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Abstract. Relative dimensions of isotypic components of N'th order tensor representations of the symmetric group on n letters give
a Plancherel-type measure on the space of Young diagrams with n cells and at most N rows. It was conjectured by G. Olshanski that
dimensions of isotypic components of tensor representations of finite symmetric groups, after appropriate normalization, converge
to a constant with respect to this family of Plancherel-type measures in the limit when % converges to a constant. The main result

of the paper is the proof of this conjecture.

Résumé. Les dimensions relatives des composants isotypiques des représentations tensorielles du N*¢"¢ ordre du groupe symé-
trique sur n lettres induisent une mesure du type Plancherel sur I’espace des diagrammes de Young avec n cellules et au plus N
rangs. G. Olshanski a conjecturé que ces dimensions, aprés renormalisation, convergent vers une constante sous cette famille de

mesures du type Plancherel dans la limite ou N converge vers une constante. Le principal résultat de cet article est la preuve de

v
cette conjecture.
MSC: 05D40; 05E10; 20C30; 60C05
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1. Introduction

Let N and n be two positive integers, let S, be the symmetric group on n letters and let Y” be the set of Young diagrams
with n cells. The finite dimensional irreducible representations of S, are parametrized by the set Y". Given A € Y” let
V. be the irreducible representation of S, corresponding to the Young diagram A and denote dim A = dim V.

The N'th order tensor representation of S, is the action of S, on the tensor product space (CY)®” by permuting the
factors in the tensor product. We are interested in isotypic components of these representations.

If V is an irreducible subrepresentation of a representation U of a finite group, the isotypic component of U
corresponding to V is defined to be the sum of all subrepresentations of U which are isomorphic to V. It is easy to
show that U decomposes uniquely into a direct sum of its isotypic components.

Let Y%, denote the set of Young diagrams with # cells and at most N rows. It follows from Schur-Wey1 duality [7,
21] between the symmetric group S, and the general linear group GL(N, C) that the irreducible representations of S,
which are subrepresentations of the representation (CV)®” are exactly the ones which correspond to Young diagrams
in the set Y%,. Given A € Y%, let E; denote the isotypic component of (CN)®" corresponding to V. Decomposing
(CN)®" into a direct sum of its isotypic components and looking at dimensions, we obtain
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Introduce a probability measure on Y’ given by relative dimensions of the corresponding isotypic components:

dim E}L

PR =~

We will call the measures P, (1) Schur-Weyl measures.
The main result of this paper is the following theorem on the asymptotics of Schur—Weyl measures, which was

conjectured to be true by G. Olshanski:

Theorem 1.1. For any ¢ > 0, ¢ # 1 there exists a positive number H, such that for any ¢ > 0 we have
< s} =1.

We obtain an explicit, albeit quite complicated formula (43) for the constants H.,.

1 dimE;
——1In

Jn N

—H,
n— 00
N—o0

Jn/N—c

lim IP’;,{)L eYy:

1.1. Entropy of the Plancherel measure

A major inspiration for this paper is a theorem of A. Bufetov on the entropy of the Plancherel measure. The Plancherel
measure is the measure on Y” defined by

(dim A)?2

PI"(0) = —
n!

The measure Py, (1) can be thought of as an analog of the Plancherel measure for the tensor representations of S,
since in view of Burnside’s theorem P1”(1) can be interpreted as the relative dimension of the isotypic component
of the regular representation of S, corresponding to Vj. The measure [P}, (1) can also be thought of as a deformation
of the Plancherel measure, since for fixed n, the measures [P}, converge pointwise to the Plancherel measure when
N — o0 (see, for example, [14], Section 3).

The theorem of A. Bufetov, which was conjectured by Vershik and Kerov, states:

Theorem 1.2 (Theorem 1.1, [6]). There exists a positive constant H such that for any ¢ > 0 we have
1 | (dim2)?

\/—ﬁn P <8}=1.

By analogy to the Shannon—McMillan—-Breiman Theorem, Vershik and Kerov have suggested to call the constant

H the entropy of the Plancherel measure. See [6] for details. By the same analogy, H, can be thought of as the entropy
Le*N?]
N .

lim PI”{AGY": ‘— H

n—oo

of the family of measures P
1.2. Outline of the paper

It was proven by P. Biane [1] that appropriately scaled boundaries of random Young diagrams sampled from Y7,

according to the Schur—Weyl measures converge to a limit shape in the limit n — oo, N — oo and */WE — ¢ (Theo-
rem 2.1). An integral formula for the logarithm of the Schur-Weyl measure P’} (1) in terms of the hook lengths and
contents of A and the deviation of the boundary of A from the limit shape was obtained in [10]. In addition, it was
shown in [10] that the limit shape found by Biane is the unique minimizer of this integral, and the quadratic variation
was calculated. The starting point of the proof of Theorem 1.1 is this variational formula (Proposition 2.2). Section 2
provides the necessary background.

To study the limit of the variational formula it is necessary to understand the local statistical properties of the
boundary of Young diagrams under the Schur—Weyl measures. Toward this end, since it is easier to deal with, we first
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study the local statistics under the Poissonization of the Schur—Weyl measures. The first step of the proof is to show
that the Poissonization of the measures [Py, with respect to n are Plancherel-type measures associated with certain
extreme characters of the infinite dimensional unitary group (Lemma 3.1). Borodin and Kuan have proven that these
Plancherel-type measures are determinantal point processes, have obtained a contour-integral representation of the
correlation kernel and have found limits of the process in various regimes. In Section 3 we present the proof that
in the case which is of relevance to this paper this determinantal process converges to the discrete sine-process, and
using the depoissonization technique of Borodin, Okounkov and Olshanski [3] show that in the limit N — oo the
local behavior of the boundary of Young diagrams under the Schur—Weyl measures is characterized by the discrete
sine-kernel (Proposition 3.7). We also show in Section 3 that the probability of Young diagrams which extend beyond
the limit shape at either edge by at least N°, 8 > % is exponentially small. This statement for the right edge is an
immediate corollary of [8], Theorem 1.7.

The next step is to obtain upper bounds for the decay of correlations of the boundary of random Young diagrams.
Since the contour-integral formula of Borodin and Kuan is not very suitable for such estimates, using a method of A.
Okounkov [11] we obtain a different representation of the correlation kernel and use it to obtain various bounds for
the correlation kernel of the poissonized measures (Section 4). We use these estimates to obtain upper bounds on the
decay of correlations (Section 4.3).

We use the bounds on the decay of correlations to show in Section 5 that the weighted sum of the indicator
functions of the presence of a local pattern on the boundary of a Young diagram converges to a constant with respect
to the Schur—Weyl measures. This allows us to show that all the terms in the variational formula for P}, (A) which can
be characterized in terms of short-range patterns converge to constants.

In Section 6 we show that the terms which correspond to long-range interactions converge to O with respect to the
Schur—Weyl measures.

2. Background
2.1. The limit shape of Young diagrams with respect to Schur—Weyl measures

Represent A = (A1 > A2 > --- > Ay) € Y}, where A; € Nand ) ; = n by its diagram as shown in Fig. 1. The longest
row consists of A1 squares of size 1, the next longest one of A2 such squares, and so on. Note that for A € Y}, the
integer N is not encoded in the diagram of A.

Scale down the diagram by \/g in both directions so that the diagram has area 2 and rotate the scaled diagram by

7 radians as in Fig. 2. Let L, (x) be the function giving the top boundary of the rotated diagram. Notice that L; (x) is

a piecewise linear function of slopes £1 and that L, (x) = |x| for x > 1 and x < -

Nk

P. Biane [1] has proven that in the limit n — 00, 4/n/N — ¢ the boundary of a random scaled Young diagram
sampled from the measure P, converges in measure to a limit shape. The limit shape £2.(s) is described in the
following way. For x € [c — 2, c + 2],

2:(x) 1(2 arcsin( xre )—i—zarccos( e ¢ >+ )2>
(x)=—(2x —_—————— - vVd—(x—c
¢ b 2414 xc c 21+ xc

Fig. 1. The Young diagram A = (8,5,4,2,1,0) € Y20,
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Fig. 3. Graphs of £2.(x) forc=0,0.5,1,2.5.

otherwise

|x], O<c<landx ¢[c—2,c+2],
Qc(x) = 1 |xl, l<candx ¢ [-1c+2]

x+%, 1<candxe[—%,c—2].
The precise formulation of Biane’s theorem is the following law of large numbers for the measures PP, .

Theorem 2.1 (Theorem 3, [1]). Let N = N (n) be such that

For any fixed ¢ > 0 we have

lim ]P”]V{AGY’}V: Vx € R,

n—oo

Ly(x) — 2:(x)| <&} =1.

Figure 3 gives graphs of £2.(x) for several values of c. For every c the graph of the function £2.(x) intersects the
graph of |x| at two points. All the intersections are tangential except the intersections on the left side for ¢ > 1. At the
left intersection point £21(x) has slope 0 from the right, while £2.(x) for ¢ > 1 has slope 1 from the right.

Note: We prove Theorem 1.1 only in the case ¢ # 1. The case ¢ = 1 cannot be treated together with the other cases,
because the nature of the fluctuations of L; near the left intersection point of the graph of £21 (x) with the graph of |x|
is different from the other cases. The main reason the nature of the fluctuations changes is the transversal intersection
of the nonlinear section of the limit shape with the linear section as indicated in Fig. 3. The nature of fluctuations near
this intersection point has been studied by Borodin and Olshanski [4].
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42,3

J

Fig. 4. py 3=1.5and g 3 =2.5 for the Young diagram A = (8,5, 4,2, 1).

