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Abstract. We propose in this work an original estimator of the conditional intensity of a marker-dependent counting process, that
is, a counting process with covariates. We use model selection methods and provide a nonasymptotic bound for the risk of our
estimator on a compact set. We show that our estimator reaches automatically a convergence rate over a functional class with a
given (unknown) anisotropic regularity. Then, we prove a lower bound which establishes that this rate is optimal. Lastly, we provide
a short illustration of the way the estimator works in the context of conditional hazard estimation.

Résumé. Dans ce travail, nous proposons un estimateur original de I’intensité conditionnelle d’un processus de comptage marqué,
c’est-a-dire d’un processus de comptage dépendant de covariables. Nous utilisons une méthode de sélection de modele et nous
obtenons pour notre estimateur, une borne non asymptotique du risque quadratique sur un compact. Nous vérifions ensuite que
I’estimateur atteint automatiquement une vitesse de convergence sur des classes fonctionnelles de régularité anisotropique fixée
mais inconnue. Enfin, nous démontrons une borne inférieure qui garantit 1’optimalité de la vitesse obtenue. Une breve illustration
de la fagon dont fonctionne I’estimateur dans le contexte de 1’estimation du taux de risque instantané conditionnel est fournie pour
conclure.
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1. Introduction

As counting processes can model a great diversity of observations, especially in medicine, actuarial science or eco-
nomics, their statistical inference has received a continuous attention since half a century — see [1] for the most detailed
presentation on the subject. In this paper, we propose a new strategy, based on model selection, for the inference for
counting processes in presence of covariates. The model considered can be described as follows.

Let (£2, F,P) be a probability space and (F;);>o a filtration satisfying the usual conditions. Let N be a marker-
dependent counting process, with compensator A with respect to (F;);>0, such that N — A = M, where M is a
(F1)r=0-martingale. We assume that N is a marker-dependent counting process satisfying the Aalen multiplicative
intensity model in the sense that

t
A(z):/ a(X,z)Y(z)dz forallt >0, (1)
0

where X is a vector of covariates in R which is Fy-measurable, the process Y is nonnegative and predictable and o
is an unknown deterministic function called intensity.
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The purpose of this paper is to estimate the intensity function « on the basis of the observation of a n-sample
(Xi, Ni(2),Y(z),z<t)fori=1,...,n, where T < 4o00.

There are many examples, crucial in practice, which fulfill this model. For the seek of conciseness, we restrict our
presentation to the three following ones.

Example 1 (Regression model for right-censored data). Let T be a nonnegative random variable (r.v.) with cu-
mulative distribution function (c.d.f.) Fr, and X a vector of covariates in R?. We consider in addition that T can be
censored. We introduce the nonnegative r.v. C, with c.d.f. G, such that the observable r.v.are Z =T AC,5 =1(T <C)
and X . We assume that

(C): T and C are independent conditionally to X.
In this case, the processes to consider (see, e.g., [1]) are given, fori =1,...,n and z > 0, by
N@=1Z <z8=1) and Y (2)=1(Z >2).

The unknown intensity function o to be estimated is the conditional hazard rate of the rv. T given X = x defined, for
all z > 0 by

frix(x,z2)

alx,z)=arx(x,z)=—F7——,
! l—FT|X(x,z)

where fr|x and Fr|x are respectively the conditional probability density function (p.d.f.) and the conditional c.d f.
of T given X.

Nonparametric estimation of the hazard rate in presence of covariates was initiated by Beran [5]. Stute [37],
Dabrowska [13], McKeague and Utikal [30] and Li and Doss [26] extended his results. Many authors have considered
semiparametric estimation of the hazard rate, beginning with [12], see [1] for a review of the enormous literature on
semiparametric models. We refer to [20,27] for some recent developments.

Adaptive nonparametric estimation for censored data in presence of covariates has been considered by LeBlanc
and Crowley [25] or Castellan and Letué [8] for particular functional Cox models: in these works, a(x,z) =
exp(f(x))ao(z), only f is estimated. On the other hand, Brunel et al. [7] constructed an optimal adaptive estimator
of the conditional density in a general model.

Example 2 (Cox processes). Letn',fori=1,...,n, bea Cox process (see [22]) on R with random mean-measure
Al given by

t
A"(r)=/ a(X;,z2)dz,
0

where X; is a vector of covariates in R%. In this context the predictable process Y of Eq. (1) constantly equals 1.
As a consequence, these processes can be seen as generalizations of nonhomogeneous Poisson processes on R with
random intensities. This is a particular case of longitudinal data, see, e.g., Example VI1.2.15 in [1]. The nonparametric
estimation of the intensity of Poisson processes without covariates has been considered in several papers. We refer to
[3,34] for the adaptive estimation of the intensity of nonhomogeneous Poisson processes in general spaces.

Example 3 (Regression model for transition intensities of Markov processes). Consider a n-sample of nonhomoge-
neous time-continuous Markov processes Pl ..., P" with finite state space {1, ..., k} and denote by a j; the transition
intensity from state j to state l. For individual i with covariate X;, let N j‘l (t) be the number of observed direct tran-
sitions from j to | before time t (we allow the possibility of right-censoring, for example). Conditionally on the initial
state, the counting process N;l verifies the following Aalen multiplicative intensity model:

t
N}I(I):/O aji(Xi,2)Yj(z)dz+ M'(t) forallt>0,
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where Y; (1) = 1{Pi(t—) = j} for all t >0, see [1] or [21]. This setting is discussed in [1], see Example VIL.11 on
mortality and nephropathy for insulin dependent diabetics.

We finally cite three papers, where different strategies for the estimation of the intensity of counting processes is
considered, gathering as a consequence all the previous examples, but in none of them the presence of covariates was
considered. Ramlau-Hansen [33] proposed a kernel-type estimator, Grégoire [17] studied cross-validation for these
estimators. More recently, Reynaud-Bouret [35] considered adaptive estimation by model selection.

Our aim in this work is to provide an optimal adaptive nonparametric estimator of the conditional intensity. Our
estimation procedure involves the minimization of a so-called contrast. To achieve that purpose, we proceed as follows.
In Section 2, we describe the estimation procedure: we explain how the contrast is built, on which collections of spaces
the estimators are defined and how the relevant space is selected via a data driven penalized criterion. In Section 3,
we state oracle inequalities for our estimator (see Theorems 1 and 2), a resulting upper bound (see Corollary 1) and
a lower bound (see Theorem 3), the latter asserts the optimality in the minimax sense. The examples of Section 4 are
taken in the setting of Example 1, in order to provide a short illustration of the practical properties of our estimator.
Lastly, proofs are gathered in Sections 5 and 6. Some technical proofs are to be found in a longer version of this paper,
see [11].

Remark 1. An inherent remark about this model is that there is no reason for the conditional intensity a(x, z) to have
the same behavior with respect to the z (time) and x (covariates) variables. This is the reason why it is mandatory in
our purely nonparametric setting to consider anisotropic regularity for a. Think for instance of the very popular case
of proportional hazards Cox model, see [12], it is assumed that a(x, ) = oo(2) exp(,BTx)for some unknown function
oo and unknown vector B € R%. Of course, in this model, the smoothness in the x direction is higher than in the z

direction.

For the sake of simplicity, we will assume in the following that the covariate X is one-dimensional.

2. Description of the procedure

Our estimation procedure involves the minimization of a contrast. This contrast is tuned to the problem considered in
this paper, as explained in the next section.

