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Abstract. In this note we identify the distributional 1limits of non-negative, ergodic stationary processes, showing that
all are possible. Consequences for infinite ergodic theory are also explored and new examples of distributionally stable
—and ¢-rationally ergodic — transformations are presented.

Résumé. Dans cette note, on identifie les limites distributionnelles des processus stationaires, ergodiques et positives. On montre
que toutes se produisent. Les conséquences pour la théorie ergodique infinie sont également explorées et nouveaux exemples de
transformations distributionnellement stables -etwo-rationnellement ergodigues — sont présentées.
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0. Short introduction

Classical central limit theory is concerned with the distributional convergence of normalized partial sums é Y i1 Xn
of independent, identically distributed random variables (X1, Xo, ...).

Here, we consider this asymptotic distributional behavior of normalized partial sums % Y k-1 X, of random vari-
ables (X1, X2, ...) generated by a stationary process (SP) by which we mean a quintuple (2, F, P, T, f) where
(2, F, P, T) is a probability preserving transformation (PPT) and f : Q2 — R is measurable; the “generated random
variables” being the sequence of random variables (X,, = f o T"),>¢ defined on the sample space (2, F, P).

The stationary process (2, F, P, T, f) is non-negative if f > 0; and ergodic (ESP) if the underlying PPT
(R, F, P, T) is an ergodic PPT (EPPT).

For independent processes, the possible probability distributions (or laws) occurring as limits were determined by
Paul Lévy in [21]. They are the stable laws (including the normal distribution of the central limit theorem).

For a general ESP, it was shown in [28] that any probability distribution on R is a possible limit.

This paper is about what happens when the stationary process is non-negative.

Our main result on stationary processes is
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Theorem 2. Let (2, F, P,T) be a EPPT and let Y € RV(R..), then 3 1-regularly varying function b : Ry — R4 and
a positive measurable function f :Q — Ry so that

lnl

k
b()Zf TmY )

Here and throughout,

e R, :=(0, 00),
e for a metric space Z, RV(Z) denotes the collection of Z-valued random variables, and

0 , . . . .
e — > denotes strong distributional convergence as defined in Section 1 below.
n— o0

Given a random variable, we’ll first construct (Theorem 1) a specific ESP satisfying inter alia (§). This will be
done by stacking. We’ll then show that a general EPPT induces an extension of the given underlying EPPT and
that this enables transference of (&).

Previous work on distributional limits of stochastic processes over arbitrary EPPTs can be found in [14,28,30].

We then apply our results to give new examples of distributionally stable MPTs (measure preserving transforma-
tions).

In Theorem 3 we show (inter alia) that: for any ¥ € RV(R4), 3 a MPT (X, B,m, T) and a 1-regularly varying
function a : Ry — R satisfying

a(n)ZfoTk—>Y/ fdm VfeL'(m)y.

n—oo
A full statement of Theorem 3 is given in Section 1 below.

Remarks.

(1) It is natural to ask what would be the possible limit laws of the the partial sums of nonnegative ESP which are
scaled and also centered by positive constants.

That is, what are the possible limit laws of S"b (“5”) where §,, is the nth partial sum of a nonnegative ESP, and
b(n),a(n) >0 (n > 1) are constants?

Our result shows that any probability distribution with support bounded from below can be obtained in this
fashion. It is likely that our proof can be modified so as to obtain all distributions as limits of these normalized
and “centered” sums. We thank the referee for raising this issue.

(2) Ttis also natural to ask about the stochastic processes ocurring as distributional limits of the random step functions

@, € D([0, 1]) (as in [11], Chapter 3) generated by the partials sums of an ESP and defined by ®,,(¢) := b(n)

For example, if bf;';) L Y as in Theorem 2, then, due to the 1-regular variation of b, &, L) Ly in
n—>oo
D([0, 1]) where Ly (¢) := tY.

Glossary of abbreviations

The following abbreviations are used throughout the paper: SP for stationary process, ESP for ergodic,
stationary process, PPT for probability preserving transformation, EPPT for ergodic,
probability preserving transformation, MPT for measure preserving transformation
and CEMPT for conervative, ergodic, measure preserving transformation.
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1. Longer introduction
Distributional convergence

Consider the compact metric space ([0, co], p) with
p(x,y) = |tan™' () —tan~" ().

For x,y e Ry, p(x,y) <|x — y|. We’ll use the

e p-uniform distance on RV(R.) defined by

u(Yy, Y2) :=min{sup p(Z1, Z2) : Z = (Z1, Z2) e RV(R4 x Ry), Z; 2y (=1, 2)};

and the
e p-Vasershtein distance on RV(R ) defined (as in [29]) by

o(Y1, Y2) :=min{E(p(Z, Z2)) : Z=(Z1, Z2) e RV(R4 x R}), Z; 2y (=1, 2)}.

Evidently v(Yy, Y2) <u(Yy, ¥») and, if v(Yy, Y2) < ¢, then 3Z = (Z1, Z5) e RVR4 x Ry), Z; 2 Y; (i =1,2) so that
Prob(p(Zl, Z7) > \/E) < €.

For ¥,,,Y e RV(R,),
E(g(Y) —= E(s(Y)) VgeCp®Ry) <= o(Y,,¥) —0.

See the Skorohod representation theoremin [26]and [11].

Strong distributional convergence

For (X, B) be a measurable space, we denote the collection of probability measures on (X, B) by P(X, B).
Now let (X, 3, m) be a measure space, Z be a metric space, F, : X — Z be measurable, Y € RV(Z) and P €
PX, B), P < m. We’ll write

P—D
F,—Y
n—oo

if
f g(F)dP —— E(g(Y)) VgeCp(Z)
X n—oo
and say (as in [3,4] and [27]) that F;, converges strongly in distribution (written F, —D> Y)if
n—oo

P—
F, 222y vepePx,B), P<m.
n—oo
This is called mixing distributional convergence in [22] and [17].
In ergodic situations, strong distributional convergence of normal partial sums is an automatic consequence of
distributional convergence. Namely:
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Eagleson’s theorem ([17], see also [3,9] and [4]). If (X, B,m, T, f) is an R-valued, ESP, a(n) — oo and 3P €
P(X, B), P < m so that

Sn
/g<a(n)>dp — E(s() Vg e (0. o0]),

L)Y

where Sy ==Y 1_, f o Tk, a(n)

Examples.
(1) Let y €(0, 1] and let (2, A, P, S, f) be a positive SP where (f o S" : n > 1) are independent random variables
satisfying

t
E(fAt)t_Ofoom,

where A(t) y-regularly varying in the sense that /Z(ét)) - x¥ Vx > 0 (see [12]).
— 00

By the stable limit theorem ([21], also e.g. XIIL.6 in [18])

Zf k257, (SLT)

l(n) n—>00

where Z,, is normalized, y -stable in the sense that E(e 7%y = e rP" where ¢y > 0and E(Z;y) = 1. Note that
Z1 = 1. For generalizations of this to weakly dependent SPs, see [7] and references therein.
(2) In [5] positive ESPs (2, F, P, R, f) were constructed so that

n—1

1 k LN (0,1)
- R —> 2 ( )
b(n) Z f n—00 ¢
k=0
where b(n) oc ny/logn and N(0, 1) is standard normal. For example R = t/ where 7 is the dyadic adding ma-
chine on {0, 1}N and f(x):=min{n >1: Zkzl[(fnx)k — x] = 0} is the exchangeability waiting time.

