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Abstract. Our purpose is to pursue the rigorous construction of Liouville Quantum Field Theory on Riemann surfaces initiated
by F. David, A. Kupiainen and the last two authors in the context of the Riemann sphere and inspired by the 1981 seminal work
by Polyakov. In this paper, we investigate the case of simply connected domains with boundary. We also make precise conjectures
about the relationship of this theory to scaling limits of random planar maps with boundary conformally embedded onto the disk.

Résumé. Notre but est d’étendre la construction rigoureuse de la Théorie Quantique des Champs de Liouville sur les surfaces de
Riemann, initiée par F. David, A. Kupiainen et les deux derniers auteurs dans le contexte de la sphere de Riemann et inspirée par
le travail pionnier de Polyakov en 1981. Dans ce papier nous étudions la théorie dans le cas de domaines simplement connexes
a bord. Nous formulons également des conjectures précises sur la relation entre cette théorie et les limites d’échelle des grandes
cartes planaires aléatoires a bord conformément plongées dans le disque unité.
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1. Introduction

Let us begin this introduction with a soft attempt of explanation for mathematicians of what is Liouville Quantum Field
Theory (LQFT). This theory may be better understood if we first briefly recall the Feynman path integral representation
of Brownian motion on R¢. Denoting by ¥ the space of paths o : [0, T] — R starting from o (0) = 0, we define the
action functional on X by

T
Vo €%, Spm(o)= %/ |6:(r)| dr. (1.1)
0

It is nowadays rather well understood that Brownian motion, call it B, can be understood in terms of Feynman path
integrals via the relation

E[F((Bs)ng)] = %/; F(o)e SBM©@) g (1.2)

where Do stands for a formal uniform measure on ¥ and Z a renormalization constant. Brownian motion is also
often said to be the canonical uniform random path in R?: this terminology is due to the fact the Brownian motion is
the scaling limit of the simple random walk.
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The reader may try to guess what could be the above picture if, instead of “canonical random path”, we ask for
a “canonical random Riemann surface”. The answer is LQFT.1 As in the case of Brownian motion, there are two
ways to give sense to this theory: directly in the continuum in terms of Feynmann surface integrals or as scaling
limit of suitable discrete models called Random Planar Maps (RPM). This picture is nowadays well understood in the
physics literature since the pioneering work by Polyakov [25]. The reader is referred to [20,24] for physics reviews,
to [7,10,22,25] for founding papers in physics and to [8] for a brief introduction for mathematicians and a rigorous
construction on the Riemann sphere.

In this paper, we will construct LQFT on Riemann surfaces with boundary directly in the continuum in the spirit
of Feynman surface integrals. More precisely, we consider a (strict) simply connected domain D of R? with a simple
boundary equipped with a Riemannian metric g. Similar to the action (1.1) for Brownian motion, we must consider
the Liouville action functional on such a Riemannian manifold. It is defined for each function X : D — R by

1 1
S(X,g):= o /D(|agx|2 + QR X +4mpe’ X )1y + > AD(QKgX +2nu3e%")/\ag, (1.3)

where 08, R,, K, A, and Ay, respectively stand for the gradient, Ricci scalar curvature, geodesic curvature (along
the boundary), volume form and line element along dD in the metric g: see Section 2.1 for the definitions. The
parameters wu, wy > 0 (with u + uy > 0) are respectively the bulk and boundary cosmological constants and Q, y are
real parameters.

Before going into further details of the quantum field theory, let us first make a detour in Riemannian geometry
to explain why the roots of LQFT are deeply connected to the theory of uniformization of Riemann surfaces. Indeed,
a fundamental problem in geometry is to uniformize the surface (D, g): this means that we look for a metric g’ on D
conformally equivalent to g, i.e. g’ = e"g for some smooth function u on D, with constant Ricci scalar curvature in
D and constant geodesic curvature on 9 D. Under appropriate assumptions, the unknown function u is a minimizer of
the Liouville action functional (1.3). Indeed, for the particular value

2
0=-, 1.4)
14
the saddle points X of this functional with Neumann boundary condition 9, (%X )+ Kg = —%ayze%x , where 9,

stands for the Neumann operator along 9 D, solve (if exists) the celebrated Liouville equation

2
T
_Ag(yX)+Rg=—2nMy2gVX on D, 8,1g<%X)+Kg:_ M;V "X ondD. (1.5)
Setting u = y X and defining a new metric g’ = " g, the metric g’ satisfies the relations

ey’
2 9

Ry = —27py?  and Ky =

hence providing a solution to the uniformization problem of the Riemann surface (D, g). Let us further mention that,
for the value of Q given by (1.4), this theory is conformally invariant: this means that if we choose a conformal map
Y : D+ D then the couple (X, g) solves (1.5) on D if and only if (X oy + Q In|v/’|, g o) solves (1.5) on D% These

Liouville Quantum Field Theory (LQFT) and Liouville Quantum Gravity (LQG) are similar for the unit disk but they differ on higher genus
surfaces, see [19] for references and discussions.

2Letus prove this for the Neumann boundary condition; the other equation can be dealt with similarly. Since ¥ is an isometry from (D, g o |y’ |2)
to (D, g), we have KgOl//W/’\z = Kg o {y. Now applying formula (2.3) which is valid in great generality, we get that Kgoy = |1//’|(Kg oy —

1
GO In|v’]). Hence we get that

. Y 1 35X Y% L (Xoy+0mn|y
ingo (50600 + QWD)+ Ko = 9115 22 0 b Ko ) = - T FOxevr oy,
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are the foundations of the theory of uniformization of surfaces with boundary in 2d, also called Classical Liouville
field theory.

In quantum (or probabilistic) Liouville field theory, one looks for the construction of a random field X with law
given heuristically in terms of a functional integral

]E[F(X)]:Z_I/F(X)e_s(x’g)DX, (1.6)

where Z is a normalization constant and DX stands for a formal uniform measure on some space of maps X : D — R.
This expression is in the same spirit as for the Brownian motion (1.2). This formalism describes the law of the log-
conformal factor X of a formal random metric of the form e¥X g on D. Of course, this description is purely formal
and giving a mathematical description of this picture is a longstanding problem since the work of Polyakov [25]. It
turns out that for the particular values

2 vy
)/E]Osz]a Q=_+_s
y 2

this field theory is expected to become a Conformal Field Theory (see [17] for a background on this topic). The aim
of this paper is to make rigorous sense of the above heuristic picture and thereby to define a canonical random field X
inspired by Feynman surface integrals. A noticeable difference with the example of Brownian motion where there is
only one canonical random path (up to reparametrization) is that there is a whole family of canonical random Riemann
surfaces indexed by a single parameter y € ]0, 2]. Conformal Field Theories are characterized by their central charge
¢ € R that reflects the way the theory reacts to conformal changes of the background metric g defined on D (see
Section 3.3). For the LQFT, we will establish that the central charge is ¢ = 1 + 6Q?: thus it can range continuously
in the interval [25, +-oo[ and this is one of the interesting features of this theory. We will also study the conformal
covariance (KPZ formula) and u, py-dependence of this theory. Once constructed, the Liouville (random) field X
allows us to define the Liouville measure, which can be thought of as the volume form associated to the random metric
tensor e X g. We will state a precise mathematical conjecture on the relationship between the Liouville measure and
the scaling limit of random planar maps with a simple boundary conformally embedded onto the unit disk.

To conclude, let us stress that the thread of the paper is inspired by [8] where the authors developped LQFT on
the Riemann sphere. The main input is here to understand the phenomena related to the presence of a boundary; in
particular, part of the construction relies on the theory of Gaussian multiplicative chaos (GMC) and the presence of
the boundary requires to integrate against GMC measures functions that are not integrable with respect to Lebesgue
measure when approaching the boundary (these technical difficulties do not appear in the case of the sphere [8] where
there is no boundary): see Proposition 2.3 for instance.

1.1. On the difference between the David—Kupiainen—Rhodes—Vargas approach and the Duplantier—Miller—Sheffield
approach

There is a conceptual difference between the approach of Duplantier—Miller—Sheffield developped in [12] and the
approach developed independently by David-Kupiainen and the last two authors of this paper in the work [8] where
was developped LQFT on the Riemann sphere. The point of view and the objects defined in both approaches are
different though one can relate both approaches in a specific case as we now describe in the case of the sphere.

1.1.1. The case of the Riemann sphere

In the work of David—Kupiainen—Rhodes—Vargas [8], the authors construct the correlation functions of LQFT on the
Riemann sphere S? = C U {oo} and show that these correlation functions satisfy the axioms of a Conformal Field
theory (CFT): conformal covariance (KPZ formula), Weyl anomaly, etc. ... The theory is indexed just like the disk by
a parameter y € ]0, 2] (with Q = % + %) and a positive cosmological constant ;> 0 (recall that in the case of the
disk, the theory requires two cosmological constants: one for the bulk and one for the boundary). The theory is now
based on the following action

1
Ss2(X, g) ::E/SZ(|38X}2+QRgX+4nMeVX)Ag, (1.7)
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where this time 3%, R,, A, respectively stand for the gradient, Ricci scalar curvature, volume form in the metric g.
The symmetry of the theory is completely determined by y, however the constant i > 0 is essential for the existence
of the theory and in particular the correlation functions. As an output of the construction, one can define (see Les
Houches lecture notes [29] for a simple introduction to the theory):

e Correlation functions at points (z;)1<;j<, and with weights (¢;)1<i<, of “variables” e% X (i) (called vertex oper-
ators in the physics literature) which correspond to a rigorous definition of the following heuristic path integral
formulation

<1_[ eaix(Zi)>I=/ 1_[ %X (@) =S (X.8) py (1.8)
1<i<n 1<i<n

Of course, to make sense of (1.8), one needs to regularize X and take the limit as the regularization step goes to 0.
These correlation functions exist if the «; satisfy the so-called Seiberg bounds:

n
D e >20, and «;<Q, Vi (1.9)

i=1

e Random measures we will denote Z(y; -,
measures we will denote Z (1a_ 2)1<iz (the unit volume measures can be defined under less restrictive conditions
than (1.9): see [29]). These are the so-called Liouville measures of the theory. The random measure Zy,

a rigorous construction of e? X ¢ under the probability measure

(FITi<izn e X))
<n1§i§n e X (@)

Most of these measures can be related (conjecturally) to planar maps; however, we will only discuss the simplest

(when the ¢; satisfy the bounds (1.9)) and unit volume random

Ji<i<n

is

V<izn

F—

measure among these measures, namely Z(ly 0.(y which is related to the random measure constructed in

the work of Duplantier—Miller—Sheffield [12].

1D, (y,00)’

One important aspect of the construction is that it provides very explicit expressions of the correlations and the
distributions for the measures in terms of products of fractional moments of appropriate GMC measures: see Les
Houches lecture notes [29]. Also, the moments of the measures can be expressed in terms of the correlation functions.
More precisely, one has the following formula for a measurable set B C S? and any integer p > 1

fB .. qu_[lgjgp eV X(xj) ngign eaiX(z,-))Ag(dxl) .. -Ag(dxp)
(TTy<izne? @) .

