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Abstract. In this paper, we will show that the higher moments of the natural parametrization of SLE curves in any bounded domain
in the upper half plane is finite. We prove this by estimating the probability that an SLE curve gets near n given points.

Résumé. Dans cet article, nous montrons que les grands moments de la paramétrisation naturelle d’une courbe SLE dans n’importe
quel domaine borné du demi-plan supérieur sont finis. Nous prouvons ceci en estimant la probabilité qu'une courbe SLE soit proche
d’un nombre n de points fixés.
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1. Introduction

A number of measures arise from statistical physics are believed to have conformally invariant scaling limits. In [13], a
one-parameter family of measures on self-avoiding curves in the upper half plane, called (chordal) Schramm-Loewner
evolution (SLE) ) is defined. Here we only work with chordal version so we omit chordal. By conformal invariance,
it is extended to other simply connected domains. Later, it was shown that SLE describes the limits of a number of
models from physics so answering the question of conformal invariance for them. These models include loop-erased
random walk for « = 2 [9], Ising interfaces for k = 3 and x = 16/3 [16], harmonic explorer for « = 4 [14], percolation
interfaces for k = 6 [15], and uniform spanning tree Peano curves for k = 8§ [9].

In order to define SLE, Schramm used capacity parametrization. We will see the definition of SLE as well as
capacity parametrization in the next section. Capacity parametrization comes from Loewner evolution and makes it
easy to analyze SLE curves by Ito’s calculus. In all the physical models that we have above, in order to show the
convergence, we have to first parametrize them with discrete version of the capacity and then prove the convergence
to SLE. This parametrization is very different from the natural parametrization that we have for them which is just the
length of the curve.

In order to prove the same results with the natural parametrization, we need to define a natural length for SLE
curves. In [2], it is proved that the Hausdorff dimension of SLE, is d = min{2, 1 + %}. In [8], the authors conjectured
that the Minkowski content of SLE should exist. They defined the natural parametrization in a different way using
Doob—Meyer decomposition and proved the existence for k < 5.021.... Moreover, they conjectured that the natural
length of SLE can be defined in terms of d-dimensional Minkowski content. Here is how it is defined (see [6] for more
details). Let

Conty(y[0,1];r) = rd=2 Areafz : dist(z, y[0,1]) < r}.
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Then the d-dimensional content is

Contd(y[O, t]) = linz)Contd (y[O, t]; r), (1.1)

provided that the limit exists. If ¥ > 8 the curve is space filling and d = 2 so this is just the area and the problem is
trivial. For k < 8, the existence was shown in [6]. We assume for the purpose of this paper that « < 8. We call this
parametrization, natural length or length from now on. Also a number of properties of the natural length were studied
in [6]. For example the authors computed the first and second moments of the “natural length.” Basically, this function
is the appropriate scaled version of the probability that SLE hits given point(s). Precisely, the n-point Green’s function
atz1,...,2n 18

Gy, ....zp) = lim r,‘j?[@[ﬂ{dist(Zk,y) Srk}:|, (1.2)

k=1 k=1

provided that the limit exists. The covariance rule of the Green’s function is obvious, that is, if F maps (H; 0, co)
conformally onto (D; wi, w2), then

G @is s z2) = [(F7Y) @O G 0,00 (F 1) -, FHz0)), (1.3)

if the Green’s function at either side exists. Here we use G(p.y,,w,) to denote the Green’s function for SLE, in D
from wi to ws.

It is proved in [10] that a modified version of 1-point and 2-point Green’s function using conformal distance instead
of distance exists. In [6], the authors prove the above limit exists for n = 1, 2. Lawler and Werness mentioned in [10]
that the argument can be generalized to define higher order Green’s function. So they conjectured the existence of
multi-point Green’s function. For n = 1 the exact formula is given in [6] which is

G(2) = G.0.00)(2) = Clz|? 7 sin*/38/* "2 (arg 7) = C Im(2)4 2 sin®/* ! (arg 2), (1.4)

where C = C > 0 is an unknown constant. In arbitrary domains the exact formula of the 1-point Green’s function
can be found by the covariance rule.
We now state the main theorems of this paper. Throughout, we fix « € (0, 8), the following constants depending

onk:

K 8

8 K
We will use C to denote an arbitrary positive constant that depends only on «, whose value may vary from one
occurrence to another. If we allow C to depend on « and another variable, say n, then we will use C,. We introduce a
family of functions. For y > 0, define Py on [0, 00) by

a—(2—d)x2—d

x<vy;
P ={ % =

) xX=y.

Sincea >2—d > 0,if 0 < x; < x3, then

oL < < (1.5)
x(ZX Py (x2) x%—d
The first main theorem is:
Theorem 1.1. Let zg, ..., z, be distinct points on H such that 7o = 0. Let i =Imzy > 0 and Iy = dist(zg, {z; : 0 <
j<k}),l1<k<n.Letry,...,r, >0.Let y be an SLE, curve in H from 0 to co. Then there is C,, < 00 depending

only on k and n such that

L Py (e A L)

Pldist(y,zx) <, 1 <k<n|<C
[dist(y I=a]l=5 0

k=1
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The second main theorem answers a question in [6].

Theorem 1.2. If y is an SLE curve from 0 to oo in H, then for any bounded D C H, we have

E[Contd(y N D)"] <oo, neN.

Remarks.
1. The quantity on the right-hand side of the formula in Theorem 1.1 depends on the order of the points z1, ..., Z,.
However, if rj’s are sufficiently small, say, r; < dist(z;, {zo, ..., 2.} \ {z;}), then if we exchange any pair of con-

2.

3.

5.

6.

. We guess that one can show E[e

secutive points, i.e., zx and zZjy11, then the new quantity is no more than C times the old quantity, where C > 0

depends only on k. Thus, if we permute those n points, the quantity will increase at most C " times.
An immediate consequence of Theorem 1.1 is that the right-hand side of (1.2), with lim replaced by lim sup, is
finite.

In fact, Theorem 1.1 implies an upper bound of the Green’s function G(z1, ..., Z,) for the above y , if it exists. That
is
n yot—(Z—d)
GGty z) <G [ [ 2——.
T Py

A natural question to ask is whether the reverse inequality also holds (with smaller Cy,). The answer is yes if n < 2.
o—(2—d)
In the case n = 1, the right-hand side is Cyk—‘a, which agrees with the right-hand side of (1.4). In the case

n =2, the right-hand side is comparable to a sharp estimate of the 2-point Green’s function given in [7] up to a
constant. Thus, we expect that it holds for all n € N.

