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Abstract. We study voter models defined on large finite sets. Through a perspective emphasizing the martingale property of voter
density processes, we prove that in general, their convergence to the Wright-Fisher diffusion only involves certain averages of the
voter models over a small number of spatial locations. This enables us to identify suitable mixing conditions on the underlying
voting kernels, one of which may just depend on their eigenvalues in some contexts, to obtain the convergence of density processes.
We show by examples that these conditions are satisfied by a large class of voter models on growing finite graphs.

Résumé. Nous étudions le modele du votant sur des ensembles contenant un nombre grand mais fini de sites. En nous servant des
propriétés de martingales des densités du modele du votant nous prouvons qu’ il y a convergence vers une diffusion Wright—Fisher.
De plus cette preuve de convergence n’utilise que certaines moyennes sur un petit nombre de sites. Ceci nous permet d’identifier
des conditions de mélange concernant le noyau du votant sous-jacent. Dans certains cas une de ces conditions nous permet de
démontrer la convergence des densités en n’utilisant que les valeurs propres des noyaux. Nous donnons des exemples montrant que
ces conditions de mélange sont satisfaites pour une grande classe de modeles du votant sur des ensembles croissants de graphes.
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1. Introduction

The goal of this work is to investigate the convergence of density processes in finite voter models to the Wright—
Fisher diffusion. This convergence gives a mean-field approximation for voter models, and is also closely related
to the mean-field approximation of coalescence times for the associated dual Markov chains (cf. the recent work of
Oliveira [23] and [24]). Earlier examples for such convergence of density processes are few and include the traditional
mean-field models and the voter models on d-dimensional tori for d > 2 (cf. Cox [5]). In the present work, we give
mixing conditions on the underlying voting kernels which hold for a large class of finite voter models, and in particular
generalize the earlier results.
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Wes introduce the class of voter models considered throughout this paper. See Chapter V of Liggett [18] or Sec-
tion 4.3 of Liggett [19] for a general account of voter models. Recall that for a finite set E, a Q-matrix ¢ is indexed
by x, y € E and satisfies

g(x.y)=0 ¥x#y and g()=-—q(r.x)= ) qx.y) (L.D)
Viy#X

(see Chapter 2 of [19]). For such a pair (g, E) with g irreducible, the associated continuous-time voter model (&) is
the {0, 1}£-valued Markov chain evolving according to the following rule. At independent exponential random times,
the “voter” at site x replaces its “opinion,” which is 0 or 1, with that of another site chosen independently according
to g(x,-) on E \ {x}. More precisely, the voter model (&) is the pure-jump Markov process on {0, 1}¥ with generator

LEE =) c(t6)(f(E) - £&) (12)

xeE

Here, for any configuration &, £* is obtained by switching the opinion of & at x to the opposite one and differs from &
only at this site, and the flip rate at which & changes to £* is given by

c(€.8%) =) [E@ER) +E®EM]qx. ), (13)

yeE

for E: 1 — £. Hence, the Q-matrix g can be interpreted as the voting kernel of (£;). By allowing ¢ to be a general
Q-matrix as in (1.3), we can consider the case that the total voting rates ¢ (x) defined in (1.1) are site-dependent.
We consider in particular the density process (p;(&;)) of such a voter model, where

P& =) TEX) (14)

xeE

and m is the unique stationary (probability) distribution of the irreducible g-Markov chain, that is the Markov chain
with semigroup (e'?; ¢ > 0). The simplest example arises from the mean-field model in which each ¢ (x, -) is the
uniform distribution on the set E \ {x}, and it is often called the Moran model in population genetics. In this setting,
7 is the uniform distribution on E, and it is straightforward to apply diffusion approximation to the density processes.
More precisely, these processes, after time-changes by suitable constants, converge in distribution in the Skorokhod
space to the Wright—Fisher diffusion as the “population size” |E| tends to infinity. Here, we recall that the Wright—
Fisher diffusion, denoted by

(Y, Puwueo,11)

throughout this paper, is a Markov process on [0, 1] which uniquely solves the well-posed martingale problem for

d2

G= x(l—x)@ (1.5)

| =

and initial condition u for every u € [0, 1]. In particular, the Wright—Fisher diffusion is a continuous martingale with
predictable quadratic variation

t
(¥), = /0 Y, (1= ¥y)ds. (L6)

See Section 10.3 in Ethier and Kurtz [13] for the convergence of these density processes and Chapter 4 in the same
reference for martingale problems.

For more realistic modelling, several works consider finite voter models where the voting kernels g are defined by
spatial structures, or more precisely by the transition kernels of (simple) random walks on graphs (see Chapter 14 in
[2,5], Section 6.9 in [11,12,23] and [26]). We note that in theoretical biology, such voter models play an important role
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in the study of evolutionary dynamics where the use of general spatial structures for the underlying social networks of
biological identities is essential (cf. [4,8,25] and the references there). Voter models in these contexts become harder
to analyze, but the mean-field case mentioned above may still serve as an important example in their studies.

For density processes in spatial voter models, the work Cox [5] obtains a similar diffusion approximation on d-
dimensional discrete tori for d > 2. It proves that if the initial laws for voter models are Bernoulli product measures
with a constant density, then the density processes, again after suitable constant time-changes, converge to the Wright—
Fisher diffusion. We note that the voting kernels defining the voter models in [5] are nearest-neighbor ones allowing
only “local” interactions, whereas interactions in the mean-field case are defined by voters living in “well-mixed”
populations and are very different in nature. Hence, the fact that the Wright—Fisher diffusion appears as the diffusion
limit in both cases suggests that this type of diffusion approximation of density processes should occur in some
generality. We will focus on the case as in [5] that the initial conditions are Bernoulli product measures.

To introduce our perspective on this question, we restrict our attention to the simple case that

qg=p-—1dg (1.7)

for some symmetric probability matrix p with zero diagonal throughout this section. Here, Idg is the identity matrix
indexed by elements of E, and such a Q-matrix g arises when we consider the usual time-change of a discrete-
time Markov chain with transition matrix p by an independent rate-1 Poisson process (cf. Section 20.1 of [17]). In
Section 2, we will give our result for general irreducible voting kernels ¢, and more notation is required then. Now,
the stationary distribution  for a voting kernel g of the form (1.7) is the uniform distribution, and the density process

1
(p1 (55)) is a martingale with jump size E (1.8)

By introducing a constant time-scale factor y > 0, the density process has predictable quadratic variation

2y (!
<p1(§y~)>, = E/O Plo(fy‘v)d& (1.9)
where
1 ~
P = T > g E®ED) (1.10)
x,yeE

is a weighted average of (1, 0) pairs in the configuration £. See Proposition 3.1 for these properties of density pro-
cesses.

This observation should readily reveal the similarity of the density process and the Wright-Fisher diffusion in
terms of martingales, under the condition that the population size |E| is large and the predictable quadratic variation
of the density process, a weighted average of (1, 0) pairs in (&, ) by (1.9), satisfies

t

(P1(&)), %/0 P11 = p1(Ey)]ds as |E| — oo (1.11)

(recall the predictable quadratic variation (1.6) of the Wright—Fisher diffusion). The mean-field case gives the simplest
example satisfying this condition, since

E|
|E] -1

pio(&) = pi®[1—p1®)]. (1.12)

and hence (1.11) holds plainly with y = |E|/2. In general, if we pass |E| to infinity and p;(&y) converges, then
under (1.11) the density processes should converge to a continuous martingale by (1.8) which solves the well-posed
martingale problem associated with the differential operator G in (1.5). In other words, the limiting object should be
the Wright-Fisher process, and indeed, standard martingale arguments confirm this. See Section 5 for the details, and
also its last two paragraphs for the use of general initial conditions.
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We will formalize the condition (1.11) by the convergence in probability of the differences

t

(p1(&))), —/0 P11 — p1ys)]ds (1.13)

for any ¢ € (0, 00). Here, we pass to the limit along a sequence of voter models, started with Bernoulli product
measures with a constant density and defined by (g M) Epen with |E,| —> oo, and a sequence of constant time
scales (y,,). Our first main result in this paper shows that such convergence of the differences (1.13) is in fact an
equivalent condition for the convergence of the voter densities toward the Wright—Fisher diffusion. See Theorem 2.1.

Let us discuss how the method of moments in Cox [5] can be applied to general finite voter models, and compare
this method with the method of martingale problems stated above. In [5], the convergence of densities for voter
models on discrete tori of dimension d > 2 toward the Wright-Fisher diffusion was obtained by proving that certain
coalescence times of random walks are approximately sums of independent exponential variables and then appealing
to the method of moments via the well-known duality between voter models and coalescing Markov chains (see
[18] or (3.7) below). In fact, there is an equivalence between such almost exponentiality of coalescence times and
the convergence to the Wright—Fisher diffusion of voter density processes. It takes several forms, and they hold in
general (see Proposition 2.5 and Proposition 2.6). To apply these, we note that the recent work of Oliveira in [23]
obtains the required asymptotic behavior of coalescence times for general Markov chains under Aldous’s condition
discussed below. This result can be readily used to get the mean-field behavior for one-dimensional marginals of the
associated voter densities. Nonetheless, in contrast to the method of moments, we believe that the present approach
by martingale problems gives greater insight into why the convergence to the Wright—Fisher diffusion should hold. It
leads to an equivalent condition in terms of the lower-order densities in (1.13).

The second main result of this paper is concerned with sufficient conditions for the convergence of the differences
(1.13) in terms of the underlying sequence of voting kernels ¢ . By Proposition 5.3 below, the convergence in
probability of the differences (1.13) for ¢ can be reinforced to convergence in L2-norm. Hence with duality, it
can be shown that this convergence is equivalent to a condition involving the coalescence times of four g™ -Markov
chains (recall (1.9) and see the remark below Proposition 5.3). We give two simpler sufficient conditions for the
convergence, and each involves just two g™ -Markov chains. These conditions result from the classical conditions
for almost exponentiality of hitting times (see Aldous [1] and Proposition 5.23 of Aldous and Fill [2]), and carry the
informal idea that the time for two independent chains to coalesce “falls far behind” the time for the chain to get
close to stationarity. See Theorem 2.2 for the precise formulations. In formalizing the time to stationarity, while one
of our two conditions (cf. Theorem 2.2(i)) uses mixing times and also appears in [23] for almost exponentiality of
coalescence times, the other one (cf. Theorem 2.2(ii)) is based on spectral gaps and can be weaker, or more readily
applied in some instances. On the other hand, by duality and our result for the convergence of voter densities, the
latter condition can also serve as a weaker condition for the convergence in distribution of coalescence times to sums
of independent exponential variables (Proposition 2.5). See also Section 1.1 in [23] for this issue when it comes to the
stronger L-Wasserstein approximation of coalescence times.

As a final remark, we compare our results with the convergence of the rescaled measure-valued densities of voter
models on Z? to super-Brownian motions as in Cox, Durrett and Perkins [7] for 4 > 2 and to a nonnegative solution
of an SPDE as in Mueller and Tribe [22] for d = 1. These voter models live on infinite spatial structures which, after
rescaling, converge in the natural way to tractable geometric objects, namely Euclidean spaces of the same dimension,
and hence allow more detailed studies of the associated voter models. In our case, the analysis relies on the martingale
property of densities, and we circumvent the issue of limiting spatial structures by turning to analytic conditions for
almost exponentiality of coalescence times.