2.1. Definition of the contrast

Let A= A1 x [0, t] be a compact set of R x R} on which the function & will be estimated. Without loss of generality,
we set A =10, 1] x [0, t]. Let & be a function in (L? N L>)(A). Define the contrast function:

yn(h)%zfo hz(Xi’ZW"(Z)dZ—%ZfO h(Xi,2)dN' (2). )
i=1 i=1

This contrast is of least-squares type adapted to the problem considered here. Since each N i admits a Doob—Meyer
decomposition (N* = A" + M"), we have

1 n T . 2 n T . 2 n T .
mi =23 [ ar@e- Y [ haai@- 23 [hoo oo,
o Jo oo iz o
so that

E(yn(m):E(/ hZ(X,Z)Y(Z)dz>—E<2 / h(X,z)dA(z)).
0 0

Let Fx denote the c.d.f. of the covariate X and || - ||, the norm defined by

||h||i:=JE</O hz(X,z)Y(z)dz)://Aizz(x,z)du(x,z),
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where du(x, z) :=E(Y (2)|X = x) Fx(dx) dz. For the Aalen multiplicative intensity model, see Eq. (1), we get

E(ya(h) = k17, — 2// h(x,2)a(x, DE(Y (2)|X = x) Fx (dx) dz = [|h — e[|}, — [le]|7,-
This explains why minimizing y;, (-) over an appropriate set of functions, see below, is a relevant strategy to estimate .

Example 1 (Continued). In the particular case of regression for right-censored data, the conditional hazard function
is estimated and the contrast function has the following form:

1 T P
Yulh) = ;Z/O WX D122 )z 2 Y h(Xi, 7).
i=1 i=1

We have in addition an explicit formula for du(x, 7):

du(x,z) = (1 — Lzjx(z, x)) Fx (dx) dz, 3)
where

1—Lzix(z.x):=P(Z>z|X =x) = (1 - Frix(x,2))(1 - Gcx(x.2))
and G¢|x is the conditional c.d.f. of C given X.
Remark 2. In our setting, it is possible to let the censoring depend on the covariates, as in [14] or, more recently [18].
Assumption (C) above is weaker than the assumption: T and C are independent and P(T < C|X,T) =P(T < C|T)
in [38]. See [16], p. 249, for further discussions on this matter.

2.2. Assumptions and notations

Before defining the estimation procedure, we need to introduce some assumptions and notations. Define the norms

||h||%:=//Ah2(x,z)dxdz and ||/]lco,a == sup |h(x,z)

(x,2)€A

’

and assume that the following condition holds:
(A1) The covariates X; admit a p.d.f. fx such that Supy, | x| < f1 <+oo.

Assumption (A1) implies that ; admits a density w.r.t. the Lebesgue measure. We denote by f this density:
du(x,z) = f(x,z)dxdz, where f(x,z)= E(Y(z)|X = x)fx(x). 4)

We also assume:

(A2) There exists fp > 0, such that V(x, z) € A x [0, ], f(x,2) > fo.
(A3) V(x,2) € A1 x [0, 7], a(x, 2) < [ltllo0,a < +00.
(A4) Vi, Vr,Y' () < Cy where Cy is a known fixed constant.

Remark 3. Assumption (A2) is fulfilled if Y is bounded from below in expectation and if fx is bounded from
below. The requirement that the density of the design is bounded away from zero is standard in regression mod-
els, in particular. Assumption (A2) reduces to such a condition in Example 2 (Cox processes), where we have
f(z,x) =1(z €0, t]) fx(x). In the general setting of counting processes, a lower bound on the expectation of Y
is classical, see [35], p. 648. In the censored case (Example 1), we can write:

E(Y@IX =x)=E(L(T AC=2)|X =x)=(1— Frix(x,2))(1 = Gejx(x,z-)).
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It is a well-known fact (see, e.g., [1], p. 193-194) that the Kaplan—Meier estimator is consistent, for each x (with no
Sfurther assumption) only on intervals of the form [0, T, ], where T, < sup{s >0, (1 - Fr|x(x,s))(1-=Gc|x(x,s)) > 0}.
We can take © = infy (0,1 Tx. In view of (3), this justifies our assumption (A2) in this case.

Lastly, in the examples described in Section 1, assumption (44) is clearly fulfilled with Cy = 1. We will set Cy = 1
in the following for simplicity. This implies together with (A1) that V(x,z) € A, | f(x, 2)| < f1.

2.3. Definition of the estimator

We follow the usual model selection paradigm (see, e.g., [29]): first minimize the contrast y,(-) over a finite-
dimensional function space S,,, then select the appropriate space by penalization. We introduce a collection {S,,: m €
M., } of projection spaces: S, is called a model and M,, is a set of multi-indexes (see the examples in Section 2.4).
For each m = (m1, my), the space S, of functions with support in A = [0, 1] x [0, ] is defined by

Sm=Fn, @ Hy, = {h: h(x,z)= Z Z gf/?fk<p71(x)1//,’(”(z),a;-'fk € R},
je-]mkEKm

where F,,,, and H),, are subspaces of (L*N L*°)(A1) and (L2 N L) ([0, t]), respectively, spanned by two orthonormal
bases (go;")jejm with |J;| = Dy, and (¥ )kek,, With |Ky| = Dy, For all j and all k, the supports of (p;" and ¥
are, respectively, included in A and [0, t]. Here j and k are not necessarily integers, they can be pairs of integers, as
in the piecewise polynomial or the wavelet cases, see Section 2.4.

Remark 4. From a theoretical point of view, we could consider that the covariates X are in RY. For this end, we
would have to consider models of the form Sy, = Fyy, ® -+ ® Fp, ® Hy,,,. However, this would make the proofs
more intricate. Note also that the convergence rate would be slower because of the curse of dimensionality. For the
sake of clarity, we restrict ourselves to X € R.

The first step would be to define &, = arg min;,cg ¥, (h). To that end, let

hx.y) =Y > ajgT OV

/ejm kEK”I

be a function in S,,. To compute &, we have to solve:

dyn(h)
ajo.ko

Y jo, Yko =0 < GunAn="n,

where A, denotes the matrix (a; 1) jeJ,.kek,

m?

1 ¢ 4 :
G = <; ZwT(Xi)wzm(Xi)/o W(z)w;”(z)Y’(z)dz>
i=1

(J.k), (U, p)€imx Km

and
1 ¢ ’ ;
Tin = (; Zw;"(xi)/o Vi (2) dN' (Z))
i=1

Unfortunately G,, may not be invertible. To overcome this problem, we modify the definition of &, in the following
way:

J€JIm kEKm

&)

A . Jargmin,cg ya(h) on ﬁm,
Ay 1= AC
0 onl,,
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where
[ :={minSp(G,) > max(f0/3, n= 1),

where Sp(G ) denotes the spectrum of Gy, 1.e., the set of the eigenvalues of the matrix G, (it is easy to see that they
are nonnegative). The estimator f of fp (the minimum of the density f, see (.A2)) is required to fulfill the following
assumption:

(AS) For any integer k > 1, there are positive constants Co and ng such that
B(1fo — fol > fo/2) < Co/n* for any n > ny.

An estimator satisfying (A5) is defined in Section 3.5, where the constants Cy and ny depend on k above, on fy, f1, T

defined in Sections 2.1 and 2.2, and on ¢1, ¢, defined below in Section 2.4. In fact, k = 7 is enough for the proofs. We

refer the reader to the proof of Lemma 1, see Section 6, for an explanation of the presence of n'/? in the definition of

[ In practice, this constraint is generally not used (the matrix is invertible, otherwise another model is considered).
The final step is to select the relevant space via the penalized criterion:

m = arg min(y,, (0m) + pen(m)), (6)

meM,

where pen(m) is defined in Theorem 1 below, see Section 3. Our estimator of « on A is then &; .
2.4. Assumptions on the models and examples

Let us introduce the following set of assumptions on the models {S,,: m € M}, which are usual in model selection
techniques:

e (M1)Fori=1,2, D,(,i) ‘= maX;ue M, Dm; < n1/4/«/10g n. We shall denote by F,, (resp. H,,) the space with di-
mension D,(zl) (resp. ’D,Sz)).
e (M2) There exist ¢1 > 0, ¢> > 0 such that, for all # in F,, and for all v in H,,,, we have

2 2
sup‘u(x)] §¢1Dm1/ u? and sup ]v(x)’ < ¢ Dy, v2.
Al

XEA] x€l0,7] [0,7]
By letting ¢ = +/ @192, that leads to
Vhe Sy Nhlloo,a =0y Dy D,y IR | 4. (M

e (M3) Nesting condition:
Dy, < Dm/1 = Fy C Fm/l and Dy, < Dm/2 = H,,C Hm/2

Moreover, there exists a global nesting space S,, = F, ® H,, in the collection, such that Vm € M, S, C S, and

dim(S,) := N, < +/n/logn.
Remark 5. We emphasize that ¢ depends on t and is in most examples proportional to 1/t.

