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Abstract. Talagrand’s inequality for independent Bernoulli random variables is extended to many interacting particle systems
(IPS). The main assumption is that the IPS satisfies a log-Sobolev inequality. In this context it is also shown that a slightly stronger
version of Talagrand’s inequality is equivalent to a log-Sobolev inequality.

Additionally we also look at a common application, the relation between the probability of increasing events and the influences
on that event by changing a single spin.

Résumé. Nous étendons 1’inégalité de Talagrand pour des variables aléatoires de Bernoulli a une grande classe de systemes de
particules. L’hypothese principale est que les systémes de particules satisfont 1’inégalité de log-Sobolev. Dans ce contexte nous
démontrons également qu’une version plus forte de 1’inégalité de Talagrand est équivalente a I’inégalité de log-Sobolev.

Nous considérons aussi comme application la relation entre la probablité d’un évenement croissant et les “influences” sur cet
événement du changement d’un seul spin.

MSC: Primary 60K35; secondary 60C05
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1. Introduction

In the famous paper [16], Talagrand proved that for Bernoulli measures 1 ,, 0 < p < 1, on the discrete hypercube
{0, 1}V the following inequality holds:

2
||vlf||L2(up)
L+ log(IVi fll 2,y / IV fll L1 u,)

N
Var, (f)<C Y e))
i=1

Here f is an arbitrary function in L2(,u[,), Vif(m) = f(n') — f(n), n is obtained from 7 by changing the ith
coordinate, and C = C(p) is a constant dependent only on p.

This inequality has found many applications, for example in random graph theory [7] and percolation [1], and
has as a consequence the widely used KKL-bound for influences of Boolean functions [10]. However the original
proof is limited to product measures on the discrete hypercube. In [2] this restriction to independent coordinates was
circumvented by encoding dependent random variables as functions of a larger set of independent random variables.
It was shown that if the encoding is in some sense not too far from independent random variables, then an analogue to
(1) holds. There are also versions of Talagrand’s inequality and related inequalities like the KKL bound on continuous
spaces [5,6,11]. In [6] Talagrand’s inequality is proven under the assumption that there are Markovian dynamics
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which satisfy the log-Sobolev inequality and a specific permutation relation between directional derivatives and the
dynamics. While this approach is fruitful for products of Gaussian measures or the uniform measure on the sphere the
required permutation relation is too restrictive for typical interacting particle systems.

In this paper we extend Talagrand’s inequality to a wide class of interacting particle systems under the assumption
of a log-Sobolev inequality. For example many finite range Gibbs measures are included. An important application
of Talagrand’s inequality is the study of influences on increasing events. By proving a version of Russo’s formula for
dependent random variables we can obtain similar estimates to the i.i.d. case.

We will prove under some conditions an equivalence between a version of Talagrand’s inequality and a log-Sobolev
inequality. Harder to prove, and from the point of view of applications more important, is the implication from a log-
Sobolev inequality to Talagrand’s inequality. Sufficient conditions for a log-Sobolev inequality are available in the
context of interacting particle systems, and Talagrand’s inequality as a consequence adds a useful variance estimate
for the study of those.

2. Setting and results
2.1. Notation and definitions

Let E be a Polish space, G a finite or countable group and 2 := E 9. The most common choice is E = {0,1},G = 74.
Elements of £2 we will denote by 7, £, and elements of G by x, y, z. Given a probability measure © on £2 and p > 1,
we write

1/p
||f||p=||f||Ln<M)=</|f|pdu) .

By @ we denote the convex function @ (x) To @ we consider the associated Orlicz norm,

__ x?
 log(e+Ix])

||f||q>:=inf{a>0: /@(5)@;51}, )

Let L be the generator of a Markov process on 2, which we assume to be reversible with respect to an invariant and
ergodic probability measure 1. The Dirichlet from associated to (L, u) is given by £(f, ) = — | fLgdu. The pair
(L, ) is said to satisfy a Poincaré inequality if there is a constant ¥ > 0 so that

2
1
Var,, (f) =/<f—/fdu> dp=—E(f. 1), Vf € L* (). 3)
Similarly, (L, ) satisfies a logarithmic Sobolev inequality if there is a constant p > 0 so that
2 2 f? 2 2
Ent, (/%) = [ £ 10g T )= 2. vrerii, )
2

The best constants «, p in (3) and (4) are called the spectral gap and the logarithmic Sobolev constant, which we will
also call « and p. It is well known that p < «.

Let (P;);>0 be the semi-group generated by L. Both (3) and (4) imply contraction properties, (5) and (6), respec-
tively:

1P fll2 <e N fll2 ®)
1P fllg < U flpgys PG @) =1+ (g —De . (6)

The reader unfamiliar with these notions may be referred to [8]. In the context of interacting particle systems and
Gibbs measures there are many interrelated notions of functional inequalities and mixing conditions on finite and
infinite volume, which are also connected to decay of the semi-group. See [9,13,14] for a study of those.
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We want to exploit some of the geometry available on £2. To do so we assume that the generator is of the form

Lf(n):= 2/ (f('?x}—m) - f(n))ﬂx,n(da)v @)

xeg E

where (i4x,)yen,.xeg is a collection of probability measures on E, and 71y, is the configuration which is identical
to n except at x, where it has value a. To avoid notation we will also write 1ty ,(d§) with the understanding that
£ = ny>q. We assume that the interaction is finite range: There exists a finite N' C G so that if n’(y) = n(y) for all
y € x+ N, then py ,y = iy ,. Glauber dynamics of interacting particle systems are a standard example for a generator
of the form (7).

Based on the generator L and the measures (i, we define for x € G the linear operator ¥, on L¥(u), 1 < p < o0,
via

Y f(n) 1=/f(%‘)ux,n(d$)- ®)

It is a consequence of the reversibility of L that

/‘I’dept:/fdu- ©)

From (9) follows an alternative way of writing the Dirichlet form:

1
e =3 2 [1os(r = r) opucan.
xeG

Define the derivative of a function f in direction x as

Dif =W f—Ff

Note that this derivative is derived from the jump dynamics and does not necessarily agree with a possible natural
derivative on E.

We will need that the derivatives of a function and the Dirichlet form are compatible in a certain sense. To make
this concrete, a function f € Lz(u) is called good with constant K < oo, if

EP S Pif) <K Y IIDPfl3, V=0 (10)
xeg

To put (10) into perspective, observe that by Jensen’s inequality we have ) g IDx f ||% <2&(f, f). In this sense
(10) is a form of a reverse Jensen’s inequality, which may seem restrictive. However, under fairly mild conditions we
have in fact that all functions in Lz(u) are good.

Lemma 2.1. Suppose E is finite and o := inf{u, ,(e): n€ 2,x €G,ec E} > 0. Then any f € L%(w) is good with

constant a3

2.2. Talagrand’s inequality

Theorem 2.2. Assume that (L, 1) satisfies the log-Sobolev inequality (4) with constant p > 0, that L is of the form
(7) and the interaction is finite range. Let f € L*>(j) be a good function with constant K < oc. Then there exists a
constant C > 0 so that

Var, (f) <C Y IDx 5. an
xeG

The constant C is depends only on K, |[N'| and p.
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Talagrand’s inequality of the form (1) is a direct consequence from (11), as was already noted in [16].