The following is the main construction enabling Theorem 2. It is a specific construction tailored to the target
random variable.

Theorem 1. Let Y € RV(R ), then 3

e an odometer (X,B,m,T),
e an increasing, 1-regularly varying function b : Ry — Ry,
e a positive measurable function f : X — R4 so that
1 n—1
Z forTk 2oy (%)

b(n) n—00

M > 1,r > 0 and Ny > 1 such that

n—1
P<|:ZfoTk<xb(n)j|) <P(Y <Mx) Vxe(0,r),n> Np. (%)

k=0

The (#) condition (repeated from page 880) is used in the proofs of Theorems 2 and 3. The (¢») condition will be
used in Theorem 3 in Section 6 to obtain examples of «-rational ergodicity.

The next proposition explains why the normalizing constants are necessarily 1-regularly varying when the support
of Y is compact in R.
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Normalizing constant proposition. Suppose that (2, F, P, R, f) is a positive ESP, b(n) > 0,and Y € RV(R}) with
minsupp Y =:a > 0 and max supp Y =: b < 0.

If $i_ % Y where Sp= 4 1 fo T, then b is 1-regularly varying.

b(n) p— o0

Proof. It suffices to show that bb((zn”)) —— 2. To see this, suppose otherwise, then there exist ¢ > 0 and a subsequence

n—oo
K C N, so that

-2

‘b(z”) >¢ VneKk. )

b(n)

Next, by compactness, there is a further subsequence K’ C K and a random variable Z = (Z1, Z») € RV([0, oo]z)
so that

( S, S,o T”) ?
, Z.
b(n) b(n) n—00

By assumption, we have that dist Z; =dist Y (i = 1,2). Thus,

20 <71+ 7Zr <2b.

Now fix K” C K’ so that }2((2’1”)) — s c€[0,00].
n—oo,nekK”

By assumption,

? Son
n—oo,nekK” b(2n)
b)) (S, | SpoT"
“ b2n) \ bn) b(n) )

0

— C_I(Zl + Z7).
n—oo,neK”

Y

It follows that ¢ € R and that Z| + Z; dist cY. So on the one hand min supp cY = ca and max suppcY =:cb < ©
and on the other hand,

ca=minsupp(Z; + Z3) >2a and cb=maxsupp(Z|+ Z3) <2b
with the conclusion that ¢ = 2 which contradicts (). O
Distributional convergence in infinite ergodic theory

Let (X, B, m, T') be a conservative, ergodic MPT (CEMPT) and let Y € RV([0, co]). Let ng 1 oo be a subsequence and
let d;. > 0 be constants. As in [3] and [4], we’ll write

(T)
Snk 0 %
dy k—oo

if

(T)

Snk(f) 0 1
e Y v L.
p— /de’" fely

Call the random variable Y € RV ([0, co]) appearing a subsequence distributional limit of T and let

L7 :={subsequence distributional limits of T}.
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The collection
{T eMPT(R) : L7 =RV([0, 0]}

is residual in MPT(R), the group of invertible transformations of R preserving Lebesgue measure, equipped with the
weak topology (see [6]).

We call the CEMPT (X, B, m, T') distributionally stable if there are constants a(n) = a, y(T) > 0 and a random
variable Y on (0, co) (called the ergodic limit) so that

s

— ()
a(n) n—oo

The sequence of constants (a,,y (T) : n > 1) is determined up to asymptotic equality and we call it the Y -distributional
return sequence. Note that a, .y (T) ~ %an,y (T). For distributionally stable CEMPTs which are also weakly rationally
ergodic, we have that a, y (T') « a,(T) the usual return sequence (see [1]).

Classic examples of distributionally stable CEMPTs are obtained via the Darling—Kac theorem ([16]): pointwise
dual ergodic transformations (e.g. Markov shifts) with regularly varying return sequences are distributionally stable
with Mittag—Leffler ergodic limits (see also [3,4]).

More recently, it has been shown that certain “random walk adic” transformations have exponential chi-square
distributional limits (see [5,10] and [13]).

Our main result about infinite, ergodic transformations is

Theorem 3. For each Y € RV(R.), there is a distributionally stable CEMPT (X, B, m, T) with ergodic limit Y with
an,y (T) 1-regularly varying and Q € B, m(2) =1 so that

m(Q N [Sn(lg) > xa(n)]) <2P(Y >x) Vx>landn>1 large. (&)

The (%) condition (which is an inversion of the (¢%) condition on page 882) will be used in the construction of
a-rationally ergodic MPTs in Section 6.

By Proposition 3.6.3 in [4], distributional stability of a CEMPT entails existence of a law of large numbers
(as in [3] and [4]) for it. An example in Section 6 shows it does not entail «-rational ergodicity.

Plan of the paper

In Section 2, we recall the stacking method used to construct the odometer in Theorem 1. This odometer is
constructed together with a sequence of step functions and in Section 3, we formulate the step function
extension lemma needed for the proof of Theorem 1 where the limit is a rational random variable
(taking finitely many values, each with rational probability). In Section 4 we prove the step function extension lemma
and Theorem 1 in this (rational random variable) case. In Section 5, we prove Theorem 1 in general, developing the
necessary approximations of random variables by rational ones. We conclude in Section 6 by proving Theorem 3 and
considering some of its consequences in infinite ergodic theory.

2. The stacking constructions

Stacking as in [15] (aka the stacking method [19] and cutting and stacking in [24,25]) is a construction procedure
yielding a piecewise translation of an almost open subset X C R. This transformation is invertible and preserves
Lebesgue measure.

Asin [15] and [19], a column is a finite sequence of disjoint intervals W = (I, I», ..., Ij,). with equal lengths. The
width of the column is the length of I;. The height of the column is 4 and we’ll sometimes call W = (I, D>, ..., I;)
an h-column.

The base of the column W = (11, I, ..., Ip) is B(W) := I1,its topis A(W) := I, and its unionis U(W) = Uzzl 1.
The measure of a column is the length of its union. Columns W and W’ are disjoint if their unions are disjoint.
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The column W is equipped with the periodic map T = Ty : U(W) — U (W) defined by the translations T : Iy —
Lyi(l1<k<h—DandT: I, — I.

A castle (tower in [15] and [19]) is a finite collection of disjoint columns.

A castle consisting of a single column is known as a Rokhlin tower.

A castle is called homogeneous if all the columns have the same height and width. As before, an homogeneous
castle consisting of k-columns is called an h-castle.

The base of the castle 20 = {Wy, Wy, ..., W,} is BQW) = UJy_; B(Wy), its top is A() = J;_; A(Wy) and its
union is U () = y_, U(Wy).

