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Abstract. We consider a continuous time Markov chain on a countable state space and prove a joint large deviation principle for
the empirical measure and the empirical flow, which accounts for the total number of jumps between pairs of states. We give a
direct proof using tilting and an indirect one by contraction from the empirical process.

Résumé. On consideére une chaine de Markov en temps continu a espace d’états denombrable, et on prouve un principe de grandes
déviations commun pour la mesure empirique et le courant empirique, qui représente le nombre total de sauts entre les paires
d’états. On donne une preuve directe a I’aide d’un tilting, et une preuve indirecte par contraction, a partir du processus empirique.
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1. Introduction

One of the most important contribution in the theory of large deviations is the series of papers of Donsker and Varadhan
[19] where the authors develop a general approach to the study of large deviations for Markov processes both in
continuous and discrete time. They establish large deviations principles (LDP) for the empirical measure and for the
empirical process associated to a Markov process. Given a sample path of the process on the finite time window [0, 7],
the corresponding empirical measure is a probability measure on the state space that associates to any measurable
subset the fraction of time spent on it. A LDP for the empirical measure is usually called a level 2 LDP. Given
a sample path, the corresponding empirical process is a probability measure on paths defined on the infinite time
window (—o0, 4-00). More precisely, it is the unique stationary (with respect to time shift) probability measure that
gives weight 1 to T-periodic paths such that there exists a period [¢, ¢ + T'] where they coincide with the original
sample path. A LDP for the empirical process is usually called a level 3 LDP.

The large deviations asymptotic of discrete time Markov chains on a countable state space can be described as
follows, see for example [16,17]. The rate function for the level 3 LDP is the relative entropy per unit of time. The rate
function for the level 2 LDP has instead in general only a variational representation, which cannot be solved explicitly
even for reversible transition probabilities. A very natural and much studied object is the k-symbols empirical measure.
This is a probability measure on strings of symbols with length k obtained from the frequency of appearance in the
sample path. With a suitable periodization procedure the k-symbols empirical measures constitute a consistent family
of measures that are exactly the k marginals of the empirical process. For each k > 1, and in particular for k = 2 the
rate function for the LDP associated to the k symbols empirical measure has an explicit expression.
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The aim of this paper is to provide an analogous picture for continuous time Markov chains on a countable state
space. For the empirical process the rate function is always the relative entropy per unit of time. For the empirical
measure the rate function has instead only a variational representation. In the case of reversible Markov chains the
corresponding variational problem can be solved and the rate function is related to the Dirichlet form. In the continuous
time setting the natural counterpart of the 2-symbols empirical measure is the empirical flow that can be defined as
follows. Given a sample path of the Markov chain in the finite time window [0, T'], the corresponding empirical flow
is the positive measure on the pairs of states assigning to each pair a weight given by the corresponding number of
jumps per unit of time.

As in the discrete time setting, the joint rate function for the empirical measure and flow can always be written
in a closed form (formula (2.12) below). This joint rate function for the empirical measure and flow first appeared
in applied contexts. Originally in information technology [15,27] and more recently in statistical mechanics [1]. In
particular, in [27] it has been used to recover by contraction the Donsker—Varadhan rate function for the empirical
measure in the case of a state space with only two elements. Being a LDP intermediate among level 2 and level 3,
the authors called it a level 2.5 LDP. Later in [2], motivated by statistical applications, the authors have showed that
the contraction on the empirical measure of the rate function proposed by [27] leads to the Donsker—Varadhan rate
function in the case of finite state space. In [15] a weak level 2.5 LDP has been proved. Finally in [1] LDPs for flows
and currents have been discussed in relation to nonequilibrium thermodynamics.

In the present paper we give a rigorous proof of a full LDP for Markov chains on a countable state space. In the
case of infinite state space, the empirical flow exhibits novel phenomena with respect to the empirical measure. In
particular, the Markov chain could perform very long excursions towards infinity in very short time. Therefore, the
exponential tightness of the empirical flow requires additional conditions and poses nontrivial topological issues. We
have solved these problems by introducing the bounded weak™* topology and adding an extra condition with respect
to the Donsker—Varadhan ones (see item (vi) in Condition 2.2). This condition is sharp as it is also necessary for the
exponential tightness of the empirical flow in the case of birth and dead processes. Another technical issue is whether
the LDP for the empirical measure and flow holds in a stronger topology. For the empirical flow a natural candidate is
the strong L' topology. However, as shown in the case of birth and dead processes, the rate function has not in general
compact level sets in the strong L! topology for flows.

We present two different proofs of the LDP of the empirical measure and flow. A direct derivation is obtained
using a perturbation of the original Markov measure (under the additional assumption that the graph underlying the
Markov chain is locally finite), while an indirect derivation is obtained by contraction from the level 3 LDP. In the
last case, the contraction principle (which anyway requires some work as the map is not continuous and the topology
is not metrizable) leads to a partial result. In fact, the main point is the identification of the rate function obtained
by contraction with the closed form (2.12). In order to prove this identity — which does require additional conditions
with respect to the level 3 LDP — we need a geometrical analysis of divergence-free flows on graphs (see Section 4)
which plays a fundamental role also in direct proof of the LDP by exponential tilting. Besides the Donsker—Varadhan
conditions, level 2 and 3 LDPs can be proven under hypercontractivity condition, see [18]. Also in this framework,
the exponential tightness of the empirical flow requires the additional condition that the inverse of the mean holding
time has a finite exponential moment with respect to the invariant measure.

We mention some recent results about fluctuations of currents and flows inspiring and motivating the present work.
We already mentioned the paper [1]. In [29,30] LDPs for the current of the Brownian motion on a compact Riemann
manifold are obtained. We mention also the recent preprint [35] on the joint large deviations for the empirical measure
and flow for a renewal process on a finite graph. Currents play also a crucial role in biochemical processes, and
the study of large fluctuations and related symmetries have recently received much attention (see e.g. [23,31] and
references therein). As development of the result given here, in [6] we recover the LDP for the empirical measure
by contraction from the joint LDP proved here. In [7] we shall discuss several applications and consequences of our
results like LDPs for currents and Gallavotti-Cohen symmetries [22,32]. In [7] we will also give sufficient conditions
leading to the joint LDP for empirical measure and flow when endowing the flow space of the strong L' topology. We
also mention that in [3] the scheme proposed here has been extended to the case of continuous time jump processes
with an absorbing state, motivated by the study of energy transport in insulators.

We finally outline some possible applications of the LDP for empirical measure and flow in the context of inter-
acting particle systems. (i) The LDP for the total number of jumps per unit of time has been recently analyzed in
[11,12] for some constrained interacting particle systems including the east model. In the limit of infinitely many
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particles, the associated rate function exhibits a nontrivial zero level set thus leading to second order large deviations.
The second order rate function is conjectured and partially proven in [12]. This problem can be attacked, by a purely
variational procedure, starting from the joint rate function for empirical measure and flow. (ii) In the context of hy-
drodynamic scaling limits the LDP of the current has been analyzed in [4,5,8,9]. In this setting a natural problem is
the large deviation properties of the time averaged hydrodynamical current in the large time limit. The corresponding
rate function exhibits interesting phenomena. On the other hand, one can take the large time limit before the limit of
infinitely many particles. As the hydrodynamical current can be written in terms of the empirical flow one can take
the scaling limit in the joint LDP for the empirical measure and flows. If all goes well one then recovers the hydrody-
namical rate function. In the special case of the one-dimensional boundary driven zero range process, the LDP for the
current of particles across an edge of the lattice has been computed by combinatorial techniques in [25] based on a
suitable ansatz. In the limit of infinitely many particles it yields the hydrodynamical result. In principle, this problem,
including the validity of the ansatz in [25], could be addressed starting from the joint LDP for the empirical measure
and flow. (iii) Always in the context of hydrodynamical scaling limit, the LDP for the net flow of particles across a
segment of the two-dimensional torus has been analyzed in [10]. In particular, it is shown that the large deviations
asymptotic degenerates due to the occurrence of small vortices near the endpoints of the segment. A nontrivial LDP
should hold in a suitable logarithmic rescaling. This phenomenon can be analyzed already for a single random walk
for which it becomes a problem on the scaling limit of the rate function here derived.

2. Notation and results

We consider a continuous time Markov chain &, r € R on a countable (finite or infinite) state space V. The Markov
chain is defined in terms of the jump rates r(x,y), x # y in V, from which one derives the holding times and
the jump chain [39], Section 2.6. Since the holding time at x € V is an exponential random variable of parameter
r(x) .= Zyev r(x, y), we need to assume that 7 (x) < +oo forany x € V.

The basic assumptions on the chain are the following:

(A1) foreachx e V,r(x) = Z‘,EV r(x, y) is finite and strictly positive;

(A2) for each x € V the Markov chain &/ starting from x has no explosion a.s.;

(A3) the Markov chain is irreducible, i.e. for each x, y € V and ¢ > 0 the event {§ = y} has strictly positive proba-
bility;

(A4) there exists a unique invariant probability measure, that is denoted by 7.

As in [39], by invariant probability measure w we mean a probability measure on V such that

Zn(x)r(x, y) = Zn(y)r(y,x) VxeV, 2.1

yeV yeVv

where we understand r(x, x) = 0. We recall some basic facts from [39], see in particular Section 3.5 and Theo-
rem 3.8.1 there. Assuming (A1) and irreducibility (A3), assumptions (A2) and (A4) together are equivalent to the fact
that all states are positive recurrent. In (A4) one could remove the assumption of uniqueness of the invariant proba-
bility measure, since for an irreducible Markov chain there can be at most only one. Under the above assumptions,
m(x) > 0 for all x € V, the Markov chain starting with distribution 7 is stationary (i.e. its law is left invariant by
time-translations), and the ergodic theorem holds, i.e. for any bounded function f: V — R and any initial distribution

T
lim l/ dr f(&) = (m, f) as., 2.2)
T—+o0o T Jo

where (7, f) denotes the expectation of f with respect to 7. Finally, we observe that if V is finite then (A1) and (A2)
are automatically satisfied, while (A3) implies (A4).

We consider V endowed with the discrete topology and the associated Borel o -algebra given by the collection of
all the subsets of V. Given x € V, the distribution of the Markov chain & starting from x, is a probability measure
on the Skorohod space D(R.; V) that we denote by P,. The expectation with respect to [P, is denoted by E,. In
the sequel we consider D(R; V) equipped with the Skorohod topology, the associated Borel o -algebra, and the
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canonical filtration. The canonical coordinate in D(R; V) is denoted by X;. The set of probability measures on V
is denoted by P(V) and it is considered endowed with the topology of weak convergence and the associated Borel
o -algebra. Since V has the discrete topology, the weak convergence of u, to i in P(V) is equivalent to the pointwise
convergence of (,(x) to u(x) forany x € V.

2.1. Empirical measure and empirical flow

Given T > 0 the empirical measure ur : D(Ry; V) — P(V) is defined by

1 T
X)=— dt 8y, ,
ur (X) T/o X,

where §, denotes the pointmass at y. Given x € V, the ergodic theorem (2.2) implies that the empirical measure pr

converges Py a.s. to m as T — oo. In particular, the sequence of probabilities {Py o ,u;] }r=0 on P(V) converges to
Sx.
We denote by E the countable set of ordered edges in V with strictly positive jump rate:

E:={(y,2) €V x V: r(y,2)>0}.

For each T > 0 we define the empirical flow as the map Q7 : D(R; V) — [0, +00] given by

1
Or(X):= T Z S(X,—,X0)- (2.3)

1€[0,T1:X,— #X;
Namely, T Q7 (X)(y, z) is the number of jumps from y to z in the time interval [0, T'] of the path X.

Remark 2.1. By the graphical construction of the Markov chain, the random field {T Q1 (y, 2)}(y,z)e under Py is
stochastically dominated by the random field {Z, ;}(y,;)eE given by independent Poisson random variables, Z, ;
having mean Tr(y, z).

We denote by LY(E) the collection of absolutely summable functions on E and by || - || the associated L'-norm.
The set of nonnegative elements of L' (E) is denoted by L 5_(E ). Since the chain is not explosive, for each T > 0 we
have P, a.s. that Q7 € LL(E).

Given a flow Q € LL(E ) we let its divergence div Q : V — R be the function defined by

dvoy = Y Qa- Y 0@y, yeV, (2.4)

z(y,2)€EE z:(z,y)€EE

Namely, the divergence of the flow Q at y is given by the difference between the flow exiting from y and the flow
entering into y. Observe that the divergence maps Lﬂr(E )y to LY(V).

Finally, to each probability ; € P(V) we associate the flow Q" € ]Rf defined by

Ot (y,2) =puMr(y,2), ((,2)€kE. (2.5)

Note that Q" € Lﬂ_(E ) if and only if (u, r) < 400. Moreover, in this case, by (2.1) Q" has vanishing divergence if
only if p is invariant for the Markov chain &, i.e. u = .

We now discuss the law of large numbers for the empirical flow. As follows from simple computations (see [38],
Lemma I1.2.3, and [28], App. 1, Lemma 5.1, which have to be generalized to the case of unbounded r(-) by means of
[39], Section 2.8, and Remark 2.1) for each (y, z) € E the process

T
My (y.2) =T Qr(X)(y,2) — /0 dr 8, (X)r (v, 2) 2.6)
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is a martingale with respect to Py, x € V. Moreover, the predictable quadratic variation of M7 (y, z), denoted by
(M(y,z))r is given by

T
(M(y,z))T=/0 dt 8, (X )r(y, 2).

