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Abstract. We consider a discrete-time version of the parabolic Anderson model. This may be described as a model for a directed
(1 4+ d)-dimensional polymer interacting with a random potential, which is constant in the deterministic direction and i.i.d. in the
d orthogonal directions. The potential at each site is a positive random variable with a polynomial tail at infinity. We show that, as
the size of the system diverges, the polymer extremity is localized almost surely at one single point which grows ballistically. We
give an explicit characterization of the localization point and of the typical paths of the model.

Résumé. Nous considérons une version discrete du modele parabolique d’ Anderson. Ceci nous permet, par exemple, d’étudier un
polymere dirigé en dimension 1 + d qui interagit avec un potentiel constant dans la direction déterministe et i.i.d. dans I’hyperplan
orthogonal. Le potentiel en chaque site est une variable aléatoire positive dont la queue décroit polynomialement. Nous prouvons
que, lorsque la taille du systeme tend vers 1’infini, I’extrémité du polymere se localise presque surement en un site unique, que nous
caractérisons et qui s’éloigne balistiquement de I’origine. Nous donnons également une caractérisation du comportement typique
des trajectoires de ce modele.

MSC: 60K37; 82B44; 82B41
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1. Introduction and results

The model we consider is built on two main ingredients, arandom walk S and a random potential £. We start describing
these ingredients. A word about notation: throughout the paper, we denote by | - | the £' norm on R¢, that is |x| =
Ix1]| 4 - - + |xg| for x = (x1, ..., xq), and we set By := {x € Z%: |x| < N}.

1.1. The random walk

Let S = {Si}x>0 denote the coordinate process on the space 2 := (Z¢)No'={0.1.2..-} 'that we equip as usual with the

product topology and o -field. We denote by P the law on £25 under which S is a (lazy) nearest-neighbor random walk
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started at zero, that is P(Sop = 0) = 1 and under P the variables {Sx+1 — Sk }x>0 are i.i.d. with P(S; = y) =0if |y| > 1.
We also assume the following irreducibility conditions:

P(Si=0)=:k>0 and P(S;=y)>0 VyeZ! with|y|=1. (1.1)

The usual assumption E(S}) = 0 is not necessary. For x € Z¢, we denote by P, the law of the random walk started at
x,thatis Py (S €-):=P(S+x € ).

We could actually deal with random walks with finite range, i.e., for which there exists R > 0 such that P(S] =
y) =0if |y| > R, but we stick for simplicity to the case R = 1.

1.2. The random potential

We let & = {£(x)}, ez« denote a family of i.i.d. random variables taking values in R™, defined on some probability
space (§2¢, F, IP), which should not be confused with £25. We assume that the variables & (x) are Pareto distributed,
that is

o

P(£(0) e dx) = T

1[1,00) (x) dx (1.2)
for some « € (0, 00). Although the precise assumption (1.2) on the law of £ could be relaxed to a certain extent, we
prefer to keep it for the sake of simplicity.

In the sequel we could work with the product space §2s x §2¢, equipped with the product probability P ® P, under
which £ and § are independent, but it is actually not necessary, because £ and S will act on a separate level, as it will
be clear in a moment.

1.3. The model

Given N e N:={l1, 2,3, ...} and a P-typical realization of the variables § = {§(y)},cz¢, our model is the probability
Py ¢ on 24 defined by

N
dp 1
djl‘;’é (S) = mef’Nvé“), where Hy ¢(S) := Zg(si) (1.3)

i=1

and the normalizing constant Uy ¢ (partition function) is of course

N
Uy ¢ :=E[efv¢®)] =E|:exp<Zf;‘(Si)):|. (1.4)
i=1

We stress that we are dealing with a quenched disordered model: we are interested in the properties of the law Py ¢
for P-typical but fixed realizations of the potential &.
Let us also introduce the constrained partition function uy ¢ (x), defined for x € 74 by

N
N g (x) == E[exp(ZE(Si))1{sN=x}j| (1.5)

i=1
sothat Uy ¢ = erzd uy & (x). Note that the law of Sy under Py ¢ is given by

uye(x)  uyg(x)
Un.g D yezd uN ()

PN.e(xX) =Py Sy =x) = (1.6)

The law Py ¢ admits the following interpretation: the trajectories {(i, S;)}o<i<ny model the configurations of
a (1 4 d)-dimensional directed polymer of length N which interacts with the random potential (or environment)
{£(x)},cze¢. The random variable & (x) should be viewed as a reward sitting at site x € 74, so that the energy of each
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polymer configuration is given by the sum of the rewards visited by the polymer. On an intuitive ground, the polymer
configurations should target the sites where the potential takes very large values. The corresponding energetic gain
entails of course an entropic loss, which however should not be too relevant, in view of the heavy tail assumption (1.2).
As we are going to see, this is indeed what happens, in a very strong form.

Besides the directed polymer interpretation, Py ¢ is a law on £2g = (Z%)No which may be viewed as a natural
penalization of the random walk law P. In particular, when looking at the process {Si}r>0 under the law Py ¢, we
often consider k as a time parameter.

Remark 1.1. An alternative interpretation of our model is to describe the spatial distribution of a population evolving
in time. At time zero, the population consists of one individual located at the site x =0 € Z2. In each time step, every
individual in the population performs one step of the random walk S, independently of all other individuals, jumping
from its current site x to a site y (possibly y = x) and then splitting into a number of individuals (always at site y)
distributed like a Po(ef™), where Po()) denotes the Poisson distribution of parameter A > 0. The expected number
of individuals at site x € Z% at time N € N is then given by u N.£(x), as one checks easily.

Remark 1.2. Our model is somewhat close in spirit to the much studied directed polymer in random environment
[2,3,9], in which the rewards £(i, x) depend also on i € N (and are usually chosen to be jointly i.i.d.). In our model,
the rewards are constant in the “deterministic direction” (1,0), a feature which makes the environment much more
attractive from a localization viewpoint. Notice in fact that a site x with a large reward & (x) yields a favorable straight
corridor {0, ..., N} x {x} for the polymer {(i, Si)}o<i<n-

We also point out that the so-called stretched polymer in random environment with a fixed length, considered e.g. in
[71, is a model which provides an interpolation between the directed polymer in random environment and our model.

1.4. The main results

The closest relative of our model is obtained considering the continuous-time analog i, ¢ (x) of (1.5), defined for
t €[0, 00) and x e74 by

t A
fig ¢ (x) :=E[exr></o S(Su)du>1{3,:x}}, (1.7)

where ({Su}ue[o,m)a P) denotes the continuous-time, simple symmetric random walk on Z4 . One can check that the
function i, ¢ (x) is the solution of the following Cauchy problem:

{%ﬁuﬂx): Adty g (X) +Erg (X g0 (4 ) € (0, 00) x 27
to,g (x) =19(x) ’ ’ ’

known in the literature as the parabolic Anderson problem. We refer to [4—6] and references therein for the physical
motivations behind this problem and for a survey of the main results.

When the potential £ is i.i.d. with heavy tails like in (1.2) and « > d, the asymptotic properties as t — oo of the
function #, ¢ () were investigated in [8], showing that a very strong form of localization takes place: for large ¢, the
function i £ () is essentially concentrated on two points almost surely and on a single point in probability. More

precisely, for all # > 0 and & € £2¢ there exist it(ls) , ifzs) € Z4 such that

L)y A ()
ure(Z, ¢) +ure(z,¢)
he Tt ~ A =1, P-almost surely, (1.8)
1—~00 Y g g (X)
A A
urg(z, ¢)
A 1, in P-probability, (1.9)

=00 erZd ﬁlf (x)

cf. [8, Theorems 1.1 and 1.2]. The points ifls), 21(25) are typically at superballistic distance (¢/log?)!*? with ¢ =

d/(a —d) > 0, cf. [8], Remark 6. We point out that localization at one point like in (1.9) cannot hold P-almost surely,
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that is, the contribution of it(zg) cannot be removed from (1.8): this is due to the fact that #i; ¢ (x) is a continuous function

of ¢ for every fixed x € Zd, as explained in [8], Remark 1.

It is natural to ask if the discrete-time counterpart of i, £ (-), i.e., the constrained partition function uy ¢ (-) defined
in (1.5), exhibits similar features. Generally speaking, models built over discrete-time or continuous-time simple
random walks are not expected to be very different. However, due to the heavy tail of the potential distribution, the
localization points Z( ), gz) of the continuous-time model grow at a superballistic speed, a feature that is clearly
impossible for the dlscrete time model, for which uy ¢ (x) =0 for x| > N. Another interesting question is whether
for the discrete model one may have localization at one single point P-almost surely. Before answering, we need to
set up some notation.

We recall that By := {x € Z¢: |x| < N}. It is not difficult to check that the values { PN.£(X)}reB, are all distinct,
for P-a.e. £ € £2¢ and for all N € N, because the potential distribution is continuous, cf. (1.2). Therefore we can set

Wy, i=argmax{py ¢ (x): x € By} (1.10)

and P-almost surely wy ¢ is a single point in Z2: it is the point at which p ~,¢ () attains its maximum. We can now
state our first main result.

Theorem 1.3 (One-site localization). We have

w
11m pNS(ng;—)— hm un.e(Wn.e)

————>=——=1, P(d&)-almost surely. (1.11)
=00 ) yezd UN g (X)

Furthermore, as N — oo we have the following convergence in distribution:

% = w., where P(w € dx) = cq(1 — [x[)*1(jy)<1 dx (1.12)

and cq := (f\ylsl(l —lyh*dy)~".

Recalling the definition (1.6) of py g(x), Theorem 1.3 shows that Sy under Py ¢ is localized at the ballistic point
WNeRW-N.
Next we look more closely at the localization site w ¢. We introduce two points ng)g’ Z;\%)S € 74, defined explicitly

in terms of the potential &, through

ZE\,)E = argmax{(l — N|)—C|-| 1>$(x): X € BN},
(1.13)

ZE\,)S = argmax{ (1 - N|)—C|—| 1)é(x): xeBy\ {zg\})s}}

Again, the values of {(1 — Aﬁl 1
(1)

INE and Z%?S are P-a.s. single points in 3. We can now give the discrete-time analogues of (1.8) and (1.9).

)&(x)}xeB, are P-a.s. distinct, by the continuity of the potential distribution, therefore

Theorem 1.4 (Two-sites localization). The following relations hold:

Jim (pye(ze) + pvs (i) =1 Pg)-almost surely, (1.14)
—

. 1) . -
Nh_r)noopN,g(zN g) 1 in P(d§)-probability. (1.15)

Putting together Theorems 1.3 and 1.4, we obtain the following information on wy ¢.