Notice that £2.(x) has a rather simple derivative:

2, (ot
2 ar031n(2jpic7), xelc=2,¢c+2],

Q(x) = 1, x>c+2,or1<candx€[—%,c—2], M
-1, otherwise.

The limit shape £2.(x) is a continuous deformation (depending on c) of the limit shape of random scaled Young di-
agrams sampled according to the Plancherel measure, which was found independently and simultaneously by Vershik
and Kerov [16], and Logan and Shepp [9]. The Vershik—Kerov—Logan—Shepp limit shape is obtained when ¢ = 0.

2.2. A variational formula for the measures

Let i index the rows and j the columns of a Young diagram. For the cell at position (i, j) in a Young diagram A define
the numbers p; ; € Z + % and g; j € Z + % to be % plus the number of cells to the right of and respectively above the
cell as shown in Fig. 4. Define the hook length of the cell at position (7, j) to be &; j = p; j + gi,j and the content to
be Ci,j = ] —1i.

For a statement S denote

e = 1, Sistrue,
57010, Sis false.

The following variational formula for the measures ]P”/‘V was obtained in [10].
Proposition 2.2 (Propositions 2.1 and 3.1, [10]). Letc=c, n = % > 0. We have

InP% (V)
# fllfx||1/2+f

where f;(x) = L;.(x) — £2¢(x),

||f||1/2—//(f(sz_;f(”) dsdr

is the ——Sobolev norm in the space of piecewise-smooth functions,

2 ), lzGc(x).fx(X)dX+é(k)—ﬁ(/\)—sn, (@3]

3c—+ (1 +c2)x
2(1 +cx)

Ge(x) =0x—¢|>2 (arccosh

‘ + sign(1 — ¢) arccosh

)

~ 1
6(r) = ﬁgm(hi,,-),
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~

1
oA = m ;m(N +cij)s

as 1 1
m(x):k;k(n D2k + 1) 22

and g, = O(mTZ) is independent of \. The sums in 0 and p range over all cells of \.

dim Ek

N are bounded in

Using the varrational formula (2) it is not very hard to prove that the random variables ﬁ In

measure with respect to P}, [10]:

Theorem 2.3 (Theorem 1.2, [10]). For any ¢ > 0 there exist positive numbers o, and 8 such that if

lim — =c,
n—oo N
then
1 dim E,,
. n . —
nh_{I;O]P’N{A. o, < ———=1In Nn <,8}—1. 3)

dim E)\
N7

In contrast, Theorem 1.1 states that the random variables ﬁ In converge to constants with respect to [Py, It

max)hewv {dim E; }

L In are also bounded.

N g

was proven in [10] that the quantities

Theorem 2.4 (Theorem 1.1, [10]). For any ¢ > O there exist positive numbers o, and B such that for large enough
n € Nand forany N e N, if ¢ > % then

1 max; cyn {dim E, }
e < ———=In i <B. 4)

Jn N

Analogous results to Theorems 2.3 and 2.4 for the Plancherel measures were obtained by Vershik and Kerov in
1985 [18]. Numerical simulations by Vershik and Pavlov [19] suggest that for the Plancherel measures the typical
dimensions converge in measure (Theorem 1.2 by A. Bufetov). However, their simulations suggest that perhaps no
such convergence holds for the maximal dimensions.

2.3. Plancherel type measures for the infinite-dimensional unitary group

As mentioned in the Introduction, we will need to study the poissonization of the Schur—Weyl measures. The pois-
sonized measures are closely related to measures on signatures of length N corresponding to certain extreme charac-
ters of the infinite dimensional unitary group, which we now introduce.

Let U(N) denote the group of all N x N unitary matrices. There is a natural embedding of U(N) into U(N + 1)
given by

U o0

WMBUH<01

)eU(N+1).

Define the infinite dimensional unitary group U (oc0) to be

ww:me
N=1
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Let GTy be the set of signatures of length N, i.e. the set of sequences A of N nonnegative nonincreasing integers:
A=A =X >--->ApN), A € Z. It is well known that the irreducible highest-weight representations of U (N) are
parametrized by the set GT . For A € GTy let W), denote the irreducible representation of U (N) with highest-weight
A, and let x* and dimy A be respectively the character and dimension of W,. Note that x’(e) = dimy A, where e is

A

the identity. Define the normalized character x* as 3* dHﬁT

The notion of a normalized character can be generalized to groups such as U (00). A normalized character of U (c0)
is a positive-definite continuous function y which is invariant under conjugation and satisfies the condition x (e) = 1.
The set of normalized characters of U (00) is a convex set and the extreme characters of U (oo) are defined to be the
extreme points of this set.

Extreme characters of U (00) can be approximated by the normalized characters of U (N) when N goes to infinity.
Here we will present the exact statement of this result only in the specific case of interest to us. For a more general
discussion of extreme characters of U (co) and for proofs see for example [2,12,17] or [5].

A signature A can be represented by two Young diagrams (A, A7) corresponding to its positive and negative parts.
IfAat =G >1] >--->0and A= = (A] =1, >--->0), then

h= (A ZAy z ez =k = ),

Let AE' be the transposes of 2%, i.e. the number of cells in the ith row of AE s equal to the number of cells in the ith
column of A*.

For a Young diagram p let || denote the number of boxes in w and let d() denote the number of cells on the
diagonal of . The numbers p; (1) := p;; () and g; () :=gi,i(1), 1 <i <d(u) are called Frobenius coordinates of
the Young diagram u (see Fig. 4). They completely determine p.

Theorem 2.5 ([17]). For any extreme character x of U (c0) there exists a unique set of constants ozli > ot;E >...>0,
ﬁli > ﬂ; > ... >0and 8* > 0, satisfying the conditions

Za +B7) <8 BI B <

and such that for any sequence of signatures A(N) € GTy, if

V(N (VN AN)TE
pi(L(N) )=a.i, lim qi (A( )):ﬂi’ and  lim [A(N) |=5i
! N—o00 N ! N—o00 N

lim

N—o0

’

then the normalized characters x*N) approximate x .

Set
o
Z a +,3

Let XV+*V7 denote the characters which according to Theorem 2.5 can be approximated by *®) with
ozl.i = ,Bl.i =0. In other words, XV+’V7 correspond to limits of x*®) when the rows and columns of A% (N) grow
sublinearly in N and [AE(N)] grow as yEN.

D. Voiculescu [20] gave a complete description of extreme characters of U (00). In particular, given U € U (00),
for x” 7~ we have

Ty = 1—[ e Tu=D+y =™ =1 (5)

ueSpectrum(U)
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Given a character y of U(00), consider its restriction to U (N). It can be decomposed into a nonnegative linear
combination of irreducible, and hence normalized irreducible characters of U (N). Write

Xlowy = Y PLME™ (6)
)\EGTN

-

IP’% (1) gives a probability measure on GTy. Let ]P% "’ be the measure corresponding to the extreme character
+ -

xV .

3. Poissonization and depoissonization

All statements that follow are proven for arbitrary ¢ € (0, 1) U (1, co), however no uniformity in c is established. In
particular all constants may depend on ¢, but to simplify notation this dependence will not be indicated explicitly.

3.1. Poissonization of Schur—Weyl measures

Recall that the Poisson distribution with rate . is

n
!

Pois;, (n) =e ik

If {P"}, e is a family of measures with distinct supports {5, },,cN, its poissonization with parameter v is the measure
Poisp ,, with support S := i S, and defined by

Un
Poisp ,(x) =e™" —']P’" (x),
n!
where P” is naturally extended to S by setting P" (S \ S,) =0.

Let P, v denote poissonization of the family of measures P}, with respect to n. It is a one-parameter family of
measures on |,y Y7, defined by

n
Puy() = —P(h) ifAeY).

+0 . ) o ; . Lo
Lemma 3.1. The measure IP% " is the poissonization of the measure Py, with respect to n. The poissonization pa-
rameter isv =y N.

Proof. We need to show that P+ y n = ]P%Jr’o. By (6) it is enough to show that

XA

dimN )\..

+
X Yoy =) Prany®)
AeGTy

By (5), for U e U(N),

X)’+,0(U) — ey*trU—y*N‘

It is a consequence of Schur—Weyl duality [7] that E; = V, ® W,. Hence

dimE, dimAdimy A
N® — N¢

)

Pl (1) =
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which implies

A + n A

x*(U) _,+yYTN) x*(U)
Z ]P’V+N,N()\)dim Iy = Z e v'N . P’;\/(A)dim )
AeGTy N AeGTy : N

_ Z e_y+N(y+N)" dimAdimy A x*(U)

! n i
ACGTy n! N dimy A
+\n
=X e*V*N@X*(U)dim)\.
)»GGTN -

Let GT?, be the set of signatures A € GTy which have only nonnegative terms and for which ) ; 1; = n. Note that
GT?, coincides with the set Y'},. We obtain

A o0 +\n
) x" ) D v > i .
]P)erN'N()\)dimN)\, = € T X (U) dim A
AeGTy n=0 reGTY,

e +yn o0 +yn
= Zef”ﬂv—(y ) X" Wy = Zefyﬂv—(y ) (ru)"!
n! n!
n=0 n=0
o0
Y Z (ytuou) _ o tuU—ytN
n! ’
n=0
which completes the proof. ([

If certain conditions are met (see Lemma 3.4), properties of a family of measures P when n — oo can be obtained
from analogous properties of the poissonization Poisp,, of those measures when v — oo:

P"(x) ~ Poisp,,(x), whenv=~n>> 1.