It is equipped with the periodic transformation Ty : U (20) — U (20) defined by

Tasluwy) = Tw,.-
Refinements of castles

The castle 20’ refines the castle 20 (written 20’ > 20) if

(1) each interval of 20 is a union of intervals of 20’;
(i) AQQY") C A(Q) and B(W') C B(A);
(i) Tyylu@onaey) = Tay.
If 20’ > 20, then U (20") D U (V).
All castle refinements 20’ > 20 considered here are mass preserving in the sense that U (20") = U (20) (no “spac-
ers” are added).
Call the refinement 20’ > U transitive if

m(U(W)NUW))>0 YW €20 and W €20.

A sequence (20,),>1 of castles is a nested sequence if each 20,41 refines 20,,.

Let (20,,),>1 be a nested sequence of castles and consider the measure space (X, B, m) with X := U,fil U3,
equipped with Borel sets B and Lebesgue measure .

As shown in [15] and [19],

© There is a measure preserving transformation (X, B, m, T) defined by

T(x)= nlglgo Ty, (x) form-a.e. x

iff m(A(20,)) —— 0.
n—oo
It is standard to show that if infinitely many of the refinements 2, > 20, are transitive, then (X, B,m, T) is
ergodic.
The transformation (X, B, m, T') is aka the inverse limit of (20,),>1 and denoted T = l(iLnn%oo 2,,.

Odometers

An odometer is an inverse limit of a (mass preserving) nested sequence of Rokhlin towers. Odometers are ergodic
because if 20, 20 are Rokhlin towers and 20’ > 20, then the refinement is clearly transitive. The odometers are the
ergodic transformations with rational, pure point spectrum.

Induced transformation (as in [20]). Let (X, B,m, T) be a CEMPT and let Q € B,0 < m(2) < oco. The first return
time to 2 is the function ¢g : 2 — N U {oo} defined by ¢q(x) := min{n > 1: T"x € Q} which is finite for a.e. x € Q
by conservativity.

The induced transformation is (2, BN, mgq, Tq) where Tg : Q — Q is defined by Tq(x) := 7920 and mq(+) 1=
m(-||2). Itis a PPT.

Odometer factor proposition. Let R be an odometer and let (X,B,m,T) be an aperiodic PPT, then 3IQ €
B, m(2) > 0 so that R is a factor PPT of Tq.
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Proof. Let R = 1<i£ln—>oo 20, where (20,,),>1 is a nested sequence of Rokhlin towers. Let the height of 20, be H,,
then there is a sequence ay, az, ... € N,a, > 2 so that Hy = a1, Hy+1 = ap+1Hy,.

By the basic Rokhlin lemma, for any & € (0, 1) there is some B; of positive measure such that the sets {7 (B;) :
i=0,1,...,a; — 1} are disjoint and

a—1
X=[J T'B)UYE,
i=0
where E| € Band m(E ) =¢ym(By).
Next apply the Rokhlin lemma again to the induced transformation T, with & € (0, 1) to get a base B, C By with
the sets {Téu B> :0 <i < ay} disjoint and

ar—1

Bi= ) T4 (By) v Es,
i=0

where E> € B(B1) and m(E>) = eam(B»). '
This process is continued to obtain By € B, By C Bx— with the sets {Ték—] By : 0 <i < ai} disjoint and

ar—1

By = L% T, ,(Bo)  Eg,
=l

where Ey € B(Br_1) and m(Ey) = gxm(Bi_1). If Zkzl & < 1, then

Hi—1
Q::ﬁ U T!(By)
is as advertised. O

We’ll need a condition for an inverse limit of castles to be isomorphic to an odometer.
W=, I,....It) and W = (I], I, ..., I;,) are disjoint columns of intervals with equal width, the stack of
W and W’ is the column

WoeW :=(IhL,....Ik1{,1;,....1},).
Let g € N. The column W can be sliced into g subcolumns
Wi, 9Wa, ..., qu

of equal width and the same height.
For a column W and ¢ € N, W®4 denotes the column obtained from W by slicing the column into ¢ disjoint
subcolumns of equal width and then stacking. That is

q
W = () 1Wy.
k=1

Let W= {W;:1<k<K}and ' ={W;:1<¢< L} be homogeneous castles.
The refinement 20 > 20 is uniform if 3Q > Lk, k2,...,k0 € {1,2,...,K} with {x; : 1 < g < 0} =
{1,2,...,K}and 51,52, ...,50 € Nso that

Q
W, = L(@ ijsq> :
q=1 ¢
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Note that a uniform refinement is transitive.
The nested sequence of homogeneous castles (20,,),>1 is called uniformly nested if each refinement 20,41 > 20,
is uniform.

Proposition. Let (20,,),>1 be a uniformly nested sequence of homogeneous castles, then the EPPT (X, B,m,T) :=
lim 20, is an odometer.
<—n—>0o0

Proof. Let 20, = {W;") :1 < j <k,} and suppose that

On+t1 (n+1)
1 (n)®s,
Wén-i— ) _ kn+l( @ WKq q ) ,
q:] ¢

then
Wg("ﬁLl) — kn+|(ﬁ/(n))€’

where

On+1 (n+1)
W “,(")GES
(”) = @1 Kq ! :
q:

The Rokhlin tower 20" := {W ™} is refined by 201 and

(X,B,m,T)= lim 95™.
%

n—o00

3. Step functions, labeled castles and block arrays

Here we introduce the framework for the proof of Theorem 1.
We’ll construct recursively a nested sequence of homogeneous, unit measure castles (20,),>1 and set (X, B, m,
T)=1im 207,,.

<—n—>00
The advertised function f : X — R will be defined as f = lim, .o, f™ where £ : 20, — R is a step function

in the sense that it is constant on each of the intervals making up each column in the castle 20,,.
If 25, = {W;") : 1< j <k,} where each W;") = (I;jlk))lfkihn is a column of height ,,, then

fO=w <)<k C (R,

where
n) — ., 0 (n)
f =wj (k) oan’k.

Formally, let a J-block be a positive vector w € ]R_JF (where J € N). The length of J-block w is |w| :=J.

A block w € Ri determines a labeled column: an underlying column W = (Iy, I», ..., Iy) together with a step
function Fy : U(W) — R defined by

J
Fw = Zwkllk.
k=1

A block array is an ordered collection of blocks of the same length (called J-block array when all the blocks have
length J).
The block array tv = (w1, wa, ..., wy) € (R}J‘F)N determines a labeled castle:
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an underlying castle 20 = (W1, W, ..., Wy) of height &, together with a step function Fy, : U (tv) — R defined
by

N
Fm = Z 1U(Wk)FWk-
k=1

We’ll say that the block array 4 refines the block array y written 1 > ¢ if the castle determined by v refines that
determined by r.
Blocks can be concatenated. If w € RY and w’ € R”', the concatenation of w and w’ is

/. ’ ’ ’ J+J
woOw .:(wl,wz,...,wj,wl,wz,...,wj/)GR 7

The concatenation of blocks corresponds to the stacking of their underlying columns.
If W and W’ are columns of height J and J respectively and with the same width, and w € R’ and w’ € R/, then

Foow = Fuuwy onUWeW)=U({w,.W})=UuW)uU(W).

