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Abstract. For a set A C C[0, 00), we give new results on the growth of the number of particles in a branching Brownian motion
whose paths fall within A. We show that it is possible to work without rescaling the paths. We give large deviations probabilities
as well as a more sophisticated proof of a result on growth in the number of particles along certain sets of paths. Our results reveal
that the number of particles can oscillate dramatically. We also obtain new results on the number of particles near the frontier of
the model. The methods used are entirely probabilistic.

Résumé. Considérons un mouvement Brownien branchant. Nous nous intéressons au nombre de particules dont le chemin reste
dans un ensemble fixé A C C[0, oo). Nous montrons qu’il n’est pas nécessaire de renormaliser les chemins. Nous donnons les
probabilités de grandes déviations, ainsi qu’une preuve plus sophistiquée pour un résultat concernant la croissance du nombre de
particules dans certains ensembles. Nos résultats démontrent que ce nombre de particules peut fortement osciller. Nous obtenons
aussi des résultats nouveaux concernant le nombre de particules proches de la frontiere du systeme. Nos méthodes sont purement
probabilistes.

MSC: 60J80

Keywords: Branching Brownian motion; Large deviations; Survival probability; Law of large numbers

1. Introduction

One of the most natural questions to ask about branching Brownian motion (BBM) concerns the position of the
extremal particle — the particle with maximal position at each time ¢ > 0. It is well-known that its speed — its position
divided by time — converges almost surely to /27 as t — 0o, where r is the branching rate of the system. In fact, far
more precise results are available, such as that given by Bramson [1] via some powerful and explicit analysis of the
Brownian bridge.

Once we know the speed of the extremal particle at large times 7, we might ask about its history: have its ancestors
stayed close to the critical speed throughout, or have they hovered around in the mass of particles near the origin and
made a late dash as we get close to time ¢? One way of interpreting this question is to consider branching Brownian
motion with absorption. One imagines an absorbing line L(#) = —x + yt where y is a constant close to the critical
value +/2r, such that whenever a particle hits the line L(r) it disappears and is removed from the system. Are there
any particles still present at large times? If so then we may consider them to have stayed “close” to the extremal edge
of the system.

This model for BBM with killing on the line was studied by Kesten [10], who discovered asymptotics for extinction
probabilities and numbers of particles in intervals of the area above the absorbing line. To choose two examples of
particular interest, Kesten shows that if < +/2r then there is strictly positive probability that N (r) never becomes
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empty; and that in the critical case y = +/2r, the probability that there is at least one particle present at time ¢
is approximately exp(—kz'/3) for some positive constant k. Thus it is possible for particles to stay above the line
I'(t) = —x + yt for all time whenever y < ~/2r, and that this is not the case when y = +/2r. Our next question might
be: can particles stay within ¢# (plus a constant, say) of the critical line for 8 € (0, 1)? Indeed, we could also attempt
to generalise by moving away from the critical line — given a path f: [0, co) — R, are there particles that stay close
to f and, if so, how close? Such questions provide motivation for this article.

The classical scaled path properties of branching Brownian motion (BBM) have now been well-studied: for ex-
ample, see Lee [13] and Hardy and Harris [3] for large deviation results on “difficult” paths which have a small
probability of any particle following them, and Git [2] and Harris and Roberts [6] for the almost sure growth rate of
the number of particles near “easy” paths along which we see exponential growth in the number of particles. To give
these results, the paths of a BBM are rescaled onto the interval [0, 1], echoing the approach of Schilder’s theorem for
a single Brownian motion.

In this article, as suggested above, we consider a problem similar in theme, but from a more naive viewpoint.
We are given a fixed set of paths A C C[0, 00) and we want to know how many particles in a BBM have paths
within this set A. Similar problems in the case of a single Brownian motion have been considered by Kesten [10] and
Novikov [17]. The simplest case is to consider the ball B(f, L) of fixed width L > 0 about a single continuous path
f:10, 00) — R, (we will, however, consider more general sets of paths). Clearly there is a positive probability that no
particle will stay within this fixed “tube” — indeed, the very first particle could wander away from f before it has the
chance to give birth to another — and in this event we say that the process becomes extinct.

The intuition is that the growth of the population due to branching is in constant competition with the “deaths” due
to particles failing to follow the function f. Thus a natural condition arises: if the gradient of f is too large, then the
process eventually dies out almost surely and we may ask for the large deviation probabilities of survival up to large
times; otherwise, if the gradient of f remains sufficiently small, then we may condition on non-extinction and give an
almost sure result on the number of particles along the path.

One payoff for our less classical approach is that we immediately see a dramatic oscillation in the number of
particles along certain paths. This unusual behaviour (not seen in the existing literature) has a simple explanation
which we demonstrate via some illuminating examples in Section 3.

In our proofs, we take advantage of spine techniques to interpret the change of measure given by a carefully chosen
martingale. The spine tools give us an intuitive probabilistic handle on the problem, without which we would certainly
need substantial extra technical work in several areas. Our particular change of measure involves forcing one particle
(the spine) to stay within a tube of varying radius L(¢), t > 0 about a function f. This change of measure is the result
of a new martingale which we develop in Section 4. We then use the spine decomposition first introduced by Lyons et
al. [15], which allows us to bound the growth of the system by looking at the births along the spine.

Even with the spine theory the problem retains significant difficulty inherent in its time-inhomogeneity. This fact
is underlined by the observation that even in the case A = B(f, L) we are essentially considering a one-dimensional
branching diffusion with time-dependent drift, and asking how many particles remain within a bounded domain about
the origin. It turns out that the main difficulty is in showing that extinction of the process coincides (to within a null set)
with the event that the limit of our martingale is zero. Standard tools — analytic or probabilistic — cannot be applied;
instead we proceed by our own methods in Section 6, using in particular an identity from Harris and Roberts [7].

For simplicity, we consider only standard one-dimensional binary branching Brownian motion, but we note that our
work could be extended to a wide range of other branching diffusions. In particular the spine methods are well-suited
to the situation where each particle gives birth to a random number of new particles, and methods similar to those
used in the original papers of Lyons et al. [11,14,15] could be used to extend our result.

Our main theorem concerns only sets of paths away from criticality. However, by adapting the methods from the
proof of this theorem, we are able to obtain new results on the number of particles near the extremes of the system
(see Theorems 2.3 and 2.4). These results answer the questions raised in the above discussion and, as was mentioned
there, should be compared to the work of Bramson [1] on the position of the right-most particle, and of Kesten [10]
and other authors on BBM with absorption.
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2. Main results
2.1. Initial definitions

We consider a branching Brownian motion starting with one particle at the origin, whereby each particle moves
independently and undergoes independent dyadic branching at exponential rate r > 0. We let the set of particles alive
at time ¢ be N (t), and for each particle u € N (¢) denote its position at time ¢ by X, (¢#). We extend this notion of a
particle’s position to include the positions of its ancestors; that is, if u € N (¢) has ancestor v € N(s) for some s < 1,
then we set X, (s) := X, (s). This setup will be given in more detail in Section 4.

Fix a continuous function f:[0, c0) — R, and another L :[0, c0) — (0, 00). If f and L are twice continuously
differentiable then we define

t l 1 t
E(t) :=|f’(t)|L(t)+/0 |f”(s)|L(s)ds+§|L’(t)|L(t)+§/(; |L"(s)|L(s)ds

and

simtimint s [ (r= 3767 il s @
=hmint e ) srer Y ) & '

We say that the pair (f, L) satisfies the usual conditions if:
@ f(0)=0;

(II) f and L are twice continuously differentiable;
) lim;— o E(t)/t =0;
Iv) S e (—o0, 00).

We assume throughout this article that, unless otherwise stated, these conditions hold. We consider initially the class
of sets of the form

B(f.L):={g e C[0,00): |g(t) — f(1)| < L(t) V1 €[0, 00)}

such that f and L satisfy the usual conditions. After we obtain our results we will be able to extend them in a natural
way to cover more general subsets of C[0, co) — see Section 7 — but for now these conditions will allow us to apply
integration by parts theorems without any complications. Although condition (III) may appear unnatural, there are
clear reasons behind it, some of which are demonstrated via example in Section 7. There are also similar conditions
in the work on a single Brownian motion by Kesten [10] and Novikov [17].

Define

N@) :={ueN@®): |Xuls) = f(5)| < L(s) Vs <1},

the set of particles that have stayed within distance L of the function f for all times s <. We wish to study the
number of particles in N (¢) at large times. Let

T :=inf{t > 0: N(t) = 2}.

We call T the extinction time for the process, and say that the process has become extinct by time ¢ if T <t. When
we talk about survival or non-extinction, we mean the event 7~ = 0o.