Hence, it is an essential program to compute these correlation functions since they determine for instance the moments
of the measures Z(y, 7;);.;,-

In the case of the sphere, the work of Duplantier—-Miller—Sheffield [12] constructed the so-called unit area quantum
sphere we will denote ppms,, and which depends on y € (0, 2). In this setting, there is no cosmological constant and
therefore no correlation functions strictly speaking. The unit area quantum sphere is in fact an equivalence class of
random distributions with two marked points 0 and oo (to be precise, one can also construct an equivalence class with
one marked point but we will not discuss this case). More specifically, the authors first define an equivalence class of
random surfaces with the following definition: a random distribution %1 is equivalent to A, if and only if there is a
(possibly random) Mobius transform ¢ that fixes 0 and oo such that the following holds in distribution

hy=hio¢+ Qlg'|> (1.11)

The unit area quantum sphere ppwms,, is then defined by the equivalence class of a special distribution 2* where the
radial part is sampled according to a special Bessel bridge and the non radial part is sampled according to the non

E[(Z(ai,li)lgign (B))p] =

(1.10)

3The definition of the unit area quantum sphere is in fact a bit more general as one can consider other marked points than 0 and oo and hence more
general conformal maps (which do not necessarily fix the points 0 and 00).
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radial part of a standard full plane GFF (to be precise one works in the cylinder R x [0, 2] which is conformally
equivalent to C): see [12] for the exact definition of /#*. Let us mention that #* is such that the radial part of 2* attains
its maximum on the circle of radius 1 (in the cylinder coordinates). In this setting, all the distributions % in upwms,,
define random measures by the relation

i = lim 7?2t @ g7 (1.12)
where h.(z) is a circle average of & with center z and radius €. The measures are related by

Mh2=l/«h10¢ (1.13)

if 11 and hy are related by (1.11). In what follows, we will identify the unit area quantum sphere with the equivalence
class of the measure wj+ with respect to relation (1.13) (rather than the equivalence class of the distribution #* with
respect to (1.11)): hence, we will say that two random measures represent the same quantum surface if they are of the
form pp, and pp, with by and h related by (1.11). Therefore, in conclusion, with this slightly different definition,
the unit area quantum sphere upms,, is an equivalence class of measures such that w,+ € upms,y -

The work [12] is interesting because it couples measures in upms,, to space filling variants of SLE curves: this
provides an interesting framework to relate the measures in upwms,, to decorated planar maps. We now describe the
relation between the two approaches in the next subsection.

Historics on the conjectured scaling limit of finite volume planar maps

In a previous paper [33], Sheffield constructed a candidate for the scaling limit of the volume form of infinite volume
planar maps (i.e. the non compact case). However, he left open the construction of a candidate for the scaling limit
of the volume form of finite volume planar maps (i.e. the compact case). In particular, in the case of the sphere,
following the work [33], it was clearly not expected among probabilists that there could be a rather explicit candidate
to the following question:

Question: if you fix three points z1, z2, z3 in the sphere S, what is the scaling limit of the volume form of large
finite planar maps (equipped with a natural conformal structure) embedded in the sphere where you send three points
chosen at random on the map to the three fixed points z1, z2, 237 3

Such an explicit candidate was in fact constructed in [8]: it is the measure we denote Z(ly 0), (1.1, (y.00) (in the

case z1 = 0,z2 = 1, z3 = 00). More precisely, after the work [33], the independent works [8] and [12] appeared
simultaneously: both works provide a description of the conjectured scaling limit of large planar maps embedded in
the sphere (in [12], the authors also consider the situation of the disk and the relation of these disk measures to the
ones considered in this paper is expected to be similar to the relation between the measures on the sphere considered
in [8] and [12]), namely the measure Z(IV’O)’(%I)’(%OO) in [8] and the equivalence class of the measure up+ in [12], i.e.
the unit area quantum sphere [pms,y -

The main result of the recent work by Aru-Huang-Sun [3] is to link both approaches: more precisely, they show
that up+ and Zy0),(y,1),(y,00) are equal seen as quantum surfaces with two marked points 0 and co. Since the two
measures define the same quantum surface, one can relate both measures by a relation of the form (1.13).

On the one hand, one can perform the following procedure: choose a point z at random according to the measure
wn+ and consider the image of this measure by the conformal map ¢, which sends z to 1 and fixes 0 and oco. Of
course, in this setting, we have ¢, (x) = %; this procedure defines a random measure we will denote “%MS, v In more

mathematical terms, the construction of :“13)MS v is:

Hbms.y =i 0 2~ e, (1.14)

where z ~ up~ means you sample z along py+. The work [3] establishes that M13)MS y = Z(ly 0),(y.1).(.00) in distri-
bution. The equality in distribution between these two measures is in fact non trivial to prove because the work [8]

3 As stated, this question is not quite precise because one has to give a definition of what we mean by “natural conformal structure”: we refer to the
Les Houches notes [29] for a complete and precise exposition of the above question.
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provides an explicit and tractable formula for the distribution Z (ly 0),(y.1).(.00) (see expression (3.15) and (3.16) in

Les Houches notes [29]) whereas “13)Ms,y is defined by a non explicit procedure (this is because in definition (1.14)
the point z is a random variable correlated to pp+). B
On the other hand, one can show that Z(ly’())’(y 1), (y,00) €N be defined as a limit of the form lim,_, ¢ g¥*2erhe (@) dz

where /1 is a random distribution. Then one can consider the (random) Mobius transform ¢ which fixes 0 and oo such
that the radial part of 2 0 ¢ + Q In|¢’| (mapped to the cylinder R x [0, 27]) has its maximum on the circle of radius 1.
We then have in distribution

Wi+ = Uj; 0 . (1.15)

Other topologies

Finally, let us mention that both approaches can be extended to other topologies than the sphere and the disk. As a
matter of fact, the approach [12] in the case of the disk and sphere is an extension to the compact case of the initial
approach in [33] where was developped the theory for the half plane and the full plane. However, the approach [12]
has not been extended to the case of higher genus surfaces. The approach of [8] can be extended to compact Riemann
surfaces of genus g > 1: see [9] and [19]. However, since the approach of [8] is based on first defining correlation
functions it seems unadapted to the non compact setting where such correlation functions do not necessarily exist.

2. Background and preliminary results

In order to facilitate the reading of the manuscript, we gather in this section the basics in Riemannian geometry and
probability theory that we will use throughout the paper.

2.1. Metrics on the unit disk

Let us denote by DD the unit disk in the complex plane C and 9D its boundary. We consider the standard Laplace—
Beltrami operator A, the standard gradient 0 and Lebesgue measure dA on D, as well as the standard Neumann
operator 9, and Lebesgue measure dAy on 9D, the operators being defined with respect to the Euclidean metric if no
index is given. More generally, we say that a metric g = g(x)dx? on the unit disk is conformally equivalent to the
Euclidean metric if g(x) = e*®) for some function u : D :— R of class C' (D) N C%(D) such that

/|au|2dx<+oo. 2.1
D

Notice that we use the same notation g for the metric tensor and the function which defines it but this should not lead
to confusions. In that case, the Laplace-Beltrami operator A, and Neumann operator 9y, in the metric g are given by

Agzg_lA, and 8ng:g_l/28n.

We denote respectively by R, and K the Ricci scalar curvature and geodesic curvature K, in the metric g. If g’ = ¢ g
is another metric on the unit disk conformally equivalent to the flat metric, we get the following rules for the changes
of (geodesic) curvature under such a conformal change of metrics

Ry =e¢ ?(Ry — Ngp) onD, (2.2)
Ky =e%?(Ky+dy,0/2) ondD. (2.3)

For instance, when equipped with the Euclidean metric, the unit disk has Ricci scalar curvature 0 and geodesic curva-
ture 1 along its boundary. Combining these data with the rules (2.2) 4 (2.3), one can recover the explicit expressions
of R, and K, for any metric g conformally equivalent to the Euclidean metric. We will also consider the volume form
Ag on D, the line element A3, on 3D, and the gradient 98 associated to the metric g.
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Let us further recall the Gauss-Bonnet theorem
/ Rgdkg—i—Z/ Ko dhyy =4m x (D), 2.4)
D oD
where x (D) is the Euler characteristics of the disk (that is x (ID) = 1), and the Green—Riemann formula
/ l/nggod)»g—i—/ Bg¢~8g1/fdkg=/ On, @Y dhig. 2.5)
D D oD

We will denote by m,(f) and my, (f) the mean value of f respectively in the disk ID or the boundary dID with
respect to a measure v on D or 9D, that is

1 1
=— dv, = dv.
my(f) v(D)/Df v may (f) v(a]D)/an v
If the measure v is the volume form (or the line element on 9ID) of some metric g, we will use the notation m (f) (or
mae (f)). When no reference to the metric g is given (m(f) or my(f)) this means that we work with the Euclidean
metric.
The Sobolev space H'(ID) is defined as the closure of the space of smooth functions on D with respect to the inner
product

/(fh+af-ah)dx.
D

We denote by H~!(DD) its dual.
Finally, we introduce the Green function G of the Neumann problem on D

1

Gx,y)=ln—M .
|x — y[IT —xyl

(2.6)

It is the unique function satisfying:

x — G(x,y) is harmonic on D \ {y},

x+ G(x,y)+In|y — x| is harmonic on D for all y € D,
0,G(x,y)=—1forx €dD, y e D,

G(x,y)=G(y,x) forx,yeDand x #y,

5. myG(x,-) =0forall x € D.

Recall that (2.5) combined with the properties of G implies that for all f € C2(D) N C' (D)

bl el N

=27 (f(x) — map(f)) =/DG(x, WAfAy) — /DG(x, V)on f (Mra(dy). (2.7
3
It is quite important to observe here that G is positive definite on D.
2.2. Mobius transforms of the unit disk

The Mébius transforms of the unit disk are given by v/ (x) = ¢!* =% with |a| < 1. Recall that

1—ax
1 —al?
/ x) = ela
V) (1 —ax)?
from which one gets

172

v -0 =0 M)W @) Po-x, Ty = W)W m)Pa-xy. 28

The Green function for the Neumann problem defined above thus verifies

G(Y(x), ¥ () =G(x,y) —In|y/'(x)| —In|y' (). (2.9)
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2.3. Gaussian free field with Neumann boundary conditions

We consider on D a Gaussian Free Field (GFF) Xyp with Neumann boundary conditions and vanishing mean along
the boundary, namely my(Xyp) = 0 (see [11,32] for more details about GFF). This field is a Gaussian centered
distribution (in the sense of Schwartz) with covariance kernel given by the Green function of the Neumann problem
with vanishing mean along the boundary

E[Xap () Xsn(y)] = G(x, y). (2.10)

It can be shown that this Gaussian random distribution (in the sense of Schwartz) lives almost surely in H~' (D) (same
argument as in [11]).

As a distribution, the field Xyp cannot be understood as a fairly defined function. To remedy this problem, we will
need to consider some regularizations of this field in order to deal with nice (random) functions. Thus, we introduce
the regularized field Xyp . as follows. For ¢ > 0, we let [ (x) be the length of the arc A.(x) ={z € D; |z — x| = ¢}
(computed with the Euclidean line element ds on the boundary of the disk centered at x and radius ¢). Then we set

Xop,e(x) =

Xsp(s)ds.
lg(x) Ag(x)

A similar regularization was considered in [15] and the reader can check that this field has a locally Holder version
both in the variables x and €. Let us mention that we have the following two options: either x € D and then for
& < dist(x, D) we obtain

X _ L 9y qp
BD,E(X)—zn_ A Xon(x +e€'%)do,

or x € 0D and then Xjp . (x) is intuitively the same as above except that we integrate along the “half-circle” centered
at x with radius & contained in ID.

Proposition 2.1. Let us denote by gp the Poincaré metric over the unit disk

1 2

We claim:

(1) As e > 0, the convergence E[Xa]D),g(x)z] +Ine — % In g p (x) holds uniformly over the compact subsets of D.