A Conta(yND)] < o0 for some A > 0 in any bounded domain D. This is nice because
we can study natural length by its moment generating function. One way to prove it is to prove a similar bound
for ordered multi-point Green’s function but with C" instead of C,. See [10] for the definition of ordered Green’s
function.

If the Green’s function G(z1, ..., z,) exits, the left-hand side of the displayed formula in Theorem 1.2 equals to
Jpn Gty zn) dA(z1) - dA(zp).

Theorem 1.1 also provides an upper bound for the boundary Green’s function, which is the scaled version of
the probability that SLE hits given boundary point(s). The scaling exponent will be o instead of 2 — d so that
the Green’s function does not vanish. To be more precise, for the above vy, the boundary Green’s function at
X1, ..., %X, € R\ {0} is

G(x1,...,xp)= lim rk_“]P’|:ﬂ{dist(xk,y) §rk}], (1.6)

k=1 k=1

provided that the limit exists. Lawler recently proved in [5] that the 1-point and 2-point boundary Green’s func-
tion exist, and gave good estimates of these functions. Using Theorem 1.1, we can derive the following con-
clusions. First, the right-hand side of (1.6), with lim replaced by limsup, is finite. This result may help us
to prove the existence of multi-point boundary Green’s functions for SLE. Second, if G(x1,...,X,) exits, then
G(xl, e Xp) <Cy HZ:I lk_a, where Iy = ming<; <k |xx — x| with xo = 0. Similarly, we get upper bounds for
mixed Green’s functions, where some points lie on the boundary, and others lie in the interior.

The organization of the rest of the paper goes as follows. In the next section we review the definition of SLE and

some fundamental estimates for SLE. In the third section, we will prove two main lemmas. At the end, we will prove
the two main theorems.

2.

Preliminaries

2.1. Definition of SLE

In this subsection we review the definition of SLE and its basic properties. See [3,4,6,10] for more details.
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A bounded set K C H={x +iy:y > 0} is called an H-hull if H \ K is a simply connected domain, and the
complement H \ K is called an H-domain. For every H-hull K, there is a unique conformal map gx from H \ K onto
H that satisfies

¢ -2
sk@ =2+ -+ 0(zI7%), Izl > o0

for some ¢ > 0. The number c is called the half plane capacity of K, and is denoted by hcap(K).

Suppose that y : (0,00) — H is a simple curve with y(0+) € R and y(¢) — oo as t — oco. Then for each ¢,
K;:=y(0,¢] is an H-hull. Let g; = gg, and a(¢) =hcap(K;). We can reparameterize the curve such that a(¢) = 2¢.
Then g; satisfies the (chordal) Loewner equation

g0() =z, @2.1)

2
b8t (2) = ————
= e @ -V,

where V; := limp\ g,5;-y (1) & (2) is a continuous real-valued function.

Conversely, one can start with a continuous real-valued function V; and define g; by (2.1). For z € H \ {0}, the
function ¢ — g;(z) is well defined up to a blowup time T, which could be co. The evolution then generates an
increasing family of H-hulls defined by

Ki={zeH:T,>t}, 0<t<o0,

with g; = gk, and hcap(K;) = 2¢ for each ¢. One may not always get a curve from the evolution.
The (chordal) Schramm—Loewner evolution (SLE, ) (from 0 to oo in H) is the solution to (2.1) where V; = \/k B;,
where ¥ > 0 and B(¢) is a standard Brownian motion. It is shown in [9,12] that the limits

= i ~1 <t
y () Haggv,gt (z), 0=t<oo0,

exist, and give a continuous curve y in H with y(0) =0 and lim;_, o ¥ (#) = 00. Only in the case k <4, the curve is
simple and stays in H for # > 0, and we recover the previous picture. For other cases, y is not simple, and H; := H\ K;
is the unbounded component of H \ y (0, ¢].

We can define SLE, in other simply connected domains using conformal maps. Roughly speaking, SLE, in a
simply connected domain D g C is the image of the above y under a conformal map F from H onto D. However,
since y in fact lies in H instead of H, the rigorous definition requires some regularity of D. For simplicity, we assume
that 9D is locally connected and call such domain D regular. This ensures that any conformal map F from H onto D
has a continuous extension to H, and so F o y is a continuous curve in D.

Now we state the definition. Let D be a regular simply connected domain, and wg, w be distinct prime ends
(cf. [3]) of D. Let F : H — D be a conformal transformation of H onto D with F(0) = wg, F(00) = wso. Then
y := F oy is called an SLE, curve in D from wy to weo. Although such F is not unique, the definition is unique up
to a linear time change.

Now we state the important Domain Markov Property (DMP) of SLE. Let D be a regular simply connected domain
with prime ends wp # Weo, and y an SLE, curve in D from wg to weo. For each 7y > 0, let Dy, be the connected
component of H \ y (0, fo] which is a neighborhood of w in D, and Yy (¢) = y(to + 1), 0 <t < 0co. Let T be any
stopping time w.r.t. y. Then conditioned on y (0, T'] and the event {T' < oo}, a.s. y(T") € d Dr determines a prime end
of Dy, and )/T has the distribution of SLE, in D from (the prime end determined by) ¥ (T) to wso.

2.2. Crosscuts

Let D be a simply connected domain. A simple curve p : (a,b) — D is called a crosscut in D if lim,_, ,+ p(¢) and
lim;_, - p(¢) both exist and lie on d D. We emphasize that by definition the end points of p do not belong to p, and
so p completely lies in D. It is well known (cf. [11]) that as t — a™ or t — b™, p(¢) tends to a prime end of D. We
say that these two prime ends are determined by p. Thus, if f maps D conformally onto D, then f(p) is a crosscut
in D. So we see that D \ p has exactly two connected components.
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Fig. 1. This figure illustrates the situation of Lemma 2.1. Here D is the square and D is the comb domain. The A1, A, A3 are sub-crosscuts of p
in D that separate Z| from Z;. Among them A1 is the crosscut given by the lemma.

For the ease of labeling the two components of D \ p, we introduce the following symbols. Let K be any subset of
C such that K N D is a relatively closed subset of D, and let S be a connected subset of D \ K. We use D(K; S) to
denote the connected component of D\ K which is a neighborhood of S in D; and let D*(K; S) = D\ (KU D(K; S)),
which is the union of components of D \ K other than D(K; S). For example, D(K; z1) # D(K; z2) means that z;
and z; are separated in D by K. If p and 7 are disjoint crosscuts in D. Then D \ p = D(p;n) U D*(p; n) and
D\ n=D(n; p) UD*(n; p); and we have D*(p; n) C D(n; p) and D*(n; p) C D(p; n).