In view of the ergodic theorem (2.2), we conclude that for each x € V and (y, z) € E the family of real random
variables Q7 (y, z) converges, in probability with respect to P, as T — 400 to Q7 (y, z). We refer to Remark 3.3 for
an alternative proof.

2.2. Compactness conditions

The classical Donsker—Varadhan theorem [16,18,19,40] describes the LDP associated to the empirical measure. The
main purpose of the present paper is to extend this result by considering also the empirical flow.

Below we will state two LDPs (Theorem 2.7 and Theorem 2.10) for the joint process given by the empirical
measure and flow. In Theorem 2.7 the flow space is given by LT(E ) endowed of the bounded weak* topology and,
in order to have some control at infinity in the case of infinite state space V, compactness assumptions are required.
In Theorem 2.10 the flow space is given by [0, +00]% endowed of the product topology and weaker assumptions are
required (the same of [19]). On the other hand, the rate function has not always a computable form.

Let us now state precisely the compactness conditions under which Theorem 2.7 holds (at least one of the following
Conditions 2.2, 2.4 has to be satisfied). To this aim, given f:V — R such that >___, r(x, )| f(y)| < +oo for each
x € V, we denote by Lf : V — R the function defined by

yeV

Lf(x) =) r@n[fO-fx] xeVv. 2.7)
yeVv
Condition 2.2. There exists a sequence of functions u,, : V — (0, 400) satisfying the following requirements:

(i) Foreachx €V andn € Nit holds r(x, Yu,(y) < +oo. In the sequel Lu,, : V — R is the function defined

yeVv
by (2.7).
(ii) The sequence u,, is uniformly bounded from below. Namely, there exists ¢ > 0 such that u,(x) > c¢ forany x € V
andn € N.

(iii) The sequence u,, is uniformly bounded from above on compacts. Namely, for each x € V there exists a constant
C\ such that for any n € N it holds u,(x) < Cy.

(iv) Set v, := —Luy/u,. The sequence v, : V — R converges pointwise to some v:V — R.

(v) The function v has compact level sets. Namely, for each £ € R the level set {x € V: v(x) < £} is finite.

(vi) There exist a strictly positive constant ¢ and a positive constant C such that v > or — C.

Remark 2.3. Since u,, > 0, it holds v, (x) = ZyEV r(x,y)(1 —u,(y)/un(x)) <r(x). Hence the function v in Condi-
tion 2.2 must satisfy v(x) <r(x) forall x € V. Due to (v), this implies that also r has compact level sets. In particular,
when considering a Markov chain with infinite state space, the function r must diverge at infinity.

Replacing in Condition 2.2 the strictly positive constant o with zero one obtains the same assumptions of Donsker
and Varadhan for the derivation in [19] of the LDP for the empirical measure of the Markov chain satisfying (A1)-(A4)
(shortly, we will say that the Donsker—Varadhan condition is satisfied). In particular, the empirical measure satisfies a
LDP with rate function 7 : P(V) — [0, +00] given by

T(u) = sup{— (1, Lu/u)}. 2.8)

u>0

Under the same condition, the empirical process satisfies a LDP (see Section 6). Both these results still hold under a

suitable compactness condition concerning the hypercontractivity of the underlying Markov semigroup, see [18].
With respect to the hypercontractity condition, in order to establish the exponential tightness of the empirical flow

we need extra assumptions. Recall that 7 is the unique invariant measure of the chain. The maps P; f (x) := E(f(§})),
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t € R, define a strongly continuous Markov semigroup on L?(V, ). We write D,, for the Dirichlet form associated
to the symmetric part (£ + £*)/2 of the generator £ in L>(V, 7). Since the time-reversed dynamics is described by
a Markov chain on V with transition rates r*(x, y) := 7w (y)r(y, x) /7 (x), it holds

1
Da(f) =72 ) (w(0r(x, ») +7(0r(y, 0) (£ () - fW)’. fel’(vV.m). (2.9)

xeV yeV

One can take this expression as definition of D, , avoiding all technicalities concerning infinitesimal generators. One
says that the Markov chain § satisfies the logarithmic Sobolev inequality if there exists a constant c.s € (0, 4-00) such
that for any p € P(V) it holds (recall that 7 (x) > O for any x € V)

Ent(u|m) < cLs D (v p/7), (2.10)

where Ent(u|7) denotes the relative entropy of p with respect to .

Condition 2.4.

(1) The Markov chain satisfies a logarithmic Sobolev inequality.
(ii) The exit rate r has an exponential moment with respect to the invariant measure. Namely, there exists o > 0 such
that (, exp(or)) < +o0.
(iii) The graph (V, E) is locally finite, that is for each vertex y € V the number of incoming and outgoing edges in y
is finite.

Item (iii) is here assumed for technical convenience and it should be possible to drop it. Item (i) is the hypercon-
tractivity condition assumed in [18] to deduce the Donsker—Varadhan theorem for the empirical measure. Item (ii) is
here required to prove the exponential tightness of the empirical flow in L 1+(E ).

Remark 2.5. By taking in (2.10) u = 8, Condition 2.4(i) implies that r has compact level sets.

2.3. LDP with flow space LL_(E ) endowed of the bounded weak* topology

We consider the space L' (E) equipped with the so-called bounded weak* topology. This is defined as follows. Recall
that the (countable) set E is the collection of ordered edges in V with positive jump rate. Let Co(E) be the collection
of the functions F: E — R vanishing at infinity, that is the closure of the functions with compact support in the
uniform topology. The dual of Co(E) is then identified with L' (E). The weak* topology on L'(E) is the smallest
topology such that the maps Q € LY (E) - (0, f) € R with f € Co(E) are continuous. Given £ > 0, let By :=
{Q € L'(E):||Q| < ¢} be the closed ball of radius £ in L'(E) (|| - | being the standard L'-norm). In view of the
separability of Co(E) and the Banach—Alaoglu theorem, the set By endowed with the weak™ topology is a compact
Polish space. The bounded weak* topology on L' (E) is then defined by declaring a set A C L!(E) open if and only
if A N By is open in the weak* topology of B, for any £ > 0. The bounded weak* topology is stronger than the
weak* topology (they coincide only when |E| < +00) and for each £ > 0 the closed ball By is compact with respect
to the bounded weak* topology. The space L'(E) endowed with the bounded weak* topology is a locally convex,
complete linear topological space and a completely regular space (i.e. for every closed set C C L'(E) and every
element Q € L'(E) \ C there exists a continuous function f: L'(E) — [0, 1] such that f(Q) =1 and f(Q’) =0 for
all Q' € C). Moreover, it is metrizable if and only if the set E is finite. We refer to [36], Section 2.7, for the proof of
the above statements and for further details.

We regard Lﬂr(E ) as a (closed) subset of L!(E) and consider it endowed with the relative topology and the associ-
ated Borel o-algebra. Accordingly, the empirical flow Q7 will be considered as a measurable map from D(R; V) to
LL(E), defined P, a.s., x € V. Recalling that we consider P(V), the set of probability measures on V, with the topol-
ogy of weak convergence, we finally consider the product space P(V) x L #(E ) endowed with the product topology
and regard the couple (ur, Q1) where w7 is the empirical measure and Q7 the empirical flow, as a measurable map
from D(R; V) to P(V) x L1 (E) defined Py as., x € V.
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Below we state the LDP for the family of probability measures on P(V) x LL(E ) given by {P, o (ur, or) 1
as T — +o00. Before stating precisely the result, we introduce the corresponding rate function. Let @ : R4 x Ry —
[0, 4+00] be the function defined by

qlog% —(q—p) ifq,pe(0,+00),
d(q,p):=1p ifg=0, pel0,+00), @2.11)
+o00 if p=0and g € (0, +00).

Since @ (g, p) = sup,crighr — p(e* — 1)}, @ is lower semicontinuos and convex. We point out that, given p > 0 and
letting Ny, t € Ry be a Poisson process with parameter p, the sequence of real random variables {Nr/T} satisfies a
large deviation principle on R with rate function @ (-, p) as T — oo. This statement can be easily derived from the
Girtner—Ellis theorem, see e.g. [16], Thm. 2.3.6. Recalling (2.4) and (2.5), we let 1 : P(V) x LL(E) — [0, +00] be
the functional defined by

(1. 0) = { Y oer (0. 2), Q*(y.2)) ifdivQ =0, (. r) < +o0, 2.12)
’ 400 otherwise.

Remark 2.6. In view of the lower semicontinuity and convexity of @, I is lower semicontinuous (apply Fatou lemma)
and convex. Moreover, as proved in Appendix A, if (i, r) = 400 the series in (2.12) diverges. Hence the condition
(1, r) < 400 can be removed from the first line of (2.12).

Theorem 2.7. Assume the Markov chain satisfies (A1)—(A4) and at least one between Conditions 2.2 and 2.4. Then
as T — 400 the family of probability measures {Py o (ur, QT)_I} on P(V) x L}F(E) satisfies a large deviation
principle, uniformly for x in compact subsets of V, with good and convex rate function 1. Namely, for each not empty
compact set K C V, each closed set C C P(V) x L#(E), and each open set A C P(V) x L}i_(E), it holds

— 1

lim sup — logP , eC)<— inf I(u,Q), 2.13

T"+Oox€£T gP((ur, Or) €C) < e (1, Q) (2.13)
1

lim inf —logP , cA)>— inf I(u, Q). 2.14

LT gPc((ur, Or) € A) > W, (u, Q) (2.14)

As discussed in Lemma 3.9, under the assumptions in Theorem 2.7 it holds (z, r) < 4o00. In particular, I (u, Q) =
0 if and only if (u, Q) = (;r, Q™). Hence, from the LDP one derives the law of large numbers for the empirical flow in
L}r(E ), improving the pointwise version discussed at the end of Section 2.1. In addition, the function I has an affine
structure:

Proposition 2.8. Let (1, Q) € P(V) x L} (E) satisfy I (11, Q) < +oc. Then

(1) All edges in the support E(Q) of Q connect vertices in the support of i, i.e. if Q(y,z) > 0then y, z € supp(i).
(ii) Let E*(Q) :={{y,z}: (v,2) € E(Q) or (z,y) € E(Q)}. The oriented connected components of the oriented
graph (supp(u), E(Q)) coincide with the connected components of the unoriented graph (supp(u), E*(Q)).
(iii) 1(w, Q) has the following affine decomposition. Consider the oriented graph (supp(u), E(Q)) andletK;, j € J,
be the family of its oriented connected components. Consider the probability measure i ;(-) := j1(-|K ;) and the
flow Q; € LL(E) defined as
Q;(y,2)= { %KJZ)) fO.0€eE y ek,
0 otherwise.

Then we have (1, Q) =3y i(Kj)(), Q) and

I(n, Q) =) (KNI, Q). (2.15)

jeJ
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For the unfamiliar reader, the definition of (oriented) connected components is recalled after Remark 4.2. Note that
the oriented components of (supp(u), E(Q)) coincide with the irreducible classes of the Markov chain on supp(u)
with transition rates r(y, z) := Q(y, z)/u(y). Moreover, note that due to Item (i) the graph (supp(u), E(Q)) is well
defined. The proof of Proposition 2.8 is given in Section 4.

2.4. LDP with flow space [0, +00]F endowed of the product topology

When considering the product topology on [0, +00]F we take [0, +-00] endowed of the metric making the map x —
l—)IC——x € [0, 1] an isometry. Namely, on [0, +00] we take the metric d(-, -) defined as d(x, y) = |x /(1 +x) —y/(1 + y)|.
It is standard to define on the space [0, +00]% a metric D(-, -) inducing the product topology: enumerating the edges

inE as ey, e, ... weset D(Q, Q) =5 27d(Q(en), Q' (en)).

We write M for the space of stationary probabilities on D(R; V) endowed of the weak topology. Given R €
Mg we denote by (R) € P(V) the marginal of R at a given time and by Q (R) the flow in [0, +00]® defined as
Q(R)(y, 2) :=Er[Q7(y,2)] for all (y,z) € E, where Eg denotes the expectation with respect to R. It is simple to
check that this expectation does not depend on the time 7 > 0 (see Lemma 2.9). We point out that jumps between a
pair of states nonbelonging to E could take place with positive R-probability. In particular, the flow Q (R) does not
correspond to the complete flow associated to R.

Lemma 2.9. Given an edge (v, z) € E and a stationary process R € Mg, the expectation ER[ Q1 (y, z)] € [0, +00]
does not depend on T > 0.