2.2. The non-critical case, S # 0

We now state our main result in the non-critical case when S # 0. Most of this article will be concerned with proving
this theorem.
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Theorem 2.1. If S <0, then T < 00 almost surely and

logP(N (1) # @) N
infy<; fo (r — f/(u)?/2 — 72 /(8L (u)?) + L' (u) /(2L (u))) du

On the other hand, if S > 0, then P(T = o0) > 0 and almost surely on survival we have

log| N (1)] R
Jor = £1(5)2/2 = x2/(8L(s)) + L'(s)/(2L(s))) ds

As mentioned earlier, this theorem can be extended to cover more general sets, and we give results in this direction
in Section 7. The behaviour at criticality (S = 0) depends on the finer behaviour of f and L, but we are able to
give some results in particular important cases in Section 2.3 below. We note the following corollary, which is easily
deduced from Theorem 2.1.

Corollary 2.2. If S > 0, then almost surely on survival we have

lims 110 |1\7(t)| lims lft i 1f/( )%+ Ll(s))d
up — = limsup — r————=f(s —— ) ds
t%oopt g t%oopt 0 8L(S)2 2 2L(s)

and

Fls)™+

e EOa
8L(s)2 2 2L(s)

1 . 1 [t
liminf—log|N(t)|:liminf—/ <r
t—oo t—o0 t 0

This possibility of dramatic oscillation in the number of particles at large times is not usually seen in the branching
processes literature. Example 5, in Section 3 below, helps to show why it occurs in our situation.

2.3. The critical case, S =0

At least one obvious question immediately arises: what happens when S = 0? This is an interesting but delicate matter:
one must look at the finer behaviour of

t 2 ’
[(r=3707 - gl + 3 )
0 2 8L(s)2  2L(s)
Our methods, as they stand, are not always sharp enough to say what will happen, and we are unable to provide
a complete theory as we must adapt carefully to the set in question. There are several situations, however, where
something can be done. We are able to give results on the behaviour near the critical line +/2r¢ in Theorems 2.3
and 2.4 below. Proofs of these two theorems will be given in Section 8, as adaptations of our main proof, that of

Theorem 2.1.
Fixa >0,8€(0,1)and y > 0, and for ¢ > 0 let

fO=a+~2rt—a@+ 1P and L) =y +1P.
Theorem 2.3. If 8 < 1/3 then we have P(Y = 00) =0, and

log P(N (1) # @) L 72
t1=2p 8y2(1—-28)

If B > 1/3, we have P(T = 00) > 0, and almost surely on survival

log [N (1)

7 — (@ +y)V2r.
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It is well-known that the asymptotic speed of the right-most particle in a BBM is +/2r. The theorem above concerns
asking particles to stay close to this critical line forever: for example, we might ask particles to be in (v/2rf —
2atB,\/2rt) for all times t > 0. If B > 1/3 then particles manage this with positive probability; if g < 1/3 then
they do not. What if 8 = 1/3? Intuitively this question is “even more critical” than the previous theorem. Indeed, our
methods are not able to give a full answer, but they can identify regimes where each behaviour (growth or death) is
observed.

Theorem 2.4. Consider the case B = 1/3. Let

322 \1/3 32 \ /3
= and = — .
Yo (8«/ 2r> n (4V Zr)

3n? — —0- i
Ify <y anda < 8y2@—y,thenP(T—oo)—O, in fact

log P(N (1) # @ — 37 —
t—00 t1/3 8y2

and

logP(N (1) # @ 32
limsupw §a\/2r—i2+)/v2r.
t—00 tl/ 8y

372

On the other hand, if y > y1 and o > 3y1 /2, orif y <yranda >y + 82V then P(T = 00) > 0 and almost surely

on survival

. log|N()] — 37’ —

and

A

log | N (t 3n?
limsupM<ow2r—8—n2+yv2r.
14

t—00 t1/3 -

Theorems 2.3 and 2.4 should be compared with what is currently known about the right-most particle, for example
the work of Bramson [1] and Lalley and Sellke [12], results on branching Brownian motion with killing, for example
Kesten [10], and work on the branching random walk, for example Hu and Shi [8] and Jaffuel [9]. The recent article
by Jaffuel [9], in particular, gives results similar to our Theorems 2.3 and 2.4.

3. Examples

We now consider some very simple examples to give the reader a flavour of the implications of Theorem 2.1. More
complex examples will be given in Sections 7 and 8 in order to explore the limits of our method.

Example 1. Take f(t) = At with L € R and L(t) = L > 0. We have a growth rate of r — )‘2—2 - %

non-zero): if this constant is negative, then

(provided this is

LiogP(W (1) # 2) v
—1lo — - - —
r o8 2 812
and if it is positive then there is a positive probability of survival, and almost surely on that event

—lo —r—— = .
;08 2 8I2
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Thus taking a fixed L introduces an extra “killing” rate of % to the system compared to the scaled results of
[2,3,6,13].

Example 2. Again take f(t) = At with A € R\ {~/2r} but now let L be any unbounded monotone non-decreasing
function such that ( f, L) satisfies the usual conditions (for example L(t) = (¢t + 1)# with Be€(0,1)or L(t) =log(t +

2)). Then we have a growth rate of r — %: thus while constant L severely restricts the growth of the system, as soon
as we relax L slightly we regain the full growth behaviour seen in [2,3,6,13].

Example 3. Let f(t) = +/2rt and L(t) = L > 0. Then we have extinction almost surely — and the same applies to
any f such that t=! fot f/(s)*>ds — 2r when we take fixed L. We note that Theorems 2.3 and 2.4 provide much more
interesting results in the same area.

Example 4. Let f(t) = A(t + 1)sin(log(t + 1)) and L(t) = L. By simply working out the integrals in Corollary 2.2
we see that if v is large enough then, on survival, the number of particles alive at time t oscillates with

2 2 (f5+1)

o] .\
hlgggf?log|N(t)| =gz~ A\ 2

and

1 A 72 22 «/5 —1
li —logINt)|=r — — — — — ).
ltrn—>sooup t Og| ( )| ' 8L2 \/§< 2 >

(Note the appearance of the golden ratio.)

The reason for this oscillation on the exponential scale becomes clearer when we consider the following simpler,
but perhaps less natural, example.

Example 5. Define a continuous function f :[0, 00) — R by setting f(t) =0 fort € [0, 1] and

) = 0 if 22k <t <22K*1 for some k€{0,1,2,...},
U if 259 <1 < 2% forsome ke (0,1,2,...).

2

Then, provided that r > % + gz on non-extinction we have
1 A b4 1
liminf — log|N(t)|=r — —= — =
P t g| ( )| g 8L2 3
and
limsup ~ log| ¥ ()| LA
imsup — lo =r———-.
t_>oop t g 8L2 6

The idea here is that the number of particles grows quickly when f'(t) = 0, but much more slowly when f'(t) =1 as
the steep gradient means that particles have to struggle to follow the path for a long time. As the size of the intervals
[27, 2" grows exponentially, the behaviour of the number of particles at time t is dominated by the behaviour on
the most recent such interval. [We note that this choice of f is not twice differentiable; however, it can be uniformly
approximated by twice differentiable functions, and it is easily checked that our results still hold — see Section 7.]

4. The spine setup

Consider a dyadic one-dimensional branching Brownian motion, branching at rate r, with associated probability
measure P under which:
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e we begin with a root particle, &, at 0;
e if a particle u is in the tree then all its ancestors are also in the tree (if v is an ancestor of u then we write v < u);
e cach particle u has a lifetime o,, which is exponentially distributed with parameter », and a fission time S, =

Zv<u Ov;

° eacﬁparticle u has a position X, (t) € R at each time 7 € [S, — 0y, S,);

o at the fission time S, u has disappeared and been replaced by two children ©#0 and u1, which inherit the position
of their parent;

e given its birth time and position, each particle u, while alive, moves according to a standard Brownian motion
started from X, (S, — 0,,) independently of all other particles.

For convenience, we extend the position of a particle u to all times ¢ € [0, S,,), to include the paths of all its ancestors:
X, (t):=X,(t) ifv<wuand Sy —o, <t <S,.
We recall that we defined N (¢) to be the set of particles alive at time ¢,
N(1) :=A{u: Sy —oy <t < Sy},
and also that
N@) :={ueN@®): |Xu(s) — f(5)| < L(s) Vs <t}.
We choose from our BBM one distinguished line of descent or spine — that is, a subset £ of the tree such that

& N N (t) contains exactly one particle for each ¢ and if u € £ and v < u then v € £. We make this choice as follows:

e the initial particle & is in the spine;
e at the fission time of node u in the spine, the new spine particle is chosen uniformly at random from the two children
u0 and ul of u.

We denote the position of the spine particle at time ¢ by &;; however we may also occasionally use &; to refer to the
spine particle itself (that is, the node of the tree that is in the spine at time ¢) — it should be clear from the context
which meaning is intended. We call the resulting probability measure (on the space of marked trees with spines) P.
We also consider the translated probability measures P, and P, for x € R, where under P, and P, we start with a
single particle at x instead of 0.

