. ICSBM consists of a single infinite Brownian motion path together
with super-Brownian motions branching off from this path. In [17], it is showed that the scaling limit of the back-
bone of the high-dimensional IIC is Brownian motion. The scaling limit of another version of high-dimensional IIC
is conjectured to be integrated super-Brownian excursion (ISE) by Hara and Slade [16]. Using the lace expansion,
they obtained strong evidence for their conjecture in [16].

e Oriented percolation in high dimensions. The existence of the IIC for sufficiently spread-out oriented percolation
on Z4 x Z4 above 4 4 1 dimensions has been proved by van der Hofstad, den Hollander, and Slade [37]. Van der
Hofstad [36] proved that ICSBM is the scaling limit of the IIC.

e Percolation on a regular tree. The IIC on a regular tree was constructed by Kesten in [23]. It has a simple structure,
and can be viewed as an infinite backbone from the origin with critical percolation clusters attached to it. Very re-
cently, Angel, Goodman and Merle [3] proved that the scaling limit of the IIC (w.r.t. the pointed Gromov-Hausdorff
topology) is a random R-tree with a single end.

Motivated by a question from Beffara and Nolin [4], in [41] we proved a CLT for the winding numbers of alternating
arms crossing the annulus A(/, n) (as n — oo and [ fixed) for critical percolation on T and Z2. Using this, we also
got a CLT for corresponding multi-arm IIC in [41]. However, the exact estimate for the winding number variance
was not given in that paper. Based on numerical simulations, Wieland and Wilson [39] made a conjecture on the
winding number variance of Fortuin-Kasteleyn contours (and more generally, the winding at points where k paths
come together), including the above case. The conjecture seems hard, to our knowledge, it has been verified rigorously
on only a few particular cases. For example, conditioned on the event that there are 2 (resp. 3) disjoint loop-erased
random walks starting at the neighbors of the origin and ending at the unit circle centered at the origin in nZ?2,
Kenyon [21] (see also “Remarks on LERW” in [39]) showed that the winding number variance of the paths is (1/2 +
o(1))log(1/n) (resp. (2/9+ o(1))log(1/n)) as n — 0. The interested reader is referred to the Introduction of [41] for
a more general discussion and references on winding numbers.

The rest of the paper is organized as follows. Section 1.1 introduces the basic notation used throughout the paper,
and gives the definitions of k-arm IIC measure and arm events for CLEg. Section 1.2 gives our main results, together
with the main ideas in their proofs. In Section 2.1, we define the uniform metric, which is related to the convergence
in distribution. Section 2.2 collects different versions of coupling arguments that will be used. Section 2.3 gives
basic properties of arm events, including a generalized quasi-multiplicativity. Section 3 provides proofs of scaling-
limit results for multi-IIC. In Section 4.1, we introduce two-sided radial SLE and give second moment estimate for
its winding number. We study convergence of discrete exploration to SLE¢ in Section 4.2, moment bounds on the
winding of discrete exploration in Section 4.3, and decorrelation of winding in Section 4.4, which will enable us
to translate the winding number result for two-sided radial SLE¢ to percolation. Section 4.5 provides proofs of the
winding number results for the arms.

1.1. The model and notation
Let T = (V, E) denote the triangular lattice, where V := {x + ye”i/3 € C:x, y €Z} is the set of sites, and E is the set

of bonds, connecting adjacent sites. Throughout the paper, we will focus on critical site percolation on nT with small
mesh size n > 0, where each site is chosen to be blue (open) or yellow (closed) with probability 1/2, independently
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of each other. Let P = P" denote the corresponding product probability measure on the set of configurations. We also
represent the measure as a (blue or yellow) random coloring of the faces of the dual hexagonal lattice nH, and view
the sites of nT as the hexagons of nH. Further, let H, denote the regular hexagon centered at v € V(T) with side
length 1/+/3 with two of its sides parallel to the imaginary axis.

A path is a sequence vy, ..., v, of distinct sites of T such that v;_; and v; are neighbors for all i =1,...,n.
A boundary path (or b-path) is a sequence ey, ..., e, of distinct edges of H belonging to the boundary of a cluster
and such that ¢;_1 and e; meet at a vertex of H for all i =1, ..., n. A circuit is a path whose first and last sites are
neighbors. For a circuit C, define

C:=CU interior sites of C.

A color sequence o is a sequence (o1, 02, ..., 0x) of “blue” and “yellow” of length k. We use the letters “B” and
“Y” to encode the colors. We identify two sequences if they are the same up to a cyclic permutation.

We say that a finite set D of hexagons is simply connected if both D and its complement are connected. For a
simply connected set D of hexagons, we denote by AD its external site boundary, or s-boundary (i.e., the set of
hexagons that do not belong to D but are adjacent to hexagons in D), and by 9 D the topological boundary of D when
D is considered as a domain of C. We will call a bounded, simply connected subset D of T a Jordan set if AD is a
circuit.

Given a Jordan set D C T, for any vertex v € H that belongs to d D, if the edge incident on v that is not in D does
not belong to a hexagon in D, we call v an e-vertex.

Given a Jordan set D and two e-vertices a, b in dD, we denote by 9, ;D the portion of 0D traversed counter-
clockwise from a to b, and call it the right boundary; the remaining part of the boundary is denoted by 9 , D and is
called the left boundary. Analogously, the portion of A, ;D of AD whose hexagons are adjacent to 9, 5D is called
the right s-boundary and the remaining part the left s-boundary. Imagine coloring blue all the hexagons in A, ;D and
yellow all those in Ap 4, D. Then, for any percolation configuration inside D, there is a unique b-path y from a to b
which separates the blue cluster adjacent to A, , D from the yellow cluster adjacent to Ay ,D. Wecall y = yp 4 a
percolation exploration path.

Given a Jordan domain D of the plane, we denote by D" the largest Jordan set of hexagons of nH that is contained
in D. For two distinct points a, b € d D, we let yg’a,b = YDn.a,.by> where a;, (resp. b)) is the e-vertex in 9 D" closest
to a (resp. b). If there are two such vertices closest to a (resp. b), we choose the first one encountered going clockwise
(resp. counterclockwise) along d D". Further, let 9, » D" := 8%’an” and A, p D" = Aan,hnD’/.

For a domain D, let D := D U 3D. For a topological annulus A = D, \ D; (D; and D, are Jordan domains)
whose boundary is composed of two simple loops in the plane, we denote by 01 A (resp. 02 A) the inner (resp. outer)
boundary of A, and let A" := D] \ D].

Define the disc and annulus as follows: forO <r < R,z € C,

Dr(z):={xeC:|x —z| <R}, D :=Dg(0), D:=Dy;
A(z;r, R) :=Dgr(2) \ D (2), A, R) :=AQ;r, R).

Now let us define the arm events for percolation. For a topological annulus A whose boundary is composed of two
simple loops, denote by A/ (A) = AZ ., (A) the event that there exist |o'| = k disjoint monochromatic paths (arms) in
A" connecting the two boundary piecés of A", whose colors are those prescribed by o, when taken in counterclock-
wise order. For |o| < 6, given a Jordan domain D with a point z € D, let Al (z; D) denote the event that there exist
|o| disjoint arms connecting d D" and the hexagon in nH whose center is closest to z (if there are more than one such
hexagons, we choose a unique one by some deterministic method), whose colors are those prescribed by o, when
taken in counterclockwise order. For any n <r < R and z € C, write

Al(z;r, R) := AL (A(z; 1, R)).

For short, let Ao (r, R) = AJ(0; r, R) and let AT = A}, AJ =A%, A=A, 5.
The IIC was defined by Kesten [22] as follows. It is shown in [22] that the limit

v/ (E):= Rlem P"(E|A](n, R))
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exists for any event E that depends on the state of finitely many sites in nT. The unique extension of v? to a probability
measure on configurations of nT exists and we call v]" the IIC measure or 1-arm IIC measure. Then, Damron and
Sapozhnikov introduced multi-arm IIC measures in [8]. Let k = 2, 4. For every cylinder event E, it is shown in
Theorem 1.6 in [8] the limit

V(E):= lim P"(E|A[G1. R)

exists. The unique extension of v,'z to a probability measure on the configurations of nT exists. We call v,'z the k-arm
1IC measure. A curve y[0, 1] is called a loop if y (0) = y (1). All percolation interfaces under v,? induce a probability

measure on the loops in the one-point compactification C of C, denoted by /,LZ. We postpone precise definitions of the
space of loops and the topology of weak convergence till Section 2.1. We also call ,uz the k-arm IIC measure.

Given a percolation configuration, we assign a direction to each edge of nH belonging to the boundary of a cluster
in such a way that the hexagon to the right of the edge with respect to the direction is blue. To each b-path y, we can
associate a direction according to the direction of the edges in the path. Denote by I'g(y) (resp., 'y (y)) the set of
blue (resp., yellow) hexagons adjacent to y; we also let I'(y) :=T'p(y) Uy (y).

For any Jordan domain D, let Pg denote the percolation law in D" with monochromatic (blue) boundary condition,
that is, all the sites in A D" are blue. Then the percolation interfaces under P[") induce a law on the loops in D, denoted
by /L"D.

In Camia and Newman [7], the following theorem is shown:

Theorem 1.1 ([7]). Let D be a Jordan domain. As n — 0, M’Z) converges in law, under the topology induced by
metric (8), to a probability distribution wp on collections of continuous nonsimple loops in D.

The continuum nonsimple loop process in Theorem 1.1 is just the full scaling limit introduced by Camia and
Newman [5,7]. Since it is also called the conformal loop ensemble CLEg in [32] (for the general CLE,, 8/3 <« <8,
see [32,34]), we just call it CLEg (in D) in the present paper.

For simplicity, let Pg = P]]gR’ M% = MI%)R and (g := UDpg-

We need to define arm events for CLE¢ in a way that makes them measurable and equal to the limit of the probability
of corresponding arm events for percolation as 7 — 0. Now we express the arm events AZ (r,R),k=1,2,4 for “'17? in
terms of loops (cluster interfaces). See Figure 1.

e It is well-known that the complement of A;’ (r, R) is that there exists a yellow circuit surrounding the origin in
A'l(r, R). Since ,u"R has monochromatic blue boundary condition, the outer boundary of the cluster containing this
yellow circuit is in A7(r, R) \ 91 A"7(r, R), and has counterclockwise direction. So, we have

Al(r,R) = I 6]

There exists no counterclockwise loop surrounding
the origin in A"(r, R) \ 91 A"(r, R)
In fact, a simple observation leads to that

AT(F, R) = I

There exits neither counterclockwise loop nor clockwise}

loop surrounding the origin in A"(r, R) \ d{A"(r, R)

OB

Fig. 1. Illustration of arm events with monochromatic blue boundary condition. The red loops are the outer boundaries of the clusters containing
yellow arms. The first panel indicates A? (r, R). The second panel indicates Ag (r, R). The last two panels indicate AZ (r, R).
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e Assume that AZ (r, R) holds, then there exist a blue arm and a yellow arm connecting d; A7 (r, R) and 9, A" (r, R).
The outer boundary of the cluster containing the yellow arm must intersect with both of the two boundary pieces of
A'(r, R). Conversely, if there exists a counterclockwise loop y in A”(r, R) intersecting both of the two boundary
pieces of A”(r, R), we can find a blue arm in I"'3(y) and a yellow arm in I'y (y), which connect the two boundary
pieces of A"(r, R). Hence,