Proof. Since R is stationary, fixed ¢ € R it holds R(X; # X;_) = 0. In particular, given 7 > 0 and an integer n, R-a.e.
it holds

n—1

1
0r(X)( )=~ Qr/nOj1/nX)(y,2).

j=0

Above we have used the notation (65 X); := X,. From this identity and the stationarity of R, taking the expectation
w.r.t. R one gets f(T) = f(T/n), where f(T):=Egr[Q7(y,z)]. Then by standard arguments one gets that f(7T) =
f(1) as T varies among the positive rational numbers. Since for 0 <#; <T < itholds | f(t;) < Tf(T) <t f(t2)
it is trivial to conclude that f(T') is constant as 7' varies among the positive real numbers. (]

We can now state our second main result:

Theorem 2.10. Assume the Markov chain satisfies (A1)—(A4) together with the Donsker—Varadhan condition. Con-
sider the space P(V) x [0, +00lf, with P (V) endowed of the weak topology and [0, +o00]F endowed of the product
topology. Then the following holds:

(i) As T — +oo the family of probability measures {Py o (ur, Qr)~'} on P(V) x [0, +00lF satisfies a large
deviation principle with good rate function

T(u, Q) :=inf{H(R): R e Mg, B(R) =1, O(R) = Q}. (2.16)

Above H (R) denotes the entropy of R with respect to the Markov chain & as defined in [19], (IV) (see Section 6).
Moreover we have

{I:(M,Q)=1(M,Q) if 0 € LL(E), 2.17)
. E .
T, @) =+c0  ifQ&[0,+00)".

(i) Ifin addition Condition 2.2 is satisfied, then the rate function Tis given by

IN(/,L,Q) — {I(Ma Q) ifQEL}’_(E), (2.18)

+00 otherwise.
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Since Condition 2.2 implies the Donsker—Varadhan condition, Theorem 2.10 under Condition 2.2 implies the vari-
ational characterization

I(u, Q)=inf{H(R): R e Ms,i(R)=p, Q(R)=Q}. (1, Q) e P(V) x LL(E).
In addition, note that (2.17) does not cover the case Q € [0, +00)E \ L#(E).

2.5. Outline

The rest of the paper is devoted to the proofs of Theorems 2.7 and 2.10, and of Proposition 2.8. Sections 3 and 4
contain preliminary results and the proof of Proposition 2.8. Then in Section 5 we give a direct proof of Theorem 2.7.
For this proof it is necessary to add the condition that the graph (V, E) is locally finite.

In Sections 6, 7 and 8 we remove the above condition and prove both Theorems 2.7 and 2.10 by projection from
the large deviations principle for the empirical process proven by Donsker and Varadhan in [19], (IV). We discuss the
details only for the Donsker—Varadhan type compactness conditions. For this reason, we added item (iii) as a separate
requirement in the hypercontractivity type Condition 2.4. By using similar arguments to the ones here presented, it
should be possible to remove it from Theorem 2.7 and prove the first statement in Theorem 2.10 by assuming only
items (i) and (ii) in Condition 2.4.

Finally, in Section 9 we discuss some examples from birth and death processes and compare the different compact-
ness conditions.

3. Exponential estimates

In this section we collect some preliminary results that will enter in the proof of Theorems 2.7 and 2.10. Between
other, we prove the exponential tightness in LL(E ) of the empirical flow when at least one between Conditions 2.2
and 2.4 holds.

3.1. Exponential local martingales

We start by comparing our Markov chain with a perturbed one. Let E be a continuous time Markov chain on V with
jump rates 7(y, z), y # z in V. We assume that 7(y) := > . 7(y,2) < 4oc for all y € V, thus implying that the
Markov chain ’5 is well defined at cost to add a coffin state 9 to the state space in case of explosion [39], Ch. 2. We
write Py for the law on D(R,, V U {d}) of the above Markov chain E starting at x € V. We denote by pr the map
pr: DR, VU{d}) — D([0, T], V U({d}) given by restriction of the path to the time interval [0, 7]. We now assume
that7(y, z) = 0if (v, z) ¢ E. Then, restricting the probability measures P, o ,o;l and P, o p}l to the set D([0, T], V)
(no explosion takes place in the interval [0, T]), we obtain two reciprocally absolutely continuous measures with
Radon-Nykodim derivative

dP ops! . 7, 2) TQr(y.2)
——1 =exp{~T{ur,7=n} [] [— 3.1)
dP, o Pr 1D(0.T1,V) (.2)eE r(y,z)

This formula can be checked very easily. Indeed, calling 71 (X) < 72(X) < Ty(x)(X) the jump times of the path X in
[0, T] (below N(X) < +oo almost surely) we have

PxOP;I(N(X)=H,X(Ti)=Xi,Ti € (ti, t; +dt;) Vi: 1 <i <n)

n—1
— |:1_[ e—"(xi)(li+l—ti)r(xi’ xi+1):|e—r(xn)(T—tn) dty --- dt,,
i=0

yhere to:=0and xp:=x,0<t1 <h<---<t, <T,n=0,1,2,.... Since a similar formula holds also for the law
Py o ,o;l, one gets (3.1).
As immediate consequence of the Radon—-Nykodim derivative (3.1) we get the following result:
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Lemma 3.1. Let F:E — R be such that r¥(y) := er(y,z)eF(y’Z) < 400 for any y € V. For t > 0 define
MF: DR, V) — (0, +00) as

M/ = exp{t[(Qs, F) — (e, r" —r)]}. 3.2)

where (Qy, F) = Z(y’z)eE 0:(y,2)F(y,2). Then for each x € V and t € R it holds Ex(MtF) <l1.
Proof. By (3.1) (F(y, 2) :=r(y, 2)eF ), B, (MF) =P, (D([0,1]; V)) < 1. O

Remark 3.2. It is simple to check that the process MF is a positive local martingale and a supermartingale with
respectto Py, x € V.

Remark 3.3. Fixed (y,z) € E, taking in Lemma 3.1 F :=£A8y ; with . > 0 and applying Chebyshev inequality, one
gets for § > 0 that the events {Q;(y, 2) > u(Y)r(y, 2)(e* — 1) /A + 8} and {Q:(y, 2) < e (Mr(y,2)(1 —e™*) /A — 8}
have P, -probability bounded by e 10 Using that (et — 1)/A =x1+40(1) and since pu:(y) = n(y) ast — +o0 P, -
a.s. by the ergodic theorem (2.2), taking the limit t — 400 and afterwards taking 8, ). arbitrarily small, one recovers
the LLN of Q:(y, z) towards 7w (y)r(y, z) discussed in Section 2.1.

The next statement is deduced from Lemma 3.1 by choosing there F(y, z) =log[u(z)/u(y)], (v, z) € E for some
u:V— (0, 400).

Lemma 3.4. Let u:V — (0, +00) be such that ) __r(y,z)u(z) < +oo forany y € V. For t > 0 define M} : D(R,
V) — (0, 4+00) as

u (X1) L
M= Z(X(t)) exp{t<ut, —7u>} (3.3)

Then for each x € V and t € Ry it holds Ex(M}) < 1.
3.2. Exponential tightness

We shall prove separately the exponential tightness of the empirical measure and of the empirical flow. We first
discuss the case in which Condition 2.2 holds. Then the proof of the exponential tightness of the empirical measure is
essentially a rewriting of the argument in [19] in the present setting. On the other hand, the proof of the exponential
tightness of the empirical flow depends on the extra assumption o > 0 in item (vi) of Condition 2.2.

Lemma 3.5. Assume Condition 2.2 to hold and let the function v and the constants ¢, Cy, C, o be as in Condition
2.2. Then for each x € V it holds

E, (7)) < % E, (7777 Serc%_ (3.4)

Proof. The second bound in (3.4) follows trivially from the first one and item (vi) in Condition 2.2. To prove the first
bound, let u,, be the sequence of functions on V provided by Condition 2.2 and recall that v, = —Lu,, /u,,. In view of
the pointwise convergence of v, to v and Fatou lemma

n n n c

L c
E, (eT(l/«T,v>) <limE, (eT(HT,vn)) =1imE, <eXP{T<,bLT, _ Lln >}> < _x’
u

where the last step follows from Lemma 3.4 and items (ii)—(iii) in Condition 2.2. (|

The following provides the exponential tightness of the empirical measure and the empirical flow.
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Proposition 3.6. Assume Condition 2.2. For each x € V there exists a sequence {K¢} of compacts in P(V) and a real
sequence Ay 1 +00 such that for any £ € N

— 1

lim —logPy(ur ¢ K¢) < —¢, (3.5)
T—+oo T

— 1
TEToo T logPx (1271l > A¢) < —¢. (3.6)

In particular, the empirical measure and flow are exponentially tight.

Proof. We first prove (3.5). For a sequence a; 1 +00 to be chosen later, set Wy := {x € V: v(x) < a¢}. In view of
item (v) in Condition 2.2, W, is a compact subset of V. Set now

1
Ke = ﬂ {,u e P(V): M(W,fl) < E}
m>0

and observe that, by Prohorov theorem, /C; is a compact subset of P(V).
From item (vi) in Condition 2.2 (for this step we only need it with ¢ = 0) and the definition of W, we deduce
v = aglys — C. By the exponential Chebyshev inequality and Lemma 3.5 we then get

1
P, (ur(wg) > Z) < Px((MT, 0> 7 - C)
o
< exp{—Tl:% = C:| }Ex(eTWT’”)) < Texp{—T[% = C:| }

By choosing a; = £> + CZ the proof is now easily concluded.
Let us now prove (3.6). By the second bound in Lemma 3.5 and Chebyshev inequality, P, ({(ur,7r) > 1) <
Cxe=T@*=0) for any A > 0. In particular we obtain that

C
P.((ur,r) > A}) < %e*”, Ay =0l +0).

Hence, it is enough to show that for each x € V there exists a sequence A; 1 400 such that for any 7 > 0 and any
teN

P (1071 > A¢, (ur.r) < A}) <e T (3.7)

We consider the exponential local martingale of Lemma 3.1 choosing there F': E — R constant, F(x,y) =X €
(0, +00) for any (x, y) € E. We deduce

P (1071 > Ae, (g, r) < A})

=B, (7M1= =DRr ML 60 12 4 L(r iy <a0))
<exp{—T[rA; — (¢ — 1)4}]},

where we used Lemma 3.1 in the last step. The proof of (3.7) is now completed by choosing Ay = A~1¢ + A~ 1(e* —

DA;.
Recalling that the closed ball in LL(E ) is compact with respect to the bounded weak* topology, the exponential
tightness of the empirical flow is due to (3.6). ]

We next discuss the exponential tightness when Condition 2.4 is assumed.
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Proposition 3.7. Fix x € V. Ifitem (i) in Condition 2.4 holds then the sequence of probabilities {IP,. o M}l} onP(V)is
exponentially tight. If furthermore it holds also item (ii) in Condition 2.4, then the sequence of probabilities {Py o Q;l}
on LlL(E ) is exponentially tight.

While the first statement is a consequence of the general results in [18], we next give a direct and alternative proof
also of this result. We premise an elementary lemma whose proof is omitted.

Lemma 3.8. Let w € P(V) be such that w(x) > 0 for any x € V. There exists a decreasing function ¥ : (0, 1) —
(0, +00) such that limg o Yz (s) = +00 and

D )Y (m(x)) < Fo0.

xeV

Proof of Proposition 3.7. We prove first the exponential tightness of the empirical measure. Let 7 be the invariant
measure of the chain, v/, be the function provided by Lemma 3.8 and « := Y w(x)y/r (w(x)) < +00. We define
v:V — (0,400) as

Yr (7 (x))
g———»
o

v(x):=lo eV.

Then, in view of Lemma 3.8, v has compact level sets and (7, e") = 1.
By the proof of Proposition 3.6, it is enough to show the following bound. For each x € V there exist constants
A, Cy > 0 such that for any 7 > 0

E, (7)) < . (3.8)

Since the function v diverges at infinity, it is bounded from below and has finite level sets V,, :={x € V: v(x) <n}.
We define v, (x) :=v(x)1cy, and setforx,y € V

. (x) .
Fa (X, ) = r(x,y) %fx eV, ) e an ifxeV,,
’ ree,y)/r(x) ifx ¢V, T if x ¢V,

where Z,, is the normalizing constant making 7, a probability measure on V. Due to Condition 2.4 it holds (m, r) <
+00, thus implying that Z,, is well defined and that lim,,—, oc Z, = 1.

We notice that the function r,, : V. — (0, +00), r,(x) := ZV cv Ta(x, y), is bounded from above. We then consider
the continuous-time Markov chain & ) in V with transition rates r, (-, -). Since 77, (x)ry (x, y)=nx)r(x,y)/Z,, we

derive that 7, is the unique invariant distribution of £, We denote by E)((”) the expectation w.r.t. the law of the
Markov chain & ™ starting at x and by .A,, the subset of D([0, T]; V) defined as A, = {X: X, € V,, V1 € [0, T]}. Then
we have

E (7)) = lim E (e W1y ) = lim EW (e Brvn)g 4 ) (3.9)
n—oo

n—oo

(the first identity follows from the monotone convergence theorem). Since v, and r, are bounded function, we can
apply [28], App. 1, Lemma 7.2, and get

1
EW (AT {r,vn)
7Ty (X) nn( )

1

T (x)

E,(\Cn) (e)\T(MTsvn) ]]'An)

IA

exp{T s [~DY () + A, f2u)]}- (3.10)
i (f)=1

Since v, vanishes on V¥ and v, < v we have (m, fzvn) < Zn_1 (m, fzv), while from the identity m, (x)r,(x, y) =

7 (x)r(x,y)/Z, we get DY (f) = Z7' D, (f). Hence

=D (f) + Mn. f2on) < —=[=Dx (f) + M. f20]]. G1D)

N~
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We next show thatif A € (0, 1/cLs) then the right hand side in (3.11) is bounded above by zero whenever 7 ( f 2) < 400
(note that, in view of Remark 2.5 and since 7, (f2) = 1, it holds 7 (%) < 400). To this aim let fy := f//7(f?),
hence 7 ( f*z) = 1. The basic entropy inequality yields

(m, ffv) <log(m,e’)+Ent(ulr), pn= f2a.