The symbols D(K; S) and D*(K; S) also make sense if S is a prime end of D such that D \ K is a neighborhood
of §in D. If D is an H-domain, and S is the prime end oo, then we omit the co in D(K; oo0) and D*(K; 00). For
example, for the SLE, curve y in H from O to oo, the corresponding H-hull K; satisfies that H \ K; = H(y (0, t]).

Lemma 2.1. Let D C D be two simply connected domains. Let p be a Jordan curve in D, which intersects D, or
a crosscut in D. Let Zy and Zy be two connected subsets or prime ends 0f5 such that 5(,0; Z;), j=1,2, are well
defined and not equal. In other words, D \ p is a neighborhood of both Z and Z, in D, and Z is disconnected from
Zrin D by p. Suppose D is a neighborhood of both Z1 and Z; in D. Let A denote the set of connected components of
p N D. Then there is a unique Ay € A such that D(Ay; Z1) # D(A1; Z2), and if D(\; Z1) # D()\; Z») for some A € A,
then D(\1; Z1) C D(\; Z1) and D(\1; Z3) D D()\; Z3).

Remark. Every A € A is a crosscut in D. We call the Ay given by the lemma the first sub-crosscut of p in D that
disconnects Z1 from Z,. See Figure 1.

Proof of Lemma 2.1. Let Ag ={A € A: D(A; Z1) # D(A; Z)}. We first show that Ay is finite. Let y be any curve
in D connecting Z; with Z. Since y N p is a compact subset of |_J, ., A, and every A € A is a relatively open subset
of p, we see that y intersects finitely many A € A. From the definition of Ag, y intersects every A € Ag. Thus, Ag is
finite. We emphasize here that the above argument does not exclude the possibility that Ag is empty.

Next, we show that A is nonempty. We choose y such that it minimizes the size of the set A(y) :={L € A :
y N A # @}, which can not be empty since | J, ., A = p N D disconnects Z; from Z, in D. Let 1o € A(y). Let
wi and ws be the first point and the last point on y, which lies on Ao, respectively. Let A{, be the sub curve of Ao
with end points w1 and wy. There is ¢ > 0 such that dist(A), 1) > & for any A € A \ {X¢}. Suppose Ao ¢ Ag. Then
D(\; Z1) = D(X; Z2). We may choose for j = 1,2, w;. on the part of y between Z; and w;, which is very close
to w;, such that there is a curve y. connecting u/1 and w/2 in D(1g; Z1), which stays in the e-neighborhood of A6.
Construct a new curve ¥’ in D connecting Z; and Z> by modifying y such that the part of y between w} and w), is
replaced by y.. Then we find that A(y’) = A(y) \ {’o}, which contradicts the assumption on y. Thus, A9 D A(y) is
nonempty.

Finally, we need to show that there is A; € Ag, which minimizes {D(A; Z1) : A € Ao} and maximizes {D(X; Z3) :
A € Ap}. This follows from the finiteness and nonemptyness of Ay and the facts that for any A1, A2 € Ag, one of
D(A1; Z1) and D(A3; Z1) is a subset of the other, and the inclusion relation is reversed if Z; is replaced by Z». U

Lemma 2.2. Let D be a simply connected domain and p a crosscut in D. Let wy, w1 and wso be connected subsets or
prime ends of D such that D \ p is a neighborhood of all of them in D. Suppose that p disconnects wg from weo in D.
Lety(t),0 <t < T, be a continuous curve in D with y (0) € dD. Suppose for0 <t < T, D\ y[0, t] is a neighborhood
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Fig. 2. This figure illustrates the situation of Lemma 2.2. Here D is the upper half plane, p is the semi-circle, and weo is the prime end co. The
curve y is shown up to some time f. Since py, does not disconnect w from oo, we have f(fy) = 1. When ¢ <t and is close to 1y, pr is the p -
0

in the figure, which disconnects w; from oco. This means that f(to_) =0, and f is not left-continuous at #q.

of wo, w1 and ws in D, and wy, wi C Dy := D(y[0, t]; weo). For 0 <t < T, let p; be the first sub-crosscut of p
in D, that disconnects wq from weo as given by Lemma 2.1. For 0 <t < T, let f(t) =1 if w1 € D;(pr; Weo); =0 if
w1 € Df (pr; Woo). Then f is right-continuous on [0, T), and left-continuous at those ty € (0, T) such that y (to) is
not an end point of py,.

Remark. It is easy to see that (D;)o<, <7 is a decreasing family of H-domains. But (p;)o<;<T may not be a decreasing
family. See Figure 2.

Proof of Lemma 2.2. We first show that f is right-continuous. Fix 7y € [0, 7). From the definition of py,, there exist
a curve By in Dy, which goes from wq to wee, crosses py, for only once, and does not visit p \ p;, before p;, . Let
S = weo or wo depending on whether f(f9) =1 or 0. Then there is a curve By in Dy, \ py, that connects w; with S.
Since y (f9) ¢ Dy, and y is continuous, there is #] € (to, T) such that y[#9, #1) is disjoint from By and B;. Fix t € (t9, 11).
Then By, B1 C D,. From Lemma 2.1, there is the first sub-crosscut of py,, denoted by o, , in D; that disconnects w
from weo. From the properties of o, 04, is the connected component of p;, N D; that contains By N p;,. Since By
does not intersect p before By N py,, we have p; = pyyr C pg,- Thus, By is a curve in D, \ p; connecting w; with S,
which implies that f is constant on [#g, #1).

Suppose ¥ (fp) is not an end point of p,, for some #y € (0, 7). We now show that f is left-continuous at #y. There
exists 71 € [0, 1p) such that y (1, f9] does not intersect p;,. Fix t € (#1, to]. Then py, is a crosscut in D;. Let o, S, B1 be
as above. Then B and B; are also curves in D;. From the properties of By, we see that p; = p;,. Thus, B; is a curve in
Dy \ p; connecting wi with S, which implies that f is constant on (#1, fo]. O

2.3. Estimates

We give some important estimates for SLE in this subsection. The first one is the interior estimate. To begin with, we
quote the following theorem proved in [2].

Theorem 2.1. Suppose y is an SLE, curve from w to wy in a simply connected domain D. If z € D, then
P[dist(y, 2) < r] < CG Dy m (r* 7,

where G (p.w, w,) is the 1-point Green’s function for the y .
A stronger estimate is obtained in [6]: P[dist(y, z) <71 =r*"4G p.u.un) (D)1 +0(r*)], a > 0. Using (1.4), (1.3)
and Koebe’s 1/4 theorem, we find that G (p.y,,u,)(z) < C dist(z, D)2, So we have the following interior estimate

which is a corollary of Theorem 2.1.

