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Abstract. We prove the Einstein relation, relating the velocity under a small perturbation to the diffusivity in equilibrium, for
certain biased random walks on Galton—Watson trees. This provides the first example where the Einstein relation is proved for
motion in random media with arbitrarily slow traps.

Résumé. Nous prouvons la relation d’Einstein pour certaines marches aléatoires biaisées sur des arbres de Galton—Watson. Cette
formule relie la dérivée de la vitesse a la diffusivité a 1I’équilibre. Ce travail fournit le premier exemple de preuve de la relation
d’Einstein pour une dynamique dans un milieu aléatoire qui comporte des pieges arbitrairement lents.
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1. Introduction

Let w be a rooted Galton—Watson tree with offspring distribution {p¢}, where po=0,m = kpy > 1 and ) brpr <
oo for some b > 1. For a vertex v € w, let |v| denote the distance of v from the root of w. Consider a (continuous-time)
nearest-neighbor random walk {Y};>0 on w, which when at a vertex v, jumps with rate 1 toward each child of v and
atrate A = X, = me™ %, o € R, toward the parent of v.

It follows from [15] that if o = O, the random walk {Y;*};>¢ is, for almost every tree w, null recurrent (positive re-
current for o < 0, transient for « > 0). Further, an easy adaptation of [19] shows that |Y[?m |//n satisfies a (quenched,
and hence also annealed) invariance principle (i.e., converges weakly to a multiple of the absolute value of a Brownian
motion), with diffusivity
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(Compare with [19], Corollary 1, and note that the factor 2 is due to the speed up of the continuous-time walk relative
to the discrete-time walk considered there. See (2.10) below and also the derivation in [5].) On the other hand, see
[17], when @ > 0, |Y/|/t =00 Ve > 0, almost surely, with v, deterministic. A consequence of our main result,
Theorem 1.2 below, is the following.

Theorem 1.1 (Einstein relation). With notation and assumptions as above,
lim — = —. (1.2)

The relation (1.2) is known as an Einstein relation. It is straight forward to verify that for homogeneous random
walks on Z (corresponding to deterministic Galton—Watson trees, that is, those with py = 1 for some k > 1), the
Einstein relation holds.

In a weak limit (velocity rescaled with time) the Einstein relation is proved in a very general setup by Lebowitz
and Rost (cf. [12]). See also [4] for general fluctuation-dissipation relations.

For the tagged particle in the symmetric exclusion process, the Einstein relation has been proved by Loulakis in
d > 3 [13]. The approach of [13], based on perturbation theory and transient estimates, was adapted for bond diffusion
in Z¢ for special environment distributions (cf. [10]). For mixing dynamical random environments with spectral gap,
a full perturbation expansion can also be proved (cf. [11]).

For a diffusion in random potential, the recent [9] proves the Einstein relation by following the strategy of [12],
adding to it a good control (uniform in the environment) of suitably defined regeneration times in the transient regime.
A major difference in our setup is the possibility of having “traps” of arbitrary strength in the environment; in partic-
ular, the presence of such traps does not allow one to obtain estimates on regeneration times that are uniform in the
environment, and we have been unable to obtain sharp enough estimates on regeneration times that would allow us to
mimic the strategy in [9]. On the other hand, the tree structure allows us to develop some estimates directly for hitting
times via recursions, see Section 3. We emphasize that our work is (to the best of our knowledge) the first in which an
Einstein relation is rigorously proved for motion in random environments with arbitrary strong traps.

In order to explore the full range of parameters o, we will work in a more general context than that described
above, following [19]. This is described next.

Consider infinite trees 7 with no leaves, equipped with one (semi)-infinite directed path, denoted Ray, starting
from a distinguished vertex called the root and denoted o. We call such a tree a marked tree. Using Ray, we define in
a natural way the offsprings of a vertex v € 7, and denote by Dj,(v) the collection of vertices that are descendants of
v at distance n from v, with Z, (v) = | D, (v)|. See [19], Section 4, for precise definitions. For any vertex v € 7, we
let d, denote the number of offspring of v, and write 2 for the parent of v. Finally, we write p (v) for the horocycle
distance of v from the root o. Note that p(v) is positive if v is a a descendant of o and negative if it is an ancestor of o.

Let £27 denote the space of marked trees. As in [19] and motivated by [16], given an offspring distribution {px }x>0
satisfying our general assumptions, we introduce a reference probability IGW on £27, as follows. Fix the root o and
a semi-infinite ray, denoted Ray, emanating from it. Each vertex v € Ray with v # o is assigned independently a
size-biased number of offspring, that is Prgy(d, = k) = kpx/m, one of which is identified with the descendant of v on
Ray. To each offspring of v 7 o0 not on Ray, and to o, one attaches an independent Galton—Watson tree of offspring
distribution { py }x>0. Note that IGW makes the collection {d,},7 independent. We denote expectations with respect
to IGW by (-)¢ (the reason for the notation will become apparent in Section 2.1 below).

As mentioned above and in contrast with [16], [17] and [19], it will be convenient to work in continuous time,
because it slightly simplifies the formulas (the adaptation needed to transfer the results to the discrete time setup
of [17] are straight-forward). For background, we refer to [5], where the results in [17] and [19] are transferred to
continuous time, in the more general setup of multi-type Galton—Watson trees. Given a marked tree 7 and o € R, we
define an «-biased random walk {X¢};>0 on 7 as the continuous time Markov process with state space the vertices of
T, Xg =0, and so (_that when at v, the jump rate is 1 toward each of the descendants of v, and the jump rate is e™*m
toward the parent v . More explicitly, the generator of the random walk {X¢},~¢ can be written as

LoTF)= Y (F@)—F®)+e“m(F(v)— F(v)). (1.3)
xeDi(v)
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Alternatively,

Lo7F@)=-md*d_Fv)+ (e — 1)md_F (v), (1.4)

where §_F (v) = F(v) — F(v) and
*F(v) = 1 Z F(x) — F(v). (1.5)
m xeDji(v)

Note that if o < O the (average) drift is towards the ancestors, whereas if o > 0 the (average) drift is towards the
children. As in [17] and [19], we have that

Xa
fim 21

t—>oo t

—>/ 500 Vg, IGW-a.s. (1.6)

It is easy to verify that when « > 0, then v, = vy, and that sign(vy) = sign(e). Further, we have, again from [19],
that p(X ?nt])/ /7 satisfies the invariance principle (that is, converges weakly to a Brownian motion), with diffusivity

constant D as in (1.1).
Our main result concerning walks on IGW-trees is the following.

Theorem 1.2. With assumptions as above,
lim — = —. (1.7)

Remark 1.3. It is natural to expect that the Einstein relation holds in many related models, including Galton—Watson
trees with only moment bounds on the offspring distribution, multi-type Galton—Watson trees as in [5], and walks in
random environments on Galton—Watson trees, at least in the regime where a CLT with non-zero variance holds, see
[6]. We do not explore these extensions here.