Corollary 2.3. Under the assumptions of Theorem 2.2,

IDx f13
1+ 1log(|Dx fll2/11Dx f 1)

Var, (f) <eiCy (12)
xeG

where c1 is a universal constant and terms on the right hand side where Dy f is almost surely constant are treated
as 0.

Proof. The claim follows directly by virtue of Lemma 2.5 in [16], which states that there is a universal constant C’
so that

113
1+ log( £ll2/1 £l

Ifllp <C’

It is also possible to generalize Theorem 2.2 to product spaces.

Theorem 2.4. Suppose we have, fori =1, ..., N, the spaces §2; == E lg " with probability measures |1; and dynamics
generated by L; satisfying the conditions of Theorem 2.2. Let i be the product measure of the (; on §2 = §21 X -+ X
Q2y.Let L=1Ly+ ---+ Ly be the generator of the product semigroup P;. Let f € L*(w) be a good function with
constant K < oo (where )", g Is replaced by Z,N: > xeg, in the definition of a good function). Then there exists a
constant C > 0 so that

N
Var, (f) <CY Y ID: fll-
i=1xeG;

The constant C is of the same form as in Theorem 2.2, but with p replaced by the minimum over the p; and |N|
replaced by the maximum over the |N;|.

If one compares (3), (4), (11) and (12) one observes that we have the following chain of implications:
4) = 11)= 12) = ().

It turns out that the first implication is in fact an equivalence. That is, not only does a log-Sobolev inequality imply
Talagrand’s inequality, but the converse is also true when using the version with the Orlicz norm.

Theorem 2.5. Let L be of the form (7). Suppose that a function f: 2 — R satisfies

Var, (f) <C Y ID:fllp (13)
xeg

for some C > 1. Then
Ent”,(f) = CZCE(f» f)?

where ¢ is a universal constant.

Corollary 2.6. Let L be of the form (7) with finite range. Assume that all f € L*>(j) are good with the same constant
K < oo. Then the following two statements are equivalent:

(a) (L, ) satisfies a log-Sobolev inequality with constant p > 0;
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(b) there is a constant C > 0 so that (11) is satisfied for all f € L*(w).

In [6] the proof of Talagrand’s inequality consists of two key ingredients, namely hypercontractivity and a per-
mutation relation between D, and P;. We will also use these two ingredients. However, the original permutation
relation,

D.Pf<eX'PD.f, 0<t<u, (14)

cannot hold in the context of interacting particle systems, as the following argument shows. Let £ = {0, 1}, and
f(m) =n(x) for some x € G. Then D, f =0 for all y # x. But D, P; f # 0 for typical dynamics (with independent
spin flips being an exception). Hence we need an alternative to (14) which respects the space—time structure generated
by the Markov process. Most of the paper is devoted prove the following commutation property between the semi-
group P; and the derivative operator Dy:

Theorem 2.7. Assume that the generator L is of the form (7) and the interaction is finite range. Then

D UIDcPf15 < C2 Y D f 13 (15)
xeG xegG

with C = 2e 2PN PA+HND? gnq p(t) = p(t,2) = 1 +e~ 2P, The constant p is again the log-Sobolev constant. However
0 = 0 is admitted as well, in which case we have the L2-norm on both sides of (15).

The proof of Theorem 2.7 is at its core a recursive strategy. We will show that > veg IDx Pr f ||% can be estimated
against erg ||Dxf||i(t) plus an error term of order 1. This error term can be estimated against erg ||Dxf||f7(t) as
well, but in doing so we introduce two error terms of order 2. This will then be iterated. The entire procedure is rather

technical and is therefore done in the last sections of the paper.
2.3. Oninfluences and Russo’s formula

An important application of Talagrand’s inequality is the study of the sensitivity of events to changes at a single site.
We can obtain the same type of estimates as in [16] even in the context of dependent random variables. To this end we
need to generalize is Russo’s formula.

In this section we restrict ourselves to £ = {0, 1}. We say asubset A C 2 = E 9is increasing, if n € A and £ > 5
(coordinate wise) implies § € A. Denote by Ay the event {n € A, n* ¢ A}, where n* is the configuration n flipped
at x, thatis a 1 at x is replaced by a 0 and vice versa.

Let wp, p € [a, b], be a family of measures on 2. We assume that the corresponding dynamics given by the
generator L, from (7) are the heat bath Glauber dynamics. That is,

1y e (D) = pp(n() = 1n = off x). (16)

We also assume that the map p — ,uf;,n(l) is increasing and differentiable for all x € G, n € £2, and that all ufyn are
finite range with the same neighborhood V.

Theorem 2.8 (Russo’s formula for dependent random variables). Write B, :=inf,co (cg %uf,n(l). Then, for
any p € la, b[ and any increasing event A,

d wp(Ax)
— A —_— Ay). 17
dp,up( )zﬂpgsur&eguf’;(l) Zﬂpgﬂp( ) (17)

Remark. In the case of Bernoulli product measures v,, (17) simplifies to %vp (A) > %erg vy (Ayx), which is in
fact an equality and is the original form of Russo’s formula.
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Corollary 2.9. Fix an increasing event A C 2. Let p,, denote the log-Sobolev constant of (L, |4 ), which is assumed
to be positive. Write §,, := sup{uf,,’(Ax): nes2,xeGland

ap :=inf{uf,,](e): nef,xeg,eef0, 1}}.
If 5, <e’a then

Bp log(ezaf,S;l)

e (=),

d (A) =
dp T Mp =

where ¢ and C = C (a3, |N|, pp) are as in Corollary 2.3 and B, defined in Theorem 2.8.
j2 P p

Corollary 2.10. With the notation of Corollary 2.9 in place, write 8 := SUp ¢, p;0p, @ := infpefapyap, p =
infpe(a,p) Bp and p :=infpeq,p) pp. For a < p1 < p2 < b, we have

3

5 \(P2=p)/C
le(A)(l - “pz(A)) = (e%ﬂ)

where C' =4c1C (a3, N, p)/B.
Finally we can also obtain an analogue to the KKL bound [10]. Here we slightly deviate from the setting of this
section, in that we only have a single measure ., and A can be any event in §2. For such an event we define supp(A)

as the set of x € G for which D, 14 is not constant almost surely.

Corollary 2.11. Assume that o = inf{u, ,(e): n € 2,x € G,e € {0,1}} > 0 and (L, u) satisfies a log-Sobolev in-
equality with constant p > 0. Write R := | supp(A)|/[(A)(1 — w(A))], which we assume to be finite. Then

<log((a4/16)R) e2a2>
2 b

sup ;4(A,) = min

xeG 8CR ’

where C = C(a™3, |N|, p) is as in Theorem 2.2.
2.4. Organization of the proofs
The proofs are organized as follows: Section 3 proves Talagrand’s inequality by using Theorem 2.7. In Section 4

we prove Russo’s formula and related consequences plus Lemma 2.1. Then in Section 5 we prove Theorem 2.5.
The remaining Sections 6 to 9 contain the proof of Theorem 2.7.

3. Proof of Talagrand’s inequality

We will follow essentially the proof of Talagrand’s inequality as in [6] with the use of the commutation property given
by Theorem 2.7. Before proving Theorem 2.2 itself we need an auxiliary lemma.