Lemma 2.3 (Interior estimate). Forany z € D,

. : N
P[dist(y,z) <r] < C(W) .
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We will state the boundary estimate for SLE in several different forms. The original one comes from [1], which is
the following theorem.

Theorem 2.2 (Boundary estimate v.0). Let y be an SLE, curve in H from 0 to co. Then for any xo € R\ {0} and
r>0,

[dlSt()/, xp) < r] < C< |x0|>

We will express the above theorem in another form using the notation of extremal distance. The reader may refer
to [11] for the definition and properties of extremal distance (length). We use dD(L1 L») to denote the extremal
distance between L and L; in D. Suppose K is a nonempty H-hull with K NR_ = &. Let xx = max{K N R} and
rx =max{|z —xg| : z € K}. Itis well known that there are absolute constants C and M such that K <Cem mdy(K.R-)
if dg(K,R_) > M. So the above theorem implies the following corollary.

Lemma 2.4 (Boundary estimate v.1). Let y be as above. Then for any H-hull K with K "R_ = &, we have
Ply NK # @] < Ce~ " (K.R-),
The same is true if R_ is replaced with R .

Using conformal invariance and comparison principle of extremal distance, we immediately get the following
version of boundary estimate from the previous one.

Lemma 2.5 (Boundary estimate v.2). Let D be a regular simply connected domain, and wy and ws, be two distinct
prime ends of D. Let p and n be two disjoint crosscuts in D such that D(p; n) is neither a neighborhood of wg nor a
neighborhood of wso in D. For wy, the condition means that either D \ p is a neighborhood of wo and D(p; wg) =
D*(p; n), or wy is a prime end determined by p; and likewise for ws. Let y be an SLE, curve in D from wg 10 Wxo.
Then

Py N (nU D*(n; weo)) # @] < Ce™ @m0,

We now combine the interior estimate and the boundary estimate to get the following one-point estimate, which
implies the case n = 1 in Theorem 1.1.

Lemma 2.6 (One-point estimate). Ler D be an H-domain with a prime end wq # 00. Let y be an SLE curve in D
Sfrom wq to 0o. Let zo e H, yo=Imzp>0,and R>r >0.Let p={z€H:|z—zo| =R}andn={ze€eH: |z —z0| =
r}. Suppose {z€eH:|z—z0l| <R} C D and wo ¢ {x e R: |x — z9| < R}. Then

Py ()
P[Vnn?é@]fcm.

Proof. We consider different cases. Case 1: yg > R. The conclusion follows from the interior estimate because
on((;)) (’ )2_‘1 and dist(zg, 0D) > R. Case 2: yo < r. We have PO—((rR)) (r )¥. By increasing the value of C,
we may assume that R > 4r. The conclusion follows from the boundary estimate because p and 7 are separated in
D by the two crosscuts {z € H: |z — Rezg| =2r} and {z € H : |z — Rezg| = R/2}, and the extremal distance be-
tween them in D is log(R/(4r))/m. Case 3: R > yg > r. Let p’ ={z € H : |z — zo| = yo}, which separates p from
nin D. Let T be the first time that y hits p/, and y7 (1) = y(T +1),0 <t < o0, if T < oo. Then T is an stopping
time, and {y Nn # @} ={y’ Nn+# @} C{T < oo} almost surely. From the result of Case 2, P[T < oo] < C 1;’0((}1?)).
Y0
From DMP, conditioned on y[0, T] and {T < oo}, the ¥T is an SLE, curve in D(y[0, T]) from y(T) to oco. Since
dist(zg, d D7) = yo, from the result of Case 1, we get P[y” Ny # @|y[0,T], T < o] < C VO r)

with the estimate for P[T < oo], we get the conclusion in Case 3. U

. Combining this
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The following version of boundary estimate will be frequently used in this paper.

Lemma 2.7 (Boundary estimate v.3). Let D be an H-domain with a prime end wqy 7 00. Let y be an SLE, curve in
l~)fr0m wo to 00. Let p be a crosscut in D such thgt D*(p) is not a neighborhood of wg in D, agd S C D*(p). Let
D be a domain that contains D, and p a subset of D that contains p. Let 1] be a Jordan curve in D, which intersects
dD, or a crosscut in D. Suppose that 7] disconnects S from p in D. Then

Ply NS # @] < Ce p@N

Proof. From Lemma 2.1, 7 contains a sub-crosscut in E, denoted by n, which disconnects S from p. Since S C
D*(p), we have n C D*(p) and S C D*(n). Thus, D(p; n) = D*(p) is not a neighborhood of either co or wq in D.
Using the boundary estimate v.2, we get

Ply NS # @] <P[y N D*(n) # @] < Ce ™M < commedp (D), O

3. Main estimates

In this section, we let y be an SLE, curve in H from 0 to co. Given any set S, let g = inf{t > 0: y(¢) € S}; we set
inf @ = 0o by convention. Let (F;) be the right-continuous filtration generated by y. For fo > 0, let y0(¢) = y (to + 1),
0 <t < o0, and H;, = H(y[O0, #]). Recall the DMP: if T is an (F;)-stopping time, then conditioned on F7 and
T < oo, yT is an SLE, curve in Hr from (the prime end of Hr determined by) y(T") to co.

Theorem 3.1. Letm €N, z; e H and Rj>r;>0,0<j<m. Letlé\j ={lz—zj|=R;}, & ={lz—zjl=r;}, and
5j={|z—zj| <R;},0=<j=<m. Supposethat0¢5j,0§jfm;andﬁoﬁﬁjzg, 1 fjfm.Letr(/)e(O,ro)
and &) = {|z — zo| =ry)}. Let

E={rg <1 <7 <+ <7, <Tg, <Ty <00k
Lety; =Imz;, 1 < j <m.Then we have

r—0>a/4 m Pyj(rj)

PLE|Fr, ] < C’”( I
0 RO i=1 PVJ(RJ)

Discussion. From the 1-point estimate, we see that, given y up to hitting g;, the probability that it reaches &; is
Pv~ )

at most C #(lré/,). The DMP allows us to put these estimates together to get the product on the righthand side of
(R

the above formula. The key point of the proof is to use the boundary estimate to derive the factor (;—%)0‘/ 4. Recall
that the boundary estimate can be applied when the SLE curve is required to cross a disjoint pair of crosscuts from
the unbounded component to the bounded component determined by these crosscuts. But whether a given set lies in
the bounded component may vary as the SLE curve grows. So we have to carefully keep track of the changes of the
“topology” situations.