0 There exists a counterclockwise loop in ID)_'7 which
Al Ry =1 _ : )
intersects with both 9; A" (r, R) and 9, A" (r, R)

e Denote by .AZ’B(V, R) (resp. AZ’Y(r, R)) the event that there are four alternating arms in A”(r, R) connecting
01 A(r, R) and 0pA"(r, R), and the two blue (resp. yellow) arms are in the same cluster in ]D)%. It is clear that
AZ (r,R) = AZ’B(;’, R)U AZ‘Y(r, R). If AZ’B(r, R) occurs, there exist two counterclockwise loops in DY, which
intersect with both ;A" (r, R) and 9, A" (r, R); if AZ’Y(V, R) occurs, there exists a counterclockwise loop in D7,
which is composed of two curves y| and y»: y; starts at a € 3, A" (r, R) and ends at b € d,A"(r, R), y» starts at b
and ends at a, both y; and y; intersect with d; A7 (r, R). In fact, it is easy to see that

There exist two counterclockwise loops in D", which

intersect with both 9; A7 (r, R) and 9, A" (r, R); or there

exists a counterclockwise loop in ]D)%, which is composed

Aj(r,R) = 3)

of two curves y| and y»: y) starts ata € d, A" (r, R) and
ends at b € 0, A"(r, R), y» starts at b and ends at a, both

y1 and y; intersect with d; A7 (r, R)

This leads us to define arm events A (r, R), k =1, 2, 4 for ug as follows:

A1 (r, R) := {There exists no counterclockwise loop surrounding the origin in A(r, R)},
There exists a counterclockwise loop in ﬁR, which

A>(r, R) :=
intersects with both 91 A(r, R) and 9, A(r, R)

There exist two counterclockwise loops in Dk, which intersect

with both 9] A(r, R) and 3, A(r, R); or there exists a counterclockwise

A4(r,R) = loop in Dg, which is composed of two curves y; and y»: y; starts

ata € »A(r, R) and ends at b € 9, A(r, R), y» starts at b and ends

at a, both y; and y; intersect with 91 A(r, R)

Given two Jordan domains D and D’ with D’ C D, similarly to the definitions of Ak (r, R) for g, one can define
arm events A (D \ D’) for up.

In this paper, we sometimes omit the superscript n of P and " when it is clear that we are talking about the the
discrete percolation model. C, Cy, Ca, ... and «, 8 denote positive finite constants that may change from line to line
or page to page according to the context.

1.2. Main results
Our main results include two parts, the first part is about the existence and conformal invariance of the k-arm IIC

scaling limit, the second part is about the variance estimate and CLT for the winding numbers of the arms, conditioned
on the 2-arm event and under the 2-arm IIC measure, respectively.
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1.2.1. Scaling limit of k-arm IIC
Theorem 1.2. Let k = 1,2,4. Let D be a Jordan domain with a point z € D. Let {D,} be a sequence of Jordan
domains such that z € D,,, D, C D and the diameter of D,, converges to zero as n — 00.

e Asn— 0and n - oo, M"D[ I.AZ (z: D)] and upl-|Ax(D \ D,)] converge in law, under the topology induced by
metric (8), to the same probability measure, denoted by jix D, ;-

e Furthermore, let D' be a Jordan domain and let f : D — D’ a continuous function that maps D conformally onto
D'. Let 7' := f(z). Then the image of uk p,; under f has the same law as jiy pr .

We call ui p ; the scaling limit of k-arm IIC pinned at z in D, which can be considered as a conditioned version
of CLEg. In [33], the authors constructed CLE, in D conditioned on the event that 7 is in the gasket (i.e., the set of
points that are not surrounded by any loop in CLE, ) for 8/3 < k < 4. One can view | p ; as CLE¢ in D conditioned
on the event that z is in the gasket. We write g g := [tk Dg,0-

Remark. Using Theorem 1.2 and Theorem 4 in [7], it is not hard to show that u p_ . inherits some domain Markov
property from CLEg. It is expected that analogs of Propositions 4.3 and 4.4 in [33] for domain Markov property of
simple CLE in the punctured disc also hold for pux p ;-

For a domain D, we denote by /p the mapping (on 2 or 2g, see the definitions in Section 2.1) in which all
portions of curves that exit D are removed. Let Ip be the same mapping lifted to the space of probability measures
on 2 or Qg.

Theorem 1.3. There exists a unique probability measure i on the space 2 of collections of continuous curves in
C such that Wik, R — Mk as R — o0 in the sense that for every bounded domain D, as R — oo, ID,uk R —> IDMk
Furthermore, as n — 0, /Lk converges in law, under the topology induced by metric (10), to .

We call uy the scaling limit of k-arm IIC. In [33], the authors constructed CLE, in the punctured plane for 8/3 <
k < 4. One can view u; as CLE¢ in the punctured plane. Note that if one can construct IIC for the discrete O (n)
models, it is expected that the scaling limit of the IIC is just the corresponding CLE, in the punctured plane. In
particular, the scaling limit of IIC of the critical Ising model (which is the O (1) model) is expected to be CLE3 in the
punctured plane.

Remark. From Camia and Newman’s construction of the full-plane CLEg, it is easy to see that full-plane CLEg
is invariant under scalings, translations, and rotations. However, with their construction, the invariance of full-plane
CLEg under the inversion z — 1/z turns out to be not obvious to establish. In [20], using the Brownian loop soup,
the authors proved the inversion-invariance of full-plane CLE,. for 8/3 < « < 4. In [33], the inversion-invariance of
CLE; in the punctured plane for 8/3 < k < 4 was also proved. Hence, we propose the following conjecture:

Conjecture 1.4. The full-plane CLEg and . (k = 1,2,4) are invariant under 7 +— 1/z.

1.2.2. Winding numbers of the arms
For a curve y[0, T] in the plane with y(¢) # 0 for all 0 <7 < T, we define the winding number of y (around 0) by
O(y) :=arg(y(T)) — arg(y (0)), with arg chosen continuous along y .

Denote by A" the event that the percolation exploration path yﬁ’ 1, intersect with the boundary of the hexagon
nHp. Note that A" is the same as the event that there is a blue arm connecting nHp to 91,—1D7 and a yellow arm
connecting nHp to d_; 1D".

Assume A" occurs and T is the first hitting time with nHy of VID?,l,—l' Let 0, := 9()’]]];,1,—1 [0, TD.

Theorem 1.5 establishes a particular case of Wieland and Wilson’s conjecture on winding number variance of
Fortuin-Kasteleyn contours [39].

Theorem 1.5. Conditioned on the event A", we have

Varl0,] = (% +0(1)> log(l) asn— 0. @)
n
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Furthermore, under the conditional measure P[-|A"],

0
d —4N(@©,1) asn—0. (5)

V3 log()

Suppose the 2-arm event Ag(n, 1) happens. We fix a deterministic way to choose a unique blue arm connecting
oD and nHyp, and denote by én the winding number of this arm (here we consider the arm as a continuous curve by
connecting the neighbor sites with line segments).

The following corollary refines [41] for the 2-arm case by giving variance estimates and CLT for winding numbers
of the arms in explicit expressions.

Corollary 1.6. Under the conditional measure PH.AZ (n, 1)] and the 2-arm IIC measure vg ,as n — 0, we both have

- 3 1 6,
Varl0,] = (E +o0(1) 10g<5 and —————>4N(0,1).

V3 log()

Remark. Corollary 1.6 confirms a prediction of Beffara and Nolin [4] for the 2-arm case explicitly. Following [41]
(see Theorem 1.1 and Remark 1.2 in [41]), we give the following conjecture for the 4-arm case:

Conjecture 1.7. Under P[-|A](n, 1)] and v}, as n — 0 we both have

- 3 1 6,
Varl0,] = <§ +o0(1) 10g<5 and —————>4N(0,1).

V3log()

Remark. If one can generalize the results for two-sided radial SLE that we used in this paper to “2k-sided radial
SLE”, it is expected that one can use our method to get precise estimate of the winding number variance for the
2k-arm case, and get the corresponding CLT.

1.2.3. Ideas of the proofs
Let us explain the main ideas in the proofs of our main results.

Scaling limits. First, we use the approach of Aizenman-Burchard [1] to show that the k-arm IIC has subsequential
scaling limit. Then, conditioned on the k-arm events for a sequence of annuli, we introduce conditional measures for
percolation and CLEg. Using these measures, by coupling argument introduced in [12] and Theorem 1.1, we establish
the uniqueness of the scaling limit. The conformal invariance of the scaling limit can be derived from that of CLEg
easily.

Winding numbers. The proof can be divided into three main steps as follows.

o First, we use the approach of Schramm [31] to derive the winding number variance of two-sided radial SLEg.

e Second, conditioned on the event that the percolation exploration path in D" goes through 1 Hp, we show the scaling
limit of the path is two-sided radial SLEg. The key ingredients include a proposition of Green’s function for chordal
SLE proved by Lawler and Rezaei [26], the coupling argument and the well-know result that the scaling limit of
percolation exploration path is SLEg.

e Third, we divide the unit disk into concentric annuli with large modulus, and show that the sum of winding number
variances of the paths in these annuli approximates the variance of ,, and the winding number variance corre-
sponding to each annulus can be approximated well by that of two-sided radial SLE¢ as n — 0. This step involves
many technical issues and uses coupling argument extensively. A key ingredient is the estimate of winding number
variance of the arms from [41].
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2. Preliminary definitions and results
2.1. The space of curves

When taking the scaling limit of percolation on the whole plane, it is convenient to compactify C into C:=Cu {oo} =~
S (i.e., the Riemann sphere) as follows. First, we replace the Euclidean metric with a distance function A(:, -) defined
on C x C by

Au, v) :=igf/(1 + |go|2)*1 ds, (6)

where the infimum is over all smooth curves ¢(s) joining # with v, parameterized by arclength s, and | - | denotes the
Euclidean norm. This metric is equivalent to the Euclidean metric in bounded regions. Then, we add a single point co
at infinity to get the compact space C which is isometric, via stereographic projection, to the two-dimensional sphere.

Let D be a Jordan domain and denote by Sp the complete separable metric space of continuous curves in D with
the metric (7) defined below. Curves are regarded as equivalence classes of continuous functions from the unit interval
to D, modulo monotonic reparametrizations. F will represent a set of curves (more precisely, a closed subset of Sp).
d(-, -) will denote the uniform metric on curves, defined by

(N

d(y1, y2) :==inf sup |yi(1) —
t€l0,1]

where the infimum is over all choices of parametrizations of y; and y» from the interval [0, 1]. The distance between
two closed sets of curves is defined by the induced Hausdorff metric as follows:

dist(F, F') :=inf{e > 0: ¥y € F, 3y’ € F' such that d(y, ') < ¢ and vice versa}. 8)

The space Qp of closed subsets of Sp (i.e., collections of curves in D) with the metric (8) is also a complete separable
metric space. Write Qg := Qpy.
We will also consider the complete separable metric space S of continuous curves in C with the distance

D(y1, y2) :=inf s[%pl] A(ri(0), 12 (1)), )
tel0,

where the infimum is again over all choices of parametrizations of y; and y, from the interval [0, 1]. The distance
between two closed sets of curves is again defined by the induced Hausdorff metric as follows:

Dist(F, F') :=inf{e > 0:Vy € F, 3y’ € F such that D(y, ') < ¢ and vice versa}. (10)

The space Q2 of closed sets of S (i.e., collections of curves in @) with the metric (10) is also a complete separable
metric space.

It was noted in [5,7] that one should add a “trivial” loop for each z in D, so that the collection of CLE¢ loops i is
closed in the appropriate sense [1]. When considering the CLEg¢ in C, one should also add a trivial loop for each z € ¢
to make the space of loops closed. In this paper, we will not include these trivial loops to the loop process except for
dealing with this technical problem.