The paper is organized as follows. In Section 2, we present our main results for general finite voter models. In
Section 3, we study some martingales associated with a density process and use the duality equation for voter models
to interpret these martingale properties in terms of coalescing Markov chains. In Section 4, we characterize the con-
vergence of the second moment of density processes in terms of the asymptotic exponentiality of coalescence times.
The results in this section are the core of our approach to obtain the convergence of density processes. In Section 5,
we study tightness of densities and prove a general version (see Theorem 2.1) of the statement that the convergence
of density processes to the Wright—Fisher diffusion is equivalent to the convergence in probability of the differences
in (1.13). As an application of this result, we prove in Section 6 two sufficient conditions, each involving only two
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independent g-Markov chains, for the convergence of voter densities (see Theorem 2.2). In Section 7, we discuss some
connections between the convergence of coalescence times and the convergence of density processes, and the main
results will be given below in Proposition 2.5 and Proposition 2.6. Finally, Section 8 is devoted to a few examples to
illustrate our sufficient conditions (see Theorem 2.2 and Corollary 2.3) for the convergence of density processes to the
Wright-Fisher diffusion.

2. Main results

From this section on, we consider voter models subject to irreducible Q-matrices (recall (1.1)) unless otherwise
mentioned. We work with a sequence of irreducible Q-matrices

(q(n)’ E”)neN

with stationary (probability) distributions (r ™) whenever we study voter models on large sets, and a pair (¢, E) with
stationary distribution 77 otherwise. The voter models associated with such a sequence (¢, E,) started at Bernoulli

product measures u, with density u, (§(x) = 1) = u are denoted by ((&;), PEZ‘) ). We will always assume that

|Ep| — oo.

99

Whenever necessary, other quantities depending on (g™, E,) will carry subscripts “n” or superscripts “(n).”

We start with our result for the equivalent condition of the convergence of voter densities to the Wright—Fisher
diffusion. Now, for any pair (g, E), the associated density process (p1(&,;)) for y > 0 is a martingale with jump size
bounded above by max,ef 7 (x), and its predictable quadratic variation takes a more general form than (1.9) which is
for the simpler case (1.7). To state the formula for the general case, we set up some notation. Introduce the following
measures on the product space £ x E induced by 7 and ¢:

v(x, ) = 7(x)?q(x, ) Lrcty, (2.1)
v(x,y)=v(x,y)/v(l). 2.2)

In addition, set p1o(£) and po;(§) as the v-weighted averages of the ordered pairs (1,0) and (0, 1), respectively, in
the configuration &, given by

pro@E) = > Bx, ME®EW), 2.3)
x,yeE
porE) =Y (x, MEME®D). 2.4)
x,yeE
Then
t
(p1(&,), =yv(D) /O [P10Ey) + poi (€ys)] ds 25)

(see Proposition 3.1 below). Note that if g is of the particular form (1.7), then v(1) = 1/|E|, both p19(§) and po1(§)
agree with the right-hand side of (1.10), and the right-hand sides of (1.9) and (2.5) are equal.

(d) T .
Below we use —> to denote convergence in distribution and write
n—o0
2
Tldiag = E m(x)”.
xeE

Theorem 2.1. Let u € (0, 1) and let (y,) be a sequence of strictly positive constants. Assume that

lim 7\ =0. 2.6)

n—oo  diag
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Then the convergence of density processes

(1) P 5 (¥, ) @7

under the Skorokhod Ji-topology for cadlag functions holds if and only if the following mean-field condition holds:
forany T € (0, 00),

T
YnVn (]l)/() [plo(gy,,s) + pOl(éj_y,,s)] ds

T )
_/0 Pl(Ey,,s)[l - Pl(gy,ls)]ds = 0. (2.8)

—> 00

We will show in Section 4 below (see Theorem 4.1) that the condition (2.6) is in fact necessary for (2.7).

Next, we discuss our second main result which gives sufficient conditions for the mean-field condition (2.8). We
need some notation concerning the mixing of the g-Markov chain. Let (g;) = (€'9) be the semigroup of the g-Markov
chain on E, and dg be the maximal total variation distance

de(t) = I;leagllqz(x, ) =7l oy 2.9)

where || - ||Tv refers to the total variation distance. Note that dg (¢) is always finite. We recall that the mixing time
1
tmixzinf{tEO: dep() < 2—} <0 (2.10)
e

provides, informally speaking, one measurement of the time for the one-dimensional marginals to get close to the
equilibrium distribution 7r. An alternative for this purpose for the g-Markov chain is the associated relaxation time
g~ !, where g € (0, o0) is the spectral gap and is the second smallest eigenvalue of —g. We refer to [2] and [17] for
standard properties of spectral gaps and their connections with mixing times (the arguments there can be adapted in
a straightforward manner to the context of Markov chains defined by general Q-matrices according to the setup in
Section 1.1 of [3]). In particular, we note that g_1 < tmix-

Next, let My 7 be the meeting time of two independent g-Markov chains with semigroup (g;) started at spatial
locations (U, U’), where the sites U and U’ are independent and distributed according to 7. We define the expected
meeting time to be

tmeet:E[MU,U’]- 2.11)

Theorem 2.2. For each n € N, let g,, t(") and t(n)

mix meet
the g™ -Markov chain, respectively. In addition, we put

be the spectral gap, mixing time and expected meeting time of

7 =max{x ™ (x); x € E,},

g =max{q" (x); x € E, }.

(Recall that the voting rates ¢ (x) are defined in (1.1).) Suppose that either of the following conditions is satisfied:

()

. : n) _ : mix __
@ i, Mg =0 and - lim 6= =0,
meet

(ii) the g™ -Markov chains are reversible and satisfy,

. (n) . log(e v tgllget nr(r?a)XQr(r:la)x v (1))
lim T igg = 0 and lim =0

n—00 n—00 t(n)
nUmeet

2.12)

Then for all u € [0, 1], (2.8) holds with y,, = tgfget, and consequently, (2.7) holds.
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Let us make some observation for the condition (ii) of Theorem 2.2. From an inequality (see (3.21)) proved later
on, we have

(ﬂ) 2
T fiae)
Broet T o > e\ T i v (1) > 74 fag 2.13)
Also, it is plain that
- (n) _ (n) _
Jim 74, =0 = lim nnfax 0. (2.14)

Hence if the voting rates (g M (x); x € E,) are uniformly bounded and lim,,_, o n(glag =0, then lim,,_, o tfnget = 00,

(n)

and moreover, " has order at least (o)~ L. This, applied to the second part of (2.12), gives the following.

meet

Corollary 2.3. If the Markov chains defined by (¢, E,)) are reversible and satisfy lim,_, nga)g =0,

lim sup maxq(") (x) <oo and hmmf g, >0,
n—oo X€E,

then the same conclusions of Theorem 2.2 hold. In particular, these conditions hold when g™ = p™ — Idg, for
symmetric probability matrices p™ (not necessarily with zero diagonals), and the Markov chains defined by (g™, E,,)
satisfy liminf, _, g, > 0.

If the sequence (t meetmﬂ%qé&)nd\; is bounded above, then plainly the second condition in (2.12) reduces to

nl;n;o gntr(r'fe)et =o0. (2.15)

This is the condition suggested by Aldous and Fill on almost exponentiality of hitting times in [2], for the particular
case of the first meeting time of two independent g-Markov chains (see also Section 1.1 in [23]). Moreover, if ¢ =
p™ —1dg, for a probability matrix p™ and the matrices p™ satisfy sufficient symmetry (see Chapter 7 in [2] for
the notion of symmetric chains and note that it is stronger than requiring p™ (x, y) = p®™(y, x) for any x, y), then
2t1(ne)et is equal to the so-called random target time and so can be expressed explicitly in terms of the eigenvalues of

(”) (Section 4.2 in [2]). In this case, the condition (2.15) only involves the eigenvalues of —q(”).

Remark 2.4. One notion of “transience” (respectively, “recurrence”) for a sequence of finite Markov chains (see
Section 15.2.3 in [2]) is essentially that the sequence (tﬁgetn&ngxqéfgx)neN be bounded above (respectively, tend to
infinity). See Remark 8.1 for more details on this terminology. Theorem 2.2 applies in both cases. In fact, we use
considerably more delicate arguments in the present proof of Theorem 2.2, in order to take into account the recurrent

case as well.

Our last results concern coalescence times of Markov chains. Suppose again that we have a sequence of irreducible
Q-matrices (g (O ), With stationary distributions (7 (”)). For a given n, let Uy, Us, ... be i.i.d. with distribution 7 O
Let (XX, x € E,) bea system of coalescing ¢ -Markov chains, with )A((’)‘ = x, independent of the U;’s. This means
that the g™ -Markov chains X* move independently until they meet, at which time they coalesce and move together.
Define the coalescence times

C,((")—mf{ {x U‘,...,)A(,U"H:j}, 1<j<k=<I|E,
and let Z, Z3, ... be independent exponential random variables with E[Z;] =1 /(é) In the mean-field case, it is

well-known and easy to check that with y,, = |E,|/2,

Cl @ &
y—]jo)o Z Zi, 1<j<k<oo. (2.16)
n

i=j+1
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(See Chapter 14 in [2].) In fact, this convergence is an easy consequence of the convergence of voter model densities
to the Wright—Fisher diffusion.

Proposition 2.5. If (2.7) holds, then so does (2.16). In particular, if either of the conditions of Theorem 2.2 hold, then
s0 does (2.16) with y, = t".

We refer the readers to [23] and [24] for recent results on the almost exponentiality of Markov chain hitting times
of general sets, and in particular, of Markov chain coalescence times. These results give the convergence in (2.16) with
explicit convergence rates under slightly different conditions than the ones we give here. Remarkably, the convergence
of the “full” coalescence times ég") of {)A(x ; x € E,} is also obtained in [23], where

CW =inf{t > 0; [{Xfix e Eu[ =}, 1<) <|El

In this direction, we also have Proposition 2.6 below, which interprets the convergence of full coalescence times in
terms of the convergence of voter densities to the Wright—Fisher diffusion.

Proposition 2.6. Let tl(n) denote the first hitting time of 1 by the density process (p1(§y,:)), and 'L’IY the first hitting
time of 1 by the Wright—Fisher diffusion (Y;). Then the following convergences are equivalent:

L™ @

<1—,IPI(:’)>—>(11Y,]PM), Vu € [0, 1], (2.17)
Vn “ J n—o0

é(ﬂ) @ 00

-9 Z Zi, VjeN. (2.18)
Y n—>o<>i:j_H

We note that the convergence (2.17) does not follow immediately from the weak convergence of density processes
since first hitting times are in general not continuous with respect to the Skorokhod Ji-topology. To see this, we
may reinforce the convergence (2.7) to almost-sure convergence in the Skorokhod Ji-topology by the Skorokhod
representation (see [13]). Then, for example, the approximating density processes (p1(£y,.), P,(fu)) may “linger” very
close to the absorbing state 1 for long periods of time before getting absorbed at 1, while the limiting process (¥;) has
already reached 1. Hence, (2.17) rules out this lingering behavior of the density process (p1(&y,.), IP’ffu) ) for all large n
in particular.

3. Martingale property and duality

Fix a Markov chain defined by (g, E) with stationary distribution 7, and consider the corresponding voter model (&;).
Recall the definition (1.4) of py, and set

po=1-p1.
In this section, we identify some martingales associated with the density process (p1(&;)) and then resort to the duality

equation for voter models (see (3.7) below) for their interpretations in terms of coalescing Markov chains.