Similarly, self concatenation w®9 of the same block w corresponds to cutting and stacking W®4 of the correspond-
ing column W.

We call a sequence of block arrays nested if the underlying sequence of castles is nested.

We’ll obtain the required ESP by producing a nested sequence (tv,),>1 of block arrays whose associated sequence
of step functions (Fiy,,)s>1 is convergent.

Block statistics

Distributional convergence will be achieved by controlling the empirical distributions of the various short-term partial
sums over the tall block arrays.
Given a block w € Ri, define

k—1

Se(Fy) =Y FyoT],
j=0

where T, is the periodic transformation defined on the column underlying w. We have

h
Sk(Fu) = Skw)()1y,,

v=1
where, for 1 <v <h,

k—1

Sk(W)(v) =) W

Jj=0

Here translation is considered mod 4 thatis v 4 j :=v 4 j mod h.
For a block array v = {w; : 1 < j < K}, set

K
Sk(Fro) =Y 10(w;)) Fu;
j=1
and Si () (v, j) := Sp(w;)(v).
We study the distributions of S (w) and Sk (tv) considered as R -valued random variables on the symmetric prob-
ability spaces {1,2,...,h} and {1,2,...,h} x {1,2,..., K} respectively.
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If w e R" and m € N, then
Sk (w®™)(v) = Sg(w) (v mod h)

whence S; (w®™) and Si(w) are equidistributed.

In a similar manner, we consider partial sums on a block array o = {wy : 1 <k <n}:{1,...,h} x{1,...

R+:
Sk () (J, £) := Sk(we)(j).

Before starting the construction, we need some notions of block normalization.
Block normalizations

Suppose that 7 € N and w € R}i is a block.

Write
z
|h| :==h, M(w) := max w;j, X(w) = Z w; and E(w):= ﬂ
1<j<h , [w]
1<j<h
Note that

E(w):/ wd P[1 pnN-
[1,AINN

The block w € Rﬁ is e-normalized if

_ eX(w)
Sp(w) =kE(w)(1£sg) Vk> M)

We call the block array v C Rﬁ g-normalized if each block w € tv is e-normalized.

Block array distributions

Let X be a metric space. We’ll identify the collection P(X) of Borel probabilities on X with
RV(X) :={random variables with values in X}

by
YeRrRV(X) <« dist(Y)ePX),

where
dist(Y):=PoY ' eP(X)

in case Y is defined on the probability space (2, F, P).

889

,n}—

A symmetric representation of Y € RV(X) is an ordered pair (2, f) where €2 is a finite set and f : Q2 — X is so

that

Prob(Y =x) = I%I#{w €Q: f(w)=x} VxeX.

Evidently, the random variable ¥ € RV(X) has a symmetric representation iff Y is rational in the sense that there is a

finite set V C X sothat Y € V a.s. and

Prob(Y =x)€ Q4+ VxeF.
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Let Y € RV(R4) be rational. A Y-distributed, h-block array is a h-block array of form
h
wCRY

with respect to which, block averaging is a symmetric representation for ¢ - Y for some ¢ = c(tv) € R. Specifically,

1
Prob(c-Y=x)= m#{w Et0: E(w):c-x} Vx e Ry.
Definition: Relative Y -distribution
Let Y € RV(R,) be rational, let A > £ >0, h, Q e Nand let to C Rﬁ’_ and o’ C Rgh be Y-distributed block arrays
with w’ refining tv, to A-normalized and to” £-normalized.
We’ll say that the pair (v, ') is relatively, Y — (A, E)-distributed if

(1) m([Fr # Frol) <A,
() ey =y ) <yh+1) <---<y(h)=cw’)and A>e, >epy1>--->egp=Esothat y(k+1) —y (k) <
A and
(Sk(m’)
u ’
ky (k)

The proof of Theorem 1 for rational random variables is based on the:

Y><ek Vh <k < Qh.

Step function extension lemma. Let Y € RV(R,) be rational, let A >0 and h € N. If ro C RZ’_ is a A-normalized,
Y -distributed block array, then for any 0 < € < A and Q € N large enough, there is a homogeneous Qh-block array
w’ refining vo uniformly so that Fyy' > Fy, and so that (v, 1') is relatively Y — (A, £)-distributed.

4. Proof of Theorem 1 in the rational case

We first prove this case of Theorem 1 assuming the step function extension lemma.

Fix Y € RV(R,). Given A, | 0, with A| < % min Y, we build using the step function extension lemma iteratively,
a refining sequence of block arrays (tv,),>1 with each refinement transitive and each (tv,, tv,41) is relatively, ¥ —
(A, Ayy)-distributed. This gives an ESP with distributional limit Y establishing (&) as on page 880.

To see (3) as on page 882, we note that by the extension lemma, for [tv| < k < |tv,41], we have a coupling of

Sk (t0y41) and ¥
ky (k)
so that
ons) oy Ly s By
ky®) — 9 =9

By monotonicity,

S,
k(m")z§Y Yo>n+1
ky(k) —9

whence

Sk(f) 8
ky(k) =9

where Fy,, — f a.s. Thus

P([Sk(f) <tD§P<Y§2t> vt > 0. U
ky (k) 8
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The rest of this section is a proof of the step function extension lemma.
The proof is via block concatenation and perturbation.

Basic Lemmal. Let O < A <1 and let w € Rﬁ be A-normalized. For each

1
0<k <AE(w), 6>0 and q>X,

then for u € N large enough: if m := ug and w’ € Rﬂh is defined by

w =wh =" + kqhlit mnngnz,

then
w' is 8-normalized, 6
E(w')=Ew) +«; (ii)
P(Sy(w) # S;(w®m)) < qih V1<J<qh; (iii)
P(Sk(w') = Se(w®™) V1 <k < vAqh) > 1 —V/A; (iii’)
Sk(w') =kEw)(1£2VA) Vv/Agh <k <qh; (iv)
Sk(w’):k(E(w)—i-K)(l:I:(A/\%+A7qh>> Vk > gh. W)

Remarks.

(a) Note that F,y > Fy,.
(b) There is no contradiction between (iv) and (v) for k ~ gh as the error in (iv) is at least
in (v).

K
Ew)

which is the increment

Proof for « > 0.

Proof of (i). Let v € R¥ be a block. We claim that

Sk (v)
kE(v) k—oo

(s)

To see this, letk=JH +r where J > 1and 0 <r < H, then
St(w)=Syg(wW) T HMWw)=JEW)* HM () =kE(v) £2HM (v)

whence

Sk()  2HM(®v)
kE(w) kE(v)

— 1.
k— o0

‘We have,
w/ — w(p,) . (w//)OH’
where

w” = w® +kqhlign.
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It follows that
E(w®W)=E(w") and M(w™)=M").
By (#), §-normalization of w’ is obtained by enlarging /.
Proof of (ii). We have
Sk(w/)(v) = Sk(wom)(v) + th#([v, v+k—1]N th) Yv e [1l, mh].

Therefore

Sygn(w') =Jg=(w) + Jrqh, T(w)=mZ(w)+ ukgh and E(w')=EwW)+«.