According to Lemma 3.1 the poissonization of P}, with respect to n with parameter v gives IP)})V/N’O. Since we are

interested in properties of P}y, in the limit when n — oo so that % — ¢, the relevant limit of the poissonized measures

yt.0 . . N + . . JytN .

[P)y " for us is when the poissonization parameter y ™ N converges to infinity so that 55— — ¢, or equivalently that
+

- 2.

3.2. The poissonized measures as determinantal point processes
Associate with each A € GTy the point configuration
PA)y:={r—1,12—2,....,. Ay — N} CZ.

+
Under this correspondence the pushforward of PL ¥is a random N -point process on Z. See Fig. 5 for a visualization

+
of this correspondence. Note, that since the measure IP% s supported on Young diagrams with at most N rows, we
are working with configurations which are subsets of [—N, 00).

+
Borodin and Kuan have proven that the point process corresponding to ]P% 0 is determinantal.
+
Theorem 3.2 (Theorem 3.2, [2]). The point process ]P% 0 is determinantal: for arbitrary x1, ..., xx € Z,

YO0 (i € PO)) = det Ky o (31 x7)]

1=<i,j<k’
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oo o e
-7-6-5-4-3-2-10 1 2 3 4 5 6 7 8

Fig. 5. Black dots are points in the configuration while white dots are not.

The correlation kernel Ky ,,+ is given by

+

Ko (6,9) = — f 7§ A @)
X, Y)="—= ’
N T etz o0 0 A= w)V u—w

where r is any constant in (0, %).

Note: The theorem as stated here is a special case of the theorem of Borodin and Kuan. The theorem in [2] deals
with point processes corresponding to measures on paths in the Gelfand—Tsetlin graph GT which arise from extreme
characters of U (c0) corresponding to arbitrary parameters (ozii, ,Bii, 5.

Given an integer k and a subset X C Z, define

1, keX,

Given an integer vector m = {m1, ..., m,}, define
i (X) = Cmy (X) - -y (X).

For a Young diagram A, let
cii(A) = ci(P(V)).

In terms of the introduced notation the statement of Theorem 3.2 is equivalent to
EP%JQOC{XI’_“’X,(} = dCt[KN’y+(X,‘, xj)]lfi,jfk'

Another characterization of the poissonization of the measure [P}, is as the Charlier orthogonal polynomial en-
semble, which was proven by K. Johansson [8]. Thus, the determinantal process with kernel K ,+ coincides with
the determinantal process with the Christoffel-Darboux kernel of the Charlier ensemble. Since operators given by
Christoffel-Darboux kernels are projection operators [13], it follows that the operator given by Ky ,,+ is also a pro-
jection operator. In particular, it follows that

Kyyr(.x) =Y Ky, (x, ) Ky p+(y.x) (8)
yEZ

for all x.
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3.2.1. The discrete sine-process
Define the discrete sine kernel to be the function

sin(l)
S(l,t):{ lnl , 1#0,
=) l == O
Let S(¢) be the measure on the power set of Z such that for any my, ..., m, € Z, we have
SW{X CZ: my,...,m, € X} =det[8(mi _mj’t)]lgi,jsr' ©))

The existence of such a measure follows from the general theory of determinantal point processes [15]. The measure
S(¢) is a point process on Z called the discrete sine-process. The condition (9) can also be written as

Es@(cin) = det[S(mi —mj, t)]

I<i,j=r’
The measure S(¢) is translation invariant: if for a constant a we denote a + m = (a +my, ..., a + m,), we have
Es@ (catm) = Esr) (cin)-

3.2.2. Limit of Ky ,+

. . . . +
We show that the determinantal process given by K ,+ converges to the discrete sine-process when N — oo, VW —
c?. Define the function

Ac() =z +xeln(z) + In(1 — 2). (10)
Differentiating A with respect to z we obtain
2= DA = A +cx)z? — (¢ +ex)z +

If A’,(z) has nonreal roots, let z; be the root of A’ (z) such that Iz} > 0:

+ Ateox+icy/d—(x—o)? (11
A 2(1 4 ¢x) '

Z

If A’.(z) has real roots, z; is the larger one. Note that z; # 0, 1. Let z; be the other root and denote ¢, = arg(z}}).
Notice that

2
+2 ¢
_ 12
|Zx | 1+cx (12)
and
é < c+x > 13
= arccos| ———— .
* 2V 1+ cx
Theorem 3.3. Let X = (x1, ..., x;) depend on N in such a way that x; — x;j are constant and limy _, oo % =x'> —%

forall 1 <i, j <k.Iflimy_o0 % = 2, then

det[S(-xi —)Cj, ¢x/)]l§i,j§k’ |x, _C| <2a
ngnoodet[KN,;f*(xi’x./)]lsi,jsk =\ L x'—c=<-2andc <1, (14)
0, otherwise.
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Note: This is essentially a special case of Theorem 4.6 in [2]. The theorem in [2] deals with a broader family of

kernels in the limit % — a > 0and VW — b > 0. For us b = 0. The proof presented is an adaptation of the proof in
[2] to the case b = 0. The main reason for presenting a complete proof here is that we will need not only the result,

but parts of the proof as well.

Proof of Theorem 3.3. To simplify notation, in this proof we write A(z) for A/(z), z* for z;“, and ¢ for ¢,/. From
(7) we obtain

/ ’ _
Ky y+(x'eN,x'eN +1) = 2n _, eN@w I 4x'cIn@)+n(1-w)+O(1/N)) i — w

1 eNAW—ACH+OU/N) qu, dw
T (2mi)? 7|§u|=r §£|w1=r eNA@=AGD+OA/N) y — w’

We will use the saddle point method to estimate the contour integrals. For that we need to deform the contours of
integration to contours C,, and C,,, without crossing 0, and O or 1 respectively, in such a way that

1 f % eN(czu’1+x’cln(u)+ln(l7u)+0(]/N)) du dw
02 Juj=r Jiw—1

N(AG) — A7) <0 VzeCly,
and
R(A@) —A(z1) =0 VzeCy.

When z* are not real, i.e. when |x’ — ¢| < 2, the contours are deformed as in Fig. 6. During the deformation contours
cross each other along an arc from z~ to 7z which crosses the real axis between 0 and 1, thus

) ) 1 eNAW—-ACHHOU/N) gy dw 1 7t i
Ky o+ (x cN,x'¢cN +l) = —(2ni)2 %u fjw NAW—AGCHTOUN) 4 —w + @ é_ u du.

In the limit N — oo the first integral goes to 0 since the contribution to the integral from points away from the critical
points is exponentially small, while at the critical points the contours C,, and C,, cross transversally. Thus, we obtain

1<
lim K '¢N,x'¢N +1) = —— =y,
Jim K+ (x'eN, x'eN +1) (2m)7§ Lo

c
1+cx’

c
1+cx’

e'?. Making the change of variable u = e'? and evaluating the remaining integral

Using (12), write z7 =
we obtain

Nli_r)nC><J Ky ,+ (x’cN, x'eN + l)

(7 —>_l b 10,
_— X
14 cx’ %, 1=0.

Fig. 6. Deformation of contours in the bulk. The shaded region corresponds to R (A(z) — A(z1)) <0. The solid red (ri ght) and blue (left) contours
are the original contours. The dotted red and blue contours are the deformed contours.
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Fig. 7. Deformation of contours in frozen regions. In the left figure contours do not cross. In the right figure one contour passes over the other. The
shaded region corresponds to (A (z) — A(zT)) < 0. The solid red (right) and blue (left) contours are the original contours. The dotted red and blue
contours are the deformed contours.

Fig. 8. Deformation of contours at the transition points. In the left figure contours do not cross. In the right figure one contour passes over the other.
The shaded region corresponds to f(A(z) — A(z1)) < 0. The solid red (right) and blue (left) contours are the original contours. The dotted red and
blue contours are the deformed contours and both are linear near the double critical point.

\/ﬁ )~ cancel, and we obtain (14).

The critical points z* are real when |x’ — ¢| > 2. If x’ — ¢ > 2, then during the deformation the contours do not
cross. Thus, no residues are picked up and

When taking a determinant, the gauge terms (

lim KN’],+ (x/cN, x'cN + l) =0.

N—o00

If x' — ¢ < —2, then during the deformation one contour completely passes over the other as in Fig. 7. Hence,

1
KN,y+(x/cN,x’cN+l) = ) % u 'l du
mi) Je

for some closed contour C. When ¢ < 1, the contour C winds around 0 once and we have

. / / _ 1, = Oa
Nh_r)nooKN’er(x cN,x cN+l) = {0’ 1£0.
When ¢ > 1, then C winds around 1, whence Ky ,+(@'cN,x'ecN +1)=0.

In the case |x’ —¢| = 2, A(z) has double real critical points and the contours should be deformed as shown in Fig. 8.
This case can be analyzed similarly by noting that the contribution from the neighborhood of the double critical point
is negligible if contours are deformed as shown. (]

3.3. Depoissonization and local statistics of Schur—Weyl measures in the bulk

3.3.1. Depoissonization

A lemma proven by Borodin, Okounkov and Olshanski [3], Lemma 3.1, allows us to pass from asymptotic properties
of the poissonized measures to analogous properties of the original measures. We present a modified version of the
Depoissonization Lemma, which appeared in [6].
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Lemma 3.4 (Depoissonization Lemma, Corollary 3.3 in [6]). Let 0 < a < % and let { f,} be a sequence of entire
functions

fn(Z)Ze_ZZ%Zk, n=1,2,....

k>0

Let C > 0, and let a, be a sequence of positive numbers satisfying |a,| < C. If there exist constants Cy, Ca, g1, g2 > 0
and foo such that

|nrlla)(Ifn(z)| < eVt
Z|=n

and

Z —
o Ol
|z—n|<n!-@ eg2lz—nl/y/n

then there exists a constant C depending only on Cy, Ca, g1, g» and C, such that for all n > 0 we have

| fun — fool < Cay.