Proposition 3.1. For any initial configuration & € {0, 1}£, all of the following three processes are P -martingales:

@ (p160)-
(i) (p1E)poE) +v(D) f5lp10Es) + poi(E)]ds).

(iii) (p2(&) —v(D) fy[p10(&) + poi(€)]ds).
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Proof. Recall that the generator £ and the flip rates of the voter model (§;) are given by (1.2) and (1.3), respectively.
In the following, we will show

Lpi =0, 3.1)
L(p1po) =—v(D)(p1o + po1)- (3.2)

Then our assertions for the processes in (i) and (ii) follow from these and a standard result of Markov processes. The
fact that the process in (iii) is a martingale then follows from the analogous properties of the processes in (i) and (ii),
since p{ = p1 — p1po-

We first show (3.1). Plainly

P1EY) — p1 &) =7 W[E®) — £W)], (3.3)

and thus by (1.2) we get

LpiE) =Y Ex) Y EMqe, y)mx) = Y &) Y EMq(x, y)m(x)

xeE yeE xeE yeE
= ) EMTGC, y) = Y EMEWT()g(x, y)
x,y€E x,yeE
- Y E@T@E, )+ Y E@EMT()G(x, y) =0,
x,yeE x,yeE

because ZyeE q(x,y) =0 and erE m(x)q(x,y) =0 for all y € E. Hence, (3.1) follows, and the density process
(p1(&;)) is a martingale.
Next, to show (3.2), we note that for any x € E,

p1(E¥)po(E¥) — p1(&) po(§)
=[p1(&*) = p1®)] - [Po(&¥) — Po&)] + po&)[p1(E*) — P1(&)]
+ p1E)[po(E¥) — po(®)]

=)+ po®)[p1(E*) — p1E)] + p1(E)[po(E¥) — po(®)],

where we have used (3.3) and the analogue po(§*) — po(§) = w(x)[£(x) —’S\(x)] in the last line. Since Lp; = Lpg =0,
the last equality implies that

Y e, )[p1(E)po(EY) — p1E)po(®)]

xeE
=— > [E®E® +E®EM]q(x. ()
x,yeE
=—v(@)[pi10&) + po1(®)].
where the last equality follows from the definitions (2.1)—(2.4). This gives (3.2), and our assertion for (ii) is proved.
The proof is complete. ]

Recall that p,, denotes the Bernoulli product measure on E with density u, (§(x) =1) = u.

Corollary 3.2. For any y,t € (0,00) and initial configuration & € {0, 1}£, the martingale (p1(&,:)) under Pg¢ has
predictable quadratic variation process

t
(p1(&,), = yv(@) fo [P10(Eys) + poi ()] ds. (3.4)
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Also for any u € [0, 1], we have
t
B, [P1GEy) poEy)] =u(l —u)(1 — mgiag) — yv(1) fo Eu, [P10(ys) + po1(5ys)] ds. (3.5)

Proof. The equation (3.4) follows readily from Proposition 3.1 for the process in (iii) and the standard characterization
of predictable quadratic variations (cf. [15]). Similarly, by (ii) in the same proposition, we have

t
Ee[p1Ey0) poEy)] = p1(E) po(§) — )/V(Il)/o Ee[p1oGys) + po1(€ys)] ds, (3.6)

and so a randomization of the initial configuration & by u,, leads to (3.5). ([l

The rest of this section is devoted to interpreting the above results by coalescing Markov chains, and now we
recall duality. Using the coalescing Markov chains (X*, x € E) introduced in Section 2, we can formulate the duality
equation for voter models (see Chapter V of [18] or Section 4.3 of [19]) as

En[ng,(x)} =E[H n(f(;f)} vne {0, 1}f, teRy (3.7)
xeF xeF

for any nonempty subset F of E. The readers will see later on that the duality formula becomes particularly tractable
for a voter model with initial law ,,.

We will make frequent use of a special case of (3.7) stated as follows. For convenience, let (X}, x € E) be another
system of g-Markov chains with Q-matrix ¢ and X{j = x, but now consisting of independent chains. We define the
first meeting times of X* and X” by

M., =inf{t>0: X7 =X/}, x,y€E.
Then (3.7) implies
Ee[&0& ()] = E[E(X7)E(X)): Myy > 1] (3.8)
Next, we recall that (U, U’) has law = ® m, and now introduce (V, V') with law
P(V:a,V’:b)Ef)(a,b), a,beE (3.9)

(recall the definition of v from (2.2)). We assume, in addition, that these random elements (U, U’) and (V, V') are
independent of the system (X*; x € E).

Proposition 3.3. For any y,t > 0 and initial configuration & € {0, 1},

Ee[p1(y) po&,)] = B[ (XU)E(XY): My,ur > yi], (3.10)
Ee[pro(&,0)] = E[s(XV,)E(XV;): My .y > yt], (.11)
E¢ [po1 (&,1)] =E[E(X), ) My v > yt]. (3.12)

Proof. By the duality equation (3.8) and the definitions of pi, po and (U, U’), we have

Ee[p1&0poGyn] = > m)x(ME[E(X],)E(X,): My, > 1]

x,yeE
= E[S(X;l/]z)g(x;lxj;) My, > yt],

which proves (3.10). The equations (3.11) and (3.12) can be derived in the same fashion by using the definition (3.9)
of (V, V). (I
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We point out that (3.10)—(3.12) are closely related to the tail distributions of some particular meeting times. By
(3.11) and (3.12), we have

sup  Ee[pio&ye) + poiEy)] <2P(My v > yi). (3.13)
£€{0,1}F

Moreover, if we start the voter model with the product measure j,, for u € [0, 1], then Proposition 3.3 implies

Eu, [P1E0)po&y)] =u(l —u)P(My g > y1) (3.14)

and

Ev, [P10Gy0)] = Epu, [Po1Ey)] = u(l —w)P(My yr > y1). (3.15)

As a particular application of (3.14) and (3.15), we give simple proofs for some known results in Markov chain
theory in Corollary 3.4 below (see Section 5.3 of Chapter 3 in [2]).

Corollary 3.4. The tail distributions of My y and My vy are related by the formula: for any y,t > 0,

t
PMy .y > yt) =1— mdiag — 2yv(]l)/ P(My vy > ys)ds. (3.16)
0

Moreover, we have

_ 1 — Tdiag
E[My y/]1= 72‘)(]1) ) (3.17)
E[My,u]=vE[M; ]. (3.18)

Proof. We start with (3.16). If we fix u € (0, 1), and plug (3.14) and (3.15) into (3.5), then cancelling the factor
u(l — u) gives (3.16). We remark that (3.16) can be alternatively derived by a standard Markov chain “last time”
decomposition (see Section A.2 of [7]), and leave the details to the readers.

We then consider the two equalities (3.17) and (3.18). Since ¢ is irreducible, the meeting time M, is finite a.s.
for any x, y € E. Thus, by setting y = 1 and passing t —> oo in the identity (3.16), we deduce (3.17). To obtain the
second equality (3.18), we set y = 1 and integrate both sides of (3.16):

EiMy o] =200) [ (=T [y ds ) d
[(My,p']=2v( )/(; <T(1U_~/o My yr > s) S)f

o0 o0
=2v(1) / / P(My vy > s)dsdt
0 Ji

o0
= 2v(]l)/ sP(My yr > s)ds
0

2
(M2 ]

E
=2v(1) =v(DE[M; ],

where (3.17) is used in the second equality below. We have proved (3.18). The proof is complete. (]

Remark 3.5. (1) Some useful consequences of Corollary 3.4 are the following. First, (3.17) and Markov’s inequality
imply that for any y,t > 0,

— Tldiag

1
2yv(P(My vy > yt) < ; (3.19)



Convergence of voter densities to Wright—Fisher diffusion 297

Second, passing t —> 00 in (3.16), we obtain
o0
2yv(]l)/ PMy vy > ys)ds <1. (3.20)
0

Finally, from (3.17), (3.18) and the Cauchy—Schwarz inequality we obtain a useful lower bound of tmeet = E[My y1:

1 (1= Tdiag \*
t >——-] . 3.21
meet — V(ﬂ) < ) ) ( )

See also Section 5.1 of [2] for a similar inequality.
(2) If q is of the form (1.7) for a symmetric probability matrix p with zero diagonal, then v(1) = 1/|E| and
PV, V') =(a, b)) =r(a)q(a,b). In this case, (3.17) and (3.18) reduce to

_|EI—1 2 1
EMyyl=—— and E[My,]=|E| EMyul,

respectively.

4. Pairwise coalescence times

Throughout this section we take an arbitrary sequence of irreducible Markov chains defined by Q-matrices
(g™, E)nen. With 7 being the stationary distribution of ¢, we write

Tig = >_ 7" )%,
xeE,

B v (1)

vu(x, y) En(n)(x)Zq(n)(x’ M yy, Uy

as before. Let (&) with law ]P’f\n) denote the voter model defined by the voting kernel ¢ with initial distribution A.

By convention, PY = P™ for delta measures 8.
£ 8

In this section, we consider the density processes of these voter models and study the necessary and sufficient
conditions for the convergence of their second moments to the second moment of the Wright—Fisher diffusion
(Y, (Py)uero,17) which is defined by the differential operator G in (1.5). Our main result in this section is Theorem 4.1
below. In the following, let e denote the exponential random variable with mean 1, and .Z(X) denote the law of a
random element X.

Theorem 4.1. Assume that

lim 7\ = A€o0, 1), (4.1)

n—oo  diag
and let (y,) be a sequence of constants in (0, 00). Then the following conditions are equivalent.

(1) For someu € (0, 1),
1im B [p1(6y,0poEy0] = (1 = AE[Y(1 = Y)] Vi eRy. 4.2)

(2) Forallt e Ry,

t
lim 2)/,11),,(1)/ P(")(MV’V/ > Yps)ds = (1 — A)(l — e_').
n—>oo O
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(3) Forall u e Ry,

lim 2y, v, (DE™[1 — e #Mvv/i] = (1 — A)E[1 —e™¢].
n—oo

M ,
(4) g<ﬂ> D a—A)- L@ +A-5.
yn n—oo

Moreover, if any of these four conditions holds, then (4.2) holds for any u € [0, 1].

Proof. We will prove this theorem in the order: (2) <= (4), (1) <= (2), and finally (2) <= (3).
Step 1: (2) <= (4). Note that (4) is equivalent to

PP (My yr > yut) — (1 — Ae™, Vi >0,

and so it follows immediately from (3.16) and (4.1) that (2) and (4) are equivalent.
Step 2: (1) <= (2). Suppose that (1) holds for some u € (0, 1). Note that

E (Vi1 =Y)]=u(l —u)e™, teR;.
Using the foregoing equality, (3.14) and (3.16), we see that (1) implies

(1= Du(t —we™ = lim EX[p1(Ey,0poEy,e)]

0o M
t

=u(l —u)|:(1 — A) — lim 2ynvn(]l)/ P™ (My vy > yns)ds].
n—>od 0

Cancelling out the factor u(1 — u) on both sides of the foregoing equality, we obtain (2). For the converse, we take
any u € (0, 1) and then reverse this argument. In particular, (4.2) holds for all u € [0, 1] whenever (2) applies.