Corollary 1.5. For P-a.e. & € ¢, we have wy ¢ € {ZN & ZN S}for large N. Furthermore,

; _ M
NII_I)IIOOP(WNg—ZNg) 1. (1.16)
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In Proposition 1.6 below, we stress that the convergence in (1.15) does not occur P(d&)-almost surely in dimension
d=1,ie., wy ¢ is not equal to zg\}) for all N large enough. We strongly believe that the latter remains true for d > 1.

Proposition 1.6. In dimension d = 1, we have
P(WN)g = Zg\%,)é for infinitely many N) =1 (1.17)

The proof of two sites localization given in [8] for the continuous-time model is quite technical and exploits tools
from potential theory and spectral analysis. We point out that such tools can be applied also in the discrete-time
setting, but they turn out to be unnecessary. Our proof is indeed based on shorter and simpler geometric arguments.
For instance, we exploit the fact that before reaching a site x € Z¢ a discrete-time random walk path must visit a
least x| — 1 different sites (%x) and spend at each of them a least one time unit. Of course, this is no longer true for
continuous-time random walks.

1.5. Further path properties

Theorem 1.3 states that P(d¢)-a.s. the probability measure Py ¢ concentrates on the subset of §25 gathering those
random walk trajectories S such that Sy = wy ¢. It turns out that this subset can be radically narrowed. In fact, we
can introduce a restricted subset Ciy ¢ C §25 of random walk trajectories, defined as follows:

e the trajectories in Cyy ¢ must reach the site wy ¢ for the first time before time N, following an injective path, and
then must remain at wy ¢ until time N;

o the length of the injective path until wy ¢ differs from |wy ¢| — which is the minimal one — at most for a small error
term Ay := (loglog N)?* N1~V if ¢ > 1 and hy := (log N)!T2/% if & < 1 (note that in any case hy = o(N));

e all the sites x visited by the random walk before reaching wy ¢ must have an associated field £ (x) that is strictly
smaller than &(wy ¢).

More formally, denoting by 7, = 7, (S) := inf{rn > 0: §,, = x} the first passage time at x € 74 of a random walk
trajectory S, we set

Cne ={Se€Rs: Si#S;Vi<)<Twy, Si=wWneVi€{tuy,,.... N},
E(S)) <EWNE)Vi < Tuy, Twye < [Whel +hn}. (1.18)

We then have the following result.
Theorem 1.7. For P-a.e. & € §2¢, we have

lim Pye(Cne) =1. (1.19)
N—o00

Remark 1.8. It is worth stressing that in dimension d =1 the set Cy ¢ reduces to a single N-steps trajectory. In fact,
we have Cy ¢ = SWNWNE) ywhere we denote by SNV, for x € By, the set of trajectories S € 25 such that

S { i -sign(x) for0<i<|x|,
i =
x

for|x| <i <N.
As stated in Corollary 1.5, for large N the site Wy ¢ is either D or 2@.. Note that 7\V, and 72, are easil
ry 1.5, g N.& INg OT TN iN& INE Y
determined, by (1.13). In order to decide whether wy ¢ = zg\},)g or Wy = ZE\%)E’ by Theorem 1.7 it is sufficient to
(1) (2)
compare the explicit contributions of just two trajectories, i.e., Py ¢ (S(N’ZN~5)) and PN,g(S(N’ZNf)). More precisely,
setting k(i) :=P(S1 =1i) fori € {£1, 0} (so that k =« (0), cf. (1.1)) and

biv g (x) = eXimi EGSIED+HNHI-IDEC) ¢ (sim ) e )V 1,
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_ D . (1) 2 ) . .. . _
we have wy g =z £ ifbne(zy E) >bye(zy é) and Wy g =2y £ otherwise. Therefore, in dimension d = 1, we have
a very explicit characterization of the localization point Wy .

Remark 1.9. A strong localization result is displayed in [1] for the directed polymer model with a “very heavy tailed”
random environment (a < 2). It is shown that, in any dimension, the polymer moves balistically in the hyperplane
orthogonal to the deterministic direction. Moreover, for any § > 0, the polymer of size N remains, with probability
1—e=%N (¢cs > 0), in a cylinder of width 8 N around the trajectory that minimizes the energy. If the inverse temperature
B is rescalled by N2/ the attracting trajectory becomes the minimizer of a variational formula involving both an
energetic and an entropic term.

1.6. Organization of the paper

The paper is organized as follows.

In Section 2 we gather some basic estimates on the field, that will be the main tool of our analysis.
In Section 3 we prove Theorem 1.4.

In Section 4 we prove Theorem 1.3.

In Section 5 we prove Proposition 1.6.

In Section 6 we prove Theorem 1.7.

Finally, the Appendices contain the proofs of some technical results.

In the sequel, the dependence on & of various quantities, like Hy ¢, Wy ¢, zg\}?é, etc., will be frequently omitted for
short.

2. Asymptotic estimates for the environment

This section is devoted to the analysis of the almost sure asymptotic properties of the random potential &. With the
exception of Proposition 2.5, which plays a fundamental role in our analysis, the proof of the results of this section are
obtained with the standard techniques of extreme values theory and are therefore deferred to the Appendices A and B.

Before starting, we set up some notation. We say that a property of the field £ depending on N € N holds eventually
P-a.s. if for P-a.e. & € §2¢ there exists No = No(§) < oo such that the property holds for all N > Ny. We recall that
| - | denotes the £' norm on R? and By = {x € Z?: |x| < N}. With some abuse of notation, the cardinality of By will
be still denoted by |By|. Note that [By| = caN¢ + O(N9~!) as N — oo, where ¢g = [pa 1(jxj<1) dx = 24/d\.

2.1. Owder statistics for the field

The order statistics of the field {£§(x)},cp, is the set of values attained by the field rearranged in decreasing order, and
is denoted by

X > x@ > .s x (B, @.1)

For simplicity, when ¢ € [1, |By|] is not an integer we still set X I(\Z,) =X EVUJ). For later convenience, we denote by

xj(\f) the point in By at which the value X 5\];) is attained, that is X 5\1,{) = E(x/(\f)). We are going to exploit heavily the

following almost sure estimates.

Lemma 2.1. For every ¢ > 0, eventually P-a.s.

N ) _ nd/ 1ot
o od+E
(loglog N)/e+e <Xy = N7"(logh) ' 22)

For every 0 > 1 and & > 0, eventually P-a.s.

Nd/ot Nd/a

((log N)*) _

_ _— 2.3
(logN)e/“+8 — N ~ (log N)G/oe—a (2.3)
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There exists a constant A > 0 such that eventually P-a.s.

sup (Ko xW) < andle, 24)
(log N)<k=<|By|

The proof of Lemma 2.1 is given in Appendix A.2. For completeness, we point out that X 1(\}) /(caN%/®) converges
in distribution as N — oo toward the law w on (0, co) with u((0, x]) = exp(—x~%), called Fréchet law of shape
parameter o/, as one can easily prove.

Next we give a lower bound on the gaps X 5\’;) - X %(H) for moderate values of k.
Proposition 2.2. For every 6 > O there exists a constant y > 0 such that eventually P-a.s.
Nd/ot

inf (X - x4y > — 2.5)
1<k<(log N)? (log N)¥~

The proof of Proposition 2.2 is given in Appendix A.3.

2.2. Order statistics for the modified field

An important role is played by the modified field {/y (x)},cB, » defined by

I
VN (x) -—( —N+1>$( )- (2.6)

The motivation is the following: for any given point x € By, a random walk trajectory (Sp, Si, ..., Sy) that goes to x

in the minimal number of steps and sticks in x afterwards has an energetic contribution equal to le‘ ! ES)H)+ N+

Dy (x) (recall (1.3)).
The order statistics of the modified field {/n (x)},cpB, Will be denoted by

Zj(\}) >Z/(3)>-~->Z£§N‘,

and we let z(k) be the point in By at which vy attains Z k ), thatis {y (z(k)) = Zxc). A simple but important observation
is that Zf\,) is increasing in N, for every fixed k € N, since ¥y (x) is increasing in N for fixed x. Also note that
Z(k) < X(k) because Yy (x) < &(x).

Our attention will be mainly devoted to Z ! and Zy @ , whose almost sure asymptotic behaviors are analogous to
that of X\, cf. (2.2).

Lemma 2.3. For every ¢ > 0, eventually P-a.s.

Nd/ot

2 (1 d/ 1/a+
Toglog N)/ete = Zn =2y =N (og N)7ETE, @7

The proof is given in Appendix B.2. Note that only the first inequality needs to be proved, thanks to (2.2) and to
the fact that, plainly, Z(Z) < Z(l) < XS)

Next we focus on the gaps between Z, 9 Ly @) and Zy ©) The main technical tool is given by the following easy
estimates, proved in Appendix B.1.

Lemma 2.4. There is a constant ¢ such that for all N e N and § € (0, 1)
P(z( > (1-8)20)<es, Pz >1-8)Z) <. (2.8)

As a consequence, we have the following result, which will be crucial in the sequel.
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Proposition 2.5. For every d and «, there exists B € (1, 00) such that

Nd/ot
ngl) _ Z(3)

N = (Tog N)ﬁ’ eventually P-a.s. 2.9)

Although we do not use this fact explicitly, it is worth stressing that the gap ZS) — Zﬁ) can be as small as N4/*~1

(up to logarithmic corrections), hence much smaller than the right hand side of (2.9), cf. Appendix B.3. This is the
reason behind the fact that localization at the two points {zg\,)é, Iy E} can be proved quite directly, cf. Section 3,

whereas locahzatlon at a single point wy ¢ € {z N z N 5} is harder to obtain, cf. Section 4. Furthermore, one may

have wy ¢ # ZN,E precisely when the gap Zx) — Zz(v) is small, cf. Section 5.

Proof of Proposition 2.5. Forr € (0, 1) (that will be fixed later), we set Ny := le¥" |, fork € N. By the second relation
in (2.8), for y > 0 (to be fixed later) we have

1
M _ 06 1)
kEZN]P’<Z Nk < 7(10gNk)7’ ZNk) < 12 (logN 7 = < (const. )kGZN kz”/ < 00,

provided 2ry > 1. Therefore, by the Borel-Cantelli lemma and (2.7), eventually (in k) P-a.s.

N, d/a
Z;}) _ Z(%) (Ni)

> W (2.10)

Now for a generic N € N, let k € N be such that N;_; < N < N;. We can write
1) 3) _ (D) (1 (1) 3) 3) (3)
ZN _ZN _(ZN _ZNk)+(ZNk _ZNk)+(ZNk _ZN )

We already observed that Z](\I,{) is increasing in N, therefore the third term in the right hand side is non-negative and
can be neglected. From (2.10) we then get for large N

d/a d/u
1) (C (Nk) (1 (1) N (1) (1)

Zy —Zy —(Zy —Zy —(Zy —Z 2.11
N (log Nk)y+1 ( Ny ) - 2(10g N)y-l,-] ( Ny N ) ( )

because Ny > N and N; < 2N for large N (note that Ni/Ni_1 — 1 as k — 00).
It remains to estimate Z,, (]) g\}). Observe that Z,(J) =Y (z,(f)) > Yy (z(l) ), because Z,(1]) is the maximum of .

