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Abstract. We study the long time behavior of the stochastic quantization equation. Extending recent results by Mourrat and Weber
(Global well-posedness of the dynamic ¢ in the plane (2015) Preprint) we first establish a strong non-linear dissipative bound
that gives control of moments of solutions at all positive times independent of the initial datum. We then establish that solutions
give rise to a Markov process whose transition semigroup satisfies the strong Feller property. Following arguments by Chouk and
Friz (Support theorem for a singular SPDE: the case of gPAM (2016) Preprint) we also prove a support theorem for the laws of
the solutions. Finally all of these results are combined to show that the transition semigroup satisfies the Doeblin criterion which
implies exponential convergence to equilibrium.

Along the way we give a simple direct proof of the Markov property of solutions and an independent argument for the existence
of an invariant measure using the Krylov—Bogoliubov existence theorem. Our method makes no use of the reversibility of the
dynamics or the explicit knowledge of the invariant measure and it is therefore in principle applicable to situations where these are
not available, e.g. the vector-valued case.

Résumé. Nous étudions le comportement sur le long terme de 1’équation de quantification stochastique. Dans la continuité de
récents résultats par Mourrat et Weber (Global well-posedness of the dynamic ¢ in the plane (2015) Preprint), nous établissons
en premier lieu une borne dissipative forte non-linéaire qui contrdle les moments des solutions, pour tout choix de temps, indépen-
damment des conditions initiales. Nous prouvons ensuite que les solutions génerent un processus Markovien dont le semigroupe
satisfait la propriété de Feller forte. Nous obtenons également un théoréme pour le support des lois des solutions grace a des argu-
ments adaptés de Chouk et Friz (Support theorem for a singular SPDE: the case of gPAM (2016) Preprint). Enfin, en combinant
tous ces résultats, nous montrons que le semigroupe de transition satisfait le critere de Doeblin, ce qui entraine une convergence
exponentielle vers 1’équilibre.

Nous obtenons également au passage une preuve directe de la propriété de Markov pour les solutions, ainsi qu’un argument
indépendant pour I’existence de mesures invariantes en utilisant le théoréme d’existence de Krylov—Bogoliubov. Notre méthode
n’utilise pas le caractere réversible de la dynamique ni la connaissance explicite de la mesure invariante, et peut donc en théorie
s’appliquer dans des cas ol ces propriétés ne sont pas connues, par exemple le cas vectoriel.
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1. Introduction

We consider the stochastic quantization equation on the 2-dimensional torus T2 given by

WX =AX—X—=Y7_gar: X" :4+& inRy x T2,

1.1
X(,)=x, on T2, (.
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where n is odd, a,, > 0, £ is a Gaussian space time white noise and x is a distribution of suitably negative regularity.
Here : X¥: stands for the kth Wick power of X (see Section 2 for its definition). This equation was first proposed by
Parisi and Wu (see [19]) as a natural reversible dynamics for the CIJZH measure which is given by

n
v(dX)O(exp{—2f 3 xR (@) dz u(dx), (1.2)
T k —|— 1
k=0
where u is the law of a massive Gaussian free field.

The interpretation and construction of solutions for (1.1) remained a challenge for many years with important
contributions by Jona—Lasinio and Mitter in [13] (solution of a modified equation via Girsanov’s transformation) and
Albeverio and Rockner in [1] (construction of solutions using the theory of Dirichlet forms). In [5] Da Prato and
Debussche proposed a simple transformation of (1.1) which allowed them to prove local in time existence of strong
solutions for any initial datum x of suitable (negative) regularity and non-explosion for x in a set of measure one with
respect to (1.2). Recently Mourrat and Weber [15] obtained global in time solutions on the the full space for any initial
datum of suitable regularity by following a similar strategy. In [21] Rockner et al. identified these solutions with the
solutions obtained via Dirichlet forms.

The aim of this paper is to establish exponential convergence to equilibrium for solutions of (1.1). Building on the
analysis in [15] and using a simple comparison test for non-linear ordinary differential equations we establish a strong
dissipative bound for the solutions. We then prove the strong Feller property for the Markov semigroup generated by
the solution generalizing the method in [12, Section 4.2]. Although for convenience we make (moderate) use of global
in time existence which follows from the strong dissipative bounds derived before, this part of the analysis could also
be implemented using only local existence (see Remark 5.9); the linearized dynamics of Galerkin aproximations are
controlled by combining a localization via stopping times and the small-time bounds obtained from the local existence
theory. We furthermore establish a support theorem in the spirit of [4]. Finally, we combine all of these ingredients to
show that the associated Markov semigroup satisfies the Doeblin criterion which implies exponential convergence to
the unique invariant measure uniformly over the state space.

All steps are implemented for general odd n except for the support theorem which we only show in the case n = 3.
The reason for this restriction is explained in Remark 6.2. We expect however that a support theorem for (1.1) holds
true for all odd n and that such a result could be combined with the results of this paper to generalize Theorem 6.5 to
the case of an arbitrary odd 7.

Along the way we give independent proofs of the Markov property for the dynamics as well as existence of the
invariant measure. The Markov property was already established previously in [21] based on the identification of
the dynamics with the solutions constructed via Dirichlet form. The same paper [21] also established that (1.2) is a
reversible (and in particular invariant) measure for the dynamics. We stress that our approach completely circumvents
the theory of Dirichlet forms and uses neither the symmetry of the process nor the explicit form of the invariant
measure. We therefore expect that our methods could be applied in situations where the reversibility is absent and
where there is no explicit representation of the invariant measure, for example in situations where X is vector rather
than scalar valued.

Finally, we would like to mention two independent works on a similar subject — one [22] published very recently
and one [10] about to appear. In [22] the authors establish that (1.2) is the unique invariant measure for the dynamics
and that the transition probabilities converge to this invariant measure. Their method is based on the asymptotic
coupling technique from [11] and relies on the bounds from [15]. This analysis does however not include the strong
Feller property or the support theorem and does not imply exponential convergence to equilibrium. In the forthcoming
article [10] the authors present a general method to establish the strong Feller property, for solutions of SPDE solved
in the framework of the theory of regularity structures. As an example this method is implemented for the dynamic
<1>3L model. We expect that their method can also treat the case of (1.1) but at first glance it only implies continuity
of the associated Markov semigroup with respect to the total variational norm, whereas Theorem 5.10 implies Holder
continuity with respect to this norm.

1.1. Outline

In Section 2 we introduce some notation for Wick powers and their approximations. The results in this section are
essentially contained in [5] and [15] and the purpose of the section is mostly to fix notation. In Section 3 we first
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briefly sketch the construction of solutions to (1.1) including a short time bound and a stability result which are used
in Section 5. We then prove the strong dissipative bound which is independent of the initial condition, improving on
the bounds obtained in [15]. In Section 4 we prove the Markov property for the solution using a simple factorization
argument as in [6] and we furthermore prove existence of invariant measures based on the bounds obtained in Sec-
tion 3. The strong Feller property for the associated Markov semigroup is shown in Section 5. Finally, in Section 6 we
prove a support theorem for (1.1) in the case of n = 3 which we combine with the results of the previous sections to
prove exponential mixing.

1.2. Notation

Let T¢ be the d-dimensional torus of size 1 (throughout the article d = 2). We denote by C>®°(R¢) and C>(T%)
the space of real-valued smooth functions over R? and T? respectively as well as by .#/(T%) the dual space of
Schwarz distributions acting on C*(T%). We furthermore denote by L”(T¢) the space of p-integrable functions on
T9, endowed with the norm

I fllzr = (Ad’f(z)]pdz>p.

Although we only deal with spaces of real-valued functions, we prefer to work with the orthonormal basis {e, },,c74
of trigonometric functions
en(z) = e,

for z € T¢. Thus some complex-valued functions appear and we write
(f.8)= / f(2)g(z)dz
Td

for their inner product. In this notation, for f € L2(T¢), the mth Fourier coefficient is given by

fm) = (f,em)

and since f is real-valued we have the symmetry condition

f=m)= fm), (1.3)
for any m € 7% . For f € .7'(T¢) we define the mth Fourier coefficient as
fm) = (f. cos@mim")) +1i(f, sinQmwim-)),

with the convention that (f, -) stands for the action of f on C*(T¢).
For ¢ € R? and r > 0 we denote by B(¢,r) the ball of radius r centered at . We consider the annulus A =
B(O0, %) \ B(0, %) and a dyadic partition of unity (), ).>—1 such that

(i) x—1=x and xe = x(-/2°), k > 0, for two radial functions ¥, x € C*®(R%).
(ii) supp x C B(0, %) and supp x C A.
(i) %(2)+ 32 x(¢/2) =1, forall ¢ € Re.

We furthermore let
Ay :=2A, Kk >0.

Notice that supp x, C Ao, for every « > 0. We also keep the convention that A,-1 = B(0, %). The existence of such
a dyadic partition of unity is given by [2, Proposition 2.10].
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For a function f € C*®(T¢) we define the «th Littlewood—Paley block as

Sef(@) =Y Xielm) f(m)e”™™ %, e = —1. (1.4)

meZd

Sometimes it is convenient to write (1.4) as §, f = n, * f, k > —1, where

nk*f(~)=/ e (- —2) f(2) dz,
Td
and

(@)=Y K (m)e™ ™

meZd4

For @ e R and p, g € [1, co] we define the non-homogeneous periodic Besov norm (see [2, Section 2.7]),
1 1sg,, = | e F12) oy o (15)

The Besov space Bg’ 4 1s defined as the completion of C % (T¢) with respect to the norm (1.5). We are mostly interested
in the Besov space Bg, , which from now on we denote by C*. Note that for p = g = oo our definition of Besov
spaces differs from the standard definition as the set of those distributions for which (1.5) is finite. Our convention has
the advantage that all Besov spaces are separable. Some basic properties of Besov spaces are collected in Appendix A.

Throughout the article we fix «g € (0, %) (we measure the regularity of the initial condition in C~%0) as well as
B > 0 (the regularity of the remainder v defined in Section 3.1) and y > O (the rate of blowup of the ||v;||s for ¢ close
to 0, see e.g. Theorem 3.3) such that

L B+
Y=w 2

<y. (1.6)
For an arbitrary o € (0, 1) we let
n,—ao —a —a\n—1
C"7Y0;T) :=C([O, T];C ) X C((O, T];C ) 1.7

and denote by Z = (21, zP ..., Z™) a generic C">~%(0; T)-valued vector. For o’ > 0 we also define

z¥ e}

’
|”Z”|a;a’;T = max { sup t(k_l)Ol
k:1,2 ..... n OStST

Throughout the whole article C denotes a positive constant which might differ from line to line but we make explicit
the dependence on different parameters where necessary. Furthermore, through the proofs of our statements, in cases
where we do not want to keep track of the various constants in the inequalities we use < instead of < C. Finally, we
use a V b and a A b to denote the maximum and the minimum of a and b.

2. Preliminaries

In this section we present the necessary stochastic tools to handle (1.1). In Section 2.1 we introduce the stochastic heat
equation along with its Wick powers in terms of abstract iterated stochastic integrals in the spirit of [18, Chapter 1].
In Section 2.2 we describe how these iterated stochastic integrals arise as limits of powers of solutions to finite
dimensional approximations after renormalization.
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2.1. The stochastic heat equation and its Wick powers

Let & be a space-time white noise on R x T2 (see Appendix B) on some probability space (€2, F, IP), which is fixed
from now on. We set

Fi=0({6@) : 0l 1o0)x2 =0.¢ € L*(R x T?)}), @.1)

for t > —oo and denote by (F;);>_oo the usual augmentation (as in [20, Chapter 1.4]) of the filtration (f',) t>—00-
Consider the stochastic heat equation with zero initial condition at time s € (—o0, 00)

{3,15’, = AN, — 1, +& in(s,00) x T2, 02

Ts,s =0, on Tz.

There are several ways to give a meaning to this equation. We simply use Duhamel’s principle (see [8, Section 2.3])
as a definition and set for every ¢ € C ©(T?) and s < ¢

t
Lo (@) 1= f /;I {6 H(—rz— ) d), 2.3)
S
where H(r,-), r € R\ {0}, stands for the periodic heat kernel on L2(T?) given by
H(r2):= Y e IH7 e, o), (2.4)
meZ?

for all z € T2. We furthermore let
S@t):=e e

be the semigroup associated to the generator A — 1 in L?(T?), i.e. the convolution operator with respect to the space
variable z € T? with the kernel H(z, -).

The integral in (2.3) is a stochastic integral (see Appendix B for definitions) and for fixed s < t, 15, is a family of
Gaussian random variables indexed by C*° (T?).

Since it is more convenient to work with stationary processes we extend definition (2.3) for s = —oo. For ¢ €
C®(T?),n >2and t > —oo we also consider the multiple stochastic integral (see Appendix B) given by

N oi(g) = / <¢, [1HC sk 2 - ~>>s <® dsy, ®de>. 2.5)
k=1 k=1

{(—o00,t]1x T2} =1

We call \V,oo,‘ the nth Wick power of T,Oo,. and we recall that for every n > 1 and ¢ € C>®(T?), \V,oo,.(d)) is
an element in the nth homogeneous Wiener chaos (see Appendix B for definitions). We furthermore point out that

W_Oo,.(q&) is stationary, for every ¢ € C*® (']I‘z).