Assumptions (M1)—(M3) are not too restrictive. Indeed, they are verified for the spaces F,, (and H,,,) on A} =
[0, 1] spanned by the following bases (see [4]):

e [T] Trigonometric basis: span(go, ..., ¢m,—1) with @o = 1([0, 1]), ¢2;(x) = V2 cos2mjx) 1([0, 1D (x),
@2j—1(x) = ﬁsin(2njx)]1([0, 17)(x) for j > 1. For this model D,,, =m and ¢; =2 hold.

e [DP] Regular piecewise polynomial basis: polynomials of degree O, ...,r (where r is fixed) on each interval
[ —1)/2P,1/2P[ withl =1, ...,2P. In this case, we have m| = (D, r), J, ={j = (,d),1 <1 <2P 0<d <r},
Dy, = (r+ 120 and ¢ = /r + 1.
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o [W] Wavelet basis on an interval: span(¥;;: j=1—1,...,my,k € A(j)), where [ and m are integers (/ corre-
sponds to the number of vanishing moments of the basis). The ¥; ; are, depending on the localization parameter
k, either translations and dilatations of a pair {¢, ¥} of scaling function and wavelet with a compact support, or
so-called edge scaling functions and wavelets. We give more details in Appendix A.1. By construction, the elements
of this basis have their supports included in A, and they have as many vanishing moments as /.

e [H] Histogram basis: for A; = [0, 1], span(gy, ..., gm) with @; = 2™M/21([(j — 1)/2™, j/2™[) for j =
1,...,2™ . Here D,,, =2, ¢1 = 1. Notice that [ H] is a particular case of both [D P] and [W].

Notice that 1_1/2¢1(~/r),..., t_l/z(pD(-/r) an orthonormal basis in L2([0, t]), whenever ®1,...,@p 1S one in
L%([0, 1]).

Remark 6. The first assumption (M1) prevents the dimension from being too large compared to the number of
observations. We can relax considerably this constraint for localized basis: for histogram basis, piecewise polynomial
basis and wavelets, (M1) can be relaxed to the weaker condition: D,(f) < /n/logn. Analogously in (M3), we would
get N, < n/logn. The condition (M2) implies a useful link between the L* norm and the infinite norm. The third

assumption (M3) implies in particular that Nm,m' € M,,, Sp, + Sy C Sy. This condition is useful for the chaining
argument used in the proofs, see Section 6.4.

3. Main results
3.1. Oracle inequality

We define «,, as the orthogonal projection of a1(A) on S,,. The estimator &,;, where &, and m are given by (5) and
(6), respectively, satisfies the following oracle inequality.

Theorem 1. Let (A1)—(AS) and (M1)—(M3) hold. Define the following penalty:

D,,, D
pen(m) := Ko (1 + IIallm,A)%, 8)
where K is a numerical constant. We have

E([|e1(A) — &

C
W) <wo inf {[at(A) —an|} +penim)} + ©)

for any n > ng, where ng is a constant coming from assumption (A5) (see Section 2.3), where kg is a numerical
constant and C is a constant depending on @1, ¢2, @, 4, fo, f1 and T.

The proof of Theorem 1 involves a deviation inequality (see Lemma 5) for the empirical process
1 [F :
mi=2 3 [ hotz am' o
ni=do

where Mi(t) = N'(t) — fé a(X;,z)Y'(z)dz are martingales, see Section 1, and a L2 — L% chaining argument (see
Proposition 4 and the detailed proof in [11]).

3.2. Adaptive upper bound
From Theorem 1, we can derive the rate of convergence of @,; over anisotropic Besov spaces. We recall that anisotropy

is almost mandatory in this context, see Remark 1. For that purpose, assume that « restricted to A belongs to the
anisotropic Besov space Bg wo(A) on A with regularity B = (81, B2). Let us recall the definition of Bg wo(A). Let
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{e1. 2} the canonical basis of R? and take A} ; :={x € R% x,x + he;,...,x +rhe; € A}, fori =1,2. For x € A} ,,
let

r — - _ 1\ —k r )
Ah,ig(x)—kgo( 1) (k>g(x+khel)

be the rth difference operator with step 4. For ¢ > 0, the directional moduli of smoothness are given by

wr,-,i(g’ t) = Sup (/r
[h|<t \J A}/

S

172
|A2"’ig(x)‘2dx) . i=1,2.

Consider the Besov norm

2
— — —Bi .
lotllgp = Nlerla +latlgp ) = llella + f‘jg_;’ wr,,i(8.1). (10)
=
Define the Besov space Bfoo(A) as the set of functions g such that ||g||Bp < +00, and for L > 0, consider the
s 2,00
ball
B (A, L)={aeBf (A): |« <L)
2,00\ /1s 2,00\)- 3500(,4) =Lyj.

More details concerning Besov spaces can be found in [40]. The next corollary shows that &,; adapts to the unknown
anisotropic smoothness of «.

Corollary 1. Assume that o restricted to A belongs to Bg oo (A, L), with smoothness B = (B1, B2) such that 1 > 1/2
and B> > 1/2. We consider the piecewise polynomial or wavelet spaces described in Section 2.4 (with the regularity
of the polynomials and the wavelets larger than B; — 1). Then, under the assumptions of Theorem 1, we have

Ell — &1} < Cn=2/2P4D),
where B is the harmonic mean of B1 and B2 (i.e.,2/B = 1/B1+1/B2) and C depends on L, T, ¢o, fo, f1 and lolloo,A-

The rate of convergence achieved by &,; in Corollary 1 is optimal in the minimax sense as proved in Theorem 3
below. For trigonometric spaces, the result also holds, but for 8; > 3/2 and 8, > 3/2 (because of (M1)).

Moreover, assuming for example that 8, > 1, one can see in the proof of Corollary 1 that the estimator chooses a
space of dimension Dy, = DZ 1P Dy, . This shows that the estimator is adaptive with respect to the approximation
space for each directional reguiarity.

3.3. Random penalty

It is worth noting that the penalty defined in Eq. (8) involves the unknown quantity ||¢|/sc, 4. This problem occurs
occasionally in penalization procedures, see, for instance, [10] or [23]. The solution is to replace it by an estimator:

Do Dy (11)
n

pen(m) = Kl(l + ”&m*”Aoo)

where K is a numerical constant and &+ is a rough estimator of « computed on an arbitrary space S,;+ with dimen-
sion D+ = DmTDm;. Let us consider

A

m = arg mrg/i& (vn(@m) + pen(m)). (12)

Then we can prove the following result.
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Theorem 2. Let the assumptions of Theorem 1 be satisfied. Consider the estimator & B defined by (5)-(12)—(11),
where the term Q,,+ is computed with (5) on a space Sy,» in collection [T) with dimension D, such that

1/4
D,,,T:Dm»z«:n/.

If « restricted to A belongs to the anisotropic Besov space Bg oo (A) with regularity B = (B1, B2) such that 1 > 2 and
B> > 2, then, for n large enough,

E([|e1(A) —‘3‘"%\

2 . 2 Dy, Dy, C
) Skl mé‘kﬂn{”““) — [, + (14 llellos,a) === 1 4 —, (13)
where k1 is a numerical constant and C is a constant depending on @1, ¢2, |@]lco, 4, fo, f1 and t.

The rate of convergence of & 2 on Besov balls can be deduced, in an obvious manner, from Theorem 2, as Corol-
lary 1 was obtained from Theorem 1.