The structure of the paper is as follows. In the next section, we consider the case of o < 0, exhibit an invariant
measure for the environment viewed from the point of view of the particle, and use it to prove the Einstein relation
when o 7 0. Section 3 deals with the harder case of o N\ 0. We first prove an easier Einstein relation (or linear
response) concerning escape probabilities of the walk, exploiting the tree structure to introduce certain recursions.
Using that, we relate the Einstein relation for velocities to estimates on hitting times. A crucial role in obtaining these
estimates, and an alternative formula for the velocity (Theorem 3.7), is obtained by the introduction, after [7], of a
spine random walk, see Lemma 3.3.

Remark 1.4. After this paper was completed, in an impressive work, Aidékon [1] obtained a representation of the
invariant measure of the environment viewed from the point of view of the particle, for the related discrete time model
corresponding to a > 0. This allowed him to give, as his main result, a representation of the velocity [1], Theorem 1.1,
which is different from that in Theorem 3.7 and avoids the use of the spine random walk; Aidékon’s formula is also
useful in studying properties of the velocity away from the point o = 0, for positive «. Together with Proposition 3.1,
his formula could be used, for o \( 0, to give an alternative proof of the hard half of Theorem 1.1, without introducing
the spine random walk.

2. The environment process, and the proof of Theorem 1.2 for « / 0

As is often the case when motion in random media is concerned, it is advantageous to consider the evolution, in £27,
of the environment from the point of view of the particle. One of the reasons for our opting to work in continuous
time is that when o = 0, the invariant measure for that (Markov) process is simply IGW, in contrast with the more
complicated measure IGWR of [19]. We will see that when o < 0, an explicit invariant measure for the environment
viewed from the point of view of the particle exists, and is absolutely continuous with respect to TGW.
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2.1. The environment process

For a given tree 7 and x € 7, let 7, denote the shift that moves the root of 7 to x, with Ray shifted to start at x in
the unique way so that it differs from Ray before the shift by only finitely many vertices. Then 7,7 is rooted at x and
has the same (nonoriented) edges as 7. (A special role will be played by 7, for x € D{(0), and by 7, with x = °. We
use 17T = th in the latter case.) The environment process {7;};>¢ is defined by 7; = tx,7 . It is straightforward
to check that the environment process is a Markov process. In fact, introducing the operators

Df(T)=f(z7'T) - f(T),

we have that the adjoint operator (with respect to IGW) is

1
D f(Ty=— 3 f@T)—f(T)

xeDj(0)

since

(gDf)o=(fD*g),-

Notice that D*1 =d,/m — 1.
Define W (v, n) = Z,(v)/m". Then W (v, n) is a positive martingale that converges to a random variable denoted
W,. Using the recursions

mW, = Z W, mW(v,n) = Z Wm—1,x),

xeDi(v) xeDi(v)

we see that (W,)o = 1 for v ¢ Ray. To simplify notation, we write W_; = W, i with v; € Ray denoting the jth
ancestor of o. Since W, (t,7) = W, (7), we have that D*W,, = 0.
The generator of the environment process is

Lof(M= Y [f@D)—fD]+e“m[f(z7'T) - f(1)]

xeDj (o)

=-—mD*Df(T)+ (™ — 1)mDf (T). Q.1)

The adjoint operator (with respect to IGW) is L) = —mD*D + (e~ — 1)mD*. For any « € R, let u, denote any
stationary probability measure for L, that is p, satisfies, for any bounded measurable f,

(Lo fla =0,

where (g)o = [ g dia.

Note that IGW is stationary and reversible for Lg. Further, it is ergodic for the environment process. This is el-
ementary to prove, since for any bounded function f(7) such that Lo f = 0, we have that (|Df|*)o =0, i.e. f is
translation invariant for a.e. 7 with respect to IGW, i.e. constant a.e. Thus, necessarily, uo = IGW, justifying our
notation (-)o = (-) rcw-

In our setup, due to the existence of regeneration times for o 7 0 with bounded expectation, a general ergodic
argument ensures the existence of a stationary measure u,, Which however may fail in general to be absolutely
continuous with respect to IGW, see [17]. Further, because IGW is ergodic and the random walk is elliptic, there is at
most one , which is absolutely continuous with respect to IGW, since under any such p, the process 7, must be
ergodic, see e.g. [20], Corollary 2.1.25, for a similar argument. As we now show, when « < 0, this stationary measure
e With density with respect to IGW can be constructed explicitly.
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Lemma 2.1. For @ < 0, the probability measure Ly = Vg ibo where

Vo(T) =Cy' Z,, 2.2)

o
Zy :Zeiaw_j(T),
j=0

:(l—b)e"‘m_l be* o bzzkapk—m

(2.3)

Co

3

1 —evm~! 1 —e m(m —1)

is stationary for Ly. Furthermore

Olli}% Yo (T)=1 po-ae. (2.4)

Proof. We show first that C, provides the correct normalization. In fact, from the relation

Woj=m "W +m™ Y Wy=m T (W + L)) 2.5)
s€D1(v-j),s¢Ray

and since (Wy)o =1 if s ¢ Ray, we obtain

(W_po=m " W_j)o+m™'bm—1), j=1. (2.6)
Since (W,)o = 1, we deduce that

(W_jdo=(0—bm™ +b, j=>0. (2.7)

Thus,
<Zeww_,.> P SN S
j=0 0 j=1 j=1

s be® N (1 —b)em!

- 1 —e® 1 —e*m~!

b N 1—b

T l—ex ] —edpl

=C,

as needed.
Note that the terms L ; appearing in the right side of (2.5) are i.i.d. Substituting and iterating, we get

Therefore,
e¥ i
<1—;>ZQ:W0+;ZIe“/Lj =W, + M,. (2.8)
j=

Note that M, is a weighted sum of i.i.d. random variables. Further, because (| D1 (v—;)|)o = > k2 pr/m and (Ws)o =1,
we have that limg o [o[(My)o = (O kzpk — m)/m2 := C, and that Varrgy(My) = O(Wll)' It then follows (by an
interpolation argument) that that

lim |¢|My =C, IGW-as.
o,/0
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Substituting in (2.8), this yields

limaZ, =b IGW-a.s.
o0

and (2.4) follows.
We next verify that L}, = 0. Since W_j(r’]T) =W_;_1(7), we have

Dy =C, ! Zeia(w_j_l(T) —W_; (D))
j=0

c,! (Z VW (T) =) el Wj(7)>

j=1 j=0

o0
;! Z(e“’*”“ —eIYW_(T) - C; e W,
j=0

o0
= (e —1)C;! Zej“ W_;(T)—Cyle™™W,
j=0

= (™" —1)¥o — C; e W,.
Since D*W, =0, we have
D*(DYrq — (€7 — 1)¥a) =0,
ie.
Ly, =0. O

We can now provide the proof of Theorem 1.2 in case o 0.