Recalling that (7, e") = 1, the logarithmic Sobolev inequality (2.10) implies that (m, f*zv) < cLs Dx (f+), hence our
claim. The bound (3.8) follows, thus concluding the proof of the exponential tightness of the empirical measure.

To prove the exponential tightness of the empirical flow, we first observe that the only properties of v used to
derive (3.8) are that v has compact level sets and satisfies (r, e’) = 1. By Remark 2.5 and item (ii) in Condition 2.4,
the function v = or — log(mr, ") meets these two requirements. Hence the bound (3.8) holds for ¥ which implies

E, (e mr) <eTCc, (3.12)

for some o/, C, Cy > 0. In view of (3.8) and (3.12), the proof of the exponential tightness of the empirical flow is
achieved by the argument leading to (3.6). (]

We conclude with a simple observation on the stationary flow:

Lemma 3.9. Assume at least one between Conditions 2.2 and 2.4 to hold. Then (m,r) < 400, equivalently QT €
LY (E).
+

Proof. The thesis is trivially true under Condition 2.4. Let us assume Condition 2.2. By Lemma 3.5 we have
E,(eforr)y < eTCC, /c. We restrict to V infinite, the finite case being obvious. Enumerating the points in V as
{xn}n>0, by the ergodic theorem (2.2) fixed N there exists a time Tp = To(N) > 0 and a Borel set A C D(R4; V) such
that (i) P, (A) > 1/2 and (ii) ur (x,) > 7w (x,)/2 forall T > Ty and n < N P,-a.s. on A. Hence, for all T > Ty it holds

eTU Z,I,V=(,7T(xn)r(x,,)/2/2 < Ex (eTJ Z;Il\;o /‘vT(xn)r(Xn); A) < Ex (eTO'<I‘«T1r>) < eTCCx/C.

This implies that Zf,v:o 7 (x,)r(x,) <2C/o. To conclude it is enough to take the limit N — 4-o00. O

4. Structure of divergence-free flows in L}'_ (E)

In this section we show that any divergence-free flow in LL(E ), and more in general any divergence-free flow in
]Rf; with zero flux towards infinity, can be written as superposition of flows along self avoiding finite cycles. See
[24] for other problems related to cyclic decompositions of divergence-free flows on graphs and [37] for similar
decompositions for divergence-free vector valued measures on RY.

We first introduce some key graphical structures. A finite cycle C in the oriented graph (V, E) is a sequence

(x1,...,x) of elements of V such that (x;, x;j+1) € E when i =1, ...,k and the sum in the indices is modulo k.
A finite cycle is self avoiding if for i # j it holds x; # x;. Given (x, y) € E, if there exists an index i =1, ...,k
such that (x, y) = (x;, xj+1) we write (x, y) € C. Similarly, given x € V, if there exists an index i = 1,..., k such

that x = x; we say that x € C. The collection of all the self avoiding finite cycles in (V, E) is a countable set which
we denote by C. In the sequel we shall mostly regard elements C € C as finite subsets of E and denote by |C| the
corresponding cardinality. Consider an invading sequence V,, /' V of finite subsets V,,. This means a sequence such
that |V, | < 400, V,, C V,,4+1 and moreover Un V, = V. For any fixed n we define

Ep:={(y.,2) €E: y,z€ V,}, (4.1)
and observe that it is an invading sequence of edges. Given a flow Q € RE, we define

E(Q):={(y,2) € E: Q(y,2) >0}, 4.2)
M,(Q):= max Q(y,z), 4.3)
(y,2)€E,

2
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e(@Q= Y 01,2, (4.4)
VEVL,2¢Vn

¢, (D)= Y 0.2 4.5)
YEVn,2€Vy

The definition (2.4) of the divergence of a flow Q is well posed also if Q ¢ LL(E) provided the incoming and
outgoing fluxes are finite at every vertex. In this case the series in (4.4) and (4.5) are convergent. By a divergence-free
flow Q € ]Rf we mean that Q has well defined vanishing divergence. Moreover, we say that Q has zero flux towards
infinity if there exists an invading sequence V,, ' V of finite subsets V,, such that

: + —
lim ¢ (0)=0. 4.6)
Finally, we say that Q admits a cyclic decomposition if there are constants é (C) >0, C €C such that

0= 0(©)1c. “7)

ceC

Namely, for each (y, z) € E it holds Q(y,z) = ZCEC’CB(N) @(C). We emphasize that the constants Q(C), C e,
are not uniquely determined by the flow Q.

Lemma 4.1. Let Q € ]Rf be a divergence-free flow having zero flux towards infinity. Then Q admits a cyclic decom-
position (4.7). In particular, any divergence-free flow Q € L L(E ) has a cyclic decomposition.

Proof. Since (4.6) holds for any invading sequence of vertices if Q € Lﬂr(E ), the second statement follows directly
from the former on which we concentrate.

On a finite graph any divergence-free flow admits a cyclic decomposition. The proof follows classical arguments
(see e.g. [24,33]). If Q has finite support, i.e. if |E(Q)| < +o00, the thesis follows directly by the analogous result on
finite graphs. We will then consider only the case of infinite support, using below the result in the finite case. Let V,
be an invading sequence satisfying (4.6).

We assume |E(Q)| = +oo and div Q = 0. Due to the zero divergence condition, a discrete version of the Gauss
theorem guarantees that ¢;7 (Q) = ¢, (Q). We define by an iterative procedure a sequence of flows Q!,i >0, with
infinite support and having zero flux towards infinity as follows. We set 0" := Q and explain how to define Q'!
knowing Q'. First, we define n; := inf{n € N: M,(Q’) > qﬁ;l“(Qi)}. Since Q' # 0, it must be n; < +oo. Indeed,
o,F (Q') is a sequence in n converging to zero, while M, (Q?) is a nondecreasing sequence not identically zero. Let g
be a ghost site and define the flow Q; on a finite graph having vertices V,,, U {g} as

Qg(y, 2) =0 (y,2), ‘ (y,2) € En,,
0, (v, 8) =2 gy, Q' (3,2), Y EVn,
0i(8.) 1= Togy, Q'@ ). yEVa,.

Roughly speaking, the flow Q;, is obtained from Q' by collapsing all vertices outside V,,. into a single vertex, called
g. By construction we have div Qg = 0. Calling Cffi the collection of self avoiding cycles of the finite graph and using
the validity of the cyclic decomposition in the finite case, we have

0,= > 0L(O)1c. (4.8)

ceCy,
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We claim that in the decomposition (4.8) there exists a self avoiding cycle C; not visiting the ghost site g and such that
Q,(Ci) > 0. Let us suppose by contradiction that our claim is false and let (x*, ¥*) € Ey; be such that Q' (x*, y*) =
My, (Q"). Then we have

My (Q1) = Q' (x*.y") = Y 0L(O)prymec < Y 05(C) =g, (Q)).

CeCy, CeCy;

The last equality follows by the fact that any cycle with positive weight in Cf;i has to contain necessarily the ghost site
g. This contradicts the definition of n;, thus proving our claim.

At this point, we know that there exists a self avoiding cycle C; := (x1,...,x;) such that x; € V,, and
Q'(xj,xj11) > 0 for any j (the sum in the indices is modulo k). We fix m; :=min;—; _x Q' (x;, x;11) and define

i
Ql+1 = Ql _mi]lCi = Q — ij]lc,
j=0

With this definition we have that Q"*! is an element of R, it satisfies div Q*! = 0, it has zero flux towards infinity,
and infinite support. Moreover

|En, NE(Q"Y)| < |En, N E(QY)] - 1. (4.9)
Condition (4.9) implies that lim;_, -, n; = +00. Hence, fixed any (y, z) € E, for i large it holds

Q' (y,2) <My, 1(Q") <6, _1(Q') <y _1(Q) (4.10)

(for the first inequality note that (y, z) € E,,_1 for i large, for the second one use the definition of n;, for the third one
observe that by construction Q' < Q).

Since the right hand side of (4.10) converges to zero when i diverges we obtain lim;_, 1 Q'(y,z) = 0 for any
(¥, 2) € E. Finally we get

' _ ) — i+1 _
i_I}TOO<Q()’,Z) Zmﬂlq()&z)) i_l)linooQ (y,z) =0.

Jj=0
This trivially implies that 0 = >~ gm;1c;. O

Remark 4.2. It is easy to see that Lemma 4.1 remains valid if the condition of zero flux towards infinity is satisfied
just by the reduced flow q € Rf_ defined as

(y.2) = 01, 2), (z,y) ¢ E,
1921 00y, 2) —min{Q(y.2). 0. )}, (z.y) € E.

Given an oriented graph (V, £) with countable V, £ we say that it is connected if for any y,z € V there exist
X1,...,X, such that x; =y, x, =z and (x;,xj+1) € E,i =1,...,n — 1. To every oriented graph we can associate
an unoriented graph (V, &%) for which {y, z} € £* if at least one among (v, z) and (z, y) belongs to £. We say that
the unoriented graph (V, £") is connected if for any y, z € V there exist x1, ..., x, such that x; = y, x, = z and
{xi,xiv1}e&*i=1,...,n—1.

The following lemma will be useful.

Lemma4.3. Let (V, ) be a countable oriented graph. Then (V, £) is connected if and only if (i) (V, EY) is connected
and (ii) there exists a flow Q € Lﬂr(g) with Q(y, z) > 0 for any (y, z) € £ and div Q =0.



882 L. Bertini, A. Faggionato and D. Gabrielli

Proof. Suppose first that (V, £) is connected. Then (V, £¥) is also trivially connected. To show property (ii), since
C is countable. we can find a sequence {ac, C € C} with ¢ >0 and ) ac < +00. We then define Q =) - aclc
which is summable and divergence-free. It remains to check that Q(y, z) > 0 for any (y,z) € €. Since (V,€) is
connected, we can add to (y, z) an oriented path from z to y obtaining a finite cycle C > (y, z).

We now prove the converse implication. In view of Lemma 4.1, the flow Q in (ii) admits a cyclic decomposition
@.7).1f (y,z) e Ethen0 < O(y,z) = ZCB(%Z) Q(C). Thus there exists a finite cycle C containing (y, z), hence there
exists an oriented path from z to y. This shows that neighbors in (V, £%) are connected in (V, £). |

We can now give the proof of Proposition 2.8.

Proof of Proposition 2.8.

Proof of (i). Fix (y, z) € E with Q(y, z) > 0. From the definition of I (i, Q) and @ we deduce that u(y)r(y,z) >0
and therefore (y) > 0. Since div Q = 0 and the ingoing flow in z is strictly positive then there exists (z, y') € E with
0(z,y") > 0 hence, by what just proven, 1(z) > 0.

Proof of (ii). It is an immediate consequence of Lemma 4.3.

Proof of (iii). To this aim we first observe that div Q ; = 0. Indeed, the following property (P) holds: given y € V,
if O(y,z) > 0or Q(z,y) > 0 then z belongs to the same oriented connected component of y (apply item (ii)). This
property and the zero divergence of Q imply that div O ; = 0. By definition (2.12) and Remark 2.6,

Iwj, 0= Y, @02, 04p2)+ Y,  0Y(G.2. @.11)

(v.2)€EN(K ;%K) (v.2)€EN(K xK§)

Always property (P) implies that

Iw,Q):Z{ Y (00, 0" )+ Y Q“(y,Z)}- (4.12)

J T ()€EN(K;xKj) (. )€EN(K ;%K)

To conclude compare (4.11) with (4.12) using that Q(y,z) = u(K;)Q;(y,z) and Q*(y,z) = u(K;)0"i (y,z) if
(y,2) e Ewithy € K;. 0

4.1. An approximation result for the function I (i1, Q)

Let S be the subset of P(V) x LL(E) given by the elements (i, Q) with I (u, Q) < 400 and such that the graph
(supp(w), E(Q)) is finite and connected.

Proposition 4.4. Fix (i, Q) € P(V) x LL_(E). There exists a sequence {(1t,, Qn)} in S such that (w,, On) — (1, Q)
in P(V) x LY (E) and

n@@l(;tn, 0,) <I1(u, Q). (4.13)

As proven below, the convergence (u,, Qn) — (1, Q) in P(V) x LL(E) holds also with L_l‘_(E) endowed with
the L'-norm (strong topology).

Proof of Proposition 4.4. We consider only elements (i, Q) such that 1 (u, Q) < +o00, otherwise the thesis is triv-
ially true. In particular, div Q = 0. Denote by S* the set of elements (i, Q) € P(V) x L #(E ) with finite support (i.e.
with finite supp(u) and E(Q)) and div Q = 0. We first show that (4.13) holds for (u, Q) € S*

Let (i, Q) € §*. Then there exists a finite connected oriented subgraph (V*, E*) of (V, E) which contains
(supp(w), E(Q)) (add to (supp(u), E(Q)) suitable paths joining the connected components of (supp(u), E(Q))).
Denote by r* the restriction of r to E* and let 7* be the (unique) invariant probability of the chain with rates r* on
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the graph (V*, E*). Set also Q*(y, z) := 7*(y)r*(y, z) and extend 7 *, Q* to functions on V, E by setting them equal
to zero outside V*, E*. Due to the invariance of 7*, div O* = 0. Moreover, it holds

I(7*,0%)= Y @(Q*G.2.7*0r(.0)+ Y. 7 (r@.2).