3.4. Lower bound

In the next theorem, we prove that the rate n—2P/2B+2) i optimal over Bg oo (A) where we recall that 2/ B=1/1+
1/B2. The Besov ball Bfoo(A, L) is defined in Section 3.2. Let us denote by E,, the integration w.r.t. the joint law Py,
when the intensity is «, of the n-sample (X;, Ni(),Yi(:z<t,i=1,...,n).

Theorem 3. Assume that assumption (A1) holds. Then there is a constant C > 0 that depends on B, L, T and f] such
that

inf  sup Eqlla— oe||% > Cn—2B/(2B+2)
* weBf (A.L)

for n large enough, where the infimum is taken among all estimators.

Remark 7. There is a slight difference between the statements of Theorem 3 and Corollary 1: the upper bound in
Corollary 1 requires assumption (A2) to be fulfilled (which requires that f(x,z) =E(Y (2)|X =x) fx(x) > fo) while
Theorem 3 does not. However Corollary 1 and Theorem 3 are stated on the same functional sets. This kind of difference
between the statements of upper and lower bounds is classical, and can be found in regression models as well, see the
discussion in [36], p. 1351, for a regression model.

3.5. Estimation of fo

We recall that f is the density of x, which is defined in Eq. (4). We define

~ . 5 2 T ;
fn=arg minvy (), where vy () = A7 = =37 | h(X;, Y (2)de. (14)
hesS, i=1 0

This estimator admits a simple explicit formulation:

. . A 1< T .

InG.)=" Y bV (), withbj == "7"(X;) / Y (@Y () dz, (15)

. n “ 0
(j,k)edmxKp i=1

As before, we consider estimation of f over the compact set A = [0, 1] x [0, t]. We choose the space H,,, as the

space with maximal dimension, as explained below. Let us denote it by H,, by D,(,z) = dim(H,,) its dimension (see
(M1)) and by £, its index so that Hy, = H,. Consider, for a given m, the estimator

fml = arg min vy, (h)
heE?l] XH”
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and define an estimator of f by considering any inf(, ;yca fml (x, z). It is worth noticing that an arbitrary choice is

sufficient, because only a rough estimation of the lower bound fj of f is useful here. Therefore, the estimator fo used
in (5) for the construction of &y, can be defined, for an arbitrary m’f see Proposition 1, as

fo:= inf fur(x,z) with D, = dim(F,,»). (16)
(x,z2)eA” 1 1 1

Proposition 1. Consider fo defined by (16) in the basis [T] with Dyx = D,(lz) =n'/4//Togn. Assume that f €

Bé’?ééﬁZ)(A) with 51 > 2, ,32 > 2. Then, for any k € N, there are positive constants ng and Cq such that

P(1fo — fol > fo/2) < Co/n*

for any n > no, where Co and nq are constant depending on k, t, fo, f1, ¢1 and ¢>. This proves that fo fulfills
assumption (A5).

The proof of this result is given in Section 6.

4. Tllustration

In this section, we give a numerical illustration of the adaptive estimator &,;, defined in Section 2, computed with the
dyadic histogram basis [H]. We sample i.i.d. data (X1, T1), ..., (X,, T,) in three particular cases of the regression
model of Example 1 from Section 1. For the sake of simplicity, we simulate the covariates X; with the uniform
distribution on [0, 1]. The size of the data set is n = 1000.

Case (NL). Non-Linear regression:
T; =b(X;) +os.

We simulate &; with a x2(4) distribution, 0 = 1/4 and b(x) = 2x + 5. Note that in this case, the hazard function
to be estimated is

anL(x,t) = %%(r _b(x)),

o

where «, denotes the hazard function of .
Case (AFT). Accelerated Failure Time model:

log(T;) =a+bX; +¢;,
where the ¢; are standard normal and a = 5 and » = 2. The hazard function to be estimated is then:

g (log(r) — (a + bx))
. .

aAFT(X, 1) =
Case (PH). Proportional Hazards model (see [8,25]): in this case, the hazard writes
a(x, 1) =exp(b(x))ao(t).

We take b(x) = bx with b = 0.4 and ao(¢) = art®"!, which is a Weibull hazard function with a =3 and A = 1.

We choose to compute and plot our estimators with histogram bases for two reasons: first, it makes the estimator
much easier to compute; secondly, it shows very well how the changes are captured, and when an anisotropic choice
is performed by the estimation procedure. More sophisticated implementation is beyond the scope of the paper.
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Fig. 1. Case (NL) Estimated (top left) and true (top right) conditional hazard rates and example of cross-sections (bottom) for a fixed value of x
(left) and y (right).

0 500 1000 0 02 04 06 08

Fig. 2. Case (AFT) Estimated (top left) and true (top right) conditional hazard rates and example of cross-sections (bottom) for a fixed value of x
(left) and y (right).

The penalty is taken as

mi+my
pen(my, my) =« (1 + ”O[”OO,A)Ta

with k = 4. Note that, for sake of simplicity, [|&|loo,4 is estimated by max; i a;  (the largest histogram coefficients)
instead of the trigonometric basis, which was used for technical reasons in Theorem 2: this is because it makes the
procedure faster, since all @;  are already computed for estimation. These coefficients are computed on the largest
space considered (with dimension /n).

We can see from Figs 1-3 that the algorithm exploits the opportunity (Figs 1 and 3) of choosing different dimen-
sions in the two directions, and that it gives a good account of the general form of the surfaces.
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0
0 0.5 1 1.5 0 02 04 06 08

Fig. 3. Case (PH) Estimated (top left) and true (top right) conditional hazard rates and example of cross-sections (bottom) for a fixed value of x
(left) and y (right).

5. Proofs of the main results
5.1. Proof of Theorem 1

We define, for iy, hy in LN L*°(A), the empirical scalar product
(h1, ha)n Z/ hi(X;, 2)ha(Xi, )Y (2) dz 1(X; € [0, 1]) 17)

and the associated empirical norm ||/ ||2 (h1, h1), which is such that

E(Ih12) f/ B2 x, y) dpax, ) = //h (6 ) () dedy = 2,

where we recall that f denotes the density of i w.r.t. the Lebesgue measure on A. We shall use the following sets:

(18)

A= {VheSn:

meM,
2 I 1
5—1 <>t and £2:=
Al 2 fo 2

0, = {minSp(Gm) > max(fo/3, n_l/z)}, = ﬂ Ly,
h 2
Ial ho_,
For m € M,,, we denote by «,, the orthogonal projection on S,, of « restricted to A. The following decomposition
holds

E(|a —ai(a)]2) < 2] et(A) — oy ||i +2E(@ — o2 1(A N £2))
+2E(1&5 — am22((A N 2)0)). (19)
The last term is bounded via the following proposition.
Proposition 2. Under the assumptions of Theorem 1,
E(las — anlZ1((AN2)8) < Ci/n, (20)

where C| is a constant depending on T, ¢1, ¢2, || |lc0, 45 fo, f1.
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The study of the term E(||&; — o ||i]l(A N £2)) involves two preliminary steps. The first one is the following
lemma.

Lemma 1. Under the assumptions of Theorem 1, the following embedding holds: for n > 4/ foz, we have
Anclns.