Proof of Theorem 3.1. Let E be the set of £, E—‘\, 0<j<n,and 56. By Theorem 2.2, for any & € E, y almost surely
does not visit £ N R. By discarding an event with probability zero, we may assume that y does not visit £ N R for any
& € B. Then for any £ € B, 1z = tznm. Thus, it suffices to prove the lemma with each & € E replaced by & N . This
means that every £ € E is a Jordan curve or crosscut in H. After that, we see that 7¢ < oo implies that y (t¢) € § N H,
and y does not visit H*(&) before &.

Let 19 = 7z, ?j =Tz and 7; = %), 1 <j<m, and 1,41 = Te - From the DMP and one-point estimate
(Lemma 2.6), we get

Py; (rj)

Plt; < ool F7] < C——r7—,
J Tj Pyj(Rj)

l<j<m. 3.1
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(rj
Jj=1 P (R )°
Suppose Ry > rg. Let p = {z e H: |z — zo| = +/Roro}. Then p is a Jordan curve or crosscut in H, which lies
between &y and &, and

Thus, PLE|F,] < C" []™ If Ry = rg, the proof is finished.

log(Ro/ro)

I (3.2)

dsz(p. €0), du(p. o) >
Also note that p disconnects $6 from oco. Let T =inf{r > 0: 56 ¢ H;}. Fortg <t <T, E(/) is a connected subset
of H,, and p intersects d H;. Thus, we may use Lemma 2.1 to define p; to be the first sub-crosscut of p in H; that
disconnects E(’) from oo for 7p <t < T. Note that every p; is F;-measurable.
Let I ={(j,j+1):0<j<m}U{(J,j):1=<j<m},and define (A,),cs by

Ao,y ={T > 1} N {H*(§1) C H}: (pry) } € Fry:

Ag.py =T > ;N {H* () C Hey (pr, )} N{H"(E) C HY (e} € Fryy 1< j<m;
Agj+ny =T > T} N{H"(E)) C H, (o)} N {H(Ej41) C Hy (pr)} € Fryy 1<j=m—1;
Ammtt)y ={T > T} N {H"(En) C Hy,, (07,)} € F,

Suppose E occurs. Then y does not visit &) at any time 7 < 7,,. So & is a connected subset of H \ y[0, 7,,]. Then we
must have &) C Hy,, because y ™ visits &), and y ™ C H, C Hy,, Uyl0,7,]. Thus, T > Ty > Tpy—1 > -+ > 71 > 0.
Similarly, since H*(£;) is not visited by y at any time ¢ < 7;, we conclude that H*(&;) C H; for t < 7;. Since H*(§;)
is disjoint from p D p;, we conclude that H*(&;) is contained in either H;(p;) or H;"(o;) for any ¢ < ;.

Define a strict total order on / suchthat (0,1) < (1,1) < (1,2) < 2,2) <---<(m—1,m) <(m,m) < (m,m+1).
Define a family of events E,, ¢ € I, such that E, = E \ | Ay . Using induction, one can prove that

E, C{H"&,) C H (pr)}, 1= ) el\{m,m+D}.

Especially, we get

Eo1=E\ U A, C {H*(€0) C H; (pr)} C A.1)-
Le\{(0,1))

Thus, we have E C [ J,c; A.. We will finish the proof by showing that

I Py )
P[E N A,|Fyy] < C™ ( 0 > T (3.3)
Ro -1 Pyj (Rj)

Case 1. Suppose Ao, 1y occurs and 79 < 7. Since 51 and H*(&) are subsets of H* (51) U &1 which is a Connected
subset of (H \ y[0, ©0]) \ pz,, from H*(§1) C H7 (o), we conclude that "g‘ 1 C Hy (pr,). Note that p disconnects 51
from &) in H, and intersects d Hy,. Applying Lemma 2.1, we get a sub-crosscut of o, denoted by /ot , that disconnects
£, from &) in Hy,. Since both £ and &, lie in H " (Pz), so does ,o,o Thus, H} (,0,0) C Hy (pry)- Since py, is the
first sub-crosscut of p in Hy, that disconnects &) from 00, we see that ,orO does not disconnect &) from oo. Thus,
&y C Hry(py,), and £ C H (py,) as py, disconnects £, from &) in Hy,. See Figure 3.

Since H*(&) is a connected subset of Hy, \ py,, and contains &) and a curve that approaches y (7o) € &, we
conclude that Hy, (,0;0; v (10)) = Hy, (,040; &) = Hy, (,0;0). Thus, Hy, (péo; &) = Hy, (,0;0) is not a neighborhoodff
y T (O)Az y (10) in H,O/.\ Since 19 < T3, T1 < oo implies that the SLE, curve y™ in Hy, (conditioned on F7,) visits &;.
Since &y disconnects & from p D ,020 in H, and intersects d Hy,, from the boundary estimate v.3 (Lemma 2.7) and
(3.2), we get

/4
.
P[] < 00| Frys A0.1), To < T1] < Ce @m0 &) < C(RO ) ,
0
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Fig. 4. This figure shows the event A; ;1) with y stopped at 7; = g

which together with (3.1) implies that (3.3) holds for t = (0, 1).

Case 2. Suppose for some 1 < j <m — 1, A(j j+1) occurs and 7; < T; 1. Using the argument in the previous case
with 7o and El replaced by 7; and §,+1, respectively, we get a sub-crosscut of p, denoted by p;j , that disconnects ng
from &) in Hy;, and conclude that Hf*j (,0;]_) C Hf*j (o), &y C Hy; (p;j), and §/+1 C Hr*j (,oéj). See Figure 4.

Since H*(£;) is a connected subset of Hz; \ pr;, and contains a curve that approaches y (z;) € §;, we conclude that
Hz, (pe;: v (2))) = Hey (pr s HY ())) = He) (pr,). Thus, H (pl,) € HY, (px,) is not aneighborhood of 7 (0) = y (r;)
in Hy;. Sincirj <Tj4+1, Tj+1 < oo implies that the SLE, curve y™/ in H:; (conditioned on J7;) visits &;1. Since &
disconnects ;1 from p D ,o;j in H, from Lemma 2.7 and (3.2), we get

~ a/4
P[Tj41 < 00| T, A(jjt1), Tj < Tjg1] < CemTdlr50) < C(;—()) ,
0
which together with (3.1) implies that (3.3) holds fort = (j, j+ 1), 1 <j <m — 1.
Case 3. Suppose Ay, m+1) and 7, < Ty occur. Since H*(&,) is a connected subset of H, \ pr,,, and contains
a curve that approaches y (t,) € &5, we conclude that Hy, (or,; ¥ (tm)) = Hy, (pr,,; H*(Em)) = Hy, (ps,,). Thus,
H;’:ﬂ (pr,,) is not a neighborhood of y ™ (0) = y (1) in H,, . Since 7, < Tpy4+1, Tm+1 < 00 implies that the SLE, curve
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y™ in Hy, (conditioned on J7,) visits & C H;' (pz,, ). Since & disconnects &, from p in H, and intersects 3 Hy,, , we
may apply Lemma 2.7 and (3.2) to get