(2) As ¢ — 0, the convergence E[XaD,s(x)z] + 21Ine — —1 holds uniformly over dDD.

(3) Consider a Mobius transform  of the disk. Denote by Xyp o Ve the e-circle average of the field Xyp o V.
Then as ¢ — 0, we have the convergence

E[Xsp 0 ¥ (x)?] +Ine — %mgp(w(x)) — 2|y’ (x)|
uniformly over the compact subsets of D and the convergence

E[Xop 0 ¥ (x)?] +2Ine — —1 — 21n|y/ (x)|
uniformly over 0.

Proof. To prove the first statement results, apply the e-circle average regularization to the Green function G in (2.6)
and use the fact that the following integral vanishes

2r 2w 1
o Jo e’ — et
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to get the uniform convergence over compact subsets of E[X; . (x)z] + In & towards
1
X > > Ingp(x).

The strategy is similar for the second statement except that one gets 77 ~2 times the integral fon fon In ﬁ dodo’,
e’ —e

which does not vanish anymore and yields the constant —1. The third claim results from (2.9). (|
2.4. Gaussian multiplicative chaos

Gaussian multiplicative chaos theory was introduced in [21]. The reader is referred to [27] for a review on the topic.
Here, we deal with convolution of the GFF so that as a straightforward combination of the main result in [31] and
Proposition 2.2, we claim

Proposition 2.2. For y € [0, 2[ and A, Ly the volume form and line element on 1, 0D of the Euclidean metric, the
random measures e¥ X0 d ., e Xom d\y are defined as the limits in probability

2 2

A . rx. . vty

e’ XD gy = lim £ 7 ¥ XD g, 2% djap = lim & 7 e2 XD g
£—0 e—0

in the sense of weak convergence of measures over D, 0D. These limiting measures are non trivial and are two standard
Gaussian Multiplicative Chaos (GMC) on D, 0D, namely

2 ) 2 2 2 )
eV X gy = eVXaD(x)—yT]E[Xi)]D(X) ]gp(x)ka(dx), e%XaD disp = e—%egXaD(X)—%E[XaD(X) ]Aa(dx).

Actually, the main issue is to show that these measures give almost surely finite mass respectively to the disk and
its boundary. This turns out to be obvious for the boundary measure as the expectation of the total mass of 0D is finite.
Concerning the bulk measure, this statement is not straightforward: observe for instance that the expectation is infinite

EU eVXaDdA] =/gp(x)4x(dx)
D D

as soon as y~ > 2. Yet, we show in the following proposition that the random variable fD e?Xab ¢, is almost surely
finite for all values of y €]0, 2[.

Proposition 2.3. For y €10, 2[, the quantities below are almost surely finite

/eVXf’DdA and /e%Xf’DdABD.
D oD

Proof. As explained above, we only need to focus on the bulk measure. Observe first that its expectation is finite in
the case 2 < 2. For y? > 2 (in fact the argument below works for y > 1), we prove that it has moments of small
order o > 0, which entails the a.s. finiteness of the total mass of the interior of the disk.

Recall the sub-additivity inequality for a € ]0, 1[: if (@)1< <, are positive real numbers then

(a1+...+an)a§a‘1x+...+af:_

Therefore we can write

E|:</ e)/XaD(X)*VTZEIX‘aD(X)QI 1 . )A(dx))ai|
D (I —|x[2r/?

o
E[(Z/ eme(x)—#lE[xm(x)z];dev }
e P R (1— |x[2)r*/2
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2 2 o
<> 2"‘”71E[< / oV Xan (=5 E[Xgn(x)?] k(dx)) }
1—2-n<|x|2<]—2-n-1

nelN

Now we trade the GFF Xy for a log-correlated field that possesses a nicer structure of correlations with the help of
Kahane’s convexity inequality [21]. More precisely, we consider any log-correlated field on R? with a white noise
decomposition and invariant under rotation. For instance, let us consider a star scale invariant kernel with compact
support (see [2]): we choose a positive definite isotropic positive function k with compact support of class CZ and we
set

u

Kg(x)zfg k(ux) du.
1

We consider a family of Gaussian processes (Y, (x)). such that (see [2] for the details of the construction of such
fields)

Va,y €R% B[Ye(0)Ye ()] = Kmax(een (¥ = ¥).
The reader may check that for all 7,7’ €10, 1] such that 1 — 27" <72, /2 <1—-2""" and 6,6’ € [0, 27]
E[Xs (reie)Xa]D; (r’eiel)] > 2IE[ Yy (eie) Yo-n (eig/)] —A
for some constant A independent of n, 8. This inequality of covariances allows us to use Kahane’s convexity inequality

(see [21] or [27, Theorem 2.1]). Indeed, because the map x — x“ is concave, we have for some standard Gaussian
random variable N independent of everything

2 o
E| [ e7A/?N=-AV?/2 o Xop— T EIX3p] g3
1—2*”§|x|2§1—2*”*]

2r p(1—27n"hl2 . . o
<]E[( / i / 7V (@)= By (@] g, d9> }
- 0 (1_2—n)l/2

e i0 2 102 ¢
— CZ_”O‘]EI:</ e)/\/infn(e’ )=y E[Yzfn(el ) ]d9> i|
0

for some constant C independent of everything. By using the comparison to Mandelbrot’s multiplicative cascades as
explained in [13, Appendix B.1] to use a moment estimate in [23, Proposition 2.1 and the remark just after], we have
that for any « < y~! and some other constant C > 0

2 _ , o
SupE[(n%n(yl)Z/ neyﬁyz—n(e’o)fyzE[Yz—n(e’H)z] d@) }S C.
n 0

Combining we get (up to changing the value of C to absorb the constant E[e“VAI/zN —aAy?/ 2D

E[(/ eVXiJ]D)(X)yng[X;)D(X)z];ZZ/Z))\(dX)a] <c) gra(y —1-(r=1),~Fa
b (1= Py ot

which is finite (with & € (0, y ~!)) when y €]1, 2[ because V; —1—(y —1)?<0wheny €(0,2). O

3. Liouville quantum gravity on the disk

We are now in a position to give a precise definition of the LQFT on the disk with marked points: n points in the
bulk D and n’ points on the boundary 9. In what follows, we will first give a necessary and sufficient condition
(the Seiberg bounds) on these marked points in order that the LQFT is well defined. This will allow us to give the
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definitions of the Liouville field and measure. Finally, we will explain how these objects behave under conformal
changes of background metrics and conformal reparametrization of the domain. Basically, the approach is the same
as in [8] but there are some technical differences in order to treat the interactions bulk/boundary.

3.1. Definition and existence of the partition function

LQFT on the disk will be defined in terms of three parameters y, u, (s, respectively the coupling constant and the
bulk/boundary cosmological constants, together with prescribed marked points. In this section, we will assume that
the parameters y, u, uy satisfy

y €10, 2], w, g >0 and p+py>0. (3.1

Concerning the marked points, we fix a set of n points (z;)1<i<, in the interior of D together with n weights
(@i)1<i<n € R" and n’ points (5j)1<j<n on the boundary 9D together with n’ weights Bii<j<n € R". The family
(zi, a;); will be called bulk marked points and the family (s;, 8;); boundary marked points.

Consider any metric g = e¥ dx? on the unit disk conformally equivalent to the Euclidean metric in the sense
of (2.1).

Our purpose is now to define the partition function l'[gf ",;‘;’;Zi’(s" P (e, g, F) of LQFT applied to a functional F.
This partition function formally corresponds to the Feynmann surface integral (1.6) with action (1.3). Yet, a rigorous
approach requires the regularization procedure. This is the reason why we define the regularized partition function for
all £ €10, 1] and bounded continuous functional F on H ! (D) by

i .5, F)

:eﬁ(fn|alng|2dx+,/'m41ngdm/

o?
E[F(Xam) +c+0/2Ing) [ [e7 et Xim et /2D
R .

l

B 2
« HST’eﬁTJ(C+XaD,s+Q/21ng)(Sj)exp<_4g/ Ry(c+ Xop) dig — pe’s’s / o¥ Xap o +0/2Ing) d,\)
. T JD D
J

2
X exp(—% /BD K,(c+ Xop) dhog — poe 26T /8 o5 (Xope+0/2Ing) dxa)} de. (3.2)

D

The constant ¢ which is integrated against the Lebesgue measure dc is crucial in the definition and adds extra sym-
metry. In particular, one has the following equality in distribution for all Mobius transform v when c is distributed
according to the Lebesgue measure

Xopot +c¢ 2 Xop +c. (3.3)

. . L
To prove identity (3.3), recalll that Xap o ¥ — % faD Xop o PrdXy @aw) X3p and then use that the Lebesgue measure
is invariant under translation. Identity (3.3) in distribution is essential in proving the conformal invariance properties
of the theory. Now, the first natural question is to inquire whether the limit

(zi,@i)is(sj,Bj)j . (isai)is (s, Bj)j
Myl (g, F) = lim T 00 (e, g, F). (34)

exists and is not trivial. Existence and non triviality will be phrased in terms of the following three conditions

Sait 338> 0 (3.5)
i J

Vi o a <0, (3.6)
Vj Bj < Q0. 3.7
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We claim:

Theorem 3.1 (Seiberg bounds). We have the following alternatives

1. Assume u > 0 and py > 0. The partition function Hg,z’,g'ﬁ(sj )i (g, 1) converges and is non trivial if and only

if (3.5)+ (3.6) + (3.7) hold.

2. Assume u =0 and jy > 0. The partition function Hg,z’ﬂo:lﬁ(s’ )i (g, 1) converges and is non trivial if and only
if (3.5) +(3.7) hold.

3. In all other cases, we have

(zi,@i)i,(s5,B)); (zisai)i (s, B))j
I 777 (g, =0 or TI,0.0. """ (g,1) =400,

Along the computations involved in Theorem 3.1, we get the expression below for the partition function when the
metric g is the Euclidean metric. Notice that considering the only Euclidean metric is not a restriction because we will
see later that there is an explicit procedure to express the partition function in any background metric g in terms of
that in the Euclidean metric (Weyl anomaly, Section 3.3).

Proposition 3.2 (Partition function). Assume g is the Euclidean metric dx?. Then, in each case of Theorem 3.1
ensuring existence and non triviality, we have

(zi0)is(s5.B8)) ) 2
Iy (dx*, F)

<l_[gP(Z) ) C(ZS)/g(Ziai-i'Zj%—Q)c
R

X E[F(Xam +H +c)exp<—ue?"‘/ eV Hov X gy — Mae%c/
D

eTH o5 Xap dk3>]dc, (3.8)
oD

where

H(x)_Zoth(x Z,)+Z G(x 55),

I32
P

C(z,s) = Za,a,/G(z,,z,/)+Zﬂj'B1 G(sj.s ’)+Z I'BJG(Z,,s/) y

i<i’ j<j’ J

Proof of Theorem 3.1 and Proposition 3.2. We begin with the Seiberg bound. Because the conformal factor ¢ of
g = e¥ dx? is assumed to be smooth (i.e. of class C), we can assume without loss of generality that ¢ = 0. The main
lines of the argument will be similar to [8, Section 3], up to a few modifications that we explain below. First observe
that Propositions 2.2 and 2.3 ensure that the interaction terms

2 2
L2 rx, . ,
lim &% / e2Xmedyy and  lim e / e¥ X gy
D D

e—0 e—>0
are non trivial provided that y €]0, 2[. Hence, following [8, Section 3], Hg,z,i,l(;’;ﬁ’(sj’ﬂ'j)j (g,1) < 4o0 if and only if
(3.5) holds: roughly speaking, recall that basically this amounts to claiming that the integral (A, A" are two strictly
positive constants)

1 Ye
/ e(Zi ait3; ﬁj—Q)CefueV‘AfuanCA’ de
R

is converging if and only if (3.5) holds.
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Recall then that the remaining part of the proof in [8, Section 3] consists in determining when a marked point
causes the blowing up of the interaction measure, in which case Hg/z'lﬁ'ﬁ 6ioPi)i (dx?, F) = 0. The reason why a
marked point may cause the blowing up of the interaction measure is that these marked points are handled with the
Girsanov transform and this amounts to determining whether the bulk/boundary measures integrates some singularities
of the type Zli 7 or 1 T This is what we study in more details below.