Step 3: (2) <= (3). Let us make some elementary observations. First, for any (0, co)-valued random variable X
and any u > 0, it is elementary to obtain

E[1—e ] =pu /OO e MP(X > 5)ds 4.3)

0
[ee] t
=u?| e / P(X > s)dsdr. (4.4)
0 0
In addition, (3.20) gives
o0
2¥u v (1) f P (My v > yus)ds <1, VneN. 4.5)
0
Now assume that (2) holds. Taking X = My y//y, in (4.4), we have for any p > 0
o0 t
2y (ME[1 =My i) = 2 f e / 2720 (WP (My,yr > yus) ds dr. (4.6)
0 0

We pass n — oo for both sides of the foregoing equality. The bound (4.5) justifying the use of the dominated conver-
gence theorem, the limit of the right-hand side of (4.6) equals

1= A)u? foo e M (1—e")dt=(1—ADE[1 —e "],
0

where the last equality follows from (4.4) with X = e. We have proved (3).
The proof that (3) implies (2) is more involved. Employing (4.3) again, we see that (3) implies that for all A > 0,

o0 o0
29,V (1) / e NP (My v > yps)ds — (1 — A) / e MP(e > s)ds (4.7)
0 0
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as n — oo. For any p > 0 and ¢ > 0, define
e MPMW (My yr > yut)
J57 e PO (My yr > yus)ds’

e MP(e > 1)
Jo e P(e > s)ds

fn,p_(t) =

fu(t) =

Applying (4.7) twice, we obtain for any A > 0,

0 L — (A
[ i = 2 (@) Jy~ & RO My v > yat) dt
0 - 27,00 (1) fo° e PO (My yr > yys) ds

— /Ooe*“fﬂ(t) dr
0

as n — 0o. Hence, we deduce from Lévy’s continuity theorem for Laplace transforms of distributions on R (cf.
Theorem 4.3 in [16]) and (4.7) with A replaced by p > 0 that for all > 0,

t 1
2a(D) [ POy > 51 ds = ) [ POy > i) ds
0 0
t
— (1— A)/ e " Ple>s)ds 4.8)
0
as n — oo. Since pu > 0 is arbitrary, this implies
' t
limianynv,,(]l)/ P(”)(MV’V/ > Yps)ds > (1 — A)/ P(e > s)ds. 4.9)
n— 00 0 0

To prove the converse inequality, we start with the decomposition
t t
27,00 (1) / P (My v > yys) ds = 2y,1, (1) / (1—e )P (My, yr > yus) ds
0 0
t
+ 290 (1) [ e P (My yr > y,s)ds. (4.10)
0

Fix any i > 0. By Markov’s inequality and the elementary fact that 1 — e™*¥ < us if ws > 0, the first integral on the
right-hand side above is bounded by

t E(n) M ,
2J/nVn(1)/ Mi[ v.v] ds < ut,
0 Vn
where the last inequality is a consequence of (3.17). Applying the foregoing inequality to (4.10) and using (4.8), we
obtain

t t
lim sup2ynvn(]l)/ P(")(MV,V/ > yps)ds < ut + (1 — A)/ e MP(e > s)ds.
0 0

n—o0

If we let © — 0 in the above inequality and then combine the result with (4.9), we obtain

t t
2ynv,,(1)/ P (My v > yps)ds — (1 — A)/ P(e > s5)ds, 4.11)
0 0

which is (2). The proof of the theorem is now complete. ([l
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Corollary 4.2. Under the assumption (4.1), any of (1)—(4) of Theorem 4.1 implies that
lim 2y, v, (P (My v/ > yut) = (1 — A)e™, V> 0. (4.12)
n— o0

If in addition the limit m o = limy,_, o0 2,V (1) exists, then mp € [1 — A, +00] and

My v 1-A 1-A
f( vy ) 9, L&) + <1 - —)50
Vn ma

. . 1
with the convention that T = 0.

Proof. We prove (4.12), from which the second assertion immediately follows. We may assume that (2) of Theo-
rem 4.1 holds. For each n > 1, define

[ @) =270 (WP (My yr > yut), 1 € (0, 00).

Then each f; is continuous and decreasing. Moreover, by (3.19),

~ | —

0= fu® =<

Now fix a > 0 and define G, () =1 — af, (¢), t € [a, 00). By the above inequality, (G,) is a sequence of distribution
functions on [a, 00). Hence by Helly’s selection principle, there exist a subsequence (G, ) and some (sub-)distribution
function G such that G, (t) —> G(¢) for every continuity point ¢ € (a, 00) of G. Since G is monotone, it can have
only countably many discontinuity points, and hence for any a < s < t,

t

t
lim G,,k(u)duzf G(u)du

k—o0 J

by dominated convergence. It then follows from (2) of Theorem 4.1 that
t
/ Gu)du=(t—s)+a(l—A)(e™" —e*),
N

which implies that G(z) =1 — a(1 — A)e™" for every continuity point ¢ € (a, o0) of G. Since G is increasing, this
equality holds for any ¢ € (a, oo). Therefore, G is continuous on (a, o) and we have

lim G, (1) =1—a(l — A)e™" foranyt € (a, 00).
k— 00
As the limit does not depend on the subsequence, this proves that
lim f,(t)=(1— A)e™" foranyt € (a, o).
n—o0
Since a > 0 is arbitrary, we have proved (4.12). ]

We now study what is left out in the conclusion of Corollary 4.2 and consider, informally, the instant s, after
which the tail of 2y, v, (]l)P(”)(MV,V/ /vn € +) starts to behave like the (1 — A) multiple of the standard exponential
distribution. The following result will play a crucial role in the proof of Theorem 2.2.

Proposition 4.3. Suppose that (4.1) and any of (1)—(4) of Theorem 4.1 holds.

(1) Let (sp) SRy be any sequence such that

liminf 2y, v, ()P (My v > 5,) = 1 — A. (4.13)
n—oo

Then s, = o(yy) as n —> 00.
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(2) Let (sp) SRy be any sequence such that

lim 2y, v, (WP (My yr > s5,) =1— A. (4.14)
n— oo
If (s}) is a sequence in Ry such that s), > s, and s|, = o(yy), then (4.14) holds with (s),) in place of (s;).

Proof. Consider (1) first, and we may assume that (4) of Theorem 4.1 holds. Assume the converse that s, /y, does
not converge to zero. By passing to a subsequence if necessary, we may assume without loss of generality that (s;)
satisfies s, /y, —> 8 for some § € (0, co] as n —> oo. By assumption,

1 — A < liminf2y, v, ()P (My v > s,)
n— oo

-
_de (1 _ A) lim 2,

< lim 2y,v,(1
~ n—oo Vavn( )2snvn(]]_) n—00 §,

where the second inequality is due to (3.19). Hence, we must have § < 1. On the other hand, by (3.16) of Corollary 3.4,
M ’ Sn/Vn
P(”)<ﬂ > S—) =1 = gy — 2y (D) / PO (My,y > yus) ds. (4.15)
Vn Vn 0
Using (4) of Theorem 4.1, we get
My oy
lim P<”><ﬂ > s—) = (1= A)e.

Apply this to (4.15), and we obtain

Su/Vn
(1= A)(1 =€) = lim 2y, (1) f PO (My yr > yus)ds
0

Sn

> liminf2y,,v,,(Jl)( >P(”)(MV’ V> Sn)
n—>oo

> (-4

by the definition of § and (4.13). As a consequence, 1 —e™® > §, whereas it is easy to see that 1 — e <8 as long as

8’ > 0. This proves that § must be 0, so (1) follows.
To prove (2), we let (s;,) C Ry satisfy s, > s, and s, = 0(y;). It is immediate that

lim sup 2y, v, (1)P™ (My,v: > s))

n—o0

< lim 2y, (PP My vy > s)=1—A (4.16)
n—oo

by the present assumption (4.14). To obtain the converse inequality, we fix ¢ > 0. Since ;—’,’ < ¢ for all large enough n,
27w (WP (My v > 5,)
> 2y on (WP (My,yr > eyn) —> (1 = A)e™*

as n —> oo by our assumption on the validity of any of (1)-(4) in Theorem 4.1 and Corollary 4.2. Since ¢ > 0 is
arbitrary, we deduce that

liminf 2y, v, (WP (My ' > s5)) > 1 — A. (4.17)
n—oo

We now get the asserted equality (4.14) for (s;,) from (4.16) and (4.17). The proof is complete. [l
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5. Proof of Theorem 2.1

In this section, we prove limit theorems for density processes. We will focus on the martingale property of the density
processes and use semimartingale limit theorems for our purpose. As before, we take a sequence of irreducible Q-
matrices (g M E,) with stationary distributions (i ™Y and a sequence of strictly positive constants (y;,).

We first introduce some notation for density processes used throughout this section. For each n, we write Y, =
(Y, (¢)) for the density processes (p1(§y,,)) of the voter model defined by g™ . By Proposition 3.1, each Y, is a cadlag
(#]')-martingale, where

Fl =0y, 8 <1). (5.1)

We recall from (3.4) that the predictable quadratic variation process of Y, is given by the continuous process

t
(Yn)r = Yuvn (1) / [pl()(gy”s) + pOl(éyy,s)] ds. (5.2)
0
Note that the process in (5.2) is different from the quadratic variation process, which is given by
2
[Yali= ) (AYu(s))
Ss<t
(see [15]).
In the following theorem, we refer to [15] for the necessary stochastic calcuus definitions and theorems.
Theorem 5.1. Assume that (4.1) holds with A = 0 and any of (1)—(4) of Theorem 4.1 holds. Then we have the
following.

(1) Forany u € [0, 1], the sequence of laws of the cadlag martingales
(Y,.P)), neN (5.3)

is C-tight.

(2) For any u € [0, 1], every subsequential limit of the laws of the martingales in (5.3) is the law of a continuous
nonnegative martingale bounded by 1.

(3) Suppose that, by choosing a subsequence if necessary, the sequence of laws of the martingales in (5.3) converges
to the law of a continuous martingale Z. Then a stronger convergence holds:

(Yo, [Yn], (Ya)) 9, (Z,121,12)). (5.4)

n—od
Proof. We begin with the proof of the assertion:
the sequence of laws of ((Yn), P;(Z?) n €N, is C-tight. (5.5)

This follows by verifying (5.6) and (5.9) below for the sequence of laws of (Y},) (cf. Theorem VI1.4.5 of [15]). First,
we check the compact containment condition:

neN s

Ve >0,T >0,3K > 0such that sup PEZ,) (sup(Yn)s > K) <e. 5.6)
<T

We make use of the monotonicity of (Y, ), which gives, for every ¢ >0, 7 >0andn € N,

E{[(Y,
Pﬂ?(sup(Yn)s > K) < B 7]

s<T

K
YnVn (1) T (n)
= N /0 E/Lu [pIO(Syns) + po1 (Sy,,s)] ds
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2 1) (T
< @) / PO (My v > yus)ds (5.7)
X J :
!
< —, 5.8
=% (5.8)

where (5.7) follows from (3.15), and (5.8) from (3.20). We have proved (5.6).
The second condition which we need to check is Aldous’s criterion:

Ve=0. limlimsup  sup Pff:(““” —(Yu)s| =€) =0, (5.9
>0 n—soo §T:S<T<S+0

where S and T range over all finite (.#")-stopping times. For any 6 > 0 and finite (.#")-stopping times S and T
satisfying S < T < S+ 6, we have

T
Yu)r — (Ya)s|] = vavn WEY) /S [plo(sy,,s>+pm<syns>]ds}

By [

r rS+60
< Yuon(ME /S [plo@m)+pm(sy,1s>]ds}

r 6
= Yuva(DES) Eg;;s[ /0 [P10(Ey,s) + pm(sy,,a]dsﬂ

0
< 2,V (1) / P (My .y > yus)ds, (5.10)
0

where the last inequality follows from (3.13). Note that the right-hand side of the last inequality is independent of the
stopping times S and 7. By assumption, condition (2) of Theorem 4.1 holds, and thus

0
lim 2y,v,(1) / P (My v > yor)dr=1—e7?.
n—>0oo 0

Our claim (5.9) now follows by applying this equality to the right-hand side of (5.10). We have proved that the
sequence of laws of the continuous processes (Y},) is tight, or more precisely, C-tight.