Also
/ oOm i k i Om C]h
Sk(w)gSk(w )—i—th q_h §Sk(w )—}—k/c 1+7 ;
and
/ om k om qh
Se(w') = Sk (w®™) + kqh h > Sk (w™) + ki 1—7 )
Proof of (iii) and (iii’).

Se(w') =S (w®") on [L.mhl\ | (Jhg—k. Jhq]

15]5%
P(Sx(w') # Sk (w™")) =
P(Sk(w') = S (w®™) ¥1 <k < v/Agh) = 1—VA.

Proof of (iv) and (v). We begin with an estimate of S, (w®™) for k > Ah.

h
Si(w®™) = kE(w)(l +AA E) Vk > Ah.

Proof of (§). For Ah <k < h, we have A A % = A and (§) follows from the A-normalization of w.

Leth <k,thenk=Jh+r withJ >1andr < h and

v+Jh+r—1

Sk(wem)(v) =JhE(w)+ Z w;
i=v+Jh

v+Jh+r—1
=kEw)—rEh)+ Y  w
i=v+Jh

=kE(w)+E.
Thus

—Y(w) < —rE(h) <& < S, (w)(v mod h) < T (w)

®)
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and

€l _ Bw) _h

kE(w) ~ kE(w) k'

To see the other estimation, we use the A-normalization of w.

AhE (w)
Ifr < M) , then

€] < Mr < AhE(w);

and if r > %, then by A-normalization of w,
E=—T1rEw)+S,(v+Jh)=—rE(w)+rEw)(1 £ A)=+AE(w). O
We have

Se(w')(v) — Sk(me)(v) =kqh#([v,v+k—11NghZ).
For v/Aqh <k < gh,#([v,v+k —11NghZ) =0, 1
Se(w') = Sk(w®™) < kgh < AE(w)gh < VA -kE(w)
and by (§),
Se(w') = kE(w)<1 + (A A % + JK)) =kE(w)(1£2VA).

For k > gh,

Sk (w') (v) = Se(wO™) (v) = kqgh#([v, v+ k — 11N ghZ)

k
=kqh (— + 1)
qh
=«k£xqh.
Therefore

Se(w') = Sk (w®™) + kk £xqh

h
=kE(w)<l:|:A/\ E) +xk £ kqh

. h Kkqh
=k(E(w) +/<)<1 + (A A—+ kE(w)>)

k
h  Agh

This proves the basic lemma. (]

Example 1. Constant limit random variable

To see how the basic lemma works, we build a sequence of (trivial) block arrays (tv,),>1 with each 1, = {w(”)} a
single block. This will give Y =1 as distributional limit.
We'll define £ :=w™ : Z), — Ry where b, = |w™].
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Suppose that each block w™ is constructed from w®~1) using the basic lemma with parameters

An,Kn, qns Un, My, Oy = Apyt.

(1) Flim f® = feRy as.
n—0o0

Proof.
1
(n) (n—1)
P([ ;Aw ]) Gn |w(n 1)|
Since Zn | m <00,IN :Q— Nsothatas., f® = N vk>N. O

() If Y 02 kn = 00, then as n — o0,

w™) Z ki,

Now let (2, F, P, T) be the corresponding odometer and let f :=lim,,_, » f(") Q— Ry
Define b : N — R, by

b(N) = NE(w(")) for |w("_l)| <N< |w(")|,n > 1.

(3)If ky —> Oand )2 | K, = 00, then

b(n) f oo b(2n)
b(n) n—oo
and
1 n—1 . s
b(n) ZfoT —— 1.

In Example 1, the normalizing constants were directly determined by the sequence (E(w)),> of block expec-
tations, which increased slowly.

For more complicated limit random variables (e.g. ¥ € RV(Ry) givenby P(Y =1)=P(Y =2) = %) this is no
longer the case as the distributions of the block expectations need to be considered. A more elaborate construction
procedure is necessary.

We’ll need the following simultaneous version of Basic Lemma I which is an immediate consequence of it.

Basic Lemma II. Let to C Rﬁ be a A-normalized h-block array and let k : 10 — R satisfy 0 < k(w) < AE(w).

For each § > 0and q > %, and 11 € N large enough: if m := uq and the mh-block array w’ := {v(w) € RT_h Tw e
w} is defined by

v(w) = w™ 1= w4k (Wgh 1 mrngnz. (W € 10),

then ' > 1 and Fyy > Fy, and for w € w,

v(w) is 8-normalized, (1)
E(v(w)) =Ew) + «(w); (i)
P(S;(v(w)) # S, (w®")) < A <J <gqh; (iii)

qh
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P(Sk(v(w)) = Se(w®™) Y1 <k < VAgh) > 1 —VA; (iii")
Sk(v(w)) =kEw)(1 £2vA) Vv Agh <k <qh; (iv)
Si(v(w)) = k(E(w) —i—lc(w))(l + (A A % + Ath)) Vk > gh. v)

The next lemma is an iteration of the procedure in Basic Lemma II to achieve larger, but gradual changes of the
block averages E (w). We’ll use it to prove both the step function extension lemma and the step function straightening
lemma.

Compound lemma. Let 0 < A < 1,h € N and let o C Ri be a A-normalized h-block array. Let t: 1w — (1, 00),
then VB > 0and € > 0, and Q € N large enough, there is an E-normalized, Qh-block array

' :={v(w): w € w} C]Rgh,
numbers
8k28k+1a8Qh <& and 0=py < Ph+1 <~-~<th=1, Ofpk_H —pr<PB

so that w' =t and Fyy > Fy, for each w € v,

E(v(w)) = t(w) E(w); (ii)
P(Sk(v(w)) = Sk (w®9) Y1 <k < V/Ah) > 1 —2VA; (iif)
Vk > Ah,  Sp(v(w)) = kEw)((1 — pr) + prt(w))(1 — &) and (iv)

P([Sk(v(w)) =kE)((1 = po) + prtw)) (1 £80)]) = 1 — 8.

Proof of the step function extension lemma. Suppose that that Y € RV(R.) is rational. Let:

e (2, f) be a symmetric representation of ¥ with || > 2,
e w={w®:s5eQ}C Rﬁ be a A-normalized block array, where A > 0 and 4 € N so that

Ew“)=c f(®) (0eQ),

where ¢ = c(tv) > 0.

Fix 0 < £ < A. We’ll construct for any Q € N large enough, a Qh-block array ' = {w'® : 5 € Q} C ]Rgh so that
E®)=c" f(s) (0eQ),

where ¢’ = ¢(tv’) > c(v); ' > o is a transitive, homogeneous extension and (tv, to’) is relatively, ¥ — (A, £)-
distributed.

The construction is via auxiliary, intermediary block arrays wD w® . w®™ where N > % is arbitrary and
fixed.
Let V C R be the value set of Y and let

2max V
min V

>

and N’ :=2(]Q|—1)N.