’ /4
P[Trn+l < OO|]:fm, A(m,m+1)9 Tn < T411 < Ce—ﬂdH(f;'o,p) =< C(R_O) s
0

which together with (3.1) implies that (3.3) holds for ¢ = (m, m + 1).
Case 4. Finally, we consider (3.3) in the case ¢t = (j, j). Fix 1 < j <m and define

oj= inf{t >7_1 :H*(§)) C H,*(,o,)}.
From Lemma 2.2 and the right-continuity of (F;), we have

1. Every o; is an (F;)-stopping time.
2. If 6j < oo, then H*(&;) C H (05,).
J J

3. If A(j,j) occurs, then 7,1 < 0; < 7.
4. If 1j—1 <o0j <00, then y(o;) is an endpoint of pq; .
Note that the last property implies that A (po;) 1s not a neighborhood of either y (o) or 0o in Hy;. Let F< ={o; <
Tj}and F> ={7; <oj <7t;}. Then A(j j) C F< U F>.

Case 4.1. Suppose F> occurs. Let N =[log(R;/rj)] e N. Let {r ={z e H: |z —z;| = (R;V_krf)l/N}, 0<k<N.
Note that &y =/€\j and {y =&;. Then F> C U,ivzl Fy, where

Fpi={ty_ <oj<t}, 1<k=<N.

If Fj occurs, then ¢ C H;"j (ps;) because H*(fx) U &k is a connected subset of (H \ y[0,0,]) \ p that contains both
i and H*(£;), and H*(§;) C H:/ (po;)- See Figure 5.
From Lemma 2.7 and (3.2), we get

~ 0 a/4 s\ @2 (k=D/N)
[p[-[gk < OO|.7:JJ., Fil < Ce~mdu(p,5k-1) < C e~ du(p,50)+dm (50, 5k—1)) < C(R_) <_f> .
0

R;

Fig. 5. This figure shows the event F, a sub event of A; ;), with y stopped at o, the first time after 7; | = T that & lies in the bounded
component of Hy \ p;. '
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From Lemma 2.6, we get

4((R14V—k+lr§c—l)l/N)
Pyj (Rj)

Pyj (rj)

Py (RF M)

P[F¢|Fr; . tj—1 <T;1<C ,

j-1

Pltj < ool , Fil =C

The above three displayed formulas together with (1.5) imply that

a/4 N\ @DK=D/N) £\ =a/N p ()
Plrj < oo, Fkl|Fr; ,, Tj— 1<‘1,'j]<C(r0> (r_J) (r_]> ytri)
Ro R; R; Py, (R))

Since F> C U/i\,:] Fi, by summing up the above inequality over k, we get

0(/4 P (r) . *O(/N l_ . R a/z
o v\ rj (rj/R))
P , F> , <C — . 3.4

By considering the cases R ; ] /rj <eand R;/r; > e separately, we see that the quantity inside the square bracket is
bounded by the constant —/4.
Case 4. 2 Suppose F_ occurs. Then H* (Ej) U Ej is a connected subset of (H\ v[0,0;1) \ p that contains H*(§;).

So we get 5, C H}. (,ogj s H*(&) = HY, (,o(,j) Since 50 disconnects p from S, in H, applying Lemma 2.7 and (3.2),
we get

a/4
]P)[TJ<OO|J_'.U/,F ]<Ce—andH(p§0)<C(R ) ,
0

which together with (3.1) implies that

a/d p(p.
Plr; < 00, F~|Fy;_ ]<c<r°> P y) (3.5)
- Ro) Py,(R;)

Combining (3.4) and (3.5), we get

Vo) G Py (rj)

Plt; <00, A | Fro , Tj 1<r]<C( ,
J (] ./) Tj—1 J— J RO Pyj(Rj)

which together with (3.1) implies that (3.3) holds for t = (j, j), | < j <m. U

Let E be a family of mutually disjoint circles with center in H, each of which does not pass through or enclose 0.
Define a partial order on E such that §; < &; if & is enclosed by &;. One should keep in mind that a smaller element
in E has bigger radius, but will be visited earlier (if it happens) by a curve started from O.

Suppose that 2 has a partition {E.}.c¢ with the following properties:

1. For each e € &, the elements in E, are concentric circles with radii forming a geometric sequence with common
ratio 1/4. We denote the common center z., the biggest radius R,, and the smallest radius 7.

2. Let A, = {r. < |z — z0| < R.} be the closed annulus associated with E,, which is a single circle if R, =r,, i.e.,
|Ee| = 1. Then the annuli A, e € £, are mutually disjoint.

Note that every E, is a totally ordered set w.r.t. the partial order on 2

Theorem 3.2. Let y, :=Imz, >0, e € £. Then there is C\g| < 00, which depends only on « and |£|, such that

Py, (re)
C y?
Lg{yﬂé#ﬁ}]< IE'HP By
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Discussion. Suppose y visits all £ € E. For £1,& € B, if &1 < &, then y will visit & before &. Other than these
constraints, y can visit the elements in E in any order. The simplest case is that y does not jump back and forth
between different groups {8, : e € E}. This means that y first visits all circles in ., for some e; € £ before all other
circles in 8, then visits all circles in 8, for some ey € £ \ {e1} before circles in B\ (E,, U Ee,), and so on. In
this case, we can easily use the 1-point estimate and DMP to get the righthand side of the above formula. We use
Theorem 3.1 to deal with the general cases. The key point is that y has to pay a price to jump back and forth between

different E,’s due to the factor (2—%)"‘/ 4 given in Theorem 3.1.

Proof of Theorem 3.2. We write N, for {k e N: k <n}. Let S denote the set of bijections o : Njg — E such that
£ < & implies that o' (§1) <0 (&2). Let E = (Nzcz{y NE # 2} and

EUZ{‘L'J(I) <Te@) < - <Tg(g|) <00}, O0ES.

