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Abstract. Let (X1, ..., X,) be a d-dimensional i.i.d. sample from a distribution with density f. The problem of detection of a
two-component mixture is considered. Our aim is to decide whether f is the density of a standard Gaussian random d-vector
(f = ¢q) against f is a two-component mixture: f = (1 — &)¢g + €¢q(- — ) where (e, u) are unknown parameters. Optimal
separation conditions on &, u, n and the dimension d are established, allowing to separate both hypotheses with prescribed errors.
Several testing procedures are proposed and two alternative subsets are considered.

Résumé. Soit (Xq,..., X;) un n-échantillon d-dimensionnel dont la loi admet une densité f. Le probleme de détection d’un
mélange a deux composantes est étudié. Notre objectif est de déterminer si f est la densité de la loi gaussienne centrée réduite d-
dimensionnelle (f = ¢4) contre f est un mélange a deux composantes : f = (1 —&)pg + ¢y (- — 1) ou (&, 1) sont des parametres
inconnus. Des conditions de séparation optimales sur ¢, u, n et la dimension d sont établies, permettant de séparer les deux
hypotheses a erreurs fixées. Plusieurs procédures de test sont proposées et deux sous-ensembles d’alternatives sont considérés.

MSC: Primary 62H15; secondary 62G30
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1. Introduction

Let X = (Xq, ..., X;) be an i.i.d. n-sample, where for all i € {1, ..., n}, X; corresponds to a d-dimensional random
vector, whose distribution admits a density f w.r.t. the Lebesgue measure on R. In the following, we denote by ¢, (-)
the density function of the standard Gaussian distribution NV (04, ;) on R4, Our aim is to test

Hy: f=¢4 against H: f € F, 9]
where
F={few:x eRY > (1 = &)pa(x) + eda(x — pn); e €10, 1[, 1 € RY}

is the set of two-component Gaussian mixtures on R?. Mixture models are at the core of several studies and provide
a powerful paradigm that allows to model several practical phenomena. We refer to [20] for an extended introduction
to this topic.

The particular case of a two-component mixture is sometimes referred as a contamination model. In some sense, a
proportion ¢ of the sample is driven from a (Gaussian) distribution centered in w while the remaining part of the data
is centered. In this context, the testing problem (1) amounts to the detection of a plausible contamination inside the
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data at hand w.r.t. the null distribution. We refer for instance to [12] for practical motivations regarding this problem.
We stress that Gaussian mixture is at the core of our contribution since it provides a benchmark model for several
practical applications. However, the results proposed in this paper could be certainly extended to a wide range of
alternative distributions.

In a unidimensional setting (d = 1), the testing problem (1) has been widely considered in the literature in the
last two decades. A large attention has been payed to methods based on the likelihood ratio, see e.g. [2,11] or [14].
Concerning the construction of optimal separation conditions on the parameters (e, (), we can mention the semi-
nal contribution of Ingster [16]. These conditions have been reached by the higher-criticism procedure proposed by
Donoho and Jin [12] in a specific sparse context, i.e. when ¢ < 1/4/n as n — +o0o. Then, several extensions of this
contribution have been proposed in an extended context: we mention for instance [9] for a study including confidence
sets and the dense setting (¢ >> 1/4/n as n — +00), [8] for heterogeneous and heteroscedastic mixtures, or [10] where
general distributions and separation conditions have been investigated. In a slightly different spirit, a procedure based
on the order statistics and non-asymptotic investigations on the testing problem (1) have been proposed in [18].

In the contributions mentioned above, only unidimensional distributions are considered. In a different setting (sig-
nal detection), multidimensional problems have been at the core of recent investigations. We mention e.g. [1] or [7]
among others. In a recent paper, Verzelen and Arias-Castro [21] address the problem of testing normality in a multi-
dimensional framework. They consider two-component Gaussian mixture alternatives where the proportions are fixed
and the difference in means are sparse. However, up to our knowledge, the multidimensional testing problem as dis-
played in (1) has never been studied so far. We stress that in our setting, the proportion ¢ is allowed to depend on the
number of observations n. The present paper proposes a first attempt in this context.

The testing problem, as formalized in (1) does not allow to guarantee a possible separation between Hp and H
with prescribed Type I and Type II errors. Indeed, we can construct mixture distributions arbitrarily close (in a sense
that should be made precise) to the Gaussian law. To this end, we will restrict our analysis to the mixtures f(g ,) € F
satisfying || ||g > p, where || - || will alternatively denote the /> and I/ norms, and p > 0 a given radius. In each
case, our aim is to investigate the slowest possible value of the radius p for which both hypotheses can be separated.
In this multidimensional setting, the definition of dense and sparse regime is more involved since the dimension d of
the problem has a real influence on the detection problem. In this context, we will provide a sharp description of the
optimal separation radius p in a case which could be considered as dense for both norms. On the other hand, we will
provide some attempts in the sparse regime.

The paper is organized as follows. Section 2 is devoted to the />-norm. A lower bound is proposed in Section 2.1.
Two computationally tractable testing procedures (W , and W, o) are studied in Section 2.2 and an upper bound for
the aggregation of these both tests is established. One computationally intractable test procedure (W3 ) is described
in Section 2.3 and an upper bound (improving the previous result) is obtained for the aggregation of the tests Wy 4
and W3 4. Section 3 is devoted to the /o-norm. A lower bound is proposed in Section 3.1. The performances of two
different testing procedures (W4 , and Ws ) are investigated and an upper bound for the aggregation of these both
tests is established in Section 3.2. A short discussion gathering remaining open problems and possible outcomes is
presented in Section 4. The proofs of lower and upper bounds are presented in Sections 5 and 6 respectively. Some
useful lemmas are gathered in Appendix A, while Appendix B contains some technical results for unidimensional
two-component Gaussian mixtures detection.