See the proof in Section 6.3. As a consequence, for all m € M,,, the matrices G,, are invertible on A N £2. The
second step is the following useful decomposition. Let us define

n

vn(h):lz h(Xi,2)dN'(2) — | h(Xi, Da(X;,2)Y (2)dz
n 0 0

i=1
| ,
= —Z/ h(Xi,2)dM' (2), @1
n “ 0
i=1
where we use the Doob—Meyer decomposition. For any 41, h; € (L>N L*®)(A), we have
2 2 . ‘ i
Yn(h1) — Yu(h2) = |kt — hall, + 2(h1 — ha, ha)n — ” Z/ (h1 — h2)(Xi,z)dN'(2)
i=170
= |lh1 = hall; + 2001 — ha, hy — @)y — 20, (1 — h2)

=y = hally 4+ 21 — ko, hy — a1(A)), — 2v,(hy — ha), (22)

where the indicator 1(A) can be inserted because all other functions in the scalar product are A-supported. Let us
assume that n > 4/ foz. Now, on A N §2, we have thanks to Lemma 1 and by the definition of 7, that

Yu (@) + pen(m) < yu(am) 4+ pen(m) Vm e M,.
It follows from (22) and from the fact that 2xy < x2/6 + 6y? for any x, y, 6 > 0 that, on AN £2,
185 — s < 2@ — otm, @L(A) — ), + pen(m) + 20, (&5, — ) — pen(in)

< —Nl& — amll? + 4| @L(A) — an | + pen(m)

ENge

+ [l —amll?, +4  sup  vi(h) — pen(ii),

e
heBr -(0,1)

where BZ w0, 1) :={h €S8, + Sy |lhll, < 1}. Now, we need to introduce a centering factor denoted by p(m, m'),
related to the supremum of the empirical process v, (k).

Proposition 3. Grant the assumptions of Theorem 1. There exists a numerical constant k > 0 such that the following
holds. If

D,, + D,
plm,m') = (1 + llafloo,a) ——

)

then
C

Z IE)( sup  (vi(h) — p(m,m’))+]1(A)) =—

n
m'e M, hEBm.m’ ©.D

for n large enough, where C3 is a constant depending on [y, ||t||oc, o and the chosen basis (see Section 2.4).
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The proof of Proposition 3 is partly given in Section 6.4 below (see [11] for details). It yields
3 . 5 2 [N 2
2o = amlly = 4|a1(A) — an |, + pen(m) + gl = amlly,

+4( sup V20— pOn)) +4pGm, i) — penGi).
heB .(0.1) +

Now, let fix Ko > 4«, so that
4p(m, m/) < pen(m) + pen(m’) Ym,m’,
and use the definition of A. We obtain on A N £2:

3. 2
gldi —anlly, < 4a1(4) = an; +2pen(m)
I .
+Z||a,a—am||i+4 Z ( sup v,f(h)—p(m,m/)> (23)
m'eM, heBl .1 +

and thuson AN 2:

L
§||Olrh — o} < 4]|el(A) — a Hi +2pen(m) +4 Z ( sup v2(h) — p(m, m’))Jr
meM, heBl L ©.1)

Now, Proposition 3 entails
1 R ) 2 C
gE(Ha,;, — o[, 1(ANR)) <4[|al(A) —ap ||M + 2pen(m) + —. (24)

Gathering (19), (20) and (24), we obtain that, for n > 4/ foz,

. C:\ | 2C
E(| s — e1(4)]2) <2 am —e1(4)]% + 16(4||a]l(A) — o | + 2 pen(m) + f) + =

for any m € M,,. On the other hand, if n <4/ foz, then 1/n > fo2 /4 and it is easy to see that Lemma 3 (see below)

entails E(||&,; — ot]l(A)HlZL) < C/n where C is a constant depending on Cp from Lemma 3, fo and ||oz]l(A)||i. This
concludes the proof of Theorem 1.

5.2. Proof of Corollary 1

To control the bias term, we use Lemma 6, see Appendix A.2, that gives the approximation result allowing to derive
the rate of convergence. If we choose S, as one of the finite-dimensional linear span considered in Section A.2, we can
apply Lemma 6 to the function a4, the restriction of « to A. Since o, has been defined as the orthogonal projection
of a4 on Sy, we get using (A1) and (A4):

lai(A) —an||,, < fille —amlla < C3[ D, + D2,
where C3 depends on the Besov norm of « and on f;. Now, according to Theorem 1 and (A2), we obtain

Dy, Dy, }

) I (1A . 12 : _28 Y
Bl —alf < fi Bl - al) = Co ing | D24 D2 4 O

where C4 depends on the Besov norm of «, and on fy, f1, ¢1, ¢ and 7. In particular, if m* = (m’l‘, mz) is such that

D’”T — Lnﬂz/(ﬂ|+ﬂ2+2ﬁ1ﬂ2)J and Dm§ — L(DmT)ﬂl/ﬁZJ
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then

Dli—ﬂl/ﬂz o
El&; — 0‘”%1 <2C,4 <D_2/31 + L) < 4p 20182/ (Br+B2+2B152) 4C4n*2f3/(2/3+2)’

*
mj n

where we recall that the harmonic mean of 81 and B, is 8 = 28182/(B1 + B2). The condition Dy, < /n/logn allows
this choice of m™ only if B,/(B1 + B2 +2B182) < 1/2,1i.e.,if B1 — B2+ 281 B2 > 0. In the same manner, the condition
B> — B1 + 28162 > 0 must be satisfied. Both conditions hold if 8; > 1/2 and 8, > 1/2.

5.3. Proof of Theorem 2

The proof follows the line of the proof of Theorem 2.2 in [24], p. 67, so we only give a sketch of proof. Let us define
A= { ”&m*”oo _ 1’ < 1}7

letll oo, 4 2
and recall that A and §2 are given by (18). Then we decompose the risk of &  as follows:

2

—al(A)[21(ANANR) +E(|é; —al(A)[21((4N AN 2)E)).

]

E(|a; —e1(4)]2) =E(|a

The study of the term IE(||6¢H:1 —al(A) ||fL]l(A N AN $2)) is very similar to the study of its analogous in the proof of
Theorem 1, by using that, on A,

—1 (m) < —pen(m) < = (m) (25)
n n n(m). 25
pen(m 1pe m pen(m

Thus, the algebra starts with pen(m) instead of pen(m), and on A, it is proportional to pen(m) thanks to (25). At the
end, only constant multiplicative factors are changed. In other words, taking K; = 2K, (24) is simply replaced by

lIE(HA s~ [21(AN 2N A)) <4|a1(a) - ||2 +4pen(m) + G (26)
s az —amlly <4||la U, pen(m -
The conclusion follows from the following lemma, which is proven in a longer version of the paper, see [11].
Lemma 2. Under the assumptions of Theorem 2,

N 2

E(Ja; —e1a)|,1((Anan 2)%)) < Cr/n,
where Cg depends on ¢1, ¢2, T, fo, f1 and ||ot]|co, A-
This ends the proof of Theorem 2.

5.4. Proof of Theorem 3
In order to prove Theorem 3, we use the following theorem from [41], which is a standard tool for the proof of such a
lower bound. We say that 9 is a semi-distance on some set © if it is symmetric and if it satisfies the triangle inequality
and 9(0, 0) =0 for any 6 € ®. We consider K (P, Q) := f log(dP/d Q) dP the Kullback-Leibler divergence between
probability measures P and Q such that P < Q.

Theorem (see [41]). Let (®, d) be a set endowed with a semi-distance 0. We suppose that {Py: 6 € O} is a family
of probability measures on a measurable space (X, A) and that v > 0. If there exist {0y, ...,0y} C O, with M > 2,
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such that

(1) 3(8;,60) >20¥0< j <k <M,
(2) Py, < Py V1 <j=<M,
(3) 17 X511 K(Po;., Pay) < alog(M) for some a € (0,1/8),

then

. . ~ M a
fsup E, 190.0) > ~Y——(1-24-2/—_),
infsup Eol (™0 >>121+m( “ \/log<M>)

where the infimum is taken among all estimators.

In this proof, we denote by P, the distribution of (X, N(z), Y (z); z < t) when the intensity of N is « and by P
the distribution of the n-sample (X;, Ni(z),Yi(:z<t,i=1,...,n).