Then the above discussion gives

E= U E°. (3.6)

oeS

We will derive an upper bound of P[E? ] in (3.9).
Fix o € S. For e € £, we label the elements of E, by &§ < --- < E,‘;,e, where N, = |E,.| — 1. Let

J. = {1 <n<N,: ail(é,ff) > 071( ,ff_l) + 1} U {0}.
In plain words, n € J, means that either n = 0 or after visiting £;_,, ¥ does not immediately visit &; without visiting
other circles in E that it has not visited before. In the latter case, after visiting 5;71, y visits the circles in Ue,# B
before £¢.
Order the elements of J, by 0 =5,(0) < - - < 5.(M,), where M, = |J.| — 1. Set s,(M, + 1) = N, + 1. Every E,
can be partitioned into M, + 1 subsets:

By =& se() =n<s.(j+D -1}, 0=<j=<M,.

The meaning of the partition is that, after y visits the first element in &, j), which must be 55‘1 () it then visits all
elements in E(, ;) without visiting any other circles in Z that it has not visited before. Let I = {(e, j):e € £,0< j <
M,}. Then {E, : ¢ € I} is another partition of E, which is finer than {Z, : e € £}. Note that every o 1 (8,), 1 € I, is a
connected subset of Z.

For ¢ € I, let ¢, denote the first coordinate of ¢, z, = z,, and y, =Imz,. Let P, = %. Recall that if ¢ = (e, j),
min &, = Sfe(j) and max B, = SS‘Z(H_I)_I. From Lemma 2.6 we get V
P[TmaxEl <OO|-7:minEL]SCPLa tel. 3.7
— RVe(rf)
Let P, = P (R’ € € &. From (1.5) we get
M,
[]Pes 4™ P, cek. (3.8)
j=0

We have |I| =) _,.c(M, + 1). Considering the order that y visits E,, t € I, we get a bijection map & : Nj;j — I
such that n; < ny implies that maxo ! (Esm) < mino ! (E&(ny))» and ny =ny — 1 implies that maxo_l(Eg(nl)) =
mino ! (Es(ny)) — 1. We may now express E7 as

4 = 1. lo) (=) 1. lo) (=) e s [w) jw)
E - {Tmm 53(1) < Tmax .:3(1) < Tmm 53(2) < Tmax .:3(2) < < Tmm ;’:“3””) < Tmax c:g;(m) < OO}
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Fix eg € €. Letn; =5"(eo, j)),0<j < Me,.Thennj12n;j+2,0<j<M, —1.Fix0<j<M, —1.Let
m=nj;i1 —nj — 1. Applying Theorem 3.1 to §y = min &, {9 = max E(,,, j) = max Eg(nj), "g‘(/) =min Ey, j+1) =

min Ez (), §k = min E5(n;+k) and § = max Eg(n,+k), | <k <m, we get

njy1—1
o m g—a/4(sen (j+1)—1) l_[
- - - < e 3N

P[E[max ng(,,j),mln a;(nj_'_l)] |]:Tmax :‘3(,1},) ] — C 4 P(T (n)»

n=n;+l1
o .
where E[| By min o, )] is the F7, S 01) measurable event
{Tmax E(’;(”j) < Tmin E’U‘(,,j+1) < Tmax Ea(”_/’*” < -+ < Tmax EE(nj+nl) < Tmin E(’;(”/_H) < OO}

Letting j vary between 0 and M,, — 1 and using (3.7) and we get
Meg .
IED[EO’] < C|1\4—01/4Z]-:1 (Seo(])_l) 1_[ PL-
el
Using (3.8) and || = )_,(M, + 1), we find that the right-hand side is bounded by
M .
CIEIC L e Mey=a/4 X321 seg () l_[ P,.
ecf

Taking a geometric average over ep € £, we get

P[E®] < CIEIC ees Meg=e/ GIED Tece i, 56 1~ (3.9)
ee

So far we have omitted the o on I, M,, s.(j) and etc.; we will put o on the superscript if we want to emphasize
the dependence on o . From (3.6) and the above result, it follows that

Me .
PIEYSCEL 3 IS, s,y [CFece Mg/ oD Rece 22 D T p (3-10)
(Mo (s () ece ect
where
SMe (e = {0 €S MJ = Me, 57 (j) = 5¢(j), 0= j < Me,e € MJ,

and the first summation in (3.10) is over all possible (M,; (s.(j ))?46

<o < §0(M,) < N, for every e € £. It now suffices to show that

oecg> namely, M, > 0 and 0 = s5,(0) < s.(1) <

—a/4IE Me s,(j
Z |S(Mg,(Sg(j)))|CZSEgMe4 a/(4] |)Ze€£ Z_,:lg (@2) < C|€|’ (311)

(Mei (s (N2 ece

for some C\g| < oo depending only on |£] and «.

We now bound the size of S, s, (j)))- Note that M7 and s7 (j), 0 < j < M7, e € £, determine the partition &,
1€ 17, of E. When the partition is given, o is then determined by ¢ : Njjo| — I, which is in turn determined by
esmy, 1 <n <|17] =) ,.e(MZ + 1), because if ez(,) = ep, then o (n) = (eo, jo), where jo =min{0 < j < My, :
(eo, j) ¢ 0(m), m < n}. Since each e5(n) has at most |£| possibilities, we have [S,, (s, (/)| < |5|Zee€(M€+1). Thus,
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the left-hand side of (3.11) is bounded by

a3 T(Clen¥ea/ N Titis)

(Me3 (5 (D)< )ece €€

Ne
— 1T S (clen™ > 4o/ HED Y )

ecE M,=0 0=s,(0)<--<50(M,)<N,
o y & ) v
S|€||£|HZ(C|5|) Z Z 4—01/(4|5|)Zj:15(1)
ecE M=0 s(h=1 s(M)=M
o0 CIE| M €]
I€] (a/@GEMs() — —(a/BIEN)M (M+1)
< T () T 3 oo =i 3 () |-
ecE M=0 j=ls()=j

The conclusion now follows since the summation inside the square bracket equals to a finite number depending only
on x and |&]. O

4. Proofs of the main theorems

First, we are going to use Theorem 3.2 to prove Theorem 1.1. What we need to do in the proof is to use the radii

r;’s and the distances /;’s to construct a group of circles E and a partition E., e € &, that satisfy the conditions in
Section 3, and prove that the upper bound given by Theorem 3.2 is comparable to the upper bound in Theorem 1.1.