All along the paper, we use the following notations. For any density g on R, we denote respectively by P, and
E, the probability and expectation under the assumption that the common density of each X; in the i.i.d. sample
X =(X1,...,X,) is g. In the particular case where the X1, ..., X,, are i.i.d. with common density ¢4, which is
associated to the null hypothesis Hy, we write Py := Py, and Eg :=Eg,. A testing procedure ¥ denotes a measurable
function of the sample X, having values in {0, 1}. By convention, we reject (resp. do not reject) Hy if ¥ =1 (resp.
¥ =0). Given « € 10, 1[, the test W is said to be of level « if Po(¥ = 1) < «. In such a case, we write ¥ = W,,. For
any vector s € R?, we set [|pll = (X9_; #3)/? and || ulloo = maxi<j<a lit;1.

2. Detection boundary for the /;-norm
2.1. Lower bound for the l,-norm in the dense regime

The non-asymptotic minimax separation rates have been introduced in [3]. Let us recall the main definitions. Given
B €10, 1, the class of alternatives F and a level-« test W,,, we define the uniform separation p (W, F, 8) of W, with
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respect to the /;-norm over the class F as the smallest positive number p such that the test has a second kind error at
most equal to B for all alternatives f(¢ ) in F such that gl || > p. More precisely,

oWy, F,B) :inf{,o >0; sup Pr(¥,=0)< ﬂ},
feF

elinl=p

Then, the (o, B)-minimax separation rate over F is defined as
B(-Fv as ﬁ) = lk}}fp(\yaa ~7:s ,B)v

where the infimum is taken over all level-« tests W,,.
Theorem 1 proposes a lower bound for the minimax separation rate p(F,«, 8) under the assumption that & >

d'’*//n, which is the case that we call the dense regime.

Theorem 1. Assume that ¢ > d'/*/\/n. Let a, B € 10, 1[ such that a + B < 0.29. Define

Then, if p < ,0#,

inf sup Pr(¥y=0)> 8, ()
Vo feF
ellull=p

where the infimum is taken over all level-a tests. In particular, this implies that
p(F.a, B) > p.

Equation (2) indicates that the hypotheses Hy and Hj cannot be separated with prescribed first and second kind
errors o and B following the value of the terms ¢, |||, d and n. In particular, for any level-« testing procedure,
one can find a distribution f € F such that g||u| > p* and P r(Wy = 0) > B. This result is obtained thanks to the
assumption « + 8 < 0.29. This assumption is essentially technical and could be removed with additional technical
algebra.

The condition e[ ut|| > Cd'/*/./n for some constant C > 0 is quite informative. For a given & > d'/4//n, we can
specify how the ‘energy’ ||| should be large if one expects to detect a potential contamination in the sample. It is
worth pointing out that Theorem 1 precisely quantifies the role played by the dimension d of the problem at hand. We
will see in Section 2.2 that this lower bound is optimal, up to some constant.

The main ingredient for the proof (displayed in Section 5) is the construction of particular distributions for which
the separation of both hypotheses Hy and H; will be impossible with a prescribed level B.

2.2. Computationally tractable upper bounds for the l,-norm

In Section 2.1, we have proposed lower bounds on the separation rates for the testing problem (1) in the dense regime.
In particular, we have proved that in some specific cases, related to the value of the parameters (e, u), testing is
impossible, i.e. every level-a test will be associated to a second kind error greater than a prescribed level 8.

The aim of this section is to complete this discussion with upper bounds on the separation rates. We propose two
different testing procedures and investigate their related performances. In particular, we prove that these procedures
reach the lower bounds presented in Theorem 1.

The first procedure is a very simple test based on the fluctuations of the empirical mean of the data. Intuitively,
E ¢[X] = e for all random vectors having density f € F, while Eg[X] = 0 under Hy. In particular, if the empirical
mean of the sample has a large norm, there is a chance that the data have been driven w.r.t. a density f that belongs
to F.
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_ n
More precisely, given X = (X1, ..., X,), set X, = % > i1 Xi. Let tg o denote the (1 — o) quantile of a chi-square
distribution with d degrees of freedom and define the test W; , as
Yie =1 /m%, 2> 100) G

The following theorem investigates the performances of this test.

Theorem 2. Let a, 8 € 10, 1 be fixed. We assume that ne > % Then, the testing procedure V1 o introduced in (3)

is of level a. Moreover, there exists a positive constant C(«, ), only depending on o and B, such that, for all f =
Sfe.w) € F for which

vd
=,
Py(W10=0) <p.

el = C(a, B)

The above result indicates that the test W , is powerful as soon as f € F with ¢||u|| > C (e, B)d 174, /1. According
to the lower bound displayed in Theorem 1, it appears that in the so-called dense regime, i.e. when & > d'/*/./n, the
minimax detection frontier is of order d'/#/./n up to a constant, i.e. there exist C_ and C, such that

e the hypotheses Hy and H; cannot be separated if ¢||u| < C_d'/*//n,
o there exists a level-a powerful test as soon as e[| > C+d1/ 4/ Jn.

We stress that we do not investigate the value of the optimal constant associated to this separation problem (C_ and
C4 do not match). Such a study indeed requires advanced asymptotic tools [see e.g. [15]] and is outside the scope of
the paper.

The procedure proposed in (3) is optimal in the dense regime. We will now introduce another computation-
ally tractable procedure that improves the performances of the previous test in the sparse regime, namely when
e <d'*//n. The test statistics is defined as

W= MAX x; 125 1010} )

where 4 o/, denotes the (1 —a/n) quantile of the chi-square distribution with d degrees of freedom. The performances
of this procedure are given in Theorem 3.

Theorem 3. Letra, B €10, 1] be fixed. We assume that ne > %. Then, the testing procedure Y, ,, introduced in (4) is of
level o.. Moreover, there exists a positive constant C(«, B) only depending on o and B such that for all f = f ) € F
for which

|l = C (e, B)e*[v/d In(n) + In(n)],
Pr(Wyq =0) <p.