+
3.3.2. Depoissonization of IP% 0
For ¢ > 0 denote

k
InG) =lkez: |- -
N (&) {G ‘cN c

52—8}
and for § > 0 and K > 0 denote

k
TEK, 8 =1keZ: |— —
N( ) { S 'CN (4

gziKN“}.

Lemma 3.5. There exist constants C, Cy > 0 such that

37"
max |KN p+(x, y)‘ < CleczN(—> (15)
lytl=e2N 2
for all x and y such that =5, 2 > —%.

+
Note: Henceforth, whenever studying the kernel Ky ,+ and not the measure IP% ’0, we will allow yT to be a
complex parameter. In particular, this will be the case in depoissonization lemmas.

Proof of Lemma 3.5. Let y = %

continuous function f it holds that

‘ / F(2)dz
C

where [(C) is the length of the contour C, we obtain from (7) that

and / = y — x. Using the contour-integral estimation result which states that for a

Srzng\f(z)]l(C),

N
AN maxM (G @ —w= 1)) re 1+r) 1
(IFr)ttx+ N1 —2p°

|KN’7,+(x,x+l)| frze
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where the plus sign is chosen when 1 + x +1 < 0. Since |y| =1, |u| =r and |w| > 1 — r, it follows that

1
P —w )<=+

r 1—r
whence
max(R(7 (" —w ) < ——.
“r(l—r)
Thus,
rPa-n' M) In()=In(r)+In(1+r)— (/N In(1Fr) +c2/(r(1=r))
|KN’},+(x,x+l)|§fe (/M) In()=In(r)+In(14r)—=(e/N) In(1Fr)+¢2/ (1))
— 4r
Since the coefficient of % isIn(r) —In(1 Fr) <0 and % is bounded below, taking r» = % completes the proof. U

Lemma 3.6. For any 5y > % and any integer [ there exist constants C1 = C1(89,1) > 0 and Cy = C3(8¢,1) > 0 such
that

CeCaly =N
<

!
S xen)| = 3 N N

KN’y+(x,x—|—l) — <

c
V1+x/N )
forall y*,all § € [8p,1),all N e N and all x € Zy(1,9).

Proof. Throughout the proof C| and C;, will denote arbitrary constants that depend only on §y and /. In this proof the

indices of A, z* and ¢ are ﬁ, however, to simplify notation, we will omit those indices.
Lety =y — ¢2N. For contours S| and S, define Ks, s, tobe

| eN(A(14)—A(z+)) 617'4_] 1 dudw
K15 = (2mi)2 fsl fgz eNAW)—=AGEH) grw=! i+l y — o

It follows from (7) that

Ky +(x, x + 1) = Kjyj=r,jw—1|=r>

where 0 <r < % It follows from the proof of Theorem 3.3 that

+

1 —1-/
KN,)/+(X’X+I)_ (271) . u dlzt:KCu,Cw.

Let ﬁ —c=%(2— pN®1) for some p > 0. From (10) and (11) we obtain

L e /pNO-D/2

=it e O 17
A() = qu2(ci 1)3{,—91\7(8—1)/2 Lo, s

and
A" () = :Fz(cciz D _ 16(@2)(&24@1%_1)/2 +Oo(N*). (19)
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Since A’(z") =0, Taylor’s theorem implies

) ) i i )
AzT +e¥r) —A(zT) = %(e‘ét)zA”(er) + TA/’/(Z+) + = Rs(zt +¢'%1),
where

Ry(u) = 2L ?g A

i) @—zH*z—u)

and the last integration is over a closed contour that contains both z and u.

We can assume that the contours C, and C,, are linear near the critical points 7+, i.e. that there exist E Y e
(0, %) U (%, 1) and 7o > 0 such that the contours C,, and C,, coincide respectively with 7t + Ty and 7+ + eV,
when [t| < fy, t € R. We have

R(AH +61) = A(eH) <0 < R(AR +6¥1) - A()

forall 0 < |t] < 1y, t € R. Let 8 be a constant such that % < B < %. Since J(z1) > N7, we can divide the contour
C, into three sections as follows:

Cuotr=z"+et when|t|<N# and C,=C,\(CyrUC, ). (20)

Similarly, divide C,, into three sections C, + and C,, (see Fig. 9). We estimate the contribution of each section
separately. We will present the proofs of the following two estimates:

CeC2l7l
|KC{,,C,,,| < my (21
CeC2l7!
Ky, Coqtl < 2N —x — N’ (22)

Estimates for the other sections can be obtained completely similarly.
We start with proving (21). Since the leading term of A”(z%) is of order NO-D/Z &E# % and R3(u) is bounded in
a neighborhood of zT, there exists D € (0, fp) such that

() < | TN = 2F  eF i rand 1] < Dy,
Haw-a@) =P e e o)

for some positive constants D, and D3.

Cl_ Cu-

Fig. 9. Sections of the contours C;, and Cy,.
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Since |u| and |w| are bounded away from zero and are bounded above along the contours C,, and C,,, it follows
that

S
1 eyu -
‘ < CleCzy.

wl-‘rl e);w_'

Since |u — w|~! < N? along the contours C, and Cy,, and |eNAW=AGC)| 5 1 for all w € C,,, we obtain
IKenu: ju—z1>D1).C0 | = CiNPeC2V e P3N, 23)

For the remaining part of the contour C;, we obtain

D,
Cry _D NG+D/2,2
|K e nw: u—zt<Dr),cy | < C1e“27 NP / K 2P dr. (24)
v

Making the change of variable t' = /D> ,/pN @+D/4¢, we obtain

/Dl e—DzﬁN(5+])/2f2 dr — NP /Dlx/DZ\/I_?N(B-H)/At e_[/Zd /
N-B D, /pN@+D/4 /Do PN G428
1 _
e_DzﬁN(M—l)/z 2;5. 25)

< Dy /pN@E+D/2-F

Since 8 < %, combining (23), (24) and (25) we obtain (21).

We now move on to proving (22). We will consider two cases: when |y | is large and when it is small. Let ¢ € (0, 8)
and suppose |7| < N?.

Since A’(z1) = 0, we obtain

Azt +eb1) - A(zh) = !

) 1.
Zeﬂf A" (D) + 1 <€e‘35 A”(zF) + O(t)). (26)

Since 8 > %, it follows that N¢3 = o(1), whence

NP2 ((1/6)e A" (1) +0(1))

— 3 3
eNs3((1/6)ei3V A" (zH)+0(s)) 1+ O(m +ls] )N' @7

Since |7¢| < N¢=F and ¢ — B < 0, we obtain

7@ HetinTl yE@hH o)

eI~ g oty Lt [710(1e] + s])- (28)

Define

eNa /2)ei % A" (z1)i?
A, s) =

eN(1/2)ei2V A7 (z )52

Since the function

1
At ) o,

is an odd function, it follows that

drds
/ f Ql(t §)———— P T =0. 29)
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Using (20), (26), (27), (28) and (29), and noting that

1 1
2+ + eV )t = () +00s),

rewrite (16) as

NP pNE s g i dr ds
Kcu,+‘c,,,,,+=/7N_ﬁ /;N_ﬁ Az, )(O(|7° + Is| )N+|y|0(|t|+|S|)+0(|S|))m-

Making the change of variable

¢ = pl/ANG+D/4 s/ = plANGHD/Ag (30)

and using (18) we obtain

pl/ANGTD/A=P pU/ANGTD/A=P

1 ) 7
—Dy(t?+5%)
Kc, 1. Cot| < — o773 e
u,+>Cw,+ pl/ZN(6+1)/2 _pUANGIV/AB | /4 NG+ /48

dr’ ds’

O(If'P +1s"1) + [710(1¢'| +1s'1) + wwo)m,

1
X _—
<p1/2N(51)/2
where Dj is a positive constant. Since the remaining integral is O(N ~6=D/2 1 17), we obtain

Ci o3
|KCu,+,Cw,+| = We 2|)/|.
This completes the proof of (22) when |y | < N¢.
The case |y | > N¢ is much simpler. From (16) it follows that

N=F NP
- drds

K <C eCZ‘ylf / A, s)| —————F+—. 31

| Cu,+»cw,+| =(] vs N ’ ( )’ |t el(w_g)s| ( )

Making the change of variable (30) it is easy to see that the remaining integral is O(1). Since || > N°¢, (22) follows
from (31). (Il

Proposition 3.7 (Local statistics of P}, in the bulk). For any & > 0 and any integer L > 0, there exists a positive

constant C = C (g, L) such that for all x € In(¢), all integer vectors fsatisfying |f| <L,all N eNandn=|c?N?|,
we have

C(e, L)
|]E1P”]V (Cx+f) - ]ES(¢x/(cN>)(Cf)| = N

Proof. This follows by applying the depoissonization Lemma 3.4 to Theorem 3.3. Lemmas 3.5 and 3.6 show that the
necessary conditions for Lemma 3.4 to apply are satisfied. (]

3.4. Statistics near edges

We now prove that the probability of Young diagrams which extend beyond the limit shape at either edge by a distance
more than N° with § > % are exponentially small. We will need the following lemma, which gives an estimate for
Ky, ,+(x, x) near the edges.
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Lemma 3.8. For any §y > % there exist constants C1, Ca, C3 > 0 such that for all § € [89, 1), for all y™, for all
N eN,and x ¢ Z;\?(l, 8),x > —N, we have

|1 — Ky o+ (x,x)| < C167C2N3s/271/zec3"ﬁ*czN‘, if0<c<landx <0, (32)
and

Ky (2, 0)] < Crem NPT 2l =Ny < e o x>0, (33)
Proof. As before, we let 7 =¥+ — ¢>N and drop the indices for A, z* and ¢ to simplify notation. The indices in this
proof are .