X—S; 2V

Here we have two ty;‘>es é)‘f marked points (in the bulk or along the boundary) and two interaction measures: bound-
ary eZXim dhy or bulk e X d). A marked point (z;, ;) in the bulk questions whether the bulk measure integrates
the singularity x > e%?G%) This is exactly the same situation as in [8, Section 3]. Therefore the conclusion is the
same: ¢; must be strictly less than Q. The same argument settles the case of the effect of a boundary marked point
(sj, B;) on the boundary measure: 8; must be strictly less than Q.

What is not treated in [8, Section 3] is the effect of boundary marked points on the bulk measure: namely we have

[x—

ﬁ .
to determine when the measure e”X9® d) integrates the singularity x > e 277G for some s ; belonging to the
boundary 0ID. Observe that the situation is more complicated as the behavior of the bulk measure is highly perturbed
when approaching the boundary: recalhng the expression of the bulk measure in Proposition 2.2, we see that on the

one hand the deterministic density gp (x) T blows up along the boundary and on the other hand the field Xp acquires
more and more correlatlons which become maximal along the boundary: as x approaches the boundary, G (x, y) tends
to behave like Zln y rather than In —— Tl yl

Let us now analyze the situation. We want to prove that the singularity is integrable if and only if 8; < Q. Without
loss of generality, we assume that s; = 1. In what follows, C stands for some generic constant, which may change
along the lines and does not depend on relevant quantities.

Let us first assume that the singularity is integrable, more precisely for some § fixed small enough

B; 2
lim e 7 VGeC DT ¥ Xame gy 400, (3.9)
e=>0JpnB(1,8)

where

Ge(x,y) =E[Xjp,e (1) Xop,e ()]

For each ¢ > 0 small enough, we denote by D, the small disk centered at 1 — 2¢ with radius €. Notice that for & small
enough, this disk is contained in B(1, §) N'D. Therefore, we have the obvious relation

8 2 8 2
/ A B X gy > / VG Xim o= B BIX 1 G (BIXG, 1-in ) o
DNB(1,5) D

It is then plain to check that, for some constant C independent of ¢ and uniformly with respect to x € Dy,

5 1 1
E[Xape(x)?] —2In-| <C, Ge(x,1)—2In~| <C.
I I

We deduce

B 2 2 y2 2
/ e 770D oy Xane gy > CePiv="7 eV Xime= T EXip 1 gy
DNB(1,8) D

If we can establish the following estimate

2
in probability, limsups_z_VZ/ ¥ X~ IT X ] g +o0, (3.10)

e—0

we deduce that necessarily 8; < Q in order for (3.9) to hold.
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To establish (3.10), observe (see Section A.2) that, for some deterministic constant C independent of ¢,

sup sup ‘Gg(x,x) +21n5| < 400,

e>0xeD,

in such a way that

2
/ o Ximem T BIXGy 1 13 S 0p2472 ¥ Xpo (1) giiinien, Xa.e ()= Xap.e (1), 3.1
D¢
Next, we estimate the min in the above expression. Observe that (D(2, 1) stands for the disk centered at 2 with
radius 1)

min Xyp ¢ (x) — Xop (1) = min Y, (u),
xeD, ueD(2,1)

where the Gaussian process Y, is defined by
Ye(u) = Xop,e (1 — eu) — Xop e (1).

The key point is to estimate the fluctuations of the Gaussian process Y. The reader may check (see Section A.2) that
the variance of Y, (2) is bounded independently of ¢ and that for all z, z’ € D(2, 1)

E[(Y.(@) = Ye())’] = Clz =2

’

uniformly in O < & < 1. Recall the Kolmogorov criterion.

Theorem 3.3 (Kolmogorov criterion). Let X be a continous stochastic process on D(1, 2). If, for some B8, «, C > 0:
Vx,ze D(1,2), E[|X:—X.|?] <Clx —z**P.

Xy —Xe| Then, for all p < q, E[LP1<1+

[x—z[?

Cp2b—48
(g—p)(2F~aP-1)"

Forall § €]0, g[, we set L = SUP,2,

One can then deduce that the family of processes (Y;), is tight in the space of continuous functions over D(2, 1)
for the topology of uniform convergence. We deduce that for each subsequence, we can find R large enough such
that minyep, Xop,e(x) — Xop,e(1) > —R with probability arbitrarily close to 1. Finally, we observe that the process
& = Xy, (1) behaves like a Brownian motion at time 2 1n % (see [15, Section 6.1]), we can use the law of the iterated
logarithm in (3.11) to complete the proof of (3.10).

ﬂ .
Now it remains to show that the condition §; < Q is sufficient to have integrability, that is f]D)m B(1.8) e? TG0

P2 L . . . . . .
eV Xom— 7 ElXp] gp di < +o0. To simplify a bit the notations we will prove the following equivalent statement

Bj 2 1
/ 73Oy TEO L 4 4o, (3.12)
HNB(0,1) Im@)%

where X is the GFF on H defined by X = Xyp o ¥ where ¥ (z) = % is the Cayley transform mapping the upper

half-plane onto the unit disk and G its Green function, that is Gg(x, y) = G(¥ (x), ¥ (y)). A simple check shows
that on the ball B(0, 1) we have

1
Gu(x,y)=In——— + g(x, ),
|x — yllx — ¥

where g is a continuous bounded function. It is then also easy to see that for x, y € B(0, 1) NH and all r €]0, 1[

1
Gu(rx,ry) > Gu(x,y)+2In— — C, (3.13)
r
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where C is some fixed positive constant.
The same argument as in Proposition 2.3 shows that the quantity

2 1 a
E|:</ eVX(Z)—VTE[XZ(Z)] - )\.(dZ)) :|
HNB(0,1) Im(z)VT

is finite for @ < y~!. Then, for r < 1, we can make a change of variables 7u = z and then combine the relation (3.13)
with Kahane’s convexity inequality [21] (see also [27, Theorem 2.1]) to deduce (for some irrelevant constant C which
may change along lines)

2 1 a
]E|:</ oV X@- G EIX? ()] _ k(dz)) :|
HNB(,r) Im(Z)VT

o
=r2aE|:(/ eyX(ru)—é]E[Xz(ru)] 1 . )L(du)) :|
HNB(,1) Im(ru)'™

o
=Cr(2_4)aE|:</ eyX(z)—%lE[Xz(z)] ! . A(dz)) }E[eaVZr—#ZIn%],
HNB(0,1) Im(z)yT

where Z, is a centered Gaussian random variable with variance 21n% and independent of everything. Hence, for all
r<l1

o
E[(/ eyX(z)—élE[Xz(z)] 1 . A(dz)) } < cr(2+4>a—a2y2_
HNB(0,r) Im(Z)VT

Let n > 0. By using the Markov inequality and the above relation, we obtain

]p(/ eyx@)—émxz(m 1 _(dz) > r2+§—n>
HNB(,r) Im(z)VT

r? Y2 r 2 1 “«
< r—a(2+7—n)E|:</ eV X@— 7 EIX*(2)] > A(dz)) i|
HNB(O,r) Im(z)yT

)
<Crlheer,

Choosing a > 0 small enough so as to get na — a?y? > 0. We can then use the Borel-Cantelli lemma to deduce that
there exists a random constant R, which is finite almost surely, such that

2 2
sup r—(2+VT—7I)/ eVX(Z)—VTE[XZ(Z)] ! > r(dz) <R. (3.14)
relo,1] HNB(,r) Im(Z)VT
Now we introduce the annuli for n > 0
A, = {z e 27" ' <z| < 2_”}.
We get from (3.14)
% Gre.0) y X @ -5 EIX2@) L
eV 2 CHY) p¥ 42— < > A(dz)
HNB(0,1) Im(z)VT

B 2
:Z/ eVTIGH(Z,O)eVX(z)fVTE[XZ(z)] ! S (dz)
Ay

n=0 Im(z) T
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2
Sczzyﬂ_i"/ Xo-rEeo_1 ;o
n=0 HNB(O.2™") Im(z)'>

2
<CR 221/’3/”2_"(2"'1/7_'7).
n>0

The proof of Theorem 3.1 is complete provided that we choose 0 < n < y(Q — B;). Once the Seiberg bounds are
established, the computation of the partition function (i.e. Proposition 3.2) follows the same lines as in [8, Theo-
rem 3.2]. U

3.2. Definitions of the Liouville field, Liouville measure and boundary Liouville measure

As long as one of the two conditions of Theorem 3.1 is satisfied, one may define the joint law of the Liouville field
¢ together with the Liouville measure Z(-) and boundary Liouville measure Z;(-). In spirit, the situation is that the
convergence of the partition function entails that we get a non trivial probability law for the field ¢ = c+ Xyp + % Ing
under the probability measure defined by the partition function. This field formally corresponds to the log-conformal
factor of some random metric ¢?? g conformally equivalent to g. Yet, observe that the field ¢ is in H~' almost surely
so that a rigorous description of this metric is not straightforward, at least clearly not standard. The Liouville measure
that we construct below is a random measure that can be thought of as the volume form of this formal metric tensor
whereas the boundary Liouville measure corresponds to the line element along the boundary. Let us mention that
we could construct as well the Liouville Brownian motion by using the construction made in [16,19] but a rigorous
construction of a distance function associated to the metric tensor ¢?? g remains an open question.

Given a measured space E, we denote by R(E) the space of Radon measures on E equipped with the topology
of weak convergence. The joint law of (¢, Z, Z3) is defined for all continuous bounded functional F on H ™! (D) x
R(D) x R(dD) by

(zi,@i)is(sj.Bj)j
Eyopiaiig” P [F(9.Z,Zy)]

2

o? B4 .
lim / [[eFenimatormoe [Te4 o Xip,e+0/21ng)(s)
R

(zi,i)i (8. Bj)j
H%llasl/« J:Pj /(g’ 1) e—0

e%((/m 19 1ng|? di+ [y 4Ing diy)

J

2 2
« E[F(XaD +c+0/2Ing, eVCe’T ¥ Xime+0/2ng) 3 ohe T o5 (Xope+0/2Ing) dhy)

2
XeXp(‘%/ Rg(C+XaD)d)»g—/L€”CEVT/e”(X"DﬁQ/zl“g)dA)
7 Jp D

2
xexp(——zQ/ Kg(c—l—XaD)d)\ag—uae%ceyT/ eg(XaD’”Q/Z]"g)d)\a)}dc.
T JoD Gl

D

We denote by Ing ’M(j’ﬁév’ )i the associated probability measure. In the following subsections, we will mention sev-

eral interesting properties satisfied by these objects.
3.3. Conformal changes of metric and Weyl anomaly

Here we want to determine the dependence of the partition function (3.4) (as well as the Liouville field/measures) on
the metric g conformally equivalent to the Euclidean metric. In fact, this dependence enables to determine the central
charge of the theory:
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Theorem 3.4 (Weyl anomaly).