The next step is to prove the desired properties (1)—(3) of the sequence of laws of the cadlag martingales Y,
given that we have obtained the C-tightness of the sequence of laws of (Y},). Since the sequence of laws of the initial
conditions (Y, (0)) is clearly tight, we may apply Theorem VI1.4.13 of [15] and conclude that the sequence (Y, ]P’,(fu)) is
tight. Since the jumps of Y;, are uniformly bounded by né{?x, and nr(,ﬁl)x —> 0 as n —> oo on account of the assumption
that A = 0, it follows from Proposition VI.3.26 of [15] the sequence of laws of (Y,) is C-tight, so we have proved (1)
of our theorem.

We now consider (2). Suppose that (Z,Q,) is a subsequential limit of the sequence of laws of (Y, ]Pffu)). For
convenience, we may assume that

(Y, P2) -2 (2, Q).

Since (Y, IF’("H)) is C-tight and each member is a nonnegative martingale uniformly bounded by 1, it follows that

the limiting object (Z, Q,) is a continuous martingale bounded by 1 by Proposition IX.1.1 in [15], and (2) follows.
Moreover, Corollary VI.6.30 of [15] implies that

(Yo, [¥a]) % (2, 12]). 5.11)

n—oo

It remains to prove (3), and we need to reinforce the convergence in (5.11) to (5.4). To this end, it suffices to
show that the sequence of laws of (Y,) converge to the law of [Z] = (Z) as well. We have shown the C-tightness of
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the sequence of laws of (Y,) in the proof of (1). Hence, by taking a subsequence if necessary, we may assume that
the sequence of laws of (Y,, (¥;)) converges to the law of (Z, B) for some continuous increasing process B. The
sequence (Y},) is obviously uniformly integrable. We will show in the last paragraph of this proof that {(Y,,)7},en is
L»-bounded for any T > 0, and hence uniformly integrable. It then follows that both Z and Z> — B are continuous

martingales with respect to the filtration generated by Z and B. The standard characterization of (Z) implies that
(Z) = B, and we can reinforce the convergence (5.11) to

(d)

n—oo

(Y, Yal, (Ya)) — (Z,1Z1,12]). (5.12)

To complete the proof, we verify that for any fixed 7' > 0,

sup]E<">[< 3] < oo (5.13)
With (5.2) as our starting point, we expand and use the Markov property at time s < u to obtain

Ef0[(Ya)7] = 2(rvn (D)) / ds / duED[[p10Epns) + Por Gys)]

X B [p10GEpu—s) + P01 Eu-s)]]

T
= 2()/,11),,(1))2/0 E,(fu) [Pl()(éy,,s) + po1 (‘i:)/rls)] ds

T
x/ 2P(")(MV’V/ > yuut) du,
0

where the last inequality is due to (3.13). Applying (3.13) again, we obtain

T 2
EW[(Y)7] < 2[2ynvn<ﬂ> /0 P (My v > yau) du] <2
by (3.20). This gives (5.13), and the proof of (5.12) is complete. O

Corollary 5.2. Suppose that (2.6) holds (i.e., (4.1) holds with A = 0). Then the convergence (2.7) implies the mean-
field condition (2.8).

Proof. Suppose that the sequence of laws of (Y, ]P,(fu)) converges to the distribution of the Wright—Fisher diffusion.
This implies that condition (1) of Theorem 4.1 holds. As a consequence, Theorem 5.1 applies, and thus (5.4) must
hold with the limit Z distributed as the Wright-Fisher diffusion Y and hence

t
[Z]; =/ Zs(1 —Zy)ds. (5.14)
0
Since
t
w—> </ w(s)[l — w(s)] ds;t e R+) :D(R+, [0, 1]) —> D(R4,R) (5.15)
0

defines a continuous function (cf. the proof of Proposition 3.7.1 in [13]) for any T € (0, c0), the equation (5.14) and
the convergence (5.4) imply

T @
(V) —/ Ya)[1 - V()] ds -2 o,
0 n—oo

which is exactly the mean-field condition (2.8). O
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Our strategy to complete the proof of Theorem 2.1 is to argue that if (2.6) and the mean-field condition (2.8)
hold then the conditions of Theorem 4.1 must hold, so that Theorem 5.1 applies. To do this, we first show that the
mean-field condition is itself a statement of local convergence in L? (P) for any p € [1, 00).

Proposition 5.3. For any voter model defined by an irreducible Q-matrix and initial configuration &,
o m
Eg [(/ v(M[p1os) + por €] dS) ] <m! VmeN. (5.16)
0

Hence, the mean-field condition (2.8) holds if and only if for all T € (0, 00),

T
lim EL)H /0 (Yavn [ P10Gy,s) + P01 Eys)] — P1(Eyys) Po(Ey,s)) ds

n—o0

Teo

Vpel[l, o). (5.17)

If we set m = 2 and use duality, then the convergence condition (5.17) is equivalent to a condition that can be
expressed in terms of two pairs of coalescing Markov chains started at different times. We show in the next section
that an argument using only a single pair of Markov chains is sufficient to obtain this convergence.

Proof of Proposition 5.3. By (3.13) and (3.20), for any initial configuration &,

v(1)Eg [fo [P10(&5) + por (Ss)]dsi| < 2V(Jl)/o P(My vy >s)ds < 1. (5.18)

For m € N, if we expand the left-hand side of (5.16), and then use the Markov property at time s;,,—1 < S, we obtain

o) [ an [ dsmEg[H[pm@s,.)+p01<ss,.)]}
S1 Sm—1

i=1

00 00 0 m—1
:m!(v(]l))m/O ds1/ dsz - / dsm—lEs[H [P10s) + por ()]
S1 Sm—2

i=1

X Eésm—l / [plO(é:sm—smq) + po1 (Evm —Sm—1 )] dSm:| .

m—1

By applying the bound (5.18) and iteration, we obtain (5.16).

For the second assertion, we only need to show that the mean-field condition implies (5.17), because the converse
follows immediately from Markov’s inequality. Moreover, given the mean-field condition, by Skorokhod’s represen-
tation and a standard result of uniform integrability, it is enough to derive a uniform bound on the mth moment of

Vnvn (1) l(; [PIO(E)/”S) + po1 (g}/ns)] ds

for any m € N, which is precisely the content of the first assertion. Hence, (5.17) holds, and the proof is complete.
]

The following result connects the mean-field condition and the various equivalent conditions in Theorem 4.1. It
completes the proof of Theorem 2.1.

Theorem 5.4. Suppose that (2.6) holds (i.e., (4.1) holds with A = 0). Then the mean-field condition (2.8) implies all
of the conditions of Theorem 4.1 hold, as well as the convergence (2.7) for all u € [0, 1].
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Proof. Let (y,) be a sequence of strictly positive constants so that the mean-field condition (2.8) holds. For the first
assertion, it is enough to show that (1) of Theorem 4.1 holds. By taking a subsequence if necessary, we may assume
that

t
I(0)= lim fo 5 [p1 Gy oGy, ] ds (5.19)

u

exists in Ry for all + € Q4. Since s —> ]Effu) [p1(y,5) Po(§y,s)] is uniformly bounded, a monotonicity argument
implies that the foregoing limit exists for all # € R, and defines a continuous function / on R. Moreover, given that
the mean-field condition holds, we can write the function / as

1
10 = Jim v @) [ B p10(E) + pon (6] ds (520)
by Proposition 5.3. In view of (3.5) and the last display, we obtain
lim Ef[p1(5y,0) poEy0] =ul —u) = 1(t) VieRy. (5.21)
n—o0

By the bounded convergence theorem and the definition of 7 (¢), this implies

t
1) :/ [u(1 —u) —I(s)]ds
0

by (5.19). Solving this integral equation gives I (t) = u(1 — u)(1 —e~"). By plugging this solution into the right-hand
side of (5.21), we find that

1im B[ p1(Ey0) oy, ] = ul —we ™,

which is (1) of Theorem 4.1. This proves the first assertion.

Having proved that the conditions of Theorem 4.1 hold, we may now apply Theorem 5.1. By (i) of Theorem 5.1, the
family (Y, P,(fu)) is C-tight for any u € [0, 1]. If (Y, , IP’,(:’M")) is any weakly convergent subsequence, then (ii) and (iii)
of Theorem 5.1 imply that

(d)
(Yl’lk9 (Ynk)) l’le)O(Z’ <Z>)

for a continuous martingale Z. Thanks to the continuity of the map (5.15), we deduce from the mean-field condition

(2.8) that

T
(Z)T=/ Z;(1—Zs)ds VT eR4
0

almost surely. Hence, Z is a Wright-Fisher diffusion, and the proof is complete. (]

Although we only consider Bernoulli initial conditions throughout this section, the readers may notice that most of
the proofs do apply to the context where for each n, the initial condition of the voter model defined by (¢, E,) is a
general probability measure A, on {0, 1}£7.

More precisely, the same proofs of Theorem 5.1, Corollary 5.2, and Proposition 5.3 still apply, if we consider such
a generalization. For the extension of Theorem 5.4, we consider general initial conditions A, for which the sequence
of laws A, (p1(§) € -) converges weakly to a probability measure, say, /):oo on [0, 1], and use (3.4) instead of (3.5)
to obtain an analogue of (5.21). This leads to the conclusion that, whenever the mean-field condition (2.8), with u,
replaced by A, for each voter model defined ¢, holds, we have the weak convergence of the associated density
processes to the Wright—Fisher diffusion with initial condition /):oo.
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6. Proof of Theorem 2.2

For the convenience of readers, we give an informal outline of the proof of Theorem 2.2 first. We take a generic voter
model as usual and a constant y > 0. Falling back in time by a small amount § and using the Markov property of voter
models, we get for any instant s

Vv(jl)[pl()(éys) + po1 (gys)] — Pl (gys)PO(éys)
~ yv(D)(Be, (s [P10Ey )] + Ee, s [P0115)]) — P1(Ey(s—8) P0Gy (s—5))

on o (&y,; u <s). We then resort to duality and interpret the right-hand side, or more generally the term

yv(@) (Ee[pro&Eys)] + Ee[ po1ys)]) — p1E) po€) 6.1

for arbitrary &, by moving forward in time from the point of view of g-Markov chains. For the first two terms
E¢[p10(6ys)] and Eg[ po1(§,5)], we use Proposition 3.3 and read them as expectations of the function

(x, ) — E(X)E(Y)

of some pairs of g-Markov chains before they meet. On the other hand, p;(§) and po(§) are the m-expectations
of configurations & and E, respectively, where 7 is the stationary distribution of the g-Markov chain. Applying these
observations to the quantity (6.1), we can regard (2.8) as a result that, informally speaking, the time that two g-Markov
chains meet “falls far behind” the time that a g-Markov chain gets close to its equilibrium distribution 7. See also [9]
for an application of this “falling-back-moving-forward” argument.