Suppose 0 < ¢ <1 and x < 0. Let x = (¢ —2)cN — ch‘S, p > 0. It follows from (10) that A(z) has two distinct
real critical points. Let z~ be the smaller critical point. Similarly to (17) we obtain

- c P -2 51
z _c—1_7(1_c)2N +O(N°7).

If we deform the contours of integration of K ,,+(x, x) according to the saddle point method, one contour completely
moves over the other. Thus, the residues we pick up total to 1 and we have

1 NAW=AGT) 7™ | qudw
K —l=——= w
w6 == ?gc 7§c N A 70w — '

where the contours C,, and C,, are as in the left part of Fig. 10. Without changing the integral, the contour C,, can
be further deformed into two closed contours C9 and C', as in the right part of Fig. 10. The outer contour C?, can be
moved so that there exists a constant C> > 0 such that R(A(w) — A(z7)) > C; for all w along this contour. Since u
and w are bounded away from 0 and 1, we obtain

1 eNAW—-AGET) e?u’l 1 du dw N Ol
)2 “AG) o1 <Cie e"3
(ZT”) c, Jcy eN(A<w) A(z7)) eyw wu—w

for some constants Cq, C3 > 0.
Since z~ is a critical point of A(z), it follows from Taylor’s theorem that

A 1) = A() = 374 () + A7 () +O()
Similarly to (18) and (19) we obtain

13
A'(z) _ e D)7

ﬁN((S—l)/2 +O(N(S—1) > 0

Fig. 10. Deformation of contours near the left edge when 0 < ¢ < 1. A(z) has two distinct real critical points. The shaded region corresponds to
N(A(z) — A(z7)) < 0. The solid red (right) and blue (left) contours are the original contours. The dotted red and blue contours are the deformed
contours. The shaded region is bounded and the dotted red contour loops around it (not visible from the figures).
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and

1S Ty
(c—1) +6(c+2)§c 1)

AW(Z_) -9 -

JPNCD2 L o(NT),

C C

which imply that there exist constants Dy, D> > 0, depending only on ¢ and p, such that for 7o = D; N©®~1/2 we have
A(z™ +10) — A(z") = DagNO=D2 4 o(N*1)

and
A(z=+1)—A(z7) >0 forallse (0,1

Thus, the inner contour C, can be chosen so that
R(Aw) — A(z7)) = DatgN®= V72 forallw e C,

and |u — w| > D3tg for some constant D3 and allu € C,,, w € C ,’U Hence, there are constants Cp, C», Cé, C3 > 0 such

that
1 eNAW=AE) e7u™" | dydw
‘ (2mi)? ygcu f,- eN(AW)—AiET) gyw™! wu—w
< Gl NN iyl C e~ CN?PT12Call
=% =<
This completes the proof of (32). The argument for (33) is similar. O

Proposition 3.9. Let [()) denote the length of A, i.e. the number of nonzero entries in A, or equivalently the number
of rows in its diagram. For any &g > % there exist constants C1, Cp > 0 such that for all § € [8¢, 1), for all N € N and

forn = c*N?| we have

P2 ({2 1) > @ = )eN + N°}) < Cre @V i < e < 1,

P2 ({h: Ay < N+ (c —2)eN = N*}) < Cre @V ipn <,
and

Pi ({2 4 > Q4N+ N} < eV iro <.

Proof. Throughout the proof C; and C, denote arbitrary constants that depend only on §¢. Since /(L) > (2 —c)cN +
N? implies that there exists x € [-N, (¢ —2)cN — N %] such that ¢, (1) = 0, we obtain

Ph ({2 1)) > 2 —c)eN + N%Y) < > (1—Ep1 (cr)). (34)
x€[=N,(c=2)cN—N?¢]

WhenO<c<landx € [—N, (c —2)cN — N‘S], by Lemma 3.8 we obtain

—CHN3/2-172 oyt —e2N
1_EPK]+’O(CX)|:|1_KN!V+(X"X)|Scle 2 e 3‘}/ c ‘

Depoissonizing by Lemma 3.4 we obtain

_ 38/2—1/2
|1 —Eps (cx)| < Cre™ " )

This implies the first statement of the proposition since the index set in the sum in (34) is of order N.
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To prove the second statement, notice that

Py ({r: Axy < N+ (c —2)cN — Na}) < Z Epr (cx)
x€[=N,(c=2)cN—N?]

and proceed as above.
The last statement of the proposition can be proven in a similar way. (]

Note: The last statement of Proposition 3.9 also follows immediately from Theorem 1.7 in [8], where it is proven
that after appropriate scaling the local fluctuations of the longest row are characterized by the Tracy—Widom distribu-
tion.

Let £, (x) be the boundary of the rotated Young diagram A when it is scaled so that the cells have diagonal 2. We
have £ (x) = \/ﬁLA(%). For § > 0 and K > 0 denote

Y4 (K, 8) = {r € Yy: supp|L;(x) — |x]| C T} (K, &)}

Figure 11 illustrates the restrictions put on the Young diagrams in the set Y}, (K, §).

Corollary 3.10. For any &y > % there exist constants C1, C2 > 0 such that for all § € [5g, 1), for all N € N and for
n=|c?N?| we have

P2 (Y, \ Y (K, 8)) < Cre &N o< <1,

Proof. This is essentially a reformulation of Proposition 3.9. ]

4. Estimates of the correlation kernel

We need to estimate the decay of correlations. For this purpose a different representation of the correlation kernel is
useful. In this section we obtain this representation and use it to obtain various estimates for the correlation kernel.
Define the functions

1 +,-1
+ N
KX’N(y‘*):ﬁ?geV (1 —u)Yu du,

|<—>1

d1 ?d_; dl d2

di,dy < KcN°

Fig. 11. Restrictions on the Young diagrams in the set Y’I’V (K, 8). The curves represent the scaled limit shapes.
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where integration is over any closed counter-clockwise contour winding once around 0, and

1 +-1
_ + _ N —vy
Ky,N(V )=2—m¢e VA —w) T w dw,

where integration is over any closed counter-clockwise contour winding once around 1 and not containing 0.

Lemmad4.1. Ifx # y, then

+ - + -
NKx,N—l(y+)Ky+l,N+l(y+) - V+Kx—1,N(V+)Ky+2,N(V+)
xX—y ’

Ky y+(x,y) = (35)

Proof. The main idea of the proof is to integrate formula (7) by parts (the idea was used by A. Okounkov to obtain a
similar formula for the Bessel kernel [11]).

In general, for functions f(u,w) and g(u, w) which are differentiable on simple closed contours C, and C,
integration by parts gives

a a
— — Jgdwd
%uﬁwf<uau+waw)g wdu
d a
=‘(f fu—gdudw%—f fw—gdwdu
w CM au u ClU aw
a 0]
:—% % glu—+1 fdudw—f % glw—+1)fdwdu
w u au u w aw
a d
=—?§ % g(u——i—w——i—Z)fdwdu.
c, JCy, ou ow

Since

applying the integration by parts calculation above to (7) we obtain

1 wwTl ) 9 e W =T )N (1 — w)
K V== —u— — +1 du dw.
N+ 7) (2m)27€0ufcw Xx—y <u8u+w8w+ > w—w wew
It follows from
—1_,.-1
ui+wi+1 eV @ =wTh g )N (1 —w)N :e”+(”_]_’”_')ﬂ vyt N
ou ow u—w Ad—w)yNM\uw (A-uwd—-w)
that the integrals with respect to # and w can be separated. Carrying this out we obtain (35). (]

4.1. Estimates of KxiN(y+)f0r various values of x

Lemma 4.2. For any &y > % there exist constants C; = C1(8g) > 0 and Cy = C»(89) > 0 such that

Colyt—cIN
ENIA o) (o) €2 |

[Kiy(rP)[=Cie N

forall § €80, 1), all x e Ty (1,6), all yT and all N € N.
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Proof. We present the proof of the result for K j ~ (™). The proof for K N (y ") is completely identical.
Throughout the proof C; and C, will denote arbitrary constants that depend only on §y. We will use the same
notation as in the proof of Lemma 3.6. In particular y =y — 2N, A(u) = Axjeny W), = Z):::/(CN)’ the contour

of integration is deformed so that it goes through z* and has the property that for all u on the deformed contour
R(A(u) — A(z")) < 0 and the deformed contour C,, is divided into three parts as in (20). Consider

Ky (y)e VA = L?{ NAW-AC) 7" g,
* 2ni Jo

Let Jy —c=+2 - pN =1y for some p > 0. Arguments similar to those in the proof of Lemma 3.6 show that the
contribution of the large contour C, is exponentially small. Let 8 be as in Lemma 3.6. On the contour C,, 4 we have

B

1 Gl7| N NR(AGT+e¥)—AT))
< C1e-2” eV Atz e =) gy
N—B

_7§ NAW-AGC) i g,
Cu +

2mi

NP
- _ (6+1)/2,2
gcleCZ‘V'/ e DYPNOTIRE 4
—N-B

for some positive constant D. Making the change of variable ' = N ®+1/4¢ we obtain

CH|9 NG+D/4-B CHlv
L eN(A(u)—A(z"’))e)?u‘l du < Cl e 2171 e_DﬁI/Z d[/ < C] e 2171 .
2ni Jo, o — T ONGHD/A J_ yeensa-p - NGHD/A4
Of course, the contribution from C, _ is of the same order. O

Lemma 4.3. For any &g > % there exist constants C; = C1(8p) > 0 and Cy = C»(89) > 0 such that

cCalyt=c*N|

RAy /(e +
K35 v () = sign@)ek iy ()| < Cre VA N)(ZX/(EN))W

forall § €[80,1),all x e Ty (1,6), all y* and all N € N.