We can easily aggregate the tests W1 o and W, by considering the test function Wy /2 V W o/2. Noticing that
Po(Wiap2VV¥2a02=1)<Po(¥ie2=1+Po(¥Y24p2=1) <a,
this leads to a level-« test. Moreover,
Pr(Wian V¥ an=0) <inf{Pr (Va2 =0),Pr(V42=0)],

hence the second kind error of the aggregated test is controlled (up to constants since « has been replaced by «/2) by
the smallest second kind error of the two tests. This leads to the following result.
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Theorem4. Leta, B € 10, 1] be fixed. Let V1 o and V2 o be the both tests defined in Equations (3) and (4) respectively.
There exists a positive constant C(«, B) only depending on «, B such that, if ne > %, forall f = fe ) €F which

fulfills
2 2 \/C_Z 2
e ul* = Cle, ﬂ)[(7> A e (\/dln(n)-}-ln(n))}} Q)

we have
Pr(Wye v« =0)<p.

It is important to compute the right hand term of Inequality (5) to see how this result improves the separation
condition established in Theorem 2. We define

d
P;%,d,s = (%) A {Sz(vdln(n) +1In(n))}.

The separation conditions are summarized as follows:
e If d <lIn(n), then
- Ife <d'/*/\/nTn(n), then p?2 , , <2¢?In(n).

— Ife> d1/4/«/nln(n), then pid’s < «/E/n.
e If d > In(n), then
- If e < 1/(/n(In(n)'/*), then p , . <2¢*/dIn(n).

- Ife > 1/(/n(n@m)"/*), then p; ;. </d/n.

We therefore see that the separation rate of the aggregated test is smaller than the one of the test ¥ , in the case
where d <1In(n) and ¢ < d1/4/~/n In(n), and in the case where d > In(n) and ¢ < 1/(ﬁ(ln(n))l/4). Unfortunately
we do not know if these results are optimal since we did not manage to get lower bounds for the />-norm in the sparse
regime, namely when & < d'/*/./n.

2.3. Computationally intractable upper bounds for the l-norm

During the revision process, a referee suggested to consider an alternative testing procedure W3 , defined as follows

\113’(1 = Sup :ﬂ'{TU>tn,d,|U\,0(}’ (6)
Ueld
where U denotes the set of the nonempty subsets of {1, ..., n}, |U| denotes the cardinality of U,
1 2
Ty = — Xill ,
U |U| lg{; i

Indka=4d+2/dxn ko + 2%y ko and x, k.o = klIn(en/k) 4+ In(n/a). The statistical performances are presented in
the following theorem, whose proof is postponed to Section 6.3.

Theorem 5. Leta, B € 10, 1] be fixed. Let V1 o and V3 o be the both tests defined in Equations (3) and (6) respectively.
There exists a positive constant C(«, B) only depending on «, B such that, for all f = f ) € F which fulfills ne > %

and
e*lull* = Cla, ﬂ)[(ﬁ> A {821n<1> + &3/ C—lln<l>”, )
n & n &

we have

Pr(WyeVvW;«=0)<p.
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Fig. 1. Summary of the separation condition on €2|||? for the test W1a/2 V V3 /2, where &, = inf{e € ]0, 1[; ne3 In(l/e) > 1}.

The optimal set U € U that allows to derive the separation condition has a cardinal of order en. A first remark con-
cerning this result is that it improves the separation condition established in Theorem 4 since ¢ > 1/n. The separation
conditions are summarized in Figure 1, the computations are detailed at the end of the proof of Theorem 5. However,
it can be noticed that computing this testing procedure is probably NP-hard, contrary to the test W1 42 V W2 o/2. This
may explain the difference of performances between both approaches [we refer to [4,5] for an extended discussion in
a different setting]. Unfortunately, we did not succeed in the construction of appropriate lower bounds. Hence, deter-
mining the minimax separation condition when & < d'/4/,/n with computationally tractable or not testing procedures
remains an open problem.

3. Detection boundary for the /,,-norm
3.1. Lower bound for the lso-norm

As in Section 2.1, we consider the (o, 8)-minimax separation rate over J with respect to the /oo-norm defined
as

P Fra, B)= glfpm(wa, F,B),
where the infimum is taken over all level-« tests W, and

poo(We 7. ) =int{p > 0; sup Py(w, =0) <.
feF
ellplloo=p

Theorem 6 provides a lower bound for the minimax separation rate in this context, the proof is postponed to
Section 5.

Theorem 6. Let o, B €10, 1[ such that o + 8 < 1. Let n(a, ) =2(1 — a — B). Define

1
o* :g\/ln|:l + v ln(l +dn(a,,3)2)].



848 B. Laurent, C. Marteau and C. Maugis-Rabusseau

Then, if p < p*,

inf sup Py(Wy=0) >4, (8)
Ve feF
ellnlloo=p

where the infimum is taken over all level-a tests. In particular, this implies that
P (Foof)=p".

As for the />-norm, two main different regimes can be distinguished from this lower bound:

e Case 1: If ne? > In(d), or if ¢; In(d) < ne? < ¢y In(d) for 0 < ¢; < 2, then p* ~ /In(d)/n.
e Case 2: If ne? < In(d), then p* ~ /In(In(d) /ne?).

By analogy with the discussion conducted in the previous section, the first case can be considered as the dense regime;
this case allows in particular to detect bounded contamination, i.e. contamination for which | t]lcc < 0o. The control
in Case 1 provides a similar separation condition compared to the /> case, except that the dependency with respect to
d: the quantity d'/* is replaced here by +/In(d).

On the other hand, in the case where ne? < In(d), which can be considered as sparse regime in this [, analysis,
the separation condition is of the form &/In(In(d)/ne?). The optimality of these bounds are discussed in the next
section.

3.2. Testing procedures for the ls-norm

In this section, we consider two testing procedures for the /o-norm. Both consist of applying a testing procedure on
each canonical direction in order to detect a possible contamination.