We construct a family of functions {«, ..., ops} that satisfies points (1)—(3). We use the notation | A| for the area of
the rectangle A (or the length of an interval) and #(R) denotes the cardinality of a set R. Let ag(x, t) = | B| ~1(t e B)
where B is a compact set such that A =[0,1] x [0,7] C B x B and |B| > 2|A|1/2/L. As a consequence, we have
ao(x,t) > 0 for (x,1) € A and ||a0||B£OO(A) = |laolla + |a0|B£m(A) < L/2 since |a0|B£m(A) =0, see (10). We shall
denote for short ag = |B|~! in the following. Let 1 be a very regular wavelet with compact support (the Daubechies’s
wavelet, for instance), and for j = (ji, jo) € Z? and k = (kq, k2) € Z2, let us consider

ik, 1) = .,;*1/22(j1+j2)/21/,(2j1,/.,; _ kl)W(th _ kz),
so that ||y xlla = 1. Let S x stands for the support of ¥; x. We consider the maximal set R; C Z? such that
SixCA VkeR; and S;;NSjv=0 VkkeRjk#k. 27)

The cardinality of R; satisfies #(R;) = c2/1+72 where ¢ is a positive constant that depends on t and on the support
of ¥ only. Consider the set £2; = {0, 1}#(Ri) and define for any w = (wy) € £2;

b
al ) =ay+ \/; Z kY ks
kGRj
where b > 0 is some constant to be chosen below. In view of (27) we have

/
e ) — - 0) | = M,
where

oo, ) = Z 1wk # wy)

keR;

is the Hamming distance on §2;. Using a result of Varshamov-Gilbert — see [41] — we can find a subset
(0@, ..., M)} of 22; such that

0 =(0,...,0, p?, 0 ?)=#R;)/8

forany 0 < p <q < M;, where M; > 2#(R))/8 We consider the family .Aj ={ag, ..., an} where ap = a(, a)(l’)).
This family satisfies forany 0 < p <g < M;

b#(R)H\'/?
||ap—aq||Az( (f)) o,
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for v; :=,/b#(R;)/(32n). This proves point (1). Now, let us gather here some properties for this family of functions.
We have

b2U1+j2)
Jerts @) = o] 4 =/ = W15 < @0/3

and consequently o(x, t; w) > 2a9/3 > 0 for any (x,7) € A and w € £2; whenever

p2irtiz\ 1/2
<—) @ __ (28)

= 3wz
T 3%

Using the Bernstein’s estimate from [19] (see Theorem 3.5, p. 194), we have for ¥ smooth enough that

D bk > otk

kERj kERj

Scr(zjlﬂl +2j2ﬁ2) 1/2’

BY (A)

<c; 1l,(zjlﬂl +2j2ﬂ2)(2j1+j2)
A

where ¢; y is a constant that depends on 7 and . Note that the Bernstein’s estimate from [19] is stated on the space
LL2([0, 11%) while we consider here L([0, 1] x [0, ]). An obvious (but tedious) modification of the proof of Hochmuth
(it suffices to change the scaling of the moduli of continuity w,, ; herein) allows to show that the Bernstein’s estimate
is the same as for L2([0, 1]?), up to a multiplicative constant that depends on t. Hence, if

cr 1//(2./1/3| + 20282 (271172)1/2 L
, < ’
Vn ~2Vvb
we have [|a(:; w)”Bfoo(A) <L,soa(;w)e B;m(A, L) for any w € £2;. This proves that A; C Bgoo(A, L).
Points (2) and (3) are derived using Jacod’s formula (see [1]). Indeed, we can prove that the log-likelihood
£(a, ag) :=log(dPy /dPg,) of N writes

(29)

T

Lo, o) = [T(loga(X, t) —logap(X, t)) dN (1) —/ (a(X, t) —aop(X, t))Y(t) dr.
0 0

Forany o € A;, we have |lo —aplloo,a < ao/3 < a(x,t)/2forany (x, 1) € A. The Doob—Meyer decomposition allows
to write that, under Py,

£(a, ap) =/O (P1jax.n (@(X, 1) —ag(X, 1)) — (a(X, 1) —ao(X,1)))Y () dr

+/r(loga(X, 1) —logao(X, 1)) dM (1)
0

where ®,(x) := —log(1 —ax)/a for a > 0 and x < 1/a. But since ®,(x) < x + ax? for any x < 1/(2a), we obtain

T

3 T
(o, o) < 2—/ (a(t, X) — aot, X))zY(t)dt +/ (logao(r, X) —loga(t, X)) dM (1)
ao Jo 0
which gives by integration with respect to P,

2
3l —aolly, - 3fille —aolly - 3bfi#(R;)

K(Py,Py) <
(Fa Pag) = 2ay - 2ap - 2nag
for any o € A;. Since the counting processes (N L ..,N")are independent, we have K (P}, IP’ZO) =nK Py, Py,) and
L - k(@ P ) < 2R e m
MZ ( ap’ Olo)— 2(10 =alogM;

p=0
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with
a:=12bf1/(aplog?2).

So, we take b small enough, so that a < 1/8 (this is the only constraint on b) and point (3) is met in Tsybakov’s [41]
theorem. It only remains to choose the levels j; and j» so that (28) and (29) holds, and to compute the corresponding
v;. We take j = (j1, j2) such that

c1/2 < 21 =B2/(B1+P2+26152) <c; and /2 < 22 =B1/(Bi1+P2+26152) <0y,

where c¢; and ¢, are positive constants satisfying cmp(cf '+ czﬂz)A/clcz <L/ (2\/5). For this choice, 2/1172 /n <
c1con=2P/2P+D 50 (28) holds for n large enough and (29) holds and v; > c3n=P/@F+2) where c3 = ¢y +/bcic2/128.
6. Proof of the auxiliary results

6.1. Proof of Proposition 1

Let f, and fo be defined by (16), with m} = (Dy,, D) and Dy, = D> = n'/*//Togn. We remark that, for all
(x,2) e R?,

For (6,2 = F (6,2 + fr (8, 2) = £, D) = fo = Il fuwr = Flloo.a-

We deduce that ||fm1‘ — flloo.a = fo — fo. In the same manner, ||fm>; — fllso.a = fo— fo. Thus

P(2%) = P(1fo — fol > fo/2) <B(l fouz — Flloo.n > fo/2).

Therefore, we just have to prove that P(Hfm»f — flloo.a > fo/2) < Co/n*. First, remark that

”fm’l‘ - f”oo,A = “fm’l‘ - fm’l‘”oo,A + ”fm’f - f||oo,A~

As f e B(’gl’ﬂZ)(A) with /_§ > 1, the embedding theorem proved in [32], p. 236, implies that f belongs to Béfjng)(A)

2,00 N -
with ﬂi‘ = ,51 (1— 1/,3) and ,35‘ = ,52(1 — 1/,3). Moreover, [32] proves that there exists a function F;,,= in the space S,*
of trigonometric polynomials such that

[ Fne = £1)] < C(D,f +D;%) and | Fpe — 1), < C(D, 1T +D,7),

mi
where C depends on the Besov norm of f on A. Then

| finise = FLA | o < W fmix — Fnrlloo + || Fu — fLA)|| o

< 00\ Dy s D W fonys — Fll 4+ | Fue — FL(A)|

< ¢0W(”fml* - f]l(A)H + Hf]l(A) — Fp ”) + ”Fm* _ f]l(A)”OO
= C/[W(D;?' +D,%) + D, + (D) ],

where C’ depends on ¢ and the Besov norm of f. But since Dy = D,(f) =n'/*/log(n), this proves that | S —

f1(A) |l — 0 when n — 400 as soon as f; > 2 and B, > 2. So, there is ng such that for any n > ng, we have
”fm]* — flloo,a < fo/4 and

Pl furr = flloo.a > f0/2) SP(I fwt = fintlloo.a > fo/4).
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Using (M2), we get

A~ 2 ~
1 fre = Futlloo.a < /@162 Die D2 oz = funt -

Now we define
1 n r _ _
D) = Z/O (h(Xi, Y 0) = E(h(Xi, Y (1)) dy = [V, = | V] (30)
i=1

With this notation, and recalling the definition of fm (see Eq. (15)), we have E(IB j.k) =bj i and
1 fons = fonx I —Z(b,k —bji)? —Zﬁ My,
thus