Proof. We present the proof of the result for K| * N (y ). The proof for K. N (y ) is completely identical.
In this proof the indices of A(u) and z© are ;. The proof is similar to the proof of Lemma 4.2. Suppose iy —c =
(2 — pN°®~1) > 0. We have

(K w () =K (v ))e M =

The main contribution comes from the sections of the contour near z*. If u = zt+ + ¢'¢, then from (17) we obtain

Lyg eNAW—AE) g7u™! (u —c(1 = u)) du
27

|“_C(1—M)|—(C+1)Z +elr — <DNO-D2 4 Dy

for some positive constants Dy, D,. Proceeding as in Lemma 4.2, we obtain

cKT

x,N+1 (V

Colyt—cN|
+ e D
| x+1, N( )— +)] 5CleNmAX/(CN>(Zx/(cN>)—<D1N(3—1)/2_I_ 2 )

N@+1)/4 N@+D/4

which completes the proof when x > 0.
When x < 0, instead of u — ¢(1 — u) we have

|u+c(1—u)|—|c—l| z +e‘5t—L1

and the rest follows as above, since in this case it follows from (17) that the leading term of z™ is Ci—l U
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Lemma 4.4. There exist constants C1; > 0 and C> > 0 such that
Caolyt=c2N|

+ o+ ENRAen) @ pn) ©
|Kin(rh)[=Cre T

forall x,all y* and all N € N.

Proof. We present the proof of the result for K ; N(y+). As before, we drop the indices of A(z) and z*, which are
= in this proof, and let 7 =y — ¢?N. Let | & —c| =2 — pN°~!, 5§ > 0.

Suppose p > 0. In this case A(z) has complex conjugate critical points. We deform the integration contour as con-
tour C,, in Lemma 3.6, however with one difference: near the critical points we deform the contour to be piecewise
linear with different slopes on each side of the critical points. More precisely, let &1 2 € (0, 7) and deform the integra-
tion contour so that it is given by z* 4+ e*¥17, 1 > 0 and z* — e*¥27, t > 0 near the critical points z*. Choose £] 5 so
that both % (e*¥ A”(z 1)) < 0 and R(e** A”(z)) < 0. For example, when 2 — ¢ =2 — pN®~!, it follows from (18)
and (19) that 5 < &5 < %’T. Consider

1

K;_N (V+)G_NA(Z+) = —% G:N(A(“)_A(ZJF))e);”_l du.
’ C

2mi

We divide the contour into five sections: one away from the critical points and two linear sections near each critical
point. That the contribution of the contour away from the critical points is exponentially small, can be seen as in
Lemma 3.6. The contribution of the linear sections near the critical points is of order

& .
B(N) = / e~ NNV 24Dy poi((E e 1207 g
0

for some positive constants D1 and D,. We estimate B(N) as follows:

eC2v

7 [ —DaNs eCar peN'? Ds?
B(N) <e€2V [ e DNty = = e P2 g5 < C)——.
0 N1/3 0 N1/3

When p <0, A(z) has two real critical points. We deform the integration contour as in Lemma 3.8 and proceed as
above. (I

Lemma 4.5. For any § > % there exist constants C1 > 0, Cp > 0 and C3 > 0 such that

K=, ()] < €N/ @0 Cjen) g~ CN D212 Colyt—e2N|
s <
for all x ¢I/"V"(l, 8),x>—N,all yT and all N € N.

Proof. For K _ (y™1) deform the integration contour as contour Cy, in Lemma 3.8 and estimate the contour integral

as in Lemma 3.8. The only difference in obtaining the estimate for K ; N(y+) is that the contour should be deformed
to pass through the larger of the two real critical points of A, /n)(2). O

4.2. Several estimates of the correlation kernel

In this section we use the estimates of the functions K xi  obtained in the previous section to obtain estimates for the
correlation kernel.

Lemma 4.6. For any ¢ > 0 there exist constants C1 and Co such that

eCalyt=c*N|

NR(A + —Ayjeny @
|KN,y+(xv y)| <C VA /ey @y en) = Ay eM) Gy peny)

L4 |x =yl
forallx,y € In(e),all y* and all N € N.
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Proof. When x # y this follows from Lemmas 4.1 and 4.2. When x = y the result follows from Lemma 3.6. O
Lemma 4.7. Let Ky and K, be arbitrary positive constants, let % <680 <61,60 <1, andlet x € I]\_,(Kl, 81), y €

Iy (K2, 82). There exist constants Cy, C2 > 0, which depend only on K1, K and &y, such that for all vy and for all
N € N the following hold. If x and y have the same sign, then

CrCaly et NI81—821/2 .
K , WK , <Cie B —_—.
|Kny+ (. Kyt (v, 0)| < C) (1+]x —y)? (36)
If x and y have opposite signs, then
N1-@1+62)/2
K x, y)K ,X)|<C eColv-eN L 37
| N,y*( y) N,y*(y )|_ 1 (1+|x_y|)2 (37)

Proof. If x =y, the result follows immediately from Lemma 3.6. If x # y and they have the same sign, from
Lemma 4.1 we obtain

1 _ . _
Ky y+(x,y) = E(NK;N—I(V+)(K)*+I,N+1 () - Slgn(Y)CKy+2,N(V+))
+ sign(y)Nc(K;fN_l (") - Sign(x)CK;L—l,N(y+))K;+2,N(y+)
+(r T = ENK (K n ()

If [yt — ¢2N| < N'/2, applying Lemmas 4.2 and 4.3 we obtain (36). If |yt — ¢2N| > N'/2, applying the same
lemmas we obtain

i 2 |V+ _ C2N|2N—(51+52+2)/2
Ky o+ (X, Ky o+ (0, x)] < Ce2lV =N :
K A (I+x = y)?
which implies (36) with a larger C».
When x and y have opposite signs, (37) follows from Lemmas 4.1 and 4.2. ]

Remark 4.8. Notice that one of the sets 1y (K1,81), Iy (K2,82) is contained in the other. If, for example,
Iy(K1,681) CZLy(K2,82), then both x and y are in Ly (K2, 82), whence (36) implies the better estimate

CeCaly =N

Ky (. 0Ky e (3. 3)] < e
Koy 7Ol

Lemma4.9. Let K > 0 and % < 89 <681 < 1. There exist constants C1, Co > 0, which depend only on K and &, such
that for all y*, for all x € Iy(K1,81),forally and forall N € N we have

NG=381)/6

2
Ky y+(x, Ky ,+(y, x) <CeClt-eN 2 T
K.y (0] TE T

Proof. The lemma follows immediately from Lemmas 4.1, 4.2 and 4.4. O

Lemma 4.10. Ler K| and K, be arbitrary positive constants, let % <8y <461 <1, % <&, and let x € T\;(Ky, 1),
y ¢ I;Q(Kz, 82), ¥y > —N. There exist constants C1, C2, C3 > 0, which depend only on K1, Ky and 8¢, such that for
all y™ and for all N € N we have

_ 38/2—1/2

Colyt—eany €Y

K x,V)K ,X)| < Cie —_—.
| N,y‘*’( )’) N,y‘*’()’ )| 1 (1+|x_y|)2
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Proof. Lemmas 4.1, 4.2 and 4.5 imply

eC2\7+—62Nle—C3 N38/2-172

N + +
‘K +(x, y)| <(C; eNm(A*’/“N)(Zx/<ffN>)_Ay/“’N)(Z«V/“'N))),
N T+ x—y

while Lemmas 4.1, 4.2 and 4.4 imply

Colyt—c?N| p(5-381)/12
€ N eNﬂl(Ay/((:m(zf/(cN))—Ax/«»N)(zf/(cN)))‘

|Kn o+ (v, x)| < C r—

Combining the two estimates completes the proof. [
4.3. Decay of correlations in the bulk

In this section we use the estimates of the correlation kernel obtained in the previous section to estimate the decay of
correlations in the bulk.

Proposition 4.11. For any ¢ > 0 and any integer L > O there exist positive constants C; = Ci(e, L) and Cr =
Cy (e, L) such that

COVPﬁ,o x, Ly, m) = |EP1VV+’O (Coyf Cyii) — EPIVV+’°(CX+Z)EP,VV+'O(CY+’;’)|
eCalyt—=¢*N|
<Cl——
I+ 1x =D
forall x,y € In(¢), all integer vectors I and in satisfying |7|, |m| < L,all y*™ and all N € N.

Proof. It follows from Theorem 3.2 that ]EP),#O (€47 Cy+m) is a determinant of the form
N

B C
Eﬂ%ﬂo (Coqi- Cy+m) =detA = det(D E) ,

where IEPJ,+,0 (c,47) =detB and Epyﬂ) (Cytm) =detE.
N N

Thus, it follows that Covwﬂ) (x, I ; y, m) consists of terms in det A which have at least one factor from each of C

N
and D. Since the terms in C and D are of the form Ky ,+(x +1;, y + m;), the proposition follows from Lemma 4.6.
Note that the factors

+ +
eNm(AX/(L‘N)(Zx/(('N))7A)'/(CN)(Zy/(CN)))
cancel out, since we are taking a determinant. O

Proposition 4.12. For any ¢ > 0 and any integer L > O there exists a positive constant C = C (g, L) such that

C
min{N, (1 + |x — y))?}

|Ep (¢, 47 ¢yim) — Epr (e DEp (cyri)| <
forall x,y € In(¢), all integer vectors I and in satisfying |7|, lm|<L,all N eNandn=|c*N?].