4.1. Filtrations

We use three different filtrations, ;, F; and G;, to encapsulate different amounts of information. We give descriptions
of these filtrations here, but the reader is referred to Hardy and Harris [4] for the full definitions.

e F; contains all the information about the marked tree up to time ¢. However, it does not know which particle is the
spine at any point.

e F; contains all the information about both the marked tree and the spine up to time ¢.

e G, contains just the spatial information about the spine up to time #; it does not know anything about the rest of the
tree.

We note that F; C f, and G; C f,, and also that ]f”x is an extension of P, in that P, = If”x |Fy-
4.2. Martingales and a change of measure

Under I@’, the path of the spine (&, ¢ > 0) is a standard Brownian motion. Set

! / 1 ! / 2 ! T[2
G() ::exp(/o f(s)dés—ifo f(s) ds~|—/0 st)

L' (1) 2 T/ L"(s) 2 L(s)
GXP(zL(t)(Sz—f(t)) _ /O <2L(S)(§s—f(S)) +2L(S))ds).
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We claim that the process

b
V(i) =G(@1) COS(ZL(t)

is a G;-local martingale.

Lemma 4.1. Let

L'(t)

t 3-[2
F@):= exp(/o SLG)2 ds +

The process

U(t):=F(t) cos( 6 )
2L(1)

is a G;-local martingale.

Proof. By Itd’s formula,

2L(t)

£?

t L//(s) 5 L/(S)
_/0 <2L<s)§? LG
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(& - f(t))), t>0

dU(t)—SL;)2 F(t)co (%)dt

" (éLZ; B 2LL((tr)>22)éz ro COS(ﬁr)) &
- (zz% + ) P37 ) o
+Sraperosn(5 ) o

T oe(sie )

- T F(t)sin( méi ) de,

2L(t) 2L(1)

<2LL(<?> - 2LL(<?>225) (o (232 >) @
B 8Ln(2r>2 £ COS(E%) a

_MO p sin( s

2L(1)2

2L(1)

)

Lemma 4.2. The process V (t), t > 0 is a G;-local martingale.

)

Proof. Again applying It6’s formula does the trick — or one may simply apply Girsanov’s theorem in series with

Lemma 4.1.

By stopping the process V (¢) at the first exit time of the spine particle from the tube {(x, #):

we obtain also that

() :i= V(@)L r(s)—|<L(s) Vs<t)

O

|f (@) —x[ < L(n)},
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is a G;-local martingale, and in fact since its size is constrained it is easily seen to be a G,-martingale. We call this
martingale ¢ the single-particle martingale.

Definition 4.1. We define an ﬁ,—adapted martingale by
$0)=2"C0 x e x (),

where n(&€,t) := |{v: v < §&}| is the generation of the spine at time t. The proof that this process is an f,-martingale
can be found in [4].
We note that if f is an F;-measurable function then we can write:

FO =" fu®Lig=u). 4.1

ueN;

where each f, is F;-measurable — intuitively, if f is in fact G,-measurable, one replaces every appearance of & with
X, (t): so for example

! , 1 ! /2 ' T[2
G, (@) :=exp(/(; f(s)qu(s)—E/(; f(s) ds—i—/o st)

L'(?) 5 t L"(s) ) L(s)
exp<2L(t) (Xu(l) - f(t)) _/0 (2L(S) (Xu(s) - f(S)) + 2L(S)> dS)

It is also shown in [4] that if we define

Z@):= Y e o, 4.2)

UEN (1)

where ¢, is the F;-adapted process defined via the representation of ¢ as in (4.1), then
Z() = B[E (01 F]

and hence that Z is an F;-martingale. This martingale is the main object of interest in this article.
Definition 4.2. We define a new measure, Qx. via
dQx
dP,

_tw
7 L)

Also, for convenience, define Qy to be the projection of the measure Q onto Fao; then

Q. _zo
dPy | Z(0)

Lemma 4.3. Under @x,

e when at position y at time t the spine £ moves as a Brownian motion with drift

, L'(t) 5| 51 .
R O tan(ZL (o f(t))>,

e the fission times along the spine occur at an accelerated rate 2r;
e at the fission time of node v on the spine, the single spine particle is replaced by two children, and the new spine
particle is chosen uniformly from the two children;
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e the remaining child gives rise to an independent subtree, which is not part of the spine and which (along with its
descendants) draws out a marked tree determined by an independent copy of the original measure P shifted to its
position and time of birth.

This, again, was covered in [4]. We also use that, under @x, the spine remains within distance L(z) of f(¢) for all
times ¢ > 0. To see this explicitly, note that

) ) i 10
Qc(& ¢ N(@)) =Py [ﬂ{gtgﬁ(t)}%] =0

by definition of (7). All other particles, once born, move like independent standard Brownian motions but — as under
P, — we imagine them being “killed” instantly upon leaving the tube of radius L about f. In reality they are still
present in the system, but make no contribution to Z once they have left the tube.

Remark 4.1. Note that N, and hence Z, Q and various other of our constructions, depend upon the choice of function
f and radius L. Usually these will be implicit, but occasionally we shall write N''L, ZHL and QFL (and so on) to
emphasise the choice of f and L in use at the time.

4.3. Spine tools

We now state the spine decomposition theorem, which will be a vital tool in our investigation. It allows us to relate the
growth of the whole process to just the behaviour along the spine. For a proof (of a more general version) the reader
is again referred to [4].

Theorem 4.4 (Spine decomposition). We have the following decomposition of Z:
t
[2010] = [ 2re 05 ds +e7E0).
0

The spine decomposition is usually used in conjunction with a result like the following — a proof of a more general
form of this lemma can be found in [16].

Lemma 4.5. Let Z(oo) = limsup,_, o, Z(t). Then
QP & Z(w)<oo Qas. & Q=Z(o)P
and

QLP & Z(o)=o0o Q-as. & P[Z(0)]=0.

Another extremely useful spine tool is the many-to-one theorem. A much more general version of this theorem is
proved in [4], but the following version will be enough for our purposes.

Theorem 4.6 (Many-to-one). If f(t) is G,-measurable for each t > 0 with representation (4.1), then

P[ D <r)] =e"P[F(0)].

ueN (1)

We have one more lemma, a proof of which can be found in [7]. Although this result is extremely simple — and
essential to our study — we are not aware of its presence in the literature before [7].

Lemma 4.7. For any t € [0, co] (note that infinity is included here), we have

zo]

P.(Z(1) > 0) :QX[Z(I)
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5. Almost sure growth along paths
5.1. Controlling the measure change

Before applying the tools that we have developed, we need the following short lemma to keep the Girsanov part of
our change of measure under control.

Lemma 5.1. For any u € N (t), almost surely under both P, and (@x we have

t t t
‘ /0 £/(s)dXu(s) — /0 Fl©ds| < | f/OIL@) + | £/ (©O)]x + /0 | £ ()| L(s)ds

and hence under P

1 t , ) t 752 tL/(S)
exp(E/O f(s) ds—i—/o —8L(s)2 ds—/O 2L0) ds—E(t))
1 t , ) t T[2 t L/(S)
SGu(t)fexp<§/O f(s) ds+/(; SLG)? ds—/o SL0) ds—l—E(z)). 5.1

Proof. From the integration by parts formula for It6 calculus, we know that

t t
f/(t)Xu(t)=f/(0)Xu(0)+/0 f//(S)Xu(S)ds+/() f($)dXu(s).

From ordinary integration by parts,
t t
/o L) ds = £/ f(0) = f0) f(0) — /o f@)f"(s)ds.

We also note that if u € 1\7(t) then | X, (s) — f(s)| < L(s) for all s <¢. Thus

‘ / l F(s)dX,(s) — / t f'(s)*ds
0 0

t
F'OXu@®) = fO) = fO)(Xu(0) = £(0)) — /0 T ) (Xu(s) = f(5))ds

<|f®OIL®) +|f'0)|x +/o[ | f"($)IL(s)ds.
Plugging this estimate into the definition of G, (¢) gives the result. ]
We are now ready to prove our first real result.
Proposition 5.2. Recall the definitions of S and Z from (2.1) and (4.2) respectively. Recall also that we set
Z(00) :=limsup,_, o, Z(t). If S < 0, then the process almost surely becomes extinct in finite time (and hence we

have Z(00) = 0). In this case,

logP(N (1) # @)
- — 1
infg<; [ r — w2/(BLw)?) — f'(w)?/2+ L' (w)/(2L(w))) du

Alternatively, if S > 0 then P[Z(c0)] = 1.
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Proof. We first recall the spine decomposition and apply inequality (5.1):
Q[zangoo] = fot 2re” "¢ (s)ds +e7 "¢ (1)
< / t 2re— Jo = /BL@)— () /2+L'(w)/ QL)) du+E(s) g
0
4 e~ Jor=m? /L@ = ') /2+L' )/ QLw))) du+E (1)
If S > 0, then the integrand above is exponentially small for all large ¢ (as is the second term); so lim inf,_,OON(@[Z )|

Goo] < 00. It is easy to show that 1/Z is a positive (Q, F;)-supermartingale, and hence Z(¢) converges Q-almost
surely to some (possibly infinite) limit. Thus, applying Fatou’s lemma, we get

Q[Z(00)|Gso] < liminf Q[ Z(1)|Goo ] < o0.