A m’ f()2 )
P £,y oo, 2) <P Nz ——"—7
(1o = Flloc.4 > fo/2) ( V) 1661¢2D,; D

fo
Zk < varphl ®1/fk )| 4/8162D,, *D(2)>

Note that 9, (gal Y, 1) =1 ZI(U] k E(Uf )), where Uf =;(Xi) [y ¥x(») Y (y)dy are i.i.d. random vari-

ables. We apply the Bernstein inequality to the sum of the random variables U; /% We have

. T T 1/2
|U,f”k|§||¢j||oo/0 |“\ﬁk(y)|dy§||<P/'||<><>(T/0 w,?(wdy) TP1 Dy =

and E[(Ul.j’k)2] < 7] =: v2, so the Bernstein inequality gives

2
P(|9(¢; ' ® vy )|2x)52‘”‘p( 2(v2+cx/3))

with x = fp/ (4«/¢1¢2DmTD,(12)) and v and c¢ defined above. This entails

m* fO ) ( Cn )
P( 2,07 @) = —— ) <2exp( ————— ),
<| A 1a5:0, 00 ) =\ (D, D)

where C is a constant depending on fy, f1, 7, @1, ¢2, and since Dyx = D,(,z) =n'/4/,/log(n) we obtain

P(22%) <2ynexp(—C(logn)?) < C—,‘j

where Cy is a constant depending on k, fo, ¢1, ¢2, T and f1. This concludes the proof of Proposition 1.
6.2. Proof of Proposition 2

6.2.1. Proof of Proposition 2
One can write

E(l165 — o 122((AN2)8)) <E(lds — aml21(A%)) + E(l&s — aml21(25))

<2 Ai[EY2(I31*) (P2 (4C) + P2(20)) + el (P(25) + P(aD))].
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using assumptions (A1) and (44). Now, assumption (A5) with k = 7 ensures that IP’(QG) < Co/n’ for any n > ng. It
remains to bound both E(||&,; ||*) and IP’(AE)).

Lemma 3. Under the assumptions of Theorem 1, E(||&,;||*) < Cgn, where Cp is a constant depending on ¢1, ¢a, T
and ||et]| oo, A-

Lemma 4. Under the assumptions of Theorem 1, we have ]P’(AC) <C ,EA) /n* for any k > 1, where C ,EA) is a constant
depending on k, on the basis, and on fy, f1.

The proof of Lemma 3 is given below, the proof of Lemma 4 is given in a longer version of the paper, see [11].
Using Lemmas 3 and 4 and assumption (A5), we get

E(l&i — aml21((AN2)8)) < C1/n, 31)
where C is a constant depending on 7, ¢1, ¢2, ||¢|lc0. 4, fo, f1. This concludes the proof of Proposition 2.

6.2.2. Proof of Lemma 3
We present here a short proof, we refer the reader to [11] for more details. Note that &, is either 0 or arg min, . s; Yn (D).

In the second case, min Sp(G ;) > max(f0/3, n~1/2), hence

laal? =@ = 14412 = |65 | < (minSp(G)) 1712
j.k

NS i Y
5min(9/f02,n);ZZ<pJ2-(Xi)Z</0 wk(z)le(z)> ,
i=1 j k

where, for short, ¢; := gz);.;’ and Yy 1= w,f‘. So that

1 < v A\
181 < n’¢7 (D) DR ZZ(JIAI(XO /0 Yi(z) AN (z)) : (32)

i=1 k

see assumptions (M?2) and (.A2). In addition, one can write

T . 4
E((L,l(x,-)fo I/Ik(Z)le(Z)) )

T 4 T 4
523E(<11A1(X,-> f wk<z>a(xi,z)yf(z>dz> >+23E<< / wk(z)dM"(z)> ) 33)
0 0

Using the Biirkholder inequality, see, e.g., [28], p. 75, and the fact that the quadratic variation process of each M s

N (i=1,...,n), we know that there exists a universal constant «; such that
ZJE(( / Vi(2) dM' (z)) ) < KbE<N’ © > > w,ﬁ‘cv)), (34)
k 0 s:ANi(s)#£0 k

see [11] for more details. Notice that ), Ip,f (s) < ¢§ (D,(,z))z, by assumption (M?2) and some algebra. It now remains
to bound E[(N'(r))?]. By assumptions (A3) and (A4), we have

T 2
E[N‘(r)]zsz(M‘(r))2+2< /0 a(xl,z)Y‘(zmz) 2tflello,a + 2(tlllooa)’. (35)
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Combining (33), (34) and (35), we get

T 4 T 2
E(Z(/ wk(z)dzv"(z)> >5slcbqsg(p,(,”)z]E[(N‘(r))z]+8||a||§o,Ar2Z</ w,f(z)dz)
K O K 0

< 86,03 (D)’ E[(N'(1)°] + 8llald, 47> DR (36)

Then we have, by inserting (36) in (32),

n T 4
E(ll&a 1) < (012D D(Z)E(i ( / wk(z)dzv%z)))
0

i=1

< cpn®(DV)* (D)’ < C3n4'5 <Cpn’®,

where Cp is a constant depending on @1, ¢, T and ||ot]|c0, 4. We use here that D,(,i) < /n/log(n) in the case of
localized bases [DP], [W], [H]. Note that for basis [T], under (M1), the final order is smaller (namely n3-2 instead
of n*). This concludes the proof of Lemma 3.

6.3. Proof of Lemma 1

Let m € M,, be fixed and let £ be an eigenvalue of G,,. There exists A,, # 0 with coefficients (ay); such that G, A,, =
€Ay and thus A Gy A,y =LA A,y Now, take b := Y, a5 ¢ € Sy We have ||h]|2 = A G Ay and ||1]|% = A Ap.
Thus, on A (see (18)):

AYGuAp = h|2> —||h|| foIIhIIA——foATA

= 2
Thereonre, on A, forA all m € M,,, we have minSp(G,,) > fo/2. Moreover, on §2, we have fy > 2f0/3 and
max(fo/3,n"12) = fo/3, forn > 4/f2.

6.4. Proof of Proposition 3

Usually, in model selection (see, e.g., [29]), the penalty is obtained by using the so-called Talagrand’s deviation
inequality for the maximum of empirical processes. Since the empirical process v, (-) (see Eq. (21)) considered here
is not bounded, we cannot use directly Talagrand’s inequality. Using tools from [42], we prove Bennett and Bernstein
type inequalities for v,(-), and using a L%(11) — L™ generic chaining type of technique (see [2,39]), we derive an
uniform deviation.

Lemma 5. For any positive 8, € and for any function h € (L> N\ L>®)(A), we have the following Bennett-type deviation
inequality:

82 h
B(va(h) = €. Al <3) < exp(-n ”alloo,Ag< €l o, ))

17112, 4 llotll oo, 482

where g(x) = (1 4+ x)log(l + x) — x for any x > 0. As a consequence, we obtain the following Bernstein-type in-
equalities:

2
ne</2 ) 37)

P(vn(h) 2 €. Il <) <exp< 1o A.008% + €Ml A00/3

and

P(va(h) = 8y/2lltllo0, a%x + [Blloo.ax, [IAll; < 8%) < exp(—nx). (38)
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Proof. Notice that the process

n

n t
nv(h,t) :=Z/ h(X;,z)dM(z) :=Zu(h,t)"
i=170

i=1

is alocally square integrable martingale with jumps of size less than n||] o0, 4. As a consequence, Corollary 2.3 of [42]
applies almost directly. However to introduce the empirical norm ||%]|,, in the deviation inequality, we re-derive the
majoration of the term

n ak T k ,
S, ::ZZH/O |h(X:,2)| dV{(2),

i=1k>2

where, foralli =1,...,n, Vzi =M : (1)) and, for k > 3, we define Vki (t) as the compensator of the k-variation
process Y, |AM' (1) of M (r) (see Eq. (A3) on page 1795 in [42]).
In our case, we have, n=!' 37| o h(Xi, 2)? dVZi (2) < 1h]12 ||l 0. 4, sO that

2
né“||a
_ 182,

r < —— = (exp(allhllco,a) = 1 = allhlloc,4).
1112,

see the proof of Corollary 2.3 of [42]. This majoration together with the proof of Lemma 2.2 in [42] yields the
Bennett-type deviation inequality in our lemma. To obtain (37) and (38), we use the fact that g(x) > 3x2 /2(x + 3))
for any x > 0 and g(x) > g2(x) for any x > 0 where g2(x) :=x + 1 — /1 +2x and gz_l(y) =42y +y, see [6],
pp- 366-367. O

The proof of the next Proposition is given in a longer version of the paper, see [11]. It is obtained from (38) by
using a recent L2 (u) — L™ generic chaining type of technique (see [2,39]). This method is close to other L(u) — L™
chaining methods, see among others Theorem 5 in [6], Proposition 7 and Theorems 8 and 9 in [4] or Proposition 4,
pp- 282-287 in [10]. We define, for p > 1, the set

Ap={VheS, [Inl;/Ik1; - 1] < 1—1/p}.