2.2. Coupling argument

The coupling argument for 1-arm events appeared in [22] for the construction of IIC, and then the coupling argument
for multi-arm events appeared in [8] for the construction of multi-arm IIC. Recently, Garban, Pete and Schramm [12]
introduced the notion of faces, and gave the coupling argument in a clear and general form, which turns out to be very
useful. For example, we used it in [41] to prove a CLT for the winding numbers of the arms with alternating colors.
In this paper, we will make extensive use of coupling argument. Being familiar with it in [12] and Lemma 2.3 in [41]
will be helpful to the readers. First, let us state the coupling argument that will be used in Section 3 for k-arm IIC. To
state the result, we need some definitions.
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Let k be an even number. For a circuit C = y1y» - - -y (i.e., the concatenation of yy, ..., y), if y1,..., y are
monochromatic paths with alternating colors, we call C a k-circuit, and write C = (yy, ..., yx). We will always assume
that y; is blue. For convenience, a monochromatic blue circuit is called a I-circuit. For any 4-circuit C = (y1, ..., y4),

denote by U = U the indicator function of the event that there exists a blue path connecting y; and y3 in C (recall
that C = C U interior sites of C). Note that Uz = 0 if and only if there exists a yellow path connecting y» and y; in C.

The proofs of the following coupling arguments (which are different versions of the coupling arguments in [12])
are essentially the same as those of Proposition 3.1, 3.6 and 5.2 in [12] (see also the sketch of the proof of Lemma 2.3
in [41]), we omit the proofs of Proposition 2.1 and 2.2 except just stating how to deal with an additional issue in the
case of k =4 in Proposition 2.1.

Proposition 2.1. Let k = 1,2,4. There exists a constant o = a(k) > 0, such that for any 10n <r < R/100 and
2r <r' < R, there is a coupling of the measures P[~|AZ(7}, R)] and P[-|AZ(I", R)], such that with probability at
least 1 — (r/r")¥ there exists an identical k-circuit C surrounding the origin in A"(r,r") for both measures, and the
configuration outside C is also identical, and furthermore Ug is identical in the case k = 4.

Proof. As we have said before Proposition 2.1, we only deal with the additional issue for Ug in the case k = 4.
Similarly to the proofs of Proposition 3.6 in [12] and Lemma 2.3 in [41], one can construct a coupling of the measures
P[~|AZ (n, R)] and P[~|.AZ (r, R)], such that with probability at least 1 — (r/r")* the following event B occurs: There
exists an identical k-circuit C surrounding the origin in A”(r, r") for both measures, and the configuration outside
C is also identical. Denote by C; (resp. C») the k-circuit C under P[~|AZ(17, R)] (resp. P[-|.AZ (r, R)]). Further, the
above construction is symmetric for the colors, so conditioned on B, the probability of Uc, = 1 equals to that of
Uc, = 0. Note that the color of the hexagon nHy under P[-IAZ(U, R)] is essentially irrelevant to the construction of
the coupling. Hence, if B occurs, one can let the hexagon be blue if Uc, = 1, and yellow if Ug, = 0; otherwise we
toss a coin to determine the color. Then under this new coupling one has U¢, = Ug,. O

Proposition 2.2. Let k = 1,2, 4. There exists a constant « = (k) > 0, such that for any 100n < Ry < Ry and 10n <
r < R1/2, there is a coupling of P[oIAZ(n, R1)] and P['|AZ(77, R2)]1, so that with probability at least 1 — (r/R1)*
there exists an identical k-circuit C surrounding the origin in A" (r, Ry) for both measures, and the configuration
inside C is also identical.

Now, we want to give the coupling argument that will be used in Section 4 for winding numbers. Following the
terminology of [12,41], we first introduce the notion of faces. Let x1, x» be distinct e-vertices in S]D'}e. Let y; be a blue
path of hexagons joining x| to x> and let y» be a yellow path of hexagons joining x> to x;. Denote by ® = (y1, y2)
the circuit which is composed of the two paths. We assume furthermore that D;]e C interior of ®. Then we call the
circuit ® a configuration of faces with endpoints xj, xp, and say ® are faces around BID)VIIQ. Define the quality of a
configuration of faces Q(®) to be the distance between the endpoints, normalized by R. That is,

lx1 — x2|

Q(0):=—4

Let Coney :={z € C: =37 /4 < arg(z) < 3w /4}, Coney :={z € C: /4 < arg(z) < 7 /4}, Cones :={z € C:
—1/4 < arg(z) < m/4}, Coneyg :={z € C: 37 /4 < arg(z) < S /4}.

In the annulus A = A7(R,2R), let R = R(A) be the event that there are exactly two disjoint alternating arms
crossing A, and the resulting two interfaces are contained respectively in Cone; and Cone;, with the endpoints of the
interfaces on the two boundaries of A belonging to Cones and Coney, respectively.

Lemma 2.3 is the straightforward 2-arm analog of Lemma 2.2 in [41]. The proof is analogous to the second proof
of Lemma 3.4 in [12], we leave it to the reader.

Lemma 2.3. P(R(A"(R,2R))) > C for an absolute constant C > 0.

For A"(R,2R), if the event R happens, then the two interfaces induce a natural configuration of faces ® C
A"(R,2R) around 0D},. We call © good faces around 0D'y. See Figure 2.
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Fig. 2. Two interfaces crossing the annulus induce a natural configuration of good faces.

For n <r < R and faces ® = (y1, y») around oD, define

. 3 a blue arm connecting y; to 31D} and
Ag(r, R) == . .
a yellow arm connecting y, to 9Dy

Let us now define a measure Pg[-] as follows. First, we sample good faces ® around BD% according to the law
P[-|R]; then conditioning on ®, we sample the configuration inside ® according to P[-|.Ag(n, R)]. This induces a
probability measure on good faces around BD% and the configuration inside the good faces, denoted by Pj.

For n < R, denote by A"(R) the event that the percolation exploration path VﬁR, r._g intersects with the hexagon
nHy. Note that A7(1) = A".

The proofs of the following coupling results are very similar to those of Proposition 3.1 and 3.6 in [12] (see also
Lemma 2.3 in [41]), which are omitted here.

Proposition 2.4. There exists a constant B > 0, such that for all n < 1/100,10n <r < R/2 and R < 1, there is a
coupling of the measures P[-|A"], P[-|A"(R)] and P[~|.Ag (1, R)1, so that with probability at least 1 — (r/ R)P there
exist identical good faces ® C A"(r, R) for these three measures, and the configuration in © is also identical.

Proposition 2.5. There exist constants Co, C1 > 0, such that for all n <r < R/2, any fixed faces ® around BID)% and

N :=[log,(R/r)], there is a coupling 0fP[~|AZ)(r, R)] and {P(*l/z).fR[']}lfffN’ so that

e forall 1 < j < N, with probability at least 1 — exp(—Cyj), there exists 1 < j* < j such that there exist good faces

O jx around aD?l/z).f*R under P[- |An® (r, R)], and the configuration in @j* under P[-IA"@ (r, R)] is the same as the
[l;

configuration under P*
e forall 1 < j <N — 1, with probability at least exp(—C1(j + 1)), for all 1 < j' < j there do not exist good faces

1/2)J*R
around 8D?}/2)1/R’ but there exist good faces ® j | around BID)?l 2R under P[-|_Ag) (r, R)], and the configuration

in @j_,_l under P[~|Az)(r, R)] is the same as the configuration under (*1/2)]-+1R[~].

For the next proposition we need some additional notation. Let O < r < 1. For the percolation exploration path
yﬂg 1 —1 define event

Api= (v, D) £ ).
For a curve y with y N dD) # @, denote by 7,/ the first hitting time with aID; of y.
Proposition 2.6. There exists a constant B > 0, such that for all 100n < 10r < R < 1, there is a coupling of the

measures P[-|A"] and P[-|.A}], so that with probability at lest 1 — (r/R)P, the stopped percolation exploration path
V]];,l,—l [0, IZ] under P[-|A"] is identical to that under P[-|A}].
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2.3. Basic properties of arm events

In this paper, we assume that the reader is familiar with the FKG inequality (see Lemma 13 in [29] for generalized
FKG), the BK (van den Berg-Kesten) inequality and Reimer’s inequality [30], and the RSW (Russo—Seymour—Welsh)
technology. See [13,40]. The following properties of arm events are well known (see [29]) except (12) and (13), where
(13) is a generalization of the standard quasi-multiplicativity.

1. A priori bounds for arm events: For any color sequence o, there exist C{(|o|), Ca(|o|), (o ]), B(Jo]) > 0 such
that foralln <r < R,

r\“ r\?
Cl(E) < P[AL(r, R)] gcz(i) ) (11)
2. There exists a constant C > 0, such that for all » <r < R and faces ® around 8ID)7I7e with Q(®) > 1/4,
CP[A)(r, B)] < P[AL(r, B)] < P[AS(r, B)]. (12)

3. Quasi-multiplicativity: For any color sequence o, there is a C1(Jo’|) > 0, such that forall n <r; <r; <r3 <rsand
r3 < 10r,

CiP[AL(r1,r)|P[AL(r3.r4)] < P[AL(r1.r)] < P[AL(r1, ) | P[AL(r3. r4)].
Furthermore, there is a C; > 0, such that for all n <r| < r; <r3/2 and any given faces ® around SID);Q,
CoP[ A (r1, ) | P[ AL (r2, r3)] < P[AL(r1,r3)] < P[ A} (r1, )| P[ A (r2. 13) . (13)

Proof. We just need to prove (12) and (13). Applying a standard gluing argument with generalized FKG, RSW and
Theorem 11 in [29], one gets (12). The details are omitted. Now let us show (13). Conditioned on Az)(rz, r3), the
two interfaces (or b-paths) starting from the endpoints of ® = (y1, y2) to reach 8}]])2,3 /3 together with ® induce faces
e = (yl’ , )/2’) around ang /3 By Lemma 3.3 (Strong Separation Lemma) in [12], there is some absolute constant
C3 > 0 such that "

1
P[Q(@’) > Z‘A”@(rz,m)} > Cs. (14)

By a gluing construction with FKG, RSW and Theorem 11 in [29], there is some absolute constant C4 > 0 such that
for any given ®” with Q(®') > 1/4 (see an analogous quasi-multiplicativity in [41]),

C4P[AJ(r1,r)|P[AL (r2,2r3/3)] < P[ AL, (r1,2r3/3)]. (15)
Define
3 a blue arm connecting y; and y| and
Ae.o = , )
a yellow arm connecting y, and y,

By (14) and (15), we have
C3C4P[AS(r1, r2) | P[ A (r2. 13)]

<Cy Y P[0 Ago]P[AY(r2.2r3/3)|P[AL(r1.1)]
Q(@)>1/4

< Z P[O®', Ao | P[ AL (r1,2r3/3)] < P[AL(r1,13)].
0(©)>1/4

By choosing C> = C3C4, we conclude the proof. |
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3. Scaling limit of multi-arm IIC

In this section we will prove our main results concerning the scaling limit of k-arm IIC. First we give some lemmas
that will be used. The following lemma can be seen as an analog of Lemma 2.9 in [12] for quad-crossing percolation
limit.

Lemma 3.1. Forany 0 <r < R and k = 1,2, 4, there exists a constant Cy > 0 (depending on r/R), such that

JL“})MHAZ(V» R)] = pr[Ac(r, R)] > Ck. (16)

Moreover, in any coupling of the measures {,u,"R} and g on (2, FR) in which dist(a)?e, wr) — 0a.s.asn— 0, we
have

16[{60717e E.AZ(r, R)}A{a)R e A (r, R)}]—)O asn—0, 17)
where P[] denotes the coupling measure.