Foreachi € {1,...,n}, we denote X; = (X;j)1<j<a. Foragiven j € {1,...,d}, we can remark that (X;;)i=1,..»
is a unidimensional sample, distributed from

o the standard Gaussian distribution A (0, 1) under Hy,
o the unidimensional mixture (1 — £)¢1(-) + &¢1(- — u ;) under H;.

First, we consider the following testing procedure:

Wy = _rrllaxdjl{ngle‘%}, &)

j=I1,..., J

where X ; = % Yo', X;j and f1,¢ is the (1 — Z)-quantile of a chi-square distribution with one degree of freedom.

Theorem 7. Let o, B € 10, 1] be fixed. We assume that ne > 3 Then, the testing procedure W4  introduced in (9) is of
level a. Moreover, there exists a positive constant C(a, B) only depending on o and B such that for all f = f .)€ F
for which

In(d
elilloe = Cla, B) %)

Pr(Wy o =0) <B.
The second testing procedure is defined by

Ws o = max (10)

]=],.-.,d [

where 11, & is the (1 — 7-)-quantile of a chi-square distribution with one degree of freedom.
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Theorem 8. Let o, B € 10, 1 be fixed. We assume that ne > 8. Then, the testing procedure Vs , introduced in (10) is

of level o.. Moreover, there exists a positive constant C(ct, B) only depending on a and B such that for all f = f ) €
F for which

l4lloo = C (e, f)v/In(dn),

Pr(Wsq=0) <B.

As explained in Section 2.2, we can easily aggregate the tests W4, and W5, by considering the test function
Wy /2 V Ws o/2. This leads to the following result.

Theorem 9. Let «, B € 10, 1] be fixed. Let V4 o and Vs o be the tests defined in Equations (9) and (10) respectively.
There exists a positive constant C(a, B) only depending on «, B such that, if ne > %, forall f = fe ) €F which

Sfulfills
In(d
ellitlloo > Clar, ﬂ)[,/ % A ewn(dn)], (11

we have
Pr(Wg g VvWse=0)<p.

Concerning the upper bound for the separation rate established in Theorem 9, we obtain the following results:

e If ne? > In(d)/In(dn), the right hand term in Inequality (11) is of order \/In(d)/n.
o Ifne? < In(d)/In(dn), the right hand term in Inequality (11) is of order e+/In(dn).

Let us now compare these upper bounds with the lower bounds obtained in Theorem 6. We see that in the case that
we have denoted Case 1, or dense case where either ne? > In(d), or ¢ In(d) < ne? < ¢p In(d), the upper and lower
bounds coincide and our results are optimal. In the other case, a gap remains between lower and upper bounds, which
provides an open problem for this testing problem.

4. Discussions

In this paper, we have addressed the detection problem of a mixture distribution as formalized in (1). The alternative
involved an energy condition through the expression ¢||t||g > p where || - || has alternatively denoted the I, and [,
norms, and p a minimal value for which the hypotheses Hy and H; can be separated with prescribed levels.

The results presented in Sections 2 and 3 provide a first attempt toward the description of optimal values for the
quantity p. In the so-called dense regimes, & > d'/*//n and ¢ > /In(d)/n for the I, and I, norms respectively,
Theorems 1, 2, 6 and 9 provide a precise characterization of the separation radius p. On the other hand, the sparse
regimes seem to be more involved. In particular, we did not provide a sharp characterization of the dependency with
respect to the dimension d for this detection problem. By the way, a deeper analysis will require discussions on
computability conditions that are outside the initial purpose of this paper.

Several additional investigations could be driven in this setting, among them: considering more general benchmark
distributions (i.e. different from the standard Gaussian distribution), heteroscedastic mixtures or taking into account
some uncertainty on the reference distribution. All these questions are outside the scope of the paper but could be at
the core of future contributions.

5. Proof of Theorems 1 and 6

For the sake of convenience, we introduce the subset o] which corresponds to

Flpl={feF:elul=p}
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in the first proof, and

Foolpl={f € Fiellnllos = p}

in the second proof, for any given radius p > 0. Following [3] or [15], we will use a Bayesian argument in order to
bound the minimax separation radius in the two contexts. Thus, we consider a subset {g,; @ € Q} of F[p] which will
be specified for each proof later. Then,

sup Pr(Wy=0)>P, (¥, =0), YoeQ.
feFlpl

Denoting the uniform probability measure 7 on the finite set €2, we have

sup Pr(Wy=0)> f Pe, (W =0)dm(w) :=Pr (Vg =0). (12)
feFlpl Q

Using (12) and similar computations as in [3] or [15], we obtain

1nf sup ]P’,«(\l/a =0) > 1nf]P’ (Y, =0)

Vo feFlp
1
=1 —a— 2 JEo[L3(X)] - 1.

where L (X) = d]P” (X ) is the likelihood ratio. In particular, if we can ensure that

Eo[L2(X)] < 1+ n(a, B)%,
where n(a, B) =2(1 —a — B) for all «, 8 €10, 1[, then
1nf sup IP’f(\Ila =0)>1—-a— —n(a B) =B.
afe]—"

In the two following proofs displayed below, we will specify the subset {g,; @ € Q} and propose an upper bound for
the term Eo[L2 (X)].

5.1. Proof of Theorem 1

In this proof, recall that
Flpl={f € Fiellul = p}.

for any given radius p > 0.
We now consider » > 0 and ¢ € 0, 1] such that er = p. In this context, we choose Q2 = {—1, l}d and

VoeQ, gu()=0=¢6)¢a()+eda ( - %w> € Flpl.