Lemma 3.1. Ler @ (x) There is a numerical constant C > 0 so that

_ x?

— log(e+|x]) "
2 2 2

/1 1f12dr < ClLfIS.

Proof. By homogeneity we can assume | f ||¢ = 1, which implies [ @ (f)du < 1. Write f, = [ Flormt _jppaenn > 1.
and go = f|1f|<1. We have

Zn+1/f”d” Z/log(e+fn w=l (18)
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To prove the claim,

/12 ||f||3dr=/12<§/f£du>2/rdr

2/r
/ Ze(" D2 LI g,
1 n+1

By convexity and (18), this is less than

/ Ze(z/r)(n D=2y +1)2/rff l‘

n=0

Once we have shown that there is a constant C; so that
2
/ e@/Me=DU=2 4 DY dr < €y (19)
1

uniformly in n € N we can conclude that f ]2 IIf I|f dr < C;. To show (19) we substitute # = 2/r and then use the fact
that flz e2x(—w) yu qy <1 forall x > 1:

2
/ e(Z/Y)(n—l)(r—z)(n+ 1)2/}’ d}":/ 2(n+1)(1— u)(n+ 1)u —4(1— M) 2 du <26 O
1 1

Proof of Theorem 2.2. Without loss of generality we assume that | f du = 0. From the Poincaré inequality (5) it
follows that

I3 <0153 = 11Pr£13 + e >TI£1I3

1
< e (IS 3= 1P /1)

Var, (f)

IA

1 T
Tl T /0 26(P, f, P, f)dt. o0

Since f is a good function, we can estimate (20) using Theorem 2.7, to get

4Ke72W| (1+IN)?
Var, (f) < p—re / 2 DL f13 ) dt
xeg
AR RN PA+HND? 9T
i / 1D I dr. @
xeG

Choosing T = ﬁ and using the substitution r = p(t), we have

T 2
f 1D f 12 dt<if 1Dy fI12dr
0 xJ p(t) =20 XJ My =0

Using Lemma 3.1 we can conclude that

@D <C(IN1,p, K) Y D f 13-
xeg 0
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Proof of Theorem 2.4. It is known that the log-Sobolev inequality tensorizes (see for example [8, Theorem 4.4]),
that is, it generalizes to product spaces. The log-Sobolev constant on the product space is given by the minimum of
the individual log-Sobolev constants. However, §2 is not of the form E 9. so we cannot apply Theorem 2.2 directly.
But the proofs are identical except for minor modifications to adjust to this more general setting. It suffices to replace
the definition of / in Section 8 by

N

I(T.0,8):=Y" sup > [IDx¥s 1x(v.00) 13 (50))-
i=1 X€X1(G) yeg, B

with X7 (G) being the maps from T to G, and also to replace | N | and p by their respective maximum or minimum. [

4. Russo’s formula and other proofs

Proof of Lemma 2.1. Fix x € G and f € L?(u). Let n* denote the maximizer (or one of the maximizers) of f out of
the set {§ € £2: £ = n off x}. Similarly let n, denote the minimizer. We have

2
/ W f — £ dp = f < / (f(&) f(n))ux,n(d§)> Ly, ()

- [ ( /g e~ f(n*))ux,n(dé))21n=n*u(dn)
> ozz/(f(n*) — (1)) Ly, 1 (dr).
By (9) and the fact that n* and 7, do not depend on 7(x), the above is equal to
o / (f (1) = £ 1)) W (Lymp () = o / (F (1) = F010)? 1 (1 00)) )
> o f @ (f — FOn)> (). -

Proof of Theorem 2.8. Fix ¢ > 0 so that p — ¢ > a. Since j, dominates y,_,, we can construct a coupling Pof Hp

and (. so that  and & have law w, and 1. respectively, and n > & P-as.
Fix a finite subset A of G, and set A := {x € G: n(x) # &(x)}. Since A is increasing,

~ -~ 1
fp(A) — pp_e(A)=P(neAE ¢ A) = XEZAE(WLM%A,W)

~ 1
> E El ——1 1 x .
= <|AOA| xeAdlneA,n ¢A)
xeA

For x € A we have ﬂ-xeAm > 1ana={x}, and since A is increasing, Ay = {n € A,n* ¢ A} implies n(x) = 1.
Hence,

~ 1 R R
E(m N Al ﬂxeA]le) > E(14,P[AN A= {x}In, n(x)=1])

> P(A,) {ingf@(A NA={x}ln=2¢ off x,n(x) =1).
€



Talagrand’s inequality for IPSs 181

Fix ¢ € £2 for now. By using (16) and assuming that x is such that x + A" C A, we get

P(ANA={x}In=2¢off x,n(x)=1)

1
m (AOA {x },n(x):lln:{offx)
| S -
= MiE(I)E(ﬂAﬂA\{X}:gP(n(X;) == 1,§(X)ZO|77:$ :g Off.x)“']:{ Off.x)
———E (L ana\(x)=z n = ¢ off x) Inf £ B(n() =1.6() =0l =¢ =¢' off x).
ey

By using (16) as well as n(x) > &(x), we have

{i/relgf@(n(x) =1LEx)=0n=£=¢"offx) = {mf [1? oD =uy g, J(D)] = Bpe — o(e). (22)

By using the fact that A is finite and ©”~¢ converges to u? we also have
Eana\pxi=oln =¢ off x) =1 - o(1) (23)
uniformly in {. Combining (22) and (23), we get

1
inf PlANA={x}n=¢offx,n(x)=1)> ————B(e —0(&)) Lyinca-
ref ( ) supgegufz’{(l) ( ) N

Therewith is

B
mp(A) — pp_e(A) > Uy (Ay) ——————— (e — o(¢e)),
’ ! xeA:;_/\/'eA ! SUP; e Mf,;(l)( )

and by dividing by ¢ and then sending first ¢ to 0 and then A to G we finish the proof. ]
To combine Russo’s formula and Talagrand’s inequality we require the following lemma.

Lemma 4.1. For any event A, any i out of the measures considered in Section 2.3, any g > 1 and x € G,
) q
(jnf pen(©) (A0 < IDLANG = 2040,
Proof. For any ¢ > 1, we use Jensen’s inequality and drop the g:

IDx1allg < // [Teea — Lyealptx,y(dé)p(dn) S/ (Leea, + Lnea)thx,n(dE)p(dn).

Since £ is u-distributed the upper bound follows.
The lower bound is obtained by the following calculation:

q
Lyea, m(dn)

[ Dx1alld > /‘/(]LEEA —Lpea)ix,y
= [ then a1 = inf s @A) .

Proof of Corollary 2.9. Lemma 2.1 guarantees that all conditions of Theorem 2.2 are satisfied. Combining Theo-
rem 2.8, Lemma 4.1 and Corollary 2.3 yields the claim. O
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Proof of Corollary 2.10. Using Corollary 2.9, the proof is the same as Corollary 1.3 in [16]. (]

Proof of Corollary 2.11. We can assume that sup, g t(Ay) < a2e?/2, otherwise there is nothing to prove.