Therefore we obtain the estlmate e
Z = 70 = Y () = v (&) =¥ (212)) — ¥ (20
_ ey _EGL)
S+ D+ 2) n
which yields
(1 M _ = () an _ Nk = Ni—1 )y _ Nk — Nk—1 )
Zw = 2w = 2 (2~ B0 = TR o) = T m Xy (2.12)

Observe that as k — oo

el
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Since N < Ny = |e¥ |, it comes that k > (logN Y!/7 and therefore (2.13) allows to write for large N

Ny — Ni_1 - 1
Ni-t = (logN)!/r=1"

Looking back at (2.11) and (2.12), by (2.2) we then have eventually P-a.s.

Nd/ot Nd/a

M _ 50
z\ -zy >

N = 2(log N)r+! N (log N)1/r=1/a=2" (2.14)

The second term in the right hand side of (2.14) can be neglected provided the parameters » € (0, 1) and y € (0, c0)

fulfill the condition 1/r — 1/a — 2 > y + 1. We recall that we also have to obey the condition 2ry > 1. Therefore,

for a fixed value of r, the set of allowed values for y is the interval (%, % — é — 3), which is non-empty if r is

small enough. This shows that the two conditions on r, y can indeed be satisfied together (a possible choice is, e.g.,
r= m and y = @). Setting B := y + 1, it then follows from (2.14) that equation (2.9) holds true. O

3. Almost sure localization at two points
In this section we prove Theorem 1.4. We first set up some notation and give some preliminary estimates.

3.1. Prelude
We recall that z;}) and zﬁ) are the two sites in By at which the modified potential ¥, cf. (2.6), attains its two largest

1 1 2 2
values Zz(v) = 1/fN(z§V)) and Zg\,) = wN(zg\,)).
It is convenient to define Jy, J> € {1, ..., |By|} as the ranks (in the order statistics) of the two sites where the
modified potential reaches its maximum and its second maximum, respectively. Thus,

Zg\;) :xz(vjl)’ zﬁ) :xj(vlz)’ 3.1

where we recall that x](\l,‘) is the point in By at which the potential £ attains its kth largest value, i.e., X ;{,() = é(xl(\f)),

cf. Section 2.1. We stress that J; and J, are functions of N and &, although we do not indicate this explicitly. An
immediate consequence of Lemma 2.3 and relation (2.3) is the following

Corollary 3.1. Foreveryd, a, ¢ > 0, eventually P-a.s.
max{J;, J2} < (log N)'*¢. 3.2)

Next we define the local time £y (x) of a random walk trajectory S € £25 by
N
EN(X)=EN(X,S)=Z1{S,-=)C}, (3.3)
i=1

so that the Hamiltonian Hy (S), cf. (1.3), can be rewritten as

Hy(S)= ) tn(x)E(X). (3.4

XEBN

We also associate to every trajectory S the quantity

By (S) :=min{k > 1: £y (xy)) > 0}. (3.5)
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In words, xl(fN S s the site in By which maximizes the potential & among those visited by the trajectory S before

time N. Finally, we introduce the basic events
Ain=1{Se s Bn(S) =}, Ay ={S € Qg: Bn(S) =D} (3.6)

In words, the event A; x consists of the random walk trajectories S that before time N visit the site z%) (recall (3.1))

and do not visit any other site x with £(x) > E(z(')

@) -

It turns out that the localization of Sy at the point z,; is implied by the event A; y, i.e., for both i =1, 2 we have

lim Py e(Ain, Sy #2V) =0, P(dg)-almost surely. (3.7)

The proof is simple. Denoting by Ty ; the last passage time of the random walk in zg\i,) before time N, that is
Ty, :=max{n < N: §, = zﬁf,)},
we can write, recalling (1.3),

N—1 mraHy(S) -
] E[e""™1 4, v 1(@ni=r)]
Pye(Ain, Sy # ZE\I/)) = Z UNJ\; RkmALy (3.8)
r=0 ’

We stress that the sum stops at r = N — 1, because we are on the event Sy # zg\i,). Furthermore on the event A; y N

{Tn.i =r} we have S, ¢ {x(l) .. (J)} for all n € {r + 1,..., N} (we recall that zg\l,) = xN )) By the Markov
property, we can then bound the numerator in the right hand s1de of (3.8) by

E[eHN(S)1Ai,N1{?N,1=r}] < E[eHr(S)1 (5o }]B}(\IN ;)’

(Ni) H;(S)
where B, = Ex;]m[e 1 ¢ e l}]. (3.9)

.....

Analogously, for the denominator in the right hand side of (3.8), recalling (1.1), we have

;)
N—re(N—r)XN’

Uy > E[e® ) =E[efr1

[Sy=x\" Vnefr,..., N}}] {s,:x;,"')}]

Plainly, BZ(N’i) <exp(X I(\f"ﬂ)), therefore we can write

N—1
Py.: (Ai,N, Sy # Z(z) Z e~ (N— r)(X +10gK)B(N i) Ze—l(x +10gK)B(N i)
r=0 =1
() yUi+D
[ee) _ : (X Xy 1 —logk)
Up)  yUi+D
<N ety =X —logi) . 3.10
= U _ <J-+1) ( )
=1 l—e (X T —logk)

From Corollary 3.1 and Proposition 2.2 it follows that P(d£)-almost surely XfVJ’ ) — XfVJ" ., tooas N — 0,
therefore (3.7) is proved.

3.2. Proof of (1.14)
Let us set, fori =1, 2,
S . _ 7 )]
Win = {SeRs: Bn(S) =i, Sy =2y }

=[Se s Sy =2z, tn(x) =0Vx € By such that £(x) > £(z)}. (3.11)
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In words, the event W; y consists of those trajectories S such that Sy = 4y N ) and that before time N do not visit any
site x with &(x) > S(zg\’,)). We are going to prove that

Nlim (Pyn.eOWViN) +Pyn Vo)) =1,  P(d§)-almost surely (3.12)
—00

which is a stronger statement than (1.14). In view of (3.7), it is sufficient to prove that

Nlim (PN,g(ALN) + PN,g(Az,N)) =1, [P(d&)-almost surely. (3.13)
—00
We start deriving an upper bound on the Hamiltonian Hy = Hpy ¢ (recall (1.3)). For an arbitrary k € {1, ..., |By|},

to be chosen later, recalling (3.3), (3.4), (3.5) and the fact that ) 4 £y (x) = N, we can write

IBn|
HN(S) — Z Z (l) (l) Z Z (l) (1))
i=Bn(S) i=k+1
i=BN(S)

Note that £ N(xl(fN (S))) > 0, that is, any trajectory S visits the site x,(\’?N ) before time N , by the very definition (3.5)

of By (S). It follows that any trajectory S before time N must visit at least |x](f’v 5 | different sites, of which at least

Ix (,BN(S))| (1)

k are different from Xy s s x](\f). This leads to the basic estimate

k
S () <N V) 4k (3.15)
=By (5)

By (3.14) and recalling (2.6), this yields the crucial upper bound

Hy(S) < (N + Dy (xO) 4 (k= g (x V) 4 Nx §HD

<N+ DYy (V) b k- DX + Nx G, (3.16)
We stress that this bound holds for all k € {1, ..., |By|} and for all trajectories S € £25.

Next we give a lower bound on Uy ¢ (recall (1.4)). We restrict the expectation to one single N -steps random walk
trajectory, denoted by S* = {S*}o<;<n, that goes to z( ) in the minimal number of steps, i.e. Izg\})l, and then stays

there until epoch N. By (1.1), this trajectory has a probability larger than e " for some positive contant c, therefore

Uy > elINEI=eN > EGNINHI-lzy D—eN _ o(N+DYN ) =eN 5 o(N+1(ZY'—0) (.17)

where we have used the definition of ¥y, see (2.6).
We can finally come to the proof of (3.13). For all trajectories S € (A1 y U A2 n)¢ we have Sy (S) ¢ {J1, J2},

therefore x](\’,BN ) ¢ {z 5\}) z 13)} and consequently ¥ (x(ﬂ N (S))) < Z](\?). From (3.16) and (3.17) we then obtain

E(e/V)1 (Arn UAz,N)")
Une

k—1
< exp(—(N + 1)((2}\}) —z(P) = x§ - N—ng}) - c>> (3.18)

Pye((Ar v UA ) =

By (2.9), there exists 8 € (1, 0o) such that Zg\}) - ZS) > N?/%/(log N)P eventually P-almost surely. We now choose
k =ky = (log N)? with 6 := 3 max{Ba, 1} > 1. Applying (2.2) with ¢ = 1/ and (2.3) with ¢ = 8, we have eventually
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P-a.s.
(20— z®) g+ kv =1oay
N N N N+1°N
1 1 log N 042/ Nd/a
> Nl - _(oeMHE < ) _ (1+o(1)),
(logN)?  (logN)2p N Nd/a (log N)#
therefore, eventually P-almost surely,
Py e(Ain) +Pre(Aan) =1 —Pye((Ary UAN))
NH—d/ot
>1-— ——(1 1)),
> exp( (logN)ﬁ( +o( ))>
which completes the proof of (3.13).
3.3. Proof of (1.15)
Recalling (3.11), we are going to prove that
lim Py W y)=1, in[P(d&)-probability, 3.19)
N—o00
which is stronger than (1.15). In view of (3.7), it suffices to show that
lim Py g¢(A;n)=1, inP(d)-probability. (3.20)
N—o00

We actually prove the following: for every N € N there exists a subset I'y € £2¢ such that as N — oo one has
P(I'y) — 1 and infzery Py g (A1, n) — 1, which implies (3.20).

For every trajectory S € (A; n)¢ we have By (S) # Ji, therefore xl(\’,gN 2 * zﬁ\}) and consequently ¥y (xi(fN (S))) <
Z](\?). From (3.16) and (3.17) we then obtain

E(CHN(S) 1 (_ALN)C)
Une

Py ((A1n)°) =

k—1
< exp(—(N + 1)<(z§\}) —Z{) - xUt - N—ng}) -~ c)) (3.21)

Weset I\ :=(z2{ < (1— - )Z\} and it follows from (2.8) that P(I'}") — 1 as N — oo. Note that for £ € I’y
we have

) _ 5@ w+y k=1 ) 1y wksn k=1 @
Z0 2@y - x U JET X O o) s (——z (D - x D 2T x D)
<( v ) XN S X C>_(logN NN TNty e

We now fix k = ky = (log N)? with 6 := 3max{2«, 1} > 1. Applying (2.2) with ¢ = 1/«, (2.3) with ¢ =2 and (2.7),
we have eventually P-a.s.