The next theorem collects the optimal regularity properties of the processes {'\'V_Oo,}, n > 1 and is very similar
to the bounds originally derived in [5, Lemma 3.2]. The precise statement is a consequence of the Kolmogorov-type
criterion [15, Lemma 5.2, Lemma 5.3] and the proof follows similar lines to the one of [15, Theorem 5.4].

Theorem 2.1. Let p > 2. For every n > 1 and ty > —00, the process \V_oo,,o_k‘ admits a modification W_oo,,ﬁ.

such that W—OOJ()-F e C([0,T);C™%), for every T > 0 and o > 0. Furthermore, there exists 0 =0(a) € (0,1) >0
and C = C(T, «, p) such that

oot = sl
” 00,1+t 00,1ty +s ”C—a < C (26)
|t —s|P -

E sup
5,1€[0,T]

—_~

For notational convenience we always refer to V,oo,. as v,m,..
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Proof. See Appendix D. (]

Notice that for every ¢ > s we have that
Ts,t = T7<>o,t - S - S)Tfoo,&

It is then reasonable to define (see also [15, p. 34] for equivalent definitions) the nth shifted Wick power of T,
t>s>—00,as

N —Z( )( DF(S( = )1 00.s) . @7

Here and below we use the convention '\/'A = 1for k=0 and any —oo < s < t. We furthermore point out that the
nth shifted Wick power is not an element of the nth homogeneous Wiener chaos (see Appendix B for definitions). We
refer the reader to Proposition 2.3 below for a natural approximation of the objects defined in (2.7).

At this point we would like to mention that one might work directly with .\V_oo,. instead of introducing (2.7)
(see for example [5] and [9]). This alternative approach has the advantage that the diagrams are stationary in time.
However, we prefer to work with (2.7) (as in [15]) because when proving the Markov property (see Section 4.1) we use

heavily that .\Vw is independent of Fs for any s < ¢ (see Proposition 2.3). A slight disadvantage of our convention

is the logarithmic divergence of \VS,, ast | s (see (2.8)).
The next proposition uses the regularization property of the heat semigroup (see Proposition A.5) to show that for

everyt > s andn > 2, \Vs,t is a well-defined element in a Besov space of negative regularity close to 0.

Proposition 2.2. Let p > 2 and T > 0. For every sy > —00, a € (0, 1) and o’ > 0 there exist 0 =0 (a,a’) > 0 and
C=C(T,a,d, p,n) such that

E sup (s" VPN soaslib,) < €0, 2.8)

0<s<t
foreveryt <T.

Proof. We show (2.8) for so = 0.
Leta <a A %o/ and V(s) = S(s)(—T,oo‘o). Using (A.1) as well as Propositions A.7 and A.5 we have that

[V e STV 62 [V o S5 D3 g0l e

In a similar way, for k ¢ {0, n}, we have that

kN -k _k k )k
40avd ST 0lh 1™ _osllc-a

~sous]l e S

Thus
n—1
0 —n—13a n\ _i3a k a-k
1IN slig-a <57 >z“||T_oo,o||g_a+Z(k)s LAY LIS A P o

Hence

< (=D =301

E sup s("_l)a/pﬂvo,s”gw S

n
—00,0 ”CIi
0<s<t

n—1 1
n — I_r35 2k L a—k 2 2
+ 2 (o BTl %) (B sup 1N i)
k=0

0<s<t

where we use a Cauchy—Schwarz inequality in the last line. Combining with (2.6) we finally obtain (2.8). ([l
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2.2. Finite dimensional approximations
Let ps(2) = ZI i<l em(z) and define a finite dimensional approximation of TS,, by

Ti’t(z) = 1s,t(;0£(z - ))

We introduce the renormalization constant
R = 11110,00) He 1 72 e 72 (2.9)
where H, (r, z) = (H(r, -) * pe)(z) noting that R% ~ log e 1ase— 0F. For any integer n > 1 and s > —oo we define

= Ha (1, 9),

s

where H, (X, C), X, C € R, stands for the nth Hermite polynomial given by the recursive formula

H_1(X,C)=0, Ho(X,C) =1, (2.10)
Ho(X,C)=XHu_1(X,C) — (n — 1)CHu_o(X, C). '
The first three Hermite polynomials are given by H1(X, C) = X, H2(X,C) = X> — C, H3(X, C) = X3 - 3CX.

Proposition 2.3. Let o, a’ > 0. Then for every n > 1 and p > 2 we have that

&

sg%l+]Eoil£T H\V—oo,wt - \V—OO’HT ”g*‘* =0,
lim E sup t(n—l)a’p |'\V’;s+t — Ws,s+t ”g_a =0,

e=0"  0<t<T
for every s > —oo. In particular, VMJF. is independent of F; and for sy, s2 # —00, VSMIJP = vsz,sﬁ..
Proof. See Appendix E. O

An immediate consequence of the above proposition is the following corollary which we later use in Section 4 to
prove the Markov property.

Corollary 2.4. Foreveryn > 1 and t, h > 0 the following identity holds P-almost surely,

n

n NS
Noupn=)_ (k)(sm)fo,t) N @.11)
k=0
&
Proof. It suffices to check (2.11) for .\'70’ ¢+n- The result then follows from the previous proposition. O

3. Solving the equation
3.1. Analysis of the problem
We are interested in solving the following renormalized stochastic partial differential equation,

WX =AX—X—=Y7_gar: X" :4+& inRy x T2,

3.1
X(,)=x, on T2, G-
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where : X*: stands for the kth Wick power of X and x € C~%. Motivated by the Da Prato—Debussche method (see
[5]) we search for solutions to (3.1) by writing X = To,. + v, where To,. is the solution to (2.2) and the remainder v is
a mild solution of the following random partial differential equation,

3zU =Av—v— ZZ:O dj Z];:() (l;)vj WO,W (32)
v(0, ) ==x.

Remark 3.1. In [15] To,. is started from x and consequently there (3.2) is solved with zero initial condition. Our
approach of starting 7. from 0 and the remainder v from x has the advantage that the strong non-linear damping
in (3.2) acts directly on the initial condition, yielding a strong dissipative bound for v that is independent of x (see
Proposition 3.7).

We can rewrite (3.2) as

atvzAv—v—Zf;:Ov«iZ(”_«/), 33)
U(O’ ')Zxa
where
" k
Z(n_j):Zak<.) ~o..
J

k=j

forall0 < j <n—1and Z© = g, For the rest of this section Z always denotes a vector of this form. This convention
will not be used in the other sections.
Notice that for every o € (0, 1), Z € C™~%(0; T) (see (1.7) for the definition of the space), for every T > 0, and
by (2.8) for every ' > 0 there exists # > 0 such that
ENZI}.o., < Ct?° (3.4)
foreveryt <T,p>2.
We now fix o < ap small enough (the precise value is fixed below in the proof of Theorem 3.3) and Z €

C™"~%(0; T), for every T > 0, and a norm || - |47, for some o’ > 0 but still sufficiently small. We furthermore
let
n
F(v,2):=Y v/z" 7. (3.5)
Jj=0

3.2. Short time existence
We are interested in solutions to the PDE problem (3.3).

Definition 3.2. Let 7 > 0 and x € C~*. We say that a function v is a mild solution of (3.3) up to time T if v €
C((0,T1; CP) and

t
v,:S(t)x—/ S(t —s)F(vs, Z,)ds, 3.6)
0
foreveryr <T.

The next theorem implies the existence of local in time solutions to (3.3).
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Theorem 3.3 ([5, Proposition 4.4], [15, Theorem 6.2]). Let x € C~*° and R > 0 such that || x||o-«y < R. Then for
every B,y > 0 satisfying (1.6) and T > O there exists T* = T*(R, || Zlly.qr.7) < T such that (3.3) has a unique mild
solution on [0, T*] and

sup s”[luslls < 1.
0<s<T*

If we furthermore assume that || Z|| .o .7 < 1, then there exists 6 > 0 and a constant C > 0 independent of R such
that

Rt
T* = <7) . (3.7)
C(R+1)

Proof. This theorem is (essentially) proved in [15, Theorem 6.2], but the expression (3.7) is not made explicit there;
we give a sketch. It is sufficient to prove that for 7* as in (3.7) the operator

t

Mrxve = S(t)x +/ St —s)F(vs, Z,)ds
0

is a contraction on the set Br+ := {supy;<7+ 57 [vsllcs < 1}, i.e. we need to show that .#7+ maps Hr« into itself
and that for v, v € B+ we have supy_ g« ¥ | AMT+vs — M7+ Vs cp < (1 — A) supg<s<7+s¥ |vs — Uslcp for some
A > 0. We only show the first property. First notice that using the explicit form of F (see (3.5))

t n—1 . ] ]
m%wmwswmwm+ﬂHﬂrwwﬂw®+§jﬁww—ﬂdd“ﬂw
j=0

_Btag ro_ t Cadp
51‘ 2 HXHC*“O'F[ s ilyds+/ (I—S) 2 5 (n—j ])ys Jde
0 0

_ Bt t _ t Caip
St 7 xlle-eo +/ s ds —{—/ (t—s)""Zs (n—Dy ds.,
0 0

where we use Proposition A.5 and we furthermore assume that &’ < y. By (1.6) if we choose o > 0 sufficiently small
so that # +m—1y <1 weget

at+p

i} - -2 Sy
= xligoo + 117 1T DY

lAr+villes St~

and multiplying both sides by ¢ we obtain that

Bt a+B
O Mpevllop ST R4 110Dy 150Dy <0 Ry ),

Then, for T* = T*(R) as in (3.7) and every t < T™* we get that

sup sV || Ar+vglles <1,

0<s<t

which implies that indeed .#7+ maps %7+ into itself. O

The next proposition is a stability result which we use later on in Section 5. We first introduce some extra notation.
Let {Z®}¢c(0,1) take values in C>~%(0; T') such that
0.

a;a;T

lim_{|2* - Z]|
e—07F

Furthermore, let F, = I1, F, where I1, is a linear smooth approximation such that the following properties hold for
every A € R:
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(i) [IMellgisr < C, forevery & € (0, 1).
(i1) For every § > 0 there exists € = 6(), §) such that

& 0
[Tex — xllgr-s < Ce”[lx|lcn.

One can check that [T, = 2—15 «<logy 1 d, 1s such a linear smooth approximation.

Denote by v® the corresponding mild solution of (3.3) with F replaced by Fg, Z by Z° and initial condition
xf = I1,x (short time existence of v is ensured by the same arguments as in the proof of [15, Theorem 6.1]). We then
have the following proposition.

Proposition 3.4. Let v be the unique solution to (3.3) on a closed interval [0, T*] (i.e. the solution does not explode
at T*). Then for every € € (0, 1) there exists a unique solution v, to the approximate equation up to some (possibly
infinite) explosion time T, . Furthermore, there exists gy > 0 such that for every ¢ < g9, T} > T*, and we have

. Y _ € —
sl—1>r{)1+05t2111"§AT*t ”vl v HC*“ =0.

Proof. By (1.6) it is possible to find § > 0 such that

ap+5+ 8

> +m—-1Dy<1.

) + 1
—+ny <1,
) 14

For ¢ € (0, 1) we notice that
t
v — v = S (x — x°) - / S(t — 5)(Fvs, Zg) — Fo (vf 25)) ds
0
and using (A.7) and property (ii) of 11, we get

ag+o+p ! ~
o= v s S 7T ¥ llxleeo + fo (1 =) [ = 11 06)" - ds

t
+/0 (=) | R(vy, Z,) — Re(vF, Z5) | gas ds,

where R(v, Z) = Z?;(l) v/ Z"=) and R, = I1, R. Using the triangle inequality as well as the properties (i) and (ii) of
M + we have that

Jod =T (0) N ens S 01 (05) Nl co + 08 = (v5)" s
and
IR s, Zy) = Re(vE, Z8) |l pams S €7 |Rs Z9) || oo + | R(vs. Z() — R(vE, Z,) | e
+[R(vs. Z) = R(v5. Z5) | oo

Let M = sup, 7+t |[villcss N = IZlly:q,7 and T8 =inf{t > 0,7 < T : t”|lv;, — vf |lcs > 1}. Then, for every ¢ <
¢ A T*, we have the bounds

(@) s = €57

[of = (5) lgs = Cs™ sup_ 1" ur =7 ¢y,
t<TEAT*
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as well as

R(vs, Z) | oo < Cs—D7,
I e

[Rs Z) = R(5. Z) g = €577 sup 7 o =7

t<tEAT*

IR, Zg) = R(v5, Z5) || p—o < Cs~ V7 ||z — 27|

a;a;T?

where the constant C depends on M and N. Thus

Uv,_v;”cﬂ5c(set—wnxncw0+89¢1—%—W+ sup 7 [y — vf | gt

1<t AT*
+ getl—W—m—w + sup ¥ || - ”Cﬁtl_w—("—l)y
t<TéAT*
|z 27, gt =R,

Multiplying by ¢ and choosing 7* = T*(M, N) > 0 sufficiently small we can assure that

sup ¢ o = vf | o < &% Ixllee0 + |12 = Z° [l +2°-

t<T*

a;a;T

Iterating the procedure if necessary we find N* > 0, independent of ¢ since ¢ A T* < T*, and C > 0 such that

sup 1" [[o =7 g5 = (N*CH 1) (" lxllceo + |12 — 27|

t<TEAT*

+¢%). (3.8)

aa’;T
Let g9 > 0 such that for every ¢ < g9

+80<

e lxllc-eo + |1 Z = Z°|| oo W CtD)

Then for every ¢ < &g

sup 17 [loy —vf || s < 1
t<teAT*

and the definition of ¢ implies that 78 A T* = T*, which proves the first claim. For the second claim we just let
g — 0% in (3.8). O

3.3. Testing the equation

Proposition 3.5 ([15, Proposition 6.8]). Ler v e C((0, T1; C?) be a mild solution to (3.3). Then for all so > 0 and all
even integers p > 2

1 ! -2 -1 -1

;(nv,n{p —llvsollzs) = / (—=(p = D(Vs, vf V) = (o5, 077 ) = (F vy, Z), v 7)) ds, (3.9)

S0

for all so <t < T. In particular, if we differentiate with respect to t,
1 2 —1 —1
;a,nv,n{p =—(p— DV, v/ V)= (v, o] )= (Fur. Z), v ), (3.10)

foreveryt € (0,T).
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Remark 3.6. This proposition involves spatial derivatives of v up to first order and the proof of (3.9) requires some
time regularity on v. Our local existence theory implies that v € C((0, T']; C#) for some B < 1 (see (1.6)) due to the
fact that we start (3.3) with initial condition in C~*°. This is the reason we state (3.9) for so > 0. However one can
prove that for fixed # > 0 v is almost a C? function (see [15, Theorem 6.2]), as well as a Holder continuous function
from (0, T'] to L°°(T2) (see [15, Proposition 6.5]) for some exponent strictly greater that %

3.4. A priori estimates

Global existence of (3.3) for x € C# was already established in [15] based on a priori estimates of the L” norm of v.
Here we derive a stronger bound which does not depend on the initial condition x and we use later on to prove the
main results of Sections 4 and 6.