Then, we have to propose an upper bound for the term EO[L% (X)] where in this setting

dPy
Lr(X)= —(X)

Y H[I_SHS )

we{ 1,1}4 i=1

- 2 (X o)
Z H[(l—e)—i—ee_Te R

wel—1,1}4 i=1
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Thus,
L2 (X)_ L Z ﬁ[(l _ )2+8(1— ) —%( <Xi,ﬁa)>+ (Xl,Ld&)))
z4&) = 22d & g)e e e
w,d)é{—l,l}d i=l

+ 82e—r26(xi,ﬁ(w+@)>]_
Since for all u € R4, Eg[e!Xi-#)] = e”““zﬂ, we have

Eo[L2(X)] = 2% Z l_[[(l —e)>+2e(1—¢)+ sze_ﬂe%”w“"”z].

w,0e{—1,1}4 i=1

Noticing that || 4+ &|1* = 2d + 2(w, &),

n
Eo[L2(X)] = 2% Z l—[[l ) +82e§(w,@>]

w.de{—1,1)d i=1

s X [reEEee -y
o,0e{—1,1}4

r2
=E[{1 +e* (7™M —1)}"],
where W and W are two independent d-dimensional Rademacher random variables, i.e.

P(W =w) :]P’(W:w):zid vw e {—1, 1}¢.

Noticing that
d
(W, W)y=>"W;W;
j=1

and that the variables W; Wj for 1 < j <d are also i.i.d. Rademacher random variables, (W, W) has the same distri-
bution as ¥ = 27:1 W;. This leads to

2
B2 (0] =E[{1 + 257 ~ )]
Let C > 0. We now use the following inequality which holds for any real number u such that |u| < C:
o€
le" —1—u| < —u?. (13)
2
We set M = 0.4, since p < ,0# and ¢ > d1/4/ﬁ, we have

Y #\2
r2— )

d

<2< (p
g2

< M>.

Hence, we have

2y r2 eM2 ré )
' —-1<—-—Y+—-—=Y
¢ =7 tT e
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This gives

2 22/ Y M? y2
051—82§1+82(edy—1)§1+—r< —e

Setting C(M) = 1 + eM> M2 /2,
2 e2r? (Y| Y?

0<l4e2(ea? —1 §1+C(M)—<—v—>,

( ) Vd

we obtain

sl == {i+e( v 7)) ]

where
a=C(M)e*r*/Vd.

Using the inequality In(1 + x) < x for all x > 0, we have
2
Eo[L2(X)] < E[e"Va ¥ 7]

Y] 72
=< E’w]P)<ﬁ < 1) +E[€’w d ]].{L/Ld_\>l}].

Moreover, using an integration by part

ety J<ep( 2o 1)+ [T B > ar
>n =€ Jd j e ,

na

leading to
+o0 y2
Eo[L2(X)] <™ +/ P("T >1t)dt.
Enu

We deduce from Hoeffding’s inequality that for all x > 0,

P(% > x) <2exp(—x?%/2).

Hence, for all ¢t > "4,

Y2
P(e"T > 1) <2071/,

In the particular case where na < 1/2, we get

+00
EO[Li(X)] Sena_,’_Z/A t—l/2nadt

eha

<"1+ 4na e 12) < h(na),
- 1 —2na -

where the function A (-) is defined as

4
h(X) = €x<1 + ﬁelﬂ) Vx € [Os 1/2[~

(14)
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The function % is non decreasing on [0, 1/2[. Hence
na<1/4 = Eo[L2(X)]<h(1/4) <3 <1+n(a )%

since, according to our assumption

1
a+f<l——=~029 = (1—a—p)>>1/2

V2
In order to conclude the proof, just remark from (14) that
na<l1/4 & p?=e’r? <Jd/(4C(M)n).

Hence, setting p# = Md1/4/ﬁ, the last inequality holds if M? < 1/(4C(M)) which is true for M < 0.4.
We finally get that if p < p*, then ]El()[L72r (X)] < 1 + n(«, B)?, which leads to the desired result.

5.2. Proof of Theorem 6

In this context,

Flpl=Feolpl ={f € Fellnloo = p},

forany p > 0. Let r > 0 and ¢ € ]0, 1] such that er = p. In this context, we choose

d
wel{0. 1} st Y wj=1

j=1

and we define for all w € 2,

8o() = (1 —&)pa() + e¢a(- — rw) € Folpl.

Now, we turn our attention to the control of the associated likelihood ratio. For each j =1,...,d, let D) e {0, l}d
such that DE] ) = 1¢=; and

dP,,
Lz (X) = P, (X

n

n -1 d
1
Z[H%(Xi)} [521_[ (1 — &)a(Xi) + s¢pa (X —rD(f))}:|
i=1

j=li=l

d
1
=7 E Uj(X),
j=1

with

n

Uj@):]'[{(l—e)ﬂ

¢a(X; —rDV)) }
i=1

¢a(X;)

Thus

QU

1
Eo[L2(X)] = d—z o[U;(X)?] ZJEO [U; XU (X)]. (15)
j=l1 k#j
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In a first time, we can remark that for all j € {1,...,d}

X 2
ol (11l ey 4 0205 =rD)

i=1

i 2qn
=muffa-o et GTER T
and
¢a(X —rDY) |
W} }
¢3(x —rDW)
Rd $a(x)

=(1-8)’+ g2e"” +2(1 —¢)e

E¢,d|:{(1—8)+8

=(1—-g)?+¢? dx+2(1—8)8/ ¢a(x —rDY)dx
R4

=142 1),

20
since [ 4";&)(;” dx = exp(||i||?). Thus

BolU; 07] = {1 +62(¢” 1))

Concerning the second sum in (15), we obtain for all j, ke {1,...,d}, j #k

Eo[U;j(X)Uk(X)]

- ¢a(X; —rDW) H ¢a(X; —rD®) }
=F 1— - M- a7 77 )
O[E{( I YT
_ ) ¢a(X1 —rDY)) + ¢a(X1 —rDW)

—{E¢d|:(l—8) + (1 —¢)e 300XD)
L p2%aXi - rDU)¢a (X1 — rD“%} }
ba(X1)?