We have that min ; Kszft)) > 1 and so, using the compound lemma, we can find J; > 1 and for each s, € Q find
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E-normalized w®? (1) e th so that

E@O0 1) = Kef )= LD p(u) ©
f)

P(Sk(w (1) = S (wDON) V1 <k < AJih) > 1 — A; ()

c=ylko) <ylko+1)=<---<y(gh)=Kc; (i)

P([Sk(w™ ) =ky () ()T EA)]) =1 - A  Vk > k. (iii)

Here y (k) = E(w®)((1 — px) + pxK) is as in the compound lemma with t = K
The first intermediary block array is

D ={wC (1 k) 1<k <IQI(N = 1@ +1),s e Q} U {w™? (1) 1u,v € Q,u # v},

where w9 (1,k) (1 <k < N — 1) is a copy of w)(1).
Next, find J, > 1 and for each s, ,u € Q, s # ¢ find w®"(2) € Rf«llh so that

E@S 0 w) = k2 fa) = LW g0 ), (iif")
Q)

P(Sk(w®"(2)) = S (w(HOR) VI <k < AL Jih) > 1 — A; (iv)

Ke=yko) <yko+1) <---<y(gh) = K’¢; )

P([Sk(wS" W) =ky ) f()A £ A)])=1—A Vi > k. (vi)

The second intermediary block array is
w® = {w" D2, k) 1<k < QN —2(1Q] - 1)),s € @} U w0 2), w0 (2) 15,1 € Q, 5 #1],

where w9 (2, k) (1 <k < N —2) is a copy of w59 (2).
Recurse this, to find J5, J3, ..., Jy and for each 2 <v < N, s1,52,...,5, € Q, w152 s“)(v) € Rﬁ‘:v—” where
AW .= hJyJp--- Jy; so that

E(w(sl,sz,...,sv)(v)) — K" f(sy) = K f(sv) E(w(sl,sz,i..,s,,_.)(v _ 1))’ (iii’)
fsv-1)

P(Se(we52 ) (1)) = S (w20 — 1) i <k < ARV) > 1 - A; (iv)

K" le=y(ko) <yko+1) < - <y(gh)=K"c; v)

P([Sk(wSrsz5-2D0)) = fF(Oky (k)1 £ A)]) =1 — A Yk > ko. (vi)

The vth intermediary block array is

w® = {w W, k) 1<k < QN —v(IQ] - 1)),s € Q) U [w "Dy s, e, s #1),

where w(sv)(v, k) (1 <k <N —v)isacopy of w(sv)(v). In particular,

N—-1 ) )
0™ = (w0 1<k < QN = N(Q - 1)).s e ) U [ J{w® " W) st e s £,
j=1

where w¢ ) (N, k) (1 <k < N — N)is a copy of w®") (V).
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Now set v’ = {w'® : s € Q} where

N(I-1) N or
N N—j oJj
w'® I‘—( @ wS (N k) © @ Ow(t I’S'/)(N)> ,

k=1 1eQ\(s} j=1

where 7 is chosen large enough to ensure £-normalization.
This is as advertised. U

5. General case of Theorem 1 and Theorem 2

We now complete the proof of Theorem 1 by constructing an ESP with an arbitrary ¥ € RV(R;) as distributional
limit.
For this, we need to approximate an arbitrary ¥ € RV(IR) with rational random variables in a controlled manner.

Splittings

A splitting of the finite set  is a surjection 7 : E — 2 defined on another finite set  so that Po = Pg o .
Equivalently, #7 ~!{x} = % Vx € Q.
Let the compact metric space ([0, o], p) be as before, let 7 : E — Q be a splitting and let (2, f), (E, g) be
symmetric representations.
We’ll say, for € > 0, that (B, g) e-splits (2, f) viaw : B — Qif

1
Es(p(s, fom) == > p(g), f(rw)) <e

and we’ll call & : E — Q the (associated) e-splitting.
Note that if Z has a symmetric representation which e-splits some symmetric representation of Y, then (Y, Z) < ¢.

Splitting approximation lemma. Let Y € RV(R.), then Vey | O there is a sequence (Y1, Ya, ...) of rational random
variables on R4 with a nested sequence of symmetric representations (2, fir) so that

(0) 0(¥x,Y) <& Vb= 1;

() (pe+1, fier1) ex-splits (2, fi) Ve = 1.
(i) AR > 0 so that Po, (Y <t) < Prob(Y <t)Vt € (0, R),k > 1.

Proof. Considering Y as a random variable on the compact metric space ([0, c0], p), we let u := dist(Y) €

P([0, oo]). There is a non-decreasing map & : [0, 1] — [0, oc] so that u =X o @~ where A is Lebesgue measure on

[0, 1]. Let I C [0, 1] be the collection of discontinuity points of . By monotonicity, this set is at most countable.
Let Z := {0, 1} equipped with the product, discrete topology, and let B : Z — [0, 1] be the “binary expansion

29

map

B((xl,xz,...)) :=Z%.
k=1

It follows that the collection of discontinuity points of ¥ := ® o B : Z — [0, oo] is ' = B~!T. This set is also at most
countable.
We have

M:VO\IJ_l,

where v =[]}, }) e P(2).



898 J. Aaronson and B. Weiss

By the above,

n—1
Xk 1
@(;? + 27) —— W x,...) forvae (v.x2,...) €Z

(indeed V(x1, x2,...) ¢ I).
Now, for n > 1, let Z, := {0, 1}", define ¢, : Z,, — [0, 1] by

n—1
X 1
Yn(x1, X2, ..., Xp) 1= @(22_]; 4 2_n>
k=1

We have that for v-a.e. (x1,x2,...) € Z,
wl’l(xla-XZa "'a-xn) — \y(-xla-XZa "')'
n—0oo

Define the restriction maps 7, : Z — Z, and 71,2”"" *Zytm —> Zn by
T[I‘l(-xla-x27"')Z(-xla-x27"-7-xn) and ny:l+m(-xla-x25"'axll+m)=(-xla-x29"'?xn)7

then 7't : Z, 4,y — Z, is a splitting and, along a sufficiently sparse subsequence ng 1 0o, we have

&k

/ p(wnk O Ty, W) dv < )
Z

whence
Ez,., (p(¥ny o gt Vi) < k-
Thus
Qi=Zn,  fri=Vn and dist(Yy):=Pg o f' € P(R:)

are as required for (i), which entails (o).
To see (ii) we note that

Yn (X1, X2, .00, Xn) > W(x1,x2,...)
whenever (x1, x2, ..., x,;) # 1. Let
m-l | m=l
R::@(; E>:®<l—%>§®<§ E) Vk > 1.

If k> 1 and ¥, (x1,x2,...,%,) < R then (x1, x2, ..., %) # 1 and ¥y, (x1, X2, ..., Xp, ) = W(x1, x2,...).
Since fiy = ¥y, , fort € (0, R)

Po,([fe <t]) <v(IW <1]) = P(Y <1). O

Step function straightening lemma. Ler Y, Z € RV(R.) be rational with symmetric representations (2, f) and
(E, g) respectively.

Suppose that £, A > 0 and that (E, g) E-splits (2, f) with E-splitting & : E — Q.