1 ky —1
( 2 _ ytenth kv =Ty c)

logN =N N N+1°N
ot L1 (ogN)e e \ NI (14o(1))
- (logN)2  (logN)* N Nd/e ) (log N)? ’
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In particular, defining I'y; 2. = {

e zy —xyT - ELx() — > N/ (log N)?), we have P(I)) — 1as N —

oo. Setting I'y :==1T" 15,1) N F/\(,z), we have P(Iy) — 1 as N — oo; furthermore, by the preceding steps we have that,
forall & € I'y,

Nd/a
Pye(Ain)=1—Pye((An))>1— exp<(N + 1)( N)3>

This completes the proof of (3.20).

4. Almost sure localization at one point

In this section we prove Theorem 1.3. Relation (1.11) is obtained in two steps. First, we refine the results of the previ-
ous section, showing that (3.12) still holds if we replace the events W; y, i = 1, 2, that were introduced in (3.11), by

~

(@)
N
W[,N;:{SEQS:ﬂN(S) JiSn =23 en(z “>)> 2' '}

N — |Z(’)|

= {SE Qs Sy =2y v(zy) > ——

£y (x) =0Vx € By such that £(x) > é(z%))}, 4.1

@)

that is, if we require that the random walk trajectories spend at z,, at least (N — (’) ~ D/2 units of time (recall (3.3)).

In the second step, we show that eventually P(d&)-almost surely
max{Py ¢ OV1v). Py.c Vo) } 3> min{Py e V1 v). Py.c OVa.n) } 4.2)

which yields (1.11). Finally, we prove (1.12) in Section 4.3.
4.1. Step 1

In this step we refine (3.12), showing that

th (PneOVin) +Py Vo)) =1, P(dE)-almost surely, 4.3)
—> 00

where W, ~ is defined in (4.1). Consider indeed S € W; n \ Wi ~, with i € {1, 2}. Before reaching zgf,), S must visit

at least |z(’)| 1 different sites at which, by definition of W, y, the field is smaller than & (z(l)) =X 5\,]i) (recall (3.1)),
hence

2§ -1

H(S) = )X+ 3 X (V- )~ (8- D)
j=1

Since EN(Z(Z)) <(N — Iz(l)l)/Z on Wi n \W, N, We obtain

0 o =1 (’)I

-z A oy Iz
Hy(s) < X 5 — X+ Y X}VJ’*”JF

(Ji+1)
— )XN .
j=1
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@) 5 i)
Rewriting (3.17) as Uy ¢ > eV H1=lzy DXV =eN (recall (2.6)), we can write

Hy(S ~
E(e! )1{SEWI,N\W1',N})

Py :Win \Wi,N) = Un

(@)

N -1z i j
oo g gy 3 ) “
j=1

Applying (2.7) with e = 1/« and (2.2) with ¢ = ¢/2, it follows that eventually P-a.s.

Nd/a
1 2 J J

ng) > ZJ(V) > 7(loglogN)2/“ and max{X](V'), X;VZ)} < N¥%(log N)/ate/?,
B

N1 )XEVJ"), it follows that for both i € {1, 2} and for every ¢ > 0, eventually P-a.s.

Since by definition Zx) =({1-

N

(@)
N— |z | = Tog e 4.5)

Next we observe that, by the upper bound in (2.2) and (2.4), we have

N N N

. . 1

1

Y XY <(ogNXY + Y XY <N ((logN)‘+3/2“+ ) jl/a),
=1 j=log N1 j=Tlog N1

therefore there exists a constant ¢ > 0 such that, eventually P-almost surely,
) _ [ end/atis1/a if o> 1
Y oxy < { ’ (4.6)

— (log N)1H3/2and/e if o < 1.
j:

Looking back at (4.4), we can apply (4.5) and (4.6) as well as Proposition 2.2 and Corollary 3.1 to conclude that
P(d&)-a.s. the right hand side of (4.4) vanishes as N — oo. Recalling (3.12), it follows that (4.3) holds true, and the
first step is completed.

4.2. Step 2
In this step we prove that

ngnoo|log Py ¢ (VA\‘/LN) — log PN,g(V~V27N)| =00, [P(d£)-almost surely. “.7)
Together with (4.3), this shows that

Jlim max{Py ¢ OV §), PncOWon)} =1, P(dE)-almost surely, (4.8)
—00

which yields (1.11) and, moreover, shows that

O . ~ ~
z if Py e WiN) > Py eWVa N),
WN g = { p ¢ s eventually P(d€)-almost surely.

2y if Py Vo) > Py s OV1y)

It is convenient to introduce some further notation. Recalling (4.1), for N € N and x € By we define the following
subsets of £2g:

~ N — x|
Wy(x):=15€Rs: Sy=x,en(x) > 5

AN () =0Vzs.t.&(z) > "g‘(x)}, (4.9)
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so that WLN = WN (zg\i])). Next we set
Cn(x) :=1ogE[e™®1 ¢ 7 ], (4.10)
so that we can write
logPy.c OW1.n) — logPy s Wan)| = |Cn(2}) — Cn (2). @.11)

Finally, given an arbitrary ¢ € (0, d/«) and setting Ny := Lkz/ ¢], we introduce the event Hy C £2¢ defined by

Hy == {S €2 Ix,yeBy,,x#y,Ine {max{lxl, |y|},...,Nk+1} such that

(N7 (N7 dja—
E(X)>Wf(}’)>W»icn(x)—cn(yﬂika } (4.12)
We are going to show that
> P(Hy) < oo. (4.13)

keN

We claim that this implies (4.7) and completes the step. Indeed, by the Borel-Cantelli lemma it follows from (4.13)
that for P-almost every & € §2¢ there exists k = k(§) < oo such that & ¢ Hy for all k > k. For any N > Ng, let
k e N, k >k be such that Ny < N < Ni+1 and note that, plainly, zg\],), zg\%) e By C BN](Jrl . Recalling the lower bound

in (2.7) and (4.11), since & ¢ H for all k > k we conclude that eventually P(d€)-almost surely
|logPy ¢ V1 n) — logPy ¢ Vo y)| = N¥/*~%,

which is a stronger statement than (4.7).
We are left with proving (4.13), for which we have to estimate

P(E() > 1,6(y) > 1,

Ca(x) — Cu(y)| = M) 4.14)
for suitable t and M. Recalling (4.9) and (4.10), it is useful to set
Cn(y;x):= 10gE[eHN(S)1{SEWN(y)ﬂ{zN(x):O}] 4.15)

Note in fact that, on the event £(x) > £(y), we have Cn(y) = Cn(y; x), by the definition (4.9) of WN (). Therefore,
splitting (4.14) on {§(x) > &(y)} and {£(x) < &(y)} and using the symmetry between x and y, we can easily estimate

P(E() > 1,£() > 1,]Cp(x) — Cu(»)| < M)
<2P(E(x) > 1,E(y) > 1, |Cp(x) = Cu(y; )| < M)
< 2E[1(e(n>nP(E) > 1, [Cu(x) — Cu(y: x)| < M|Gy)]. (4.16)

where G, := o ({§ (2)}zez4\(x})- We stress that Cy (y; x) is Gy -measurable, because by definition it does not depend on
&(x) (recall (4.15)).

We now need to study the dependence of C,,(x) on &£(x) conditionally on Gy, i.e., when all the other field variables
{£(2), z # x} are fixed. Recalling (4.10), (4.9) and summing over the values of the variable £y (x), we can write
Cu(x) = g(&(x)), where

n—|x|

g(s) :=log Z ekscn,k and cp = E[eH"(S)_k‘E(XH{Sewn(x)ﬂ{glv(x):k}].
k=(1/2)(n—|x|+1)
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We stress that, on the event {£, (x) = k}, the term H, (S) — k& (x) does not depend on & (x). Therefore the coefficients
¢n k (and, hence, the function g(-)) only depend on {£(z), z # x}, i.e., they are G,-measurable. Also note that the
function g(-) is smooth and Lipschitz, since

n—|x| k
_ Li=(y2e—pen ke enk

1
Tl X 2
Zk:(l/Z)(n—Ile) ekse, 2

g'(s)

Therefore, by the change of variables formula, from (1.2) we obtain

P(£(x) > £, Cu(x) € dv|Gy) =P(E(x) > 1, g(E(x)) € dv|Gy)
1 o 2 o
= e @m0 |7 T )] e ) = =+ 1) e 4

hence

P((x) > 1, |Cu(x) — Cu(y; x)| < M|Gx)
2a

=P(£(x) > 1, Cu(x) € [Ca(y; x) = M, Cu(y; x) + M]|Gy) < Gt D 2M

Coming back to (4.16), since P(&(y) > 1) <t~%, we conclude that

8aM

St @17

P(E(x) > 1,E(0) > 1,

Ca(x) = Cu(y)| < M)

We are finally ready to estimate P(Hy). Recalling the definition (4.12) and the fact that Ny = [k*/¢], applying
(4.17) we obtain

pES (N4l djoa—¢
P(H) <2 Y. > P(sm,s(y) > Gog Nea )2 |Ca(x) = Cu(1)| = N} )

x#£yeBy, | n=Ixl

[x[>]y]
dja—e Niy1
8aN 1
<2 t)(N, 2d k
< 2(const.)(Nr+1) {(NO@* [ (log Nig1)2/@) (1200 nXp:( n— x|+ 1
log N 2/a+5 1 k2/s 2/a+5
< (const.’)M < (const.”)M,
N k2
from which (4.13) follows. This completes the step.
4.3. Proof of (1.12)
In view of (1.16), it is sufficient to prove that
Z(1)
L:>w, where P(w € dx) = co (1 — [x[)* 1(x|<1) dx (4.18)

N
and we recall that ¢, = (f|y|§1(1 —|yD¥dy)~ L.

x|
N+1

P(z\y) =x,£(x) edr) = P(£(z) <1Vz € By \ {x}, §(x) € dr)

a
= 1_[ <1 - tf;\/]\fé)c)a> tl(j-a dr,
ZEBN,zyéx

Setting gy (x) :=1— and recalling (1.2), for x € By and r € (1, 00) we have
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therefore for all function f:R? — R we can write

&)
2 | EAW @\ @
E[f( N >] _ngf<N>/; ds 1_[ (1 tD‘QDN(x)Ol)tlJ“"' (4.19)

zeBy,z#x

Now set 1 = N%/%g and note that as N — o0, uniformly in s € (e, 00) and x € B(j_¢)n, Where & > 0 is arbitrary but
fixed, by a Riemann sum approximation we have

on@* \_ | oy
2 log(l_f“wv(x)“)_ T TP <1 N+1> (1+0(1)

zeBN,7#x zeBN,7#x

=— . (1+0(1))
C s (1= x|/ (N + 1) ‘

Coming back at (4.19) and noting that [* —Eze™4/" ds = [®e~*“du = A~!, by a simple change of variables, it
follows again by a Riemann sum argument that if f is continuous and bounded we have

M o
. Y x |x]
Nh—r>nooE|:f< N )} = Jim N ZeB f(N)C“<1 N+1>
xeBn

=cq FA =1[yh*dy,

lyl=1

proving (4.18).