Proof. If x € Zy(¢), then 2¢cN — |x — ¢2N| is of order N. Using Lemma 3.6 and Proposition 4.11, and noting that
the terms (ﬁ)’l in Lemma 3.6 cancel since we are taking determinants, we obtain

CeCaly =N
min{N, (1 +|x —y})?}’

|]Epyv+v0 (Coy7 Cytin) = ES(¢X/(¢'N))(Cx+7)ES(¢y/(UN))(Cy+I;1)| =
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Depoissonizing by Lemma 3.4 we obtain

C
min{N, (1 + |x — y])?}’

|]EIP"}V (Cx-i-f “Cyin) — ES(¢.¥/((3N)) (Cx—‘ri)ES@’y/(cN)) (Cy+r71)| =

Applying Proposition 3.7 to this expression completes the proof. (]

5. Proof of Theorem 1.1
In this section we present the proof of the main theorem. We evaluate the limit of the terms in (2) separately.

Lemma 5.1. For any ¢ > 0 we have

Jim Piin: [p)| <e} =1,
n=[c2N2|

where p(M) is as in Proposition 2.2.

Proof. Let c;()) be the number of cells in A with content k. Notice that if A € Y}, then ¢;_n (1) < min{k, N}. Hence,

> cen (V) . N &
PO =) Smk) < s—= ) mBk+5—= Y m(k).
k=1 2Vn 2Vn k=1 2Vn k=N+1
Differentiating m(x) three times, we obtain
o0
4 4
" _ _
m (x)—;xz,wr3 = B0
whence there exists a constant ¢ > 0 such that
500 < clnN n c
P = 2Jn - 2yn’ U

Lemma 5.2. For any continuous bounded function f:R — C, any integer vector m, and any & > 0, we have the
following convergence in measure:

Q- k
N > f<m>ck+ﬁz()\)

k=—N

lim P 1A
N—o0 N{
n=[c2N2|

c—

2
f(a) da)

c+2
- (/ f(@Es@,)cmda + e«
c—2 —1/c

<s}=1.

Proof. Leteg>0and 1 >§ > % be fixed. Throughout the proof, C will denote an arbitrary constant that depends
only on gp and f. It follows from Propositions 4.12 and 3.7 that

k l
‘f(m) f(m)E]}";v ((Ck+r7l - ]ES(d)k/(CN))Crﬁ) . (Ck+n7l - ]ES(d)k/(L-N))C}’;L))‘

c c
< <
“min{N, 1+ k—IDZ} ~ 1+ |k —1]




Entropy of Schur—Weyl measures 705

for all k,1 € Zn(eo). Summing up over all such k and /, we obtain

1 k 1 2 CNIn(N)
Ep | ¥ > f(m)C/mﬁ - N > F(k/CEN))EsyennCin| < N2
keZn (eo) keZn (eo)
Replacing the Riemann sum by the appropriate integral we obtain
1 k c+2—¢g 2
lim Ep S Al = )errin — / f(@)Esg,cida| =0. (38)
N—o0 NicN cN c—2+4gg
n=|c2N2] keI (eo)
It follows from Proposition 3.9 that
1 k 1 k
1' E " —— 7 )\. —_ (S E— e = O’
Nl—I>noo IP’N‘CN Z f(CN>Ck+m( ) c<lCN Z f<CN>‘
n=|c2N2] keZ(1,6) kgL (1,5)
k>—N —N<k<0
which, since f is bounded, implies
1 k 2
li Ep: |— — 7(A) — 8¢ da| =0. 39
Jim  Epy | — ) f(cN>ck+m<) <t [, S @da (39)
I1=|_CZN2J keZn(0)
k>—N
Combining (38) and (39), and taking the limit &9 — 0 completes the proof. O
Corollary 5.3. For any ¢ > 0 we have
. et c+2
ngnoo P?\, A |O(A) — Z(m(k) /C_z Es@.)ci0y — Es@.)Cio,k) da) <e¢r=1,
k=1

n=[c2N2]
where é()») and m(k) are as in Proposition 2.2.
Proof. Given a Young diagram A and a positive integer k, let i1; (1) be the number of cells in A with hook length k.

Since hg(X) is equal to the number of pairs (i, i — k) such that ¢;(X) = 1 and ¢;_¢(A) = 0, we have

o0

h() =Y (ci() = ci(Wci k().

i=—00

Applying Lemma 5.2, for any k € N and any ¢ > 0 we obtain

N I O
Nh—r>noo Py A: N Es@.ci0) — Es@ociodal <ep =1. (40)
-2
n=|c2N2| ¢

Notice that

N I (L)
o v

Since each row of A can have at most one cell with hook length & we have Ay (A) < N, whence the expression

O(h) = m(k).

cN

hk ()\) c+2
- / Esga)ct0y — Es(g,)ci0.6)) da
c—2

is bounded. Since the series Z,fil m(k) is convergent, summing (40) in k£ we obtain the statement of the corollary. [
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Define

Fr(x) = ﬁfx(%) = L5(x) — Jﬁsz(%)

We have

N B N N R I AN G
?nfxnm—m/o /w( ) )dtdh.

Corollary 5.4. For any ho > 0 and for any ¢ > 0 we have

1 [ho [ (Ft+h) — Fu)\? .
lim IP";\,{A: ’—/ / ( ) drdh — H.(hg) <8}=1, 41
N—o0 4./n _ h
ey \/_ 0 00
where

- 1 [fet2 b orho c h)—L 2 2
Hc(ho)z—/ / f Eg(%)( M ) = £als) ——arcsin<$>> dh ds da.
4Je—2 Jo Jo h T 21 +ac

Proof. For any ¢ and any /4 such that 0 < h < hg, we have

() () -
h cN cN cN cN

From (1) it follows that the integral in (41) is equal to the expression

o]

1 1 phy _ 2
/ / Z (,CA(S—i-k-l—h) Ly (s +k) _Qc,(s—l—k)) dhds 42)
4cN 0 Jo P h cN

up to o(1). From the definition of ¢ () (see Section 3.2) it follows that we can write

h—1
Ly(s+k—+h)—Ly(s+k) 2(1 —s) 2 2s
Y =1- A cr(X) — E Eck+i()h) = 5, Ckth (A,

i=1
which implies that the expression in (42) can be written in the form
1 k
N _Z > f(m)%m
melho k

for some finite set I5,. Thus, we can apply Lemma 5.2 to (42), and obtain the corollary (it is easy to check that the
contributions coming from the term &, f f(a)da in Lemma 5.2 cancel out). O

Lemma 5.5 (The tail estimate). For any ¢ > 0 there exists hy > 0 such that

1 [ [®(F(t+h)— Fu)\*
lim P, ,\:—/ f AR = BON ap <ol =1,
N—oo 4ﬁ hy J—o0 h

n=[c2N2|

The proof of Lemma 5.5 is given in Section 6. We now prove Theorem 1.1.
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Proof of Theorem 1.1. It follows from Corollary 3.10 that

<8}=1

for any ¢ > 0. The theorem follows immediately from Proposition 2.2, Corollaries 5.3 and 5.4, and Lemmas 5.1
and 5.5. For the constant H. we obtain the following formula:

He = Z(m(k) / Es@q)ct0) ES(%)C{Ok}da)

k=1
/HZ/I/OOES (‘c*(“rh)_&(s) —Earcsin<c+7a))2dhdsda 43)
c o Jo (@) h b1 21+ ac ' -

6. The tail estimate

lim w{;F@f Ge(x) fo.(x) dx
2 |[x—c|>2

N—o0
n=[c2N2|

The goal of this section is to prove Lemma 5.5. To simplify notation, in this section we set n = ¢>N2.
For § > 0 and K > 0 denote

0, otherwise

and

ﬂ@+b—ﬂ%»2

Fx(k,l)=< ]

Notice that F) (x) is a Lipschitz function with Lipschitz constant 2. It was proven in [6] that for a Lipschitz function
with Lipschitz constant 2 the truncated integral in the —-Sobolev norm can be approximated by a sum of the integrand.
More precisely, Lemma 6.1 in [6] implies:

Lemma 6.1. For any § € (0, %), any K >0, L > 0 and any ¢ > 0, there exists a number hy > 1 depending only on
8, K, L, e and such that for all h > hg,all N e N, n = 2N?, and all ) € Y’ (K, 8) we have the inequality

Fo(t +h) — Fy.(1) 1S & (FE (k+1) - A”Uc))
vl [P >md5 n;:X:< l e

h k=—o00

We now prove Lemma 5.5.

Proof of Lemma 5.5. Fix L >0 and § € (; ;) It follows from Corollary 3.10 that we can restrict to the Young
diagrams in the set Y’ (L, §). Separating the terms where FL ’S(k +1)=0o0r FL 5(k) =0, we obtain

Li i <F/\L’8(k+l)—FkL’5(k))2
c l

1 2 F (k)?
<— Fulk,]) + — . 44
= ¢N Z W& D+ Z dist(k, Z\ Iy (L, 8)) “4)
kk+H Ty (L,5) keZy(L.5)

I>h
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Itis easy to see that if k € 7, (L, 6), then

k+1 k
FEO %+ 1) — fa(k)_1_zck(x)—cN<9 ( . )“Q(W))

Using Theorem 3.2 and (13) we obtain

2 . {c+k/(cN) k+1 k
+ <; arcs1n<m> - CN<QC(C—N> - QC(c_N))) (45)

2—c?+cx
214 cx)Wa4—(x — )2

from the second degree Taylor polynomial approximation of £2, it follows that there exists a constant C > 0 such that

zarcs' <c+k/(cN)> CN<.Q <kj> — £2 (i))‘ < < (46)
n 2JT+k/N “\ ¢eN ‘NeN )|~ Ja2NT— (k= 2N)?
forall k € (L, 8).