Proof. By Theorem 1.1, we can couple the measures {,u"R} and ug on (g, Fr) such that dist(a)z, wgr) — 0 as. as
n — 0. Let us show (17) for k = 1, 2, 4 respectively in the following.
By (1) and the definition of A (r, R), it is easy to see that for each small ¢ > 0 and n < ¢,

Pl e Al(r, B} A{wr € Ai(r, R)}]

. . | 3 counterclockwise loop y" € cu']e surrounding the
< P[dist(w}, wg) = ] + P .
originin A(r — e, R),and y"NA(r —e,r+¢&)#

The first term goes to zero as n — 0. The event in the second term produces a half-plane 3-arm event from the 2¢-
neighborhood of 9D, to a distance of unit order, whose probability goes to zero as ¢ — 0, since the polychromatic
half-plane 3-arm exponent is 2; see, e.g., Lemma 6.8 in [35]. Then (17) is proved in the case k = 1.

By (2) and the definition of A (r, R), for each small ¢ > 0 and 1 < ¢,

f’[{a)R € A (r, O\ {wg € A(r, R)}]
3 counterclockwise loop y” € w% intersecting with 0D, ¢

< f’[dist(a)';e, a)R) > 8] + P _
and dDg_, in D7, and y"NID;] =@ or y" N ID"} = &

The event in the second term implies a half-plane 3-arm event from the 2¢-neighborhood of 9D, or 9D to a distance
of unit order, whose probability goes to zero as € — 0. Then we get that P[{wg € Ax(r, R)} \ {a)']Q € Ag r,R)}]—>0
as n — 0. Now let us show the other direction. Similarly, for each small ¢ > 0 and < ¢, we have

Pl e Ar, O\ {or € A2(r, B)}]

A

. 3 counterclockwise loop y € wg intersecting with 0D, 4,
< P[dist(w}, wg) = &] + P

and 8D g_y, in Dg, and yNoD, =Fory NoDr =9

Clearly the second term goes to zero as ¢ — 0. Then (17) is proved in the case k = 2.
Similarly to the case k = 2, one can prove the case where k = 4, and the details are omitted.
(11) and (17) imply (16) immediately. [l

A collection of measures is said to be (weakly) relatively compact if every sequence has a convergent subsequence.
To prove the existence of the scaling limit, we need a lemma on the existence of subsequential scaling limits:

Lemma 3.2. Letk=1,2,4. {;L"R[-LAZ(U, R)1}, and {MZ[~]},, are relatively compact.
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Proof. We use the machinery developed by Aizenman and Burchard (Theorem 1.2 in [1]). Let u" denote the proba-

bility measure supported on collections of curves that are polygonal paths on the edges of nH in ]D)%. In our setting,
Hypothesis HI of [1] is as follows.
Hypothesis H1. For all j € N, z € Dg and n < r < rp < 1, the following bound holds uniformly in n and z:

w"[A(z; ri, rp) is traversed j times by a curve] < K ; (r1/r)?Y)

for some K; < oo and ¢(j) — oo as j — oo.

Observe that the number of segments of a loop crossing an annulus is necessarily even and that, if the annulus is
traversed by j € 2N separate segments of a loop € w;’e, there will be j/2 disjoint yellow arms crossing this annulus.
Now let us prove that {,u"R[~|.AZ (n, R)1}, satisfies Hypothesis H1 for k = 1,2, 4. First, we do this in the case k =1,
which is the easiest one.

The BK inequality and (11) imply that there exist constants C > 1, A > 0, such that for all n <r; <rp, z € C and
JEN,

PRLAT . y @) < {PRLAY G r )]} < CTGr/r). (18)
Let j €e2N,n<r < ry,z € Dg, we have

Pg [A(z; ri, rp) is traversed j times by a loop |.A'17 (n, R)]

_ PRIATGLR), Ay y (@1 )]
- PALAT (1, R)]

<Pp [A'}/ly.,_y(z; ri,r2)] by Reimer’s inequality

< CI2(r /)M by (18).

Now let us consider the cases of k = 2, 4. Without loss of generality, we assume 10n < 10r; <rp < R/4,j €
2N and j > k + 2. Let Cy, C2, C3 (just depending on k) be appropriate positive constants. We will distinguish the
following four cases (see Figure 3).

Case 1: R/2 <|z] < R.

Pp[A(z; r1,r2) is traversed j times by a loop |A] (1, R)]

nr AN
< P i)
< C1CI2(ry Jrp)*i/? by quasi-multiplicativity and (18).
Case2:12/3 <|z| < R/2.
Pg [A(z; ri, rp) is traversed j times by a loop IAZ (n, R)]

- PRIA(, 2] = ra/4), Az +12/4, R)]
B PRIA/ (0, R)]

Pp[A% o y..y @ir1.12/4)]

< C2CI%(r/r)*/? by quasi-multiplicativity and (18).
Case 3: 3r1 <|z| <r2/3.
Pp[A(z; r1, r2) is traversed j times by a loop |A] (n, R)]
< Pp[Al(n.121/2), Al (D(z; 2) \ D(2/2; Iz1)), A} (Dg \ D(z; 2)),
Ay (e 2172 ATy (BGE D(e/2: )]/ PA AL, B
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Fig. 3. A sketch of the four cases in the proof of Lemma 3.2 (k =2, j =4).

- PRIA] (. 121/2), A Blz1/2, 12 — |z]), Al (r2 + Iz], B)]
- PplA(n, R)]

X P; [A;{/z’ymy(z; 1, |z|/2), A?j—k)/z,y...y(z§ 3|z]/2, Vz)] by Reimer’s inequality

< C3CYR2(y /) U=R/2 by quasi-multiplicativity and (18).
Case 4: |z] <3ry.
Pp[A(z; r1, r2) is traversed j times by a loop |A] (n, R)]
- PALAL (. r1), Az |zl + r1u ), AL DR \ D(z: r2))v~A;?/2)y...y(Z; |zl +r1,r2)]
B PALA (. R)]
- PRLAL (. ), Al Qlzl 4 r1.r2 = 12D), A2 + 2], R)]
- PALA] (1, R)]

X Pz [‘A?j—k)/z,Y---Y(Z; |z| +r1, rz)] by Reimer’s inequality
< C4CYP2(r1 /7 U=R/2 by quasi-multiplicativity and (18).

Hence, fork =1,2,4, { ,uZ[- IAZ (n, R)1}, satisfies Hypothesis H1. Then Theorem 1.2 in [1] implies that it is relatively
compact. R

For the relatively compactness of {MZ[-]},,, we need to consider C with metric (6). It is noted in the Remark just
below Theorem 3.1 in [2], although Theorem 1.2 in [1] was formulated for compact subsets A C R, it also applies
to this case. By the inequalities above and the definition of ,uz, we have that there exists a constant Cs > 0 depending
on k, such that

MZ (A (z; r1,r2) is traversed j times by a loop)

= Rlim PZ [A(z; ri, r2) is traversed j times by a loop |.AZ(17, R)] < C5Cj(r1/r2))”(j_k)/2.
—00
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Similarly to the proof of (i) of Theorem 1.1 in [2], by Lemma 3.3 in [2], the corresponding bound on crossing
probabilities holds (with the same exponents) also for the system on C with the metric (6). Then Theorem 1.2 in [1]
implies that {,uZ[-]},7 is relatively compact for k = 1, 2, 4. ]

The following lemma is a particular case of the first part of Theorem 1.2, the proof of the general case is essentially
the same as for this lemma.

Lemma 3.3. Letk=1,2,4. For each R >0, as n — 0 and ¢ — 0, /LZ,[-|AZ(7], R)] and wr[-| Ak (e, R)] converge in
law, under the topology induced by metric (8), to the same probability distribution, denoted by [Li R.

Proof. By Theorem 1.1 and Lemma 3.1, for any fixed small ¢ > 0 and § > 0, we can couple M%HAZ (¢, R)] and
url-|Ax (g, R)] for all n small enough, such that with probability at least 1 — §,

dist(wZ,E’R, Wke,R) <6, (19)

where w,’z e.R> @ks,R re the configurations under these two laws.

By Proposition 2.1, there exists a constant @ > 0 such that for small ¢ > 105, we can couple M%[-IAZ (¢, R)] and
,u’}e [- |AZ (17, R)], such that with probability at least 1 — £%/2, there exists an identical k-circuit C = C(1, ) surrounding
the origin in A(e, i/¢) for both measures, and the configuration outside C is also identical, and furthermore Ug is
identical in the case k = 4. Observe that when the above event happens,

dist(o] , g> @, 8) <2V (20)

Let us now explain (20) separately in the three cases. Assume that the above event holds. If k = 1, any loop from
@} . g Or @ p is either inside or outside C, and the loop configuration outside C is identical for w} , p and @} p.
Then (20) holds obviously. If k£ = 2, the loops entirely outside C are identical for a)z . g and wZ nR" Furthermore, both
wZ g and a)Z n.R Dave a unique loop crossing the 2-circuit C which is composed of two curves, one outside C and
the other inside, and the outside one is identical for a)Z o g and a)Z nR From this one gets (20) easily. Suppose k =4,
the loops entirely outside C are identical for a)Z’ ¢.g and wzm’ - Furthermore, if Ug = 0, both a)Z’ e.g and wz‘n’ g have
a unique loop crossing the 4-circuit C which is composed of four curves, two outside C and the others inside, and the
outside ones are identical for . p and ], 3 if Uc = 1,both ], p and ] have exactly two loops crossing C,
with each loop composed of two curves, one outside C and the other inside, and the outside ones are identical for
a)Z . g and a)Z nR* Then one obtains (20).

Combining (19) and (20), for each § > 0, ¢ > 0, there exists no(§, €) > 0 such that for each n < ng, we can couple
wrl| Ak (e, R)] and whl-|A] (1, R)] such that with probability 1 — § — &%/2,

dist(wk,e,r, @y ) ) <8 +24/e. 1)

Lemma 3.2 says that there exist subsequential limits of M"R[~|AZ (n, R)] as n — 0, (21) implies the uniqueness of the
limit, and we denote it by uy r. (21) also implies that wg[-|.Ax (e, R)] converges in law to (kg as € — 0. O

The conformal invariance of CLE¢ is expressed in the following theorem, which will be used in the proof of
Theorem 1.2.

Theorem 3.4 ([7]). Let D, D’ be two Jo_rdan domains and let f : D — D’ be a continuous fﬂzction that maps D
conformally onto D'. Then the CLEg in D' is distributed like the image under f of the CLEg in D.