Proposition 3.7. Let v € C((0, T1; CP) be a solution of (3.3) with initial condition x € C™® and p > 2 be an even
integer. Then for every 0 <t <T and A = _p+;‘_1

N
Zf"‘”Hc’a)) } 3.11)

i N '
va”il’ = C|:t v <Zt “Pi sup (ro‘ p;
Y O<r<t

for some p;’ > 0. In particular, the bound is independent from ||x|| o« and the randomness outside of the interval
[0, £].

Proof. Let
1
o< (3.12)
(p+n—Dn-1)
and recall that F (vy, Z,) = 3} vl Z" . Thus
n
(Fus. zp) ol 1) =3 (81 20 D) = a ol o+ (0 00,
=0
where g; = Z;’.;(l) ij Z§"7j), and we rewrite (3.10) as
1 _ _ _
S slusllzy ==((p = Do? Vs a0l L [0 ) = g vl ), (3.13)
for all 0 < s <t, where we use that p is an even integer. Let
K= ! 2IVu Pl Ly=an ol ™7 (3.14)
The idea is to control the terms of (g;, v? _1) by K and L;.
We start with the leading term of (gj, vqu ), (vf+'172, Zs(l)). By Proposition A.8
082,20 5 [ 2o 6.15)
Using (A.10)
i Y S 1 [ AN T VI T TP (3.16)
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p+n—2
We handle each term of (3.16) separately. First we notice, using Jensen’s inequality, that ||v! =2 g0 S LY =1 For
the gradient term, using the Cauchy—Schwarz inequality we obtain

o2 2 w1 S o0 ||L,K2 (3.17)

Recall the Sobolev inequality

1
Iflle S A2 + IV FI52)2

for every g < oo (see [16, Section 6], [8, Section 5.6] for Sobolev inequalities in the same spirit). In particular, for

g = 2pt2n=2) +215"_2)), we have that

[0 12 S 100 152 + V@0 ] 2,

which implies

PA2(n=2) || 3 p 2t j+2
v 17 Sl » +&5 7, (3.18)
l n—2 %1»"72
where ||v’ ||z 7 < L™ by Jensen’s inequality. Combining (3.16), (3.17) and (3.18)
ptn-2-Fa n—2 (p+n=2)(1—a) ptn—2
- T 1+559) P -
e Iy < A (3.19)

By (3.12) we notice that

(p+n—-2)—5a
2 p+n—1

<1

and

-2 -2)(1 —
(1+n >a+(p+n )1 —a) -1
p p+n—1

thus we can find yy, y», v3, ¥4 < 1 such that

+n—-2)—La
i_'_(l? ) - 3%,
29 (p+n—Dy

and
( n—2>a+(p+n—2)(1—ot)_1
p)» (p+n—"1Dys '
In particular, we choose y; = (”+"2 Da 0y = (p+n+nZ)—27a ,y3 = L= 2)(p+" D% and y4 = (1 — &), apply the classi-

cal Young inequality to (3.19) and combine with I()3 15) to obtain
+n—2
|< p+n—2 Z(l)H < (K”l +LV2+KV3+LV4+LP+" 1)”2(1)”6 .

Using Young’s inequality once more, now in the form

at’ < J’i + (1 —V)(Na)';
N7v
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fora = | Z" | ¢=a, ¢ € {Ky, Ly}, N =(Cn)” and y € {y1,..., s}, where y5 = Z"=2 e obtain the final bound

p+n—1°
p+n—=2 (1) l 1 || =7 n
(o2, Z§ )\§n<1{ +2L>+CZ 1z o2, (3.20)
where C is a constant depending only on y;,i € {1,2,...,5}, and n.

For the remaining terms of (gj, vsp_l) we need to estimate (v pri-l Zs(n_j))

the same spirit of calculations as above we first obtain that

,forall 0 < j <n — 2. Proceeding in

(p+ji—D-5a j=1 (p+j-D(—a) pti-1
i S TpEaT (1+-) = P
”vf-‘r./ 1||Ba NK L, pFn—1 + K, P aLS pHn—1 +Ls1+ 1'
‘ -1 i (p+j—-D-% ‘ i—1 j ' 1
We define the exponents vi = (f’ e ) = 22 [,j Y = W and y; = W Note that
(3.12) implies that y;, ¥; , 7§, v§ <1 and we also have that
(p+j—1D—%a
> pTJ 27 1
2y (p+n—Dy
and
i — 1\ « +j—-D( -«
<1+J >_j+(p J =1 j):
P Jys (p+n—=1Dy;
Applying Young’s inequality once more
. . j j j j pti-1 :
L 20D S (KT + L+ KD+ L+ L) 207 o
As before (see (3.20)), we obtain the bound
1 1 2 -
- . -
(2 Z" ) < ;(Kx + ELS) +CY (|28, (3.21)

i=1

forall 0 < j <n — 2, where 7/5 = Zir/z L Thus, by (3.20) and (3.21),

n—1 1

5 7
feo? ) = (Kot 5L0) + L3121 622)
: i=1

-1

where """ =y;, foralli € {1,...,5}.

Finally, for pl.j = 1 7

! 1
3 ||US||L1’+||US||Lp+(p Z)K +2L <CZ”Z(11 /)”
Ji

Let > s and notice that by (3.4), for r € (s, 1),

Tzl a<zr ‘ol sup (7|20 L)
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for every &’ > 0. Thus for r € [s, ]

J

1 1 ’ ’ J —7 ,
M p - —a'p] o p! (n—j) || Pi
par”vr“Lp + 2Lr = C;S siligt(r | Zr C—ot)'
By Jensen’s inequality, for A = %”_1, we get that
p P A —a'p! o' pl | 7 (n—)) pij
dllvr Iy, + Cr(llvrllf,)" < Cay s~ P sup (r P 2" || ),
ji S<r=<t
and if we let f(r) = ||vr||1L’p, r > s, by Lemma 3.8
1
2C i rJ i J x
[ < AQ, 1 \/(—ZZS_“ P sup (rP |z f>||g'a)) : (3.23)
(14 =9f ' -DCpmt N O3 ssrst

where C; = C1/2.In particular for r = ¢ and s = /2 we have the bound

_ 1 N
IIvtllfpSC[t = V<§ 1P
— 0
It

g&))%},

which completes the proof. (]

Z'(‘nfj)

i
sup (r®Pi
<r<t

Lemma 3.8 (Comparison test). Let A > 1 and f : [0, T] — [0, 00) differentiable such that

F'O+ef®) <e,

foreveryt € [0, T]. Then fort >0

A+tf O 1 — DGt Cl 2 1

Proof. Let ¢ > 0. Then one of the following holds:

>|—

(I) There exists so < ¢ such that f(sg) < (%)%.
1
(1) Forevery s <t, f(s) > (%)x.

In the second case, using the assumption we have that for every s <t
/ 1 A
FE)+ 516" =0

and solving the above differential inequality on [0, 7] implies that

f(0)
U+ 1/ = DT

f@) <

.. oL
In the first case, assume for contradiction that f(¢) > (26‘—12) % and let

1
s*:sup{s<t:f(s)§ (2) }
cl
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1 . Hy L N . . .
Then f(s) > (%) %, for every s € (s*, t], while f(s*) = (%) » by continuity. However, the assumption implies
1
@ +5 =0

and in particular f’(s) < 0. But then

£ = f(s%) + / s < (%) "

which is a contradiction. (|

The next theorem implies global existence of (3.3). Though it was already established in [15], we present it here
for completeness.

Theorem 3.9. For every initial condition x € C™* and B > 0 as in (1.6) there exists a unique solution v €
C((0,00); CP) of (3.3).

Proof. Let 7 > 0. First fix any even integer p > 2 such that L? — C~% (for example p > % is enough; see also
Proposition A.3 and (A.6)). Then the a priori estimate (3.11) (which depends only on || Z]| .. 7) provides an a priori
estimate on ||v;||c-« . Thus by Theorem 3.3 there exists 7* < T bounded form below (by a constant depending only
on the a priori estimate on ||v;||c-« ) and a unique solution up to time 7™ of (3.3). Using again Theorem 3.3 we
construct a solution of (3.3) on [T*,2T* A T] with initial condition vy which satisfies the same a priori bounds
depending on || Z||,.,.7- We then proceed similarly until the whole interval [0, T'] is covered. To prove uniqueness
we proceed as in the proof of Theorem [15, Theorem 6.2]. (I

Corollary 3.10. For x € C% let X (-; x) = To.. + v, where v is the solution to (3.2). Then for every a > 0 and p > 2

sup sup(tﬁ ADE| X (z; x)||g_a < 00. (3.24)

xeC~% 1=0

Remark 3.11. Notice that the bound (3.24) does not follow immediately by taking the expectation of the a priori

i .
bound (3.11) on v;. In fact the expectation of the supremum sup_, <,(r"‘/Pij ||Z§n_/ ) I C’;a) on the right-hand side of
this estimate is finite for every 7 < oo but it is not uniformly bounded in #. However, as (3.11) does not depend on the
initial condition we can just restart (3.1) at time ¢ — 1 for ¢ > 1 and apply Proposition 3.7 for the restarted solution to
obtain a bound which depends only on the randomness inside the interval [r — 1, t]. Given that the diagrams have the
same law on intervals of the same size (see Proposition 2.3) we then obtain a bound which is independent of ¢.

Proof. Let r > 1 and notice that by Lemma 4.1 (see Section 4.2 for statement and proof) X (¢; x) = T,_l,t + Vr—1
where U;_1 ,, ¥ >t — 1, solves (3.2) with initial condition X (t — 1; x) and

n
. k\ «i
Z(H 7 — Zak< ) .\k/t—l,t—l-‘rw
k=j J

for every 0 < j <n — 1. Applying Proposition 3.7 on v;,_1 . we then have

1
y . J x
||ﬁt_1,t||’g,,51v<z sup ((r— (@t —1)*7 |z f>||g'a)) : (3.25)

i t—1<r<t

for every p > 2. To prove (3.24) we fix o > 0 and using the embedding L? — C~* for p > % (see (A.6) and
Proposition A.3) we first notice that for > 1

E[X (0|6 SEN =100 +ElT—1,010-0 SENT—1010-0 +ENTi—1,617,-
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Combining with (3.25) and given that for every k > 1 the law of \"/I,LH. does not depend on ¢ we obtain that

sup || X (; )| p—o < 0.
t>1

Finally, using (3.11) (and by possibly tuning down o’ in the same equation) for ¢ < 1 we get
_r
E|X (5050 SENMcoillb e +Ellvll?, S 141771,

which completes the proof. ]

4. Existence of invariant measures
4.1. Markov property

For x € C™% we write X(-; x) = To,. + v where v is the solution to (3.2) with initial condition x. We introduce a
variant of the notation (3.5) and set

n k

- k n k &

Flo, Vois) =Y ary (J,)u/'\/'o,.. (4.1)
0 j=0

k=

We denote by B, (C~%°) and Cp(C~*0) the spaces of bounded and continuous functions from C~* to R, both
endowed with the norm

[®lloc := sup |P(x)].

xeC™0
For every @ € B,(C~%°) and ¢ € [0, o0) we define the map P; : & — P, by
Pd(x):= ECD(X(t;x)), “4.2)
for every x € C™%0,
In this section we prove that {X (¢; -) : ¢ > 0} is a Markov process with transition semigroup { P; : ¢ > 0} with respect
to the filtration {F; : t > 0} defined in (2.1).
We first prove the following lemma.
Lemma 4.1. Let X (-;x) = To.. + v. Then, for every h > 0,
X(t+h;x)= Tt,t+h + Uy rths

where the remainder vy ;4. solves (3.2) driven by the vector (Wf~f+')2=1 and initial condition X (t; x), i.e.

h
Uy = S X (t; x) — /0 S(h —r)F (14, (\k/t,t+r);:=1) dr.