={(1—&)* +2(1 —e)e + e*exp[r*(DV, DP)]}"
{1 -e+2(1—e)e+2)" =1,

since [pa W dx =exp({it1, n2)). Finally,
1 2 dd—1)
2 _ 2 n
Bo[2200] = S {1+ - ) + S
‘We obtain
1 2 dd—1)
Bo[L; 0] <1+n@p)? & {1+ — D))"+ =5 <1+n@p)
& {142 =)} <1+dn@ B> (16)

At this step, set

1
r>=In(14u) whereu = — In(1 + dn(a, ,3)2). (17)
ne
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Then,

{1462 = 1)) = (1 + )"
_ {1 N In(1 + dn(a, /3)2)}”
n

2
a1 070

n
< 1+dn(. ),
where for the last line, we have used the inequality In(1 + x) < x for all x > 0. Hence, Inequality (16) is satisfied

provided r is chosen according to (17). This concludes the proof of Theorem 6.

6. Proof of the upper bounds
6.1. Proof of Theorem 2

First, remark that
d 1 n 2
v o112 — _ g
Ivn Xl —;<ﬁ;>fu> :

Under Hyp, X;; are i.i.d. standard Gaussian random variables. Hence ||ﬁf(n |? is a chi-square random variable with
d degrees of freedom and

Po(W1o=1)=Po(IIVnXul* > tae) =,

according to the definition of the quantile #; ,. The test W 4 is hence of level «.
Now, we want to control the second kind error. Under Hj, each variable X; can be written as

Xi=Vip+n;,

where V; is a Bernoulli variable with parameter &, n; ~ Ny(04, I;) and V; and #; are independent. Then

- S
VnX, = ﬁﬂ‘f‘B,

n n
where S = Zi:l Vi ~ B(n, ¢) is a binomial random variable with parameters (n, &), B = Zi:] ni/+/n~ Na(04, 17)
and S, B are independent. In particular, conditionally to S, the variable ||\/ﬁ)2n 1= % w + B|? has a non-central

chi-square distribution with d degrees of freedom and noncentrality parameter Ag = || % w|l. Introduce

hs =d + is —2y/[d +2As]1n(2/B).

According to Lemma 2 in Appendix A [see also [17]]

S 2 B
Pl || — Bl| <hg|S)<=.
<Hﬁ”+ =hsl )‘2
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Hence, for each f € F,

Pr(Wio=0)=Pr(IIVnXull* <ta)

(Hf“” 25”’“)

I | e o T Pt

2
<P(hs <tgo) + ]P’< < hs)

2
< td,oz} N{hs > td,a})

n+ B

|
B
<P(hs < td,oz) + 5
According to Lemma 1 in Appendix A,
tio <d+b(a,d) whereb(o,d)=2In(1/a)+2/dIn(1/x).

Hence
P(hs <tqo) <P(hs <d+b(d, )
<P(rs —2y/[d +21s5]In(2/B) < b(d, @)
<P(hs = 2/2In@2/B)Vks — [2/d1n(2/B) + b(d, @)] <0)
<P(yVAs < R(a, B,d)),

with

R(a,B,d)=+/2In(2/p) + \/21n(2/ﬁ) +2vdIn(2/B) + b(a, d).

We notice that R(«, 8,d) < C(«, B)d 1/4 where C(a, B) is a constant only depending on o and B. Assuming that
Jnellpll > Cla, B)d'/* and using a Tchebychev’s inequality leads to

P(hs < t4.q) < P(S < ﬁa ﬂ)d”“)

<|s — ne| > ne — ﬁC( ﬂ)d”‘*)

3 nell?
= Dnellull = /nCla, VAP

(18)

If /el > 2C (@, B)d then ne|lll — /nC (e, f)d'/* > 24l
Thus, P(hs <t4.4) < % < g as soon as ne > %
6.2. Proof of Theorem 3

It is easy to see that Wy 4 is a level-« test. Indeed,

Po(W2o =1) =Po(31 <i <n, || X;lI* > ta,a/n)

n

n
<Y B (IXP > faa) = 30 S =

i=1 i=1



Multidimensional two-component Gaussian mixtures detection 857

since, under the null hypothesis, || X;[|? is a chi-square variable with d degrees of freedom. Note that, according to
Lemma 1 in Appendix A,

tda/m <d+2y/dIn(n/a)+21In(n/a).
Then, under H;, each variable X; can be written as
Xi=Vip+n, i=1,...,n,

where V; ~ B(¢) denotes a random Bernoulli variable and n; ~ Ny (04, 1), V; and n; being independent. Let S =
n
> i1 Vi ~ B(n, g). We have

Pr(Waq =0) <P;(Wa, =0NS>ne/2) +P(S <ne/2).

First, according to Markov’s inequality,

P(|S—na| > 2"—8> <P
B 2

thus P(S < ne — /2’#%5) < g Assuming that ne >

P<S§E>§P(S<ne— Zrl—g)gﬁ
2 \/ B 2

Second, since ne/2 > % >1,

3
B’

Pr(W2oe=0NS>ne/2) <Pr(V2,=0NS>1)

<Pr@E1<i<n lu+nil?<tiam)

n
<Y Pr(l+nill® < taasn)
i=1

<nPr(lw+ml? < taam),

where || + 112 is a noncentral chi-square random variable with d degrees of freedom and a noncentrality parameter
llie|I?. We deduce from Lemma 2 that for xg =In(2n/p),

B

Pl +mll* <d + |ul® =2/ (d + 2] ul?)xp) < e = o

Gathering the previous inequalities, we get that P (W = 0) < B8 provided that
ta.afn < d + |l® =2/ (d +2l|]?)x.