5. Proof of Proposition 1.6
We want to prove, for d = 1, that
]P(ng = zﬁ)g for infinitely many N) =1 6D

To simplify notation, we only consider the case « > 1 and we set mqy =E(§]) = o/ (o — 1), cf. (1.2). Recalling (1.1),
we set k = P(S; =0) and £ = P(S| = 1). For the sake of simplicity, we also assume that log(k /x) > —mg. The cases
log(k /k) < —my and log(k /k) = —m,, are controlled with analogous arguments.

For o, n > 0 and for n € N and ¢ > 0 we define the event B, ; , C £2¢ by

Beyni=13xe[n, (1 +e)n]: £(x) e (1,1 +e)n'/®,

5 1/a
3ty € [3n. (14 0)3n]: £0) € (1. 1+e)3n' .

. 1 1/
Vze[Tn, (1+&)Tn]\ {x,y}: &) < L

y—1
> &) > (mg —m(y—x) ¢, (5.2)

i=x+1

where we set [a, b] := [a, b] N Z for short. By direct computation, one checks easily that lim,, , o P(B¢ 5 ,) > 0 for
all fixed &, n > 0. In what follows, we denote by x, y the (random) points appearing in the definition of By ; ;.
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Recalling (2.6), for all N € N we have
=2 4e) )0 <y < (1= 2 )1 + e/
N N ’ 53)
L3 5 1\ L3 (31 ‘
_N( +é) 3" <yn(y) < TN (I+e)zn/".

It follows that for all N e [Yn, Bn] we have yy(x) > (1 — h%)nl/a = (§ + 0@, Yy > (1 —
3(1114/'5))5 Ve — (g + O(e))nl/®, while YN (z) < %nl/"‘ for all z € [-N, N]\ {x, y}. Therefore, by choosing & small

enough, we can state that on the event B ; , and foralln e N, N € [lz—ln, %n] we have

{z;}),z%)} ={x, y}. (5.4)

For N = 121 n we have ¥y (x) = (11 +0(e))n'/* and Yn(y) = ( ~|—O(s))n1/°‘ uniformly in n; on the other hand,
for N = 13n we have Yy (x) = ( +0(e)n'/* and Yy (y) = ( + O(e))nl/, always uniformly in n. It follows
that, if € > 0 is chosen small enough we have foralln e N,

Ya12a(¥) — Yaa(x) <0 but  Yaz2n(y) — ¥az/znx) > 0. (5.5

At this stage, we pick g9 > 0 such that (5.4) and (5.5) are satisfied. Next observe that
(N+ DN —¥n &) =x6(x) — yEO) + (N + D(E(y) — E()) (5.6)

is increasing in N, because by construction (§(y) — &(x)) > 0. It follows that there is N’ € (%n, %n) such that:

o for L 5 ly<N< N;¥ we have (Yn(y) — ¥n(x)) <0, hence x = z(l) and y = z%),

() (0

e for NN <N < %n we have (Y y(y) — ¥n(x)) >0, hence x =z and y =z,

By (5.6) (N + D(¥n(y) — ¥n(x)) increases by (£(y) — &(x)) when N increases by 1. Since (N,; + 1)(¥nx(y) —
YN (x)) <0and (N + 1) + D(¥nz41(y) — Yaz41(x)) > 0, it then follows that (N + 1) (¥nx (y) — ¥z (x)) >
—(§(y) — £(x)), that is

(Ny +1)(25) = Z30) = (N + D) (¥ () = ¥ ) < (E0) — £(x))

2 5
< (5 + 580>n1/“ =:con'/?,

by the definition of the event By ;) .
Consider now the contributions of the two N-steps random walk trajectories SV-*) and SV-¥) that reach respec-
tively x and y in the minimal number of steps and stick there until time N, i.e.,

(5.7)

Py (SND) = N eZim! €D+N+ D (0)-+rlog(k/i)

Py (SVY) =« N Xi2) EO+HN+DYN (0)+y log(@ /i),
so that

(N.»)
Pre(S) S0 i) - (V) (o (0t (9)-+ (- log( ). (5.8)
Py £ (SW-9)
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We apply this relation for N = N, on the event B, ., With 219 := m +log(k /k) (which is strictly positive, by our

initial assumtion). Then x = le, y= zﬁi and (5.8) becomes

(N:z2) .
PrpeS " M) eZLJHs(i)—(N:H)(ZS%—z;§§>+<y—x>log(ﬁ/x>
WNp2, —
Pz e(S "N
1/a

> eMa—n+log(& /) (y=0)=con'/? . gnm—con'/® (5.9

where we have used (5.7), the last condition in (5.2) and the fact that y — x > n, again by (5.2). Since o > 1 by
assumption, we have shown that on the event By ;. »

vz,z%) (N2
N ) > PN’;«’E(S N ).

Pr;(S
@ O]
If Py ¢ (SWav)y PN,S(S(N'ZN )y > %, this shows that wy ¢ = zg\%). To sum up, there exists ng € N such that for
n=ngo

11 13 @
Beyon S 13N € 7” 7}1 CWNE =2y

11 13 2 1 3
U {EN (S] (7”, 77’1) PN’S(S(N’ZgVB) +PN,S (S(N*Zﬁv))) < Z}

(2) (1
Recalling that Py ¢ (S™3V)) + Py (SNV)) — 1 as N — oo, P(d&)-almost surely when d = 1, cf. Remark 1.8, it
follows that almost surely

i sup Bey o n = { Beg.no.n for infinitely many n} € {wy ¢ = 2\’ for infinitely many N}.
n—oo
Finally, note that P(limsup,,_, o, Beg,n9.n) = limy 00 P(Bgy,pe,n) > 0, and it is not difficult to realize that indeed
P(im sup,,_, o, Bgy,no,n) = 1, because when m > n the event By ;, m is asymptotically independent of By, y,, .. This
completes the proof.

6. Path properties

In this section we prove Theorem 1.7, i.e., we show that limy_, 0o Py £ (Cy ¢) = 1, P(d§)-almost surely, where the set
Cn ¢ is defined in (1.18).
For i = 1,2, we denote for simplicity by 7; :=inf{n e N: §,, = zg\’,)} the first time at which the random walk visits
the site zg\’,) and we set
Din = {SG.QS: i <N,S,#S,VYm<n<t,§, :zx)‘v’n € {‘L'l',...,N}}
) 6.1)
Kin:= {S €Rs:1; < |Zg\ll)| +hN},

where we recall that iy := (loglog N)?eN1=1/*if ¢ > 1 and hy := (log N)!T%/% if @ < 1. Recalling the definition
(4.1) of the set W; y, we are going to show that for both i = 1,2

lim PyeOV;n \Diny) =0, P(dé)-almost surely, (6.2)
N—o0
Jim Pye(OVin NDin) \Kin) =0, P(d)-almost surely. 6.3)
—00

Recalling relation (4.8), proved in the last section, Theorem 1.7 is a consequence of (6.2) and (6.3). The rest of this
section is therefore devoted to proving these relations.



1068 FE. Caravenna, P. Carmona and N. Pétrélis
6.1. Step 1: proof of (6.2)

We fix i € {1, 2} throughout the section. By definition, a random walk trajectory S € W; y \ D; y makes either some
loops before time 1; (i.e., before reaching z%)) or some excursions outside zg,) between time 7; and time N. We need
to set up some notation to account for such loops and excursions.

We set ip = jo := —1 and, for k € N, we denote by iy =i, (S), jr = jk(S) the extremities of the kth loop made by

a trajectory S € §25 before reaching z%):

i:=inf{ne{jzm1+1,...,u— 1 Imefn+1,....5 — 1} s.t. Sy =Sy},
(6.4)
Jki=max{n <1:85, =8},

with the usual convention inf @ := oco. We also set Zy := {ix + 1, ..., jk} and |Zy| := jx — ix for conciseness. Then
we denote by N = N (S) := max{k € N: i} < 0o} the total number and by £ = L(S) := Z{(\il |Zx | the total length of
the loops of the trajectory S. Note that N' = £ =0 if i1 = 00, i.e., if the trajectory S has no loops. Finally, we denote
by 7 (S) the injective skeleton of S before reaching zg\’,), i.e., the random walk trajectory of t; — L steps defined (with
some abuse of notation) by

7S ={7 O} ueqo....qmy = Bubueqo,anul, 7 (6.5)
We let V; v denote the set of all r-steps injective paths, starting at 0 and ending at zg,), which do not visit any site
x € By with £(x) > £(z\")) (recall (3.3)):

Vinr = {(Sner: Sr=2%, Sy # S for m #n, €,(x) = 0 when £(x) > £(z\))) . (6.6)

Note that for S € W; v \ D;, v we have (S) € V; v ¢, —£(5)-

Next we deal with the excursions outside zf\',). Set i, = jj=1; — 1 and for k € N denote by i; =i;(S), j; = j;(S)
the extremities of the kth excursion outside zg\l,) made by the trajectory S between time 7; and time N:
i =min{ne (i1 +1,..., N =1} S, £z},

i ==min{n > i;: S, zzx)}.

(6.7)
We also set Z, :={i; +1,..., j;} and |Z; | := j; —i;; furthermore, we denote by N’ = N (S) := max{k > 0: i; < oo}
the total number and by £’ = L/(S) := Zfi 1 1Z;| the total length of the excursions of the trajectory S. Note that
N =L =0if i{ = 09, i.e., if there are no excursions.
We can now start with the proof of (6.2). Recalling the definition (1.3) of our model and using the notation we have
just introduced, we obtain the decomposition

N
~ 1
Pye Win \ Di) = 57— Yo D EE™E o o Tr)=51)- (6.8)

’ r:|Z§\",)| S*eVins

We bound the partition function Uy ¢ from below by considering the trajectories that reach z%) through an injective

path, avoiding the sites x with §(x) > & (zgf,) ), and stick at z%) afterwards, getting

N
r—1 * @)
Une> Z Z e Xt EEDHINHI=NEC )P (%) N = (6.9)

el S Vi

where for simplicity we set P(§*) :=P(S; = S}, ..., S, = §)) and we recall (1.1).
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Next we estimate the double sum in the right hand side of (6.8). Observe that for S € W,; ~ \ Di.y we have
L+ L > 1, because S must make at least one loop before reaching z%) or one excursion outside zg\? before time
N. By deﬁnition of W; v, cf. (4.1), any site x visited by S in the loops or excursions has an associated potential
E(x) < £V, hence £(x) < XD = &) — (x (P — x{(*Y), cf. 3.1). It follows that on {£ =1, L =1} we
have Hy(S) < Y2 eSH + (N +1=neE) — a+1)x{? — X)), hence

Hy £(S) —~
E(e e 1{S€WiN\DiN}1{n(S):S*})

< Y TSR - =+ =x Y

1,I'eNg,I+1'>1

P(L=1.L =1 7(S)=S5%).