We deduce that Z(oc0) < 00 @-almost surely, and Lemma 4.5 then gives that P[Z(c0)] = 1.
Alternatively, suppose that S < 0. Then by the above,

Q[Z(1)1Gn0] < @rt + De~ M=l (r=m?/BL)*)~ f'@)*/2+L )/ QLw))) du=E(s)}

Now, by the tower property of conditional expectation and Jensen’s inequality,

A~ 1 0 1
P(N(1) # @) =P(Z(1) > 0) = Q[z(x)} = Q[@[zang 1]'

This clearly implies that, for large ¢ (using that S < 0),
log P(N (1) # @)
infy<; [y (r — 72/ BLw)?) — f'(w)?/2+ L' (u)/(2L(w))) du

- infy<,{ o (r = 7%/ 8LW)?) — f'(w)?/2 + L'(w)/(2L(w))) du — E(s)} — log(2rt + 1)
infy<; fo r — 72/ @Lw)?) — f'(w)?/2 + L' (w)/ (2L (w))) du ’

and it is easy to see that the right-hand side converges to one as t — oo. This gives us the upper bound.
For the lower bound (still in the case S < 0), suppose for a moment that we may choose y > 1 such that

Lt 1, 5 72 L'(s)
liminf — r—=f(s) — + ds <O.
i—oo t Jo 2 8yL(s)2  2L(s)

We note that we may choose y in this way if fol 72 /8L(s)*ds (eventually) shows at most linear growth, which we
will check later. Supposing this holds, then

s<t

X X ZIrL(s) 1
. _ R o f"VL R
P(N® #0) = infP(N ) # 2) = irglp[zf,yL(s) ﬂ{NﬁL(s);éz}} = nfQ [Zf,yL(s) 1{Nf~L<s>¢z}}

1, -~
finf@f,yL[ Witero) }
=y el s)

veNTL(s) €

It N/ L) # & then there is at least one particle v in N/ L(s); we may then apply inequality (5.1) to {,‘f "VL(S) to see
that

A 1
P(N(t @) <inf v .
( 0 # ) T sst o= Jo =2/ By Lw)?)— [/ W)?/2+L () /2L (u)) du—y2E(s) cos(1t/2y)
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We repeat our calculations from the upper bound, taking logarithms and dividing by the desired denominator, to give
log P(N (1) # @)
infs<; fo (r = 72/ @L)?) — f'(u)?/2 + L'(w)/(2L(w))) du
_ infr(fo r = 72/ By2Lw)?) — f')?/2+ L'(w)/ QL)) du — y? E(s)} — logcos(/2y)
- infs<, [y (r — 72/ @Lw)?) — f')?/2 + L'(u)/2L(w))) du
(1 —1/y? sups; fo ©*/(BL(w)*) du + y? sup,; E(s) — logcos(m/2y)
infs<, [o (r — n2/BL)?) — f')?/2 4 L'(u)/2L(w))) du

> 1+

5.2)

for large ¢. Thus it remains to check that the right-hand side above has a limsup that is close to 1 when y is close to 1.
Again it is sufficient that fot 72/8L(s)*ds can (eventually) show at most linear growth, and we check that fact now.
This is rather fiddly and not interesting in the context of the rest of the proof. Suppose it is not true; that is, suppose

1 [t =
limsup—/ <75 ds =o00.
t—o0 [ 0 SL(S)
Then since § > —oo we must have
_ 1 [t/ =2 L'(s)
lim sup — — ds < o0. (5.3)
t—>o0 I Jo 8L(S)2 2L(S)
If we take 7, := inf{t > 0: [§ n2/8L(s)>ds > nt}, then
d/1 /f n? q
a\7 )y 8052 ®

so differentiating and rearranging we get

>0,
Tn

thTn nZTn

L(T,,)2 < T < .
8 f," m2/(8L(s)})ds  8n

Now, we note that fol i/((;)) ds =log L(t) —log L(0), so (5.3) implies that for all large ¢,

t 7[2 1
T ds<Ki+-logL(t
/08L(s)2s< T logl®

for some constant K. We have just shown that L(7},)> < 72T, /8n, so for all large 7,

/Tn Ll KT, + SlogT, + 11 n?
——ds < -1lo —log —
y 8L(s)2 nT ORI T 08

contradicting (for large n) the definition of T7;,.
We have shown that

1 w2
1imsup—/ ——ds < o0;
t—>o0 I Jo 8L(S)2

which allows us to make the limsup of (5.2) as close to 1 as we like by letting y | 1. This yields the lower bound,
which in particular implies (by monotonicity) that the probability of eventual extinction is equal to 1. |
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5.2. Almost sure growth

Having established, in Proposition 5.2, the large deviations behaviour of our model, we now turn to the question of
what happens when extinction does not occur. The two propositions in this section contain the meat of our results in
this direction. Proposition 5.3 gives a lower bound on the number of particles in N(t) for large ¢, and Proposition 5.4
an upper bound. The former holds only on the event that Z has a positive limit; as mentioned in the introduction, this
set coincides (up to a null event) with the event that no particle manages to follow within L of f, although we will
not prove this fact until Section 6. The proofs of our two propositions are very simple, but we stress again that this is
due to the careful choice of martingale.

Proposition 5.3. Let 2* be the set on which Z has a strictly positive limit,
2% .= 1liminf Z(¢) > O}.
—>00
If S > 0 then P-almost surely on 2* we have

liminf log [N (1)]
=00 [M(r — f1()2/2 = 72/ (8L(5)?) + L' (5)/(2L(s))) ds -

Proof. For any ¢ > 0, by inequality (5.1), almost surely under P
Z(1) = Z e 5, (1) < |N()|e” Jor=m2/BL())=f'(5)*/2+L'(5)/ QL)) ds +E(1)
ueN (@)
Hence (for large ¢, since S > 0)
log [N ()]
Jor = £/()2/2 = 72/ (8L(5)2) + L' (5)/(2L(s))) ds

g Z(0) + [y = £16)?/2 = 72/ BL(6)) + L'(5)/ QL)) ds — E(@).
- Jor = £()2/2 = n2/(8L(s)®) + L'(s)/(2L(s))) ds

Now, on £2* we have liminf,_, o Z(¢) > 0 and thus 8]—[ log Z(¢) has a non-negative liminf for any § > 0; then since
S > 0 we see that the right-hand side above has liminf at least 1. ]

Remark 5.1. Recall that under P, Z is a non-negative martingale, and hence liminf;_, oo Z(t) = Z(0c0) P-almost
surely. If S > 0, then by Proposition 5.2 P[Z(0c0)] = 1, so in this case §2* occurs with strictly positive probability.

Proposition 5.4. If' S > 0, then P-almost surely we have

i log|N (1)]
im sup <1
t—o0 [o(r— f/(5)2/2 = 72/ (8L(5)?) + L'(s)/(2L(s))) ds

Proof. Fix y > 1 and let ¢ = cos(m/2y). Since Z/7L is a non-negative martingale under P, we have Z/¥L (00) < 0o
P-almost surely. This implies that for any § > 0, almost surely

1

lim sup — log Z/7 (1) < 0.
11— 00 8

Now, almost surely under P,

zMim = Y eyt = Y e al o).

ueNFYL(t) ueN L)
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By the definition of ¢ above, for any u € NIL (t) the cosine term in §uf ‘VL(I) is at least ¢ (since the particle is within
L of f(¢) at time t). Applying inequality (5.1) we see that

2@y = |NPE| e Jor=n?/@y>L(s)") = f'(5)*/2+L'(5)/ L (5))) ds—y* E(1)

and hence
log |N (1)
Jor = £(5)2/2 — x2/(8L(s)) + L'(s)/(2L(s))) ds
log Z(t) —loge + [y (r — f'()%/2 — n2/By2L(s)?) + L'(5)/(2L(s))) ds + yzE(t)
Jor = £1()2/2 = 72/(8L(s)®) + L'(s)/(2L(s))) ds

As in Proposition 5.2, we can bound the growth of the fot % ds term in the numerator so that letting y | 1 we

2 L( )2
get the desired result. (]

Corollary 5.5. If S > 0, then P-almost surely on the event 2*,

log| N (1)] N
Jor =72t/ BL?) = [§ £/()2/2+ L'(5)/2L(s))) ds

Proof. Simply combine Propositions 5.3 and 5.4. (]

6. Showing that Z(co) = 0 agrees with extinction

We note that we have now established our main result except for one key point: our growth results have so far been on
the event {Z(0c0) > 0}, rather than the event of survival of the process, {7 = oo}. We turn now to showing that these
two events differ only on a set of zero probability.