(y,2)€E* (v, 2)¢E*

As the first sum is a finite sum of finite terms and the second one is bounded by (7*, r), we deduce I (r*, Q*) < +o00.
We define the sequence {(1 — %)(/L, o)+ }l(n*, 0Q™*)} which belongs to S and converges to (i, Q) (even with Li_(E)
endowed of the strong topology). By the convexity of / stated in Remark 2.6

Tim 1 1 * *
lim 1—— ), Q)+ —(7*, Q") ) < I(n, Q).
n—o0o n n

Given (u, Q) e P(V) x LLF(E) with div Q = 0, we now show that there exists a sequence {(u,, Qn)} C §* such
that (4.13) holds. The thesis then follows by a diagonal argument. We fix (u, Q) with divQ =0and I (u, Q) < +o0.
By Lemma 4.1 the cyclic decomposition (4.7) of O holds. We fix an invading sequence V,, /' V of finite subsets and
call E, the edges in E connecting vertices in V,, (recall (4.1)). Finally, we construct the sequence (i, Q) € S* by

uly,
M(Vny

Qu:= ) 0O1lc.

{CeC:CCE,}

n =

For n large w(V,) > 0 and the definition is well posed. Clearly (1,,, Q) converges to (i, Q) (also considering the
strong topology of Li_(E)). It remains to show (4.13). By construction div @, = 0 and (u,, r) < 400, hence, recalling
(2.12),

I(pn, On) = > (00 (v,2), 0" (y,2)). (4.14)

yeV,zeVi(y,z)eE

We claim that @(Q,(y, z), Q**(y,z)) = 0 if (y,z) is as in the above sum and Q" (y,z) = 0. Since y € V,
then Q*(y,z) = u(V,) Q" (y,z) = 0. As I (i, Q) < 400 it follows Q(y, z) = 0 and therefore Q,(y, z) = 0, which
concludes the proof of the claim. As a consequence, we can restrict the sum in (4.14) to Q" (y, z) > 0.

Recall the definition of @ given in (2.11). Given 0 < ¢’ <gq and p’ > p > 0, let &, B > 0 be respectively defined
by ¢’ =q(1 —a) and p’ = p(1 + B). Then we have

/

?(q',p)—P(q.p) = q’<log% — log %) +(q' - q)log% +(q—4)+(p' - p)
<(q’ —q)IOg% +(@—4q)+(p' —p)=—a@(q.p)+(@+Pfp=<(ax+Bpp. (415

By construction, it holds 14, (y) > u(y) for y € V, and Q,(y, 2) < Q(y, 2) for (v, z) € E,. We set B, = [u(Va)] ' —1
and oy, : E,, — [0, 1] be defined by O, (v, 2) = Q(y, 2)[1 —an(y, z)] when (y, z) € E(Q). From (4.15) we then obtain

Tn, Q) < T O+ Y [Butan(y. 2]u()r(.2).

yeV,zeVi(y,z)eE

Since I (i, Q) < +oc then it holds (u, r) < +o00. Since B, o, (¥, z) | 0 and the maps o, (-) are uniformly bounded,
by dominated convergence we conclude the proof of (4.13). ]

5. Direct proof of Theorem 2.7

In this section we give a direct proof of Theorem 2.7, independent from the LDP for the empirical process. As already
mentioned, the proof works only under the additional condition that the graph (V, E) is locally finite (cf. Condition
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2.4(iii)). This assumption implies that, given ¢ € Co(V), the function V¢ : E — R defined as Vo (y,z2) = ¢ (y) — ¢ (2)
belongs to Co(E). As a consequence, the map

LL(E)> 0 — (¢,divQ) =—(Vp, Q) e R (5.1

is continuous. Since a linear functional on LL(E ) is continuous w.r.t. the bounded weak™* topology if and only if it
is continuous w.r.t. the weak™* topology [36], by definition of weak™* topology the map defined in (5.1) is continuous
(w.r.t. the bounded weak* topology) if and only if V¢ € Co(E). Hence, our additional condition is equivalent to the
fact that (5.1) is continuous for any ¢ € Co(V). An explicit example of a not locally finite graph where (5.1) becomes
not continuous for ¢ = 1, x € V, is given in Appendix B.

5.1. Upper bound

Given ¢ € Co(V) and F € C.(E) (i.e. ¢ vanishes at infinity and F' is nonzero only on a finite set) let I g :P(V) X
LL(E) — R be the map defined by

Is.r (. Q) = ($,div Q) + (0, F) — (u,r" —7), (5.2)

where rf: V — (0, +00) is defined by ¥ (y) =Y.\ r (v, 2)eF 09 and (¢, div Q) = ey ¢ div O ().

Lemma 5.1. Fixx € V. Foreach ¢ € Co(V), F € C.(E), and each measurable B C P(V) x L#(E), it holds

1
lim —logP,((ur, Or) € B) <~ inf Iy r(i, Q).
m - log +((ur, Q1) € B) < W o. (1, Q)

T—+o0
Proof. Fix x € V and observe that the following pathways continuity equation holds Py a.s.
8y(X1) —8y(Xo) + T'divQr(X)(y) =0 VyeV. (5.3)

Fix F € C.(E) and ¢ € Co(V) and recall the semimartingale M/ introduced in Lemma 3.1. In view of (5.2) and
(5.3), for each T > 0 and each measurable set B C P(V) x Li_(E)

Py ((ur, Or) € B)
=E.(exp{—T1Iy,r(ur, Q1) — [¢(X1) — ¢ ()| |MF 1511, Q1))

< sup Be‘“ﬁff“"QﬂEx (exp{—[¢(X7) — o (1) ]|MF 1517, O7)).
(1, Q)e

Since ¢ is bounded, the proof is now achieved by using Lemma 3.1. (]

We can conclude the proof of the upper bound in Theorem 2.7. In view of the exponential tightness proven in Sec-
tion 3.2, it is enough to prove (2.13) for compacts. Since the graph (V, E) is locally finite the map Iy  is continuous.
Fix x € V. By Lemma 5.1 and the min—max lemma in [28], App. 2, Lemma 3.3, for each compact K C P(V) x Li_(E)
it holds

— 1
lim T logIP’x((,uT, or) € IC) <-

inf sup/ , 0),
,Jlim ,Q)6K¢,1I~3 ¢.F (i, Q)

(u

where the supremum is carried out over all ¢ € Co(V) and F € C.(E). Recalling (2.12), it is now simple to check
(see Appendix A) that for each (u, Q) € P(V) x Li_(E) it holds

I(p, @) =suply r(u, Q), (5.4)
¢ F

which concludes the proof of the upper bound.
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5.2. Lower bound
Recall the following general result concerning the large deviation lower bound.

Lemma 5.2. Let {P,} be a sequence of probability measures on a completely regular topological space X. Fix
J: X — [0, 4+00] and assume that for each x € X there exists a sequence of probability measures { P} weakly
convergent to 8y and such that

lim lEnt(Iﬁ,ﬂP,,) < J(x). (5.5)

n—oon

Then the sequence {P,} satisfies the large deviation lower bound with rate function given by sc™ J, the lower semi-
continuous envelope of J, i.e.

(sc”J)(x) := sup inf J(y),
UeN, YeU
where N, denotes the collection of the open neighborhoods of x.

This lemma has been originally proven in [26], Prop. 4.1, in a Polish space setting. The proof given in [34],
Prop. 1.2.4, applies also to the present setting of a completely regular topological space.

Recall the definition of the set S given before Proposition 4.4: S is given by the elements (i, Q) € P(V) x L ﬂr(E )
with I (i, Q) < 400 and such that the graph (supp(u), E(Q)) is finite and connected.

First we prove the entropy bound (5.5) with J given by the restriction of I, as defined in (2.12), to S, that is

Ju @i (L) T4 08, 56

+00 otherwise.

Then we complete the proof of the lower bound (2.14) by showing that the lower semicontinuous envelope of J
coincides with 1.

Lemma 5.3. Fix x € V and set Pr :=P, o (ur, QT)_I. For each (i, Q) € P(V) x LL(E) there exists a sequence
{ﬁ}u,Q)} of probability measures on P(V) x L_li_(E) weakly convergent to (., gy and such that

— 1 (1, 0)
1 —Ent(P; < |Pr) < J (1, Q).
T»Hiloo T n ( T | T) =J(u, Q)

Proof. By definition (5.6) of J, we can restrict to (i, Q) € S. First we discuss the case when x € K := supp(u). We
denote by IP,(CM *Q) the distribution of the Markov chain Ex on V starting from x and having jump rates

~ 00,2)
F(v,2) :={ W (0,2 € E(Q), (5.7)
0 otherwise.

Observe that this perturbed chain can be thought of as an irreducible chain on the finite state space K. Moreover, the
condition div Q = 0 implies that p is the invariant probability measure.

Set 1’5‘}# - ﬁ(c” D (ur, QT)_l. The ergodic theorem for finite state Markov chains and the law of large

numbers for the empirical flow discussed in Section 2.1 imply that {f’;“ ’Q)} converges weakly to §(,, o). We observe
that

IA

1 ~ 1 ~
?Ent(P;“’Q”PT) ?Ent(P)(CM’Q)|[()’T]|Px|[(),T])

2 ﬁi”’Q)<QT(% log 20D m(y)[Q(y’ 2 Z>D, (5.8)
veK.z:(y,2)€E ur(y,z) w(y)
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where the subscript [0, T'] denotes the restriction to the interval [0, T'] (above we used the convention 0log0 := 0).
Indeed, the first inequality follows from the variational characterization of the relative entropy (see [19], Sec. 2,
(IV)) and the second from a straightforward computation of the Radon—-Nikodym density (recall (3.1)). Since
TIE&“’Q)(QT(y, 7)) = IE)(CM’Q)((MT,?)) (adapt (2.6) to the present setting) and since pur(y) — w(y) ﬁ’gﬂ’g)-a.s. by
ergodicity, the r.h.s. of (5.8) converges in the limit 7 — +o0 to

> <Q(y,z)10gM +u(y)r(y,z) - Q(yyz)) +Y u» Y r(.o,

v,2€K:(y,2)€E nIr(y,2) yek 7¢K

thatis I (u, Q).

When x ¢ K then there exists an oriented path on (V, E) from x to K since (V, E) is connected. In this case the
perturbed Markov chain E" is defined with rates (5.7) with exception that 7(y, z) := r(y, z) for any (y, z) belonging
to the oriented path from x to K (fixed once for all). Since after a finite number of jumps that Markov chain reach the
component K, it is easy conclude the proof by the same computations as before. (I

Recall (2.12) and (5.6). Since I is lower semicontinuous and convex on P(V) x LL(E) (see Remark 2.6), the
inequality sc™ J > I holds. The proof of the equality I = sc™ J is therefore completed by Proposition 4.4.

6. Projection from the empirical process: Proof of Theorems 2.7, 2.10

We recall the definition of the empirical process referring to [19], (IV), [40] for more details. We consider the space
D(R; V) endowed of the Skorohod topology and write X for a generic element of D(R; V). Given X € D(R4; V)
and t > 0, X' € D(R; V) is the ¢-periodic path which coincides with X on [0, ¢), that is

X=X, forO0<s <t,
Xl =X, forseR.

Writing M s for the space of stationary probabilities on D(R; V') endowed of the weak topology, given X € D(R4; V)
and ¢ > 0 we denote by R, x the element in Mg such that

t

1
R x(A) = ;/ xa(0sX")ds, VA C D(R;V) Borel,
0

where (6;X"), = X§+u. Since X — R; x is a Borel map from D(Ry; V) to Mg, for each x € V it induces a
probability measure I}, on Mg defined as [, :=Py o R; )1( The above distribution I , corresponds to the ¢-
periodized empirical process.

Let us denote by R the stationary process in My associated to the Markov chain & and having 7 as marginal
distribution. By the ergodic theorem (2.2), I3 , weakly converges to 8z as t — +o00, for each x € V. As proven in
[19], V), under the Donsker—Varadhan condition, for each x € V as t — 400 the family of probability measures
I x satisfies a LDP with rate ¢ and rate function given by the relative entropy per unit of time H w.r.t. the Markov
chain £&.

We briefly recall the definition of H and some of its properties, referring to [19], (IV) for more details. Given
—o00 <s <t <00, let F} be the o-algebra in D(RR; V) generated by the functions (X,)s<,<;. Let R € Mg and Ro x
be the regular conditional probability distribution of R given F;*°, evaluated on the path X. Then H(R) € [0, 00] is
the only constant such that H (¢, R) =t H(R) for all t > 0, where

H(t,R) = ]ER[H;;)(RO,XIPXO)], 6.1)

H Fo (Ro,x|Px,) being the relative entropy of Ry x w.r.t. Py, thought of as probability measures on the measure space
D(R; V) with measurable sets varying in the o -subalgebra ]—',0 . The entropy H(R) can be also characterized as the
limit H(R) = lim;—. o, H (¢, R)/t, where

H(t,R):= sup [Er(p)—Eg(logEx,(e?))] (6.2)
peB(FY)
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and B(]—'f)) denotes the family of bounded _F,O-measurable functions on D(R; V). Below we will frequently use
that

tH(R)y=H(t,R) > I:I(t, R)= sup Eg(p), (6.3)
YeY (1)

where Y1 (¢) is the family of functions ¢ € B (]-'t0 ) such that E, (e?) < 1 for all x € V (the last identity is an immediate
restatement of (6.2)).