It follows from Lemma 3.6 that there exist constants Cy1, C; > 0 such that for all k € 7, (L, §) and for all yT we
have

FE (1) = B () = 2(B,, ocx — k() + 2<@ — Ky (K, k))

Since §2/(x) is given by (1) and

Qx)=

2
Pr/(cN) CreCaly™—¢*N|
—K k,k _ 47
T A e vy “7)
Since Epﬁ.o (ck) = Ky, +(k, k), combining (45), (46) and (47) we obtain
N
k+1—1 Gyl +—62N\ 2
2 Ce-2”
F(k, 1) < l—zvarlplyv+,0(ck+...+0k+l1)+l—2< ]Zk m) (48)
for some constants Cy, C > 0 and for all k and / such that k, k +/ € T, (L, 3).
Summing the second term on the left-hand side of (48) we obtain
k-1 2
1 1 1
cN 2 z_2< Z 2cN—|j—c2N|)
k.k+1€Zy (L,5) j=k
I>h
4cN | 4eN [k+H 2
“wrrr(L))
I= h k=1 \j=k
4cN 4cN 4cN 2 2
(In l) (ln h)
lezln(k—i—l)—ln(k) <SZ o
Combining this with the estimate of the variance given in Lemma 6.2 below, we obtain
1 o2y (Inh)?
_ lyT—c"N|
—~ Y Rk <Cie® . (49)

h
kk+H Ty (L.5)

I>h
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We now turn to estimating the second sum on the right-hand side of (44). We will estimate the sum when k is in the
left half of the interval Z,; (L, §), i.e. when £ is larger than ¢2N. The sum when k < ¢>N can be estimated completely
similarly. Denote

My(L,8) =max{M: M € I (L,$)}.
We have
My(L,8) =2cN — LeN® + 2N
and
dist(k, Z\ Iy (L, 8)) = My(L, ) —
Notice that
Fu()? < 2(Fy.(k) — Fo.(Mn(L, 8)))” +2F(My (L, 8)". (50)
Since F) is Lipschitz with constant 2 and A € Y’;\, (L, ), we have
|Fi(My(L,8))| <4LN°,

which implies

619}

2 Z FA(MN(L,B))Z<32L2N251n(4cN)

cN My(L,8)—k — cN
keZy(L,8)

Since

MN<L6) i 2NI2 2 3
2 Z 2 1/(2eN —[j — ¢*N|)) <i1v Z (In(My (L.8) —k)* _ 2(In(4cN))

My(L,$5) — c My(L,5) —k - cN
keZy (L,8) N ) keZy(L.5) n( )
k>c2N k>c2N

it follows from (48), (50) and (51) that

2 F; (k)?
cN 2. My (L,8) —k

I

keTy (L,8)
k>cZN
- 4 Varpﬁ,o (ck+---+ CMN(L,(S)) N CleCz\y+—62N| In(4cN)
“¢cN keTo L) My(L,$) —k N1-28
k>c2N

Using the estimate of the variance given in Lemma 6.3 below, we obtain

2
2 ) Fk)?® CeCaly T =e*NI
cN My(L,8)—k — N1/6
keTy (L,5)
k>c2N

Combining this with (49) we obtain

k+1)— FFk + 1 Inh)?
m(IZ Z( ( ) ()>>§C1eC2|V _CZN,(W“nh))’

I=h k=—00

which implies the Lemma after depoissonization. |
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Lemma 6.2. Let

1 1
L’a —_— — P
Vi yh) = N Z B VaIP[yV+,o(Ck + o Crpi—1)-
kk+lETy (L,5)
I>h

For any 6 > % and L > 0 there exist constants C1 > 0 and C> > 0 such that for any h > O there exists No such that
forall N > Ny and all y™* we have

L,§ G| +7.2N|1nl’l
VV+,N(h)§Cle 2ly ¢ T

Proof. We can assume /& < N°. Throughout the proof, C1 and C, will denote arbitrary constants that depend only on
L and §. It is immediate from (8) that

Var,+o(ck+ -t epr-D = ) > Kyyr (. »Ky (3. %). (52)
N xelk,k-+—1] yelk,k+i—1]

Summing over k, k +1 € Ty (L,d), [ > h, we obtain

1 Ky ,+(x, )Kyn ,+(,x)
LS _ Ny Ny
Vinw=g o 2 2 ), 7 -
khH Ty (L,8) XElk k+1=1]1 y¢[k.k+I—1]
I>h

Let PI}\’, (x, y) be the coefficient of Ky ,+(x, y) Ky ,+(y, x) in the above sum and let

Qly v (6, ) = Py (x, MKy (8, Kyt (3, %).
We have
1
Vily =5 30 Q).

xeZy(L,5)
YEZ

When x € Zy(L,$) and y € I; (L, §), estimating from above the number of intervals of length / > h that contain
x but not y, we obtain

o0 .
min{|x — y|,}

Py =2y = =V (h ),

I=h
where

2l
—, [ <h

h)y={h-10 " ="

v {4lnl, l>h.

Since for a fixed / the number of pairs x,y € Z,, (L, §) such that [x — y| =1 is less than 4cN, it follows from
Remark 4.8 that

1 Oy (h,1)C eC2ly =N 2y Ind
— 3 o +(x’y)|521/f( )Cie ’ < el =N it (53)
N xeZy(L,5) 7 =1 (I+D h
N £
yey(L/2.8)
xy>0
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Similarly, it follows from Lemma 4.7 with §; = §;, = 1 that for any ¢ > 0,

1 h C +*‘2N ]nh
5 2 Qs p] =Gl TeNI=S,

x,y€Ly(e)

(54)

If x e Zy(L,d), ye€ ZA_,(%,S) \ Zn(¢), and x and y have opposite signs, then %TN < |x — y| <4cN, whence
Lemma 4.7 implies

v a2 NN
|+ (6 )| = Cre@ =M ———.

Since the cardinality of the set 7, (L, 8) X (Z, (%, 8) \ Iy (¢)) is less than 16¢> N2, we obtain

1 InN
D Do/ SRR T e (55)
xeZy(L,8)
YELN(L/2,6)\Z (e)
xy<0
Ifx € Zy(L,8) and y € I, (5,8) \ Iy (5. 8), then 1cLN?® < |x — y| < 5¢N, whence Lemma 4.9 implies
(5-38)/6 1y N
h Coly*t—2n N n
X, <Cie*? _—
QN+ (.| =€ E—
Since the cardinality of I;;(%, 8) \I;(%, 8) is less than LeN® and for a fixed
(L (L
yeZi( 5.6 \IN 5.8
we have
Y G RS
1 —y))2 ~ LeN?S’
e Ttld) I+ 1x =D ¢
we obtain
1 h C |y+—62N| InN
¥ > | O+ (9] = Cre® e (56)
xeZy(L,5)

yeZ (L/2,80\Iy (L/2.,8)

When x € Zy;(L,8) and y ¢ I;(L, d), summing over all subintervals of Zy, (L, §) of length at least /, we obtain

IZy (L.8)

IZy(L. D=1 _ N
Py s Y, T < T
I=h

Using Lemma 4.10 to estimate | Ky ,+(x, y) Ky ,+(y, x)|, we obtain

_ 38/2—1/2
LY 0| s Crellr e S o (57)
~ xX,y)|=¢C1€ .
N et s " (1+ |x — y)?
V(L.
YETH (L,8)

Combining the estimates (53), (54), (55), (56) and (57) completes the proof. U
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Lemma 6.3. For any 6§ > % and L > 0 there exist constants C1 > 0 and Cy > 0 such that for any h > O there exists
Ny such that for all N > Ny and all y* we have

2 Var%to(ck + -+ CmyL.s)) C1eC2lyT—cN|

_ <
N L My (L,8) —k =TNS
keTy(L,8)

k>cIN

Proof. Using (52) we can write the sum of the variance in the form

) VarlP’/var'O(Ck o temyws) 5 i
- = — S x’ k]
N Mn(L.5) —k N D Snrw
keTy(L.6) xeTy (L,8)
k>c2N x>c2N

yélx. My (L,5)]

where

Sy (8, 3) = Ry (e, Ky (2, ) K+ (3, %)

and
x—1 1 5
Rl (x, y) = | &= VT y e (N, x),
z;LIJN m y<c*Nory> My(L,$).
Since
lx — yl ,
Rh X, P LA ——— €I+L,5,
W) My(L.8) —x v (L, 0)

it follows from Lemma 4.9 that

2
= h Colyt—c2N| (In My (L, $))> CleCz\ytc N|
N L iy =Gt NU6HZ =T N6 (58)
xeZy (L,8)
yeZI X (L,8)
Since
4cN
Rh ’ S 7 < f I+ L78 k]
N(x y)_MN(L,(S)—x ifyé¢ N( )

it follows from Lemma 4.10 that

2 T 2N N38/2-1)2
2 Shyr(6y) = CreClr T aNlem GV, (59)
xeTy(L.3)
YL (L.8)
Combining the estimates (58) and (59) completes the proof. (]
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