Let o = {w(w) : w € Q} C Rﬁ’_ be a A-normalized, Y-distributed, h-block array with E(w(w)) = c(w) f(w)
Yo € Q.
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Then for each Q € N large enough and n > 0, 3 a £-normalized, (B, g)-distributed, Qh-block array
b={b&):£ecE} R,
so that
Fp>Fy and m([Fb #+ Fm]) <&,
and
Bh) = B(h+1) <--- < B(Qh), Bk+1) —pk) =n,
0=gn <gn+1<---<qon=1, 8h = k1= = 80n, Son <&
so that for h <k < Qh,

Sk(b()) = kB ((1 — q) £ (P©)) +qrg(®)) (1 — &),
P([Sk(b®) = kB (1 — ) f (D)) + arg®) 1 £80)]) = 1 = &,

Sy (b)
U(kﬁ(k)’ Z) <&+ A.

Proof. Let & : E — Q2 be so that

Pgo®d '=Pg and Eg(o(fod,g)<E&.
For & € E, let v(§) := w(P(€)) € v and consider the block array
:={v):£cE}
Note that E(v(§)) = cf (P(&)). In order to use the compound lemma, define t: E — (1, 00) by

Kg(§) f(P(&))
where K > max
f(P(&)) teg  g(&)

t(&) =

so that t > 1.
By the compound lemma for Q > 1 large enough, there is an £-normalized, Q/-block array

b={b&):£ecE} R,
numbers
8k > Sk+1, Son <& and O0=pp <ppy1 <---<pon=1, P+l — Pk <1
so that for each & € &,
E(b(&)) =t&E(v(§)) = c() f(P(§)):
P(Sk(b(®)) = Sk(v(E)®Q) V1 <k < Ah) > 1-2A
and Vk > Ah,
P([Sk(6®) =kE(b&)((1 — pe) + pit®) (1 £8)]) = 1 — .
Next, for & € E,

E(b©)((1 = pr) + prt(®)) = c(o)((1 = pr) f (@) + Kprg(§)).
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Let

B k) := (W) (px + (1 — p)K),
K px

qk ‘= ———— >
Pk + (1= p)K

then

O=gn <qni1<---<qgon=1

and

E(b®)((1 = po) + pit®)) = BR) (1 = q) £ (P©)) + qxg ().

Thus, with probability > 1 — &y,

<Sk(b(é))

P (1= g0 f(©) +ng($)> <

and

Sk (b(&))
Eg (%Z}/T,g(é))) <25+ Eg(p(fo®.9)

<& +E.

The inequality Fy > Fy, follows from monotonicity.

O

It is not hard to see that the refinement tv < b above has the property that if b < to’ is a uniform refinement, then

S0 is tv < to’.

Proof of Theorem 1. Fix ¢, | 0, 2, &, < 0o and use the splitting approximation lemma to obtain a sequence
(Y1, Ya,...) of rational random variables on R with a nested sequence of symmetric representations (2, fx) so

that

©0) o(Yr,Y) <er Vk = 1
(i) (2+1, fir1) ex-splits (2, fir) Yk > 1.
(ii)) IR > O so that Pg, (Y; <t) <Prob(¥Y <t)Vte (0,R), k> 1.

Using the step function extension- and straightening lemmas (respectively), we next, construct sequences (v,), and

(en)n of Y,-distributed A, - and k,,-block arrays (respectively) so that
Un<mn<t)n+1 and an EanSFUn-H

with each v, < v, a uniform refinement;

and a slowly varying sequence (y (k))x, y (k + 1) — y (k) — 0 so that with b(k) := ky (k), for some r > 0

(iii) m([Fy, # Fro,) < & and m([Fro, # Fo,,,]) < €nt1;
@(iv) % > rfu(€) Yy <k < hpiq where o, = {w(&) : & € Q)
v) n(%, Q) < &n Vhy <k <hpir.
Let
(X,B,m,T):= lim 2, and f:= lim Fyy, w,.
< n—00 ’

n—oo

then (X, B,m, T, f) is an ESP over an odometer with distributional limit Y.
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Moreover, if h, <k <h,4+1,and t € (0, R) then Si(f) > Sk (F,) whence

[Sc(f) < 1b()] C [Sk(Fio,) < 1b(K)]

P([Sk(mn)(E)EtD

b(k)

ply<!

(<) e

Proof of Theorem 2. We use the odometer construction of Theorem 1 to prove Theorem 2.

Let Y e RV(Ry) and let (2, F, P, 7) be an EPPT. We must exhibit a measurable function ¢ : Q2 — R so that the
ESP (2, F, P, t, ¢) has distributional limit Y.

Now fix as above, an odometer (X, B, m, T) with f : X — R, measurable so that (X, B, m, T, f) satisfies (%) in
Theorem 1 (on page 880) with distributional limit ¥ and 1-regularly varying normalizing constants b(#n),>1.

By the odometer factor proposition, there is a set Qg € F, P(€29) > 0 so that the induced EPPT (29, F N
Qo, Pg,, Tq,) has (X, B,m, T) as a factor.

Let 7 : (R0, F N Qo, Pg,, T,) = (X, B, m, T) be the factor map and define ¢ : 2 — R by

whence by (iv),

P([Sk(f) <tb(k)])

IA

IA

¢=fomr onp and ¢=0 off Q.
We have that

PQO

b(n)2¢ TQO n—oo

Now let k : 29 — N be the first return time of t to Q¢ and let «;, := Z;;(l)/c o réo (the nth return time of t to p),

then on o,

Kkn—1
Z ¢ 0T, Z por.
By Birkhoft’s theorem, «,, ~ % a.s. on ¢ and so by monotonicity and 1-regular variation of b : Ry — R,

1n1

P
b(n)2¢ ok ———>P(S20)Y

whence by Eagleson’s theorem,

1 n—1

LI o WO
b(n)kz::()(p U o P&

6. New examples in infinite ergodic theory

We begin by reviewing:
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Kakutani skyscrapers and inversion

As in [20], the skyscraper over the N-valued SP (2, F, P, S, f) is the MPT (X, BB, m, T) defined by

X = {(x,n):er,lfnff(x)},
B=o{Ax{n}:neN, AecFN[f =nl}, m(A x {n}) = P(A),

and

Teom) = Sx, f) ifn=f(x),
T lon+ D ifl<n< fx)—1.

The skyscraper MPT is always conservative as | J,.; 7 "Q x {1} = X and its ergodicity is equivalent to that of
(R, F, P, S). Any invertible CEMPT (X, B,m, T) is_isomorphic to the skyscraper over a first return time SP (2, BN
Q,mq, Ta, pq) where pq(x) := min{n > 1: T"x € Q} is the first return time which is finite for a.e. x € Q by
conservativity, To(x) := T2 is the induced transformation on € which is a PPT.

Let (X, B,m, T) be an invertible CEMPT let 2 € B, m(2) = 1 and consider the return time stochastic
process on :

(R.BNQ,mg, Ta, pa) where po(x) :==min{n > 1:T"x € Q}.