Some additional notation will be useful in the first step of making the above precise. Recall the system (X;) of
independent g-Markov chains on E with semigroup (g;) and stationary distribution . For any real function f on E

define 7 (f) =3 cp f(OT(), g1 f () =3y q:(x. y) f (1), and

Vare (f) = Y (f(0) = () 7 (x).

xeE

The following bounds will be useful. First, we have two bounds on the difference between ¢;£(x) and p;(§). Recall
the definition of dg in (2.9). Since p1(£) = 7w (£) and £ is bounded by 1, it follows that

|g:&(x) — p1()| <2dp(t), VxeE,&e{0, 1}F (6.2)

(see Proposition 4.5 in [17]). A second bound (see, e.g., Lemma 2.4 of [10]) is available when (g;) is reversible and
has spectral gap g. In this case, for any f,

Vary (g, f) < Vary (f)e %", (6.3)
Second, it follows from the definition of tyix in (2.10) that
di(ktmix) <e %, VkeN (6.4)

(see Section 4.5 of [17]).

Proposition 6.1. Let (g, E) be an irreducible Q-matrix. For any 0 < s <t < 00, we have the following estimates.

(1) If dg denotes the maximal total variation distance defined by (2.9), then

sup |Eg[pio&)] —P(My,y > s)p1(§)po(&)|
gel0,1}E

<P(My, v € (s,t]) + 4P(My v’ > $)dg(t — ). (6.5)

The same inequality holds if p1g is replaced by po; .
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(2) Ifthe g-Markov chain is reversible and g is the associated spectral gap, then

sup |Ee[pro&)] = P(My, v > 5)p1(€) po(§)|
£€{0,1}E

<P(My.y € (s.1]) +2 /%e*g(’*”, (6.6)

where Tmax = max{m(x); x € E} and gmax = max{q(x); x € E}. The same inequality holds if p1¢ is replaced by
po1-

Proof. The proofs of (1) and (2) are based on the preliminary bound

|E¢[p10E)] — p1E) poE)P(My vy > 5)|
<P(My.yr € (5,1]) + |E[qr—s (X} )qi—& (X)) = p1(&) po(&); My v+ > 5]|. (6.7)

To get this bound, we first use Proposition 3.3 and write for any configuration &,

Ee[pro6)] = E[5(x))E(x)): My, > 1]
=E[£(X))E(X)"): My,y: > s] +e1(s. 1: 6), (6.8)
where
lei(s,t;6)| <P(My,y € (s,1]) (6.9)

uniformly in £. Applying the Markov property of the two-dimensional process (X", X V') at time s, we have
E[¢ (Xtv)léj\(xt\//)’ Myy >s| =E[E[§ (X;’_S)E(Xt”/_s)]|(v’v,):(X;,’X},/); My y > s]
=E[qi-§(X{)ai-E(X]"): My v > 5]
=p1E)po&)P(My vy > 5)
+E[qr-55 (X )ar—sE (X)) = L&) Po(§); My, > 5].

Combining this equality and the bound (6.9) on &1 with (6.8) gives (6.7).
We now consider the proof of (1). The last term in (6.7) is bounded above by

E[|g—5& (XY )qr—sE (X)) = p1(&) po(&)
<E[po@®)|p1(&) — q—s&(X))

+E[q&(XY) | po&) — qi—sE (X))
<4dp(t —s)P(My vy > 5),

;MV,V/ >S]

;MV,V/ >S]

s My y > s]

where we have used (6.2). Plugging this bound into (6.7) gives (6.5).
Next, we turn to the proof of (2). In this case, we bound the last term in (6.7) in the following way:

E[|qi—5& (XY )qi—sE (X)) = n&)7n(®)|]
<E[|gi—s(X)) = n®)|] + E[|g:—s& (X)) =7 @]
<E[(q-s&(XY) =7 ®)]"? +E[(q-sE (X)) =2 ®)*]"%. (6.10)
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Recall the distribution of (V, V') in (3.9). For all x € E and s > 0, we have

_ N(X)Z('I(x) < TTmaxgmax

v@) T w()

Since (X*) is independent of V, it follows from the foregoing inequality that

P(X) =x) =v({x} x E) 7 (x).

E[(q:-s(X}) —7(§)] = —”‘“}j’;j{;’“ Vary (¢r-8) < 7”1“3’(‘1‘{;“%—%0—0, ©.11)

where we have used (6.3) and the fact that Var(f) < 1 if | f| is bounded by 1. The same bound holds if we replace
£(X)) with £(X)"). Indeed, we still have

’ TT,
P(X/ =x) < Tmaxdmax 1) Vx € E and s > 0,

- v

since for any x € E, reversibility implies

Za:a;ﬁx T[(a)zq (a’ x)

P(V'=x)= e
_ 7T (x) Za:a;éx m(a)q(x,a) < T'maxqmax 7(x).
v(1) v(1)

Hence by (6.11) and its analogue when V is replaced by V’, we obtain from (6.10) that

E[|gi—s& (X} )ai—E (X)) —n©)n®|] <2,/ %e—g“—“.

Plugging this bound into (6.7) completes the proof of (6.6). ]

Lemma 6.2. If y, = tfgget, then under either condition of Theorem 2.2, any of the conditions in Theorem 4.1 holds

with A = 0. Moreover, we can choose (s,) satisfying (4.14) with s|, = o(y,) such that with 8, =5,/ Vn,

en=sup [y (EL [p10y,25,) + poi §y,25,)] = PHE PO — 0 (6.12)
£€{0,1}En

(cf. the informal discussion at the beginning of this section).

Proof. Let y, = t" —E® [My,y]. The strategy is to first prove that (4) of Theorem 4.1 holds, i.e.,

meet —

MU,U/ ﬂ)

yn n—oo

e, (6.13)

and then use Proposition 4.3 and the bounds in Proposition 6.1 to choose a sequence (s;,) satisfying (6.12).

Suppose first that (i) of Theorem 2.2 holds, and consider the product chain comprised of two independent copies
of ¢™-Markov chains. For the product chain started at its stationary distribution 7 ® 7, the first hitting time of the
diagonal D, has the same law as the meeting time My . Letting (ét(")) denote the product chain semigroup, we have
the obvious inequality

137 =7 @ 7™ ()| 4y < 2dE, (1)

By this inequality and our assumption that tg’i)x / tr(;’e)et —> 0, Theorem 1.4 of [1] on the convergence of Markov chain

hitting times to exponential laws applies to the product chain g;, giving (6.13).
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Now let (s;,) be a sequence with s, = o(y;,) satisfying (4.14) (here A = 0 by assumption). Note that the existence
of such a sequence (s,) is guaranteed by (4.12). Define (s],) by
t(n)

/_
Sy, =8n VlUp mix?

where (u,) satisfies

unt(n-)
lim u, =00 and lim —2% =0.
n—oo n—0o0 ‘}/n

Observe that 8, =s,,/y, — 0 as n — o0, and also that s, /tr(:fi)x — oo implies dg, (s;) — 0 by (6.4). Furthermore,
applying (2) of Proposition 4.3 to both (s;,) and (2s),), we have

lim 2y, v, (WP (My,y >s;) =1 and  lim 2y,v,(D)P™ (My v € (s}, 2s5,]) = 0. (6.14)
n—o00 n—od
By (1) of Proposition 6.1, taking s = s, and ¢ = 2s,,, we have for any initial configuration &,

|Yaon (WEL” [ P10y, 25,) + Po1 (Ey,2,)] — P1E) po ()]
<2¥uV, (]l)P(”)(Mv,v/ € (55,25, ]) + 8¥nvn (1)P™ (My,v > s,)dE, (s)
+ 270 (PP (My v > s;) — 1| p1(€) po(&). (6.15)

Therefore, (6.12) follows from (6.14) and (6.15).

Next, suppose that (ii) of Theorem 2.2 holds, so gntfl'fe)et — o0 as n — oo. We consider again the product chain,
the hitting time of the diagonal and the meeting time My . The product chain is reversible, and has spectral gap
g, = g,/2 by Lemma 3.2 in [10]. It follows from Proposition 3.23 in [2] that the hitting time for the diagonal D, is
approximately exponentially distributed in the sense that (6.13) holds.

We again select a sequence (s, ) such that s, = o(y;) and (4.14) holds. The existence of (s;) is due to the same
reason as in the case (i). Now we choose (u,,) such that

log(e V Yy Tk gt v, (1))
lim u, =00 and  lim u, Vo T o, (6.16)
n—0oo n— 00 gn)/n

and define (s)) by

Vn
Sy =sp V —.
Un

Clearly 8, = s, /v» — 0, and (6.14) holds by (2) of Proposition 4.3. By (2) of Proposition 6.1 with s = 5/, and = 25,
we get for any initial configuration &,

|V vn(ll)JEén) [P10(&y,25,) + P01 (Ey,25,)] — P1E) po ()]

< 2yuun (WP (My vy € (5, 25} ]) + 4/ T vn (1) yne 80
+ 290 PP (My v > 5,) — 1| p1(E) po (). (6.17)

As before, by our choice of (s;,) and Proposition 4.3, the first term and the third one on the right-hand side above tend
to 0 asn — oo.
To show that the second term on the right-hand side of (6.17) also tends to zero, we make some observations for

the condition (ii) of Theorem 2.2. Now, néi";g — 0, and so the inequality (2.13) implies that

liminf y, Y ﬂga)xqgngn 1) = liminftfgget ”r(x:;)xqgla)xvn (1) > 0.
) n—00

n—
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On the other hand,

Bn ) gnVi
Z “ —log(e V yuy/ Tiniainan v (1)) = log(e V v, né&%ﬁiﬁw(ﬂ))( g - 1)
! n 10g(e V Yy T inax v (1))
EnVn

> — 1 — o0,
uylog(e vV ”rglzl)x‘Ir(r:La)an 1))

where the convergence follows from the choice of u, in (6.16). We deduce from the last two displays that

gV
gnS, — log(e V ¥n nr(r:la)xqga)xvn(]l)) = % - IOg(e V ¥n ﬂr(nna)xqgla)xvn(]l)) —> 00,
n
which is enough for the desired convergence. The proof is complete. (]

We are now ready to prove Theorem 2.2.

Proof of Theorem 2.2. We have shown in the proof of Lemma 6.2 that (6.13) holds, and hence all of the equivalent
conditions of Theorem 4.1 hold. Also, the sequences (8,) and (¢;,) defined in Lemma 6.2 satisfy §, — Oand g, — 0
as n — oQ.