Proof of Theorem 1.2 (Case « ' 0). We begin with the computation of v,. Because u, is ergodic and absolutely
continuous with respect to IGW, we have that v, equals the average drift (under ) at o, that is

=m{(e™ — 1)Yg — Cy'e™*W,), —m(e™ — 1) = —mC; 'e™®.
Thus,

2
—1
lim 2% — _%). (2.9
a0 |o Y k*pr—m

It remains to compute the diffusivity D° when o = 0. Toward this end, one simply repeats the computation in [19],
Corollary 1. One obtains that the diffusivity is

DO — (mWoz + ZseDl(o) Ws2>0
(W2)3

(2.10)
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From the definitions we have that (W?2)o = (3. k% px — m)/m(m — 1) (see [19], (2)), and thus

2m?(m — 1
po_ Zmim—1) (2.11)
Y kipr—m
Together with (2.9), this completes the proof of Theorem 1.2 when « 7 0. ([

Remark 2.2. Note that the construction above fails for a > 0, because then Z, is not defined. The case o = 00 is
however special. In that case, the generator is

Lof (D)= Y [f@T)—fD)]. (2.12)

xeDi (o)

In particular, one can verify that the measure defined by dpo/dpucw = 1/(Cd,) with C =Y, k= pr and ugw the
ordinary Galton—Watson measure GW (defined as TGW but with the standard Galton—Watson measure also for vertices
on Ray), is a stationary measure, and that Voo = (dy)eo = C. It follows that the natural invariant measure is not
absolutely continuous with respect to TGW.

Remark 2.3. For o < 0 one can construct other invariant measures, that of course are singular with respect to TGW.
A particular family of such measures is absolutely continuous with respect to the ordinary Galton—Watson measure
GW. Indeed, one can verify that the positive function

oo j—1 d_: 00 ) j—1
p=cy [[-—=c > (me=) T [T d- (2.13)
j=li=l1 j=1 i=1

with C = 1 —e®, satisfies [ dGW = 1 and v dGW is an invariant measure for Ly. One can also check that the Einstein
relation (1.2) is not satisfied under this measure, emphasizing the role that the measure TGW plays in our setup.

3. Drift towards descendants: The proof of Theorem 1.2 for o N\ 0

In the case o > 0 we cannot find an explicit expression for the stationary measure so we have to proceed in a different
way. We first prove another form of the Einstein relation in terms of the escape probabilities (probability of never
returning to the origin).

Because we consider the case a > 0, there is no difference between considering the walk under the Galton—Watson
tree or under IGW — the limiting velocity is the same, i.e. v4 = V. Thus, we only consider the walk {Y*};>¢ below.

Our approach is to provide an alternative formula for the speed vy, see Theorem 3.7 below, which is valid for
all @ > 0 small enough. In doing so, we will take advantage of certain recursions, and of the spine random walk
associated with the walk on the Galton—Watson tree, see Lemma 3.3.

We recall our standing assumptions: pg =0, m > 1,and ) b* pr < oo for some b > 1. We will throughout drop the
superscript « from the notation when it is clear from the context, writing e.g. ¥; for ¥Y;*. To introduce our recursions,
define 7T (x) :=inf{t > 0: Y, = x} and 7, :=inf{r > 0: |Y;| = n}. For a given tree w, we write Py ,, for the law of Y;
with Yy = x. For 0 < |x| < n, define

Bu®)i=Peo(T(X) > 1), B() = Pro(T(¥)=00),
<«
Yn(X) 1= Ex,w(fn AT (x ))
We study the recursions for 8, and y;,. By the Markov property of Py ,,, for |x| <n,

d
1 il 1 -
= E,. AT
Yn(x) FARY + ;_l Nt d. w0 (Tn (x))

1 B

de+x+§x+dx

(Ex,-,w(fn A T(x)) + Px,-,w(T(x) < Tn)Ex,w(Tn A T(;)))v
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which implies that

Yn(x) = Vn(xt)+(1 = Bn(xi) )Vn(x))~

dy

Hence for any 0 < |x| < n,
dy

1+ Z,‘:l Yn(xi)

o S Bal)

with boundary condition y;, (x) = 0 for any |x| = n. We take the above equality as the definition of y,,(0). Similarly,
we have

Yn(x) =

dy )
Bu(x) = M, 0<|x|<n,
)\+Z lgn(xz

with B, (x) =1 if |x| = n, and we define §,(0) so that the above equality holds for x = o. Finally, we let (o) =
lim;,—, o B (0) (the limit of the monotone sequence B, (0)).

Proposition 3.1. As « \, 0, @' B(0) converges in law and in expectation to a random variable Y such that

mm—1) DO

BV =g@z=a) "2

3.1

This is a form of Einstein relation, as linear response for the escape probability. The law of Y can be identified, see
the end of the proof of Proposition 3.1.

Proof of Proposition 3.1. We clearly have that with B(x) := % Zf;l B(x;), it holds that

By = 2D iz,
14+ B(x)
and
1& B
B(X):xgil—FB(xi) VxeT. (3.2)

Notice that all B(x) are distributed as some random variable, say B, and conditionally on dy and on the tree up to
generation |x|, the variables B(x;), 1 <i <d, arei.i.d. and distributed as B. It follows that

B
E(B) = e"EH—B (3.3)
and
E(B?) = %(mE((L>2> +E(do(do — 1) ( < )) ) (3.4)
A 1+ B
For any nonnegative r.v. Z € L2, let us denote by {Z} := (L By concavity, the following inequality holds (see e.g.

[18], Lemma 6.4):

([
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By (3.3) and (3.4), we get that

1 B %\  E@d,—1) 1
(o) =[] )« S e

which yields that the second moment of B is uniformly bounded by the square of E(B): for any 0 < «,

E(do(do - 1))
m2

’

m—1
By (3.3), e *E(B) = E(B) — E(llj—zB), hence (1 — e %)E(B) = E(ﬁ—;) < E(B?) < £ (5(B))2. It follows
that

m(m — 1)
E(B) = E(d,(d, — 1))(

—e™).

On the other hand, by Jensen’s inequality, E(B) = e?E-£- < e LB

8 = TTEm) which implies that
E(B) < (e —1).

Therefore, B/« is tight as o \( 0. In particular, for some sub-sequence « \ 0, B(x)/« converges in law to some Y (x).
Since B/« is bounded in L? uniformly in & > 0 in a neighborhood of 0, we deduce from (3.2) that

iii (3.5
rey ,

where N is distributed like d, and, conditionally on N, (Y;) are i.i.d. and distributed as Y; moreover E(Y) =
limg\ o E(g) > ( (the limit along the same sub-sequence).
Dividing

(1—c“)E(B) :E<13

2

B) <E(B?)

by a2, we get that E(Y) = E(Y?). The same operation in (3.4) gives

m(m — 1) 2
EY)Y=————_E(Y?). (3.6)
E(do(do — 1)) (r’)
Putting these together we obtain E(Y) = %

On the other hand, it is known (see e.g. [2], Theorem 16) that the law of Y satisfying (3.5) is determined up to a
multiplicative constant, and therefore ¥ equals in distribution a W, for some constant a. The equality EY = EY? then
implies that Y equals in distribution W,/ E(Woz). Since all possible limits in law are the same, we get that B(o0)/«
converges in law to W,/ E (Woz). O