Proof. Notice that for 2 > 0
X(t+h;x) =Y 0n + Vi = Voo + Orotns

where

h
5t,t+h =Sh)X(t;x)— /0 Sth — V)F(Ut+r7 (W0,1+r)z=1) dr.
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By (2.11) we have that

n

k

~ 3 k\ i o2

Fvr. (o)) = E ag E <j>vzj+r\/0,r+r
k=0  j=0

n k
B\~
Zzakz ; Uy ttr tt4r
k=0

i=0
where we use a binomial expansion of v,j -+ and a change of summation. Hence
F(vigr, (Wo,t+r)2=1) = F (014 (\Vt,wrr)z:]),
which completes the proof. ([
The fact that {X (¢; -) : t > 0} is a Markov process is an immediate consequence of the following theorem.
Theorem 4.2. Let X (-; x) be as in the lemma above with x € C™*°. Then for every ® € B,(C™*) andt >0
E(®(X(t +h; x))|F) = P@(X (1 x)),
forall h > 0.
Proof. Let 7> 0 and ® € B,(C~%) and write
T(X@ )50 (N r_))

to denote the solution of (3.2) at time 4, driven by the vector (\A/,,HA)’,ZZI and initial condition X (¢; x). By Proposi-
tion 2.4 and [6, Proposition 1.12]

E(®(X(t + h; x))|1F) = (X (15 %)),
where for w € C~%0

d(w) =B (N o + T (ws h; (N1 00))).

Here we use the fact that X (¢; x) is F;-measurable and that the vector ('\k/',,H_.),’;:1 is F-independent (see Propo-
law

sition 2.3). Given that ('\V,,,Jr.);j:l = ('\k/'o,.)z=1 (see again Proposition 2.3) and the fact that (3.2) has a unique
solution driven by any vector Y € C™~%(0; T), for T > 0, and any initial condition w € C~%°, we have that

P (w) = Py®(w),
which completes the proof if we set w = X (¢; x). (I
The theorem above implies that { P : t > 0} is a semigroup. We finally prove that it is Feller.
Proposition 4.3. Let ® € Cp(C~*). Then, for every t > 0, P;® € Cp(C™*0).

Proof. It suffices to prove that the solution to (3.2) is continuous with respect to its initial condition. Fix T > 0 and
xeC™%. Lety e C~* such that ||x — y|lg—« <1 and

t
v = S(t)x —f St —r)F (v, (Vop) dr,
0
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t
w =50y = [ 56D Vo)
0
as well as T =inf{r > 0:¢7|lv; —u;llcp > 1} and

M=supt”urlles. N =[N o]

aso;T
t<T

Notice that
_ _ n k k -
Flur (Vo) - Flar (Vo) =Y a Y <j)(ui‘ _ NS,
k=0  j=0

and by Propositions A.5 and A.7 we obtain that forall 7, <T A T

n

sup 1 [lo; — u;lles < sup ¥ oy —uilles Y AmTE"

t<T, t<T; m=1
2n
+lx=yleewo D AnTem,
m=n+1

where A, = A (M, N, || x]l¢—<0) and «,,, € (0, 1]. Choosing T = T, (M, N, ||x|lg—=) < 1/2 we obtain that

sup 7 ||v; — usllep < [|lx = Ylle-eo-
t<Ty

Iterating the procedure we find N* € Zx¢ and C > 0 such that

sup 1V |lvy —usllep < (N*C + 1)[lx — yllo—eo,

t<T AT

for every y € C™% such that |[x — y||c-« < 1. At this point we should notice that for every y € C™* such that

lx — yllg—eo < 1/2(N*C + 1) the above estimate implies that

v 1
sup 1"l —uslles < 5.
t<T AT 2

thus T A t = T because of the definition of 7. Hence, for all such y € C~%0,

supt? ||y — urllep < (N*C + 1) [lx — yllg-ao.

t<T

which implies convergence of u; to v, in C? for every r < T. Since T was arbitrary, the last implies continuity of the
solution map of (3.2) with respect to its initial condition. The Feller property is then an immediate consequence of the
above combined with the dominated convergence theorem. (]

4.2. Invariant measures

We denote by {P/ : t > 0} the dual semigroup of {P; : t > 0} acting on the set of all probability Borel measures on
C~% denoted by M(C~*0). In the next proposition we prove existence of invariant measures of {P; : t > 0} as a
semigroup acting on Cp(C~90).

Proposition 4.4. For every x € C™% there exists a measure vy € M1(C~*) and a sequence t, /' 0o such that
1 (%

— | Prs ds S v,
Ik Jo
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In particular the measure vy is invariant for the Markov semigroup {P; 1t > 0} on C~%0.
Proof. For ¢ > 0 and o > 0 using Markov’s and Jensen’s inequality there exists a constant C > 0 such that
C 1
P(|X 0] ¢-o > K) = £ (E]XE0]e-0)7

for every K > 0 and p > 2. Thus

a

t t
| PG D]e= k)i < L [ElXG0]E) 7 as

1 | t
< — s =1 ds+/ dsi|
K[/o 1

= —t’

@)

=1 A

where in the second inequality we use (3.24). If we let R, = % fé Préyds, for K, = g we get

R({feC™:1Iflce > Ke}) <e.

Choosing o < op we can ensure that {f € C™% : || f|lc-« < K.} is a compact subset of C~* since the embedding
C™% — C7% is compact for every o < ag (see Proposition A.4 and (A.2)). This implies tightness of {R;};>0 in C~*°
and by the Krylov—Bogoliubov existence Theorem (see [7, Corollary 3.1.2]) there exist a sequence f; /' 0o and a
measure vy € M(C~*) such that R, — v, weakly in C™*0 and vy is invariant for the semigroup {P; : t > 0} in
C%, a

5. Strong Feller property

In this section we show that the Markov semigroup {P; : ¢ > 0} satisfies the strong Feller property. The strong Feller
property is to be expected when we deal with SPDEs where the noise forces every direction in Fourier space. However,
the fact that the process X does not solve a self-contained equation forces us to translate everything onto the level
of the remainder v. The most important step is to obtain a Bismut—Elworthy-Li formula (see Theorem 5.5) which
captures enough information to provide a good control of the linearization of the remainder equation.

On the technical level, we work with a finite dimensional approximation X¢ for X. This choice and the fact that the
equation is driven by white noise imply that the solution is Fréchet differentiable with respect to the (finite dimensional
approximation of the) noise, so we can avoid working with Malliavin derivatives. This is expressed in Proposition 5.1
below, and in fact this proposition could even be established without splitting X ¢ into v® and Tf)’.. We make strong use
of the splitting in Proposition 5.4 where the local solution theory is used to obtain deterministic bounds on v and its

linearization for small ¢ provided that we control the diagrams V(S) This control is uniform in ¢ and enters crucially
the proof of Proposition 5.8.

From now on we fix 0 < a < «g sufficiently small. For ¢ € (0, 1) let I1,[L%(T?)] be the finite dimensional sub-
space of L2(T?) spanned by {em}lm|< 1 (recall that we deal with real-valued functions and the symmetry condition

(1.3) is always valid) and denote by I1, the corresponding orthogonal projection. We also let I1, be a linear smooth
approximation taking values in ITT,[L?(T?)] and having the properties (i) and (ii) introduced in the discussion before
Proposition 3.4.

Let :M? be the renormalization constant defined in (2.9) and consider a finite dimensional approximation of (3.1)
given by
dX®(1) = (AX®(1) — X°(6) — Yhopai Tl H (X2 (1), 7)) df + AW (t, ), 51
X4(0, ) = I,x, '
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for some initial condition x € C~%0, Here We(t,2) = Z|m|<_ W (t)em(2), where (Wm)meZ2 is a family of complex

Brownian motions such that W_m = W and independent otherwise. We furthermore assume that W, is defined on
the same probability space €2 as & via the identity

Wi (0) == E(Lj0.1] X em), m €L,

which also makes it adapted with respect to the filtration (F;);>0. It is convenient to write W, = G, (Wm)mezzﬁ[ d.dJ?
for G, : C([0, 00); R24=D*) s ([0, 00); TI,[L2(T?)]) such that

Gg(Wm)mezzn[—d,d]zz Z Wanem

Im| <1
and d = Léj + % The Cameron—Martin space of W, is given by

CM := W2([0, 00)) = {w : d,w € L2([0, 00); R?~1%) w(0) = 0}.

Last, we have the identity

t
o= Y | e IR i, (s)ep, (52)

1
|m|<;

where Tf),‘ is the finite dimensional approximation defined in Section 2.2.
For v € C# and Z e (C™)", a < B, we use the notation

k

n
~ k . .
Fu.2)=) a) ( .)va“‘”
k=0 j=o0 \J
with the convention that Z(© = 1. Recall that F (see (4.1)) is a variant of F in (3.5). Here and for the rest of this

section Z is a shortcut for (\Vo,.)z:1 (notice that this differs from the convention used in Section 3). We also let

n k—1 k—1 ' '
F’(v,Z):ZkakZ< . >vfz<"—1—f>.
, J
k=1 j=0

Formally, F’ stands for the derivative of 3 j_qax : X: with respect to X, with : X*: replaced by Z';:O (I;) vl Zz%=0),

From now on we also denote by D the Fréchet derivative with respect to elements in C ([0, ¢]; R(M_l)z) (i.e. with
respect to the noise), for ¢ > 0, and by D the Fréchet derivative with respect to elements in C~%° (i.e. with respect to
the initial condition).

Existence and uniqueness of local in time solutions to (5.1) up to some random explosion time 7,° > 0 can be

proven following the same method as in Section 3, i.e. using the ansatz X¢ = 78’_ + v® and solving the PDE problem

(5.3)

d v = AvE —vf — [, F(v¢, Z°),
ve(0, ) = M,x

&
where Z¢ = (WO,A)Z: | (see Section 2.2 for definitions).
Notice that for fixed v, F is Fréchet differentiable with respect to any Z € (C™*)" as a function taking values in
&
C~“. Recall that \k/o,~ = Hk(%’,, N¥), for every 1 < k < n, so that the map

t
(v, ZW) k> SOTx —f S(t — )T F (v, (He (2, 9%%));_,) ds, (5.4)
0
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for (v, ZM) e C([0,1]; CP) x C([0, t]; TI,[L3(T?)]) and ¢ > 0, is Fréchet differentiable as a composition of F with a
linear operator shifted by a constant, since the mapping

C([0, 11; T [L*(T?)]) 2 2V > (He (2D, %)), _, € C7%(0: 1)

is Fréchet differentiable for any o > 0, with respect to any || - |l.q.;, for &’ > 0 fixed. Thus, for fixed x € C~* and
Tf)’, e C([0,1t]; I'IE[LZ(TI‘Z)]) the implicit function theorem for Banach spaces (see [23, Theorem 4E]) can be applied

up to time 7, = T*(x, Tg") where existence of v* is ensured. Hence, for t € (0, T") there exists an open neighborhood

Z/{Ts c C([0,1]; l'Ig[Lz(Tz)]) of Tf)’. such that the solution map 2“ :Z/{Ts — CP of (5.3) is Fréchet differentiable at
TS 0, 0,
0

,'Using [t6’s formula the stochastic integrals in (5.2) can be written as
/ ef(l+4n2|m|2)(.7s) dWm(s) — Wm() _ (1 + 47'[2|m|2)/ e*(1+4ﬂz|m|2)(~75) Wm(s) ds. (55)
0 0

Notice that the right-hand side in the above equation is well-defined if we replace (WM)melzﬁ[fd,d]z by any
w e C([0,1]; R(Zd_l)z), therefore (5.5) is a continuous linear function on C ([0, t]; R(Zd_l)z). Thus 78’, as a func-
tion from C([0, 1]; R@4—1%) to C([0, ¢]; T, [L2(T?)]) is Fréchet differentiable. Combining all the above we finally
obtain Fréchet differentiability of v¢ from C ([0, 1]; R?4~D?) to CE.

We let WE = (W’")Iml<$ and for w € C([0, t]; R(Zd_l)z) we write

t t
/ S(t — )G dw(s) := Z / e—(1+4n2\m|2)(t—s) dwy, (5),
0 0

1
[m|<z

where the right-hand side is defined as in (5.5) with Wm replaced by wy,.
In the next proposition we summarize the results of the previous discussion.