Our goal in this proof is to prove the L'-norm version of the mean-field condition, namely (5.17) with p = 1 for
any T > 0. For this, we first note that (3.13) gives

28,
ES) [ /0 [Yavn (W[ P10Grns) + P01 Eps)] = P1(Eys) Po(Eyys) | ds}

28,
< 2¥uWn (]]-)/ P(n)(IMV,V’ > Yps)ds + 26,
0

and the right-hand side tends to 0 as n —> oo by (2) of Theorem 4.1 and the fact that §, —> 0. Hence, it remains to
show that

n—00 Hu

T
lim E? H f2 8 (Yuvn @[ P10Epps) + P01 Es) ] = P1(Eyps) Po(Eyys)) ds

] =0, (6.18)

forany T > 0.
For convenience, we write from now on

p(&) = p1o) + po1(§),

and for any s > 24,
Hy(5) = yavn (D) pEy,s) — B [yavn (D) p ()| Fis, ]

(recall the definition of .%/" from (5.1)). Note that H,(s) € %, sn—zsn' Then

}

T
E() H /2 Y@ Eys) = P1(Es)polEye) ds

T 24172
cxef( [ o)
28,

T
LE® [ /2 B D (D76, T, ] P12l -2 ds}

T
+ Efxnu) H/;a P18y, (s-25,)) Po &y, (s—25,)) — P1(Ey,s) Po(Ey,s) ds } (6.19)

and so to verify (6.18) it suffices to prove that each term on the right-hand side of the above tends to 0 as n —> oo.
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We first prove that the first term on the right-hand side of (6.19) tends to zero. Note that

T 2
Eg?[( Hn(s)ds> ]:21@3?[ / / Ho(5) Hy () L= 25, dsdr:|. (6.20)
28, 28, <r<s<T

To justify the restriction “1,.s_25,” for the right-hand side, we note that for 25, <r <s — 26,
E [Hy ()17 =0,

and hence, we obtain by conditioning on .% that
EW[H,y(s)Hy(r)] =0, 28, <r <s—26,.

Now expanding H, (r) H, (s), we obtain

E® [ / / dr ds H, () H, (r)nr>s_2a,,}
28p<r<s<T

T T A(r+28,) 5
=1E£{2[ /2 L f ds (yava (D)) ﬁ(syn»ﬁ(sy,,s)}
T TA(r+28,) 5
o N R 7 (CRAEN - L CHRIE RS LT
T T A(r+28,) 5
- f2 o f ASES [ (yuvn (D)5 (&) B [ 5 (€, | F0 5. 1]

T T AGr+26,) 5
of o A [ (vvn (D) B[ 56| 775,
n r

x B[y, F o, 1] (6.21)

We will show that each of the four terms on the right-hand side of the last equality tends to zero as n — oo. To do
this we first state three facts which we will use repeatedly. By our choice of s, and 8, = s,, /¥, in Lemma 6.2, and by
Proposition 4.3,

lim 2y, v, ()P (My v > 2y,8,) = 1. (6.22)
n—>0oo

By (2) of Theorem 4.1, for each ¢ > 0,

t
K; = sup 2y, v, (1) / P (My v > yus)ds < 00. (6.23)
neN 0

Finally, by Markov property and (3.13), we have for r < s,

EW[ (5,0 F] = EP

Eynr

[5(&yis—r)] < 2P (My vr > yu(s — 7). (6.24)

We start with the first term on the right-hand side of (6.21), arguing in more detail than we will for the other terms.
By conditioning at time r < s and using (6.24) repeatedly, we obtain

) T TA(r+28,) . )
E( [ /2 L / ds (yava (D) p(sy,l»p(sy,,s)}

T T A(r+268,)
= f2 ) dr / ASEQ [Ynvn (1) p &y, VES [ynvn (D) p &y, 7] ]
n r
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u

T T A(r428,)
< / dr / ASES) [y (1) p Gy, r) |2V vn WP (My, yr > ya(s — 1))
28, r
T 26,
<2y, (1) / PO (My.yr > yar)dr X 2yvn(1) f PO (My 1 > yu5) ds
268, 0

26n
<Kr x Zy,,vn(]l)/ P(”)(MV,Vr > yps)ds — 0 asn —> 00,
0

where we have used (3.13), (6.23) and (2) of Theorem 4.1.
For the second term on the right-hand side of (6.21), again applying (6.24) repeatedly, we obtain

T T AGF428,) 5
0< / dr / dSES [ (vavn () B[ p(Ey, ) s, 1 Es)]
28, r
T TAG+28,)
< / ar / 452y un (WP (My v > 7 282)270m (WP® (My v > ys)
28, r

T TAG+28,) 5
< / ar / a5 [29n (DP® (My.y > 2y08)]
28, r

<28,T % (27ava(WP® My yr > 21,8,))° — 0 as n —> o0,

where we have made use of the fact that s > r > 2§, above, (6.22) and the fact that §, — 0.
The third term on the right-hand side of (6.21) is slightly different from the previous one. Now, we use (6.24) in
the following way:

T TA(r+28,) )
0< / dr / dSES [(vavn (D) B [5Gy | F1 0, 1G]
28, r
T T A(r428,)
< [ dr f ds2y, v (P (My yr > 218,) 2V vn (P (My yr > yyr)
28, r

T
<28, X 2¥uvn (WP (My yr > ,28,) / dr2y, v (WP (My yr > yr)
0

< 28, X 29, (P (My yr > 1,28,) x Kp — 0 as n —> o0,

which follows from (6.22), (6.23), and the fact that §,, — 0.
Finally, for the last term on the right-hand side of (6.21), the bound (6.24) remains useful and we get

T TA(+25)
0< /2 L / ASES[ED [yavn (1) 5 &y L F7 ]
n r
< B [Ynvn (D) p &) | F7 05, ]
T T A(r+25,) 5
< /2 ar / 45 (2 (PP My y > 2y80))
Sn r

<28,T % (27ava (WP® (My.yr > 218,))" —> 0 asn —> o0

since §,, — 0 and we have (6.22). We have thus verified the desired convergence for the first term of (6.19).
We now make some observations for the other two terms in (6.19). To handle the second term, we apply the Markov
property of the voter model to the integrand at time s — 25,,. It follows from Lemma 6.2 that the integrand

B [y vn @ P&yl Fias, | — P1Eyys—250) P0Gy, (s—26,) ]
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is uniformly bounded by ¢, so that the second term is no larger than ¢, 7. By a simple change-of-variable argument,
the third term above is easily seen to be bounded by 46,,. Since both of the sequences (g,,) and (6,) tend to zero, the
last two terms in (6.19) both tend to zero. This completes the proof of Theorem 2.2. ]

7. Coalescence times and density processes

Let (D;) be the pure-death process on N which jumps from & to k — 1 at rate (g), k> 2. Set Z1 = 0o, and recall that
we let Z3, Z3, ... be independent exponential variables with mean E[Z;] =1/ (é) For any integer k > 2, it is easy to
see from independence of Z; and Zf‘: j+1Zi that

Pu(D;=j)=P (Zz<z<22) 1<j<k.
i=j+1

Furthermore, (D;) and the Wright-Fisher diffusion (Y;) are linked by the following duality equation (see equation
(7.21) of [27]):

E[Y/] =E[u?], Vuel0,1,keN,teR,. (7.1)
The proofs of Proposition 2.5 and Proposition 2.6 are both based on this simple equality.

Proof of Proposition 2.5. Let us fix t > 0 and k > 2. By the duality equation (3.7), and the fact that the initial law of

k
ED[(p1(€,0) ] ZMJP“') X Xk

=)

=~

Z pm C(") < Yut < C,({”;_l), (7.2)

with the convention that C,i",i = 0. On the other hand, by assumption and the duality equation (7.1),

Tim B [(p1(&,0)"] = B[ Y]

k
=Ei[u”] =) uw/P[D; = j]
j=1
k k
:ZMJ'P( > zi5z<Zz,->. (7.3)
j=1 i=j+1 i=j

Combining (7.2) and (7.3) we see that

k k
nli)rgoZujP(")(C,£7}§ynt<C,((n; | Z 1P< Z Z; <t<ZZ)

j=l1 Jj=l1 i=j+1

The foregoing equality holds for all # € [0, 1], so it must be the case that

k k
Tim P () <yt <C)_)) —P( Y zZi<t< Zzi), Vi<j<k
i=j+1 i=j
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It follows by dominated convergence that for any A > 0

o
- —xtpn) (M) (n) _ At
nlrgoo re MPU(C <yt < G 1)dt_/(; re” P( E Z<t<§ Z)

i=j+1
and hence
; (n) _)‘C/Ei');]/}’n _fm 7)‘01(:)‘/1"1 _ —)LZf';'Zi _ —A Zf:_'-;—l Zi
tim (B¢ #L5-1/10] g0 [0S ]) = Bfet T % ] - B[ Do %]
for any 1 < j < k and our assertion follows plainly. ]

Proof of Proposition 2.6. The proof of Proposition 2.6 is a slight generalization of Proposition 2.5, so we will skip
some details. We start with two equalities. First, as in (7.2), we have

PZ?( (n) <V t (n)|: l_[ gl/nt(x)i|

xeE,
Bl )
= ZuJP(”)(CEn) < Yt < CE."_)I). (7.4)
=

Also by (7.1), we have

P, (zf <t) = lim E,[r}] i (iz<t<22> (7.5)

k— 00
j=1 i=j+1

That (2.18) implies (2.17) now follows from the two displays (7.4) and (7.5) and dominated convergence.
The converse also uses the same two displays, but now we need another elementary result: For any nonnegative a;‘,

for n, j € N, with Zj a;? < 1, the condition that
lim E a?uj exists for every u € (0, 1) (7.6)
n—00 4=
J

is enough to obtain that lim,,_, a;? exists for every j € N. Indeed, if (n;) and (n;c) are two subsequences such that

’

limy s o a?k and limy_, a;.l" exist for all j € N, then the limits are all in [0, 1], and so by dominated convergence
(7.6) implies
Z(klingoa;.'k)uj - Z(klirgoajk>uj, welo, .
j J

We deduce from these that limkﬁooa;lk = limkﬁooa'jlk for all j € N, which, by a diagonal argument on selecting
convergent subsequences of (a"),,eN each j € N, is enough for our claim that lim,,_, » a'} i exists for every j € N.

Using this elementary result and assuming (2.17) so that the right-hand side of (7.4) converges to the right-hand
side of (7.5), we obtain that for every j € N,

lim P(")(C(") <yt < C( )

n—>0oo
must exist and this limit must be
S |
i=j+1

This establishes (2.18), and the proof is complete. (]
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8. Examples

In this section, we consider various sequences of (g () E,)-Markov chains for which one of the conditions of The-
orem 2.2 and Corollary 2.3 applies, and hence the convergence of the corresponding voter model densities in (2.7)
holds.

The Q-matrices ¢ considered below are of the form ¢ = p™ —1dg, , where p™ is a symmetric probability
matrix but not necessarily has zero diagonal. In this case, 1 — A is an eigenvalue of —¢® if and only if A is an
eigenvalue of p. If in addition p® has zero diagonal, the inequality (3.21) for such a particular Q-matrix g™
becomes

2
@ - (Ea =D

> 8.1)
meet 4|En|

All our examples below can be viewed as random walks on graphs, although we do not use this language for the
examples in Section 8.1 which include and generalize Theorem 2 of [5].

8.1. Discrete tori
For n, d € N, we consider irreducible (q(”), E,))-Markov chains where for d,n € N,
E,=((=n/2,n/21nZ)"

and ¢ (x, y) = g™ (0, y — x) for x # y. Here, the difference y — x is read coordinate-wise mod n. By the assumed
symmetry of ¢, the bound (8.1) applies.