Proposition 4. Let S be a D-dimensional linear subspace of L> N L>®(w), and define Bs as the L* () closed ball of
S with radius §. The L*°-index of S is defined in the following way:

1 12 _5ea Brivalloo,a

r = —— inf sup
D () g0 1Bloo

; (39)

where the infimum is taken over every orthonormal basis (Y;)re 4 of S, and where |B|so is the Log-norm of p € R4,
For any x > 0 and § > 0, we have

D D
Pa, | sup v, (h) =Kol 8, erap; +x <e™¥,
heBs n n

where kg = 11.8, and where 6, = 6(2 — 1/p), where p > 1.

Now, we can turn to the proof of Proposition 3. We denote by D (m, m’) the dimension of the linear space S,, + S,

Proof of Proposition 3. In Proposition 4, take x = D,y +u,8 =1, Bs = B”; (0, 1) ={t €S8+ Sy It <1} and
p =2 in order to get

PA[ sup vﬁ(h)znz]gzm[ sup vn(h)z,?]ﬂe—um,_u’
heB, ,0.1) heB” (0,1)

m,m
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where
2
» 9 Dm,m"Y+ D,y +u _ D(m,m’)+ D,y +u
n _K lleell oo, 4 + T
470 n n
9 D(m,m')+ Dy +u D(m,m’) + D,y u?
55K3<||a||oo,A S 2 % 23
Dy+ Dy  (lallocau  _, u?
518K§<(1+||a||oo,A) ’"n " +( :’ v;ﬁmﬁ ,

where we used the fact that

- (D(m,m’) + Dm/)2 - D(m,m")

T

n n

for n large enough (see Appendix B in [11]) and D(m, m") < D,, + D,,. This gives

D,, + D, o u u?
pA[ sup u,f(h)zx((1+||a||oo,A) — +(” L vri,m/n—z))}

w n
hEBm.m’ 0,1)

< 2e7Dm/7“, (40)

where k = 18«3. Now, we set p(m,m’) = k(1 + ||alloc,4) (D + Dy)/n with k = 18«3. This gives

2 Dw—nz/klallco,a) if 7 < K”a”go A/,:s1 "
7Dm’7n«/z/ K;r%l,m’

PA[ sup  v2(h) > p(m,m") —I—z] <
heB" ,(0,1) 2e

m,m

if 7z > /<||oz||2 A/rm '

and we obtain that

E[( sup  v2(h) — p(m,m’))Jr]l(A)]

heB” ,(0,1)

m,m

o0
5/ }P’A( sup  v2(h) >p(m,m’)+z)dz
0 heBZ O

+ =
<2e Pw ( / ooefnz/wnauw,,ndz i / we—nﬁ/ - dz)
0 0

o] 72 o]
<2e P (”“”oo,A / e Vdy | eV dv)
n 0

DK 2 Kye™ P
<2e " —| |la]loo,a + : < ,
n n

0

where we used the upper bounds of r,, ,, given in Appendix B, see [11], and where «, is a constant depending on
llelloo, 4> fo and the basis. It remains to bound from above Zm’e./\/l,, e~ Pn'. This term is at most

Ze ZZ Zl ]—]_elz_j (1_61)2

j.k>1 j=1k= j=1 j=1

—_

This concludes the proof of Proposition 3 when #n is large enough. The statement of Proposition 3 is obvious for
small 7, up to an increased constant C3. O
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Appendix A: Some useful tools from wavelet and approximation theory
A.1. The basis [W]

Consider a pair {¢, ¥} of scaling function and wavelet, where ¢ has K vanishing moments. Then ¢ and ¢ have a
support width of at least 2K — 1, and there is a pair with minimal support, see [15]. This is the starting point of the
construction of an orthonormal wavelet basis of I.?[0, 1], as proposed in [9]. Roughly, the idea is to retain the interior
scaling functions (those “far” from the edges 0 and 1), and to add adapted edge scaling functions. This is done in
[9], see Section 4 and Theorem 4.4, where the construction allows to keep the orthonormality of the system and the
number of vanishing moment unchanged, as well as the number 2/ of scaling function at each resolution j (which
improves a previous construction by [31]). Indeed, if [ is such that 2/ > 2K, consider for j > 1 — I:

i it j>landk=0,....K -1,

Yk ifj>landk=K,....2/ —K —1,
v, ifj=landk=2/—K,...,2/ -1,
¢p, ifj=1—1andk=0,....K -1,
¢ ifj=l—landk=K,...,2' =K —1,
¢} ifj=l—Tlandk=2—K, . .. 2/ -1,

where ¢; | = 24/ 2¢>(2j -—x)and ¥ = 2// 21#(2/ - —x) are the “interior” dilatations and translations of {¢, v}, and
¢>§)’ o I/f;), i ¢jl.7 oV jl ¢ are, at each resolution j, dilatations of 2K edge scaling functions and wavelets (K for each
edge). We know from [9] that the collection

We={W j=1-1,k=0,...,2 -1}

is an orthonormal basis of IL2[0, 1], and the interior and edge wavelets have K vanishing moments, which ensures that
the elements of this collection have the same smoothness as ¢ and .

A.2. Some approximation results

An orthonormal basis of IL2[0, 1]% is simply obtained by taking tensor products of two bases [W] for instance. If
WD and W® are two basis [W] (we can use two different pairs (¢, v DY and {¢p@, v P} with possibly different
number of vanishing moments), we can simply consider

QU izl —1,ja=lh—1,

D ow® .— (g
W ew® = {w; ok

1.k
k1=0,...,2" = 1,kp=0,...,22 — 1},

where 11/;11.),{1 ® lI/j(zz)k2 (x1,x2) := wj(ll)k] ()q)'!lj(zz)k2 (x2). We can also obtain an orthonormal basis of L2[0, 1]* by tak-
ing tensor products of two collections among the ones considered in Section 2.4. Let us consider S,, as one of the

following:

e A space of piecewise polynomials (see Section 2.4, basis [DP]) of degrees smaller than s; > 8; — 1 (i =1, 2) based
on a partition with rectangles of sidelengthes 1/D,,, and 1/Dy,,.

e A space spanned by tensors products of [W], namely the span of the Wj(ll)kl ® W]'(f)kz for e{l—1,...,m},

2 efl=1,....m} ki €{0,....20 =1}, ky €{0...., 272 — 1}, where the W)} and ¥ 7 have respective regularities

51> p1—1and sy > B — 1 (here Dy, =2",i =1,2).
e The space of trigonometric polynomials with degree smaller than D,,, in the first direction and smaller than D,,,
in the second direction.

Note that the dimension of each space is D, Dy,,. The following result is an easy consequence of results
by Hochmuth [19] and Nikol’skii [32] (see [23]).
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Lemma 6. Let s belong to Bg oo(A) where B = (B1, B2). We consider that Sy, is one of the spaces above, with
dimension Dy, Dy, . If s, is the orthogonal projection of s on Sy, then there is a positive constant C such that

1/2
||S_Sm||A=</A|S_Sm|2> <c[p,’ + D,*],

where C depends on the Besov norm of s and on the basis.
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