In the following proposition we investigate some key identities concerning the map R — ((R), @ (R)). Recall
the definitions of (R) and Q(R) given before Lemma 2.9.

Proposition 6.1. Assume the Markov chain satisfies (A1)-(A4). Then @W(R7.x) = ur(X) and ’Q\(RT,X) =
or(xhe LL(E)for Pi-ae. X € D(R4; V).

Proof. The fact that i(R7 x) = ur(X) Py-a.s. has already been observed in [19], (IV). Let us prove that Q Rr.x) =
Q07 (XT) Py-a.s. It is convenient to introduce the following notation: given (y,z) € E, X € D(R,; V) and I C R,
we write Nj(X)(y, z) for the number of jumps along (y, z) performed by the path X at some time in /. In addition
we write N7 (X)(y, z) for Njo,71(X)(y, 2). Equivalently, N7 (X)(y,z) =T Qr(X)(y,2). Given T > 0, fixa € (0, T).
We then have

~ 1 17
ORrx)(y,2) = =By (Na(y, 2)) = — / Na(0sX")(y. 2)ds
a aT Jy

1 T

_ﬁ Nss+a (XT)(y’Z)dS-

Let us write 0 < t; <ty < --- < t, < T for the times in [0, T] at which the path X7 jumps from y to z. Note that
n=Nr(XT)(y,z). We denote by 77 : R — R/ TZ the canonical projection of R on the circle of length 7. It maps
bijectively [0, T) on R/ T Z. Moreover, we define the set @7 (XT)(y, z) := {77 (t1), 77 (t2), ..., w7 (t,)}. Since T > a
the number Nig s441(X T)(y, z) of jumps from y to z made by X T in the time interval [s, s + a] coincides with the
cardinality of @7 (XT)(y,z) N7 ([s, s + a]). Hence

. 1 [T
O(Rr.x)(y,2) = ﬁ/ |07 (XT)(y,2) Nwr([s, s +al)| ds

_ZaT/ (rr () € r ([s. s + al)) :Z r(XT) (. 2). (6.4)

Note that, since P, -a.s. time 7 is not a jump time, it holds

T _orx)G, 0+ L if (Xr—, Xo)=(y,2) € E, )
or(x )(y,z)—{ Or(X)(r.2) T otherwive, P,-a.s. (6.5)

In what follows, in order to allow a better overview of the proof of Theorems 2.7 and 2.10, we focus on the
main steps, postponing some technical details in subsequent sections. We start with Theorem 2.10, since the product
topology on the flow space is simpler.

6.1. Proof of Theorem 2.10

The proof is based on the generalized contraction principle related to the concept of exponential approximation dis-
cussed in [16], Sec. 4.2.2. To this aim, given ¢ € (0, 1/2), we fix a continuous function ¢, :R — [0, 1] such that
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w.(x)=01if x ¢ (0,1) and ¢.(x) = 1 if x € [¢, 1 — ¢]. For each (y, z) € E we consider the continuous and bounded
function Fy"? . D(R; V) — R defined as

Fe(X) :={ 3 %(S)Jl(Xs—:y,XS:z)}/\8_1.

s€[0,1]

Then, we define O, : Mg — [0, +00]E as Q. (R)(y, z) := Eg(F§ ). Note that 0, maps My into [0, e~ 1]E.

Proposition 6.2. Assume the Markov chain satisfies (A1)—(A4). Consider the space [0, +00]F endowed of the product
topology and the Borel o -algebra. Then the following holds:

(i) The map ([,L, Q) Mg — P(V) x [0, +00]E is measurable and the map 11: Mg — P(V) is continuous.
(i1) The maps Qs Mg — [0, +001E, parameterized by € € (0, 1/2), are continuous and satisfy

lim  sup  |O(R)(,2) — 0 (R)(y,2)| =0, (6.6)
&0 Re Mg:H(R)<a

1
IJIBITIIT”‘ —log I’ (|0, 2) — Qe (v, 2)| > 8) = —o0, (6.7)

foranyx € V,a > 0,8 > 0 and any edge (y,z) € E.

As shown below, if H(R) < +00 then Q(R) € Rf_. In addition QS always assumes finite values. In particular,
the quantities appearing in (6.6) and (6.7) are finite and the subtraction is meaningful. We postpone the proof of
Proposition 6.2 to Section 7 and conclude the proof of Theorem 2.10.

To prove item (i) up to (2.16) we apply Theorem 4.2.23 in [16]. Identity (6.6) corresponds to formula (4.2.24)
there, while identity (6.7) states, following the terminology in [16], that the family of probability measures {Ir x o
(, @ ¢) "1} is an exponentially good approximation of the family {I'r . o (1, Q)_l} Combining the last observations
with the LDP of the empirical process proved in [19], (IV), one gets the thesis for the family of probability measures
{Py o (ur, O7)~'} on P(V) x [0, +00]E where O7(X) := O7(XT) (use Proposition 6.1). At this point, due to
Theorem 4.2.13 in [16], we only need to prove that the families of probability measures {P, o (17, Q7)~'} and
{Py o (T, @T)_l} are exponentially equivalent. It is enough to show that for each § > 0 it holds

lim %long(D(éT, 0r) > 8) = —00, (6.8)

T—~+o0
where D(-, ) denotes the metric of [0, +00]f introduced at the beginning of Section 2.4. By (6.5) ér(y,z) =

Q7 (y, z) with exception of at most one edge (y, z) where it holds éT(y, 2)=0r(y,z)+1/T. Since |a/(1 + a) —
(a+A)/(1+a+ A)| <A fora, A >0, we conclude that D(Qr, Q1) < 1/T, thus allowing to end the proof.

6.2. Proof of (2.17)

6.2.1. Proof of (2.17) for Q ¢ [0, +00)E

Let Q € [0, +00]® be such that Q(y,z) = +oo for some (y,z) € E. We need to show 7(,11, Q) = 400. By Re-
mark 2.1 (stochastic domination), it holds C :=sup, .y E, €272y < 400. Hence for A > 0 the function ¢(X) :=
07 (X)(y,21(Qr(X)(y,2) <A) —log C belongs to Y1 (T). By (6.3) we get

TH(R) > H(T,R) > Eg(p)

and we conclude by taking the limit A — oo.
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6.2.2. Proofthat I (i, Q) < T(M, Q) for (u, Q) e P(V) x LL(E)
Given y # zin V define Q7 (X)(y, z) as the T times the number of jumps up to time 7 along (y, z) in the trajectory X.

Lemma 6.3. If R € Mg and H(R) < 400 then R(Qr1(y,z) >0)=0forall T >0 and (y,z) € (V x V) \ E with
y#z.

Proof. Take the function ¢(X) :=AL(Q7(y, z) > 0) for fixed A > 0. Note that ¢ € Y1 (T) since ¢ =0 P,-a.s. Hence
by (6.3) we get

TH(R) = H(T, R) 2 Eg(¢) = AR(Q7(y,2) > 0).
Since H (R) < 4oo0 the thesis follows by taking A arbitrarily large. (]

Lemma 6.4. Given R € Mg with H(R) < +00, it holds

Y 00.a= )Y 0G.y. 0=0R).

z:(v,2)€E z(z,y)eE

Proof. The thesis follows by using Lemma 6.3 and considering the R-expectation of the following identity on
D((0,T]; V):

Xy =)+ Y TOr(X)(y,0) =1Xo=y)+ Y _ TOr(X)(z, ).
2:2F£Yy zizF#y 0

Fix (u, Q) e P(V) x LBF(E). By Lemma 6.4, if div Q # 0 then T(M, Q) =400 =1(u, Q). Hence, from now on
we can restrict to div Q = 0. Fix R € Mg such that Q = @(R) and u = [1(R) (the absence of such an R would imply
I(u, Q) = +o00 and there would be nothing to prove).

We first consider the case that there is some edge (y, z) € E with Q(y,z) > 0 and u(y) = 0. Trivially in this case
I(, Q) = +o00. Let us prove that T(/L, Q) = +o00. To this aim, given ¢ > 0, we define the function F,: E — R as

Fe(u,v) =log ggg 1((u, v) = (y,2)). Let e := MIT:‘Q be the supermartingale introduced in Lemma 3.1:
0(y,2) 0(y,2)
¢ =TQr(y.D)log =22 — Tur(y)| =2 —r(y.2) |- 6.9)
er(y,z) e

We take ¢ small enough so that log SQF(& 2 > 0 and define for £ > 0 the new function ¢, ¢ as in the r.h.s. of (6.9) with

Q1 (y, z) replaced by Q71 (y, z) AL. Then ¢, ¢ < ¢, and by Lemma 3.1 we conclude that ¢, ¢, € Y1(T). Applying (6.3)
we conclude that

0.2

H(R) 2 Er(¢e,0)/T =Eg(Q71(y,2) A L) log er(y.2)

Taking first the limit £ — 400 and afterwards ¢ — 0, we get that H (R) = 400, thus implying T(M, Q) = +o0.
Due to the previous result, we restrict to the case that u(y) > 0 if Q(y,z) > 0, with (y,z) € E. Then we fix an
invading sequence E, /' E of finite subsets of £ and consider the function F, : E — R defined as

i o0,z
rfr(y,2) =r(y, 209 = { w102 €Ey,

r(y,z) otherwise

with the convention that 0/0 = 0. Note that the above ratio is well defined since u(y) > 0 if Q(y,z) > 0. Let ¥ :=
M[T:" be the supermartingale introduced in Lemma 3.1:

0(,2) 01,2) }
n = T y log —————  — , = 1 )
% (y,;g,l 01 (y,z)log ) urmr(y Z)[u(y)r(y,z) ]
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Since ¢, is unbounded, for £ > 0 we consider the cut-off

{wn if |[g,] < ¢,
Ot =

h‘;’—:‘é if |@n| > £.

We stress that the sum in the definition of @, is finite. Since |@,.¢| < |¢,| € L' (R) (recall that Q = Q(R) € Ll (E)), by
the Dominated Convergence Theorem it holds limy—, 400 Er (¢s.¢) = Er(¢,). Moreover, there exist positive constants
A, B, depending only on n such that

onel <lgnl <Ay > TQOr(y.2)+ By
(,2)€E,

By Remark 2.1, this implies that log E, (e?»¢) is bounded uniformly in x € V. Therefore, by dominated convergence
and Lemma 3.1, we conclude that

lim ERlogIEXO(e“’"-‘Z)zelirf Z 11(x) log B (e#7¢)
—> 100

£
—>+00 eV

= Z p(x)logE, () <0.

xeV

As a consequence
lim {Eg(¢n.0) — EglogEx, (e )} = Er(gn).
{— 00
Combining the above estimate, (6.2) and (6.3), we conclude that

H(R)>H(T,R)/T > Er(pn)/T = Z ?(0(y,2), 0"(y.2)). (6.10)
(v,2)€Ey

To conclude we take the limit n — +00, obtaining H(R) > I (u, Q) foreach R € M such that i (R) = u, Q(R) =
Q. This implies that 7 (u, Q) > I (u, Q).

6.2.3. Proof that 1 (i, Q) > 1(1, Q) for (11, Q) € P(V) x L. (E)

As a consequence of the first part of Theorem 2.10 (already proved), the function T is lower semicontinuous. Consider
the sequence {(i,, On)}n>0 in S converging to (i, Q) as stated in Proposition 4.4. The set S has been defined in
Section 4.1 as the subset of P(V) x Li_(E) given by the elements (i, Q) with I(u, Q) < 400 and such that the
graph (supp(u), E(Q)) is finite and connected. For each n we consider the continuous time Markov chain £™ on
V with jump rates r,(y,z) = Qn(y, 2)/un(y) with the convention 0/0 = 0. Since I (i, @) < +00 it cannot be
0,(y,2) > 0and u,(y) =0, hence the above ratio is well defined. Since u,, and Q, have finite support, the Markov
chain €™ has finite effective state space. In particular, explosion does not take place. The bound I (it,,, Q) < 400
implies also that div Q,, = 0, hence we get that 1, is an invariant measure for £, We define R, as the stationary
Markov chain & with marginal 1, then Q (R,) = Q. By the Radon—Nykodim derivative (3.1) and the definition
of the entropy H(-), we get that T (Un, On) < H(R,) = I (14, Opn). Invoking the lower semicontinuity of T and
Proposition 4.4, we get the thesis.