For the other estimate, we follow the argument from [6]. Let x* be the (or one of the) maximizer(s) of
sup,cg m(Ay). If w(Ax+) > R™1/2 then the result holds as C > 1. So we assume U(Ax) < R™1/2, By using Corol-
lary 2.3 and Lemma 4.1,

I Dx+14l13
1 4+1og(|Dx+Lall2/IIDx+1Lall1)
2 (Axr)
1+ log((a/2)pu(Ax=)~1/2)"

1(A)(1 = 1(A) < C|supp(A)|

< C|supp(A)|

By using the upper bounds on ((Ay+), the result follows. (]

5. Log-Sobolev inequality from Talagrand’s inequality

To prove Theorem 2.5 we follow the proof of Proposition 1 in [4], where the analogue statement was shown for
continuous spaces. Our discrete derivative operators D, force slightly more complicated arguments, but the general
structure of the proof is unchanged. In contrast to the previous sections here we rely on various Orlicz norms and their
properties. For basic properties of Orlicz spaces the reader is referred for example to [12].

We say ¢ :R — R U {00} is a Young function if it is convex, even, ¢(0) = 0, and lim,_, 5, ¢(x) = co. The norm
Il - lp is defined just as in (2), that is

Il flly ::inf{a > 0: /(p(%)d,ug 1}_

Lemma 5.1. Let ¢ be a Young function and assume [ ¢(f)du < K. Then || fl, < max(1, K).

Proof. If K <1, then [¢(f)du < 1.If K > 1, by convexity,

f 1
/¢<E>dM§? p(fHdu <L 0
Lemma 5.2. Let f € L?(u). Then
Iflle <20 fll2.

Proof. By homogeneity assume || f|l> = 1. As @ (x) < x? + |x|, we have f D(f)du <2, and Lemma 5.1 completes
the proof. (]

Lemma 5.3. For measurable f, g: 2 — R on some Polish space 2, lfeglle < 24”f”ex2—1 llgll2.
For a proof, see [4], Lemma 7.

Lemma 5.4. Let (1 X jiy) denote the probability measure on §2 x §2 given by (v % puy)(dn, d§) = py »(d&)u(dn),
andfor f:2 —Rlet f,:2x 2 >R, L(n,&)=f(E)— f(n). Then

I1Dx fllo:n = I f2lle: (e

where the Orlicz norms are to be understood on the measure spaces (§2, ) and (2 x 2, (U X y)) respectively.
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Proof. By homogeneity assume || f2[lo;(uxu,) = 1, hence f @ (f2)d(n x py) < 1. For D, f we have, using Jensen’s
inequality,

[ewnan=[o ( [©-rm) dux,n)u(dn)
< [[o(r© - r)usa@ruian
= [etmaw o =1.
Therefore || Dy flo: < 1. 0

Proof of Theorem 2.5. Let ¢(x) := x?log(1 + x?). In [3], Proposition 4.1, it is shown that

13
supEnt, ((f +0)%) < — Hf - / fdu

ceR

2
@
To prove (4) it therefore suffices to show that || f — f fdul2 <CE(, f).

Let f be bounded, ffdu =0and E(f, f) = % where C the constant from (13). By (13), Lemma 5.2 and
Jensen’s inequality,

[ Pa=cYivri;

xeg
<4C ) D f13
xeg
<8CE(f. f)=4. (24)

Define g: 2 — Ras g(n) = f(n)y/log(1 + f(n)?). By Cauchy—Schwarz’s inequality and (24),

</gdu>2E/fsz/IOg(l+f2)du

§/f2d,ulog<l+/f2d,u)§4log5. (25)

Since |(x+/log(1 + x2))| < 2/log(1 + x2), we can use the mean value theorem to obtain the estimate

g — g®)| =2,/log(1 + max( ()2, £&2))| £ — FE)]- (26)

Using Lemma 5.4, (26) and Lemma 5.3,

||ng||q> < ||g2||<1§;(/1,></¢x)

< [2y/log(1 + max(£ 2, FE)|FE) ~ FD|| g

< 48] \/log (1 + max(£ ()2 £ €)2))
f(%‘) - f(’?) ”LZ(#X,LLX)'

'”exz—l;(uxm)
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We have || £(§) — f(I3, () /‘q/ (f — fm)*(n)(dn). To estimate the Orlicz norm, using max(a?, b?) <

2a% +2(b—a)%, 24) and E(f, f) < 5= < 3.

/ (e = 1) 0 \/log(1 + max(f ()2, £ (§))) (s x 1) (dn )
_ / max ()2, £ (&)%) 1y, (d€)u(dy)

<2 / F2u(dy) +2 f f (FE) = F)) 1y (dE)p(d)
<8+42&(f, f) < 10.

Hence, by Lemma 5.1, ||/log(1 + max(f(1)2, f(S)z))H iy = 10. In total we obtain the estimate
2 _ 2
Y IDcgly <480° ) / — F)*((dn) =2 480%E(f. f). 27)
xeg xegG

To finish the proof, using (25), (13) and (27),

2
/(p(f)du=/g2du=Varu(g)+ <fgdu>

<4log5+C ) IDglp
xeG

<4log5+ 2 -480% < 700°.

By Lemma 5.1, || flp < 7002. For general f we therefore have

13 213
Ent, (f?) < ZHf - / fdu) < - T00*CE(f. 1)

6. Graphical construction

In preparation of the proof of Theorem 2.7 we start with the basic graphical construction of the dynamics. It is classical
that a wide range if interacting particle systems and related models admit a graphical construction. Based on one a
Poisson point process on G and additional randomness one can construct the law of the process. This connection is
widely used. We will also make use of this underlying structure, which is one of the reasons we required that the
generator L is of the special form (7). Intuitively speaking, the law of the Markov process is given by a Poisson point
process of intensity 1, where at each point a resampling event takes place, that is a configuration 7 is replaced by a
configuration &, where & is drawn independently from wu, ,. We will need some more subtle facts of the graphical
construction, and in this section we will introduce the necessary notation and rigorous definition.
As a motivation, note that from (8) follows that the generator L can be written as

Lf =) W f - f1
xeg

Less immediate is the fact that the semi-group P; can also be written in terms of ¥,. This is our aim, but to do so
requires a few steps.
For afinite set A = {(x;,t;): 1 <i<n,tj <t <---<t,} CG x [0, T] we can define ¥4 as

Wy =W Wy Wy
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To extend this definition to infinite sets A requires some more work, as we no longer have a well-ordered sequence.

Before going into the details we state the aim of this section, which is how to represent the semi-group via a Poisson
point process and ¥':

Lemma 6.1. Let ﬁ[o,t] be a Poisson point process with unit intensity on G x [0, t]. The semi-group (P;) is given by
P f= / lI/N[OJ]de[()J].

Let A be a countable subset of G x [0, T'] with no two points at the same time. A partial order <4 on G x [0, T] is
defined as follows: (x,t) <4 (y, s) iff either x = y and ¢ < s or there exists a finite subset {(x1, #1), ..., (xkx,?x)} C A
suchthatt <t <ty <---<tg <sand xp,_1 €x,, + N,2<m < K, as well as x € x; + N and xx = y. We write
Ay :={(y,t) € A: (y,1) <4 (x,T)}. We call A locally finite, if |A-;| < oo forall x € G.