We return to the proof of the Einstein relation concerning velocities. Recall that a level regeneration time is a time
for which the random walk hits a fresh level and never backtracks, see e.g. [3] for the definition and basic properties.
(Level regeneration times are related to, but different from, the regeneration times introduced in [17].) In particular,
see [3], Section 4, and [19], Section 7, the differences of adjacent regeneration times form an i.i.d. sequence, with
all moments bounded. Since y;, (x) is smaller than the nth level regeneration time (started at x), it follows that the
sequence ¥, (x)/n is uniformly integrable (under the measure GW x Py ,), and therefore, the convergence in the
forthcoming (3.8) holds also in expectation:

lim Elyn(0)] _ E(B(0)) _ (3.7)

n— 00 n Vo
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Since y,(x) = E )4+ O(1) and tn—" - L Py, as. and in L! (the latter follows at once from the

x,w(fnl(rn<7—(§)) )
integrability of regeneration times mentioned above, as 7, is bounded above by the nth regeneration time), we get that
for x fixed,

S viPx,a,(T(?) = o0) = PO Gwas, (3.8)

o Vo

Yn(X)

So all we need to prove in order to have the Einstein relation for velocities, is that
a—0n—00

lim lim E(y(0)) = - (3.9)

To this end, define

dy d
1 X X
By (x) :=x2ﬂn<xi), T(x) :=X;yn(xi>, x| <n.
1= 1=
Note that showing (3.9) is equivalent to proving that
|
lim lim —E(Fn(o)) =1. (3.10)
a—0n—>o00n

For |x|<n—1,

d

1<~ B,(xi) &1t )
By(x)=—) — | =—) —— 3.11
(1) A;HBH(M) F(x) ZHBW) (3.11)

Notice that we could define I'(x) :=lim,,_, o F"rf") , such that

1&g

x)y=-Yy —~_. 3.12
x) k;l-ﬁ-B(Xi) G-12)

As o — 0 we can show that I"(x) — a¥ (x) for some constant a > 0. The problem is that in the limit as n — co we
loose information on the value of a (that should be E(d,(d, — 1))/[m(m — 1)]).

In order to determine this constant we have to make a step back and iterate Eq. (3.11) and, noticing that I,(x) =0
for all |x| =n — 1, we get that

1
I, (o . D, (r 3.13
()= Zxrllzrlw(m) T+ Bty 1)1+B(ur> Z " G139
where {ug,...,u,} is the shortest path relating the root o to u [up = o, |u1| = 1,...,|u,| = r]. Note that
B,(uy), ..., B,(u,) are correlated.

Observe that @, (r) <e* W (o, r), consequently E(®,(r)) <e*". Since o > 0 it is hard to control the limit of
I, (0). The aim is to analyze the asymptotic behavior of E(®,(r)) as n — oo and » < n, which will be done in the
following two subsections: in the next first subsection we will give a useful representation of E(®,(r)) based on a
spine random walk, whereas in the second subsection we make use of an argument from renewal theory and establish
the limit of E(®,,(r)) when r, n — o0 in an appropriate way.

3.1. Spine random walk representation of E(®,(r))

Let £2 denote the space of rooted trees with no leaves. Denote by 27 the space of trees with a marked infinite ray
Ray = (u})n=0, With u; = o [£27 is topologically equal to £27]. Unlike the setup used in Section 2, where e.g. u}
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was considered a parent of o, we now redefine the notion of descendant in ﬁT. Namely, for x € 7, x # o, the parent
of x, denoted x, is the unique vertex on the geodesic connecting x and o with |()?| = |x| — 1. In this section, for any
|v| < n, we define the normalized progeny of v at level n as M, (v) := |[{w: |w| =n, w descendant of v}|/m" ™!, and
M, (v) = 1if |v| = n. We also write M,, = M,,(0).

According to [14], on the space Qr we may construct a probability Q such that the marginal of Q on the space of
trees §2 satisfies

dQ
dP |

where F, is the o -field generated by the first n generations of @ and P denotes the Galton—Watson law. Due to pg =0
and our tail assumptions, we have that M, > 0 a.s. and moreover,

Qupy =ulFp) = Yiu| = n.

n

Under Q, d,» has the size-biased distribution associated w1th { pk} that is Q(dyx = k) = kp/m, u, 41 is uniformly
chosen among the children of u} and, for v # u 41 with v = = u};, the sub-trees 7 (v) rooted at v, are i.i.d. and have a
Galton—Watson law.

For any 0 < j < n, we define a = ZU#M =t Bn(v). Note that under Q, the family {aﬁn)}osjw are in-

dependent and each a; ") is distributed as Y Zk _11 ﬂr(lk) i1

{pi}, (,B(k) [>1)areil. d copies of (8;(0),[ > 1) and independent of d*. We extend a(") toall jeZN(—oo,n —1]
(n)

where d* has the size-biased distribution associated with

by letting the family {a ,h > j}jez be independent (under Q) and such that for each J, {a

as {1 Zf*_ll ﬁ(k) n > j}. We naturally define a(oo) as the limit of ajn)

,n > j} is distributed

as n — oo. In particular for j > 0,

n—j—1°
(.OO) 3 Zv# » B(v), and each a(oo) is dlstrlbuted as Zk '8® with (%)= i.id. copies of B(0),
1ndependent of d*. i

The main result of this subsection is the following representation for E(®,,(r)):

Proposition 3.2. We may define a random walk (S., P) on 7Z, independent of the Galton—Watson tree w and of the
Sfamily (aﬁ."))jm, with step distribution P(S; — Si_1=1) = and P(S; — Si_1=-1)= Vi > 1, such that

A
A+m?

+ 2
forany 1 <r <n,
Zy(r)
E(®4(r) = @[ : } (3.14)
My —r
where
t5(—r)—1
Zy(r):=Epq (l(rs(—r)<rs(n—r)) l_[ fn—r(Si)> , 1=<r=<n,
i=0
with Ey ., the expectation with respect to the random walk S starting from 0, and
2
A
Su(x) = L X <n. (3.15)

m(l+ A+ ra™y’

Before entering into the proof of Proposition 3.2, we mention that the random walk (S., P) may find its root in the
following lemma:
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Lemma 3.3 (Spine random walk). Letn >k >2. Letbjy1 > 0and a; >0 for all 0 < j < n. Define (zj)o<j<n by
2, =0 and

1
Zj= , 0<j<n-1.
T a4 b (1 —zj40)

Let (S;,) be a Markov chain on {0, 1,...,n} with probability transition P(Sm =j+1S—1=j)= 1+]b+,1+1 and

P(Sn =j—1Su—1=j)= 1+h , and denote by P the law of the chain (S,,) with So =r. Then, forany 1 <r <n,

n—1

i
1+b/+1 LrS(O)
1_[ Zj= E, (1(Ts(0)<fs(”)) 1_[(1 +biy1+a;
Jj J

with ts(x) :=inf{j > 1:S; = x} the first hitting time of S at x and L;, = Z;”:_Ol 1(s,=x) is the local time at x.