1. Given two metrics g, g’ conformally equivalent to the flat metric and g' = e% g, we have

(zi0)is (85,8

).

i ¢, F) 14602

o Do & 1) TR0 ([ 50 200 0 [ organg+4 [ Kepdna, ).
(zi,ai)i,(sj,B)) ) 96 & ¢ ¢ ¢ ¢
Oy 7 (g, F) T D b w

2. The law of the triple (¢, Z, Zy) under P;ii,;jfz:gj )i does not depend on the metric g in the conformal equiv-
alence class of the Euclidean metric.

In the language of CFT, the above theorem states that the central charge of LQFT is 1 + 6Q?: see the lecture
notes [17].

Proof. In (3.4), we use the Girsanov transform to the exponential term

0 0
exp(—EA)RgX3DdAg—E/BDKng)Dd)»ag),

which has the effect of shifting the field X by

-
- R,G DA (dz) — — G 20K, dAy,.
4 Jp g an(+, 2) g( ) 27 Jop an(-, 2) g AAjg

Then we use the rules (2.2) 4+ (2.3) + (2.7) to see that this shift is equal to
Q
—f(lng — ma(lng)).
Due to the Girsanov renormalization, the whole partition function will be multiplied by the exponential of the variance

of the field % Jp ReXopdhg + % [0 K¢ Xap diag, which can be computed with (2.2) + (2.3) + (2.7) and is given
by

2
Q—/ |01ng|* dA.
167 D

Hence, by making the changes of variables v = ¢ + %ma(ln g), we get

(zi,@i)is(s5.Bj);
Iy g 7 (g F)

2 2
_ e% fo \alng\zdﬂ%ma(lng)eﬁ(fm [91ng|? dA+f, 4lng dha)

1
X lirr%) PONLIES DM ﬁf—Q)”E[F(XaD + v, VeV X gy e5vesXam d)»a)
e—>0JR

2 2 4.
i B B
x | |8760‘iX8D,e(Zi) | |€TeTX«’)]DJ,s(Sj)
i J

N X v, Y2
X exp| —pe’’e2 e’ e d) — uge?le’s
D 3

1+6Q2( |a1n 2 . (zi )i (5i,B7);
_ gledr+/,n4Ingdry) 050 )i (8j,Pj)j 2
= ¢ %= Jo Jop 20 ) N (dx ,F).

e%xmvf dk3>:| dc
D
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To complete the proof for two metrics g, g’ conformally equivalent to the Euclidean metric, say g’ = e?g, we apply
twice the above result to get

(@isai)i (s, Bj)j
H)/,Ma,u. I°FJ ./(g/’ F)

(zi,0)i,(s5,B))
H)/,,Lba,M AL /(g’ F)

1+ 60?2
=+_Q</|31ng/|2d)\+f 4lng/dka—/ |8lng|2dk—/ 41ngd,\3)
967 D aD D aD

1+ 60?2
=+—Q<f |a¢|2dx+2/ 8(p-81ngdk+/ 4(pdk3>.
967 D D aD

Now we use (2.5) + (2.2) to get

In

(zi,i)i (s, B

)i (55.8))
I (g, F) 1+60? 1
In 7;;1[’;[ B = —o¢ (f |a¢|2dk+2/<pRgdkg+4/ (p(1+§3nlng)dka>.
| SR Pi(g, F) T D D oD

We complete the proof with (2.3). [l
3.4. Conformal covariance and KPZ formula

Now we want to establish the conformal covariance of the partition function, i.e. to determine its behavior under the
action of Mobius transforms on the marked points. We focus here on the case when the background metric is the
Euclidean one: as shown by the Weyl anomaly (Theorem 3.4), this is not a restriction. One thus looks at

H;ﬂ[ﬁii’)ﬁaz‘)is(w(»"j)aﬂj)j (dxz, F)

2

(X~2 ﬁ' i
— lim e(Zi @i+ > ﬁjQ)CE[F(XaD .40 HST’eaiXaD.s('/f(Zi)) HgTjeﬁTJXaD,g(llf(Sj))
i

e—0 ,
R J

2 2
X exp(—,ue”ceyT / eV Xoe gy — uae%csyT / eI Xome d)\3>i| dc, (3.15)
D oD

where y is a Mobius transform of the unit disk.

We use the following convention for the rest of this section. If M is a measure on a measurable space E and
Y : E — E is a bi-measurable bijection then the measure M o i is defined by the relation M o ¥ (A) = M (¥ (A)) for
all measurable set A C E.

Theorem 3.5. Let W be a Mdbius transform of the disk. Then

H;I//liza,)ﬂ(x,), RUACHN: DY d 2 1 1_[|W( )| —2Ay; 1—“1//( )’—A,sj H(Zy Olz)l (sj.Bj)j (d 2 1)

where the conformal weights A, are defined by

-3(e-3)

Furthermore the law of the triple (¢, Z, Zy) under P

W@ (U (57)B7);
QIn|y'|. Z oy, Zy o) under P\ " GV

(zi,@i)i (sj,B5) )

Vst otda is the same as that of the triple (¢ o ¥ +

Proof. To facilitate the comprehension, we take only into consideration the law of the Liouville field and we leave to
the reader the details of the whole proof for the triple (¢, Z, Zy).
We first study the behavior of the measure under the Mobius transform ¢:
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Lemma 3.6. For any f € C*(D), we have

2 2
(Xa]])ow, 3%A)fs%eyxamvg dh, lim/]DfayTe%X”]DvE dkg)

e—0

law

= (xamma(xmow), lim / f o yprer Komtma Koot |y |9 gy,
E—> D

lim/ folﬂe%(XBD~6+m3(X3E°‘/’))|1/,’|%dka)‘
D

£—0

Proof of Lemma 3.6. Using Proposition 2.1, we have that

lim B[Xop« (v (0)] = E[(Xap 0 ¥) 2 (1)] =0

on D and on dD.

As |@'(x)] is always larger than a constant that is strictly positive, we can use the result in [31] to show that the

measures

[N}

v
(i ’ eV Xm0y gy
o

and

2
8% eV Xamo¥e 7y

converge in probability to the same random measure on D.

Similarly,
Pt
<i ! E%X‘am.go'// dy
¢’
and

2
SVTE%(X”]DOWS dry

converge in probability to the same limit measure on dID.
We also have, by change of variables in the integrand

[§)

Y

2oux, 2oUx. oW |, /]2 € N2 Xypeow|. QY
/fszeV dDSdA:/fowe2eV e W|dk=ffow ol IR AR 18 e V)
D D D [y

and similarly

72

2 2 T Qy
/ f€yTe%X3]D’€d)\,3:/ fows%e%x3m~gow|w/|d)\3=/ folp <|1;/|) e%XBID.sOV/|w/| 2)/ d)\é)
D D D

Combining the above arguments, we conclude the proof by recalling the change of metric formula

1
Xap oy —ma(Xapo V) = Xy,

which can be verified using the definition of mj and the Green function.

(3.16)
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Anticipating the formula (3.16), we use the change of variables ¢ = ¢ 4+ my(Xj5 o ¥) to write

n;%f)i’)llai)i‘(w(s‘j),ﬁj)j (dxz, F)

2
| - o
— lil'% it X 'Bj_Q)(C_ma(XaDOW))]E|:F(X3]D)’8 +C—my(Xap o w)) H87€aiX3D'S(w(Zi))
E—> R .
14
82 i 2
i B s v
x [+ %Xt exp<_ueyc82 / o7 Xine—my (Xapow) g5,
j D
2

el / o 5 Kap.—ma (Xapow)) dxag)}dc.
D

IR

— Kye

We now apply the Girsanov transform to the factor e@™s(Xano¥) This will shift the law of the field Xyp, which
becomes

X+ 5= [ Glw@)ao.
We now introduce a useful constant in the following calculation

Dy = /3 N fa GV 01 ¥ @)rady)ha(dz) = 4w E[ma (Xap 0 )’].
We also introduce the function

H(y) =/8DG(W(y), ¥ (2))1a(dz)

so that Dy, = fa]l)) H(y)Ay(dy). Recall that faD G(y,2) y(dz) =0forall y.
Under the Girsanov transform X yp (x) —my(Xap o ) becomes Xp(x) —my(Xgpo ) + 5= H(w L)) — <2

4112
and we get
W @i),0)i, (Y (sj).B)) 2
Iy g e (d )
2 _
- nme%r”“’/ et X OF R B Xyp, 47— my(Xan 0 9) + 2 H(y™ () — 225 Dy
e—0 R ’ 2 472

8
XHS 21- o X, (¥ )= my(Xgnoy)+42 H(z)—; Dw’]_[e & e{(xam(w,)) my(Xapow)+ 52 H(sj)= ;% Dy)

i J
Xexp<_lwy684/ Y Xan () =ma(Xanow)+ & HW )= & Dy) o
D

_Maegzsyf/e%(XaD(m—ma(XaDoWJr%H(w1<x)>—%%0w>d,\ag>}dc'
D

Notice the relation (consequence of (2.9))

i om L ©
gH(x) =Q0ln o) + 87t2D1/f

the Dy part with cancel out the first exponential term in the above expression when we do the change of variables

LDVP

C=C_87'[2
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Now using (3.16), (2.2) and Lemma 3.6, we finally have

W (zi),a)i, (¥ (sj).B))j 2
Iy m j(dx ’F)

o (el (T
i i

o?
x lim | orertik, ﬁf‘Q)”E[F(XaD,e oy = @y (¥ ()| + o) [ [ F errtimac

1

/3_12. &(X‘ (s7)) ye ﬁ X Ye ﬁ Yx.
xl_[s T2 2DV exp| —pet g2 De” e dh — uge2ed DeZ e dhyg | [de.
J

This completes the proof of the theorem. d
3.5. Conformal changes of domains

In this section, we explain how to construct the LQFT on domains that are conformally equivalent to the unit disk.
Basically, the idea is to find a conformal map sending this domain to the unit disk and to use the conformal covariance
property of the LQFT.

Let D be a simply connected (strict) domain of C, say with a C! Jordan boundary. From the Riemann mapping
theorem, we can consider a conformal map ¥ : D — . If we further consider marked points (z;,«;) in D and
boundary marked points (s;, 8;); in dD, they will be sent respectively to (¥ (z;), ;) in D and to the boundary
marked points (¥ (s;), 8;); in dID. Finally, the uniformization theorem tells us that there is no restriction if we assume
that D is equipped with a metric of the type gy = |/’ |2g () for some metric g on I.

The Liouville partition function on (D, gy ) applied to a functional F reads

(zi0)is(s5.B)) )
o jPij "(D,gw, F)

o?
— eoox UpdInglP dit [ip4lngdip) iy [ | F(Xv+C+Q/zlngw)H87’eai(C+Xv,e+Q/21ﬂgw)(z,')
e—0Jr ;

82 Bi 2
y H8Tfe%<c+xu,g+Q/2lngw)<s,->exp(_42/ Re, (c+ X,)dig, _Wycg%/ ey(Xu,g+Q/2lngw>dA)
. T JD D
J

10} ve ¥2
X exp ~5 Kagw(C+Xv)d)\3g¢ — nge2fe®
T JobD bl

eg(xv,s+Q/2lng¢)d)\'a):|dc’ 3.17)
D

where X, is a GFF on D with Neumann boundary condition and vanishing v-mean. By shift invariance of the
Lebesgue measure, the choice of v is irrelevant and it will be convenient to take X,, = X3p o v, which is free boundary
GFF with vanishing mean for the line element on 3 D in the metric |’ |2dx? on D.