For a locally finite A C G x [0, T'] and a local function f:£2 — R we define

Waf:=Wa,f. A= |J A
xesupp(f)

To extend this definition to non-local functions, note that ¥, induces a probability measure v4 , on 2 by [ fdva , =
Y4 f(n), f local. We then define ¥4 for non-local functions via

Yaf(m) :=/deA,n~

Lemma 6.2. Let A, B be locally finite sets so that A <aup B, that is for no a € A,b € B the relation b <up a
holds. Then

Yaup =WPa¥s.

Proof. Let f be a local function. By the nearest-neighbour property of ¥, and the fact that B is locally finite the
function ¥p f is local as well, with support given by

supp(¥p f) = {x € G: (x,0) <p (v, T),y €supp(f)}.

By construction
VaWpf =Yay, Ve, f.

From A <yp B it then follows that

Agyr={(x,5) € A: (x,5) <aup (v, T), y €supp(f)}.

Hence
VAV [ =Yay, ;uB, [ =Yau), [ =%aus/f. U
We now have the tools to express the semi-group P; via the ¥, .

Proof of Lemma 6.1. Define

Py ::/WN[OJ]de[()J].
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Lemma 6.2 applied to N g and N, ;4] shows that the operator family is a semi-group, and easy calculations show
that it is in fact a Markov semi-group whose generator is given by

Lf=) f-1.
xegG
Since L = L the semi-groups must be the same as well. ]

7. Binary trees

In this short section we will introduce binary trees and associated notation. The way binary trees are tied to the proof
of Theorem 2.7 is delegated to Sections § and 9.

A (rooted) tree is a finite connected cycle-free graph with a distinguished root vertex, which we denote by 0. Let d
be the graph distance. Given a vertex v in a tree 7', an adjacent vertex w € T is said to be a child of v if d(w,0) =
d(v, 0) 4 1. Conversely, the parent of a non-root vertex v is the unique adjacent vertex w with d(w, 0) =d(v,0) — 1.
We call the descendants of a vertex v the set of all vertices w whose unique path to the root passes through v.

A binary tree is a tree whose vertices have at most 2 children, with the additional information whether a child is
the left child or the right child (i.e., a vertex can have no children, a left child, a right child, or a left and a right child).
We call a binary tree full if for each vertex the number of children is either O or 2. A vertex with no children is called
a leaf. With T we denote the set of all leaves of a tree T, and with T=T \ dT the set of interior vertices.

From now on we will only consider full binary trees. On such a tree T we can introduce a well-ordering (see
Figure 1). For any v € T, the left child and all of its descendants are smaller than v, and the right child and all of its
descendants are bigger than v.

From this well-ordering we also obtain an embedding ¢z, of T into Z, where we assume that t7, is order preserving,
17(0) =0, and 17(T) = {a,a + 1,..., b} for some a, b € Z. Observe that in this ordering leaf vertices and interior
vertices alternate, with leaves getting mapped onto odd numbers (with the exception of the tree where the root is
already a leaf).

Based on the embedding (7 we define what we mean by v + 1:

bt 1im {Lil(tz(v) +1), 1z <b;
00, 1z(v) =b.

Note that we simply write oo for a virtual vertex to the right of all of 7. Similarly we define v — 1, with —oo for a
virtual vertex to the left of 7.
Let 7, denote the set of full binary trees with exactly n leaves, and T = Unzl Ty the set of all full binary trees. Let

[(v) denote the left child of a vertex v € f, and r(v) its right child.

8. T-partitions and the basic iteration steps
Now we will use binary trees to develop the core steps of the iteration scheme. Given a full binary tree 7" and a real

number ¢ > 0 we define a T -partition of [0, 7] asamap S:T — [0, oo[ with S(0) =7 and S(I(v)) + S(r(v)) = S(v)
for all v e T. Such a map represents a hierarchical partition: The original interval [0, f] corresponds to the root

N T

1
(O8]
1
—_
[\
9]

P

Fig. 1. A small tree with vertices identified by their embedding into Z.



Talagrand’s inequality for IPSs 187

vertex, and the interval is then split into two pieces where their respective lengths are represented by the values
S(/(0)) and S(r(0)). Those intervals are then split further, with each v € T corresponding to a further refinement of
the partition. The leaves encode the final partition, and for a vertex v € T we write S(v) := Zweanw@ S(w) and
Sw) == ZwEST,w<v S(w). In other words, the partition of the interval [0, ¢] is given by 0 = S(vy) < S(vs +2) <
Se+4)<---<SW*) < S(00) =t, where v, = min{v: v € dT}, v* =max{v: vedT}.

The set of all possible T-partitions of [0,#] we call St;. In addition to the T -partitions we also need maps
X:T— G, which we collect in the set X7. The set St ; plays a big role in the structure of the proofs. The con-
tribution of A’r is minor and is mostly used to simplify notation.

From now on we fix # > 0. Remember the operators ¥4 from the graphical construction. Given a tree T as well as
veT, SeSr,;, X € Xr and a realization of a Poisson point process ﬁ[O,t] C G x [0, t] we define a linear operator
Ws x (v, Njo,n)) on LP(u) by

— Yxw) f> veT;
Ys x (v, Njo,) f = { lpf(v) f veaT.
Nisw 3wr”

Based on ¥s, x (v, ﬁ[o,,]), we write

- N N B N < .
Ws x (v, w, Njo.1]) = {}Icfls,x(v, Nio.)¥s,x(v+ 1, Njo.) - Ws.x (w, Nio,), llj = Z)}

For notational convenience we set
Ws x (v, 00, Njo,1) = ¥s x (v, max{w: w € T}, Njo,0)),
Ws, x (—o0, w, No,1) = ¥s, x (minfv: v e T}, w, N, )

and W5 x (00, 00, Njo.1) = Id.

For a function g(ﬁ[o,,], n) of a realization N[o,,] of a Poisson point process on G x [0, f] and n € §2, we define for
p > 1 the norm

sl = H [ 16®i0.1.9] ¥

p

Now we define the key object to be used in the proof of Theorem 2.7. Given atree T, as wellas v € T and S € St 4,
define

I(T.v,8):= sup Y [ DxWs.rix (.00, )f 250 -
XEXTng -

For atree T € 7,41 the expression I (T, v, S) represents an error term of order n. The vertex v is used to enumerate
the different error terms which all correspond to the same tree 7. Note that I (T, oo, S) = erg | Dy f ||§(t), which is

the goal for our estimation. The starting point, ) ¢ || Dx P; f ||%, can also be expressed by /:

S IDePFIR < 1({0),0, S) = 1({0}, —00, ). (28)
xegG

This estimate follows from

1D, fl = ' | pet, 1 W0

< / Dy, f1dN .0,

which is obtained by Lemma 6.1 and Jensen’s inequality.
The role of § is not yet evident at this point, but it will become more clear in Lemma 8.2 below.
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In the following we will prove two lemmas which are the basic building blocks for the argument. Both lemmas

estimate / (7T, v, S) by I(T,v + 1, §), but the estimates are different for leaves and interior vertices. If v is an interior
vertex, the statement is straightforward.

Lemma8.1. LetT €7T,,n>2,andv € T S eSr;. Then
I(T,v,S) <9I(T,v+1,8).