Lemma 3.3 can be proved exactly as in [7], the Appendix, by using (A.3) and the construction of the random
walk therein. We omit the details. Thanks to the spine random walk, studying E(®,(r)) reduces to a problem of
one-dimensional random walk S. in random medium (whose laws are determined by that of §,,(-)); we solve the latter
problem by using the regeneration times for the transient walk S and the renewal theorem.

By (x)

w8, and

Proof of Proposition 3.2. Observe that 8, (x) =

1
Pu(r) = 3 (1= Bu) -+ (1= ).

ul=r

By the change of measure, we have for any F > 0,

E[Z F(:Bn(ul): dulv--w,Bn(un), dun)i| :an[F(ﬂn(uT)aduT"ﬂn(u;;), duj)]

ul=n

It follows that for r < n,
N 1
(1= Bulu) (1= Bolo)) 375

1
:m—m—”E[ Yo (1=Bu@)) - (1 = Bulw ") 3o >]

lv|=n
= ]E|: Z (1 - .Bn(ul)) e (1 - ,Bn(“r))]a
|ul=r
M, ( =n by keeping v, = u. It follows that
" 1
E(¢n(r)) = %Q((l - ﬂn(uT)) o ( ﬂn( )) M (u*)> (316)

and exactly the same as (3.13), by iterating the equations on B,,, we get that for any r <n — 1,

1 1 1 Bn(ur)
Brlo) = Z 1+ By(y) 1+ ByGtr—1) 1+ By(uy)’
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Hence,
r 1
B8 0) = 55 0( (1 =) (1 Al )n) s ) o
Note that
ﬂn (u* ) + Zv wt v =u* ’Bn(v) n * +A (n)
Bn(u}) = A PG VY] _ Pt Vj<n,

AP+ D o PO Rt B ) + A

with B, (1)) =1, and

M, (u}) = % Z& M, (v) + %Mn(u;‘.H) Vj<n,
VAU | V=
with M, (u}}) = 1. Under Q, for such |v| = j + 1, (8, (v), M, (v)) are i.i.d. and distributed as (8,—j_1(0), M;—;j_1(0))
(under P).
We can represent 1 — 3, (u;f) as the probability for a one-dimensional random walk in a random environment
(RWRE) with cemetery point, starting from j, to hit j — 1 before n. In fact, applying Lemma 3.3 to a; = a'™ and

J
bjy1= /IT, we see that

p B n—1 L4 L
[1( = Bu(a)) = Era (umm«s("» () )

o
i PR R

75(0)—1
~ 1+

=Ero(leso<son [ ————a )

i—0 1+A+Aasi

where (S;);>0 is a random walk on Z with step distribution ﬁ(Si —Si1=1)= ﬁ and 13(S5 —Sio1=—-1) = 1«);_)»
for i > 1, and the expectation Er,w is taken with respect to (S;,;) with Sy =r.
Define the probability P with

A Sn—So0 m(l+k) n >0
= — —F2), n>0.
(S0 Sa) N m? + 1

.....

dP
dp

Under P, the random walk {S,,} has the properties stated in the statement of Proposition 3.2. Further,

m" r 5(0)—1
)\—r (1 — B (u;k)) = Er,w <1(r5(0)<rg(n)) 1_[ fn(Sz)> =Zy(r).
j=1 i=0

With the notation of Zn (r), we get that

Zn(r) } (3.18)

E(®u(r) =@[ TR

Observe that for any r < n, under Q, (f,(x +r), My (u}))x<n—r has the law as (f,—,(x), My—y)x<n—r. This in-
variance by linear shift and (3.18) yield Proposition 3.2. (]

We end this subsection by the following remark:
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Remark 3.4. With the the same notations as in Proposition 3.2, we have

m Z,(r—1)
B, |, 3.19
E(Ba(0) = A Q[Mn(rl)(uT)] G-19)

Z, (r_ ) (n7r+1) :|
Mn (r— 1)(”1)1+a(" r+)

E(B(0)) = %@[ (3.20)

Proof. In the same way which leads to (3.18), we get from (3.17) that

(B, 0) = T2 (1 = A7) (1 = Aol ) 3o )
=2 [ T10- o) - TT0 -t |0

i=I i=1

_mo(Znr =1 Z(r)
B Q( Mn(u*)) Q(Mn(u;k))’ (3.21)

giving the upper bound in (3.19) after a linear shift at » — 1 for the above term with . On the other hand,

(n)
B, ) + ray . a”
o B, ) +ra” T 1+al”

Bu(uy) =

hence

r

(m)
E(Bn(o))z%@((1—ﬁn(uT))--.(l—gn(uj_l))L L )

1 + ar(") Mn (u;k)

)

m ~ ay 1

= —Q(Z (r— 1)7—) (3.22)
N 1+ a™ My (u)

yielding the assertions in Remark 3.4 after the shit at » — 1. |
3.2. An argument based on renewal theory

The main result is Lemma 3.6 which evaluates the limit of E(®,(r)) and in turn gives the velocity representation in
Theorem 3.7. The analysis is based on the use of a renewal structure in the representation of Proposition 3.2. Under
P, (S;) drifts to —oo. Denote by (Rp :=0) < R; < Ry < --- the regeneration times for (S;), that is R; = min{n >
Ri_1: {Si}sfzo N{S;}j>n = @}. The sequence {S;4r, — Sgr;,0 < j < Ri11 — R;}i>1 is clearly i.i.d and has as common
distribution that of {S;,0 < j < Ry} conditioned on {tg(1) = oo}. Further, because

2

A—m m—1

<
A4+m2 = m+1

E(Siy1—8) =
it is straightforward to check that there exists a constant ¥ > 0, independent of «, so that
E(e®) <oo,  E(eFR) <00, (3.23)

Define

[T feSo. =1

i=Rj_
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where

m? + A

(00)

Joo(x) 1= ,
m(l4+A4+ray )

x€Z, (3.24)

and for x € Z, a,(coo) are i.i.d. and are distributed as %ZZ*:_]I B® with (,B(k))kzl i.i.d. copies of B(0), independent

of d*.
An important observation is that under Q ® P, (¢;, j > 2) are i.i.d. and independent of ¢1. Define further

Ts(—y)—1
h(y) =Q® P|: l_[ Joo (S L(zg(—y)<Rrp) ‘ T5(1) = OO], y=>1 (3.25)
i=0

We extend the definition of & to Z by letting h(y) :=0if y <0.

Lemma 3.5. Assume that

Zh(y) < 00, (3.26)
y=1
¢
Q®P|:m+§1+|SR2—SR1|Czi| < 00. (3.27)
Then
Q® Ple]=1.

We will see below, see Lemma 3.8, that (3.26) and (3.27) both hold for all « > 0 small enough.