To prove Theorem 1.2, we also need the following lemma about conformal transformations, which is Corollary 3.25
in [24].
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Lemma 3.5 ([24]). Let D, D' be two Jordan domains. If f : D — D’ is a conformal transformation with z € D, then
forall0 <r < 1andall lw— z| <rdist(z, dD),

4|w z| dist(f (z), dD")

[fw)~ f@)] < —r)?2  dist(z, dD)

Proof of Theorem 1.2. The first part of Theorem 1.2 is a generalization of Lemma 3.3. Its proof is basically the
same as for Lemma 3.3, and we omit it. Now we show the second part. For any small ¢ > 0, by the definitions of f
and 7/, it is easy to see that f(ID(z; €)) is a Jordan domain, 7' € f(ID(z; ¢)) and f(D(z; ¢)) C D’. Further, Lemma 3.5
implies that the diameter of f(ID(z; €)) converges to zero as ¢ — 0. By the definitions of arm events and Theorem 3.4,
the image of 1 p[-|Ax (D \ D(z; €))] under f has the same law as up/[-|Ax (D’ \ f(D(z; €)))]. Then the first part of
Theorem 1.2 implies the second part of Theorem 1.2 immediately. ]

Proof of Theorem 1.3. By Proposition 2.2, given any bounded domain D, for each ¢ > 0, there exists a Ro(D, ¢) > 0,
such that for any R; > R; > Rp and any small enough 7, we can couple “%1 [-IAZ(n, R{)] and M"RZ[-IAZ (n, R2)] such

that with probability at least 1 — &, the cluster boundaries or portions of boundaries contained in D are identical.
Therefore, letting 7 — 0 and using Lemma 3.3, there is a coupling between ik, g, and jug, g, , such that with probability
at least 1 — & the loops or portions of loops contained in D are identical. Taking ¢ — 0 and R = R(g) — oo, we get
that I Wk, R converges in law to a probability measure. For D = D,, we denote the above limiting measure by u;c’ o

The above argument also implies that /L}( - on (2, B,), for r > 0, satisty the consistency u}( = iDrl ,u;( r conditions

for all 0 < r; < ra2. Then using Kolmogorov’s extension theorem (see, e.g., [9]) we conclude that there exists a unique

probability measure g on (€2, B) with /1,;C , = IAD,‘ g for all r > 0. For any domain D C D, the above discussion
implies that as R — oo, iDMk R— IAD,u;c L= = Ipu.
nj

By Lemma 3.2, we let {n;} be a convergent subsequence for y,k and let ,uk be the limit in distribution of ;" as

nj — 0. Now we show u; = . To achieve this, it is enough to prove that IJDJ, My = ID wuy for all r > 0, which is
achieved as follows.
By the definition of ,LLZ, for each & > 0, there exist ng > 0, Ry > 0, such that for all < ng and all R > Ry, we can

couple Ip, u; and IAD,,LL"R[~|AZ (1, R)] such that with probability at least 1 — &,
Distof o], ) =

where wZ’r, “’Z,r‘ g are the configurations under these two laws. Using Lemma 3.3 and the definition of ., , by taking

nj — 0, we can couple f]D), uj{ and iD, Wk, r such that with probability at least 1 — ¢,
Dist(w}. ., wk.rr) <&,
where w; ., oy, g are the configurations under these two laws. Taking R — oo and then & — 0, by the first part of

the proof of Theorem 1.3, we have fDr Wy, = IA]D)r k- |

4. Winding numbers

In this section we will prove our main results concerning the variance estimate and CLT for winding numbers of the
arms in the 2-arm case. We will use two-sided radial SLEg, which is introduced below. We assume that the reader is
familiar with the basic theory of SLE. (See, for instance, Lawler’s book [24].) For the basic results regarding two-sided
radial SLE, we refer to [10,25,26,28].

4.1. Winding for two-sided SLE

To introduce two-sided radial SLE, we need the notion of Green’s function for chordal SLE. Roughly speaking, the
Green’s function gives the normalized probability that the chordal SLE path goes through an interior point. Before
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stating the precise definition, we set up some notation. If D is a simply connected domain with z € D, we let Yp(z)
be twice the conformal radius of z in D; that is, if f :ID — D is a conformal transformation with f(0) = z, then
Yp(z) =2|f(0)|. Suppose 0 < k <8,a,b € dD,let y =yp 4, denote chordal SLE, path from a to b in D.Let Dy
denote the component of D \ y containing z. The Green’s function G p(z; a, b) for y is defined by

lim ¢/ P[Yp,, (z) <¢] = C«Gp(z:a,b),
—0

&

where d := 1 + «/8 is the Hausdorff dimension of SLE, path, C, := 2[[0” sin®/¥ xdx]7 L. See, e.g., [28] and Propo-

sition 2.2 in [26]. In fact, for the Euclidean distance, there also exists a constant C>0 (the value of Cis unknown)
such that

lim e’ "2 P[dist(z, y) < e] =CGp(z:a,b).
e—0

Furthermore, Lawler and Rezaei proved that the Green’s function satisfies the following proposition (Theorem 2.3 in
[26], see also Theorem 2.3 in [27]):

Proposition 4.1 ([26]). Suppose 0 < k < 8. There exist 0 < C,C,u<oo (depending on k) such that the following
holds. Suppose D is a simply connected domain, z € D,a,b, € 9D and y is a chordal SLE, path from a to b in D.
Then, for all 0 < ¢ < dist(z, D) /10,

. u
P[dist(z, y) <¢] &l <ef - e -
£§2-4Gp(z;a, b) dist(z, dD)

Assume 0 < k < 8 and 0 < & < 27. Roughly speaking, a two-sided radial SLE, path from 1 to ¢/® through 0 in
D can be thought of as a chordal SLE, path y from 1 to ¢/® in D, conditioned to pass through 0 (see Proposition 4.2
below). The curve can be defined by weighting y in the sense of the Girsanov theorem by Green’s function in the
slit domain at 0. More precisely, we parametrize y by the radial parametrization (i.e., g/(0) = ¢’), and let M; :=
Go\y[0,11(0; vy (1), '), which is a local martingale. Then using Girsanov’s theorem, we can define a new probability
measure P* which corresponds to paths “weighted locally by M,”. That is,

P*[V1=M; 'E(M,1y] forVeF,

where E denotes expectation with respect to P, F; denotes the o-algebra generated by {Wx, 0<s<t},and Wisa
standard Brownian motion and is the driving function of y.

Explicitly, if y denotes the two-sided radial SLE, path from 1 to ¢!* through 0 in I stopped when it reaches 0, D;
denotes the connected component of D \ y (0, ¢] containing the origin, and g; (two-sided radial SLE,): D; — D is the
conformal transformation with g;(0) = 0, g/(0) = €', then g, can be obtained from solving the initial value problem

e’ + ()
081(2) = 81(2) —p————. (22)
et —g1(2)
®l‘ ®t
d®; =2cot > dt + k dW;, Oy =a, —dU; = cot > dt + k dW;, (23)
where W is a standard Brownian motion with respect to P*. Further, if we write g; (¢!®) = ¢'"", then
@,:Vt —Ut. (24)

Note that we write the equation slightly differently than in [10,25], where the authors added a parameter a = 2/« that
gives a linear time change, and wrote 2U, in the exponent in (22).

Given r > 0 and a curve y, let 7, = 7, (y) be the first hitting time with 9D, of y. The following proposition is the
analog of Proposition 2.13 in [28], replacing conformal radius with Euclidean distance. The justification for calling
two-sided radial SLE “chordal SLE conditioned to go through an interior point” comes from this proposition.
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Proposition 4.2. Let 0 <k <8 and 0 <« < 2mw. There exist 0 < u, C < 0o (depending on k) such that the following
is true. Suppose y is a chordal SLE, path from 1 to ¢'®. Suppose 0 < & <1/10,0 < &’ < ¢/10. Let i/, u* be the two
probability measures on {y (t) : 0 <t < 1.} corresponding to chordal SLE, conditioned on the event {t, < oo} and
two-sided radial SLE, through 0, respectively. Then ', u* are mutually absolutely continuous with respect to each
other and the Radon—Nikodym derivative satisfies

/ u
—-1]=<C <S—> .

&
Proof. Let P[-] denote the law of the entire y and let P.[-] denote the law of {y (¢) : 0 <t < t.} restricted to the event
{te < 0o}. From the definitions of u’, u*, we know that

du*
du

M P[dist(0, y) < €’|y]O0,
Te dP,, d,u': [dist( : y) <¢&'ly[0, ]l dPp..
My P[dist(0, y) <¢']

*

du

So u’ and u* are mutually absolutely continuous. Denote by E the expectation with respect to P, by F; the o -algebra
generated by y[0, 7¢], by T the time that y reaches e'“, by Pp\,[0,z,] the law of y[z,, T]. Using Proposition 4.1, we
have that for each V € F;,

w (V) =My E[M,1y]
= Gp(0; 1,6’"“) E[Gp\y0.7,1(0; ¥ (1e). €)1y ]
= Gp(0; 1,e"“) "E[E[Gpry10.51(0; v (7e), €)1 Fe 1y ]
= ()¢ (14 0((¢)")) P[dist0. ) <]
x E[E[(¢)" ¢ (14 0((¢'/2)")) Poryto.[dist(0, [z, T1) < & 11 Fe]1v]
= (14 0((e/2)") PLaist0.y) = ] E[E[ Poyy 0.0 [dist(0. 172, T) = ]I 711 ]
= (1+0((e//e)" D (V).
Then the result follows from the above inequality. O

The following lemma for two-sided radial SLE is an analog of Theorem 7.2 for radial SLE in [31].

Lemma 4.3. Let 0 < k < 8. Suppose y is a two-sided radial SLE, path from 1 to —1 through 0 in D stopped when
it reaches 0. Let T > 0, and 6,,(T) be the winding number of the path y [0, T] around 0. Then there exist constants
Co, C1 > 0 depending only on k, such that for all s > 0,

P*[|T+log|y(T)|| >s] < Coexp(—C1s), (25)

|

Proof. Schwarz Lemma and the Koebe 1/4 Theorem give

and

0, (T) + gWT

> s:| < Coexp(—Cis). (26)

dist(0, [0, T1) < e~ =1/g,(0) < 4dist(0, [0, T]) <

27)
which implies

10g‘y(T)’ > —T +log4. (28)
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By Theorem 3 in [25], there exist Ca(x), C3(k) > 0 such that for all k,n € N,

P*[y[t,-n-k,00) N 0D, # @] < Crexp(—C3n). (29)
(27) and (29) imply that there exist C4, Cs > 0, such that

P*[T +1log|y(T)| > 5] < P*[ylr,-1,00) NOD,-1+s # ] < C4exp(—Css).

Combining this with (28), we get (25).
The proof of (26) is similar to that of (7.3) in [31], we just sketch it here. For 7 € [0, T'], let y(¢) := arg[g; (y (T))],
where arg is chosen to be continuous in ¢. Using the argument in the proof of (7.3) in [31], one can show that

0 (T) =Ur — Up + y(0) — y(T). (30)
By (23), we have
R
_Ut_7+TWt' (€1))

From (24), we have 0 < ®; < 2x for all # > 0. Then, by (30) and (31), proving (26) boils down to prove the appropriate
bound on the tail of |y(0) — y(T')|. Let 71 be the largest ¢ € [0, T'] such that log|g;(y(T))| < —1, and set 71 =0 if
such a ¢ does not exist. Analogous to the proof of (7.7) in [31], it can be shown that |y(0) — y(71)| < co. Now let
us bound |y(t1) — y(T)|. Set tp = T, and inductively, let ¢; be the last ¢ € [0, ;1] such that 7 /2 = min{|/xU; —
\/EUIJ;1 —2mn|:n € Z}, and set t; = 0 if no such ¢ exists. Analogous to the proof of (7.8) in [31], one can show that
foreverya >0andn e N,

P*[|y(e) = y(D)| = 2xn] < P*[T — 1y = al + P*[1, = T —al.

Using (25), (31) and the argument at the end of the proof of Theorem 7.2 in [31], choosing a to be n times a very
small constant, one can bound the two summands on right hand side appropriately. ]

Remark. Theorem 3 in [25] is a result only for two-sided radial SLE, from 1 to —1 through 0. Adapting the proof of
this result, one can get the analog for general two-sided radial SLE, from 1 to ¢!* through 0 in D, where 0 < o < 271.
Using this, following the proof of Lemma 4.3, one can obtain the analog of Lemma 4.3 for general two-sided radial
SLE, . For the general case, it is expected that the corresponding Cy and Cy depend only on «, not on «. Combining
Theorem 1.3 in [10] and our proof of Lemma 4.3, one can show this for 0 < x <4.

The following result gives exact second moment estimate for the winding number of the two-sided radial SLE,

which will be used to give estimate for the winding number variance of the arms crossing a long annulus in the 2-arm
case.

Lemma 4.4. Let E* denote the expectation with respect to P*. y and 6, are as defined in Lemma 4.3. We have
% 2 K 1
E [Qk(tg) ]: Z+0(1) log| — as e — 0.
e
Proof. Schwarz Lemma and the Koebe 1/4 Theorem give

ge<e ™ =1/g, (0) <4e. (32)

Using this, similarly to the proof of (26), one can show that there exist constants Co, C1 > 0 depending only on «,
such that for all s > 0,

P

Combining (32) and (33), one obtains Lemma 4.4 easily. U

K
O (Te) + % Wrg

> s:| < Coexp(—Cys). (33)
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4.2. Convergence of discrete exploration to SLEg

Assume 0 < r < 1. Similarly to the definition of Al defined above Proposition 2.6, for chordal SLEg path yp 1,—1 we
define event

Ay = {yp,1,-1 NID, # 7).