Proposition 5.1. Fix x € C™%, W, € C([0,00); R%D%) and 15 =15 (W) € C((0, 00); TI[LA(T)]) and let
T) =T}(x, TS’_) > 0 be the explosion time of v®. Then for all t < T there exists an open neighborhood Ovi/g C
C([0,1]; R(Zd_l)z) of Wg such that X¢(t; x)(= Tgy, +vy) is Fréchet differentiable as a function from OWS to C™% and
for any w € C([0, t]; R(z‘l_l)z) its directional derivative DX® (t; x)(w) is given in mild form as

t

t
DXE(t; x)(w) = _/ S(t — I [F'(vf, ZE)DX* (s; x)(w)] ds +/ St — )G dw(s). (5.6)
0 0

Remark 5.2. We expect that T, = +00, which we already established in the limiting case ¢ = 0 in Section 3. However
we only use the local solution theory to control the semigroup associated to X?(¢; x) (see Proposition 5.8), thus we
do not insist on proving a global existence theorem. We then pass to the limit using the fact that T, — oo (see the
discussion above Remark 5.9).

Proof. The Fréchet differentiability of X?(z; x) follows by the discussion above and (5.6) by differentiating (5.4).

O
For h e C™% welet h, = f[sh and for r > s we also consider the following linear equation,
O JE he = NJE he — JE he — Y1 [F'(v%, Z8)J?E hel,
’ ’ ’ ’ 5.7
Jﬁshg = h,.

Then Jg5 ,he = DX?(t; x)(h), i.e. it is the derivative of X*(¢; -) in the direction /, and its existence for every t < T, is
ensured by a similar argument as the one discussed before Proposition 5.1.
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At this point we should comment on the relation between (5.6) and (5.7). Given that (5.7) has a unique solution
for every h, € IT,[L*(T?)] up to time ¢ > 0, then for w € CM, i.e. w(0) =0 and d;w € L*([0, 00); R(zd_l)z), by
Duhamel’s principle

t
DX‘S(t;x)(w)zf stthayw(s)ds, (5.8)
0

where J£, : ™% — CF is the solution map of (5.7).

Remark 5.3. In the framework of Malliavin calculus Dy X4 (¢; x) = ]ﬁ ,G¢ as an element of the dual of Lz([O, 00);

R(2d_1)2) is the Malliavin derivative (see [18, Section 1.2]) in the sense that the latter coincides with the former when
it acts on X®(¢; x). In our case, the presence of additive noise implies Fréchet differentiability with respect to the noise
as an element in C ([0, ¢]; ]R(Zd_l)z) (see Proposition 5.1), which is of course stronger than Malliavin differentiability
with respect to the noise.

Forr e [}T, 1] (the precise value of r will be fixed below) and 0 < o’ < & we consider the stopping times

o = inf{t > 0: |7, o V1 [ Vo lome Voo VIO NS e > s

(5.9)
o i=inf{r > 0: T lle-a V¢ [ Voslle-a V- v i@ DN lome > 7).

Let Bj(x) be the closed unit ball centered at x in C~%0. The next proposition provides local bounds on v® and JOS,.
given deterministic control on Z¢ (see also Theorem 3.3).

Proposition 5.4. Let x € C™* and let R = 2||x||c-a9 + 1. Then there exists a deterministic time T* = T*(R) > 0,
independent of €, such that for all t < T* A t%" and initial conditions y € By (x),

sups7“v§ ”Cﬁ <1 and sups”” Jo.she ”Cﬁ < 2|kl e,
s<t S<t

for B,y as in (1.6), uniformly in ¢, for every h, € M1, [L2(T2)].

Proof. Let r < %" A T* where T* = T*(R) is defined as in (3.7). We can also assume that # < 1. Then, from
Theorem 3.3, we have that

§g§s7\}v§|kﬂ <1,

for every y € By (x). Using Proposition A.5, (A.3) and (A.4) we get that
8¢ =B (u5, 25) 95 helll s S (777 =907 55570D7) |55 e o (5.10)

where we also use the fact that ||TT, f le-« S| flle-a, for every f € C%. We are now ready to retrieve the appropriate
bounds on the operator norm of J; . For /. € 1 <[L*(T?)] we have in mild form,

t
Jo.the = S(t)he — f St — ) [F'(v5, Z5) g ghe ] ds.
0
Thus for s <t < t®" AT* and « > O sufficiently small (to ensure integrability of powers of s and ¢ — s; see also (1.6))

by (5.10)

196 el oo < €5~ 5 lhell-ao + C(s' = + 515 =0=D7 ) qup 57 [ J¢ e | o
s<t
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Multiplying the above inequality by s we get

e _ Bt 6 €
sups” | g e | s < C1V 72 lhellc-eo + Ct sups” || g he | o
s<t s<t

for some 6 =6 («, B, y,n) > 0. Using that y — ’S+—;‘° > 0 (see (1.6)) by possibly increasing the value of the constant

C in (3.7) we finally obtain the bound
sups” || J§ she || op < 2Nhellgeo (5.11)
s<t

which completes the proof. ]

We denote by C ,} (C~*0) the set of continuously differentiable functions on C~%°. We furthermore let x € C*°(R)
such that x (¢) € [0, 1], for every ¢ € R, and

L, if gl <3,
=10, iticl=r,
for r as in (5.9). For simplicity we also let || - I, := [l - lly:¢'.¢> ¢ > 0. Inspired by [17], we prove the following version

of the Bismut—Elworthy-Li formula.

Theorem 5.5 (Bismut-Elworthy-Li Formula). Letx e C™%, ® € C ; (C~™) andlett > 0. Let w be a process taking
values in the Cameron-Martin space CM with d;w adapted. Furthermore, assume that there exists a deterministic

_ 2
constant C = C(t) > 0 such that ”8Sw”L2([0,z];R(2d*1)2) < C P-almost surely. Then we have that

t
BDe(x 010 (0X* w0 w)x (12]]) =E( @(xw0) [ s -abox(liz’]]))
—E(@(x* 0 x ([l 2°]],) ). (5.12)
where
dex(l1zell,) ) = e x (122, )3+ 128, (Qu (). 2T Qu (). .. ™4 Qu (), (5.13)

Ol -l : C"~*(0; 1) — C™~%(0; t)* is the one-sided derivative of || - ||, given by

Z°+ 38X, — IZ°Il,
S ,

ol ze|ll () = 1

<[l @) = tim

for every direction Y € C™~%(0;t), and
0u() = /0 SC = $)Geyw(s) ds.

Remark 5.6. It is worth mentioning that the usual Bismut—Elworthy-Li formula (see [17]) gives an explicit rep-
resentation of derivatives with respect to the initial condition rather than the noise. Below we also prove such a
representation (see (5.19)). However the core of our argument is (5.12) which is slightly more general than (5.19).

Remark 5.7. The presence of d || - [|; in the theorem above is based on the fact that norms are not in general Fréchet
differentiable functions. However, their one-sided derivatives always exist (see [6, Appendix D]) and they behave
nicely in terms of the usual rules of differentiation.
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Proof. Let § > 0 and u = 9, w, which is an L2([O, 00); R(zd’l)z) function. For every n > 1, we define the shift T, by
v()t Z( > ‘SQw(t) W

&
and we let Ty, Z° = (Ty, 0 )i,
Let X 8"3(~; x) =T, Tf),, + v®%_ where the remainder v&-® solves the equation

3;1)8’6 = Av®d — 8 — ﬁsi(l’g’av T5uZ%),
ve3(0, ) = Mex

As in [17], our aim is to construct a probability measure P? such that the law of TguTS’, under P? is the same as the
law of Tf)’, under PP. That way we obtain the identity

95+ Eps (D(X*2(1:.20) x (| T5u.2°|],) ) Is=0 = O, (5.14)

&
since \Vo is a continuous function of Tf) for every k > 2, the solution map to (5.3) is a continuous function of the
&

\k/o and y is a continuous function of T . Above ds+ stands as a shortcut of the directional derivative of a function
as § — 07. We will then show below that the result follows by an expanswn of the derivative in the above expressmn

We start with the construction of P. Let BY(r) := — fo Su(s) - dWe (s) where - is the scalar product on R(d-1? s
and define the exponential process

A‘S(r) = exp{B‘S(r) — %/r|8u(s)|2ds}.
0

Notice that by the assumptions on w Novikov’s condition is satisfied, i.e.

1 t
Eexp{—/ ’8u(s)|2ds} < 00,
2 Jo

thus by [20, Chapter 8, Proposition 1.15] A? is a strictly positive martingale and we have that EA (1) = 1. We define
P by its Radon-Nikodym derivative with respect to P

dp? _ A
dP ’

By Girsanov’s Theorem (see [20, Chapter 4, Theorem 1.4]) Wf (r):= WS (r)— [WS (), B%()],, r <t, under P® has
the same law as Ws under PP, where [-, -], stands for the quadratlc variation at time r. We furthermore have that
[We(-),B2()], = — [y Su(s)ds as wellas T, = [3 S(t — )G dW,(s) and Ts, T , = [y S(t — )G, dW!(s). Since the
law of Wf under Y is the same as the law of W¢ under PP, this is also the case for Tsu To‘. and To,. (recall that To,. isa

continuous function of Wg, when the latter is seen as an element in C ([0, ¢]; R(M’l)z) endowed with the supremum
norm because of (5.5)). Thus P? is the required measure and (5.14) in the form

35+ E(D (X% (150) x (|| Tsu 2° ||, ) A° ) Is=0 = 0 (5.15)
follows. Using the chain rule,
P (X0 (x5 1) = DO(X* (x; 1) (3 X5° (x5 1))

and

t t
85A5(t):—A3(t)</ u(s)'de(s)—i-S'/ |u(s)]2ds>.
0 0
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For the directional derivative of x (|| 75, Z¢]l,) at 8% = 0 it suffices to check the existence of the limit

" W s Z5M, — WZE,
m .
§—0+ 1)

We claim that the above limit is the same as

N AR & Pl VAL |
2270, (%) = tim. L -MZN,

&
where Y& = (Qy(+), 27(6)’. Ouw(),..., ”‘Wo,. QO (). Using the fact that || - ||, is a norm, we have that

Tsu Z8\l, — 1 Z°8 ARV I VA
175, Z |||iS Nz, _ Nz" + _5||I IZ=1, + Errors,

where Errors — 0 as § — 0T Subtracting .4 || Z¢|[, (Y*) from both sides of the above equation and letting § — 0™ we
get

eN 7€
limsup("lTauZ |||,8 nZen, _ a+m;a”|t(za)) <0. (5.16)

§—07F

In a similar way we can prove that the reverse inequality of (5.16) is valid with the lim sup replaced by a lim inf, which
makes 9. || Z°||,(Y?) the appropriate limit.

We now argue on how to pass the derivative inside the expectation in (5.15). The argument is similar to [17]. For
any function f = f(§) we introduce the difference operator As f(-) = f(8) — f(0).

We first show that the family of random variables

As(PX (@5 ) X UTu ZE MDA (1))
s ;

§€(0,1], (5.17)
are uniformly integrable. We first write
2 (@(X* (1 0)x (T8 A @) = 25 (X7 (15.0)) x (|| TouZ” ||, )A° 1)
+ (X0 (15.0) A x ([T 2|l )40
+ (X 0) x (1752 ,) 26 A ),

and then treat each term on the right-hand side separately. For the first term, we first use that ® € C é (C~%0) which
prompts us to bound ||X””‘S (t; x) — X°(t; x)|| o2 . By the mean value theorem we get

§
| X525 0) = X¥ (150 | e < /0 IDX (15 20| e A2

where DX®*(t; x)(w) solves (5.6) with Z¢ replaced by T5,Z°. By (5.6) we get a bound on the quantity
IDXE(t; x)(w)|lc-« as soon as we have a bound on |[|73,Z°||. The presence of the smooth indicator function
yields a bound on ||Ts, Z¢|| which then by definition of the shift as well as the assumed boundedness of w yields a
uniform bound on || T3, Z¢|| for all 0 < A < 1. Hence we obtain a bound of the form

|25 (X* (1:0) 1 (|| T3 Z° | ) A° )] < CSIDPooA (1),
where the constant C depends on w, x and 7. Arguing in the same way we get for the second term

(X7 (1;0) A5 x (| T z?[|,)A° ()] < C8lIPllocA @)
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Finally, for the third term we get using the mean value theorem for AsA (¢) that

)
10(X53(1.0) x (|| T3 Z°]].) 26 A1) < ClI o /0 3,40 d.

All the above imply that for every p > 1

As(PX (@ ) x T ZE M,
8

sup EA> ()P + sup E|9sA°(1)]”.

E‘
86(0 1] 3€(0,1]

2
The key observation is now that A ()P = A% (1) exp{% fot |8u(s)|2 ds}, where A%P (1) is also an exponential mar-
tingale of expectation 1, while exp{% fol |8u(s)|* ds} is uniformly bounded in é because of the almost sure bound
on w. This implies that sups¢ 1 EA? (7)? is bounded for any p > 1. Recalling the identity

t t
83A‘S(t):—A‘s(t)</ u(s)-de(s)+5/ |u(s)|2ds>
0 0

and using again the almost sure bound on w as well as the Cauchy—Schwarz inequality we have that

2p i
) +1).