Looking back at (6.8) and (6.9), we conclude that

Py Vv \Din)

. . — I/ —
< Sup Z ef(l+l/)<xg\fl)7xg\]jl+l))P(£_l,E —l ;VT[(S)—S*). (6.10)
= * —
reflzW1 . N} 1L eNo I+ > 1 P(S e
S*GV,_N_r

We are left with estimating the ratio in the right hand side of (6.10). It is convenient to disintegrate the event
{£ =1} (resp. {£ =1'}) by summing on the total number A" and the locations Z = {Zy}; </ of the loops (resp. the
total number N and the locations 7" = {Z };< s of the excursions). Using the Markov property and bounding the
probability of each loop and excursion (trivially) by 1, for all n, I = {It}k<n, n’, I’ = {I}x<n and for all injective
trajectories S* € V; y_ we have

PN =nZ=1N =0T =1',7(S)=§*) <P(s*)N 7",

because |{n € {t;,...,N —1}: S, = S,41}| =N — 17, — L', by definition of £, and 7; = r + £ when 7(S) = §* €
Vi n.r, by definition of L. It follows that

PL=01L=I'n()=5
<k
P(S*)KN_’ -

{ (n, 1,0, 1) Z|Ik|_l Z|Ik|—l’}

It remains to bound the cardinality of the set in the right hand side. For fixed n € {0, ..., [}, the intervals I = {I}x<n
consist of 2n points in {0, ..., t;} € {0, ..., N}, therefore the number of possible choices for I is bounded from above
by (N 4+ 1)?* < (N +1)%. Analogously, for every n’ € {0, ..., '}, the number of choices for I’ is bounded from above
by (N + 1)2”/ <(N+ 1)21/. Looking back at (6.10), we can write

i) i+

Py (Wi,N \Din) < Z e~ (HNX " =X +logk —2log(N+1)) I+ 1)(1/ )

1,I'eNp,l+1">1

(
< (const.) Z e Xy
m=1

7 _x D g — —2log(N+1),,

o (X=X logk—210g(N+1))

< (const.) e

(1—e~ (X(J) +logk— 210g(N+1)))4

where in the second inequality we have used that Zl, I'eNy: I+0/=m (+DHI"+1)< (const.)m3. It then follows from
Corollary 3.1 and Proposition 2.2 that relation (6.2) holds true, completing the first step.
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6.2. Step 2: proof of (6.3)

Throughout the section we fix i € {1,2}. We recall that t; :=inf{n e N: §, = z(’)} denotes the first time at which the
random walk visits z(')

A random walk trajectory S € V~V, NN Dl n (cf. (4.1) and (6.1)) reaches zﬁ\i,) through an injective path, avoiding
sites where the potential is larger than E(z ) and sticks at z ) afterwards (from time 7; to time N). Therefore the
corresponding Hamiltonian (cf. (1.3)) is bounded from above by

Ti—1 N
Hye($) < Y &(5)+ (N +1-1)5(zy) Z XY+ (N +1-1)& ().
n=1 j=1

Recalling the definition (6.1) of the set K; v, for S € (VT/,', N ND; n)\ Ki v we obtain

N
s )< XY+ (V1 0]~ e,
Jj=1

therefore, cf. (1.3),

M XY N+ | hE )

Py (Win NDiy) \ Kiy) < ——ei

As usual, we obtain a lower bound on Uy ¢ by considering a single trajectory that reaches the site z ) in Iz | steps
and sticks there afterwards, getting

Uy > eN 112V DEGY N

for a suitable ¢ > 0, cf. (1.1). Note that & (z(')) > Z(') > N4/ (loglog N )3/ eventually P(d&)-almost surely, for
both i € {1, 2}, by relation (2.7). Therefore

Py (Wiy NDin) \ Kiv) < X1 XN —h N oglog N2

Since Ay := (loglog N)?/*N'=1/* if ¢ > 1 and hy := (log N)'*¥/® if « < 1, it follows from (4.6) that Py £ (W y N
Din)\Kin)— 0as N — oo, P(d§)-almost surely. This proves that (6.3) holds true and completes the second step.

Appendix A: Order statistics for the field

This section is devoted to the order statistics XS), ey XE\‘,BN D" of the field {5(x)}reBy - We first give some basic
probability estimates, from which the proofs of Lemma 2.1 and Proposition 2.2 will be deduced.

A.l. Basic estimates
(p)
Xy -

We start comparing the relative sizes of X /(\];) and

Lemma A.1. Forall N, p,k e Nwith1 < p <k <|By| and for all § € (0, 1) we have

P(x® > 1 -5x{) < (,’j:;) (1—(1—=5)%) ", (A.1)

In the special case p = 1 the equality holds:

P(x® > 1 -oxP)=(1-a-8)" (A.2)
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Proof. We introduce the shortcuts My = sup, 4 §(x), {XE\',")'"(")} = {XE\’,"), ces XX,“)} and A€ := By \ A for con-
venience. We recall that By = {z € Z¢: |z| < N}. Summing over the location of the subsets {XI(\})"'(kfl)} = A and
{X%’)"'(k_l)} = B, so that Xy,‘) = My and X](\f) = M(a\B)c, We can write

P(x§ = (1-5X)

= Y ey za-oxP {xP V=4 {x P = B)
ACBy.|Al=k~1
BCA,|B|=k—p

1
= Z P(MAC <&(y) < mMAC Vye B,E(z) > MgVze A\ B).
ACBy,|Al=k—1
BCA,|B|=k—p

Since Mp > M 4c on the event we are considering, we can replace M p by M 4c and obtain the upper bound

1-6)~ 1 1
ACBy,|Al=k—1 (M) £(y) (M g¢)
BCA,|B|l=k—p

! <
£ (Ma)

VzeA\B).

We stress that in the special case p = 1 we have A = B, so that A \ B = & and therefore the above inequality is an
equality.

By assumption the field £(-) has a Pareto distribution with parameter o > 0, cf. (1.2), therefore 5% is uniformly
distributed on the interval (0, 1): P(a < é <b)=b—aforall0 <a < b < 1. It follows that

_ I
PXY =1 -X)<(1-1-9*)" 3 E<7(MAc)“(k])>

ACBy,|Al=k—1
BCA,|B|=k—p

k—1 ark— 1
=(i2,)0-a-m 3 ElG)

ACBy,|Al=k—1

and again all these inequalities are equalities if p = 1. It only remains to check that the last sum equals one. To this
purpose, note that for all £ € N, summing on the location of the set {X 5\})"'“) }, we can write

1= > P{xy Y =a)= > P(Ex) > MacVx € A)

ACBy.|Al=¢ ACBy.|A|=t
1 1 1
= > IP’( a<7M.aneA)= > E(—M'w).
ACBy,|Al=¢ §(x) (Mac) ACBy,|Al=¢ (Mae) O

Next we give some bounds on the absolute size of X 1(\]]().

Lemma A.2. Let ¢, C > 0 be such that ¢ < % <C.Then forallke€{l,...,|Byl|} and t € (0, 00) the following
relations hold:

) _ nd ct 1
P(xy > NY*t) < (A3)

= (k— ) the”



1072 F. Caravenna, P. Carmona and N. Pétrélis

U1 e\
(k) d —c/t*
P(Xy <tNY) <em /Y E(Ta) ) (A.4)
m=0
Proof. Throughout the proof we shall assume that 1 > N~=4/_1In fact, for r < N~/ there is nothing to prove,
because the left hand side of (A.4) is zero (recall that the field £(-) is bounded from below by one, cf. (1.2)) and
the right hand side of (A.3) is greater than one: in fact, for k < |By| we have (k — 1)! < k* < |By|F < (CN%)¥ and
therefore for t < N4/

ctr o1t
k! tke = (CNAk tha — (NdJapye =

We start proving (A.3). The case k = 1 is easy:

1 IBy|
P(X\) < N%) =P(£(x) < N¥%1Vx € By) = <1 —~ t“Nd)

and since (1 —2)* > 1 —az fora > 1 and z € [0, 1] we obtain

1 \BY Byl1 C
to‘Nd> SN @ S (A-5)

P(X\) > NV) =1 - (1 -

For the general case, summing over the location of the set {X 5\}) (k=) }i={X () . ¢ 5\’;_1)} and recalling the short-
cuts My :=sup,.4 ¢(x) and A° := By \ A we get

P(XY >Nty = > P(xy > N (x0T = 4)
ACBy,|Al=k—1

= > P(Mac > N7t E(x) > Myc Vx € A)
ACBp,|Al=k—1

1 1
= Z P(MAc > Ny o7 <@ Vx € A).
ACBy [Al=k—1 5(x) Ac

We have already remarked that the random variables 1/£(x)* are uniformly distributed over the interval (0, 1), that is
P(ﬁ <s)=s for s € (0, 1). Then with some easy bounds we obtain

P(XY > Ny = 3 IE(# Mac >N‘““t)

atk—1)°
ACBy MA"
|Al=k—1
1 4 1
- - . s - (1) dja
= NaE=D a1 Z P(Mae > N t)de(k—l)ta(k—l) Z P(Xy' > N“/%t)
ACBy ACBy
|Al=k=1 |A|=k—1

where we have used that P(M4c > N9/%r) < ]P’(XS) > N4/%t) for all A C By. Since (’;l) <n™/m!and |By| < CN¥,
we obtain

1 B
(k) dja |Bwn| ) dja
P(Xy > N%t) < NG aGD (k_ 1>IP’(XN > N%1)

- 1 IBy|<—t C - ck 1
= NA®=Dgal=D (k — 1)l 1« = (k — 1)! 1K~

having applied (A.5). Equation (A.3) is proved.
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To prove (A.4), note that the random variable Y :=#{z € By: £(z) > t N4/} is binomial B(n, p) with parameters
n=|By|and p =P > tN/*) = 1/(t*N?), therefore

k—1
P(Xy <iNY) =P <k-D=) (Z) p(L— p)i
m=0

! m \By|-m
_ |Bw| 1 1
_,;,< m )(raNd> (1 zazvd) - (A6)

Using the estimates (1 —x)* <e™* and (/') <n"/m! we get

1 /B "
P(X®) < N/ery < o= UBNNDAAD § <_| Z' el/(razv‘ﬁ)
| ram ’
a—om! t N

from which (A.4) follows, recalling that |By| > ¢N dand 1/(t*N%) < 1 by assumption. (Il
We are finally ready for the proof of Lemma 2.1 and Proposition 2.2, to which the next subsections are devoted.