The following lemma is a corollary of the well-known result that the percolation exploration path converges in the
scaling limit to the chordal SLE¢ path (see, e.g., Theorem 5 in [6]). The proof is standard and easy.

Lemmad.5. LetO<r' <r < 1. yﬂg 1110, 1] conditioned on .AZ, converges in distribution to stopped chordal SLEg
path yp 1.—110, .1 conditioned on A, with respect to the uniform metric (7) as n — 0.

Proof. Let P7 and P denote the laws of )/D'g 1 —; and yp,1,—1, respectively. We claim that for each 0 < r < 1, there
exists a constant C > 0 (depending on r), such that

111% P"[ Al = P[A:]> C. (34)

n—

Moreover, in any coupling of {P"} and P on (€2, F) in which d(y]ﬁ’)’l’_l, vp.1,—1) = 0 a.s. as n — 0, we have
Pl{yh, _ e Al}Am1—1 €A} >0 asn— 0, (35)

where P[-] denotes the coupling measure. The proof of the claim is analogous to that of Lemma 3.1: By Theorem 5
in [6], we can couple {P"} and P on (2, F) such that d(yﬂg [ —1»¥D,1,—1) = 0 a.s. as n — 0. Now let us show (35).
For each small ¢ > 0 and 5 < ¢,

Pl{ypa—1 € A\ {yp, _ € AT}
< Pld(vp, 1 va—1) =]+ Plyg, -, NoD, £,y | _, NID! =2].

The event in the second term implies a half-plane 3-arm event from the 2¢-neighborhood of dDD, to a distance of unit
order, whose probability goes to zero as ¢ — 0. Then we get that P[{yD -1 € ANAyp1.—1 €A}l — 0asn— 0.
The other direction is easy to prove and the details are omitted. Then we get (35). RSW, FKG and (35) imply (34)
immediately.

Let 0 <+’ <r < 1. Conditioned on .Af, and A,/, let y," [0, 1T and y, [0, 1] be the respective reparametrized curve of
yﬂg’l’fl[o, 7] and yp,1. 1[0, 7,]. Notice that {y,"} satisfies the conditions in [1] and thus has a scaling limit in terms

of continuous curves along subsequence of 7. We claim that for every subsequence limit 7.[0, 1], 7.[0, 1) c D\ D,
almost surely. Then the fact that y,” converges in distribution to y; easily follows from our two claims and Theorem 5
in [6]. It remains to show this claim. Assume that this is not the case for the limit 7, along some subsequence {7 }xeN.
Then with positive probability y10,1) & D\ D,. Suppose this happens. We can find coupled versions of y,* and ¥
on (2, B) such that d(y,’, 7,) — 0 a.s. as k — oo. Using this coupling, for each small & > 0 and n; < £/10, we have
a half-plane 3-arm event produced by "% from the e-neighborhood of (1) to a distance of unit order. As n; — 0,
we can let ¢ — 0, in which case the probability of the seeing this event goes to zero, leading to a contradiction. ([

In order to derive winding number estimates for the arms from the corresponding result for two-sided radial SLEg,
we need the following lemma.

Lemma 4.6. Suppose 0 <& < 1/10. Let y" and y denote yﬂg | _ conditioned on A" and two-sided radial SLE¢ path

from 1 to —1 through 0 in D, respectively. Then y"[0, ©,'] converges in distribution to y [0, T.] with respect to the
uniform metric (7), as n — 0.
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Proof. For 0 < ¢’ <1, let y,s denote yp,1,—1 conditioned on A, and let y, denote y] | _, conditioned on A”,. By
Proposition 2.6, for all n < ¢’/10 < £/100, we can couple " and yg",, such that with probability at lest 1 — (&' /¢)?,

d(y"[0, 1], vo[0, 1]) =0. (36)

By Lemma 4.5, for each 0 < § < 1, there exists 19(8, &), such that for each n < np and 0 < ¢’ <& < 1/10, there is a
coupling of ygn, and y,/, such that with probability at least 1 — §,

d(y,[0, 7], yerl0, 1) < 6. o

By Proposition 4.2, for each 0 < § < 1, there exists 86(5 , &), such that for each 0 < ¢’ < 86 there is a coupling of y,/
and y, such that with probability at least 1 — 8,

d(ye[0, 71, 7 [0, 1) < 6. (38)

Combining (36), (37) and (38) gives the desired result. O
4.3. Moment bounds on the winding of discrete exploration

Define R"(r, R) :={z € nT : |arg(z)| < w/10} N A(r, R). We say a path y C R"/(r, R) is a crossing of R"(r, R)
if the endpoints of y lie adjacent (Euclidean distance smaller than ») to the rays of argument +{; respectively. By
Lemma 2.1 in [41], we obtain the following lemma, which implies that it is very unlikely that there is an arm with
large winding in an annulus.

Lemma 4.7 ([41]). There exist constants C1, Cp, Ko > 0, such that for all K > Ko and n <r <R,

P[EI |_K log(R/r)J disjoint blue crossings of R"(r, R)] <C exp[—CzK log(R/r)].

The following three lemmas give moment bounds for the winding numbers of percolation exploration path. Let us
define some notation before stating the results.

Suppose r < R. For a curve y hitting with 8]1))2 before hitting with dD;!, denote by T;\,]’ . the last hitting time with

dD’% of y before time 7.

Recall the definition of P[] which is defined after the definition of good faces. Denote by E the expectation
with respect to Pg[-]. Let ® be the good faces around 8]1)% under Pg[-]. Denote by yz the percolation exploration
path connecting the endpoints of ® stopped when it reaches 1 Hy.

Unless specified otherwise, in the rest of this paper, we denote by E = E the expectation with respect to P[-|.A7],
and by y = y the percolation exploration path yﬂgg 1.1 conditioned on A", For simplicity, we will omit the superscript

nof y", 7/ and Tlg ~ When it is clear that we are talking about the the discrete percolation model.

Lemmad4.8. Letn <r < R < 1. We have

|EO(y10. 7)) <7, |EO(y[Trr .t ])| <7 |EO(vItr.w])| <27 and Ex0(yp)=0.

Proof. First let us show the first inequality. Conditioned on A", consider the time-reversal of yﬂ,l,—l stopped when
it reaches 1 Hy, denoted by . By the symmetry of the lattice, it is easy to see that E0(y [0, t.]) = —EO(y’[0, 7.]).
It is obvious that |0(y [0, 7.]) — 0(¥'[0, 7,]1)| < 27. These two observations immediately imply |EO (v [0, t,])| < =.
Similarly one can show the second inequality. Using the first inequality, we get the third one:

|EO(ylzr, w1)| < [EO (10, 1) — EO(yI0, tr])| < 27.

Now let us show E36(yz) = 0. For any fixed good faces ® around dD",, denote by ®’ the mirror image of ® with
opposite colors with respect to the imaginary axis. It is obvious that ® # @', P5[@] = P;[0©'] and E}[0(y)|0O] =
—ER[0(yp)|0']. Then E}6(y) = 0 follows immediately. O
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Lemma 4.9. There exist constants Cy, Ca, C3 > 0, such that foralln <r < R/2<1/2,

E|0(y[Tr,r t1)| < v/Cilog(R/r), (39)

E[0(y[Tr.r» 71)7] < Cilog(R/r), (40)
E[0(y[Tr., 71)"] < Ca[log(R/M]", (41)
E[6(y[tr, Tr r]) ]=<Cs. (42)

Proof. First let us show (40). In [41], conditioned on .Ag (n, 1), we showed that the winding number variance of the
arm connecting the two boundary pieces of A7(#n, 1) is O(log(1/n)) (Theorem 1.1 in [41]) by a martingale method.
Conditioned on A", one can use the same method to show that Var(6,) is again O (log(1/n)). Furthermore, with a
little modification for our setting, one can also use this method to show that there exists a constant Cy > 0, such that
forallpn <r <R/2<1/2,

Var|6 (y[Tr,r» 1)| < Colog(R/r). 43)
We left the details to the reader. Lemma 4.8 says that
|EO(y[TR,, 7])| <. (44)

Then (43) and (44) imply (40). (40) and Cauchy—Schwarz inequality imply (39) immediately.
We show (41) now. We claim that there exist Cy4, Cs, C¢ > 0, such that for all n <r < R/2 <1/2 and x >
C4log(R/r),

P[|6(y[Tr.r. 71)| = x| A"] < Cs exp(—Cex).

Then (41) follows from the claim immediately. The claim is proved as follows. Choosing C4 large enough, we have

C7P[3|x/2m] — 2 disjoint blue crossings of R"(r, R)]
P[Ay(r, R)]
by quasi-multiplicativity and (12)
< Csexp(—Cex) by Lemma 4.7 and (11).

P[l6 ([ Tk 7 1)l = x| A"] <

Now let us show (42). Set N =max{[log,(1/R)7, [log,(R/7)1}. For0 < j < N +1, let R; := min{l, 2/ R}, rj=
max{r, (1/2)/ R}. For 0 < j < N, define event

Bj = {)/['L’R, Tr, 1N (B]D))}?j U BDQJ,) # 3, y[tr, Tr,]1 C A”(rj+1, Rj+1)}.
There exist Cg, Co, C1p > 0, such that forall B;,0< j <N,
P[B;|A"]

- Cg P[3 bichromatic 3-arm crossing A"(R, R;) or A" (rj, R), .Ag(rj, Rj)]
- PIA)(rj, R)]

by quasi-multiplicativity and (12)
< Cygexp(—CipJj) by BK inequality and (11). 45)

Moreover, using quasi-multiplicativity and a gluing argument with FKG, RSW and Theorem 11 in [29], it is easy
to show that there exist Cq1, C12 > 0 such that

P[B;, A"] = C1y exp(=Ci2 j) P[AY(R;41, D]P[AL(n, rjsn)]. (46)
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We leave the details to the reader. For simplicity, we let P[Ag (x,x)] =1 for any x > 0 in the above inequality and in
the rest of the paper.
Hence, we can choose C13, C14, C15 > O such thatforall 0 < j < N and x > C13(j + 1),

P[|6(y[tr. Tr.1)| = x|.A", B;]
P[EILx/(Zn)J — 2 disjoint blue crossings of R"(rj 11, Rj+1)]

Ciiexp(—=Ci2j)
< Craexp(—Cis5x) by Lemma 4.7. 47)

by (46)

Choosing C3 large enough, (42) follows easily from (45) and (47):

N
E[6(yltr. Tr.))’] Z [B;1AME[6(vlzr. Tr.1)*1B)]

N
Z Cisexp(—Ci0/)(j + 1)* < Cs.

The following lemma can be considered as a generalization of Lemma 4.8.

Lemma 4.10. There exists a constant C > 0, such that for all n <r < R/2, any given faces © around 3D, and the
percolation exploration path y connecting the endpoints of ® stopped when it reaches nHy conditioned on A"@) (n, R),
we have

|Ee[6(y10,%1)]| < C,
where Eg is the expectation with respect to P[- |An® (n, R)].

Proof. For simplicity, we just show that |[Eg[6(y)]| < C, the proof of |Eg[6(y[0, 7,])]| < C is essentially the same.
By Proposition 2.5, there exist Cp, C1 > 0, such that for all 10n < R/2, any fixed faces ® around 8]1))'17e and N :=
[log,(R/n)], there is a coupling of P[- I.A" (n, R)] and { (1/2),R[ I}1<j<n,sothatforall 1 < j < N, with probability
at least 1 — exp(—Co ), the following event B; occurs: There exists 1 < j* < j such that there exist good faces ® ;«

around BID)(I/D/ R under P[- |.A (n, R)], and the configuration constraint in @1* under P[- |A’7 (n, R)] is the same as

the configuration under P* (/2" R

exp(—C1(j + 1)) the event BjBJ_H occurs.