6.3. Proof of (2.18)

Let us take (u, Q) with u € P(V) and Q € Rf \ LL(E). We need to prove that IN(/L, Q) = 4o00. Let R € Mg be
such that 71(R) = p and @ (R) = Q (we assume R exists, otherwise the thesis is trivially true). We fix an invading
sequence V,, /' V of finite sets, define E,, :={(y,2) € E: y,z€ V,,} and F,,(y,2) :=1((y,2) € E,) for (y,z) € E.
Then we know that E, (exp{M?’}) <1 for all x € V, using the same notation of Lemma 3.1. Again we need to
work with functions in B (]-"?). To this aim, given £ > 0 we define M;” ¢ as the supermartingale MJTF” except that the



LDP of the empirical flow 891

empirical flow Q7 (y, z) is replaced by Q7 (v, z) A £ for all edges (y, z). Then (note that 7 > r) M;’je € B(]—'g) and
M, <Mj", thus implying that Mj", € Y1(T). By (6.3) this implies that

H(R)> H(T,R)/T > K@O]ER(M?E)/T = Z 0(y,2) — Eg(ur (rfr —r)). (6.11)
(y,2)€E,

The conclusion then follows from the next result:

Lemma 6.5. Assume Condition 2.2 (where the constants o, C are defined). Then for each R € My it holds
|0 | < HR)(1+¢/0) + Ce/o. (6.12)

Proof. Let us first prove (6.12) knowing that H (R) > Er(v(Xo)) (this will be proved later). We come back to (6.11)
and take first the limit 7 — +oo and afterwards the limit n — +o00. Since F,(y,z) = 1((y,z) € E,), then 0 <
rfr —r < er. By Fubini-Tonelli and stationarity, Ez (7 (r)) = Eg(r(Xo)). We then conclude that

1ol =lel =,,E‘+“oo( )ZE Q(y.2) < H(R) +eEg (r(X0).
Y:2)€Ln

By Condition 2.2, Eg (r (X)) < Er(v(Xp))/o + C/o. Combining with H(R) > Eg(v(Xo)) we get the thesis.

Let us now prove that H(R) > Eg(v(Xp)). Since both H(R) and Eg(v(Xy)) are affine in R (see [19], (IV)) and
since all stationary processes are convex combinations of ergodic stationary processes, it is enough to prove the claim
for an ergodic R € M. Given k, T > 0 and W C V we define v =y Akand (X)) :=1(Xge W) fOT v® (X)) ds.
Trivially, ¢ € B (}"9). Then, by the definition of H (T, R), it holds

TH(R) > H(T, R) > Er(p) — Eg(logEx, (e*))

T
> Eg (/ v 0 (Xg)ds; Xg € W) — max log(Cy/c). (6.13)
0 xeWw

In the last inequality we have used Lemma 3.5 and the inequality v®) < v. At this point, we divide (6.13) by T. Since
R is ergodic, by Birkhoff ergodic theorem (note that p® (Xo) € L'(R) since v® s bounded) we know that

1 T
lim 7/ v (X, ds =Er (v (X0)), R-as.
0

T—o0
Taking the limit 7 — oo and applying the Dominated Convergence Theorem we conclude that
H(R) = Eg (v (Xo))R(Xo € W).
At this point it is enough to take the limit k — oo and afterwards to take W arbitrarily large and invading all V.  [J

6.4. Proof of Theorem 2.7

The proof uses the results of [21], where the notion of exponentially good approximation and the contraction principle
are extended to the case of completely regular space as image space of the projection. To this aim we recall some
further properties of the bounded weak* topology on Lﬂr (E).

We define A as the set of sequences a = (a,,),>1 of functions in Co(E) such that ||a,|lcc — 0. Given a € A we
introduce the pseudometric dy on L i_(E ) as

da(Q. Q') = suI;(Q -0, ay).

Writing B.(Q,r) :={Q’ € L_lk(E): dq(Q, Q) < r}, the family of sets {B.(Q,r)}, withae A, Q € LL(E) and
r > 0, forms a basis for LL(E). This follows from Def. 2.7.1 and Cor. 2.7.4 in [36]. In addition, the family D of
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pseudometrics {dq: a € Co(E)} is separating, i.e. given Q # Q’ in LL(E) there exists a € A such that d,(Q, Q') > 0.
The above two properties (basis and separating family of pseudometrics) make L L (E) aso called gauge space. Indeed,
one can prove that the concepts of completely regular space and gauge space are equivalent [20], Ch. IX.

Due to the above observations on the gauge structure of LL(E ) we are in the same settings of [21]. In what follows
we restrict to the case |V | = 400, thus implying | E| = +o00 due to the irreducibility of the Markov chain & (the finite
case is much simpler). Fix an enumeration (e,),>1 of E. Consider the maps @ , Qa entering in Proposition 6.2 and
define the maps Q, Q, : Mg — L_l‘_(E) by

O(R) = { O(R) if Q(R? € L}F(E)’

0 otherwise,
0:(R)(en) = { 0: (R)(ex) ifn<e!,
0

otherwise.
Proposition 6.6. Assume the Markov chain satisfies (A1)-(A4) and Condition 2.2. Consider the space L }F(E ) en-
dowed of the bounded weak* topology and the Borel o-algebra. Then the following holds:

(i) The map Q Mg — LEF(E) is measurable while the maps Qg Mg — LL(E) are continuous.
(ii) Foreachac A

lim sup da(Q(R), Qs (R)) =0, (6.14)
&0 Re Mg:H(R)<a

1 _
lim Iim — log I'r (d §) =— 6.15
lim lim - log T.x(da(Q, Q¢) > 8) = —o0, (6.15)

foranyx e V,a>0,5 > 0.

The proof is given in Section 8.

As byproduct of Proposition 6.6, the extended contraction principle in [21], the LDP of the empirical process and
Theorem 2.10(ii) we can conclude the proof of Theorem 2.7. Let us be more precise. We apply Theorem 1.13 in
[21]. Formula (6.14) corresponds to formula (1.14) in [21], while formula (6.15) means that the family of probability
measures {7, o (i1, Q¢) "'} is a (dq)qe4-exponentially good approximation of the family {I'r ; o (i, Q)~'}. On
the other hand, we have that Q = Q eL #(E ) I'r x-a.s., while by Proposition 6.1 the random variable @ sampled
according to I'r , has the same law of @T(X ) =071(X Ty with X € D(R4; V) sampled according to P,. Hence,
by Corollary 1.10 in [21] we only need to prove that the families of probability measures {Px o (7, Q1) '} and
{Py o (ur, O1)~'} are (dq)qe.a-exponentially equivalent on P(V) x L1 (E). It is enough to show for each § > 0 and
a € A that

lim %mg[@x(da(éﬂ 0r) > 8) = —o0. (6.16)

T—+o0

Since by (6.5) da(@r, 07) <llalleo/ T, we get the thesis.

7. Exponential approximations: Proof of Proposition 6.2

Item (i) is straightforward. We concentrate on item (ii). Since Mg is endowed of the weak topology and since Fy , is
a continuous bounded function on D(R; V) we conclude that Q. is continuous.

7.1. Proof of (6.6)
As already proved in the previous section (independently from the content of Proposition 6.2), T (un, Q) =+oo if

0 ¢ [0, +00)E. Hence, given R € Mg with H(R) < 400, it must be Q(R)(y,z) < oo for all (y,z) € E. Below
R € Mg is such that H(R) < «.
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Recall the definition of N;(y, z) and N7 (y, z) given in the proof of Proposition 6.1. We can estimate
|0(R)(7.2) = Qe(R) (v, )|
<Eg(Mi(3,2; N1(y,2) 2 ™) + Eg(Njo.eruii—e.11(, 2))- (7.1)
By stationarity (see the proof of Lemma 2.9)
Eg(Njo.61(y, ) = Er(Nji—¢,11(y, 2)) = ¢Er (N1 (3, 2)) = £ O (R)(, 2).

Consider £ € R, and apply (6.3) with# = 1 and ¢ = N1 (y,z2) AL—r(y,z)(e— 1) (note that ¢ € Y1 (¢) by Remark 2.1).
We get for R € M such that H(R) <«

a+r(y,2)e—1)=HR) +r(y,2)—1)=Er(Ni(y,2) AL). (7.2)

Since by the monotone convergence limy—, oo Egr(N1(y,2) A €) = @(R)(y, z), taking the limit £ — 400 on both
extreme sides of (7.2) we deduce

a+r(y.0—1)=0R)(Y.2).
From this inequality we get that the last term in (7.1) converges uniformly to zero on {R € Ms: H(R) <a}ase | 0.
To conclude, it remains to prove that lim, o Eg (N1 (y, 2); N1(y,2) > ¢~ =0. To this aim, given y, £ > 0 we define
on D(R; V) the function

Oyie=yNi(y, 1L >Ni(y,2) =6 ') = C(y,e),

where C(y, €) := sup, .y logE, (e” 1 (22N (020267 Due to Remark 2.1 we get C(y, &) < -+00 and lim; o C(y,
¢) =0. By construction ¢, ¢ . € Y1(¢) for t > 1. Applying (6.3) we get for t > 1 that

Er(¢y,e6) <H(t, R) <tH(R) < ta.

Taking £ — 0o, we conclude that Ez (N1 (y, z); N1(y,z) > e~ 1) <ta/y + C(y, £)/y. Taking first the limit & |, 0 and
afterwards the limit y 1 oo, we conclude that the expectation Eg (N1 (y, 2); N1(y,2) > e 1) is negligible as ¢ | 0. OJ

7.2. Proof of (6.7)

We restrict to T > 1 (the generic case could be treated by the same arguments of the proof of Proposition 6.1). Recall
the definition of the projection 777 and set @7 (X7 )(y, z) given there. P,-a.s. it holds

T
QS(RT,xxy,z):%/o{ > (pg(u—s)}/\s_lds. (7.3)

u€ls,s+1]:
7 W eOT (XT)(y,2)

For each (y, z) € E and ¢ > 0 we define the functions G.(y, z) and H.(y, z) on D(R; V) as
1r T -1
Ge(X)(y,2) = T lor(X")(y.)Nrr(ls+e,s+1—el)|Aeds,
0
17 -
Ho(X) (3, 2) :=7/0 67(XT) (v, ) Nr(Is + &, + 1 —el)| ds.

By the same argument used in identity (6.4), it holds

Hy(X)(y,2) = (1=2)0r(X")(y.2) = (1 = 26) O(Rr.x) (7. 2). (1.4)
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Trivially, it holds Q\(RT,X)(y, 7) > Qg R7.x)(y,2) = G (X)(y, ). Using (7.4) and the last bounds, we can estimate

Py (Q(Rr.)(y.2) — Qe(Rr.)(y.2) = 8)
<P(QR7.)(.2) = Ge(y.2) = 6)
<P (Q(Rr.)(y.2) — He(y.2) = 8/2) + Py (He(y.2) — Ge(y. 2) = 8/2)
=P (2607 (X")(y,2) 2 8/2) + Px(He (v, 2) — Ge(y,2) = 8/2). (1.5)

In order to prove the super-exponential estimate (6.7) it is enough to prove a super-exponential estimate for both terms
in the last line of (7.5).

Since, by the graphical construction, under P, the process {|T Q7 (X)(y,z)|}7er, is dominated by a Poisson
process {Z7}rcr, with parameter r(y, z) we have

o= 1
lim Tm = log[P: (2601 (XT)(v.2) = 8/2)]

oo 1
< 181&)1 TEIJIrloo T log[]P’(Zs(ZT +1)/T > 8/2)]

8
<lm-&| —,r(y, = —00.
_6111(} (48 r(y z)) o0

We used a LDP for the Poisson process (the extra 1/ T term is irrelevant) and the explicit form of the rate functional.
It remains to bound the last term in (7.5). For simplicity of notation we restrict to 7 integer (the general case can
be treated similarly). We define ¥, (r) = rl(r > ¢~ !). Given j =0,1,...,T — 1 and s € [, j + 1) we have
|07 (XT) (v, ) Nar(ls + &5 + 1 —el)|
—lor(XT) v, ) Nar(ls +e,s+1—el)| Ae!
<ve(|or(X") v, 2 Nar (), j +2)))-
Hence, we can estimate

T-1

1
He(X) (3, 2) = Ge(X) (. 2) = Yo ve(jor(xXT) v 0 nar (L, j +2)))- (7.6)
j=0

By the graphical construction of Markov chains, under P, the set of jump times for a jump from y to z can be
identified with a suitable subset of an homogeneous Poisson point process on R with intensity »(y, z). In particular,
it is possible to define a probability measure P on the product space D(R; V) x D(Ry; N) such that

(i) the marginal of P on D(R4; V) equals Py;
(ii) the marginal of P on D(R4; N) is the law of a Poisson process with parameter r(x, y),
(iii) calling (X;);er, and (Z;),er, the generic elements of respectively D(R4; V) and D(R4; N), it holds P-a.s.

Nap(X)(y,2) <Zp —Zs, VYa<binRy.