Proposition 3.7. Let D be a simply connected (strict) domain of C with a C' Jordan boundary. Then we have the
relation

(ziH0)is (55,85
H)/Z,l;zsll e (D, gy, F($,Z,Zy))

=TTl ol TTw sl mlie > (g, F (¢ oy + QInfy’
i J

,Zolﬂ,Zaolﬂ)).

In particular:
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1. we have the following relation between the partition functions (F = 1)

@B 20q; Ag: (WU (zi), )i (Y(s;).B));

Myl (D, gy D= [Iv @72 T T (sp] ™ 1,000 (D, g, D).
i J

(zivai)in(sj.B))j

2. The law of the triple (¢,Z,Zy) under IPVsMa,M,(D»gu/)

W (zi),ai)i, (¥ (s7).B))j
Y.ia.m,(D,g) )

is the same as (¢ o + QIn|Y'|, Z, Zy) under

Proof. Again we only treat a functional F depending only on the Liouville field for simplicity. Applying Lemma 3.6
and using that Rg, (x) = Rg (¥ (x)) and K, (x) = K¢ (¥ (x)) (because yr is a conformal map), (3.17) is equal to

(zi,@i)is(sj,Bj);
Iy g, o /(D,gw,F)

o2 R
At § (e ) (T e
i i

1

x lim E[F((XaD +c+ 0/2Ing) oy + Qln|y’|)

e—=0JRr

zx.z ﬁz .
x [[e ¥ etctxmatormow e [s4 o2 Xp 40/2g) (W (s))

4 J

Xexp<—g/ Rg(l/f)(c—i-Xaﬂ)ol/f)g(llf)}l/f/}zdk—/Leyceé/eV(X3D~€+Q/21“g)dA>
47'[ D D
xexp<_22/ Ko (¥)(c + Xap o ¥)|¥'| g2 (w) dhy

T JyD

oD
= [Tl @ [Tl 6p| P myie 7 (0.6, F(g oy + 01nly]). 19
; j

This completes the proof. O
3.6. Law of the volume of space/boundary
We want to express here the (joint) law of the volume of bulk/boundary on the unit disk equipped with the Euclidean
metric. It will be convenient to express this law in terms of the couple of random measures (Zo, Zg) under P respec-
tively defined on D and 9D by (recall Proposition 2.2)

Zo=e'MerXmayn, 70 =eTHeTXm gy, (3.19)
with

H(x)= P 3.20

(0 =) @G, z)+ ) ~LG(x,s)). (3.20)
i J

‘We further introduce the ratio

_ Zy(D)
Z3(D)?
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By definition of the law of the bulk/boundary Liouville measures, we have

e 2
_ (H;Z”'lllz’;ﬁ’(sj’ﬁj)j (dXZ’ 1))—1 / e(zi olri‘%Zj ﬁj—Q)CE[F(€VCZ(), e%czg)
R

x exp(— e’ Zo(D) — ae T ZY (9D))] de

2 1 (% 25 0l 8._0)—
= (e ) [Ty e e

Zo z? ) 2y galy g
< E| F 2R , 0 exp(— 2R_ ZB oD V(Z,aﬂrzZ,ﬁ/ 0) dv.
[ (y Zo@D) yzg(aD) p(—ny way)ZG(0D) y

This is the general formula. It may be useful to state as a particular example the case py = 0 as it often arises in the
study of random planar maps with a boundary.

Corollary 3.8. Assume 1y =0 and p > 0. The joint law of the bulk/boundary Liouville measures is given by

(zi,@i)is(sj,Bj)j
Lo [F(Z.Zy)]

a
:z‘/ui(zf“ﬁ%z%Q“]E[F(uzz(‘ﬁ)),u% % 1>Zo(D)5@1'“!'*52/51'9)}““@.
R 0 Zo(D)2

where Z is a renormalization constant to get a probability measure. In particular, the law of the volume of space

Ziai"_%Zjﬁ./_Q
Y

follows a Gamma law with parameters ( , ) and the random variable Z(D) is independent of the

V4 Zy
random measures (W’ m).

In the setting of the above corollary, if we further condition the total bulk measure to be 1, the unit volume Liouville
measure on the disk as in Corollary 3.8 can be defined when the following three conditions are satisfied

Vi, a; <O, (3.21)
Vj, Bj <0, (3.22)
1 2
Q—Zai—EZﬂj<;A2111iin(Q—oci)An1]in(Q—ﬂj). (3.23)
i j

We invite the reader to consult the Appendix in the ArXiv version of this article for a precise statement and a detailed
proof. This shows that the Seiberg bounds (3.5) 4 (3.6) 4+ (3.7) can be relaxed when conditioning on finite total volume.

Remark 3.9. We can also look at what happens when we set # = 0 and condition the total boundary Liouville length
measure to be 1. In this case, one can treat bulk insertions and boundary insertions seperately as in [8, Section 3.4] to
obtain similar relaxed Seiberg bounds without additional technical difficulties. For completeness we state the result in
the following corollary.

Corollary 3.10. Assume =0 and wy > 0. The joint law of the bulk/boundary Liouville measures is given by

(zi,0:)i,(55,B))
By o um0,dx? [z 2]

a
zz_lfy§(2,-ai+%2jﬁ,-—g)—1E[F<yz aZO o aZO )Zg(aD)—%(Z,-ai+%Zjﬁ,-—Q)}_Wdy’
R ZJ D)2 7] (3D)
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where Z is a renormalization constant to get a probability measure. In particular, the law of the total length of the
boundary follows a Gamma law with parameters (2)/_l Qi+ % Zj Bj — Q), w) and the random variable Z (D)

is independent of the random measures (W, ﬁ),
The unit boundary length Liouville measure on the disk can be defined under the following conditions:

Vi. Bj<0. (3.24)
1 2.
Q—Zai—EZﬂj<;/\mjm(Q—ﬂj). (3.25)
i j

Remark 3.11. Since the geometrical KPZ formula established in [26] has been established almost surely with respect
to the GFF expectation, it holds for the Liouville measure in our context almost surely too.

4. Liouville QFT aty =2

Here we explain how to construct LQFT on the unit disk in the important case y = 2. The reason why this case is
so specific is that it is no more superrenormalizable at small scales. In other words the interaction terms ¢2X2 d or
eXiD d )5 can no more be obtained as a Wick ordering, i.e. a subcritical Gaussian multiplicative chaos: it corresponds
to the phase transition in Gaussian multiplicative chaos theory. Indeed, the standard renormalizations

g2e* e ) and  geXiDe diy

yield vanishing limiting measures. To get a non trivial limit, an extra push \/E is necessary, which is called the
Seneta—Heyde norming. For Gaussian multiplicative chaos, this has been investigated in [14] for a white noise de-
composition of the GFF, which does not exactly correspond to our framework as we work with convolution cutoff
approximations. So, we explain in this section how to generalize the results in [14] to convolutions.

We first claim

Theorem 4.1. The family of boundary approximation measures on 9D

[ 1
In —geXime dhy
€

converges in probability as ¢ goes to 0 towards a non trivial limiting measure, which has moments of order g for all
qg<1.

Theorem 4.2. The family of bulk approximation measures on D

/1
In —g2e?Xim.e g,
€

converges in probability as € goes to 0 towards a non trivial limiting measure, which has moments of order q for all
qg <1.

Remark 4.3. Actually, our proof for the two above theorems establishes convergence in probability for a large class
of cutoff approximations with mollifying family, not only the circle average family.

Proof of Theorem 4.1. The strategy is the following: first we show the convergence in probability of a specific family
of white noise cutoff approximations. Then we will show that this entails the convergence in probability for a whole
class of convolution approximations, including circle averages.
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Recall that if we consider a centered Gaussian distribution X on the boundary of the unit disk with the following
covariance structure

1

|ei9 _ ei@’l

E[X(e)X (e")]=2In

)

then the law on the boundary of the GFF Xjp is given by

1 2 "
Xop=X—— X (') d6.
8 2 0 ( )
Our first step is to construct Xap as a function of some white noise W and of a smooth Gaussian process Y. This
decomposition will be convenient to establish convergence in probability of the approximating measures based on
martingale techniques. We will recover the situation of approximations based on convolution of Xyp after that.
Recall the following decomposition (see [30])

5 1 1 1, dt 1
Vx € R?, 1n+m=2/O (t—|x|2)+t—2+2(1—|x|2)+.

Now we construct two Gaussian distributions: the first one X will have the covariance structure of the first term in the
above right-hand side and the second one Y the second term.

Lemma 4.4. There exists a white noise W on [1, +o0[ x 0D and a family of centered Gaussian processes (}_( £)ecl0,1]
on 0D, which are measurable functions of this white noise, such that

VOo<e<ée <1, X — X, is independent of o { X, (¢'?); ¢’ <u < 1,0 €0, 27]} 4.1

and
1 1 ' .
E[X. (") X ()] :2/ (t — e — ei9/|%)+d_2t =/ (1—Jv(e e )|%)+@. 4.2)
JE t 1 v
The limiting distribution X =limg_0 X is a centered Gaussian distribution with covariance structure
N b 1 0 enky dt
E[X (") X(e)] =2 [ (=" = 1), 5.
0 t

Finally, for any smooth function R on [1, +o0o[ x 3D with compact support, the function
z€dD > T(R)(2) :=E[X: (2 W(R)]
is a continuous function which converges uniformly as ¢ — 0 towards

z€dD~ T(R)(2) :=E[X(2W(R)].

This lemma is proved in Appendix A.3. Then we consider a centered Gaussian field Y independent of (Xe)ee 10.1]
with covariance given by

E[Y (¢)¥ ()] = (1 - | — ') .

Recall that such a kernel is indeed positive definite [18].
Now we can set

2
Xm:my_if (R () + ¥ (")) do.
2 0
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This is a construction of X as a function of (W, Y). Now we would like to use [14] to show that the random measures

1z
In —ge®c dx, 4.3)
&

converges in probability to a non trivial limiting random measure as & — 0. To this purpose, observe that the covari-
ance (k;)¢c10,1] kernels of the family (X¢)qe0,1] can be written as

1 . Iy
o = k(v, e, et L ) o1
kg(e”g,ele ) =/ (Ueie)dv with k(v, e'?, et? ) = (1 — |v(e’9 — e’e) 2)+.
1 v

Such a kernel k satisfies the properties
A.1 k is nonnegative, continuous.
A.2 k is Holder on the diagonal, more precisely V0, 6’, Vv > 1,

|k(v,ei9,ei9) —k(v,eie,eig/)| < v1/2|ei0 _ 012
A.3 k satisfies the integrability condition

o] k(v, €i9, ei9/)
sup T dv < 400.
0.0" leif it | v
i k(v el em) 1
A4 foralle €]0,1], [ === dv=In.
A5 k(v,e?, e?)y=0for |e!? — | > v,
Observe in particular that [A.2] implies that
1 P 1/e |ei9 _ ei9’|l/2 " o 12

lng—k‘g(el ,el ) S‘/; Tdvfcqel —é |/8)

for some constant C (independent of ¢). In particular we have the property
. . 1 : 0/
|e’9—e’9 |§8 = ln——kg(elg,e’e) <C. 4.4)
e

These properties are the only assumptions used in [28] to construct the derivative martingale and in [14] to prove the
Seneta—Heyde norming. Therefore the family of random measures (4.3) converges in probability towards a non trivial
random measures, which has moments of order ¢ for all ¢ < 1 (see [14]).