The more complicated step is when v is a leaf. In that case we have to introduce an extra term with a tree of a
higher order, which is the reason for introducing the trees in the first place.

Lemma 8.2. Let T €T, and v € 3T, S € St ;. Then

S(v)
I(T,v,8) <2I(T,v+1,5) +2|N|25(v)(1 + S(v)|N|)2/ I(T;, v = 1,8, ,)dr,
0

where

o T is the tree in T4 obtained by appending two leaves to the vertex v;
e avertex w' € T, represents the image of w € T when T is embedded canonically into T,
o S, €Sy isgivenby S, (V' —1)=r,8 0 +1)=Sw)—randS, ,(w')=Sw)forweT.

Corollary 8.3. In the setting of Lemma 8.2, if t < 1, then
) S)
I(T,v,8) <2I(T,v+1,8) +2IN*(1+ |N]) S(v)/ I(T), v —1,8,)dr.
0

The remainder of this section is dedicated to the proofs of Lemmas 8.1 and 8.2.

Proof of Lemma 8.1. As v is an interior vertex,

D,Ws x(v,00,) f = DxWx)¥s,x(v+1,00,) f
=V Pxm¥sx(v+1,00,)f —¥xuyWs x(v+1,00,-)f.

By adding and subtracting the appropriate terms and using the triangle inequality,

1P ¥x ) ¥s,x(v+ 1,00, ) f —¥xw)¥s, x(v+1,00,) f|ll,

< |[¥e¥x ) ¥Ps,x(v+1,00,) f =¥ Ws x(v+1,00,-) |l (29)
+ ¥ s, x(v+1,00,-) f = Ws x(v+1,00,-) f || p (€))
+ |¥x @) ¥s,x(v+ 1,00, ) f —W¥s x(v+1,00,)f |- 31

Note that the terms in (30) and (31) are D, Ws x (v + 1,00, ) f and Dx,)¥s, x (v + 1, 00, -) f respectively. Further-
more, with z=0or z = X (v),

sup Z 1D :Wsxx @+ 1,00, ) f 17500
XEXT xeg

2
= sup Z [[DxWs,x—z4+x (v + 1,00, ) [l (50
XEXT ng

<I(T,v+1,5).
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The last inequality uses the fact that for interior vertices, S(v) = S(v + 1). Note that by (9) and Jensen’s inequality,
l¥xglll, < |llglllp- Applying this fact to the function Dy, ¥s, x f we can estimate (29) the same way as (30) and (31).
To put everything together, we use above estimates and the fact that (a + b + ¢)? < 3(a® + b* + ¢?):

2
sup Z [ DxWs,x+x (v, 00, ')f|||p(§(v))
XEXTXEQ

<3 sup Y [[VaPhix ) Wsarx (v + 1,00, ) f — WeWs iy x (v + 1,00, ) £II13 500
XEXT)CEQ -

+3 sup Y [|WeWspx v+ 1,00, ) f — Ws ey x (0 + 1,00, ) fl1 2500
XEXTng -

+3 sup ) [ WeixPsasx®+1,00,) f = Ws oy x(0+1,00,) 250
XEXTXEQ
<9(T,v+1,9). O

Proof of Lemma 8.2. We start by studying
/|Dx‘1/S,x(v, 00, Njo.1) f| dNo,1)
= / |Dy wﬁ[s(mv)[w& x(+ 1,00, Njo.7) f| dN{0,1]. (32)

Denote by A the event that N[S(v),?(u)[ N((x +N) x [S(v), S(v)]) = @, i.e., the Poisson point process of the graphical
construction has no points in a neighbourhood of x in the time interval [S(v), S(v)[. In that case D, and Uy

commute, and s
(32) = / LA, ) sy P ¥s.x (v + 1,00, Nio.) f|dN o,
+ / 1 pc waﬁwwws,x(v + 1,00, Njo.1)) f|dN{0,1]
< f 1Awﬁ[§(v)’§(v>[|0st,x(u+ 1,00, Njo,1) f| dN{0,1] (33)
+ / 1 ge waﬁwj(v)[ws, x(+1,00, Njo,17) f|dN{0,1]. (34)

By construction ¥s x (v + 1, oo, N[o),]) does not depend on N[O,E(v)[’ Therefore we can split the integration into the
time intervals [0, S(v)] and [S(v), ¢] and integrate separately:

(33) = ( / La¥R 0500 dﬁ[ﬁ(v)j(v)[) [ / | Dxs x (v + 1,00, Nisw.n) f| dﬁ[g(vm]

< Ps) [/|Dx‘1/s,x(v + 1,00, Njo,i) f| dﬁ[O),t]]

Here we used the fact that the term in square brackets is a non-negative function, so that we can drop the indicator
over A to increase the value and then use Lemma 6.1 to write the first term as the semi-group.

The estimate of (34) is more involved. Let M be Poisson(S(v)|N|)-distributed and Q1, Q3, ... be independent
and uniformly distributed on (x + N") x [S(v), S(v)[. Then N[S(v),i(v)[ N ((x +N) x [S(v), S(W)[) has the same

distribution as U,iv[:l {O}. The event A€ corresponds to the event {M > 1}. Therefore, at least the point Q1 is present.
The number of remaining points is no longer Poisson distributed, but given by a Poisson distribution conditioned on
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at least one point, minus 1. However, this distribution has a density # with respect to the Poisson distribution which
satisfies ||h]lco < 1+ S(v)|N|. Therefore, we can replace the distribution of the remaining points by a Poisson point

process and obtain for any positive function g:

/ 1acg(Njo.i) dN[0.1]

=(1 —e“N'S(”))/8(N[o,t])d[ﬁ[o,t1|f‘c]

(1 — e~ INIS@)) S) - . _
W s Z /g(N[oy,]U{(x—i—y,r)})h(N[o,,]U{(x—i—y,r)})dN[o’,]dr
2 yeN

Z /g(ﬁ[o,,] U {(x +y,8(v) +r)})dﬁ[o,t] dr. (35)

S(v)
<1-(1 +s<u)w|)/0
yeN

We now consider the function g(Nyg.) = |Dx IPN[S( - ”lI/S, x(+ 1,00, Njo.1) f|. Remember the definition of T/,

S, , and define X;, € Xy by X’y(v’) =y and X/ (w) = X (w) for w € T. Then we have for almost every N{g ]

g(ﬁ[o,t] U {(x +y,8() + r)}) = ‘Dx wﬁ[g(u)j(u)[u{(x+y’§(”)+r)}WS‘X(U + 1, 00, N[O,t])f‘

= |D, ¥~ 12 Us x(v+1,00, N
| YENs. S+ ¥ TV TN (5004003000 s.x(v+ [0”])f|

= |waS;,U,X; (v’ -1, OO,N[()J])f|.

Using the above with (35) gives us

Z /|Dx lpS},vaSv (U/ — 1,00, N[Q,,])f| dﬁ[o’;] dr.