[-]. Furthermore, under this coupling for all 1 < j < N — 1, with probability at least

Denote by P the coupling law, and by E the expectation with respect to P. By Proposition 2.5 and Lemma 4.8, we
have

|Eo[6W)]| = |E[15,00)] + E[I5,6 )] + =05 EIs:5,,,6 ]|
< E[6(v10. trp2])| + exp(=CoN) E[|0()|1B5]
+ 20 exp(=Co DI E[6(10, 71 2y+1£))1BBj11]].
Then |Eg[0(y)]] < C easily follows from the following claim: There exists C3 > 0, such thatforall 1 < j <N — 1,
E[|6(v10. 7 oy ) |1B5Bj1] < Caj. (48)
Furthermore, there exist C3, C4 > 0 such that

E|0(y[0,trp2l)| < C3 and  E|6(y)|By| < C4N. (49)
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Let us show (48) now. By the coupling, there is a constant C; > O such thatforall 1 < j <N — 1,
P[B5Bj11] = exp(—Ci(j + D). (50)

Without loss of generality, for the faces I'y and I'; of ® = (I'y, I'2) (recall that we always assume that I'; is blue
and I'y is yellow), we assume that |6(I"1)| < |6(I"2)| (we think of the face as a continuous curve by connecting the
neighbor sites with line segments). By a gluing construction with RSW and FKG, it is easy to show that

P[AL(R/2,R)] < P[I'y gaD’,g/z], (51)

where T’} & 9D, denotes that there exists a blue path connecting I'; and D)) in the interior of ® for r < R. Then we
know that there exist Cs, Cg, C7 > O such thatforall 1 < j <N — 1,

PLAL((1/2/ R, R)]
> CsP[A5((1/2)’ R, R/2)]P[AL(R/2,R)] by quasi-multiplicativity

. ©
> Coexp(—C7j)P[T'1 < 8ID>"R/2] by (51) and (11). (52)

Conditioned on AZ)((I /2)'R, R), we let y ; be the b-path starting at an endpoint of ® and ending when it reaches

8]]])7(71 /)i R with yellow hexagons on its left. We can choose Cg large enough, such that the following inequalities hold:

f’[|9(y[0, T(]/z)j+1R])| > C8j|B;Bj+1]
<exp(C1(j + D) P[|0(y10, 71 0)i+18])| = Csjl AL (n, R)] by (50)
< Coexp(C1 /) P[|0(yj41)| = Cyjl AL ((1/2)/T R, R)] by quasi-multiplicativity

PO (yj+D| = Csj, A ((1/2)/ 'R, R
< Croexp(Cyy jy TIOWiDI 2 Ca) Ao (/27T R, B))

= by (52).
S}
P[T1 < D% ]

Observe that if |0 (y;+1)]| is very large, then y; 1 will produce many crossings in the “rectangle” R"((1/2)/T'R,2R),
or yj 41 will cross A7(R,2R) many times and produce many crossings in a longer “rectangle” (it is obvious that if

Cla ]D)Z & this would not happen). This observation and the above inequality lead to

P16(y10, 71 j2i+18))| = Cj1B5Bjs1]

3| Csj/4m | — 2 disjoint yellow arms crossing
P

=—— .
P[T; gaDrI]Q/Z] A"(R,2R)in ©®, T <—>8D?1/2)j+]R

_ C]OCX.p(CIIJ)

3| Cgj/4m | — 2 disjoint yellow crossings of
+ P ' N 5
R'((1/2)*'R.2R) in ©. Ty < 0D/, 1 11,
= Croexp(Cr1j)(exp(—=Ci2j) +exp(—Ci3j)) by BK inequality, (11) and Lemma 4.7

< Cisexp(—Cisj).

Then (48) follows immediately. The proof of (49) is similar to that of (48), the details are left to the reader. U
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4.4. Decorrelation of winding

To simplify notation, we write T; := T, ,j+1 and 7; := T, in the following. The two lemmas below say that Var[6,] is
well-approximated by the sum of the second moment of the winding numbers of the paths in annuli on dyadic scales.

Lemma 4.11. There exists a constant C > 0, such that for all 10n < & < 1/2, under the conditional law P[-|A"], we
have

[log, 1]
Varlo,1 = Y E[0(y(T}.7j41)"]

j=0

< Cllog(1/6)] " log(1/n).

Proof. Lemma 4.8 says that [E6,| < 7. Therefore, in order to prove Lemma 4.11, it is enough to prove that there
exists a constant Cy > 0, such that for all 10n <¢ < 1/2,

Llog, 1]

E[6;]= 30 E[0(T; 1)

j=0

< 1 [log(1/6)] " log(1/m). (53)

It is clear that

[log, 7]

Oy = Z 0(vltj, tj41l)-

j=0
So, to show (53), it suffices to prove that there are C, C3 > 0, such that for all 10n <& < 1/2,
llog, 7]

S EB (I, 101)*] - E[0(IT), 75411)7]| < Callog(1/e)] " log(1/m) (54)
j=0

and

Y E[0(viry. tin)0(y I Tesr])]| < Calog, n. (55)
0<j<k=<[log, n]

Let us first show (54). By (40), (42) and Cauchy—Schwarz inequality, there exist C4, C5 > 0, such that
E|6(ylt;. Tj+1])2 —0(r11y, Tj+1])2}
= E26(y[t), T)O (v [T}, js1)) + 6 (v It Tj1)’|
1 1
<2{E[0(ylz;, T 1 {E[O(/IT). j50) ']} + E[0 (vl Tj1)]

< C4[10g(1/8)]% + Cs.

Then we get (54).
Now let us show (55). For this, it is enough to show that there are Cg, C7 > 0, such that for any 0 < j < [log, 1],
|E[6(y[j. Tj+1])0 (vITj+1. T])]| < Ce, (56)
|E[6(r[0,7,1)0(y (7). Tj41])]| < C7. (57)

We first show (56). Note that y[0, 7;] and the b-path y'[0, 7;] from (—1), to 3DZ/’ induce faces ®; around B]D)Zj.
Denote by Eg i the expectation with respect to P[-IAZ)j (n, eN)]. By Lemma 4.8 and Lemma 4.10, choosing Cg, Cg
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appropriately, we have
|E[0(yLtj, 1j+11)0 (v [Tjt1, T]) ]|

= Z +1|An |E®J+l [Q(V[Tj’Tj+1])]|‘E®j+l[0(y[Tj+1’TU])]|

J+1
<Gs|E[0(yIrj. Tj+11)]| < Ce.
Now let us show (57), which proof is similar to that of (56). By Lemma 4.8 and Lemma 4.10 again, we have
[E[6(r10. 7,10 (r1z. 1j1))]| < 3 P[©j1A"]| Ee, [6(v10. 7;))]|| Ee, [0 (rIz;. Tj41])]]
9

= Go|E[6(v10.7j))]| = €7, O

Denote by E; the expectation with respect to the conditional law P[-|.A” (e/)]. Conditioned on A" (g/), denote by

y; the percolation exploration path yﬂg - stopped when it reaches 8}]));7_,- "

Lemma 4.12. There exist C > 0 and 0 < g9 < 1/2, such that for all 10n < & < &g, we have

[log, 7] 5 [log, 7] .
S EOWIT i) - Y. Ej[o(n?]| < Cllog(1/e)] 7 log(1/n).
j=0 j=0

Proof. Let 8 be the constant in Proposition 2.4. By Proposition 2.4, we can couple P[-|.A"] and P[-]A"(g/)] such
that with probability at least 1 — ¢#/3 there exist identical good faces ® C A" (g/*1/3, ¢7) for both measures, and the
configuration in @ is also identical. Let us denote by P the coupling law, by E the expectation with respect to P, and
by B the above event. We write

E|6(yIT;, Tj+1])2 —0(y))’|

= E[Ipc |0 (v T}, 17411)" = 0p?|] + E[I|0 (¢ [T}, 1j511) = 0)?]].

Let us estimate the two terms in the r.h.s. of above equality separately. For the first term, with Cauchy—Schwarz
inequality and (41), we get

0(yIT;, tjm11)" — 0]
< BB E[0 1Ty, 711)° — 02 P]) < Cref [log(1/e) ]

Now let us bound the second term. For each x > 0, define event

S, := {3|x/27 | — 4 disjoint blue crossings of R"(e/1/3, &/)}.

There exist C5, C3, C4, Cs > 0 such that for all 105 <& < 1/2 and all x > Ca[log(1/e)]2~7,

P[B,

O(y[T). Tj1l) = 0(r)| = x]

< P[S|A"] + P[S:|A"(s7)]
C3P[S,]

T PLAJ(eIH )]

< Cgexp(—Csx) by (11)and Lemma4.7.

by quasi-multiplicativity and (12)
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Combining (40), Cauchy—Schwarz inequality and above inequality, we have
E[15]0 (1T}, 7j41)" = 67)’]

< (£ (AT5. zy01) + 00 T E LBl (1T 71000) — 0 )

< Cs[log(1/6)]' 7.
This, together with the upper bound for the first term completes the proof immediately. ([
4.5. Proofs of Theorem 1.5 and Corollary 1.6
We now conclude the proof of our main result concerning winding numbers.

Proof of Theorem 1.5. By Lemma4.11 and Lemma 4.12, to establish (4), it is enough to show that foreach0 < § < 1,
there exists 0 < g9(8) < 1 such that for each given 0 < ¢ < g9, there exists no(e) > 0, such that for all n < no,

[log, n]

3
S log, nJlog(1/e) = Y E;[6(r)’]| < 8liog, nlog(1/e). (58)
j=0

By (40), there exists a constant C > 0, such thatforall n <& <1/2and 0 < j < [log, n],
E;[0(yj)*] < Clog(1/e). (59)

Combining (59) and Lemma 4.6, we have that for any fixed 0 < ¢ < 1/2, for any j such that |log, n| — j — 400 as
n—0,

Ej[0()*] — E*[0(y10,7.1)°] asn— 0, (60)

where y is the two-sided radial SLE¢ path from 1 to —1 through 0 in D. By the convergence of the Cesaro mean and
(60), we have

. Zﬁli%m Ejl0(yp)’1 | 2
T O

Combining this and Lemma 4.4 gives (58).
Using the approach in the 2-arm case in [41] with a little modification, one can show that under P[-|.A"],

by
—-4N@©O,1) asn—0.
Nard, aN(Q.1) asn
Then (5) follows from this and (4). O

Proof of Corollary 1.6. Let 9~,,,1 and ON,]YU denote GN,, under P[~|.Ag] and vg , respectively. First we prove the corollary
for 5,7’1. By Lemma 3.4 in [41] and Lemma 4.8, we know IE@MI <2m and |E6,| < 7, where E’ is the expectation
with respect to P[-|Ag]. Combining this, Theorem 1.1 in [41] and Theorem 1.5, to show the corollary for 9~,7,1, it is
enough to show that there exists a constant C > 0, such that for all small n,

|E[62) - £'[62,]] = Cliogc1/m]". (61)

The proof of (61) is analogous to that of Lemma 4.12, we just sketch it here: By Proposition 2.4, one can couple
P[-]A"] and P[-|Ag] such that with probability at least 1 — nﬂ/ 3 there exist identical good faces ® C A”(nl/ 31) for
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both measures, and the configuration in © is also identical. Denote by P the coupling law, by E the expectation with
respect to P, and by B the above event. Then one can show that there exist C1, C2 > 0 such that

El15:|02 - 82, [] < Cin’ [tog(1/m .