After some easy computations, we see that this condition is fulfilled if

Iel* > C (e, B)(v/dIn(n) + In(n)),

which concludes the proof.
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6.3. Proof of Theorem 5

Following the definition of #, 4 1.« and since Ty has a chi-square distribution with d degrees of freedom under Hp,
W3, is ensured to be a level-o test:

n
PoWsa=1<Y Y Po(Ty>trdka)

k=1U;|U|=k

according to Lemma 1.
Now, we want to control the second kind error. Let f € F. Under Hp, each variable X; can be written as X; =

n
Viu + n; where V; is a Bernoulli variable with parameter ¢, independent of n; ~ Nz(04, I7). Let S = Zi:l Vi ~
B(n,e) andforall U e, Sy =),y Vi ~ B(|U], ¢). The second kind error can be upper bounded by

Pr(W34=0) <P;(W3,=00NS8>ne/2) +P(S <ne/2). (19)

First, according to Markov’s inequality, we get, as in the proof of Theorem 3 that

IE”S<E <E,
—2)72

since ne > %. Second,
Pr(W34=0NS=>ne/2) =IPf(Vk e{l,....n},VU;|U|=kTy <tngkaNS> ne/Z).

Letk = [ne]. If S > % there exists Uy € U such that |Up| = k and Svy = % Since

S 2

1 U
S I S P 7
’ x/—IUolg;ol V100l

3

S2
Ty, |Suy ~ x*(d, =2 lI1¢]|). Thus,
i /;
Pr(Wse=005>ne/2) <Pr(300; Vol =k; Tuy <1, 4 1. N Suo = 5

k
= Z Py (TUO <laia N SU 2 §>~
Uo; [Uo|=k
Sto 12 < Ky 2 i :
We remark that TO lell* > Z ]|~ if Sy, > 5. Thus, according to Lemma 3,

k
Py (TUO <ty aiaSUp = 5) =PA=t, 154>
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where A ~ x2(d, &[|,]1?). Then,

k
Pr(W34=0NS>ne/2) < Z Py TUOStndl}amSUOZ§>
Uo:|Uol=k

n
< (i{') IP(A < tn,d,lg,ot)

k
< <%> P(A <k) iftn’dj)a <k

k
=< 2 eiizé,
=\7 )

859

where k =d + §||,u||2 —2y/(d+ §||u||2)i and X = /Em(en//é) + In(B/2). The condition 7, , ; , < K is equivalent to

bhdia <K < d+2/dxn,,;’a+2xn’,;,a§d+1||u||2—2 <d+ZIIMII2>x

PN E
S PR PR C R T B P

After some easy computations, one can show that Condition (20) is satisfied if

16 _ —
llwll* > T+ VAx +x, 1o /A%, ;o)

Noting that x, ; , < c(@)neln(l/¢) and X <c(B)neln(l/e), and since k= [ne], (20) holds as soon as

lull? > Ca, ﬂ)[ln(l) + iln<l>].
£ ne £

We now consider the aggregated test
Wo =W a2V V¥34/0.
Then, Py (¥, =0) < g if

2|l = Cla, ﬂ)[(?) A {g%n(é) + &3/? %ln<é>”

Let us now compute the right hand term of the previous inequality.
e Ifne’In(1/e) > 1, we get
Vd

pall B

Cla, ﬂ)(

e If n= /2 <gand ne3In(1/¢) < 1, then
— Ifd < n?e* lnz(%) we get

«/3)

n

Cla, ﬂ)(

(20)
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- Ifn2e* lnz(é) <d=< nsln(é), we get

;)
C(a, B)e“In )

- Ifd > nsln(%) we obtain

C(a, ,3)83/2 C—l ln<l>.
n £

6.4. Proof of Theorem 7

First, Wy o is a level-a test since
Po(W4o=1)=Po(3j €{l,....d}; nX; > )

d
< ZP@(ﬂX? > tly%) =d x %:a
j=1

since nX 3 is a chi-square variable with one degree of freedom under Hy.

Second, let f = f(; ;) € F. According to Lemma 4 and since ne > §, the second kind error is controlled by
Pr(Wao=0)=Pf(Vje(l,....d}inX] <114/4)
< ir}f]Pf(n)_(f <t1.a/d)
=B
if
3j€{l,....dY; /nelu;| > Cg+ Cy/In(d/a).
Thus, Py (W44 =0) < B if

In(d)
ellnlloo = Cla, B) —

where C (¢, B) is a positive constant only depending on « and .
6.5. Proof of Theorem 8

First, Ws 4 is a level-a test since

Po(Wsa=1)=Po(Fjefl.....d}. i e{l.....n}: X}, > 1, )

d n
< ZZP()(XIZJ > tl,%) =dn x % =«
j=li=1

since for all i, j, X 12] is a chi-square variable with one degree of freedom under Hy.
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In a second time, let f = f(¢ ) € F. According to Lemma 5 and since ne > 8 the second kind error is controlled

'B’
by
Ps(¥s,q =0) =[P>f(Vj ell,....d}; nl]ax X,»zj = tl,a/nd)
i=1,..., n
finf]P’f( max X7, Sll,a/nd)
j S \i=l,..., n
<8
if

djefl,....d} st |uj| > Cgy/In(n) —l—\/Cﬁ\/ln(n) + A(a/d, n),
where A(%, n) =2+/In(nd/a) + 21In(nd /o). Thus, Py (W5, =0) < B if

[ 14lloo = C (e, f)v/In(dn),

where C (o, f) is a positive constant only depending on « and S.

Appendix A: Properties for chi-square distributions and noncentral chi-square distributions

In this section, we present some well-known results there are useful throughout the proofs. The first lemma is con-
cerned with deviation of a chi-square random variable, proposed in [19].

Lemma 1. Let U be a chi-square random variable with d degrees of freedom. Then,

e for any positive x,

P(U >d+2v/dx +2x) <e™*,
P(U <d —2+/dx) <e ™.

e Forany given a €10, 1[, let u(d, a) be the (1 — a)-quantile of x*(d). Then
ud,a) <d+2In(l/a) +2v/dIn(l/a) =d + b(a, d).
This second lemma provides the control of deviations of a noncentral chi-square random variable, available in [6].

Lemma 2. Let T be a noncentral chi-square random variable with d degrees of freedom and a noncentrality param-
eter A. Then, for any positive x,

P(T>d+A+2/(d+20)x +2x) <e™*,
P(T <d+x—2J(d+2))x) <e ™.