S(v)
B4 <(1+ S(v)l/\fl)[o
yeN

Using all the previous estimates,

I(T,v,8) < sup Z(|||Ps<v)|Dxl1/s,x+x(v + 1,00, ) f] ll pescw

XEXT XGg

S(v) 2
+(1 JrS(v)Wl)/0 D IDe¥sy, xrxy (v = 1,00, ) £ Ml peson dr)

yeN
<2 sup Y [ Pseoy | DxWsvax (v + 1,00, ) f] [P0 (36)
XEXT)CEQ -
+2NISW) (1 + SN .
7
S(v) / ) (37)
x/ Z sup Z ‘HDXWS;,U,XJrX;(U —1,00,)f (5(s ) dr-
0 ye/\/XEXTxeg

Using hypercontractivity (6),

(36) <2 sup D IDeWs spx 0+ 1,00, f P ) =21 (T 0 +1,5).
EXT ng
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Since S(v) = S, , (v — 1), and taking the supremum over X7;,

S()
2
(37) < 2INPS)(1 + Sw)INT) /0 sup Y[ Dy, wxr (v — 1, 00, -)f|||f,(5;’v(v/_1)) dr

’
X GXTI; ng

S(v)
=2|N|2S(v)(1+S(v)|N|)2/0 (T, v = 1,8, ,)dr. 0

9. The measures mr ; and the iteration procedure

When looking at the error term introduced in Lemma 8.2 we see that there is some integration happening. When
applying Lemma 8.2 (in the form of Corollary 8.3) to the integrand of the error term, we get another integral. All
together, to describe the total influence of an error term we will have to integrate with respect to some measure which
depends on the tree structure and the time interval [0, ¢]. We call this measure mr ;.

Before defining the measure m7; we have to introduce a bit of notation. Given a tree T', T # {0}, we denote by T},
the left subtree of T, which is the unique tree 77, for which a map ¢; : Tr, — T with the following properties exists:

e (7 is injective and order preserving;

o 1 (T)={veT: v<0}

e 17(0)=1(0).

Analogously we define Tg, the right subtree of T.

Fix a tree T # {0} and ¢t > 0. For 0 < s <, choose Sy € St, s and Sg € St,,1—s. From the partitions Sz and Sg
on the subtrees we define a corresponding T -partition of [0, 7],

SL; W), v<0;
(SL,t,SR)(U) = t, UZO,
SR (), v>0.

For T €7, and t > 0 we define the measure mr; on St recursively. If T = {0}, mr; := S0+, the Dirac measure
on the single element of Sjo) ;. If T # {0},

t
mry =1 / f f (5, .50 M Tg1—s (ASRIMT, 5 (AS1) ds.
0 STL,S STR,I—S

The structure of m7 ; is chosen to mirror the structure of the second right hand term in Lemma 8.2 (for ¢ small). The
recursive nature makes both terms somewhat difficult to understand. However, we obtain a reasonable estimate on the
mass of mr ;.

Lemma9.1. ForT €7,,t >0,
t2n—2

Imr (dS) < ———,
/3” mrd9) = G 3

where 2k — ! = ]_[fle (2i — 1) is the double factorial, with the convention of (—1)!! = 1.

Proof. The proof will be by induction over n. For n = 1 both sides of the statement equal 1. For the induction step
we use the recursive definition of m7 ;. Assume that the statement holds for all trees in Tx, 1 <k <n and all t > 0.
Forany T € 7,4 and any ¢ > 0,

t
/ 1mT,z(dS)=t// / Imry,1—s(dSpR)my, s(dSL)ds
St 0 JSr, s IS

TR,rf.v

t s2n( -2 (t S)ZnR—Z
= /
0

ds, 38)
2ng —3)!! 2ng —3)!
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where Ty, € 7,, and Tg € 7y, . Using partial integration,

(38) = 2np —2)!2ng —2)! (2Rt =2

T @np — ) Q2ng — 320y +2ng — 3)!

. . 2n;—2)!2ng—2)! 1 : :
A simple calculation shows that (an73)(”(";“7)3()”';’23“12”73)! < G and since ny +ng =n + 1 this com-

pletes the proof. U

To facilitate the recursive argument which will ultimately lead to a proof of Theorem 2.7 we need to look at the
vertices of a tree in more detail. First, we denote by

#_:=|{wedT:w<v}|, TeT,veT,

the number of leaves before a vertex v. Next we define
B(T):max{ve?o": v—1,v+1€0dT}, TeT,

with the convention that the maximum of the empty set is —oo. In other words, B(T) is the last simple branching
point in 7', with simple referring to the fact that both its children are leaves.

Lemma 9.2. Foratree T and T, as in Lemma 8.2, we have the following:

(a) Let v € T be a leaf which satisfies v > B(T) — 1. Then in the expanded tree T, v' = B(T)). In other words, the
embedding v' of v into T, is the last simple branching point in T,. Additionally, the number of leaves before v
satisfies #v_ =#B(T))_ — 1.

(b) The set Tp+1 of full binary trees with exactly n + 1 leaves can be obtained as the disjoint union of expansions of
the trees in Tp: Thi1 = Ureﬁ{Tv/: vedT,v> B(T)—1}.

Proof. If v is not a child of B(T), then v > B(T) and v/ = B(T}). If v is a child of B(T'), then B(T)’ is no longer a
simple branching point, and hence v’ = B(T}). From this and #v’_ =#v_ + 1 follows #v_ =#B(T,))_ — 1.

Foratree T € T,41, let T* € T, be the tree obtained by removing the two child leaves of B(T'). By slight abuse of
notation we also write B(T) for the leaf in 7* so that (T*)/B(T) = T. By construction of T*, B(T*) < B(T) or B(T)
is a child of B(T™*). Hence 7,41 C UTG’E{TU/: v € dT,v > B(T) — 1}. The other inclusion is obvious. To show that

the union is disjoined, we observe that (7,)* =T for any v € 87, v > B(T) — 1. O

We are now in state to use Lemmas 8.1 and 8.2 iteratively, providing us with a first commutation property between
D, and P;. This iteration procedure is captured in the following theorem.

Theorem 9.3. Supposet < 1. Forany N > 0,
Y 21 [Tl
2 1 2 n— n 2n—2 2
ZganPtfnzs (22-18" (@ WP+ W) o )Zgllefll,,(,)
xXe n= xXe

+ - IVPA+VHY Y 18#(3(“_“*/ I(T, B(T) — 1, S)mz . (dS).

T€TN+1 St

Proof. The proof will be by induction. For N = 0, we observe that
> 1gHBM=D- / 1(T, B(T) — 1, S)mr ,(dS)
TeT) St

=1({0}, —00, 01> 1) = Y "Dy P f1I3,
xeg
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where we used (28) for the last step. To show the induction step, it suffices to prove that

) 18#(B(T)—1)—/ I(T,B(T)— 1, S)mr,(dS)

TeTn St

N-1 | Tw| 2N-2 2
=2 2 Pl
X€

+2- NPV Y 18#(B(T)_1)*/ I(T, B(T) — 1, S)mr,(dS).