8.1.1. Nearest-neighbor walk

Assume d > 2 and ¢™ (x, y) = 2d)~" if |x — y| = 1 (the difference is computed mod n coordinate-wise). Then as
n —> oo, t") = O(n?) in all dimensions d (see Theorem 5.5 in [17]) and

1 .
(@ N{gﬂEﬂbyEﬂ ifd=2, .

M GylEn| ifd >3,

where the constant G is the expected number of visits to the origin by a simple symmetric random walk in Z¢ starting
at the origin (see [5]). Hence, (i) of Theorem 2.2 holds, and we have the convergence of voter model densities to the
Wright-Fisher diffusion in (2.7). This result was first obtained in Theorem 2 of [5].

Remark 8.1. As in Section 13.2.3 in [2], we say that the sequence (g ") Ep)nen is transient if sup, ey tgfe)et/|En| is
finite, and is recurrent otherwise. We note that the asymptotic behavior in (8.2) indicates recurrence for d =2 and
transience for d > 3. This is consistent with the fact that simple symmetric random walk on 7% is recurrent if d = 2
and is transient if d > 3.

With this notion in mind, we note that (8.1) gives the correct asymptotic rate of growth for t
case d > 3, but not for the recurrent case d = 2.

(n)

meet JOr the transient

8.1.2. Intermediate-range random walk
We consider the random walks studied in [6], which have range tending to infinity. Let (:m,,) be a sequence of positive
integers such that m,, < n/2 for all n and m, — oco. Forany d > 1, let

An= A = ([=mp, ma] N Z)"\ {0}, (83)
and put
g™, y) =1Aa"" ify—xea, (8.4)

(again the difference y — x is read mod n coordinate-wise).
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Proposition 8.2. Assume d =2 and

2
lim =0. (8.5)
n—oo logn
Then
tr(gi)x = O(nz/mi) asn — 0o, (8.6)
t(”)
liminf —2€L___ > 0. (8.7)

n—oo n2logn/m?

Taken together, (8.6) and (8.7) imply condition (i) of Theorem 2.2, and so we have the convergence of voter model
densities in (2.7).

Proof of Proposition 8.2. To obtain (8.6) and (8.7), we make use of results from of [6]. Since conditions (P1)-(P3)
in [6] hold by Proposition 1.1 there, we deduce from Theorem 1.7 of [6] that if lim,,_, oo 5,/ (n2 / mﬁ) = 00, then

3 140, x) — mu )] < sup

xeEy, xekE,

1
(n)
qs: (Osx)_n_z‘ﬁov

which implies (8.6).

Next, to get (8.7), we first reduce ™

o to a simpler time. Let (X,) be the Markov chain on E,, given by ¢, and

Ho = inf{t > 0: X, =0}

be the hitting time of 0. Since the difference of two rate-one random walks is a rate-two random walk (see also
Proposition 7.1 and Proposition 14.5 of [2] for a more general fact), we have

(n)
Er;l(n) [HO]

EW My y]= 3

(8.8)

The limit (8.7) can then be derived from the estimates on the expectations E,(C") [Hp] given in Theorem 1.3 in [6], but
we will use instead the following simpler argument, which relies on only (6.1) from [6].
We now claim

E’), [Ho] 1

l;lrggcl)f nZlogn/m2 ~ B (8.9)

as entails (8.7) by (8.8). For x € E,, and A > 0, let
oo
Gn(x, ) =/ e*“qs(”)(o,x) ds.
0
By standard Markov chain arguments,
G,(x,A)
E™ —AHy)| = . 8.10
' [exp(—=1Ho)] GO (8.10)
Clearly Y" . 7™ ()G (x, 1) = ﬁ, and thus by (8.10),
2)\ —1
E®) [e74H0] = W) 8.11)
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According to (6.1) of [6] with #, = log n/m%, we have

i Gr02/G0) 12

n— 00 th T

Applying this fact to (8.11), we get

1
lim EY) [e *Ho/mn] =
s 1+ (12/m)%

We deduce (8.9) from the Skorokhod representation and Fatou’s lemma. The proof is complete. (]

In view of (8.7), the condition m2/logn — 0 implies tgl'get /|En| — oco. This means the Markov chain sequences
considered in this example are, like the nearest-neighbor d = 2 case, recurrent. Also, although we will not give the
details here, Theorem 2.2 still holds if instead of (8.5) we consider the (transient) case in which (8.5) is replaced with
limy,— 00 mﬁ/logn = 00.

Proposition 8.3. Assume d =1 and

m
lim — = oo0. (8.12)

For q™ given as in (8.4), let g, denote the spectral gap of g™ . Then

lim ng, = oo. (8.13)
n—oo

Assuming Proposition 8.3 for now, we may write the second condition in (ii) of (2.2) in the form

log(e V thgery Tmaxgmaxvn (1) _ Togle v (tirker/m)]

&n tg]lget B (ngn) (tr(gget/ n)

By the meeting time bound (8.1), t](gget /n is bounded away from 0, and thus (8.13) implies that the right-hand side
above tends to 0. That is, condition (ii) of Theorem 2.2 holds and we obtain convergence of voter model densities to
the Wright—Fisher diffusion.

For the proof of Proposition 8.3, we recall the definition of the bottleneck ratio @, here. For a reversible Markov
chain (g, E) with ¢ = p — I for a probability matrix p with zero diagonal, define

D res.yest T)q(x, )

D(S) = , E, 8.14
(S) =(5) C (3.14)
and
1
®*(q)=min{¢(5);SCE,n(S)§ 5}. (8.15)
The inequality we need is
1 2
g> 5(¢*(q)) : (8.16)

See Section 13.3.2 in [17] for this inequality, and note that g is equal to 1 — A for A being the second largest eigenvalue
of p.
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Proof of Proposition 8.3. It is easy to see from the definition (8.14) that

|05

D(S) = s
)= s

(8.17)

where 0S5 ={(x,y);x € S,y € SC, 1 <|x —y|<my}. For 1 <k <n/2,let I} be an “interval” of k elements in E,:
I=1{0,1,...,k—1}.

A little thought shows that the minimum of |3.S| among all § with |S| = k is obtained by taking S = I}, which implies
that

e =min{®(I); 1 <k < |n/2]}.

It is easy to check that if m, <k <n/2, then

mpy
01| =2 j=ma(my +1).
j=1
Similarly, if 1 <k < m,, then |0 I¢| is

Mp

2 ) jEmamy+ 1) = (my — k) —k+ 1) =k@m, —k+1).
Jj=mp—k+1

It follows from (8.17) that

my+1

ifm, <k <n/2,
OI) =\ 2241 §
2my

it 1l <k <my.
Taking k =n/2, we see that

my, +1

¢*(CI(”)) = ®(1Ln/2j) = W

It is now immediate from (8.12) and the inequality (8.16) that

m2
. . n
lim ng, > lim - - ——— =00,
n— 00 n—o0 2 4|_n/2J2
which completes the proof. (]

Although we will not prove it here, the condition (8.12) implies that tgfget = O(n), which means that the chain

considered in Proposition 8.3 is transient.
8.2. Random walk on simple graphs

We consider in this section graphs which are simple, that is have no loops or multiple edges, and are connected. The
simple random walk on such a graph G = (V, E) with vertex set V and edge set E is the Markov chain (g, V) with
q(x,y)=1/deg(x) if (x, y) is an edge for x # y. Note that ¢ is reversible with stationary distribution

7(x) = d‘;“fg ).

See [20] for a survey and the standard terminology of random walks on graphs.
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8.2.1. Hypercubes

Forn € N, take V,, = {0, 1} and for x, y € V,, let |[x — y| = Z?:l |x; — yi|. We draw an edge between any x,y € V,,
with |[x — y| = 1, and obtain the n-dimensional hypercube, a connected n-regular graph. The random walk Q-matrix
g™ on this graph is given by ¢ (x,y) = 1/n if |x — y| = 1, and is irreducible and symmetric with 7 (x) = 27",
Furthermore, it is known (see Example 5.15 in [2]) that

~1
n
g, = (5) and tglle)et ~2"1 asn — oo,

It is easy to see from these facts that (ii) of Theorem 2.2 is satisfied.

8.2.2. Expander graphs

Fix @ € (0, 00) and k € N with k > 3, and take a (k, @)-expander family of graphs (G,) with corresponding random
walk Q-matrices q(”). Here as in Section 13.6 of [17], (G,) is a graph sequence such that the number of vertices of
G, tends to infinity, each G, is connected and k-regular, and satisfies

¢*(q(”)) >a, VneN
(see (8.15) for notation). By (8.16), liminfg, > %az, and thus the conditions of Corollary 2.3 apply.
8.3. Random walk on general graphs

We now consider finite graphs without the simplicity condition, nor the connectivity condition. For such a graph G
with vertex set V, its edge set E is now defined by using an adjacency matrix

A:VxV—Z4

with A(x, x) € {0, 1, 2}, so that A(x, y) gives the number of edges joining x and y. For x # y, A(x, y) simply gives
the number of edges between x and y. In Section 8.3.1 below, we consider several models of random graphs due
to Friedman [14] in which the convention is that A(x,x) = 1 means a “half-loop” at x, and A(x,x) =2 means a
“whole-loop” at x.

If we take a sequence (G,) of such general graphs with G, = (V,, E,) and E, being encoded by A,, then the
g™ -random walk on G,, has Q-matrix defined by

Ap(x,y)

A T

g x,y) =

where A, (x) = Zer,, A, (x,y). Hence, g™ = p™ — I, where the xth row of p®™ is obtained by dividing the xth
row of A, by A, (x). In this case, the second largest eigenvalue of the transition matrix p(") is different from 1 if and
only if the graph G,, is connected, and so the second smallest eigenvalue of —g ™ is different from 0 if and only if the
graph G, is connected.

8.3.1. Random regular graphs
The work [14] considers various models of growing random k-regular graphs (G,) on n vertices (see the models
Gn.k» Hn k> In ik, and J, i there), and each is defined for a large set of admissible degrees k. For simplicity, we only
consider the model G, x below, although the following discussion applies to other models H,, k, Zy k, and Jy, x in [14]
for moderately large admissible degrees k as well.

The random regular graphs G, x are defined for even integers k with V,, = {1, ..., n}, and for each n the edge set is
given by

Ex={(x,0,(x)), (x,,oj_l(x));jz 1. k/2,x €V,},
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where pi, ..., px/2 are i.i.d. permutations of {1, ...,n} and each p; is chosen uniformly from the set of n! permuta-
tions. Then for any even integer k, we have

2k —1
BT L) e

li
n—oo

m P( max |A; (G| <
2<i<n
where

l= )\l(gn,k) = AZ(gn,k) == An(gn,k)

are the ordered eigenvalues associated with the normalized adjacency matrix p™ on G, ;. More precisely, we have

2Vk -1 c
T.’.g <

= I=1+1)/2-1 (8.18)

P( max |A;(Gu )| >
2<i<n

where c is a constant. See Theorem 1.1 in [14], and also [21] for estimates of mixing times on other random regular
graphs.

If we assume in addition that G, ¢, for n € N, are independent random graphs, then it follows from (8.18) and the
Borel-Cantelli lemma that for each even k > 12,

liminfg(G, k) >0 as.
n—0o0

Since the stationary distribution of ¢ is always uniform, the sequence of ¢”-Markov chains now satisfies the
conditions of Corollary 2.3 with probability one (with respect to the randomness of ¢). We obtain the convergence
of voter model densities (2.7) along (G, x)nen With probability one.
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