This third lemma provides that the cumulative distribution function of the noncentral chi-square distribution is a
non-increasing function in the noncentrality parameter A, for a fixed degree of freedom (see for instance [13]).

Lemma 3. Let T), be a noncentral chi-square random variable with d degrees of freedom and a noncentrality param-
eter A. Then, if L > A,

P(Ty <x) <P(T; < x)

for any real number x.
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Appendix B: Unidimensional test

In this section, we consider two testing procedures in a unidimensional context, which are required to prove Theo-
rems 7 and 8.

Let (Zy, ..., Z,) bei.i.d. random variables from an unknown density g w.r.t. the Lebesgue measure on R. We want
to test

Hy:g=¢(-) versus H :ge€g,

where ¢ (-) = ¢1(-) is the unidimensional standard Gaussian density and
G={ge:2eR~> (1 —e)p(x) +ep(z—1);6€]0,1[,T e R}.

B.1. First testing procedure

The first procedure is based on the mean Zy = % ZL 1 Zi.Leta €10, 1] and T4  be the testing procedure defined as
Tao =Tiz20 ) D

where 11 4 is the (1 — «)-quantile of a chi-square distribution with one degree of freedom. The following lemma
establishes sufficient conditions that allow to control the second kind error of 74 4.

Lemma 4. Let a, B € 10, 1[. Assume that ne > %. Then, the testing procedure Ty o defined in (21) is of level a.
Moreover, there exist two positive constants Cg and C such that for all g € G for which

Jnelt| > Cp+ Cy/In(1/a),
Py (T30 =0) < B.

Proof. First, it is easy to see that T4 o is a level-o test. Now, we want to control the second kind error. Under Hj, each
variable Z; can be written as

Zi =Vt +n;,

where V; is a Bernoulli variable with parameter ¢, n; ~ N (0, 1) and V; and 5; are independent. Then

- S
ﬂZn = ET—’—B,

n n
where S =5",_V; ~B(n,e), B=),_;ni/~/n ~N(0,1) and S, B are independent. Conditionally to S, the
variable nZ,% has a non-central chi-square distribution with one degree of freedom and noncentrality parameter
Ag = (%1)2. Let

hs=1+xs—2y/(1+215)In(2/B).
According to Lemma 2 in Appendix A (see also [17])

P(nZ2 < hglS) < g

Hence, for each g € G,

Py(Tao =0) =Py (nZ2 < t14)

=P({nZ; <t1a} N {hs <t14})
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72
+ IP’({nZn < tl,a} N{hs > tl,a})
B
=Phs=ha)+ 7.
According to Lemma 1 in Appendix A,

e <1+2In(1/a) 4 2/In(1/a).

Hence

P(hs <t1,4) <P(1+ s —2y/(1 +2x5)In(2/B) < 1 +2In(1/a) +2/In(1/ax))
<P(vAs < R, B, 1)),

with

R(a, B, 1) =/2In(2/B) + \/2 In(2/B) +2/In(2/B) + 2In(1/a) + 2/In(1/a) < Cg + Cy/In(1/a),

where Cg and C are two positive constants.
Using a Tchebychev’s inequality leads to

Pths <t1,0) = ]P’(S < %(Cﬁ + C\/ln(l/o{)))

< ]P’(|S —ne| > ne — %(Cﬂ + C\/ln(l/ot)))

n8‘l,'2

= Tnelt| — V/n(Cp + C/m(TJa)

If /nelt| > 2(Cp + C/In(1/e)) then ne|t| — /n(Cp + C/In(1/a)) > % Thus, P(hs < 11.4)

soon as ne = %

IA

B.2. Second testing procedure

Let o € ]0, 1[ and 75 4 be the testing procedure defined as

I54 = :u'{maX|515,, Zi2>t1,% 3

863

(22)

where #; « is the (1 — 7)-quantile of a chi-square distribution with one degree of freedom. The following lemma

establishes sufficient conditions that allow to control the second kind error of 75 4.

Lemma 5. Let o, 8 € 10, 1[. Assume that ne > %. Then, the testing procedure Ts o defined in (22) is of level a.

Moreover, there exists a positive constant Cg such that for all g € G for which
|T| = Cg+/In(n) + / A(a, n)

with A(a, n) =24/In(n/a) + 2In(n/a),

Pe(T5,4 =0) < B.
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Proof. First

Po(Tsa=1)=Po(31 <i <n,Z} > ti.a/m)

n
=< X:IP)O(ZZ2 > tl,a/n)

i=1
n
o
<) —=«a
n
i=1

since, under the null hypothesis, Zl.2 is a chi-square variable with one degree of freedom. Note that, according to
Lemma 1 in Appendix A,

Ham <14+2y/In(n/a) +2In(n/a).
Under H;, each variable Z; can be written as

Zi=Vit+n, i=1,...,n,

n

where V; ~ B(e), n;i ~N(0,1), and V; and #; are independent. Let S =Y ",_, V; ~ B(n, ¢). As in the proof of
Theorem 3, assuming that ne > %, P(S < %) < g Moreover,

Py(Ts.q =0NS>ne/2) <Py(Ts=0NS>1)
<PBEl<i<n (t+n)*<tiam)
= n]P)((T + 771)2 = tl,oz/n)y

where (t 4 11)? is a noncentral chi-square random variable with one degree of freedom and a noncentrality parame-
ter 2. We deduce from Lemma 2 that for xg=In(2n/p),

P((r +n)? < 1+12 =2,/ (1 +2t2)xp) <™ = B/(2n).

Gathering the previous inequalities, we get that Pg (75 , = 0) < 8 provided that

14+2y/In(n/a) +2In(n/a) <1+ —— 2,/(1 + 21:2)x,3.

This condition is fulfilled if

2 — Cgy/In(n)|t| — A(a,n) >0,

where A(a, n) =2+4/In(n/a) +21In(n/a) and Cg is a positive constant only depends on 8. After some easy computa-
tions, we see that this condition is fulfilled if

Iz] = Cgy/In(n) + /A, n). O
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