Distributional limits with regularly varying normalizing constants are transferred between the return time SP and
the Kakutani skyscraper by means of the following

Inversion proposition ([3]). Let a(n) be y-regularly varying with y € (0, 1] and fix 2 € F, thenfor Y a rvon (0, 00):

s g Bvm@ e _°>< ! )7
an) ™" a='(n) m(Q)Y ) ’

where @, = Zz;é @q o TSIE.

Proof of Theorem 3. Fix Y € RV(R,), let (2, F, P, S, f) be a N-valued ESP and let b(n) be 1-regularly varying so
that

1= 1
b(n Z n%oo Y
=0
n—1 1
P<|:Zf° T* <xb(n):|> < P(? < t) Vt >0small and n > 1 large.
k=0

These exist by Theorem 1. Now let (X, B, m, T) be the Kakutani skyscraper over (2, F, P, S, f). By inversion,

s
W o ——Y and (@")
mo([S{"(1g) > xb™'(m)]) < P(Y =x) Vy>1,n> 1large. (=)
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Rational ergodicity properties

Now let ¢ > 0 and let K C N be a subsequence.
We’ll say that the CEMPT (X, B, m, T) is a-rationally ergodic along K if for some Q2 € B,0 < m(2) < oo, we
have

/ <S"(IB)) dm m(A)m(B)* VA, B eB(Q), (x-REg)
A\ a(n) n—oo,nek
where a(n) = aq,q(n) := m(fg Sp(1Q)® dm)é-

We’ll say that (X, B,m, T) is «-rationally ergodic if it is «-rationally ergodic along N and subsequence o-
rationally ergodic if it is «-rationally ergodic along some K C N.

Properties like this have been considered in [8] and [23].

Standard techniques show that 2 € B, 0 < m(2) < oo satisfies (¢ ~REg ) iff

() =)
ag,0(n) '

is uniformly integrable on €2, and, if nonempty, the collection

Ro.x(T):= {Q €eB:0<m(B) <oosatisfying (a¢-REg) }

is a dense T -invariant hereditary ring.
Moreover aq,q(n) ~ ay o (n) along K whenever 2, Q' € Ry g (T).
We’ll call the CEMPT (X, B, m, T') co-rationally ergodic along K if for some € B,0 < m(2) < 0o, we have

Sn(lg)

< 0. (BREk)
ay,q(n)

nek L(Q)

Analogously to as above, if nonempty, the collection
Roo.x (T) := {Q eB:0<m(B) <oosatisfying (BREg) }

is a dense T -invariant hereditary ring. It is contained in Ry x (T") Yo > 0.
The condition co-rational ergodicity along N is aka bounded rational ergodicity. For
more information and examples, see [2].

a-return sequence
We define the «-return sequence of an a-rationally ergodic CEMPT (X, B, m, T) as the growth rate
ano(T) ~agqn), Qe Ry(T).

It is also possible to define “subsequence «-return sequence” for a subsequence a-rationally ergodic CEMPT.
Note that

1-rational ergodicity is equivalent to weak rational ergodicity as in [1] with R{(T) = R(T) and a,, 1 (T') ~ a,(T);
2-rational ergodicity implies rational ergodicity;

for 0 <« < oo, a-rational ergodicity implies B-rational ergodicity for each 8 € (0, «);

pointwise dual ergodic transformations are «-rationally ergodic YO < o < oo (this follows from the existence of
moment sets).

Let (X, B, m, T') be distributionally stable with limit ¥ € RV(R}).
Fora e Ry, set ||V ||y := E(Y"‘)é < 00 and

1Y |loo :=sup{t >0: P(Y >¢)>0}= lim ||V, < oo.
o—>00
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e For 0 <« < o0, if T is a-rationally ergodic, then ||V ||, < 0o and if « € R, then a,, o (T) ~ ||Y || @n.y (T).
e If ||Y]lq = 00, then T is not subsequence, a-rationally ergodic.

Example: Distributional stability # a-rational ergodicity

Let Y € RV(R4) be so that E(Y*) = oo Va > 0. By Theorem 3, there is a distributionally stable CEMPT (X, B, m, T)
with ergodic limit ¥ with a, y(T) 1-regularly varying. By the above Yo > 0, T is not subsequence, «-rationally
ergodic.

For a given CEMPT (X, B, m, T), we consider the collection

I(T):={a > 0:T is «-rationally ergodic}.
It follows from the above that 7 (7") must be an interval, either empty, or R, or of form (0, a) or (0, a] for some

a € (0, 00].
We conclude this paper by showing that all possibilities occur.

Lemma. Let (X, B, m, T) be distributionally stable with ergodic limit Y € RV(Ry) and a, y (T) 1-regularly varying.
Suppose that Q € B, m(2) = 1 satisfies (&) as on page 884, then T is a-rationally ergodic iff |Y ||, < 00 and in this
case, when oo < 00, a, o(T) ~ E(Y"‘)alanyy(T).

Proof of ||Y ||, < 00 = @-RE. We only consider the case 0 < a < co. The case where o = o0 is easy. We claim first

that
S, (1 ¢
{CD,,::( n( Q)> :nzl}
an,y (T)
is a uniformly integrable family in L' ().
Now, since E(Y*) < 0o, we have by monotone convergence and Fubini’s theorem that

o0
(1) ::/ P(Y“ > s)ds = E(l[ya>,]Y°‘) — 0.
t

t—00

By (%) (page 884),

o0

/ lig, > Ppndm = / m([®, > s])ds
Q t
o0

528/ P(Y* >s)ds

1t

=:p(t)

whence

sup/ lio, > Pndm < p(t) —— 0
Q 11— o0

n>1

and the family is uniformly integrable.
Next by (%) as on page 884, for A, B € B(2) and x > 0,

/A(cfil{;))) Axdm —— m(A)E((m(B)Y)" Ax).
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Moreover, E((m(B)Y)¥ A x) —— m(B)¥ E(Y%). To estimate the error,
X—> 00
1 ¢ 1 ¢
S/(Sn(3)>dm_f(sn(3)> A xdm
A an,Y(T) A an,Y(T)

S, (1 «
5/ M 1 sutp) dm
a\any(T) ) UG ) >x]

S/ 1[<I>n>x]q)ndm
Q
<p) m(l

Standard arguments now show that

Sa(1p) \* o (v
L(an,y(T)) dm — m(A)m(B) E(Y ) 0

Note that a boundedly rationally ergodic transformation 7 has I (7)) = (0, co] and a pointwise, dual ergodic trans-
formation 7" with return sequence which is regularly varying with index y < 1 has as ergodic limit a y-Mittag—Leffler
random variable (see [3]) which is unbounded but has moments of all orders, whence I (T) = (0, c0).

The following completes the picture (and is also a strengthening of [8]):

Proposition. For each a € R there are distributionally stable MPTs T, and T, with I (T,) = (0, a) or I (T;) = (0, a].

Proof. To construct T, with I(T,) = (0,«) fix a Y € RV(Ry) so that E(Y') < 0o V¢ < «a but E(Y¥) = oo and
construct 7 as in Theorem 3.

To construct 7. with 1(T,) = (0, «] the same but using a Z € RV(R) so that E(Z%) < oo but E(Z") = co
Vt > «. =
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