A.2. Proof of Lemma 2.1

We start considering equation (2.2). Let us set Ny := 2k, By (A.3) we have

C 1
) d/ Va+e/2
> P(X, > (N (log Ny Ve +/2) < (log2)1+ee/2 Zkl+ae/2 <00
keN keN

and by (A.4)

Z]P’(Xxk) < (Nk)d/“(loglog Nk)_l/“_g/z) < Zexp(—c(loglog Nk)1+m/2)
keN keN

1
(klog 2)c(loglog2-+log k)ee/2 <
keN

because for large k the exponent c(loglog?2 + logk)®®/? exceeds 1. By the Borel-Cantelli lemma, it follows that
eventually (in k) P-a.s.

(Nk)d/a < X(l) < (N, )d/ot(lo N )l/a+g/2 A7
(loglog Ny)1/ete/2 = N = UVk g Nk . .

1)

Now take a generic N € N and set k := [log,(N)], so that Ny < N < Niy. Observe that X;Jk) < Xz(\}) < XNk+l’

because XS) is increasing in N. Plainly, one has Nyy| < 2N, Ny > %N, log Ny <logN and log Ny4+1 <log2 +
log N <2log N (for large N). Then it follows from (A.7) that for large N
Nd/ot

27(1/017 <
(loglog N)&/2 —

Xj(\}k) < X;\}) < X](\}k)_H < 2d/a+l/a+€/2Nd/a(10gN)l/a+€/2.

Equation (2.2) follows observing that 2¢/% < (loglog N)¢/? and 24/@+1/@+¢/2 < (1og N)¢/? for large N.
Next we focus on the lower bound in equation (2.3). By (A.4) we can write

Ldog NY? -1
—c(l N)9+a£ 0+ m
)fe c(log E %(eC(logN) )",

m=0

d/a
p(x(oeM o N
(log N)@/a+a
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Observe that, for fixed x > 0, the sequence m — x"/m! is increasing for m < x, therefore for k < x we have
Zf”_:lo x™/m! < kxk/k! < k(ex/k)k, because m! > (m/e)™ for all m € N. It follows that for some constant C’ > 0
and for large N we can write

Nd/a

((log N)?)
P (X N <

oE 0
B W) < e <1oeM™™™ (1og Ny? (C'(log N)as)(IOg N)
0g

< (log N)Qe—c(log N)OHE L (log N)? [ae loglog N+log €]
< (log N)Gef(l/Z)c(logN)fH‘“ <N2 (A8)
because by assumption € > 1 and ¢ > 0 (the —2 could be replaced by any negative number). The Borel-Cantelli

lemma then yields directly the lower bound in (2.3).
Finally, we prove together the upper bound in (2.3) and (2.4). By Stirling’s formula we have (k —1)! > (%)k -1

(%)k for large k. Applying (A.3), we can then write

N/ ck JRVEANCL: 3C\*
P(x% > A < —) =(%) =
k1/e k—=—DI\ A A%

provided A is chosen larger than (e>/3C)!/%. By the inclusion bound,

Né/ (const.)

k —

IP’(EIke{(logN),...,|BN|}: X,(V)>AW)5 Y e 2"57,
k>log N

therefore by the Borel-Cantelli lemma it follows that, eventually P-almost surely in N, one has X 5{,‘) <A ZZ 1d //:

k > log N. This yields immediately (2.4), as well as the upper bound in (2.3), because by assumption 6 > 1.

for all

A.3. Proof of Proposition 2.2

Since the relation (2.5) becomes stronger as 8 increases, we can safely assume that 8 > 1. Then by (2.3) we have that,
eventually P-a.s.,

d/o
*) — 1 ((logN)P) N
x> x§ >

= W Vk < (lOg N)’B (Ag)

Since a more quantitative control will be needed later, we observe that for large N

P(Cy) < L herecy = U x (ogm®) _ _m , (A.10)
- N ~ (logm)2/a
m>N
as it follows from (A.8).
Thanks to (A.9), in order to prove (2.5) it suffices to show that for every 8 > 1 there exists y > 0 such that,

eventually P-a.s., the following event holds:

(k)

X
= IVk < (log N)P: x® — x*k+D > 2N 1
VN { = (log M X=Xy = Gog

In order to apply the Borel-Cantelly lemma, it is convenient to group the events Vy together. More precisely, for
n € Ny we set N, := |e" |, where the constant » € (0, 1) will be fixed later, and we define

17,, = ﬂ V.

Ny<m=<Np41
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The proof is then completed once we show that the event V, holds eventually P-a.s. (in n).
It only remains to show that IP(VC) decays fast enough as n — oo. By construction, if Vn does not hold, there must

existm € {N, +1,..., Nyp1} and k < (logm)? such that 0 < X,(,f) — X,(f“) < (logm)~ VX,(,f). Let y, z € B, be the
two points at which the values X ,(,]f ) and X ,(,f D are attained, thatis £(y) = X ,(,]f) andé(z) =X ,(,]f D Tt is convenient to
distinguish three cases, according to whether y and z are in By, or not.

(1) If both y, z € By, , we can write £(y) = XE\]/C,:) and £(z) = Xg\l,{:) for some k' < k”. Since by construction &(z) =

X,(,],(H) and B, 2 By, , we must have k” <k + 1, whence k' <k < (logm)? < (log N,4+1)?. Also note that

K k'+1 k k" - k' - K
X - x$H < x® x§) = x0 — XEFD < (logm) 7 XP = (logm) Y X < (log N) T X

This shows that, if 17,1 does not hold and both y, z € By

X§HD < log N) 7 X ).

(2) To handle the case when v,z € By \ By, € By, \ By, it is sufficient to observe that £(y) and &(z) must take
large values, because of (A.9). More precisely, on the event Cfvn , cf. (A.10), both £(y) and &(z) must be larger
than m4/® / (log m)*#/ > N¥% /(log Nyp1.1)?P/<.

(3) Consider finally the case when exactly one of the points y, z lies in By,. If y € By, and z € B,, \ By, , we have
E(y)= Xf\l,i) for some kK’ < (logm)#, as we have already remarked, therefore 0 < X/(\Z) —&(z) < (logm)™Y X;{Z;).

there must exist k' < (log N,41)? such that X/(\Z) —

Vice versa, if z € By, and y € B, \ By,, we may write 0 < &£(y) — Xz(\]/(,:/) < (logm)~Y&(y), for some k" <
(log m)P. In either case, we can state that there exists some point x € By, ., \ By, and some k< (log Npy+1 8 such
that (1 — (log N,y)™7) < g(x)/x“‘) < (1= (logNy)~ ")~ L.
These considerations lead us directly to the following basic decomposition:
Vecwibu ey, UWP)uw®,
where the event Cy has been introduced in (A.10) and we have set

M ._ (K'+1) o1 (k)
Wn T U {XNn = (1 (IOgNn)V>XN" }’

k' <(log Ny 1)

Nd/a Nd/oz
W= U 0 oy 602 oy
" - 2B/a’ = 28/a |’
y,2€Bn, | \Bn, . y#z (log Ny+1) (log Np+1)
1 £(x) 1 -1
3. oL - '
i u { (log Np)¥ ) X(k) ( (logN,,)V) }

xeBy, | \Bn, k<(log Ny11)?

Note that, by (A.10), 3,enP(©CN,) < Yy 7 < Y pene " T < 00. By the Borel-Cantelli lemma, it suffices to

show that ZneN ]P’(W,Ei)) < oo fori =1,2,3 and it will follow that )7,1 holds eventually P-a.s., that is what we want
to prove.

Let us consider W,gl). By (A.1) we have IP’(XI(\],‘H) >(1- 8)X1(\],()) < cke for some constant ¢ > 0. Recalling that
N, =¢", for large n we have

Ldog Nt1)? ] i | ©
o) + _
P)= 2 P<X N, (1 <logNn)V>XN">

k=1

| L(log Nyy1)? ]

<c———
~ (logNp)Y

- ,(log N,y 11)?P - ¢’

(log Ny  — nrr—=28) (A.11)

k=1
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for suitable ¢, ¢ > 0. It follows that 3°, .y POV") < oo provided r(y —28) > 1.
Next we consider W,gz). Observe that there exist constants ¢, ¢’ > 0 such that

N d
IBN,11 \ BN, | < ¢c(Npt1 — Np) (NP < o L) (A.12)

nl-r

because Ny41 — N, = etV | — [&" | =" rn" (1 4+ 0(1)) as n — oo. Recalling that P(& (x) > 1) <t~ by (1.2),
for a suitable ¢” > 0 we can write

Nd/ot 2
PPy < Y P(S(y)>7(lo N )m>
¥,2€BN, |1 \BN, . y#2 & Nnt1

N2 (N (Gog N ) ¥ "
= (C) n2(1=r) (N)* =¢ n2(=r) = p2—@p+2)r-

Therefore ), . IP)(W,(,Z)) < oo provided 2 — (48 +2)r > 1.
1

We finally focus on W,(,3). Note that by (1.2) for all # > 1 and & < 5 we can write

(1—e)" ¢
IP’((] o<t _g —8)1) =/ * 45 < cat% (A.13)
(

t ey slt@

for some universal constant ¢ > 0. Note that £(x) is independent of X /(\];Z if x ¢ By, . If we are on the event Ccn, cf.
(A.10), X3 > (N,)¥*/(log N)*/* for k < (log N,,)? , hence

1 1 - 1 log N,,)“
P1—7<@< 1 — C ) <ca (log n)
(log Nyn)Y X%‘) (log Nyp)Y " (log N,))Y  (Np)4
Recalling (A.10), it follows that

1
PWY) <PCy,) +PWP.CY, ) < — + (log Nus )P B, | - cat

=~ N
(] 1
=\ or T o= p

for a suitable constant ¢’ > 0. If r(y —a — B) > 1 we then have ), IP’(W,?)) < 00.
The proof is completed observing that the three relations we have found, namely

(log N,)*—Y
(Np)?

riy —28)>1, 2—@Ap+2)r>1, ry —a—p)>1,

can be satisfied at the same time. In fact, for any fixed 8, we can choose r € (0, 1) small enough such that the second
relation holds (e.g. 7 := (48 + 3)~!) and then choose y > 0 large enough so that the first and the third relations are
satisfied (e.g. y := 68 + a + 3).