TeTn+1 St

Fix T € Ty and let v € 3T. Now we apply Corollary 8.3 to I (T, v, S). If v+ 1 = o0, then

S(v)
2 ’
I(T,v,8) <2) 1D f ) +2- INP(1+IN]) S(v)f0 I(T;,v' = 1,5;,)dr.
xeG

Otherwise, v + 2 < oo as well, and using Lemma 8.1 in addition to Corollary 8.3 yields

S(v)
I(T,v,8) <2I(T,v+ 1,8 +2- IN*(1+ |N|)2S(v)/ I(Ty,v' = 1,8 ,)dr
0

> Mrv

S(v)
<18I(T,v+2, S)+2-|N|2(1+|N|)25(v)/ (T, — 1,8, ,)dr.
0

As v + 2 is again a leaf, we can iterate. Therefore,

I(T,B(T)—1,8) < Z 18#v——#(B(T)~=1)-p

vedT
v>B(T)—1

S(v)
NP1+ |N|)25<v>f0 I(Ty,v' —1,8/,)dr

+2- 18V IHFED=D=N D I3 -
xeg

Integrating with respect to mr; and multiplying with 18#BM=D- "ye get

18#<B<T>*1)—/ I(T, v, S)mr ,(dS)
St

S(v)
< Y 18#”—2.|N|2(1+|N|)2/ S(v)/ (T),v' = 1, 8.,)drm7,,(dS)
ST,[ 0

vedT
v>B(T)—1

L2 18N / 1m7.0(dS) Y 1Dx f 1 -
St xeg

Note that by Lemma 9.1,

t2N—2
Imz,(dS) < ————.
/5” mrd9) = N 3
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By construction of the measures mr ; and using the Lemma 9.2,
S(v)
/ S(v)/ (T, v = 1,8, ,)drmy ,(dS)
St 0 '

- f 1(TL, B(T)) — 1, 8)m, (dS).
S

U
).t

Summing over T € Ty completes the proof by using Lemma 9.2 again. ]

Proof of Theorem 2.7. The proof consists of two parts. In a first step, we will show that for <1

2
> UIDePf13 <26 D DL fI ) (39)
xeg xegG
with A =72 - N2 + N2
It is known from combinatorics that |7,+1| = Cy,, where C,, = % is the nth Catalan number [15]. Therewith

[Tt 2"
Cn=DI'" m+ DV

and by Theorem 9.3,

o
1
> IDPflz<2) m(72|/\/|2(1 VD) < 262N PAHND?2
n !
xeG n=0

showing (39). To obtain the claim (15) from (39) we first note that without changes in the proofs except for notation

2
D UDP Iy <26 > T IDx fl5 s (40)
xeg xeG

holds as well for any s > 0. When we write P; = (P,/m)m, and apply (40) [#] times, we get

2
D D P f13 <2 TDTN D f2 ).

xegG xeG
Using [t] <t 4 1 and ¢/[t] <1 yields (15) with C = 2¢* to show the theorem. (|
References

[1] I. Benjamini, G. Kalai and O. Schramm. First passage percolation has sublinear distance variance. Ann. Probab. 31 (4) (2003) 1970-1978.
MR2016607

[2] J. van den Berg and D. Kiss. Sublinearity of the travel-time variance for dependent first-passage percolation. Ann. Probab. 40 (2) (2012)
743-764. MR2952090

[3] S.G. Bobkov and F. Gotze. Exponential integrability and transportation cost related to logarithmic Sobolev inequalities. J. Funct. Anal. 163
(1) (1999) 1-28. MR1682772

[4] S.G.Bobkov and C. Houdré. A converse Gaussian Poincaré-type inequality for convex functions. Statist. Probab. Lett. 44 (3) (1999) 281-290.
MRI1711613

[5] J. Bourgain, J. Kahn, G. Kalai, Y. Katznelson and N. Linial. The influence of variables in product spaces. Israel J. Math. 77 (1-2) (1992)
55-64. MR1194785

[6] D.Cordero-erausquin and M. Ledoux. Hypercontractive measures, Talagrand’s inequality, and influences. In Geometric Aspects of Functional
Analysis 169-189. Lecture Notes in Math. 2050. Springer, Heidelberg, 2012. MR2985132

[7] E. Friedgut. Sharp thresholds of graph properties, and the k-sat problem. J. Amer. Math. Soc. 12 (4) (1999) 1017-1054. With an appendix by
Jean Bourgain. MR1678031


http://www.ams.org/mathscinet-getitem?mr=2016607
http://www.ams.org/mathscinet-getitem?mr=2952090
http://www.ams.org/mathscinet-getitem?mr=1682772
http://www.ams.org/mathscinet-getitem?mr=1711613
http://www.ams.org/mathscinet-getitem?mr=1194785
http://www.ams.org/mathscinet-getitem?mr=2985132
http://www.ams.org/mathscinet-getitem?mr=1678031

[8]

[9]
(10]

(11]
[12]
[13]
[14]

[15]
[16]

Talagrand’s inequality for IPSs 195

A. Guionnet and B. Zegarlinksi. Lectures on logarithmic Sobolev inequalities. In Séminaire de Probabilités XXXVI 1-134. J. Azéma, M.
Emery, M. Ledoux and M. Yor (Eds). Lecture Notes in Math. 1801. Springer, Berlin, 2003. MR1971582

R. Holley and D. Stroock. Logarithmic Sobolev inequalities and stochastic Ising models. J. Stat. Phys. 46 (1987) 1159-1194. MR0893137
J. Kahn, G. Kalai and N. Linial. The influence of variables on Boolean functions. In Proceedings of the 29th Annual Symposium on Founda-
tions of Computer Science (SFCS’88) 68-80. IEEE Computer Society Press, Washington, DC, 1988. DOI: 10.1109/SFCS.1988.21923.

N. Keller, E. Mossel and A. Sen. Geometric influences. Ann. Probab. 40 (3) (2012) 1135-1166. MR2962089

M. A. Krasnosel’skii and I. A. B. Rutitskii. Convex Functions and Orlicz Spaces. P. Noordhoff, Groningen, 1961. MR0126722

F. Martinelli and E. Olivieri. Approach to equilibrium of Glauber dynamics in the one phase region. I. The attractive case. Comm. Math. Phys.
161 (3) (1994) 447-486. MR1269387

F. Martinelli and E. Olivieri. Approach to equilibrium of Glauber dynamics in the one phase region. II. The general case. Comm. Math. Phys.
161 (3) (1994) 487-514. MR1269388

R. P. Stanley. Enumerative Combinatorics, 2. Cambridge Univ. Press, Cambridge, 1999. MR1676282

M. Talagrand. On Russo’s approximate zero—one law. Ann. Probab. 22 (3) (1994) 1576-1587. MR1303654


http://www.ams.org/mathscinet-getitem?mr=1971582
http://www.ams.org/mathscinet-getitem?mr=0893137
http://dx.doi.org/10.1109/SFCS.1988.21923
http://www.ams.org/mathscinet-getitem?mr=2962089
http://www.ams.org/mathscinet-getitem?mr=0126722
http://www.ams.org/mathscinet-getitem?mr=1269387
http://www.ams.org/mathscinet-getitem?mr=1269388
http://www.ams.org/mathscinet-getitem?mr=1676282
http://www.ams.org/mathscinet-getitem?mr=1303654

	Introduction
	Setting and results
	Notation and deﬁnitions
	Talagrand's inequality
	On inﬂuences and Russo's formula
	Organization of the proofs

	Proof of Talagrand's inequality
	Russo's formula and other proofs
	Log-Sobolev inequality from Talagrand's inequality
	Graphical construction
	Binary trees
	T-partitions and the basic iteration steps
	The measures mT,t and the iteration procedure
	References