The approach to proving this is often analytic: one shows that P(Z(oc0) > 0) and P(Y = oo) satisfy the same
differential equation with the same boundary conditions, and then shows that any such solution to the equation is
unique. There is also sometimes a probabilistic approach to such arguments: one considers the product martingale

P(t):=P(Z(c0) =0|1F) = [] Px,(2(c0) =0).
ueN (r)

On extinction, the limit of this process is clearly 1, and if we could show that on survival the limit is 0, then since P
is a bounded non-negative martingale we would have

P(Y < 00) = P[P(00)] = P[P(0)] = P(Z(c0) =0).

In Harris et al. [5], for example, we have killing of particles at the origin rather than on the boundary of a tube — and it
is shown that on survival, at least one particle escapes to infinity and its term in the product martingale tends to zero.
This is enough to complete the argument (although in [5] the authors favour the analytic approach). In our case we are
hampered by the fact that for a single particle u the value of Py, ;) (Z,(00) = 0) is bounded away from zero, and if the
particle is close to the edge of the tube, or even possibly in some places in the interior the tube, then this probability
takes values arbitrarily close to 1.

The time-inhomogeneity of our problem means that other standard methods also fail. Our alternative approach is
based upon similar principles as the probabilistic approach above, but is more direct: we show that if at least one
particle survives for a long time, then it will have many births in “good” areas of the tube, and thus Z(co) > 0 with
high probability.

Recall that under Py, we start at time 7 = 0 with one particle at position x (rather than at the origin) — and similarly
for Q. We assume throughout this section that S > 0, otherwise there is nothing to prove — our theorem does not
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consider the case S =0, and if § < 0 we have proved that P(7 = 00) =0 =P(Z(co) = 0). We now need some more
notation.

Definition 6.1. Let L := % V 1, and define

I::[O, 00) — (0, 00),

0 if L(t) < Lo,
T Lo+ (L) = Lo)eEO—L0” i Lty > Ly

and

f: [0, 00) — R,
t— f(t)+L@t)— L(1).

Now, for any function g on [0, 00), define the t-delayed version g; of g fort € [0, 00) by
gi(s)=g@+s)—g), s=0.

Thus for each t > 0 we have four new functions f;, f;, L; and L.
Also, for a € [0, 1), define

U = {(t, %) P_f0) (27751 (00) > 0) > @} € [0, 00) x R.

We think of Uy as the “good” part of the tube — if a particle is born in Uy then it has probability at least a of
contributing to Z(00). An example is shown in Fig. 1. Finally, for any particle u and t > 0, define

IAS,
Io(u;t) = /0 L(x, (s)eU,) ds;
1, (u; t) is the time spent by particle u in the set Uy before t.
Our first task is to convert to using f and L; the fact that L is bounded will prove useful.
Lemma 6.1. The pair (f, f,) satisfies usual conditions (11, 111, IV), and S = Sf’Z > Sf'L/2 > 0.
Proof. We note that L is twice continuously differentiable and hence so is f, and that L(@t)=L() whenever L(1) <

Ly, Z(t) > Lo whenever L(t) > Lo, and Z(t) <L@)AN(Lg+1) forall t > Q We first claim that~Ef’L(t) = o(1),
working by comparison with E/-L. Indeed, when L(r) < Lo we clearly have |L'(t)| = |L'(t)| and |L”(t)| = |L" (t)|.

'\,

vy

Fig. 1. Approximation to a section of Uy for eight different values of « when f () = sin(a tanh(¢ 4 b)) + ¢ for some constants a, b and c.



The unscaled paths of branching Brownian motion 595
When L(t) > Lo,
L@)y=0'()(1—2(L@t) — Lo)*)e” EO-Lo?
so |L'(1)] < |L'(t)|. Also,
L'ty = L"(t)e L OL0” _6L'(1)>(L(t) — Lo)e™FO~L0”
20" () (L(t) — Lo) ™ FO~L0” L 4L/ (02 (L(t) — Lo) e~ FO~L0’

x2 2.—x

so (since the sizes of xe™ , x“e *

? and x3e= are bounded above by 1)

t t t
/|Z”(s)|i(s)ds5/ |L”(s)|L(s)ds+6(Lo+1)/ L'(s)?ds
0 0 0

t t
+2/ |L"(s)|L(s)ds +4(L0+1)/ L'(s)*ds.
0 0

Each of these terms on the right-hand side above is o(#) since
t t
/ L'(s)*>ds = L'(t)L(t) — L'(0)L(0) —/ L"(s)L(s)ds
0 0

and L satisfies our usual conditions. As f'(t) = f'(t) + L'(t) — L'(¢), and similarly for f”, we may also bound
| f/(£)|L(¢) and fot | " (s)|L(s)ds simply by using the above estimates along with the triangle inequality and linearity

of the integral. Thus, provided that EFL(1) = o(t) we must have Ef'i(t) = 0o(¢). Clearly also SHL ¢ (—00, 00).
Secondly, we claim that limsup,_, % log L(¢) < 0. Suppose not; then there exist £ > 0 and 7, — oo such that
L(t,) > ™ for each n. Setting
T, :=sup{t €[0,1,): L(t) <e/2},
if T,, > 0 (which must occur for all but finitely many n) then by the mean value theorem we can choose ¢, € (T, t;)
such that L'(c,) > e /2t,. But L(c,) > e /2, 50 L' (c,)L(c,) > e*' /4t,, contradicting the assumption that (f, L)

satisfies the usual conditions Sspeciﬁcally the requirement that L’ () L(r) = o(z)).
Thirdly, we show that [ f'(s)2ds = [ f'(s)?ds + o(¢). By Minkowski’s inequality,

t 1/2 t _ 5 1/2
( / f/(S)zdS> =( / (f/()+L'(s) = L'(s)) ds)
0 0
t 1/2 ¢ 1/2 r 1/2
5(/ f’(s)zds) +(/ L/(s)zds> +</ L/(s)2ds>
0 0 0

but
t t
/ L'(s)>ds = L(t)L'(t) — L(0O)L'(0) — / L"(s)L(s)ds = o(t)
0 0

and the same calculation holds for L. Similarly by writing out ( fot £'(s)*ds)"/? in terms of f’, L’ and L and applying
Minkowski’s inequality we get that

t '
/ fl(s)?ds < / f(s)*ds +o(t).
0 0



596 S. C. Harris and M. I. Roberts

Our final claim is that § := Sf L > §fiL /2 > 0. Indeed, using various facts just established,

H(r-3rer - S H9)a,
t Jo 2 8L(s)2  L(s)

lft Loy ™ \g 1/t 312d+11 L) — L1og(0)
- r——f'(s)"— s—— | —ds+-1lo ——1lo
o 2 8L(s)2 tJo 82 ® " 08

v

l/t( Lo T )d — 52+ Llog(Lt) A1) — Llog £0)
) P SO mgyr J A TS/ plee o8

v

so that (since lim sup % log L(t) <0)

R 1. 5 72 L'(s)
htrll)géf?/o (r—if ()" — 812 + i(s))ds

>liminf{l/t<r—lf’(s)2— ~ >ds~|—llo L(t)}—S/Z
T s |t Jo 2 8L(s)2 t g

> i 'fl/t( - /()Z—H—Z+L/(S)>d — 52
=hmint e 2 e T Ty ) Y

=5t
as required. (]

Our next lemma establishes that for sufficiently small «, U, — which we think of as the good part of the tube —
stretches to near the top and bottom edges of the L-tube for almost S/2r proportion of the time. To do this we use the
identity given in Lemma 4.7 combined with the spine decomposition. For é € (0, 1) and ¢ > 0, let

L) = (1 =8)L®) V(L) —3).

Lemma 6.2. Fix§ € (0,1) and B < 1. If S > O then for sufficiently small « > 0 and large T , we have

t S
[0 Lis.met, vrel f)-Le). fo+Lon I8 Z Bt Vi=T.

Proof. Fix g € (0, I_T’S) and p € (B + 3q, 1); we show that for

_ qScos(n8/2)
2re(LotDr/2/g5+1)

and all sufficiently large  we have

t
S
/0 Jl{(s,x)eUa Yxe[ f(O)—L(s), fF(O+L(s)]) ds>(p— 36]);[.