Proof of Lemma 3.5. Almost surely, 8, (x) | B(x). Then for a fixed r, almost surely,

T5(—r)—1
zn(r>—>zoo<r>:=Eo,w< [1 foo(so),
i=0

and My (u}) — Moo(u7). Applying Fatou’s lemma in the expectation under Q in (3.20), we get that for any r,

Zoo(r—1) a\™ }
Moo(”T) 1+a§°°)

ts(l—r)—1 1 a(OO)
=Q®P Foo(SD) 1 :
E) oo WD Moo(uT) 1+a§00)

B> @[
m

We cannot directly let r — oo inside the above expectation, so we decompose this expectation by the regeneration
times 0 < Ry < Ry < ---. Write

é_/ o g agoo)
b Moo(uT) 1 —l—a;oo).
Then
)\' o0 kal ts(],,«),]
~E(B) > ;@a@P[l(&qsa_r)fml);{ 1;1 foo(Si) 1:[ foo<s,->}
= 1=K =Rk

00 Ri—1
=) Q® P|:1(Rk<rs(1—r))§1/ [ foolSoh(r — 1+ SRk)}
k=2

i=Rj
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by using the Markov property of S at Ri. Observe that (¢;, Sg; — Sg;_,)j>2 are i.i.d. under the annealed measure
Q® P, and are independent of (¢{, Sg,). By replacing r — 1 by r, we get that for any r,

[ee) k
, A
ZQ®P|:1(SRk>r)flngjh(’"+SRk):| < —E(B). (3.28)
k=2 j=2 n
Now, we claim that
QR P[]l (3.29)

To prove (3.29), we assume that a := Q ® P[¢2] > 1 and show that it leads to a contradiction with (3.28). Toward
this end, define a distribution U on Z by

Q® P[1(sg,—sg,=—x 2]
Q® Pl&]

Then (3.28) becomes

Ukx):= , x>0.

5 00 r+SR1
—E(B) > I;ak—l@ ® P [nsR, e X(j) h(r + Sg, — x>U®<k—”<x)]
= xX=

00 r+Sg,
=d7') QP [ml o8l Y h(r+ Sk — x)U®<“>(x)}

x=0

for any [ > 2.

S
Since Y/~ Q® Pl1(sg,>—r¢] Z:J;ORI h(r + Sg, — x)U®*D(x)] — 0 as r — oo [by the dominated conver-

gence under (3.26) and the integrability of ¢{ < ;“1u*) under (3.27)], we get that for any fixed ¢,
1

Moo (

+Sg
) > - .
al ’n—qE(B) > Q®P|:1(SR1>_r)§{ > h(r+Sg, —x)U®* 1)(x):| +o(1)

k=1 x=0

Do h(x)

=verlilysww

+o0(1), r— o0,

by applying the renewal theorem [8], p. 362, using (3.27). Thus we get some constant C > 0 such that %E(B) >d-1C
for any ¢ > 2, which is impossible if a > 1. Hence we proved (3.29).
It remains to show

Q® Plp]=1. (3.30)
The proof of this part is similar, we shall use (3.19) instead of (3.20). Set

t5(—r)—1

fsy="T] feolS0.
i=0
Since foo(x) > fe(x) for any £, we get that

A _
Z]E(Bn(o)) < @ & P|:1(rs(1—r)<rs(n—(r—l)))fS(V - l)m}
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Taking r = n gives that

A _

E]E(Bn(o)) <Q® P[Lg(1—ny<rs1y) fs(n — D]

Since E(B) <E(B,(0)), we obtain that for any n,

A )
—EB)=Q® P[L(rg(=my<eg1y fs(m)]

o0
<Q® P[lg-m=<ry.rs(-m<esn fsm] + Y Q@ P[Lry<rg-m=rier) fs(m)].

k=1

By the Markov property at t5(—n), the first term equals

Q® P[L(rg(—m)<Ry) fs (M) (z5(1)=00)] _ P(t5(1) =00)
P_,(zs(1) = 00) P_,(zs(1) = 00)

h(n) — 0,

since P_, (ts(1) = 00) > ¢ for some constant ¢ > 0 and h(n) — 0. Then, recalling that / vanishes at Z_, we get

o0 k
A
“E(B)<o(l) +)_Q® P|:§1 [1enm+ SW}

k=1 j=2

with ¢; and & defined as before. If a := Q ® P[{>] < 1, then with the distribution U (-) introduced before,

n+Sg,

x=0

[} k
> oo P|:§1 [Teine+ SR,()}
k=1 j=2 k
=Y “Ip.
k

Zak—lQ@) P|:§1 Z h(n + Sg, — ) U D (x)
=1

ak
=1

Note that max,, b,(:’) <0® Ply] Y% o h(x)UB =D (x), and that, due to (3.26), lim,_ b,(:') = 0. The dominated

convergence theorem then implies that ), ak_lb,({”)

Q® P[&2] = 1. This completes the proof of the lemma.
Lemma 3.6. Assume (3.26), (3.27) and that for some p > 1,
Q® P((¢)?") < 0.
Furthermore, we assume that
under Q® P, the family {fw—‘k }k>1is uniformly integrable,

and that

Ts(—r)—1
. 1
rll)lgoil}:@@ P|:1(r5(—r)§R1) 1_£ fOO(Si)Mn_ri| =0
= 1=

where as before, R is the first regeneration time for S under P. Then, for any € > 0,

Q® P11/ M) Y\ h(y) |

lim max
Q® P(&2|Sk, — Sk,

n—>0egn<r<(l—e)n

E(®,(r)) —

— 0 which in turn yields %E(B) < o(1), a contradiction. Thus

O

(3.31)

(3.32)

(3.33)

(3.34)
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Moreover,

sup E(@,l(r)) < 00. (3.35)

r>l,n>r

Proof. We split the proof of (3.34) into the following upper and lower bounds:

, Q® P({1/ M) Yot h()
1 E(®,(r)) < =
limsup  B(20() = =55 P(221Sk, — Sk, 1)
Q® P(61/Moo) Yy h()
Q® P(&218Sr, — Sk,

) (3.36)

liminf min  E(®,(r)) > (3.37)

n—->00 gn<r<(l—é&)n
Proofs of (3.35) and (3.36): Let us introduce the notation: for £ > 1,

R;j—1

g =[] fusn, j=1

i=Rj,1

By (3.14),

T5(—r)—1 1
E(®,(r)=Q® P |:1(1'5(r)<fs(””)) 1—!, Jn=r(S1) M, _, ]
hs

Noticing that 1(zg(—r)<zsn—r)) = Lzs(-n<Riats(—r)) + 2get LR <t5(n—r). Re<t5(~r)<Riy1)» WE g€t

E(®4(r) = 13380) + ) _ 138 (K), (3.38)
k=1

where

t5(—r)—1

133%)(0) = Q® P| Lirg-ry<rines—ry || Sor(S)

1
L i=0 Mn_r ’

k t5(—r)—1
Si(n—r)
1338 (K) := Q® P| LR, <rgnr). Re<ts(-n<Resn —r—— | | &in=r) ] faer(SD)
L j=2 i=Ry

k
Si(n—r)
=0Q®P 1(R1<t5(n—r),Rk<rS(—r))M— l_[ gj n—r)hp—r(r + SRk)
n—r
L j=2

by the Markov property at Ry (with convention [ [ = 1) and with

Ts(=y)—1

hz(y):=Q®P[ [T feSDlasn=ry

i=0

Ts(l)=oo:|, y>1,0>1.