Hence, if X, = X, + Y — 2= [ (X.(¢'%) + Y (¢!?)) d0, then

1 i
M, =,/In ZgeXe@”) dly
&

converges in probability to a random measure M’ which is a measurable function of the white noise W and the
process Y, callit F(W,Y).
Now, we show convergence in probability of ,/In ésexf’ms dXy, where Xyp ¢ is the circle average approximation

of X3p towards the same limit M’. The ideas in the following stem from the techniques developed in [27] along with
some variant of Lemma 49 in [31] (we will not recall Lemma 49 as our proof will be self contained).
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For this, we introduce X EI,D, an independent copy of Xp, and X (})D’ . its circle average approximation. Let us define
fort €[0,1] and 0 € [0, 2]

Ze(t, ") = ViXjp () + VT —1X. ().

Now, we set

1 1 i0
M! = [In—geXome@) gy,
e

We first show that MEl converges in distribution to M" = F(W, Y). From [30, Proof of Theorem 2.1], one gets that
foralla < 1

T 1 o o
T B[ 8] - [ (5

o
i) “)cAh [(,/ / Ze(t)= Zﬂfﬂ')z]dxf,) ]d;
2 D
_ 26+ Ae iy 1 i6\2 “«
+cCA1im |:< sup In— / elet.e) =7 E[Ze(t,e ”d@) j|dt,
=0 2iAe

0<i <45
where

Ca=Im sup  [E[Xjp, (") X5 ()]~ E[Xe (") Xe ()]

620,410 _gi6'|> A
and

Ca=Tm sup [B[Xp, (") Xjp ()] — BLXe (") Xe ()]

e—>0, i
leif —ei® |<As

The reader can check that C 4 is bounded independently of A and Alim C4 =0. Since
—00

1! 1 2 ¢
E[( 1n_/ et BIZe () ]du> }
€Jo

is also bounded independently of everything (by comparison with Mandelbrot’s multiplicative cascades as explained
in the [13, Appendix] and [14, Appendix B.4]), we are done if we can show that for all ¢ € [0, 1]

_ 2(i+1DAe 0y 1 042 o
limE[< sup In— / eZe(t.e") =3 ElZ:(1e Hde) ]:0. 4.5)
e—0 0<,< 2iAg

Notice that this quantity is less than
1 a2 ) .
In=) B[ (eMPocioan Z (t.6)~3ElZ, ey, (4.6)
£

To estimate this quantity, we use the main result of [1]: more precisely, setting

1 3 1
me=2In— — —1Inln —,
e e

we claim that there exist two constants C, ¢ > 0 such that for ¢ small enough

Vx >0, IP( max Z(t,e") —mg| >

0€[0,2m]

x) <Ce .
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In particular we get that for « < ¢

E[ (e5"Poeio,2 1Z:(t.e1)\ ]
st;p [(e €l0.27 ) ]<oo

Plugging this estimate into (4.6), we see that the quantity (4.6) is less than

1 /2 1\ @
C’(ln—) g2% o¥Me — C’(ln—)
€ €

for some constant C’ > 0. This proves the claim (4.5), hence the convergence in law of the random measure M‘s1
towards M’ = F(W,Y).

Now we deduce that the family (W, Y, M, 81 )e converges in law. Take any smooth function R on [1, +-o00[ x 3D with
compact support, any continuous function g on 9D, any bounded continuous function G on R and # € R. We have by
using the Girsanov transform

1
E[eW(R)+”YG(M€1 (g))] —e? Var[W(R)+uY]IE[G(M€1 (eTg(R)g)]’
where T (R) is defined in Lemma 4.4. The quantity in the right-hand side converges as ¢ — 0 towards
o3 Va.r[W(R)+uY]E[G(M/(ET(R)g)] _ E[eW(R)+uYG(M/(g))].

Hence our claim about the convergence in law of the triple (W, Y, M 51) ¢ towards (W, Y, M’ = F(W,Y)) is proved.

Now we consider the family (W, Y, M}, F(W, Y)),, which is tight. Even if it means extracting a subsequence,
it converges in law towards some (W, y,M,M). We have just shown that the law of W, ), M) is that of
W, Y, F(W, ), i.e. the same as the law of (W, Y, M). Hence M = M almost surely. Therefore ME1 —F(W,Y)
converges in law towards 0, hence in probability. Since the convergence in probability of the family (Msl)g implies
the convergence of probability of every family (M,), that has the same law as (M 81)5, the proof of Theorem 4.1 is
complete.

Finally, one can notice that instead of Xyp , we could have considered any smooth convolution approximation
of X. |

Proof of Theorem 4.2. Let us consider the Poisson kernel on the unit disk

YO<r<1,¥9€[0,27], P.(6)= Zr‘"‘e""f’.

nez

We can then consider the harmonic extension inside the unit disk of the trace of the GFF X;p along the boundary

2w
Px(re’®) = %/0 P.(0 — )Xy (') dr.

It is plain to see that Py is a continuous Gaussian process inside the unit disk. If we set
XD = Xyp — Py,

one can check that we get a GFF with Dirichlet boundary condition in the unit disk. Therefore, by continuity of
Py inside I, the convergence in probability of the random measures (¢2e2X2.c™) g), boils down to showing the
convergence in probability for the random measures
Dir
(224770 g3) |
&

where (X Eir)g stands for the circle average approximations of the GFF X Dir Given the fact that the Seneta—Heyde
norming has been proved in [14] for a white noise decomposition of XP'", we can use the same argument as in the
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proof of Theorem 4.1 to show that convergence for the white noise approximation family entails the convergence in
probability for the circle average approximations. (|

From now on, the construction of the Liouville LQG on the unit disk for y = 2 follows the same lines as for y <2
by taking the limit as ¢ — 0 of the quantity

(zi,@i)is(s5.Bj)
Iy (e F)

o?
— e%(fn|31ng|2d)»+f3D4lngd)»3) lim E F(Xsp+c +lng) 1_[87’6(11‘(64*)(3][)_54*1118)(2[)
e—=0Jr ;

82 Bi 2
x Hs4/e2"(C”mf““g)(si)exp(—gf Ry(c+ Xop) dhg — pue* —ln882/ ¢?Xom.e+1ng) dx)
, D D
J

2
X exp(—g /3@ Kq(c+ Xop) dhgg — nae“~/—Inee /BJD) eXop.eHing) d)»a>:| de. 4.7

defined for all continuous and bounded functional F on H~!(ID). From now on, the properties of LQG (and their
proofs) on the disk for y = 2 are the same as for y < 2 except Proposition 2.3, which needs some extra care that we
treat now.

Proposition 4.5. The quantities below are almost surely finite

/eZXBDdA and /exf’”)dkm.
D oD

Proof. Recall the sub-additivity inequality for o € 10, 1[: if (a;)1<;<n are positive real numbers then
(al +...+an)a Sa‘lx_’_..._'_afll_

Now we use Kahane’s convexity inequality [27, Theorem 2.1] to compare the Gaussian multiplicative chaos with
standard dyadic lognormal cascade (once again we refer to [13, Appendix B.1] for full details). We consider the
dyadic tree with i.i.d. weights with Gaussian law A/(0, In2) on the edges of the tree and denote by Y;‘ the sum of
these weights starting from the root up to the dyadic indexed by j at generation n. We denote by (Z;); an i.i.d.
sequence (independent of everything) standing for the mass of the dyadic cascade at criticality rooted at the dyadic
J at generation n. From [23] these random variables have distribution tail P(Z; > x) < % for some constant C > 0,
and E[Z?] < oo for g < 1. Hence we get

E|:</ EZXE)]D‘(X)—zE[XBD(X)Z] 1 ))L(dx)oti|
D (1 —[x]*)?

o
=3 zznaEK / 22X () —2ELX ()] de)> }
1—2*"§|x\2§1—2*"*1

nelN
n o

< Z E|:<Z ngzﬁ(Y;’ﬁmzm) j|

nelN Jj=1

1 on 3 o
=2 TE[(Z z; ﬁ‘“z’”ml“”)) }
n3a
nelN j=1
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Let n €]0, 1[. By Jensen and for some constant B > 0

o

2" a on =
F- 575 - - 3
E[(szeZﬁ(Yf ﬁln2n+2ﬁlnn)) ]:E[(ZE[ZJI n]ezfz(l m(; ﬁln2n+2ﬁlnn)> }
j=1

Jj=1
2" f n 3 lif”
< BE[(ZeZ 2(1n)(xfﬁln2n+mlnn)> :|

j=1

From [23] again, this last expectation is bounded independently of n provided that we choose 2a(1 — ) < 1. In that
case, up to changing the value of B, we get

1 1
E 2Xyp(x) —2E[Xap (x)?] Ado? | < B .
[(A)e (11— |x|2)2 (dx)™| = Z n3a

nelN

which can be obviously made finite provided that o > 1/3. ([

5. Conjectures related to planar quadrangulations with boundary

We consider Q,,. » the set of quandrangulations of size n, i.e. with n inner faces and a simple boundary of length 2p
with one marked edge on the boundary and one marked face inside. Now to each quadrangulation Q with a marked
point inside and a marked point on the boundary (we choose at random a point in the marked face at a point on
the marked edge), we associate a standard conformal structure (by gluing Euclidean squares along their edges as
prescribed by the quadrangulation) and map it to the disk such that the interior point gets mapped to O and the frontier
point to 1. We give volume a? to each quadrilateral and length a to each edge on the boundary: we denote V0.a
the corresponding volume measure and an, . the corresponding boundary length measure. Recall that we have the
following asymptotics as n, p — oo with % tending to some value (see Appendix):

_ 3 /3 92p)?
10y ~nn12,2PI0 5 =32 Pele”

’ 2
and we set u¢ =In12, u§ =1In % (these two constants are not universal as they depend on the class of map one

considers, i.e. are different for triangulations, etc. . .). Now, we consider the measures (v, vg ) defined by the following
expression for all F

E[F(va,v))] = ZL Ze*’l"e*ﬁazp Z F(vg.a vg’a),
a n,p QEQn.p

where the constants i, i are functions of @ > 0 defined by ji = e +a’u, jiy = wu§+apy and Z, is a normalization
constant. We can now state a precise mathematical conjecture:

Conjecture 1. The limit in law lin}) Va, vg ) exists in the product space of Radon measures equipped with the topology
a—
of weak convergence and is given (up to deterministic constants) by the Liouville measure of LOG with parameter

y = %, appropriate cosmological constants and oy =y, f1 =y and points z; =0, s; = 1.

Here we give a few more details on the above conjecture. It states the existence of constants C, ¢ > 0 such that

. 0,y),(1,y) = -
lim B[ F (v, va)] =B L [F(CZ.e2y)] (5.1)
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with y = \/g . Looking at Section 3.6, recall that we have for all y € ]\/5, 2[

©,y).(1,y) ~7o =
B o emn [F(CZ,cZy)]

1 _2 - -
== / eV TVE[F(Cer Zo, ce 7 Z3) exp(—Cue?* Zo(D) — pge 2 Z (9D))] de, (5.2)
g,y JR

where the couple (Z, Zg) is defined by
Zo = eV HerXim gj Zg:e%He%Xamdka,

where the couple (¥ X d, e7XoD dXy) is a standard couple of Gaussian chaos measures defined by a limiting pro-
cedure in Proposition 2.2 and

Hx)=yG(x,0)+ %G(x, 1),

with G the standard Green function in the disk (see (2.6) for the definition). The constants C, ¢ are non universal in
the sense that they depend on the class of planar map you consider. For instance, the constants C, ¢ will be different if
you consider triangulations instead of quadrangulations. It would be interesting to know these constants (in the case
of quadrangulations say); however, we do not know how to compute them as it requires information on the joint law
of (Zo(D), Z3 (D).