We begin working with f and L; we shall move back to f and L towards the end of the proof. Let

. $ 7[2 1 -~ Z,/(u) .,) o
J =inf - — )+ =L —gS)du—E/L }
f gt{/o <r SLn) 2f(u) +2L(u) q u (s)

and define three subsets, U, V and W, of [0, c0) by

U = {t > 0: J; is increasing at ¢}, V={t>0:|f ()| <ry2/q5}
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and
W={t>0:|L't)| <1}

If J is increasing at ¢, then clearly for any s > 0

t+s 2 7! .
/ (r T %f’(u)2 MACN. q§> du — EVL(t +5)
0

- 8L (u)2 2L )
l n? Ly o L' (u) - -
S _ ) — 0§ ) du — Ef>L ’
- /0 <" 8L(u)? 2f =+ 2L(u) q ) u (1)
and hence
t+s T[2 1 B 5 Z,/(u) o o )
- —= < — = / —_7 d _ Ef,L Ef’L S )
/t <r sTaye 27 T 2L(u)) ! (t+5)+ ETL(t) > ¢8s

Thus if 1 € U NV N W then, as in Proposition 5.2, we can apply the spine decomposition and Lemma 5.1 to get, for
any x € (—L(1), L(1)),

~ o~ - - o] . I
QL[ 2708 (00)[G o] =/ 2re~" ik (s)ds + lim e "¢k (r)
0 —00
00 " N - - 5 o
< / 2peJo r=m?/BL )~ f ) /2Ly )/ 2Ls () du+ E1-H1 (5) g o
~Jo
< f > ore— Ji T r=m /BL@) = F ) /2L )/ QL (w))) du
0

L L+ —EL L+ [ OILO+HL OIL0)/2 g

~ ~ ~ ~ (.¢] ~
< P OILOHE OIL0)/2 / =55 s
0

< 2_r;e(r«/2/q§+l/2)(Lo+l)'
qs

Using the identity from Lemma 4.7 together with Jensen’s inequality gives that whenever

xe[fO) = ((A=8L®) Vv (L) =8)), f@&) + (1 =&HL®) v (L(t) - 8)].

we have
- o~ ~ =~ T Zﬁ,i/ O
Px(Zf”L’ (00) > 0) = @xt’Lr #]

L ZJi-Li (00)

> @f”i’ @){’L'[— ~1 |gooﬂe_i/(’)i(’)/2COS(—TX )
i Zfi-Li (00) 2L(1)

> @f,i, _ I : 1~ :|e_L°/2+1 cos(—n(zLo - 8)>
L QI 121 (00)|Gool (Lo+1)

qS <n<L0+1—5>)
> - cos .
2re(rv/2/gS+1) (Lo+1) 2(Lo+ 1)

Now, since
[f&) = (A =&L®) v (L1) =), fF() — (1 =OHL®)) v (L(1) - 8))]
D[f®O+Lw)—Lt)— L), fF)+ L]
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we have shown that if € U NV N W then Py (Zf’ L (00) > 0) is large enough for all x € [ /(1) + L(t) — L(t) —
L(t) f@) + L(t)] Ifxelf@®), f@)+ L) — L(t) — L(t)) then running the same argument as above but using
F®(s):= f(s) — f(0) + x, s > 0 in place of f gives exactly the same result: so we have that ]P’X(fo Li(00) > - 0) is

large enough for the half-region [ f (¢), f(¢) + L(t)] and by symmetry for the whole region [ f (f) — L(t) f@®)+ L(t)]
Hence it now suffices to show that for large ¢,

t
S
/ lynvaw(s)ds > (p — 3q)2—t.
0 r

But for all large enough 7, since J increases at rate at most r (recall that f tL (‘) ds = logi(t) —log L(0), which is
bounded) and lim;_, o J; = (1 — q)S,

t
(p_CI)SlS-ItS/ riy(s)ds.
0

Also, for large enough ¢ we must have fé f '(s)2ds < 2rt (otherwise S would be negative). Thus for large ¢
ro t2r2
2rt > / f(s)*ds > f = _lye(s)ds;
0 0 gS
finally,
t B _ ~ ~ _ t _ _
/ L'(s)?>ds =L@ L' (t) — L(0O)L'(0) +/ L(s)L"(s)ds
0 0
SO since Ef'i = o(t) we have (again for large t)

t t <
" 5
/ Lye(s)ds 5/ P'(s)2ds < 24,
0 0 r

Hence for all large ¢,
t t t t
/ Tunvnw (s)ds Zf llU(S)ds—/ lec(S)ds—/ Twe(s)ds
0 0 0 0

S S S S
2(p—q@t—q t—qt=(p=3q)-t
as required. ]

We now show that if a particle has remained in the tube for a long time, then it is very likely to have spent a long
time in Uy. The idea is that if U, stretches to within § of the edge of the tube for a proportion of time, then in order to
stay out of U, a particle must spend a long time in a tube of radius 6. We use simple estimates for the time spent by
Brownian motion in such a tube and apply these to our problem via the many-to-one theorem (Theorem 4.6).

Lemma 6.3. Forany § > 0 and k > 0,

t
P(f Lig,e(—5,6)} ds > k) < 3e!/27k/43
0

Proof. We first claim that if we define 45 : R — R by

x| if |x| >34,
hs(x):=1s

S if x| <8
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then
b i I
hs(&) == +/ hﬁ;(s‘v)déﬁ—/ Lig,e(—5,8)) ds.
2 0 25 0

We check, by approximation with C 2 functions, that It6’s formula holds for 45. Define a function gsn€C 2(R) for
each n € N by setting

0 if [x| > 8,
gl ) =1 50— lxl) if 8- <lx| <4,
I if x| <8—1

with g(’s’n(O) =0, g5.,(0) =68/2. Since g € C2, 1td’s formula tells us that

d 1
ga,n(éz)=ga,n(§o)+/(; 850 (&) dés + / 851 (&s)ds.

Since g , — hs Lebesgue-almost everywhere, by bounded convergence

t
/g(’gn(és)ds—>/~ h§(&5)ds P-almost surely,
0

and g5, — hs uniformly so for each ¢, gs , (&) — hs(§;) P-almost surely. Also, by the It6 isometry

B t 2 B t 5
P[( / (gg,n(sa—hg(ss))dss) ]=P[ / (5.0 (&) — B () ds}
0 0

since g5 , — hj uniformly, the right hand side above converges to zero, and hence

t t
/ 5.0 (&) dEs — f hs(&5)dgs  P-almost surely.
0 0

Thus Itd’s formula does indeed hold for &5, and since

t
/ (s) ds = — ]1{&6(_5,5)} ds

our claim holds. Now recall that under P, the spine’s motion is simply a Brownian motion, so

Ble~ Jo HE) 6] < Bl Jo h(€s) dg—1/2 [ h;(ssﬂds]et/z <ell?,

t
P(f Lig,e(—s,5)) ds > k) =
0

Thus

3=

h o th/ d k
&) - —/0 (&) dE, > £>

t , k
(IS:I —/O s(&s) dég > 5)
k P th’ d k
(I%‘zl > 5) + (—fo s(&s) d&g > B)

< Blele /4 4 Ble- s 60 k749

A
o

IA
o

< 3e!/2-k/48

establishing the result. O
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Lemma 6.4. Fix § <1 and y > 0.If S > 0 then for sufficiently small @« > 0 and large T, we have
. S o
P{3ueN@): I,(u; 1) <,32—t <e 7 Vr>T.
r

Proof. For any é € (0, 1), by Lemma 6.2 we may choose « > 0 and 7 such that

+ 8

1 1 S
/ L{(s.x)eUy Vxelf(t)—L+8, f()+L—51} ds = (—> 5ot Vi=T.
0 2 2}"

Then if the spine particle is to have spent less than %t time in U, (yet remained within the tube of width L) then it

must have spent at least (#) %t within § of the edge of the tube (provided that 7 is large enough). That is, for r > T,
if we let

Vi = (f () = L(s), f(s) = L(s) + 8) U (F(s) + L(s) =8, f(s) + L(s))

then
( GN(I) 1 (S’t)<ﬁ—t><P’<§ EN([) /t]] nd ><1 ﬁ)‘st>
[ "Et s La\Sts 7 = t s {£,€V ]y ) — | 1.

In fact, using the fact that if & € N(t) then we may apply two simple Girsanov measure changes and our usual
estimates on them. The first will give the spine drift f”, and the second will give it an extra drift L’. Letting

V2= (=L(s), —L(s) +8) U (L(s) — 8, L(s))

we have

- . S
P(Sz eEN@), Iu(&:1) < ﬂ;t>

< | Ll&I<Le) Vsel0)
< efé sy dE—(1/2) [1 f7(s) ds o L, ev2y 45> ((1=B)/2)8/ @)1}

< el //OILO+ 5 1S ®)IL(s) ds

- ! 1-8\ S
.]P’<|§s| < L(s) Vs €0, t],/o l{sxe\/}}ds > (T)Zt)

< 2/ OILO+[5 " GIL(s)ds

_ f 1-B\ S
‘P& < L(s) Vs € [0, l],/ LigseL(s)—s, L)y ds > | —— ) ¢
0 2 4r

< 2/ OILO+[5 1" GIL(s)ds

B Lig | <2L(s) ¥se[0,1] L
efé L'(s)d&—(1/2) [y L' (s)2 ds {Jo Ligsews)-s, L) ds>((1=$)/2)S/(4r)t}

< 2e\f/(t)IL(l)+f(§ L7 (9)IL(s) ds+2|L (DI L()42 fo IL" ()| L(s) ds

s 1-8\ S
P 1 esonds > [ —= ) —=1).
</O {Ee(=5.0)) S>< 5 >4r>

Using the estimate given in Lemma 6.3, and usual condition (III), we get that for large enough #

[@(st e ](7([) Iy (&5 1) < ﬁ£t> < erEDI=(1/@E))((1=p)/2)S/ (4r)t
’ ’ 2r )~ '
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Finally, taking § = and using the many-to-one theorem (Theorem 4.6), for large ¢

—B)S
32r(2r+]/+1)

. N S oy \ S ot

PlIueN@): I,(u;t) < B—t )| <e""P|& e N@), I,(&;1) < B—t | <e 7.