We also define 7 (y) :=0forall y <0. Since fy(x) < foo(x), he(x) <h(x), {j(n —r) <¢; forany j > 1, we have

t5(—r)—1
1
I35 (0) <Q® P[l<rs<_r><m> [ =60 } —0 asn>r— oo,
i=0 n=r
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by (3.33). Moreover, (3 38)(0) is uniformly bounded over all n > r > 1, again by (3.33). Further,

00 00 B o k
21(3.38)(k) = ZQ ® Pl s >-n 73— l—[ ih(r + SRk):|
k=1 k=1 ner

00 r r+Sg,
=Y Q@ P| I, ‘ > h(r + Sk, — 0 UK ])(x):|
k=1

L . r)Mn " x=0
9 r+Sg,
=Q®P|:1(SR1> T > h(r + Sk, —x)u(x)] (3.39)
n—r x=0

where u(x) := Y 72, UP*=D(x), x > 0, and

Ux) :=Q® P[1(sg,—sp,=—x)02], x=0,
is a distribution by Lemma 3.6. By the renewal theorem,

1 1
"0 S UG) T Qe PGSk —Sap O r e

Recall (3.26) that > h(y) < oo. It follows that as » — oo and n — r — oo, the term [- - -] in (3.39) converges almost
surely to A/{[_loo ch’i 1 h(y)u(oo). This in view of the uniform integrability (3.32), yield that (3.39) converges to

Q& PG/ Mo) S, h(3)
Q® P(§2|SR2 - SR1 |)

The estimate (3.36) follows. Finally, note that (3.39) is bounded by

asr > ooandn —r — 0.

maxu(x)Zh(y)@@P[ 4“7 ]fc

y=>1

for some constant ¢ > 0, uniformly over n > r > 1, again by (3.32). Hence E(®,(r)) < 1(3.38)(0) 4 ¢, implying (3.35).
Proofof (3.37): The idea is to replace {2 (n — r) by &2 = {2(00) in (3.38). Let £ = n — r and recall that f(x) :=
m +A m +A

m+atral) m(14r+ 0% 1;5;“ by

, for x < £. Then

m? +ra” —a™) Ma” —a™)
mA+r4+2a)A 42142y T T a4+ 2a0

0= foo(x) = fe(x) =

It follows that for any j > 2,

Rj—1

Mag) —ag)
go=¢ [] [1—7‘] = x Aj(0).
<R 1+ 4+ aay

Fix a large integer L. Using (3.38) and the fact that 4.(y) is nondecreasing for any y, we deduce that for all
n —r > L and any large constant C > 0 [the constant C will be chosen later on],

L
E(®,(r)) = ZQ@P[I(R1<‘L'5(L) Re<ts(—r)) i;( ) HCJ HA (n _r)hL(r+SRk):|

"j=2 j=2
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The first step is to replace A j(n — ) by 1, then we have to check that the error term is uniformly small:

Cn
(L)
13.40) == ZQ@ P|:1(R1<rS(L) Ry<ts(— r))i; l_[ gj |:1 - H Aj(n — "):|hL(" + SRk):| -0 (3.40)
k=1 =2 j=2

asr — oo and en <r < (1 — e)n. Let us postpone for the moment the proof of (3.40). Going back to E(®,(r)), we
obtain that

S1(L)
E(®,(r)) > Z@‘X) P|:1(R1<15(L) Ri<ts(=r) l_[ Sihp(r + Sgy) | — 13.40)
=2

0 k

S1(L)

>) Q® |:1(R1<r5(L) Ri<ts(=r) 3 r— nith(r-l-SRk) —13.40) — 13.41) (3.41)
k=1 =2

with

2 a(L)
I3.41) = Z Q0® P|:1(R]<IS(L) Ry <t5(—r)) M, l_[ Cihp(r + SRk):|-

k=Cn+1 =2

If we can prove that for a well-chosen C, I(3.41) goes to zero uniformly for r — oo and en <r < (1 — ¢)n, then by
applying the renewal theorem (L fixed, r — oo and n — r — 00) to the sum in (3.41), under the uniform integrabiltiy
(3.32), we get that

® P L MOO 1 <T > h
liminf min 1E(¢n(r))zQ (@1 (L)/Moo) LRy <xs(1)) 2yt 1L )
n—00 n—r>¢en Q® P (&38R, — Sk, D

Letting L — oo gives the lower bound (3.37).

It remains to show that /(3 41y and /(3 40y go to zero uniformly for r — oo and en <r < (1 — &)n. We first deal with
I3.41)- Let h* := max >0 i (x). We have

- I Gi(L)
Izany <h Z Q® P| 1(ry<r5(— v l—[l,;

k=Cn+1 L =2
o0
(L)
< ) QoP M, [r—Sw == r)l_[é“J
k=Cn+1 L j=2

- L
> QeP 5\/11,(1_)]@ P|:1(SRk —Spy>— r)n§]i|

k=Cn+1 - =2

by the independence between (¢ (L) M,_,) and (Sg, — SRI, $j,j =2). Recall that Q ® P(%2) = 1. Let P be a new
probability measure defined by d(@@ 5 = {2, then under P, SR, — Sk, is the sum of k — 1 positive i.i.d. variables with

mean Q ® P (£ (Sg, — Sgr,)) :=a € (0, 00) by (3.27). Taking C := 2 . Then by Cramer’s bound, there exists some
co > 0 such that

k
Q® P|:1(SRk—SR1>—r) 1_[ é’j:| = P(Sg, —Sg, <71) < g cok

j=2
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for any k > Cn and r < n. It follows

¢1(L)
M,

e 0k 5 0,

13.41) Sh*Q®P[ ]
k=Cn+1

uniformly as r <n and r — 00, since Q ® —] < C’, with some constant C" > 0, thanks to the
uniform integrability (3.32).

It remains to check (3.40) [with C := % chosen before]. We first observe that s;(x) < h(x) < h* and that

Cn k k
l.a0) = h*Z@W[MC‘ l_[cj(l -[Taim —r)>:|
k=1 =2 j=2

» (1 —jk]j[zAj(n —r)>:|

Cn C]
=n*y E
i

Cn

:h*Z'E‘[ d }[1—( (A2(n —1))"],

k=1 My—r

where the annealed expectation E has the density ¢, with respect to Q ® P and under E Aj areii.d. and independent
of ¢;. Note that by the independence of ¢, and (¢1, M, —,) under Q ® P, we have E[ =0Q® Pley= S ] <C.

To proceed, we employ the following estimate, which will be proved below: there ex1sts a constant c1 (that may
depend on «) so that V¢ > ¢,

1 - E(A2(0)) <e t. (3.42)

Since n —r > en, (3.42) yields that /(3 40) — 0 as stated in (3.40).