It is known that the joint law of the total volume and the total boundary length of (v, vg ) is given by the following
density within the regime of conjecture 1 (see Appendix A.1)

2
b V3221V =il o= 7 g1 qV . (5-3)

Moty

In fact, the above distribution should be universal, i.e. should not depend on the planar map model, except for the 19—6
constant in e~ 16V which is specific to quadrangulations and in the case of triangulations (for instance) one should get

a different constant than %. One can in fact read on relations (5.2) and (5.3) where the relation y = \/g comes from.

Indeed, for any function G, by making a simple change of variables V = Ce? ¢ Zo(ID) in (5.2) we get that

- _ 1 1 oo 2z
ECD-UN[G(Cz(D))e %@ = E[ - — 2}/ GV Ze Vv
V&t Y Cupay (CZo(D))!1=2/r 0

Similarly, one has

00 oo ) 00T1/4 — 212 T oo
1 / / (G(V)eual)V_3/211/26_ﬂve_wle_% dldv = h! L / G(V)V_?Te_“VdV,
Dyuy Jo Jo 2Dy py 0
by using the change of variable = % This shows that the only possible choice for (5.1) to hold is y such that % = ‘3—‘,

ie. y = \/g.

One could also state similar conjectures with three distinct marked points on the boundary (instead of one interior
marked point and one marked point on the boundary) or/and by conditioning on the measures to have fixed volume
(instead of the Boltzmann weight setting of conjecture 1). One could also state similar conjectures where the quad-
rangulation is chosen according to the partition function of a model of statistical physics (at critical temperature):
in that case, the value of y in conjecture 1 will depend on the model and can be read on the asymptotics of the

partition function of the quadrangulation (in a way similar to the way we derived the relation y = \/g for uniform
quadrangulations).
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Finally, let us mention that variants of the measures defined by (5.2) (where you fix three points on the boundary
and condition on the volume of the bulk measure or the boundary) should be related (in a similar way as the sphere
case) to the unit area quantum disk and the unit boundary length quantum disk which appear in [12].

Appendix
A.1. Asymptotics of quadrangulations with a boundary

Here we take material from [5] (see also [6]). Let O, , denote quandrangulations of size n with a simple boundary of
length 2p and a marked point on the frontier. Then we have

LGP, @utp-D)

@l = 3 =D = pt Dl 2p)!

2
We are interested in the asymptotics of |Q,, ,| as n, p — oo with % fixed. Notice that we have within this asymptotic:

2
Qn+p—1l~ /222 +p=1,@n+p=1Inn+p—1+4 —Q2n+p-1) /2n.
(Ifl—p—i—l)"\* / e(n p+DInn— p+1+2’1—(n—p+1)ﬁ’

(n+ 2p)! ~ /2 e(n+2p)lnn+2p+ (n+2p)[

Hence, we get that

(2n+p—D! N /ln—5/222n+p—1e—%
n—p+Dln+2p)! T

Also,

Gp)! V3 27\"
pl2p — 1! ﬁﬁ(_)

in such way that we get
190, pl ~ 12"(2> e i

Finally, if Q,,. p» denotes the set of quandrangulations of size n with a simple boundary of length 2p with one marked
point on the frontier and one marked point inside then we get

10, | ~ "2 2pln 32 NP V 9(2P)2
n,p

A.2. Some auxiliary estimates

Here we give hints for some estimates used in the proof of Theorem 3.1 and Proposition 3.2. We stick to the notations
used in this proof.

Lemma A.1. On boundary behavior of the regularized Green function G: remember that Dy is the disk of radius &
centered at 1 — 2¢, we claim that

sup sup |G8(x,x) +21n8| < 400.

e>0xeD,
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As a consequence, one sees that if x € Dg,

5 1 1
E[Xp.(x)*] -2In-| <C, Ge(x,1)—2In-| <C.
I I

Proof. Let us calculate G:(x,x) for ¢ > 0 small enough. Recall that the non- regularized Green function G(x, y)

is the sum of ln yl and In T lxﬂ We have already seen that the &- regularlzatlon of ln 5] part of G, (x,x) will
simply be — lne as in the proof of proposition 2.1. Now for the In ———= =] x)l part, we remark a scahng relation: we can

compare what is happening at ¢ with that at £ /2 via the following observation (with a, b > 0 both small of order ¢)

la/24bj2 —ab/4| la+b—abj2| _ lab/2|

1
I - = =
T T b —ab| 2 la+b—ab|  latb—ab|

<lal.

By takinga =1 — (x + gei?yandb=1—(x — se"el) we can establish

1
—dfOdo +1ne| < +oo.
47T /S| /;1 |1_(x+8610)(X+€le)|

Together we get the first part of the lemma.
The first inequality in the second part of the lemma comes as a direct consequence. The second inequality can be
proved using a similar scaling relation as in the above proof. ]

sup sup
e>0xeD,

Now we establish another estimate concerning the process Y,. Recall that Y, is the Gaussian process defined as
Ye(u) = Xop,e (1 —eu) — Xop,e (1) and D(2, 1) is the disk centered at 2 with radius 1.

Lemma A.2. Forallz,7 € D(2, 1),
E[(Ye(e) ~ ¥e(2))"] < Cle <]
uniformly in0 < ¢ < 1.
Proof. It suffices to prove that uniformly in &,
|G8(1 —ez,1—62) —Ge(1—ez, 1 — )| <C|z—7/|.

For the ln 5] part of G, it suffices to prove that the following function is Lipschitz in r for r € [0, 2]

1 1
- In————dodo’
1= 4 /s /s e —rei®

notice that f(1) = 0 But we have already seen that f(r) = 0 when r < I and this implies that f(r) =Inr whenr > 1.
As of the ln _I part, we will write the difference as

1— (v _ ¥ - io’
/ / 1= & +ee) (@ i)—l—x.—ijse )|d9d9,’
4n2 $, JS, [1 — (x + eel®)(x + eei?")]
where x =1 — ez and y = 1 — ¢7’. Then we notet—“ ~ and this becomes
_/ f 1n|1/82—(x/8+ei9l(t—tf/8 +‘e/"9/)|d9de/.
51 /8 11/62 — (x/e + €!9) (X /e + €i9")]

As the derivative with respect to ¢ is continuous and uniformly bounded in ¢ for |¢| < 2, our proof is complete. (|
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A.3. Proof of Lemma 4.4

We introduce the Fourier coefficients o, (n) > 0 for n € Z, v € [1, oo[ given by

2 1 2n —ind 0 1
|au(n)| :EA e " (l—|v(el —1)|2)+d9.

We consider a standard white noise W on [1, co[ x 9D and we set

7tnu

2
19 Zav(n)e’"QF/ / W(dv du).

nez

Observe that ay (n) = ay(—n) for n > 0 in such a way that X, is real-valued. Then we can check that

BT = e [ a2 = [ (1 ofe =),

nez

dv
o

Also, notice that we have

2 —mu
e') Zau(n)eme/ f W (dv, du).

nez

Now we compute the correlations between the family (X, ), and the white noise W. We consider a smooth function
H : [1, 4o00o[— R with compact support and a smooth function f on dID: weset F = H ® f and

1
V2 [1,4+00[ x[0,27]

Therefore, by considering the Fourier coefficients (¢, (f)), of f, we obtain

T.(F) () = B[X: (") W(H ® /)]
1 Olv(l’l) inf iu\ —inu
N A H(v)dvd
2,122” /[l,l/s[x[o,zﬂ N 1(e)e (W dvd

= S i “jr(”)H( v)dv.

[L,1/e] /Y

W(F)= H®) f(e")W(dv, du).

Because H has compact support, it is readily seen that this series defines a continuous function of 6, which converges
uniformly as ¢ — 0 towards a continuous function given by

ay(n)
T(F)( §n ’"9/ H)d
(F)(e cn(fe o (v) dv.

A.4. Backgrounds on fractional Brownian sheet

We look at the main theorem in [1] and we slightly modify the hypothesis (1.2).
Let {(Y} :x €0, 11%}¢=0 be a family of centerd Gaussian fields indexed by [0, 1]¢ where d is the dimension of the
space. We suppose that for some constant 0 < Cy < oo,

Vx,y €0, 1]d, Ve >0, |COV(Y" Yy) + log(max{a, |x — y|})| <Cy (A.1)

Y€
E[(r) — Ysy)z] <Cye Px—y|'? if x —y| <&, (A.2)

where | - | is the Euclidean distance.
We claim that
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Theorem A.3. There exist constants 0 < ¢, C < 0o and a small g9 > 0 (all depending of Cy and d) such that for all
O<e<eggandall x>0,

il

We adapt the proof by introducing the fractional Brownian sheet. Recall that a (one-dimensional) fractional Brownian
sheet Bgl = {B(’)q, t € RV} with Hurst index H = (Hy, ..., Hy),0 < H; < 1is areal-valued centered Gaussian field
with covariance structure

max Y — mg
x€[0,11¢

> A] <Ce .

N

E[Bf' (B 1] =]]

j=1

(Is; 1257 + 1851215 — |s; — ;12H5), 5,1 e RV,

l\)l>—‘

In particular Bgl is self-similar, i.e. for all constants ¢ > 0,

(B (ct),t e RN} = {¢Zi= i BH (1), 1 e RV

in distribution.

In view of comparing with equation (A.2), we will choose a d-dimensional vector H with all H; equal to 1/4. Let
us denote this particular fractional Brownian sheet by ®.

We now define the field ®, on [0, s[4 by linearly shrinking the region [p, 2 p[d of ® onto [0, ¢[¢, that is,
(Pe(x), x € [0, e[?) = (®((x)),1(x) € [p,2p[?) where [ is the affine map from [0, [? to [p, 2p[?. Notice that ®,
depends on the choice of p, and p can be chosen as large as desired.

Let us recall two estimations that are useful for the proof (compare with equations (2.7) and (2.8) in [1]):

Following the definition of fractional Brownian sheet:

p?/? < Var(®,(x)) < 2p)*72. (A3)
Combine self-similarity of ® with lemma 3.4 from [4] we deduce that there exist ¢, C > 0 such that
_ 172 2 - 172
cp®?e121x — yI? < B[(@e(x) — @e(1)"] < CpPe 2 x -y, (A4)

where | - | is the 2-norm, which is equivalent to the Euclidean norm.

New following [1] we will divide [0, 1[¢ into boxes of side length & > 0 and assign values to each box using
independent copies of ®,.

We first recover Lemma 2.2 in [1]. We claim that

Lemma A.4. There exist constants 0 < ¢, C < 0o (depending on p and d) such that

sup IP( sup P (x) > k) < Ce=¥, (A.5)

veV; xelY
To prove this lemma we use Fernique’s majorizing measure argument. Notice that
2 - 1/2
B(x,r):= {y e :IE[(CDE(x) - CI>5(y)) ] < r2} D {y ey : de/28 1721y —x|2/ < r2}
so that
M(B(x, r)) > crd

for some C > 0 depending on p and d.
Applying the majorizing measure technique we obtain

]E[sup(b (x) <C/ V —log(er*d)dr < C < o0

xelY
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then we complete the proof of Lemma 2.2 by invoking Borell’s inequality:

E[ sup P¢(x) > C + A] < e~M2ep

xeldy

the quantity on the right results from (A.3).
We then follow exactly the same steps as in [1] (the only difference is to replace some d’s by d/2’s because
of (A.3)) to recover the main theorem.
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