Appendix B: Order statistics for the modifed field
B.1. Proof of Lemma 2.4

We are going to prove the following stronger result.
Lemma B.1. Forallk >2 and § € (0, 1) one has

P(zE =1 -6)ZzP)<(1—1 -8 (B.1)
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Proof. We set L4 :=sup,.4 ¥n(x) (recall (2.6)) and A€ := By \ A for short. We also set ¢n (x) := (1 — Ed ), SO

N+
that ¥y (x) = on (x)€(x). Summing over the location of the set A = {ZI(\}), e, Z](\];_l)}, so that Z](\],C) = L zc, we can
write
P(zy =(1-85z)= Y PUzy.....zy V) =A L= (1 -9)ZY)
ACBy,|Al=k~1
= Z P(Lac < ¥n(x) <(1=8)""Lac,Vx € A)
ACBy,|A|l=k—1
o 1 o
- ¥ ]P’((l —5)“<¢N(x)) < < (‘pN(x)) Vxe A). (B.2)
L ye §(x)* L ge

ACBy,|Al=k—1

It follows from (1.2) that the variable 1/£(x)% is uniformly distributed on the interval (0, 1), that is, its distribution
function equals J (x) := (x A 1)1(0,00)(x), hence

IP<(1 —8)%Y < E()lc)“ < t“) =J(t%) = J((1 = 8“1*).

One checks easily that J((1 — §)*t%) > (1 — §)*J(t¥) for all § € (0, 1) and ¢ > O (the inequality is strict for ¢ > 1),
therefore

k avk—1 o (x)%
P(zY = (1-8)Z0) = (1-(1-8)) > E[gf<(LAc)a )} ®3)

ACBy,|Al=k—1

Setting 6 = 1 in (B.2) we see that the sum in the right hand side of the last equation equals one, and the proof is
completed. (]

Remark B.2. One can refine the proof of Lemma B.1 to show that
P(z¥ > 1-8)ZP) > (1 — Cre V) (1 = (1 —8)*)"

for suitable constants cy, Cy € (0,00) and for large N. In fact, restricting the expectations in (B.2) to the event
{Zl(\lf) > 1}, one has ¢y (x)/L soc <1 and therefore (B.3) becomes

P(ZI(\]/() >(1- S)ZI(\})’ Zg\l,c) > 1) = (1 —(1— S)a)k—lp(zx() - 1)'
It then remains to check that IP’(ZI(\]]‘) > 1) < Crexp(—cx N?), which can be easily done by direct computation.
B.2. Proof of Lemma 2.3

As already remarked, only the first inequality in (2.7) needs to be proved, because Zﬁ) < Zf\}) <X 5\}) (recall (2.2)).
We start with an auxiliary lemma.

Lemma B.3. There exist constants c1, cp such that for all N e Nandt >0
P(Z < N¥t) < cre /. (B.4)
Proof. Setting Oy :=sup,cg,\(y} ¥~ (y) for short, we can write

B(zy < NUet)= 3 B0y < NV1.£() > 0)

xEBN

I
™

==
oy
><QQ| I

v

1 1 1 1
N’ g(x)e < 0_g> = Z E<0_g1{]/0)‘§‘21/(1v‘11“)})’

xEBN
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because 1/£(x)* is uniformly distributed on the interval (0, 1), as it follows from (1.2). We then apply the basic
formula E(Z1{z54)) = aP(Z > a) + [;°P(Z > 5)ds, getting

1 1 1 1 © 1 u
PZ(2)<Nd/al < — E —P| — > / P<—>— du .
( N — )— Nd 1o 02{ - thot + o O? - Nd u

)CEBN

We now claim that there exists ¢ > 0 such that forall N e N, x € By and u > 0
1 u _
Pl —>— ) <e . (B.5)
X

Since |By| < C N? for some constants C, we get

—a 1% C

C —a o <«f(C C
P(Z$ < N < O C/ e “du<e™ <— + —).
1

Since the function 7 > t~%e~(1/2¢"% is bounded on R, it follows that (B.4) holds true with ¢; := %c and for ¢
large enough.
It remains to prove (B.5), for which we can write

L _wy_ 1 (1 — |z /(N + 1)*
P<O_g - W> N zell—[\{x}lp<g(z)a - N4 14)

ceolts 3 ()

zeBy\{x}

because P(1/£(z)* > a)=1—a <e™“ for a € [0, 1] (recall (1.2)). By a Riemann sum approximation, as N — 0o
one has

1 |z )a /
~d 1- — (I —1yh*dy € (0, 00),
> ( N+1 yi<t

z€Bn\{x}

from which it follows that (B.5) holds true for some ¢ > 0. U

Proof of Lemma 2.3. Thanks to the inequality (B.4), the proof is identical to that of the lower bound in (2.2), cf.
Appendix A.2. More precisely, one first shows, through a standard Borel-Cantelli argument, that the first inequality
in (2.7) (with & replaces by &/2, say) holds along the subsequence N := 2¥; the extension to all values of N then

follows easily, because Zz(\?) is increasing in N. We omit the details for conciseness. ([
B.3. Further results

It may be useful to observe that if zg\}zr | F ZE\}) then

<l = o] and (L) > &) (B.6)

In fact, when zg\})ﬂ #* zg\}) we have by definition

Zy =9n () > n (i) Ivney) < v (i) = 20 (B.7)

from which we obtain, recalling the definition (2.6) of ¥y,

1 1
1201EE)

_ ey lE G
(N+1(N+2)

= 1'yN+l(Z§\17)) - I/fN(Zg\})) < VIN‘H(Zg\]/l-l) - wN(Zg\]]:_l) - (N+ 1)(N+2)’
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hence Iz(l) |& (z(l)) < Izg\})+1 |& (lel ). This shows that at least one of the two inequalities in (B.6) must hold. Two cases

remain that need to be excluded:

o if |20 1 <12l and £ ) > £G), then

2y B
et = (1= 2ot ) > (1= B e~y =240

which is absurd, because Z](\}) is by definition the maximum of ¥ y;
e analogously, if |zN+1| > |z(l)| and 5(15\2_1) < E(z(l)) then

lzh | |
2=t = (1 2 )eet ) < (1 2 et = a9

which is again absurd, because Z ) N1 1s by definition the maximum of Yy 1.

Next we show that a statement analogous to (2.9) for the gap Z ), @ —Zy @ does not hold. Let us fix any N for which
(1) #* A (note that there are almost surely 1nﬁn1tely many such values of N, otherwise Zy O =vYy (z(l)) would

N+1
be eventually constant). We set x := z( ) and yi= z for short. Then Z( ) = ¢¥n(x) and Z( ) > ¥y (y), hence,

recalling (2.6),

1
Z9 =73 <y — vy () = Nl ((N+1)(5(x) E() + 1yIE() — IxIE())

1 - E(y) —&(x)
N1 (( +2)(E@) —E) + yIEQD) — Ix[EX)) + 1
_N+2 §(y) —&(x)
=¥l —— (Y () =¥y O)) + TN 1
By construction y = z(f and y # x, therefore ¢ (y) = J ) > Y541 (x). Recalling (2.2), we infer that eventu-
ally P-a.s.
E(Z(l) ) — %'(Z(—l)) X(l)
O _ 50 N+1 N N+l dja—1 1fate
ZN ZN < N1 N+1 <N (logN) (B.3)

We stress that this bound differs from the one in (2.9) almost by a factor N ~1_ It turns out that the bound (B.8) is
quite sharp (up to logarithmic corrections): in fact, by the first bound in (2.8), (2.7) and a Borel-Cantelli argument, it
follows that for every ¢ > 0, eventually P-almost surely,

Z(l) Nd/ot 1

(D @ S
zZy —Z B.9
N N = N(lOgN)H'S/z = (IOgN)H'E (B.9)
This implies in particular that N (ZI(\}) - Z;&)) — +00, P-almost surely.

References

[1]1 A. Auffinger and O. Louidor. Directed polymers in random environment with heavy tails. Comm. Pure Appl. Math. 64 (2010) 183-204.
MR2766526

[2] P. Carmona and Y. Hu. On the partition function of a directed polymer in a Gaussian random environment. Probab. Theory Related Fields
124 (2002) 431-457. MR1939654

[3] F. Comets, T. Shiga and N. Yoshida. Probabilistic analysis of directed polymers in a random environment: a review. In Stochastic Analysis on
Large Scale Interacting Systems 115-142. Adv. Stud. Pure Math. 39. Math. Soc. Japan, Tokyo, 2004. MR2073332


http://www.ams.org/mathscinet-getitem?mr=2766526
http://www.ams.org/mathscinet-getitem?mr=1939654
http://www.ams.org/mathscinet-getitem?mr=2073332

1080

[4]
[5]

[6

[7

[8

[9

1

1

=

—

F. Caravenna, P. Carmona and N. Pétrélis

J. Gértner and W. Konig. The parabolic Anderson model. In Interacting Stochastic Systems 153—179. Springer, Berlin, 2005. MR2118574

J. Girtner and S. A. Molchanov. Parabolic problems for the Anderson model. I. Intermittency and related topics. Comm. Math. Phys. 132
(1990) 613-655. MR1069840

R. van der Hofstad, W. Konig and P. Morters. The universality classes in the parabolic Anderson model. Comm. Math. Phys. 267 (2006)
307-353. MR2249772

D. Ioffe and Y. Velenik. Stretched polymers in random environment. In Probability in Complex Physical Systems, in honour of E. Bolthausen
and J. Gdrtner 339-369. J.-D. Deuschel et al. (Eds). Springer Proceedings in Mathematics 11. Springer, Berlin, 2012. Available at
arXiv.org:1011.0266 [math.PR].

W. Konig, H. Lacoin, P. Morters and N. Sidorova. A two cities theorem for the parabolic Anderson model. Ann. Probab. 37 (2009) 347-392.
MR2489168

H. Lacoin. New bounds for the free energy of directed polymers in dimension 1 + 1 and 1 + 2. Comm. Math. Phys. 294 (2010) 471-503.
MR2579463


http://www.ams.org/mathscinet-getitem?mr=2118574
http://www.ams.org/mathscinet-getitem?mr=1069840
http://www.ams.org/mathscinet-getitem?mr=2249772
http://arxiv.org/abs/1011.0266
http://www.ams.org/mathscinet-getitem?mr=2489168
http://www.ams.org/mathscinet-getitem?mr=2579463

	Introduction and results
	The random walk
	The random potential
	The model
	The main results
	Further path properties
	Organization of the paper

	Asymptotic estimates for the environment
	Order statistics for the field
	Order statistics for the modified field

	Almost sure localization at two points
	Prelude
	Proof of (1.14)
	Proof of (1.15)

	Almost sure localization at one point
	Step 1
	Step 2
	Proof of (1.12)

	Proof of Proposition 1.6
	Path properties
	Step 1: proof of (6.2)
	Step 2: proof of (6.3)

	Appendix A: Order statistics for the field
	Basic estimates
	Proof of Lemma 2.1
	Proof of Proposition 2.2

	Appendix B: Order statistics for the modifed field
	Proof of Lemma 2.4
	Proof of Lemma 2.3
	Further results

	References