It remains to check (3.42). B¢(0) — B(0) corresponds to the probability that an excursion of the tree-valued walk
is higher than £; the latter is dominated by the probability that a level regeneration distance is larger than £, which
decays exponentially by [3], Lemma 4.2(i). It follows that

P(Be(0) — Blo) > e~ ) <e™ 2t Ve > ¢y, (3.43)

where ¢; may depend on «. Then E((B,(0) — B(0)) < 2¢2¢, Notice that for R| <i < R», S; < 0 hence

Ry—1 .
Z (a§f> a(;o)) Z(af/) fcoo))(l‘);ez - Lfel Z Z 5(x &) _ ,B(x,k))(L,;?z _ L);el),
i=R; x<0 X<0 po
implying that
Ry—1 )
Qe P|:i=ZR1 (agf/) - aL(?(,-)O)):| = x@(d* — 1)E(R2 — Rpe—<2t,

By Holder’s inequality with % + % =1,

EU(ZEAI (a§f>_a§:o))>e_c3z)] =0Q® PLE2 L ot o <;o>)>e_63z)]

Rl 1/4
< (@& P(@")"” <Q® P<Z (ag) —ag”) > e"“))
i=R;

<e ot
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for some constant ¢3 = ¢3(a, p, ¢, ¢2) > 0 and for all large £. Now, using the elementary inequality: for any j > 1 and
Xy eon X €00, 10,1 =TT (1 —x) < 307 xi, we get

Ry—1 ( (Z) _ aS )) Ry—1
) (00)
1— A < —_ (“S- —ag )
ZR:I 1+ 4+ aag ZR:I ’ ’
Therefore
1 - E(A2(0)) <267,
proving (3.42). The proof of the lemma is now complete. (I

We have the following representation of the velocity v .

Theorem 3.7 (Velocity representation). Assume (3.26), (3.27), (3.31) and (3.33). Recall the function fuo, see (3.24).
Then

Qe8P kN 1foo(sl)ﬂ(u>*‘>/Moo<u*>]
Q® P[RS foo(S)(1/Moo)]

We recall that Moo = Mo (ufy) and ug = o.

Proof of Theorem 3.7. Noticing that E(/7,(0)) = mE(y,—1(0)). By (3.7), (3.13) and Lemma 3.6, we immediately
obtain a representation of the velocity vy:

P Rl ! o0 1 1]‘400
mEPB) Q@ Pl[liy foo(SHA/ M) 3 h(y). (3.44)

ve QP 1foo(s ISk, — S, 11 455

Going back to (3.17), and recalling that

L 75(0)—1
)Lr (1 - ,Bn( )) = Er,w (1(r5(0)<ts(n)) l—[ fn(Sl)> ,
j=1 i=0
we get that for any r <n — 1,
75(0)—1
B (uy)
E(By(0)) = —Q® E,_ 1a)<1(rs(0)<rs(n)) H fn(S) . M0 )
i=0 r
By shifting P-_1 4 to Py, 4, we have that forany r <n — 1,
75(0)—1
B 1(uy)
E(B1(0) = ZQ8 P Lasa-n<rstrety || Fa-rr(S) 3= ).
=0 M, _ r+l(u )

Repeating the renewal arguments in Section 3.2 which lead to Lemma 3.6 (the difference with @, (r) only comes from
the part before the regeneration time R;), we see that

mQ® PTG foo(Si)Boo )/ Moo (h)] S

lim E(B,(0)) = -
n=c Qe PR foS)ISk, — Sull 5

On the other hand, lim,_, o E(B,(0)) = E(B(0)) = %E(ﬂ (0)). Comparing this with the velocity representation
(3.44), we get the result. U



720 G. Ben Arous et al.

Before applying Theorem 3.7, we show that the conditions for the representation of v, hold when « is small
enough. Recall our standing assumption that pg = 0, and the constant «, see (3.23).

Lemma 3.8. There exists an ag = ag(m, k) such that if 0 < o < g then (3.26), (3.27), (3.31), (3.32) and (3.33) hold.

Proof. Note that fao(x) < (m? 4+ 1)/(m + mx) and the right side is a bounded differentiable function of «, which
equals 1 at o = 0. It follows that fs(x) < 1 4 co for some constant ¢ = c(m).

In what follows, we will make sure to use constants that do not depend on «. Note that, since P(ts(1) = 00) is
bounded away from 0 uniformly in o,

Y h()=CY (U +ca)" PRy =n) <C' Y (1+ca)'e ™",

where C' = C’(x, m) and we used (3.23). In particular, for « < ag(m, ), we deduce (3.26).

The proof of (3.27) is similar: since |Sg, — Sg,| < Ry — Rj, the exponential moments (3.23) imply that it is enough
to check that Q ® P[¢1] < 0o and Q ® P[{H‘s] < oo for some § > 0 independent of «. Using again the estimate
Jfoo(x) <14 ca and the independence between (Mj)1<k<co and (Ry, R2), we see that (3.27), (3.31) and (3.33) follow
at once from (3.23) [for (3.33), we also use the fact that Q( Ml ) =1, Vn > r]. It remains to check the uniform
integrabiltiy (3.32): Since ¢ < (1 + ca)ki .= £*, we have for any a > 0 that

* *

& ¢ ¢
Q® P[ﬁkl(;l/Mk>a):| =0® P[Vkl(;*mlﬂ)] +0® P[EI(I/M/(M‘/Z)]

[é- l(§*>al/2)]+E({ )Q[ 1(1/Mk>bl]/2)i|

where we used the independence between ¢* and Mk, and E denotes the expectation with respect to P. Clearly,
E[¢* Ligsqii2yl =0(1) as a — oo. Observe that Q l(l/Mk>a'/2)] = IP’[— >al?] < el Re—a"* M < elBe—a'"* Moo

Since po =0, Mo > 0, P-a.s., then Ee™ VMo 5 0asa— 00, hence Q[ ;- ](1/Mk>a'/2)] — 0 uniformly on k and
we get (3.32). O

Proof of Theorem 1.1 (Case « N\  0). By Proposition 3.1,

lim E(B(x)) D°
a\0 o T o’

Then by the velocity representation for vy in (3.44), it is enough to prove that

R11

Q®E SH(1/M
. [rR[ oI (SOU/M gy (3.45)
NOQ® PI[[;2g, foo(SDISR, — Sk, 115
Since we are interested in the limit @ N\ 0, we may and will assume throughout that o« < og(m, k) the constant

appeared in Lemma 3.8. We write in this proof A ~, B if (A — B)/a —4 0 0.
Note that foo(x) <1+ co for some constant ¢ > 0. Mimicking the proof of Lemma 3.8, we therefore get that

Ry—1

1 m
P SISk, — S ~q E[|S S .
Q® |:11_RI fOO( l)| Ry R1|:| o [| Ry — R1|] P(TS(l)—OO) ~a m—1
=Ry
In the same way, h(y) ~o P(ts(—y) < Ri|ts(1l) = 00) for y > 1, hence
m

D () ~a E(ISk, llzs(1) = 00) ~¢ ——.
m—1

y=1
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Finally, as o — O,

Ri—1 | |
P Si)— | ~ — =1,
Q® i]:!foa e QQ[MOO]
implying (3.45) and completing the proof of Theorem 1.1. (]
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