The first term on the right-hand side of the above inequality is uniformly bounded in § as we discussed earlier while
the second term can be bounded uniformly in § using the Burkholder—Davis—Gundy inequality (see [20, Chapter 4,
Theorem 4.1]) and the almost sure bound on w. Hence

E[9;A°(0)|" < (EA°(1)*F) % (( ' / u(s) - dWe (s)

As(PX (@ ) x T ZE M,
8

E

)

uniformly in § € (0, 1], for every p > 1, which implies uniform integrability of (5.17).
Using Vitali’s convergence theorem (see [3, Theorem 4.5.4]), we can now pass the derivative inside the expectation
and differentiate by parts to obtain the identity
E(D® (X (1 x)) (35 X°° (15 )) x (|[| Tsu Z° ||, )A° (1)) =0
= —E(@(X"*(:0))x (| Tsu 2" [|,) 357 (1)) Is=0
—E(®(X*(t5.0) 05 x (| T5u 2°[|,) )A* (1)) I5+ 0.
The result follows since 35 X% (x; 1)]5—0 = DX (; x)(w) and 35A° (1)]s=0 = — [ u(s) - AW, (s). O
Let { P? : t > 0} defined via the identity
Pf(x) :=E®(X°(1; X)) Ly <12 (x))

for every ® € C;(C~?), where we write T (x) for the explosion time of v® (see Proposition 5.1) dropping the
dependence on TS’,. We use (5.12) to prove the following proposition.

Proposition 5.8. There exist a universal constant C and 61 > 0 such that
|Pf@(x) — PfO(y)| < C o 1 @lloollx = ylle-—e +2[|® oo P(r > 7°7) (5.18)

for every x € C™%, y € Bi(x), ® € C},(C—‘)‘O) and t < T* = T*(R) (defined in Proposition 5.4), where R =
2|lxllg—a0 + 1.
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Proof. Let ® € C,l (C %) and t < T*. Then
| PP @) = PER ()| = [E[® (X7 (15 0) <700y — DX @ ) <z ]|
and the latter term is bounded by I + I, where
o= [E[ (@ (10) - o(x* @) (1))
b= [B[(@(XF (#;0) <10y = D(X* (5 ) Lp<zzon) (1= x (271 )]

)

For the second term we have that I < 2||®| oo P( > & %) while by the mean value theorem we get that

n=[s( [ Dot 16 - o - naxdiz )

[ B0 (x40 o - ox(IZ1,)

For any &, € I1,[L%(T?)] let w be such that d;w(s) = ((J(fshs, €m>)‘m|<l for s < %" and 0 otherwise. Then d,w is
< C, P-almost

an adapted process and by Proposition 5.4 there exists C = C(t) > 0 such that ||8Sw||iz([0 RCA17)
surely, for every initial condition z; = x 4+ A(y — x) (recall that Jg. depends on the initial condition and that 7). €

Bi(x), for every A € [0, 1], thus the estimates in Proposition 5.4 hold uniformly in A). Furthermore, DX (¢; z,)(w) =
tDXE(t; z5)(he), for every t < %7, and as in [17] we can use (5.12) for this particular choice of w to obtain the
following identity,

B(O[o(x* )0 (1Z11) = 13( (X 20) [ 5 heaw ol (271,

1
LB ) (127 ), 5.19)

where we slightly abuse the notation since, as we already mentioned, the operator Jj . depends on the initial condi-

tion z, . In particular this is true for i, = flg(y — x), hence

da

1 1 ' .
IERLIN /O E‘ /0 (7 Fe(y — 2. dwe ) ([122]1)

1 1
+ 190 [ Elosx (1]l o] ar

Estimating the first term above we get

IATET
< E' / (78 Py = x), dWs(s>>’
0

tATS" . 5 3
(27 1o -0l e)

-y
<Ct277|lx = yll¢-0>

t
| [ 16,110 -0 0w (1)

where we use a Cauchy—Schwarz inequality and Itd’s isometry in the second step and Proposition 5.4 in the third step.
Here we use crucially, that the deterministic bound on J&S provided in Proposition 5.4 holds uniformly in ¢ > 0 (and
in 1). Using the explicit form (5.13) of 4 x (|| Z°||,) we also have the uniform in A bound

Elox (12°]l,) )| = €17 llx = Yie-eo,
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since

0 [|Ze ], (Quw(). 275, Qu (), ... n 0w () < C| 28], lx = Yllg-eo

and the fact that || Z*||, multiplied by d; x (IZ*|l,) is bounded by 1. Thus
1= C— 9ol = Yl
tY
and using both the bounds on /; and I, we get that for every t < T*
|Pf@(x) — PfO(y)| < Cti},llfblloollx — Vllg-eo + 2P [oP(r = 72),
which completes the proof. 0

I
Given that the vector ('\k/'o!_)z=1 converges in law to (WO,-)Z=1 on C7%(0; T), for every « > 0 and with respect
to every norm || - [l,. 4.7, for every T > 0, we have that 82 converges in law to 77 when the mapping

Z+— inf{t >0: ||Z§l) ”C*a v ||Z§2) ”C*a Voeeey =D |;§”) ”C*a > %} (5.20)

is IP-almost surely continuous on the path ( \"/0,.)22 |- Butif

L:= {r € (0, 1]: P((5.20) is discontinuous on (WO,~)Z=1) > 0}
and M : [0, o) — [0, c0) is the mapping

t olle-a Vi< I Vo lle-a v v 1@ DN gl
then

LC {r € (0, 1] : P(M has a local maximum at height r) > O}

and the latter set is at most countable (see [14, proof of Theorem 6.1]), thus we can choose r € [%, 1] in (5.9) such

that (5.20) is P-almost surely continuous on (WO,')Z:y This implies convergence in law of 83 t07? , thus

)-

DI

limsupP(r > t%2) <P(r >t
e—0F

Notice that global existence of v; (see Theorem 3.9) implies global existence of X (¢; x) and in particular exis-
tence for every t < T*(R). Using Propositions 2.3 and 3.4, liminf,_, ¢+ 7 > T*(R) and SUP; <7 AT*(R) | XE(t; xf) —
X (t; x)||g~20 — O P-almost surely, for every x € C~*. By the dominated convergence theorem P/ ® (x) converges to
P, ®(x), for every @ € Cg (C~*0), and we retrieve (5.18) for the limiting semigroup P;, for every ¢t < T*(R), in the
form

1 r
|P@(x) — P(y)| < C gl ®losllx = Yl + 2P llooP(t = 72). (5.21)

Remark 5.9. The above argument can be modified to retrieve (5.21) without the knowledge of global existence for

the limiting process. In this case, one can define the semigroup P, by introducing a cemetery state for the process
X (t; x).
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We finally prove the following theorem. Below we denote by || — u2||Tv the total variation distance of two
probability measures w1, uy € M{(C~*) given by

1
ey = paliry o= 5 sup |y, @ — Ky, @|.
I®lloo=l

Theorem 5.10. There exists 6 € (0, 1) and o > 0 such that for every x € C~ and y € By (x)
| PF8x = PF8y |y = €1+ xlig20) X = Ylig-ap

for every t > 1. In particular, for every t > 1, Py is locally uniformly 6-Holder continuous with respect to the total
variation norm in C~%0,

Proof. Let R =2|x||o-« + 1. By a density argument (see [7, Lemma 7.1.5]) (5.21) is equivalent to
P8, — Ps £l P(t>12
H 1 Ox — YHT\I—EITIHX—)’HC*OIO‘F (l_'f ),

foreveryt <T*and y € B (x). Notice that

r r
P(r>72) <P Zlgers > 3

and by Theorem 2.1

1
P(IIZll g > 1) < C;t"2
for some 6, € (0, 1). Since we can assume that 7* < 1, we have that

| Pi'8x = Proy |y < | PFedx = Prdy |y

where
* 1 1 0
| P78y — Py oy < Jnf 1 Cigrlle = Yligmeo + Co—t% .

Let f(¢):= Ci-L lx — yllo—o0 + CQ%IQZ, t > 0, and notice that for

I

1
. O1Cirllx — yllg—eo | 1%
0= 00 ,

f(to) =inf,~q f(¢). If tg < T*, then there exists C = C (6, 62, r) such that

_b
| PFide — Prdy |y < £(t0) = Clix = yll o

Otherwise #p > T* and using

1
| Pfedc — Pfedy|py <€ X = yllg-eo + C2;(T*)92

1
N

<0 Crlit2
< 1WHX—)’”C*0‘0+ 2;10

= 1 016392
= (T*)gl I = vl + Collv = ¥
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and the explicit estimate of 7* (see (3.7)) we get

* * ~ 39 = 1 916‘&92

| Pede = Piedy [y < CLll+ B Tl = yllg-ao + Callx = Ylighg
o, 0 2
<CU+ R 7T | — y| 52

for a constant C = C (61, 63, r) and some 6 > 0 as in (3.7). Combining all the above we finally get

)
01+0

C—D(O b

| Piox — SHW<Ca+mO+Mmu vl

which completes the proof. (|

6. Exponential mixing of <I>g

From now on we restrict ourselves in the case n = 3 (see Remark 6.2). In this section following [4] we first prove
a support theorem for the solution to the <I>§ equation. After that we combine this result with Corollary 3.10 and
Theorem 5.10 and prove exponential convergence to a unique invariant measure with respect to the total variation
norm.

6.1. A support theorem

We consider Y = ('\V_oo,,),le as an element of C ([0, T]; C~%)> endowed with the norm || - llg:0:. 7> for some a €
(0, 1), given by

Y = max [su N }
X Ny.0.7 (nax. pll Volle—e

t<T

Here we are allowed to use a non-weighted norm since there is no blow up of \A/_oo,. at zero. We furthermore let
t
H(T) = {hho,n Lh(t) :/ St —r)f(r)dr,t >0,and f € L*(R x TZ)}.
—0o0

It is worth mentioning that .7 (T) consists of those L>-integrable space-time functions with zero initial datum and
with one derivative in time and two derivatives in space in L?.

Lemma 6.1. Let {C,,},n>1 be a sequence of positive numbers such that Cp, < C(m 4 1). Then there exists a sequence
of smooth functions { f}m>1 such that

(1) fm €C™, forevery a € (0, 1).
(1) E|{fm,e)? = Cp if | =2™ or | = —2" and 0 otherwise.
(iii) Foreveryn=1,2,3, H,(fm, Cm) = 0in C™%, for every a € (0, 1).

Proof. Let

eZniZ"’zO~z 4 672ni2m10.z 12
fm (Z) = 21/2 Cm )

where zo = (1, 1) € 72, 7 € T2. Then for k > —1

1/2
Sk Cm 2mi2™z0-z —2mi2" 70z
@ = Sz lim —(e +e ),
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C sym+1 sam+1
Skfm(z)z _ Cm — Tml{m+1=1(}(e2r“2 + 202 +e—271’12 + Z()'Z)’

3/2 nm M
8¢ fn(2)* = %[XK (2m3zo)(e2”12 3202 4 g—2mi2 310‘1)

+ l{m:K}:),(eZnizsz-z + e_2”12mZ0-z)]‘

Notice here we have used the convenient fact that the particular choice of z( has the property that x, (2"z0) = 1jn=}-
Thus we have

I fnlle—e S Cal 227,
|/ = Conllg-a S Cm270",
1 £2 = 3Cum full o S Cal 2270,

Given that C,, <m + 1 all the above quantities tend to 0 as m — 0o, which completes the proof. (|

~

Remark 6.2. The sequence { f;;,}»>1 introduced in the lemma above satisfies property (iii) for every odd n. For such
n every term appearing in H,(f,, C,;) is a multiple of C,],‘1' e,z for a ko # 0 and the fast (exponential) decay of

lle2m i,z llc-« compensates the slow (polynomial) growth of C,li,l. However, for even n this property fails, because for
such n the H, (fin, C,y) contains a multiple of C}}, which does not need to vanish. We suspect, that a first step in order
to generalize Theorem 6.3 to the case of general n would be the construction of a sequence { fj,},»,>1 with Fourier
support on an annulus and such that

/2 fm(Z)k dz= Hk(o, Cm),
T
forevery k > 1.
We now prove the following support theorem.

Theorem 6.3. Let Py be the law of Y in C ([0, T1; C~%)3 endowed with the norm || - ll.0.7 - Then

ll-Nez0; 7

suppPy = { (Hx (b, )):_, :h € A(T), % = 0}

Proof. For h € #(T) and Y € C3~%(0; T) let T}, be the shift

k

A .
ny®=3, ( .)th“‘—”, k=123,

j=0 M

where we use again the convention that ¥ = 1, and write 7;,Y = (7;, Y ®))3_, . Here we slightly abuse the notation
since the action of T, on Y ® needs information on the lower order terms.

As in [4], it suffices to prove that (0, —9, 0) € suppPy, for every i > 0. Then, given that shifts of the initial
probability measure in the direction of the Cameron—Martin space generate equivalent probability measures, for every
h e (T), Tp(0, =%, 0) € supp Py, which completes the proof since by the definition of 7}, the latter is equal to
(Hi (h, ﬁi))izl (see also [4, Corollary 3.10]).

For A > 0 and pyom (z) = erﬁku’" e (2) we let

P i@ =" (pp2n (=), " :=EI" (0

where TTOOJ coincides with Ts_oo,, in Section 2.2 for m = % Notice that for )t > 0 there exists mo = mo(N) > 1 such
that N — N > 0, for every m > mq (recall that R ~ logm). Thus if we set C,,, =0 for m <mg and C,,, = X" — N
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otherwise, then C,; > 0 and C,, <m + 1. We consider f;, as in Lemma 6.1 for this particular choice of C,, and for
Am = 1447222 70| we let

B (£) := (1 —e D) £

for t € [0, T]. Then h,, € 52(T) since h,,(t) = t fil S( — r) findr and we furthermore have the uniform in ¢
estimates

[ @)oo <l finlle—e

hn®)? = Colg-u < [ £ = Colg-a + 267 Con,
|| ¢ .