Proof of Theorem 1.1. We assume that any r; is of the form —- 4 - for some integer /. If not, it is between two of

them and by changing C, in the theorem and using (1.5) we can get the result easily. Also we can assume /; > 1 for
. . . L (rjAlj
every j because otherwise the corresponding term on right-hand side i.e. r4(1)) is 1 so we can just ignore it. We

want to deduce this theorem from Theorem 3.2, so we want to construct a family 2. Consider
S = -—lj l<j<nl<s<h;
§j=1le—zil=35p 1=j=nl=s=<hj

The family {Sjs. :1<j<n,1=<s <h;}may not be mutually disjoint. To solve this issue, we will remove some circles
as follows. For 1 < j <k <mn, let Dy = {|z — zx| < Ix/4}, which contains every E,:, 1 <r <hg,and

Ij,kz{sj.:15s5hj,g;ka¢@}. 4.1)

Then E := {5}‘ 1<j=<n1=<s=<hj}\ U15j<k5n Ik is mutually disjoint. If dist(y, z;) < r}, then y intersects
every éj., 1 <s<hj.Sowe get

n h
P[dist(y,z;) <rj, 1 < j <n] <P[ﬂﬂ yNE #@ } <]P’|:ﬂ{yﬂf;‘7é®}} 4.2)
=1s=1 EcEB

Next, we construct a partition {E, : ¢ € £} of E. First, E has a natural partition E j» 1 < j <n, such that E; is
composed of circles centered at z;. For each j, we construct a graph G, whose vertex setis Ej, and & # & € E;
are connected by an edge iff the bigger radius is 4 times the smaller one, and the open annulus between them does
not contain any other circle in E. Let £; denote the set of connected components of G ;. Then we partition E; into
E., e € &}, such that every E, is the vertex set of e € £;. Then the circles in every E, are concentric circles with
radii forming a geometric sequence with common ratio 1/4, and the closed annuli A, associated with E,, e € &;,
are mutually disjoint. From the construction we also see that for any j < k, and e € £;, A, does not intersect Dy,
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which contains every A, with e € &. Let £ = U’}zl Ej. Then A,, e € £, are mutually disjoint. Thus, {8, :e € &} isa
partition of E that satisfies the properties before Theorem 3.2. So we get

[ﬂ {yné+ g}] <Cpg 1—[ (re) Ce, 1—[ 1—[ y,((;i)) 43)

£cl j=lee&;
. . . . . Py (re)
Here we set [ [, g = 1 if £; = @. We will finish the proof by comparing |€| with n and the product [],. g #(;,E)
iy D) !
wi PRy

Here is a useful fact: every /; ; defined in (4.1) contains at most one element. The reason is

maxeep,flz —zjl} _ |zj =zl + /4 _ b+ le/4 -
mingep {lz —z;1}  lzj —zkl — /4~ Ik — Ik /4

The above formula also implies that, for j < k, UE cE kE C Dy, intersects at most 2 annuli from {/; /A <|z—1z2 il =<
1;/47", 2 <r <hj. If j >k, by construction, (g, & is disjoint from the annuli {/;/4" < |z — z;| <1;/4"'},
2 <r < hj, which are contained in D;.

We now bound |£|. We may 0bta1n G by removing vertices and edges from a path graph G, j» whose vertex set is
&3 ; 1 <s < h;}, and two vertices are connected by an edge iff the bigger radius is 4 times the smaller one. Every

edge e of G j determines an annulus, denoted by A.. The vertices removed are the elements in /;x, k > j; and the
edges removed are those e such that A, intersects some & € Ej with k # j, which may happen only if k > j. Thus, the
total number of vertices or edges removed is not bigger than Zk>j(1 +2)=3m—j). Soweget|E;| <14+3(n—j).

Thus, |£] <n + w This means that C|¢| may be written as Cj,.

. v (re) Py (rj)
Finally we compare ]_[eeg P (;) with P, (;]) If A is an annulus {r < |z — zo| < R} for some zo € H with

vo€lmzo>0and R > r > 0, we define PA_IfVO((;)) Let Ajq ={l;/4 <|z—z;| <l;/#~1}, 1 <5 <hj, and

Sj=1{seNy;:Ajs CU,cg, Ac}. Then

eeEj

h;
Py (rj) Py (re)
A yjNe
) 1_[ Ajs l_[ Py~(Re) 1_[ Ajs
s=1 ec&; 7/ seS;
Using (1.5), we get
I Py, (re) S4a|Nhj\5j|P)’j(r./').
(Re) Pyj (l])

Now s € Nj; \ S; only if s = 1 or there is some k > j with Dy N A s # . Since for k > j, Dy intersects at most two
Aj s, we find that [Ny, \Sjl <142(n— j). Thus,

yj(rc anz “ Pyj(re)
Jnll_g[ PR = EPy,~<Re>'

Combining the above formula with (4.2) and (4.3), we complete the proof. ([l

Proof of Theorem 1.2. As we mentioned before we can define natural length of SLE in a domain by Minkowski
content. See equation (1.1). Similarly if D is a bounded subset of the upper half plane we can define Cont,(y N D) as
the natural length of SLE in the domain D in the obvious way.

The main theorem of [6] becomes

lim Conty(y N D;r) = Conty(y N D),
r—0
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with probability 1. Now we compute

E[Conty(y N D;r)"] = E[r"(d_z) (Area(z € D|dist(z, y) < r)")]

n
= rn(d—Z)E[</ 1dist(z,y)<r dA(Z)) i|
D

= / r"(d_z)P(diSt(Z] L) <r,....dist(z,, y) < r) dA(z1)--- dA(zp).
Dn

For the above equality, we changed expectation and integral which is allowed because the integrand is always positive.
We will find an upper bound for

sup{r"(d_z)P(diSt(Zl’ y) <r,...,dist(zp, y) < ")}’

which is integrable over D". By Theorem 1.1 we know that this is bounded above by

n
_ Py, (r ANi)
rn(d 2) Cn Yk

k=1 Pyk (lk)

Now assume that 7 is smaller than /;, ..., [;, and bigger than the rest. Then by equation (1.5) and the definition of P,
we get that the above quantity is bounded by

k r2_d n

n(d-2) L d-2

Cur sz—d <G [
j=1"i; s=1

We have the last inequality because if r > I then r¢~2 < [9~2. So now we should show

n

n
d-2 : d-2
fan ) =[] =] min{lz — 2ol lzx — 21l l2k — 2l

k=1 k=1

is integrable over D". This is true because for every 1 <k <n,

. d-2
/ min{|zx —zol. lzk — z1ls -+ lzk — 211} dA)
D
k—1
< Z/ |zk —Zj|d72dA(Zk)
— Jp
J=0

diam(DU{0})
< k/ 121972 dA(z) = 271k/ 4l dr < oo,
|z|] <diam(DU{0}) 0

as d > 0. Finally, we may apply Fatou’s lemma to conclude that

E[Conty(y N D)"] 5/ f l—[lk(Zl, ey 20)dA(Z1) - dA(zn) < 0.
b Jpj_
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