2r 2r 0
We now combine the above results to achieve the aim of this section.

Proposition 6.5. Recall that T is the extinction time for the process. If S > 0 then

P(Y = 00) =P(Z(c0) > 0).
Proof. We note that {Z(0c0) > 0} C {T" = oo}, so it suffices to show that for any ¢ > 0,

P(Y =00, Z(00) =0) <e.

To this end, fix ¢ > 0 and choose « small enough and Ty large enough that
. S
]P’(Elu eN(@): Iy(ust) < 4—t> <e/3 Yt=>Tp
r

(this is possible by Lemma 6.4). Now choose an integer m large enough such that (1 — «)™ < ¢/3. Finally, choose
T > Ty large enough that

=1 o—ST/4
Z (ST/4)] <¢&/3.

Then
P(Y = 00, Z(00) =0) < P(3u € N(T), Z(c0) =0)
N S
< ]P’(Elu eN(T), Iy(u; T) > 4—T, Z(00) = O) +¢/3.
r
Now, if a particle u has spent at least % T time in U, then (by the choice of T, since the births along # form a Poisson

process of rate r) it has probability at least (1 — &/3) of having at least m births whilst in U,. Each of these particles
born within U, launches an independent population from a point (¢, x) € U,, so that

Z(00) = Y e v Z,(00) (5, 0y . X, (Su—00))Ua)

v<u

where each Z, is a non-negative martingale on the interval [S, — o, 00) with law equal to that of Z Ji:-Li gtarted from
x for some (¢, x) € Uy, and hence satisfying P(Z, (c0) > 0) > «. Thus

P(Y = 00, Z(c0) =0)
< IP’(EIu e N(T), I,(u; T) > %T, Z(00) =0> +¢/3

<PQEue N(T), {has had at least m births within U, }, Z(00) = 0) +2¢/3
<(-a)"+2¢/3<c¢

which completes the proof. ]

We draw our results together as follows.
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Proof of Theorem 2.1. All that remains is to combine Proposition 5.2 with Corrolary 5.5 to gain the desired growth
bounds; Proposition 6.5 guarantees that we are working on the correct set. |

7. Extending the class of functions

As promised, we can extend Theorem 2.1 to cover more general subsets of C[0, c0) in an obvious way: if a set
B C CJ0, c0) is contained within (or contains) an L-tube about a function f, then the set of particles with paths in
B is a subset (respectively, superset) of the set of particles with paths within L of f, and if (f, L) satisfies our usual
conditions then we have an immediate upper (lower) bound on the number of particles within B. That is, for any
B C C[0, 00),

supP(N/E(1) # @) <P(NB (1) # @) <infP(N/L(r) # ) (7.1)
and

sup| N/L(0)] < [NB(0)| < inf| N /L (1)

, (7.2)
where both suprema are taken over all f and L such that (f, L) satisfies our usual conditions and
{g € Cl0,00): |g(s) — f(s)| < L(s) Vs €[0,00)} € B,
both infima are taken over all f and L such that (f, L) satisfies our usual conditions and
B C {g e Cl[0,00): |g(s) — f(s)] < L(s) Vs € [0, 00)},
and
NB@):= {ue N@): 3g € B with X,,(s) =g(s) Vs € [0, 1]}.

The obvious question now is whether this allows us to give growth rates for all sets in C[0, co). The answer is no:
there are still some seemingly reasonable sets that are not covered (which we shall see shortly).

Thus the natural question becomes whether we can instead characterise, in a more succinct way, the class of
functions that Theorem 2.1 does cover, subject to using the extensions provided by (7.1) and (7.2). Can we weaken
our usual conditions in some way that we can easily write down? The answer again seems to be, more or less, no.
We may drop condition (I) as our eventual growth rate does not depend on the initial position of the particle as long
as there is a path within our set that starts at the same point as the initial position of the first particle. We may also
effectively drop condition (IV) — since it is not possible to get S = oo without violating condition (III), and the case
S = —oo can always be covered either by bounding above using (7.1) and (7.2) or by using the many-to-one theorem,
Theorem 4.6, more directly. However the interesting conditions (II) and (III) are difficult to shake off, a fact which is
best demonstrated by a series of examples.

It is easiest to first consider condition (IIT).

Example 6. Take L(t) = L > 0 to be constant, and let

fs(@) :==8sin(t/d);
then as § — 0, fs converges uniformly to the zero function, f(t) =0. By Theorem 2.1 we know that on survival,

lim l10g|1\A/f’L(t)| =r— n—z
t—o00 t 812"
However, if the result of Theorem 2.1 held for each fs then by approximation via (7.1) and (7.2) we would have (on
survival)
n? 1

1 ~
1 _ va —_ -
tl_l)rgo ; 10g|N (t)| =r SIZ 1
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Of course, (fs, L) does not satisfy usual condition (II1) and hence this contradiction does not appear — but the example
shows that we cannot simply drop the requirement that fé | £ (s)|L(s)ds = o(z).

Example 7. Take f(t) =0 and L(t) =2 + sin(t3/?). Intuitively, the sine term oscillates so fast for large t that we are
effectively constrained within a tube of constant width 1. Thus we expect (and it is not too hard to imagine a hands-on
proof using Theorem 2.1) that we should have a growth rate of r — n>/8. However, one may show (for example by
using the periodicity of sine and approximating the integral by a sum) that

| 2t
Sds S =
o L(s) 33

so that if the result of Theorem 2.1 held in this case we would have a growth rate of at least r — 7% /12+/3. Again, (f, L)
does not satisfy usual condition (II) and we see that we cannot just drop the requirement that fot [L"(s)|L(s)ds = o(t).

Example 8. Take fo(t) =0, Lo(t) = /t, fi(t) =t and L|(t) =t + /t. Then the growth rate for (fy, Lo) is r; and
since the Lo-tube about f is contained in the L1-tube about f1, we must have a growth rate for (f1, L1) of at least r
(in fact it is exactly r since it is well-known that the growth rate of the entire system is r). If the result of Theorem 2.1
held for (f1, L1) then its growth rate would be r — 1/2; so we see that we cannot simply drop the condition that
|f/@IL@) + L (#)|L(t) = o(?).

Now consider condition (IT). We can approximate any continuous function with twice continuously differentiable
functions, but then how do we approach the conditions on the second derivative (from condition (II1))? Even for
constant L, there are some nowhere-differentiable paths f such that we may find a growth rate for NIL using (7.1)
and (7.2), and some for which we may not. The lack of even a first derivative to work with in these cases precludes the
existence of an obvious simple condition to tell us where to draw the line between these two groups. We claim simply
that any non-smooth sets are best considered on a case-by-case basis using Theorem 2.1 together with (7.1) and (7.2).

For example, again with constant L, we may easily (by approximating by its partial sums) give a growth rate for
the function

f@) = Za” (cos(b"mlog(r + 1)) — 1)

n=0

(where b is a positive odd integer, 0 < a < 1 and ab > 1 + 371/2), which is a time change of a Weierstrass function
and hence, by the chain rule, nowhere differentiable. On the other hand we cannot give an exact growth rate along
(almost) any given Brownian path: any uniformly approximating functions must (by the fact that Brownian motion
has independent increments) violate our conditions on the second derivative of f in (III).

8. The critical case S =0

Of course, it is also possible to ask what happens when S = 0, although as we stated in Section 2.3, we are unable
to give a general theory. We did, however, state two results in Section 2.3 as examples of what may be achieved by
adjusting our earlier methods, and we prove those now.

Proof of Theorem 2.3. In the case § < 1/3 we may simply mimic the requisite part of the proof of Proposition 5.2,
using the fact that for 8 < 1/3,

! 1., n? L'(s) _ ? 1-28 1-28
Jo (=270 = i + 32 ) = a0 o)

and

E(1) =y~2r(t+ 1P +o(cP).
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Now suppose that 8 > 1/3. We proceed in very much the same way as in the main part of the article, leaving out many
of the details. Direct calculation reveals that for g > 1/3,

t 1, 5, = LY, g B
/O(r_zf(s) _W+2L(s))ds_a@(t+l) +o(t")

and
E@) =yv2r(t + 1) +0o(c?).