[ @[ oe = [l oe

Finally, we define

We prove that the following convergences hold in every stochastic L? space of random variables taking values in
C(0,T];C™),

Tw,,,1—oo,- — 0, Twmv—oo,- - —N, Twm\v—oo,- — 0.

By the same argument as in [4, Lemma 3.13] this implies the result. For the reader’s convenience, we sketch the
argument here. Since w,, € J#(T), by Lemma [4, Corollary 3.10] there exists a subset Q" of Q of probability one
such that for every w € Q'

(Tw,,, (w)T—oo,-(w)a Twm(a))v—oo,-(w)a Twm(a))\v—oo,-(w)) € supp Py,

for every m > 1. Given that supp Py is closed under the norm || - |l,..7, we can conclude that (0, —, 0) € supp Py
as soon as the above convergence holds for a single element w € €'. The stochastic L” convergence implies almost
sure convergence along a subsequence which is sufficient.

The convergence of T, T .. to 0 is an immediate consequence of Proposition 2.3 and Lemma 6.1.

If we compute the corresponding shift for V_., ; we get

2 7

TV ser =V e 4 (M) = 0) =21 Vi, —07)
+ 217 () + Ha (i (1), R,

where we also add and subtract 291" where necessary. If we choose X sufficiently small we can ensure that

P s 0 hm () =0,

where ffoo’ , © hy, (1) is the resonant term define in (A.9). Using the Bony estimates (see Proposition A.6), Lemma 6.1
and the fact that T’foo’_ is bounded in every stochastic L” space taking values in C([0,T];C~%) we get that
1 o.im (1) = 0. For the term

Voo + (Moe)” =) = 2T g — 07

by Proposition 2.3 it suffices to compute the limit of T_, ,Trfoo’ , — ™. We only give a sketch of the proof since the

idea is similar to the one in the proof of Proposition 2.3. Notice that for m’ > m, ]ETTOO’ ,TTOOJ =", thus using [18,
Proposition 1.1.2] we have that

m' m m' m
zm o __
T7oo,tT70<>,t N Tfoo,t ® Tfoo,t’
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where ® denotes the renormalized product given by

!

. i
.\J/foo,t ® vioo’t(z)
i+j i+j
22/ o it 1_[ Hyy(t —rir, 2 — zi) Hy (t — rj»z— Zj/)g (®de’ ®drk>,
{(—00,1]x T2}/ + 1<j'<j k=1 k=1
1<i'<i

for every z € T? and i, j > 1. In the same spirit as in the proof of Proposition 2.3 (see Appendix E) we can prove that

lim lim ]Esup”T Oo,®7m —V—oo,t”gfa:(),

m—00 m’— 00

for every p > 2. Combining the above with the fact that sup, 17m (£)2 — (K™ — R) lc-« converges to 0, we obtain
that 7, V _o0.. — —9.

For the term Ty, V' _oo 1, by adding and subtracting multiples of %" TTOO, , and )" where necessary we have that
Twm\Vfoo,t = \V*OOJ o ((Tmoo t) - 3%me00 t) 3(TToo,tv*<>o,t - 2mmrrfoo,t)
+ 3(T—oo,t(rmoo t) - 3%me00 t)
430 OV oo 4 (Maes) = ") —2(Toco s oo — R™))
30 (02 (T — T oey) + Ha (A (1), R™).

For the terms TTOOJV_OO,, - ZER’"TTOOJ, T_oo,,(TToo’,)2 - Sﬂ{mTVfoo’t using again [18, Proposition 1.1.2] for m’ > m
we have that

rm Vrjoo,t - 2mm1rjoo,t = Trfoo,t ® vrfoo,t + 2mm(

ot rm rm

—0Q,1 OO,[)’

Tm (Tmoo t) — 30" TToo,t = TToo,t ® V—oo (+ Dl (TTOO t TToo,t)'

If we proceed again in the spirit of the proof of Proposition 2.3 (see Appendix E) we obtain that

lim lim I[-Esup”1 Oo,®v ‘V_oo,z||§7a =0,

m— 00 m’— 00

lim lim EsupHT o ® V \V—oo,r”g_a =0,

m—o0 m’— o0

lim lim (%")"E sup|| Tm TTOOJHZW =0,

m— 00 m/'— 00
for every p > 2. It remains to handle the terms
I (Voo = (Tmoo M ae s — ™)), 6.1)
B O((Mser)” = " = (T s = 9)) (6.2)
and

I (Tt = ) (6.3)
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We only show that (6.1) converges to O since (6.2) and (6.3) can be handled in a similar way. In particular due to Bony
estimates (see Proposition A.6) it suffices to prove that the resonant term

hm (I) o (V—oo,t - (T—OO,ITTOO’[ - Eﬁm)) = Z (Slqhm(t)akz [V—oo,t - (T—OO,iTToo,[ - mm)]

1 —K2| <1

converges to 0. Since the Fourier modes of 4, are localized at the points 2"z and —2" zg we have that

(@) 0 (Yoot = (oo Mooy =) =hm(®) D" S — (Tood oo s = 9™)].
i=—1,0,1
Letk >—land Y,,(t) = V _o s — (T_O<> ,T —NR"™). Then, fori = —1,0, 1,

B8 [Aim (t1)8m4i Yim (1) ] (@) 8 [im (22)8m4i Yin (12) ] (22)
= /1r2x1r2 Cm.i(th — 12,21 — 22)Mk (21 — 20Nk (22 — 22)hm (11, 20) A (12, Z2) dZ1 d22,
where
Cm.i(t1 — 12,21 — 22) = E8 i [ Yin (1) | 1) 8mi [Yin (12) ] (22).

For m’ > m using [18, Proposition 1.1.2] we have that TTM,,TTOOJ — R = TTOO,, ® T’foo’[. Let Yy () =V _oos —

1 s ® 1", and notice that

—li;ln—1]
B ti [Yonm (D] GO8mti [Ymm (12)]G2) =C > H 2 i@ + 1) et 41,21 — 22),
l|>a2m’ J=1.2 /
lo]>22™

for some constant C independent of m and m’ and L, =1+ 47|l j 2. Then for every y € (0, %) by a change of
variables

/2 , Coom,i(tt — 12,21 — 220 (21 — 20N (22 — 22) i (21, 20D A (12, 22) d21 22
T+xT

< (m+ Dl — t2|2V( Yo K K'Y+ Y Ko KV(I)),
16A2m+i IEA2m+i
l+2mZ()€./42K l—sz()EAzK

I

where KV () = and C, v ; is defined as C,, ; with Y,,, replaced by Y, ,,». By Corollary C.3

1
(=Y

1 1
I< Z - 4 Z - -
~ 2y1-2y 2y1=2y’
e, A+ i, AP
1+2Mz0€ A [-2"z0e A

thus for every ¢ > 2y

1 1
[<228k
,ZW U+ P2 (L4 1+272P)
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Using Corollary C.3 we obtain

228K(m +1)
(14 2mz0]2)=2r

By [Am (11)8m+i Yim.m (1) ] (2181 [m (02) 8-t Yo (12) ] (22) S It — 12

for every y € (0, 2) and ¢ > 2y. Using Nelson’s estimate (B.3) for every p > 2, the usual Kolmogorov’s criterion and

+
the embedding B, p.p | = C™* we finally obtain that

lim lim ]Esup”hm(t) (Yoot = (T—oo aos = ™)) || 6o = 0.

m—00 ;' — 00

Convergence of 1, (V_oo. — (T_s A ")) to O then follows by Bony estimates (see Proposition A.6). (Il
5 ’ o0,

Forx € C™%, f € L>(R x T?) and i > 0, let .7 (x; f; M) be the solution map of the equation

{atxzAX—X—Z,Ezoaka(X,SR)Jrﬁ (6.4)

f (O’ ) =X.
The following corollary is an immediate consequence of Theorem 6.3.

Corollary 6.4. Let X (-;x) be the solution to (3.2) for n =3 and x € C™% and denote by Px .y its law in
C([0, T]; C~*0). Then

C([0,T];C~%0)
suppPx .oy = {7 (x; f1 M) : f € L2(R x T?), % > 0} )

Proof. See the proof of [4, Theorem 1.1]. [l

Using the above corollary we prove that for every y € C~% and every ¢ > 0
P(X(T; x) € B:(y)) > 0. (6.5)

To do so, it suffices to prove that for every y € C®(T?) there exist f € L*(T?) and % > 0 such that 7 (x; f;
N)(T) = y. Butif we set

t
X(t)=S()x + 7(y — S(T)x),

for any choice of )t > 0 and
: 1 t
F@O =" aHe(X(@0), %) + —(y — S(T)x) — —(A = D(y — S(T))
= T T
we have that X = .7 (x; f; N). Then the result follows by Corollary 6.4 and the fact that C(T?) is dense in %0,

6.2. Convergence rate

We recall that for any coupling M of probability measures 1, u2 and F, G measurable functions with respect to the
corresponding o -algebras we have the identity

/ (F(x) — G())M(dx. dy) = / / (F(x) — GO)) 1 (@) pa(dy). 6.6)

We finally combine the results of the previous sections to prove the following theorem.
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Theorem 6.5. Let {P; : t > 0} be the Markov semigroup (4.2) associated to the solution of (3.2) for n = 3. Then there
exists A € (0, 1) such that

| PFox — PFoy|py <1 -2, 6.7)
forevery x,y e C™%, >3,
Proof. Let 0 < o < ag and for R > 0 consider the subset of C~*0

Ag:={xe€C ™™ :|x|¢c-« < R}

which is compact since the embedding C™* < C™*° is compact (see Proposition A.4). By Theorem 5.10 for every
a € (0, 1) there exists r =r(a) > 0 such that for every x, y € B,(0) and ¢t > 1

|PFox — PFoy|py <1—a.
By (6.5) for every x € Ag
Py (x; B,(0)) > 0,

which combined with the strong Feller property (which implies the continuity of P;(x; A) as a function of x for fixed
measurable set A) and the fact that Ag is compact implies that there exists b = b(R) > 0 such that

XierilfR Py(x; B-(0)) > b.

Fort>0andx,y € Ag \ B,(0), let P;"Y € M(C™ x C~%) be the product coupling of P;(x) and P;(y) given by
P, (A x B) = P;(x; A)P:(y; B),
for every measurable sets A, B C C~%. Then, for x,y € Ag,t >2 and ® € C,(C™%),

|P@(x) — P@(y)| = |E[P—1®(X (1;x)) — P (X (1 )]]
= V[Pm@(i) — P @) |PyY (dx, dy) |,

where in the first equality we use the Markov property and in the second (6.6). This implies that
| Psx = Py | ry < P77 ((B(0) x B, (0))°) + (1 = a@)Py Y (B,(0) x B,(0))
=1—aP}” (B, (0) x B, (0))
<1- ab?.

By (3.24) we can choose R > 0 sufficiently large such that

. . 1
inf 1anP’(HX(t;x)HC,a < R) > 7

xeC~@0 t>1

Then for any x, y € C™% and ¢ > 3, using the same coupling argument as above we get

N N ab?
”Pt (Sx_Pt (SYHTVSl_T’
which completes the proof if we set A = %. O

The following corollary contains our main result, the exponential convergence to a unique invariant measure.
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Corollary 6.6. There exists a unique invariant measure . € M1(C~%) for the semigroup {P; : t > 0} associated to

the solution of (3.2) for n = 3 such that
| Proy — gy = A=W 18, = pllry,
for every x e C™Y0 ¢t >3,

Proof. We first notice that for 1, ur € M(C~%) and every ¢ > 0 by (6.6) we have that

1
[Pris = Pl <5 sop / / [P (x) = P (y)| M (dx. dy).

for any coupling M € M (C~% x C~*0) of u; and uy. Thus by (6.7) for t > 3

| P — Pt*l‘L2||TV U= -M({(x,0):xeC™™}))
and using the characterization of the total variation distance given by

I — p2lltv = inf{l - M({(x,x) 1X € C’_“O}) : M coupling of 1 and Mz}
we get that

1P = Pfua|py < (=) lwn = palltv.

(6.8)

This implies that {P; : + > 0} has a unique invariant measure u € M(C~%°), since by Proposition [7, Proposi-

tion 3.2.5] any two distinct invariant measures are singular. Finally, for x e C™*0 and t > 3
[ Proe = tllpy = A= P38 — 1t 1y

which implies (6.8).

Appendix A
The following three propositions can be found in [15, Section 3: pp. 11-12].
Proposition A.1. Let a1, a2 € R, p1, p2,q1,q2 € [1, 00]. Then,
Ifllga  <Clfllge , whenevera) <a,
P1-41 P-4
Ifllga  <Wfllga , wheneverqi > qa,
P1-:41 P92
Ifllgs  <Cllfliga . whenever pi < pa,
P1:41 P2:41

I fllgn  =<Clfllgea . wheneveraj <as.
P1.41 P1-92

Proposition A.2. Let p € [1, 00]. Then the space Bg, | is continuously embedded in LP and
I fller < Ilfllgg‘l-

On the other hand, L? is continuously embedded in Bg,oo and

Iflls0 = Cllfllzr.