Due to the above coupling and since on the interval [0, T'] the paths X and X T can differ at most in 7', we can estimate
P-as.

ve(|or(XT) (v, 2 Nrr (G, j +2)])

S{%(ZM—Z,) if0<j<T-2

Ve((Zr — Zr a1+ Zi+1) if j=T—1. (7.7)
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Now we introduce the nondecreasing function @ (r) :=2r1(r > £~ /2) satisfying the inequality ¥, (a +b) < {Eg (a)+
Ye(b). Then (7.6) and (7.7) imply P-a.s. that

2 T2
He(X)(y,2) — Ge(X)(y,2) < T X(:) Ye(Zjr1—Z;+1).
J=

At this point we recall that under P the random variables (Z;4+1 — Z;)o<j<7—1 are independent Poisson random
variables with parameter 7 (y, z). Hence we can estimate

— 1
li li —log| P, (H, -G >6/2
glﬂ)lT_l)I}_looT og[Px (He(y. 2) ¢(y.2) =8/2)]

I —|
= 1:1&)1 TETOO T log[P(He(y,2) — Ge(y,2) = 8/2)]

<lim fm —1 Zi—Zj+1)>5/2
lim Tm o og[ ( Zl/fg( el = Zj+ 1) > /)}

<lim—1;(§/2) = —oo0. (7.8)
el0

In the above chain of inequalities we used Cramer Theorem for the sum of the independent random variables
2Yr¢(Zjy1 — Zj + 1) calling I the associated rate function. The divergence in the last line follows by the follow-

ing argument. Let A,(1) := log E(e*2¥+(Z1=Z0)) By the Monotone Convergence Theorem A, (1) converges to zero
for each A € R as ¢ goes to zero. Since the rate function /. is the Legendre transform of A,, we get for each fixed
A € R that

SA
1c(8/2) = >~ Ag(A).

Hence, liminf, o I:(§/2) > 81 /2. By the arbitrariness of A we get the thesis.

8. Exponential approximations: Proof of Proposition 6.6

The measurability of Q can be checked by straightforward arguments. Let us prove that Q. is continuous w.r.t. the
bounded weak* topology of LL(E). As stated in Proposition 6.2 each map Q. (y, z) : Mg — [0, ¢~ 11 is continuous
and bounded. In addition it holds || Q.(R)|| < &2 for all R € M. The thesis then follows from Corollary 2.7.3 in
[36].

8.1. Proof of (6.15)

Due to Proposmon 6.1 the law of @ under I'r  is the same of the law of Q7(XT) under P,. Moreover, it holds
QT(XT) eL! 1 (E) Py-a.s. In particular, we get that Q Q I'r x-a.s. In addition, by Proposition 3.6, we have

lim Tm —log I’ > ¢ 0. 8.1
Jim  Jim - log (101 =€) = (8.1

Due to (8.1) in order to prove (6.15) we only need to show for any £ > 0 that

EF(}TIITm —IOgFTx(da(Q Q) >8.110] <€) = —o0. (8.2)



896 L. Bertini, A. Faggionato and D. Gabrielli

Since a € A, there exits 7 > 1 such that [|a, |0 < 8/(2¢) for all n > n. Note that, since Q(y 2)(R) > 0, (y, 2)(R), it
holds || Q(R)|| = Q¢ (R)|l and IO(R)|l = 1Q(R) — Q¢ (R)| for any R € M. Then for any n > /i we have |(Q(R) —
0:(R), ay)| < 8/2if | Q(R)|| < £. Therefore, in order to prove (8.2) we only need to show for any £ > 0 that

1 ~ -
ilinglTrgoTlogFTx(Eln l<n<ist|[(Q— Qs an)|>8/2,110] <t)=—oc. (8.3)

Since a, € Co(E) we can find a finite subset E’ C E such that |a,(e)| <§/4¢ foralln: 1 <n<nandec E\ E'.
Estimating

0= Ocran)| = D [(Q(.2) = Qe (v 2))an(y. )| + 10 — Qcll

(y.2)€E’ ecENE'

we reduce the proof of (8.3) to the proof of

lim Tim. . 7108 112 (|06 2) = 0e(y.2)| > B) = —00, V(3.2) € E.VB>0. (8.4)
This follows from (6.7).
8.2. Proof of (6.14)

By arguments similar to the ones used in the previous proof the thesis follows thanks to the bound (6.12) in Lemma 6.5
and (6.6).

9. Birth and death processes

Birth and death processes are nearest-neighbor continuous time Markov chains on Z with jump rates r (k, k+1) = by
and r(k+ 1, k) = d+1, kK > 0. We assume the birth rate by and the death rate dy to be strictly positive. We also assume

XX bob -
<+00 9.1)
2 didy - -
and

+o00

didr---d
Z blbz...bk = 9.2)
= bib2 k

Then assumptions (A1)—-(A4) holds. Indeed, (A1) and (A3) are trivially satisfied. Due to the presence of a leftmost
point (the origin), equation (2.1) reduces to the detailed balance equation and admits normalizable solutions if and
only if (9.1) is fulfilled. In particular, one obtains a unique invariant probability given by

1 1 boby -+ -br_1

7(0)=—, Tk)==————, k=>1. 9.3)
Z Z didr---dy

Having (9.1), condition (9.2) is equivalent to nonexplosion (A2) (combine Corollary 3.18 in [13] with (9.2)) and
can be rewritten as Z,fil 1/(m (k)by) = +o00. Note that condition (9.2) is equivalent to recurrence (combine [39],
Ex. 1.3.4, with [39], Th. 3.4.1. Under the above assumptions, the logarithmic Sobolev inequality holds if and only if
(see Table 1.4 in [14], Ch. 1)

k—1
1 1
sup 7 ([k, +00)) log<n([k’ +oo))) jEzo e < +o0. 9.4)

k>1
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Possible absence of exponential tightness of the empirical measure

We first discuss a case in which the empirical measure fails to be exponentially tight. Consider constant birth and
death rates, i.e. by = 8 and dy = 8. Then (9.1) and (9.2) together are equivalent to the condition y := 8/§ € (0, 1). In
particular, 77 is geometric with parameter y, i.e. (k) = (1 — y)y*. Consider an event in which in the time interval
[0, T'] there are O(T') jumps (typical behavior) but all the jumps are to the right (atypical behavior). The probability
of such an event is “only” exponentially small in 7 and therefore the empirical measure cannot be exponentially
tight. To be more precise, we write N7 for the number of jumps performed in the time interval [0, T]. Since the
holding time at site k is exponential of parameter 8 if k =0 and B + § if k > 1, Nt stochastically dominates [is
stochastically dominated by] a Poisson random variable with mean ST [(8 + §)T ]. Hence, with probability 1 — o(1),
Nt has value in I :=[BT/2,2(8 4 8)T]. By conditioning on N7, it is then simple to check that with probability
at least (1 —o(1)[B/(B + 8)12B+DT—1 the following event A7 takes place: the random variable N7 has value in 1
and all the jumps are to the right. The event Ay implies uy = Z[N:TO 8;/ T . Take now a compact set IC C P(V). By
Prohorov’s theorem, K is a tight family of probability measures and therefore, given ¢ > 0, there exists a compact
(finite) set K C V such that u(K€) < ¢ for all u € K. Taking T large enough, under the event A7 the empirical
measure pur cannot fulfills the above requirement. Hence
Po(ur ¢ K) = Po(ur (K€) > £) = Po(Ar) = (1 —o(1)[B/(B + )T

This estimate proves that the empirical measure cannot be exponentially tight. In particular neither Condition 2.2 nor
2.4 holds (even with o = 0).

Condition 2.2

Assume now
lim dj = +o0, lim — < 1. 9.5)
k—00 k

Trivially, (9.1) and (9.2) are satisfied. We show that Condition 2.2 holds. As u,, we pick the constant sequence u (k) =
Ak ke Z for some A > 1 to be chosen later. Since u, does not depend on n, it is enough to check Condition 2.2.
Items (i1)—(iv) then hold trivially; moreover setting dy := 0 we get

Lu 1
vm=——4m=@0——)+ma—m,ke%.
u A

Since r (k) = by + dy, for each o € (0, 1) we can write v(k) =or(k) +dp(1 —o —1/A) — b (A — 1+ 0). By (9.5),
choosing A large items (v) and (vi) hold. Observe that (9.5) is satisfied when dy = k and by = A € (0, +00). In this
case m is Poisson with parameter A. This implies that ek k! <m([k, +00)) < 2k / k! (for the last bound estimate
7 (i) <e *Al/(k — i)! for i > k). Using these bounds, by simple computations one can check from (9.4) that the
logarithmic Sobolev inequality (2.10) does not hold. This shows there are cases in which Condition 2.2 holds but
Condition 2.4 does not.

Condition 2.4

Let now focus our attention on Condition 2.4. As already mentioned, the validity of the logarithmic Sobolev inequality
is equivalent to (9.4) (assuming (9.1) and (9.2)).

We next exhibit a choice in which Condition 2.4 holds. We take by = (k + 1) and di41 = 2by for k > 0. Observe
that such rates satisfy (9.5), and therefore (9.1) and (9.2). The invariant probability  is 7 (k) = 2=%=1 1n remains to
estimate Z’;;(l)(rr (b~ = Z’;zl 2/ /j. Supposing for simplicity k even, we observe that Z];/zz 127 /j < (k/2)2k/?
while Y5, 127/j < @/k) Yk 127 = 2/k)24? 2’;/:20“ 2/ = (2/K)2"/?(22 — 1). Hence YA (x(j)bj)~" <
Ck2/2 4 C2F / k. From these bounds it is immediate to get (9.4). In addition, since 7 (k) ~ k we deduce immediately
that also item (ii) in Condition 2.4 holds, thus completing the check of Condition 2.4.
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Violation of the LDP in the strong topology of LiL (E)

By exhibiting a concrete example, we show that — under Condition 2.2 — Theorem 2.7 does not hold in the strong
topology of LL(E ). We choose the birth and death rates as by = (k 4+ 1)/2 and di = k; in particular & is geometric
with parameter 1/2. Since (9.5) holds, Condition 2.2 is satisfied. We shall show that the level sets of I in (2.12) are
not compact in the strong topology of LL(E ). Set

n ! 1
u't = 1 —— 71+—[3n+5n+1]s
n 2n
n 1 0 1
Q"= (110" + 5Bwuntn +dn+iml-

While {"} converges to w in P(Z.), observe that { Q"} converges to Q7 in the bounded weak* topology of L i_(E )
but it is not compact in the strong topology of LL(E ). Since div Q" = 0, it is simple to check that lim,, I (1", Q") <
+o00. This implies that the level sets of I are not compact in the strong topology of LL(E ).

Appendix A: Proof of (5.4)

We call 7(i, Q) the r.h.s. of (5.4). Trivially it holds 7 (i, Q) = +00 = I (u, Q) if div Q # 0. In the sequel we assume

div Q = 0. Then, equation (5.4) reads I (i, Q) = suppec, (g [F(u, Q) where Ip(n, Q) :=(0Q, F) — (i, rF—r) If
for some y € V and (y, z) € E itholds u(y) =0 and Q(y, z) > 0, then taking F' = Ad(y, ;) with A — +00 we obtain
that I (u, Q) = 0o. On the other hand

(1, Q)= ®(0(y,2), 0*(y,2)) = ®(Q(y, 2),0) = +00.

As a consequence, from now on we can restrict to (i, Q) such that div Q =0 and Q(y, z) =0 for all (y, z) € E with
u(y) =0.Calling E, :={(y,z) € E: u(y) > 0} we get that

Ir(n, = Y {00 F(y,2) — nmr(y, (9 —1)}.

(v, 2)€E4

At this point, it is simple to check that, varying F(y, z), the supremum of the above addendum is given by
®(Q(y,z), O*(y, z)) and the value of the above addendum for F(y, z) = 0 is zero. Hence,

I, Q)= Y @(0(.2,0"x.2)= Y, @(Q(y2,0"y,2).

(v,2)eE+ r,2)€E

We now claim that the above expression is +oo if (i, 7) = 400, thus concluding the proof. To this aim we observe
that for 0 < ¢ < p/2 it holds @ (g, p) > p(1 —log?2)/2. Indeed, the thesis is trivially true if ¢ = 0, while for ¢ > 0
we can write @ (g, p) = pf(q/p) where f(x) =xlogx + 1 — x. Since f(x) is decreasing for 0 < x < 1, one has
@(q, p) = pf(1/2) for 0 < g < p/2. Hence, setting ¢ :=2/(1 —log?2), our claim follows from the bound

(wry= Y Q"2

(v,2)€E
< Y @0 3 )+ Y. 200n0)
(r.2)EE: (y.2)€E:
00, 2)<0"(y,2)/2 0(y,2)=0"(y,2)/2

< Y c@(0(,2), 0" (v, 2) +2lClh

(v,2)€E
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Appendix B: An example with discontinuous divergence

Consider the oriented graph (V, E) where V = N U {v, w} and E is given by the oriented bonds of the form (v, n),
(n, w),(w, v) for some n € N. For each n € N we define Q™ as the flow of unitary flux associated to the cycle
(W, n, w,v), ie. Q™ =1(yn) + Li,w) + Law,v)- We claim that Q) converges to Q := 1,y in L1 (E) (endowed
of the bounded weak* topology). Since ||Q|| = 3, the sequence (Q™),cn is bounded in the strong topology of
L! (E). In particular, ™ — @ in the bounded weak* topology if and only if Q¥ — Q in the weak* topology, and
therefore if and only if (¢, Q™) — (¢, Q) for each ¢ € Co(E). By construction we have

(@, 0=, n) + P, w) + P (w,v) — dp(w,v) = (¢, Q),

thus concluding the proof of our claim.
We observe that, despite div Q) = 0 for all n € N, it holds div Q # 0. This example shows that the map LL(E )>
0 — divQ(x) e R, with x € V, is not in general a continuous map.
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