Thus, by the spine decomposition,

t
@[Z(t)lgoo]i/ 2re— @ VIV s+ +oisP) 4o 4 o= (@—y)V2r+1)P+o(f)
0

which converges as t — oo provided that o > y. We deduce that P(Z(0c0) > 0) > 0 provided that & > y, and indeed
for all @ and y since for fixed «, increasing y can only increase the probability of survival. The same argument as
Proposition 5.4 gives

log [N (1
1imsupw S(a—l—y)@.

t—00 4

Now, take ¢ > 0 and define f(t) = f()—(y —e)L(t) and I:(t) := eL(t). Note that the (f, I:)—tube is contained
within the (f, L)-tube. Define

W= Y et

uENﬁL(l)

and note that the same argument as in Proposition 5.3 gives that on {liminf W (¢) > 0} we have

log | N (¢
imint 2!

f—00 tB

2(0{—}—)/—8)@.

Thus it suffices to show that {liminf W (r) > 0} agrees with {Y /L = 0o} up to a set of zero probability.

Following Lemma 6.4 and Proposition 6.5, we see that in fact it suffices to show that for any § > 0 we can bound
from below the probability that a particle in NY-L(¢) which is not within 8 of the edge of the (f, L)-tube contributes
something positive to liminf W (¢), in analogy with Lemma 6.2. But W(z) > Z F-L(t), and so instead we show that a
particle in N/ "L (#) which is not within § of the edge of the (f, L)-tube contributes something positive to Z FL(c0).

Now (possibly subject to decreasing ¢ further, but this is no problem) we may use the argument given in Lemma 6.2
to show that for small enough o’ the set Uy for ( f , f,) stretches to near the top and bottom of the (f, L) tube:
even when we are distance § from the top edge of the tube at time T, the smaller tube with radius &(r 4+ 1) about
V2rt —a(t + 1) 4+ y(T + 1)# — § fits (for all times ¢ > T') within the tube of radius L about f. Then by using
the spine decompositon and Jensen’s inequality as in Proposition 5.2, we can bound the probability of contributing to
Z 7L (00) away from zero (over all T'). We may take the same approach when starting from a position closer to the
centre of the tube (that is, further than § from the edge). Thus, for small enough ', U, for ( f , L) stretches to within
6 of the edge of the (f, L) tube for all times ¢ > 0. By the argument above, this is enough to complete the proof as in
Lemma 6.4 and Proposition 6.5. O

Proof of Theorem 2.4. The first part of the proof proceeds exactly as that of Theorem 2.3, but with

! 1, 5, 7 L'(s)\ ., 31 13 13
/0 (’_ 2O 5Ly +2L(s)>ds_ (a o W)OH) o)
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and
E@®)=yv2rt+ 13 +o(t'?):

the spine decomposition converges if

3 2
—a«/2r+8i2+yv2r <0,
14

so P(Z(o0) > 0) > 0 if

32

a>y+——.
8y2/2r
But increasing y makes the right-hand side of this inequality larger as soon as y > yj, and increasing y can only

make P(Z(oc0) > 0) larger, so (after some rearrangements) we deduce that P(Z(oc0) > 0) > 0 provided either y > y,

3n?
anda >3y;/20ry <yianda >y + 5.

Under Q, Z(¢) diverges to infinity if —a+/2r + % — y+/2r > 0. Since o > 0, this is impossible if y > yp; so we

need y < yp and o < 87/32% — y. If Z(t) — oo almost surely under Q, then by Lemma 4.5, Z(t) — 0 almost surely

under P.

The calculations of the liminfs and lim sups are standard, as in Propositions 5.2-5.4. However, we must again take
a different approach to show that {Z(c0) > 0} agrees with {7 = oo} up to a set of zero probability. Our proof, below,
is specially adapted to this particular case.

We can easily show, straight from the spine decomposition and as in previous calculations, that for any § € (0, y/2),
there exists o’ > 0 such that Uy stretches to within 8!/3 of the edges of the tube at time ¢ for any ¢ > 0. Thus (in
analogy with Lemma 6.4) we would like to show, loosely speaking, that with high probability, particles spend a long
time outside the tubes of radius 8(s + 1)!/3, s € [0, 1] nested just inside the upper and lower boundaries of our main
tube about f. The idea is that if particles do not want to leave N(t) then staying near the boundaries of the tube is a
bad tactic. To be more precise about this, following the direction of part of the proof of Lemma 6.4 and setting

V5= (f() = L(s), £(s) = L(s) +8(s + D) U (f(s) + L(s) = 8(s + D3, f(s) + L(s))

and

N

V2= (=L(s), —L(s) +8(s + D) U (L(s) = 8(s + D', L(s))
we have

P(& e N(t), Io (&3 1) <1/2)

t
SP(E;EN(I),/ ]]‘{SSEVI}dS>t/2>
0 s

| Ll&I<L(s) Vsel0.) ,
oo £/ dE—(172) [ £/ ()2 ds Vo Tggev2y d5>1/2)

IA

< e (/2 fg S dsH I OILO+[ 1 (ILEs) ds

t
.]P’<|§S| < L(s) Vs €[0,1], / Lig,ev2yds > t/2>
0 ) s

< 2e= /2 o F/&P s+ [ OILO+[G 11" )IL(s)ds

t
) P<|§s| < L(s) Vs € [0, t],'/o 1{§A;E(L(‘Y)—8(S+l)1/3,L(S))}ds > l‘/4>.
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Now, by our calculation of E above, the exponential part
26— (1/2) Jo £/ )2 s+ £ OIL@0)+[5 |/ )IL(s) ds
is at most exp(—rt + « (t + 1)1/3) for some constant « and all large 7. By the many-to-one theorem,
P(Fue N(1): Io(u;1) <1/2)
<e"P(& e N(t), Iy (& 1) <1/2)

t
1/3~
<esth P(I&I < L(s) Vs €10, f]’/o Lig e+ L) 45 > ’/4)'

We attempt to show that, for small § > 0, the probability

t

ED(|§S| <L(s)Vs e [0, ], / ]]'{SSE(L(s)fﬁ(s+1)l/3,L(S))} ds > l/4>
0

is at most exp(—2« (f + D3,
For the sake of brevity we make some approximations here: for example we will use ¢ instead of ¢ + 1 in various
places, and assume throughout that 7 is large. Let 7 := 8%¢%/3, define

To:=inf{s > 0: & € (L(s) = 8(s + D3, L(s))} At
and for k > 1 let
Ty i=inf{s > Try + 72 & € (L(s) — 8(s + D'/?, L(s))} At.

Then for any k > 0,

a=1

P(I&7, 4] < L(Tx + 7)) < P(&740 — &1, < L(Tx + 1) — L(Ti) + 8(T + D'/?)
=P <y(Tr+7+ D' =@+ DB+ 8T + D)
(

<P <y@+ D +80¢+ D7)

2/9
~ T vt

which is smaller than P(&; < 2) when ¢ is large. We now ask how many of the T} occur strictly before . We know
that if

t
/0 L, e(Lis)—o(s+1)13,L(sy)y 45 > 1/4

then
3
Y (h-Te+n) =
k>1:Ty_ <t

and

Y. Ti—Tn =t

k>1:Ty_ <t
This tells us that

> e

k>1:T_1<t
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and hence there must be at least 7/4t — 1 = 11737482 — 1 of the Ty strictly before 7. Let Y be a binomial random
variable with parameters ([¢!/3/48> — 2|, P(&] < 2)). At each T, the spine is within distance 8(t 4+ 1)!/3 of the
boundary of the tube. If it jumps upwards by too much by time T} + 7, then it leaves the tube; and it has at least
|#1/3/48% — 2] opportunities to do so. Thus we deduce that

t
P<|§s| < L(s) Vs €0, 1], /(; jl{ésG(L(s)—é(s+1)1/3,L(s))}ds > t/4)

gmyzm%@—@@<mfww.

By choosing § small we can make this smaller than exp(—2« (¢ + 1/3), which is what we required. The rest of the
proof follows just as in Proposition 6.5. (]

As mentioned in Section 2.3, Theorems 2.3 and 2.4 should be compared with the work of Bramson [1], Lalley and
Sellke [12], Kesten [10], Hu and Shi [8] and Jaffuel [9]. Kesten [10], if translated into the language of this article,
effectively considers a “one-sided” tube with lower boundary the critical line ~/27¢ and no upper boundary — he

shows that there is extinction almost surely, and that the probability of survival up to time ¢ decays like e If we
were to consider a tube with lower boundary the line ~/2r and upper boundary ~/2rf + at'/3 we could obtain, by
the above methods, a lower bound for Kesten’s asymptotic for the probability of survival up to time #, which would
agree with Kesten’s results up to a constant in the exponent. Unfortunately the corresponding upper bound, and more
accurate calculations on the right-most particle in the style of Bramson [1], do not seem to be accessible via our
current methods: the error term E () outweighs the fine adjustments necessary to investigate such quantities. We hope
to carry out further work on these and other related issues in the future.
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