(A.1)
(A.2)
(A.3)

(A.4)

(A.5)

(A.6)



1242 P. Tsatsoulis and H. Weber

Proposition A.3. Let o < and p,q > 1 such that p>q and B = +d(L — L). Then

q p
1FIBg e < Cllfligp -

The following proposition can be found in [2, Corollary 2.96] and it is generally true for Besov spaces over compact
sets.

Proposition A4. Let a < o'. Then the embedding Bg(;’ 0 > Bg 1 is compact.

In the following proposition we describe the smoothing properties of the heat semigroup (e/4),>o with generator
A in space (see [15, Proposition 3.11]).

Proposition A.S. Let f € By . Then, for all > a,
a=p
[ fllge, <Ct™= £lIBy,. (A7)
foreveryt <1.

For f, g € C*(T%) we define the paraproduct f < g and the resonant term f o g by

f<gi= ) 8fdee (A8)
1<k—1

fog= > 8fbg. (A.9)
lt—k|=<1

We also let f > g := g < f. Notice that formally
fe=rf<g+fog+f>g
We then have the following estimates due to Bony.

Proposition A.6. ([2, Theorems 2.82 and 2.85]) Let a, B € R and g € CP.

W) If feL N f <gles =Cllflieligllce-
(i) Ifa <Oand f€C% || f <glcars = Cllflicllglics-
(iii) Ifa+ B >0and f €C% || foglicats <Cll flceliglcs-

The above proposition allows us to define the product of a distribution and a function in a canonical way under
certain regularity assumptions (see [15, Corollary 3.21]).

Proposition A.7. Let f € C* and g € CP, where « <0 < B, o + B > 0. Then fg can be uniquely defined as an
element in C* such that

Ifglice = Cliflicllglcs-

Regarding the inner product on L%(T¢) we have the following extension result (see [15, Proposition 3.23]).

Proposition A.8. Let p,q > 1 and p’, q' their conjugate exponents. Then, for every 0 < a < 1, the L*(T%) inner
product can be uniquely extended to a continuous bilinear form on Bg’ q ¥ B;,O‘q/ such that

[(f.8) =CliflBsg,lIglpo .
' pq

Jorall (f,8) e By, x B~ .
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Finally we have the following gradient estimate for functions of positive regularity (see [15, Proposition 3.25]).

Proposition A.9. Let f € B‘f‘,l, o €(0,1). Then

1 se, < CULFI TNV IS+ 10 (A.10)

11—

Appendix B

Definition B.1. Let {§(¢)}sc2rxTe) be a family of centered Gaussian random variables on a probability space
(2, F, P) such that

EE@EW)) = (b, V) 2 @xte)s

for all ¢, ¥ € L(R x T¢). Then & is called a space-time white noise on R x T¢.

The existence of such a family of random variables on some probability space (€2, F,P) is assured by Kol-
mogorov’s extension theorem and by definition we can check that it is linear, i.e. forall A, v € R, ¢, ¥ € L>(R x T9)
we have that £(A¢ 4+ vif) = LE(@) + vE(Y) P-almost surely (see [18, Chapter 1]). We interpret £(¢) as a stochastic
integral and write

/ @ (t, x)§(dr, dx) :=&(¢),
RxT9

for all ¢ € L2(R x T¢). We use this notation, but stress that £ is almost surely not a measure and that the stochastic
integral is only defined on a set of measure one which my depend on the specific choice of ¢.

We also define multiple stochastic integrals (see [18, Chapter 1]) on R x T¢ for all symmetric functions f in
L?((R x T%)"), for some n € N, i.e. functions such that f(z1,22,...,21) = f(Zi,, Zis - - -» i,) for any permutation
(i1,12,...,iy) of (1,2,...,n). Here z; is an element of R x <, for all j€{l1,2,...,n}. For such a symmetric function
f we denote its nth iterated stochastic integral by

I,(f) 2=/ f@1,22, ..., 20)8d21 ®dza ® - - - @ dzyp).
(RxTdyr

The following theorem can be found in [18, Theorem 1.1.2].

Theorem B.2. Letr Fi be the o-algebra generated by the family of random variables {§(#)}yc2mx14)- Then every
element X € L*(2, Fe, P) can be written in the following form

oo
X =EX)+ Y Ii(fa).
n=1
where f, € L>((R x T4)") are symmetric functions, uniquely determined by X .

The above theorem implies that LZ(Q, Fe,P) can be decomposed into a direct sum of the form @n>0 Sy, where
So :=R and -

Sy = {I,,(f) i fe Lz((R X ']I‘d)") symmetric}, (B.D)

for all n > 1. The space S, is called the nth homogeneous Wiener chaos and the element I,,(f;,) the projection of X
onto S,.
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Given a symmetric function f € L2((R x T9)"), we have the isometry
E(1)* = n! £ 172 @iy (B.2)

Furthermore, by Nelson’s estimate (see [18, Section 1.4]) foreveryn > 1 and Y € S,
n 2 p
ElY|” <(p—D2P(EY]?)?, (B.3)

for every p > 2.

Appendix C
Definition C.1. For symmetric kernels Ky, K> : 72 — (0, 00) we denote by K| x K> the convolution given by
Ky x Ka(m):= ) Ki(m —DK>(0)
172

and for N € N we let

Ki*<y Ka(m):= Y Ki(m—DKa(),
[l|I=N

as well as

Ki*xsn Ky := (K1 x Kp) — (K1 x<y K2).

We are interested in symmetric kernels K for which there exists « € (0, 1] such that

Km) = C e

In the spirit of [9, Lemma 10.14] we have the following lemma.

Lemma C.2. Leta, 8 € (0, 1] suchthata+ 8 — 1> 0and let K1, K5 : 72 = (0, 00) be symmetric kernels such that

Ki(m)<C Ka(m)<C

(1+|m[H)>’ (1+|mHP

Ifa <1orpB <1 then

1

K x Ky(m) ECW’

1 .
A2 ath—1° iflm| >N,
K%y Ka(m) < € § FmBT7r
AHINFT° iflm| <N
andifa=p=1
K% Kol )<Clog|m|\/1
* Ko (m —_—,
B PP

log |m|Vv1 .
lilm\2 ? lf|m| =N,

Kix.ny K2(m) <C )
if|m| < N.

log|N|V1
1+|N2 °
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Proof. We only prove the estimates for K| x K. The corresponding estimates for K| *~.y K> can be proven in a
similar way. We consider the following regions of Z?,

A= l:IZISM},
2

|”l|
A = l:l—m < — s
2 | |_ )

Az = l:—| |<|l|<2|m|,|l—m|>—| | ,
5 == =
A4_—{l:|l| >2|m|}.

3|m]|
Pl

For every [ € A; we notice that |m —[| > , which implies that

1
K -DK)() S ———— K> (l
Y Kim-—1) 2()N(1+'m'2>‘“1§1 2(D)

leA1
AtmPHP~t
< | i AL
~ 1 log|m|Vv1 . _
armpe TB=1.
By symmetry we get that
AtfmHyet
e ifa<,
Y Kim = DK < { Hm?
~ og|m|Vv1 ifo=1
leA IempHp  HE= L

For the summation over A3 we notice that

1+ |m|?

_ <—
ZKl(m DK (D) < A+ |mPe+p

leAj

Finally, for [ € A4 we have that |m —[| > m, which implies that

1 1
D Kim=DKx(DS ) Tt S :
~ B~ 2ya+p
l€A4 |”>2|m‘ (1 + |l| )Ol (1 + |m| )0{
Combining all the above we thus obtain the appropriate estimate on K1 » K> (m). (]

Because we are interested in nested convolutions of the same kernel we introduce the following recursive notation
K+'K=K, K« K=Kx(K«""K),

for every n > 2, with the obvious interpretation for K y K and K *’i ~ K. We then have the following corollary, the
proof of which is omitted since it is an immediate consequence of Lemma C.2.

Corollary C.3. Let K be a symmetric kernel as above for some o € (”n;l, 1. If a < 1 then

1

n
K * K(m) =< C(l + |m|2)l‘10[—(’l—1) )

1 .
m >
K2y K(m) < (14|m|?)ne=n=1> flml =N,
v K <C

1 .
(1+|N|2)na7(n—l) ’ lflm| < N
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andifa =1
1

K+"K <C———F«—,
© K = O

1 ] >
K oy Ky < ¢ G =
T e iflml < N
avpre =

for every e € (0, 1).

Appendix D
Proof of Theorem 2.1. Let ¢, ¢» € L?(T?) and notice that for #1, f, > —oco by (B.2)

EN o @) oo (2)

A n
="!/JT2 sz $1(z1)¢2(22) </ H(ti +1t —2r, z) —Zz)dr) dz dzo, (D.1)

—00

where we also use the semigroup property

2H(t1 —rnz1—20HM —r,z0—2)dz=H(t1 + 1 — 2r, 71 — 22).
T

For I, = 1 + 47%|m|?, m € Z?, we rewrite (D.1) as

o=l It —12]
EN oty @)Y @ =n! Y [[Tm—im)a(m),
m,'GZZ i=1
i=1,2,...n
m=my+---+ny

and if we replace ¢1, ¢2 by n, (21 — ), N (22 — -) respectively, for k > —1, 21,22 € T2, we have that

n e~ lm 1]
B\ o @8N o =0t Y [ S xem)em (a1 — 22).
m; e7? i=l1

i=1,2,.
m=m +-~~+m,,

By a change of variables we finally obtain

B8N oo @8N ooy @)mnl >0 Y H

m|€A2K m; € Zz i=1

ml —mj_ lltl ]

em, (21 — 22),
2Im,—m, 1

with the convention that my = 0. Let KV (m) = W, for y € [0, 1), and write K " KV to denote the nth

iterated convolution of KV with itself (see Definition C.1). If we let z; = zo = z, for f; =, =t we get an estimate of
the form

Ese N ooi (0?5 Y KO#" K (m)
mE.Azk
while for ] # 1, and every y € (0, 1)
n 7 2
E(8e N o0y (2) = 8N ooy (@) Sl =02 Y KV #" KV (m).

me Az/(
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By Corollary C.3

0 1
ESKV_OO,;(Z)zs Z (17,

PAY S
mE.Azlc + |m| )

for every ¢ € (0, 1), and

1

n " 2
B8N w0 () =8 coen@) S =0 Y G

mEAzl(
Using the fact that m € Ay« we have that for every k > —1
Ee Voo (2)? S 271,

n n 2
EGe N oo (@) = 8V Lo, (2))” S It — 1Y 222

for every A1 > 0 and every y € (0, %), A2 > ny, while for every p > 2 by Nelson’s estimate (B.3) we finally get

ESe N oo ()P S 2PH1F,

n n b
EGe N oo (@) = 8c V' oo (2))F S It — 1|2V 2PR2K

1247

The result then follows from [15, Lemma 5.2, Lemma 5.3], the usual Kolmogorov’s criterion and the embedding

2
—a+=
- 2
By, " —=C “,foroz>;

Appendix E

Proof of Proposition 2.3. For all n > 1, using the formula

n

HoX+7.0)=Y (Z) X4, (Y, ©)

k=0

we have
—Z( >( DF(S@ =1 o) Hame (T o1 99).

n £
Thus it suffices to prove convergence only for v_oo’t, n>1.

By [18, Proposition 1.1.4] for #1,#, > —oco and 71,22 € T2

EN L @) @) = (BT, e, ()
Using (D.1) we get

a8 € _Imlltl t2|
EN @)V @ =n Y H em(z1 — 22),

1 i=1
Imil<g
i=1,2,...n
m=m+---+ny

]
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and by a change of variables the above implies that for « > —1

e_I’”ifmifl [t1—t2]

Es N @8N e ent Y [T——emGi-z. (E.1)

; mi—m;_
mjeAyx |mi|S% i=1 i—i-1

i=2,...,n
In a similar way

Iml —mj_| [t1—12|

n n €
E8e N oy 218V @) ARl Y ——em@ ) (E.2)
mi €Ak |’"i|§% i=l Mi=imi—1
i=2,...,n
and for K¥ (m) = m combining (E.1) and (E.2) for z; = zp =z and t; = #, =t we have that
E(5e N _oor(2) — 8¢ v oot(Z) s Y K W KOm),

mEAZK

while for 1 # 1, and every y € (0, 1)
" 0 & 0 0 &
E[(8¢ Y —o0 (2) = 8c NV _ 1, @) (8 0.y (@) = 8 Vg1, ()]

Sl—nl Y K7 L K7 ().

mG.AzK
Proceeding as in the proof of Theorem 2.1 (see Appendix D) and using Corollary C.3 we obtain that

1

0 U 2 20k

_ < w__

E(gkv—oo,t(z) (SK\/—OO,I(Z)) S2 1+ LZ)M/Z
&

for every A; € (0, 1), and

E[(8:N oo () = 8N (@) (36N o @) — 8N (D)]
1

Sl — 72—
(1+ 5k

for every y € (0, ) X2 > ny. The result then follows by Nelson’s estimate (B.3) combined with the usual Kol-

+
mogorov’s criterion, as well as the embedding B,, p = C7% fora > % (]
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