~loy

E[1g]07 — 07 ,]] < Ca[log1/m)]7,
which imply (61) immediately. N ~ 5
Now let us show the corollary for 6, ,,, which proof is similar to that for ¢, 1. It is easy to show that |E,0, ,| <2,
where E, is the expectation with respect to 1)127 . Combining this, | E6;| < 7, Corollary 1.5 in [41] and Theorem 1.5, to
show the corollary for én,v, it is enough to show that there exists a constant C3 > 0, such that for all small n,

6
7

|E[67] - Eu[6;,]] < C3[log(1/m)] 62

Forn > 1, let 5,7,” denote 5,, under P[-|Ag (n,n)]. Similar to the proof of (61), one can show that there is a C3 > 0
such that for all » > 1 and all small »,

<oy

|E[07] - Ea[67,,]] < C3[log(1/m)]",

where Ej is the expectation with respect to P/ IAg (n, n)]. Then one obtains (62) from the above inequality by taking
n— oo. (]

Acknowledgement

The author thanks Geoffrey Grimmett for his invitation to visit the Statistical Laboratory in Cambridge University,
where part of this work was completed. He also thanks the anonymous referees for helpful comments. The author was
supported by the National Natural Science Foundation of China (No. 11601505) and the Key Laboratory of Random
Complex Structures and Data Science, CAS (No. 2008DP173182).

References

[1] M. Aizenman and A. Burchard. Holder regularity and dimension bounds for random curves. Duke Math. J. 99 (1999) 419-453. MR1712629
[2] M. Aizenman, A. Burchard, C. M. Newman and D. B. Wilson. Scaling limits for minimal and random spanning trees in two dimensions.
Random Structures Algorithms 15 (1999) 319-367. MR1716768
[3] O. Angel, J. Goodman and M. Merle. Scaling limit of the invasion percolation cluster on a regular tree. Ann. Probab. 41 (2013) 229-261.
MR3059198
[4] V. Beffara and P. Nolin. On monochromatic arm exponents for 2D critical percolation. Ann. Probab. 39 (2011) 1286-1304. MR2857240
[5] F. Camia and C. M. Newman. Critical percolation: The full scaling limit. Comm. Math. Phys. 268 (2006) 1-38. MR2249794
[6] F. Camia and C. M. Newman. Critical percolation exploration path and SLE6: A proof of convergence. Probab. Theory Related Fields 139
(2007) 473-519. MR2322705
[7] F.Camiaand C. M. Newman. SLEg and CLE¢ from critical percolation. In Probability, Geometry and Integrable Systems 103—130. M. Pinsky
and B. Birnir (Eds) MSRI Publications 55. Cambridge University Press, New York, 2008. MR2407594
[8] M. Damron and A. Sapozhnikov. Outlets of 2D invasion percolation and multiple-armed incipient infinite clusters. Probab. Theory Related
Fields 150 (2011) 257-294. MR2800910
[9]1 R. Durrett. Probability: Theory and Examples, 3rd edition. Belmont CA: Duxbury Advanced Series, 2004. MR1609153
[10] L.S. Field and G. F. Lawler. Escape probability and transience for SLE. Electron. J. Probab. 20 (10) (2015). 14 pp. MR3317152
[11] R.Fitzner and R. van der Hofstad. Mean-field behavior for nearest-neighbor percolation in d > 10. Electron. J. Probab. 22 (43) (2017). 65 pp.
MR3646069
[12] C. Garban, G. Pete and O. Schramm. Pivotal, cluster and interface measures for critical planar percolation. J. Amer. Math. Soc. 26 (2013)
939-1024. MR3073882
[13] G. Grimmett. Percolation, 2nd edition. Springer, Berlin, 1999. MR1707339
[14] G. Grimmett and H. Kesten. Percolation since saint-flour. In Percolation at Saint-Flour. Springer, Heidelberg, 2012. MR3014795
[15] A. Hammond, G. Pete and O. Schramm. Local time on the exceptional set of dynamical percolation and the incipient infinite cluster. Ann.
Probab. 43 (2015) 2949-3005. MR3433575


http://www.ams.org/mathscinet-getitem?mr=1712629
http://www.ams.org/mathscinet-getitem?mr=1716768
http://www.ams.org/mathscinet-getitem?mr=3059198
http://www.ams.org/mathscinet-getitem?mr=2857240
http://www.ams.org/mathscinet-getitem?mr=2249794
http://www.ams.org/mathscinet-getitem?mr=2322705
http://www.ams.org/mathscinet-getitem?mr=2407594
http://www.ams.org/mathscinet-getitem?mr=2800910
http://www.ams.org/mathscinet-getitem?mr=1609153
http://www.ams.org/mathscinet-getitem?mr=3317152
http://www.ams.org/mathscinet-getitem?mr=3646069
http://www.ams.org/mathscinet-getitem?mr=3073882
http://www.ams.org/mathscinet-getitem?mr=1707339
http://www.ams.org/mathscinet-getitem?mr=3014795
http://www.ams.org/mathscinet-getitem?mr=3433575

1876

[16]
[17]

[18]
[19]
[20]

[21]
[22]
[23]

[24]
[25]
[26]
[27]
[28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]
[36]
[37]
[38]

[39]
[40]

[41]

C.-L. Yao

T. Hara and G. Slade. The scaling limit of the incipient infinite cluster in high-dimensional percolation. II. Integrated super-Brownian excur-
sion. J. Math. Phys. 41 (3) (2000) 1244-1293. MR1757958

M. Heydenreich, R. van der Hofstad, T. Hulshof and G. Miermont Backbone scaling limit of the high-dimensional IIC: extended version.
Preprint, Available at, 2017. Available at arXiv:1706.02941.

A. A. Jarai. Incipient infinite percolation clusters in 2D. Ann. Probab. 31 (2003) 444-485. MR1959799

A. A. Jarai. Invasion percolation and the incipient infinite cluster in 2D. Comm. Math. Phys. 236 (2003) 311-334. MR1981994

A. Kemppainen and W. Werner. The nested simple conformal loop ensembles in the Riemann sphere. Probab. Theory Related Fields 165
(2016) 835-866. MR3520020

R. Kenyon. Long-range properties of spanning trees. J. Math. Phys. 41 (2000) 1338-1363. MR1757962

H. Kesten. The incipient infinite cluster in two-dimesional percolation. Probab. Theory Related Fields 73 (1986) 369-394. MR0859839

H. Kesten. Subdiffusive behavior of random walk on a random cluster. Ann. Inst. Henri Poincaré B, Probab. Stat. 22 (1986) 425-487.
MRO871905

G. F. Lawler. Conformally Invariant Processes in the Plane. Amer. Math. Soc., Providence, 2005. MR2129588

G. F. Lawler. Continuity of radial and two-sided radial SLE at the terminal point. Contemp. Math. 590 (2013) 101-124. MR3087930

G. F. Lawler and M. Rezaei. Basic properties of the natural parametrization for the Schramm-Loewner evolution. Preprint, Available at, 2012.
Available at arXiv:1203.3259. MR2861136

G. F. Lawler and M. Rezaei. Minkowski content and natural parametrization for the Schramm-Loewner evolution. Ann. Probab. 43 (2015)
1082-1120. MR3342659

G. F. Lawler and B. M. Werness. Multi-point Green’s functions for SLE and an estimate of Beffara. Ann. Probab. 41 (2013) 1513-1555.
MR3098683

P. Nolin. Near critical percolation in two-dimensions. Electron. J. Probab. 13 (2008) 1562—-1623. MR2438816

D. Reimer. Proof of the van den Berg-Kesten conjecture. Combin. Probab. Comput. 9 (2000) 27-32. MR1751301

O. Schramm. Scaling limits of loop-erased random walks and uniform spanning trees. Israel J. Math. 118 (2000) 221-288. MR 1776084

S. Sheffield. Exploration trees and conformal loop ensembles. Duke Math. J. 147 (2009) 79-129. MR2494457

S. Sheffield, S. S. Watson and H. Wu. Simple CLE in doubly connected domains. Ann. Inst. Henri Poincaré B, Probab. Stat. 53 (2017)
594-615. MR3634266

S. Sheffield and W. Werner. Conformal loop ensembles: The Markovian characterization and the loop-soup construction. Ann. Math. 176
(2012) 1827-1917. MR2979861

N. Sun. Conformally invariant scaling limits in planar critical percolation. Probab. Surv. 8 (2011) 155-209. MR2846901

R. van der Hofstad. Infinite canonical super-Brownian motion and scaling limits. Comm. Math. Phys. 265 (2006) 547-583. MR2231682

R. van der Hofstad, F. den Hollander and G. Slade. Construction of the incipient infinite cluster for spread-out oriented percolation above
4 + 1 dimensions. Comm. Math. Phys. 231 (2002) 435-461. MR1946445

R. van der Hofstad and A. A. Jérai. The incipient infinite cluster for high-dimensional unoriented percolation. J. Stat. Phys. 114 (3—4) (2004)
625-663. MR2035627

B. Weiland and D. B. Wilson. Winding angle variance of Fortuin-Kasteleyn contours. Phys. Rev. E 68 (2003) 056101.

W. Werner. Lectures on two-dimensional critical percolation. In Statistical Mechanics 297-360. IAS/Park City Math. Ser. 16. Amer. Math.
Soc., Providence, RI, 2009. MR2523462

C.-L. Yao. A CLT for winding angles of the arms for critical planar percolation. Electron. J. Probab. 18 (85) (2013). 20 pp. MR3109624


http://www.ams.org/mathscinet-getitem?mr=1757958
http://arxiv.org/abs/arXiv:1706.02941
http://www.ams.org/mathscinet-getitem?mr=1959799
http://www.ams.org/mathscinet-getitem?mr=1981994
http://www.ams.org/mathscinet-getitem?mr=3520020
http://www.ams.org/mathscinet-getitem?mr=1757962
http://www.ams.org/mathscinet-getitem?mr=0859839
http://www.ams.org/mathscinet-getitem?mr=0871905
http://www.ams.org/mathscinet-getitem?mr=2129588
http://www.ams.org/mathscinet-getitem?mr=3087930
http://arxiv.org/abs/arXiv:1203.3259
http://www.ams.org/mathscinet-getitem?mr=2861136
http://www.ams.org/mathscinet-getitem?mr=3342659
http://www.ams.org/mathscinet-getitem?mr=3098683
http://www.ams.org/mathscinet-getitem?mr=2438816
http://www.ams.org/mathscinet-getitem?mr=1751301
http://www.ams.org/mathscinet-getitem?mr=1776084
http://www.ams.org/mathscinet-getitem?mr=2494457
http://www.ams.org/mathscinet-getitem?mr=3634266
http://www.ams.org/mathscinet-getitem?mr=2979861
http://www.ams.org/mathscinet-getitem?mr=2846901
http://www.ams.org/mathscinet-getitem?mr=2231682
http://www.ams.org/mathscinet-getitem?mr=1946445
http://www.ams.org/mathscinet-getitem?mr=2035627
http://www.ams.org/mathscinet-getitem?mr=2523462
http://www.ams.org/mathscinet-getitem?mr=3109624

	Introduction
	The model and notation
	Main results
	Scaling limit of k-arm IIC
	Winding numbers of the arms
	Ideas of the proofs


	Preliminary deﬁnitions and results
	The space of curves
	Coupling argument
	Basic properties of arm events

	Scaling limit of multi-arm IIC
	Winding numbers
	Winding for two-sided SLE
	Convergence of discrete exploration to SLE6
	Moment bounds on the winding of discrete exploration
	Decorrelation of winding
	Proofs of Theorem 1.5 and Corollary 1.6

	Acknowledgement
	References

