Annales de I’Institut Henri Poincaré - Probabilités et Statistiques

ANNALES
2008, Vol. 44, No. 3, 544-573 DB LN
DOI: 10.1214/07-AIHP124 HENRI
© Association des Publications de I’Institut Henri Poincaré, 2008 POINCARE
PROBABILITES

ET STATISTIQUES

www.imstat.org/aihp

Exponential concentration for first passage percolation through
modified Poincaré inequalities’

Michel Benaim and Raphaél Rossignol

Institut de Mathématiques, Université de Neuchdtel, 11 rue Emile Argand, 2000 Neuchdtel, Switzerland.
E-mail: raphael.rossignol @unine.ch; michel.benaim @unine.ch

Received 3 October 2006; revised 20 March 2007; accepted 10 April 2007

Abstract. We provide a new exponential concentration inequality for first passage percolation valid for a wide class of edge
times distributions. This improves and extends a result by Benjamini, Kalai and Schramm (Ann. Probab. 31 (2003)) which gave a
variance bound for Bernoulli edge times. Our approach is based on some functional inequalities extending the work of Rossignol
(Ann. Probab. 35 (20006)), Falik and Samorodnitsky (Combin. Probab. Comput. 16 (2007)).

Résumé. On obtient une nouvelle inégalité de concentration exponentielle pour la percolation de premier passage, valable pour
une large classe de distributions des temps d’arétes. Ceci améliore et étend un résultat de Benjamini, Kalai et Schramm (Ann.
Probab. 31 (2003)) qui donnait une borne sur la variance pour des temps d’arétes suivant une loi de Bernoulli. Notre approche
se fonde sur des inégalités fonctionnelles étendant les travaux de Rossignol (Ann. Probab. 35 (2006)), Falik et Samorodnitsky
(Combin. Probab. Comput. 16 (2007)).
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1. Introduction

First passage percolation was introduced by Hammersley and Welsh [10] to model the flow of a fluid in a randomly
porous material (see [12] for a recent account on the subject). We will consider the following model of first passage
percolation in Z¢, where d > 2 is an integer. Let E = E(Z?) denote the set of edges in Z¢. The passage time of the
fluid through the edge e is denoted by x, and is supposed to be nonnegative. Randomness of the porosity is given
by a product probability measure on Rf_. Thus, RE is equipped with the measure ;1 = v®F, where v is a probability
measure on R according to which each passage time is distributed, independently from the others. If u, v are two
vertices of Z4, the notation «: {u, v} means that « is a path with end points # and v. When x € RE, d,(u, v) denotes
the first passage time, or equivalently the distance from u to v in the metric induced by x,

dy(u,v) = inf er.

o: {u,v
{ }eea
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The study of d, (0, nu) when n is an integer which goes to infinity is of central importance. Kingman’s subadditive
ergodic theorem implies the existence, for each fixed u, of a “time constant” ¢ (x) such that:

dx((),nu) v-a.s.
_— >

n n—+400

t(u).

It is known (see [15], pages 127 and 129) that if v({0}) is strictly smaller than the critical probability for Bernoulli
bond percolation on Z¢, then () is positive for every u distinct from the origin. Under such an assumption, one can
say that the random variable d, (0, nu) is located around n¢ (u#), which is of order O(|nu|), where we denote by | - | the
L'-norm of vertices in Z¢. In this paper, we are interested in the fluctuations of this quantity. Precisely, we define, for
any vertex v,

Vx eREY,  fu(x) = d(0,0).
It is widely believed that the fluctuations of f, are of order |v|!/3 when d = 2. Apart from some predictions made
by physicists, this faith relies on recent results for related growth models [2,13,14]. Until recently, the best results
rigourously obtained for the fluctuations of f, were some moderate deviation estimates of order O(|v|1/ 2y (see [16,
24]). In 1993, Kesten [16] proved that

Var, (fy) = O(|v|),

provided v admits a finite second-order moment. If, furthermore, v admits a finite moment of exponential order, there
exist two constants C| and C; such that for any ¢ < |v],

v(|fv_E(fv)| >t |U|)§C16_C2t- 1)

Later, Talagrand improved the right-hand side of the above inequality to exp(—C>¢2). In 2003, Benjamini, Kalai and
Schramm [5] proved that for Bernoulli edge times bounded away from 0, the variance of f, is of order O(|v|/log|v]),
and therefore, the fluctuations are of order O(|v|!/2/ (log lv)1/2).

It is natural to ask whether the work of Benjamini, Kalai and Schramm [5] can be extended to other distributions,
notably continuous distributions which are not bounded away from zero. This has been done in a preliminary version
of the present paper [4] by extending the tools of [5], namely a modified Poincaré inequality due to Talagrand. It is also
natural, and even more desirable, to try to improve the result of Benjamini, Kalai and Schramm [5] into an exponential
inequality in the spirit of (1), with «/]v[/Iog[v] instead of +/]v]. In this article, we show that some different modified
Poincaré inequalities arising from the context of “threshold phenomena” for Boolean functions (see [9,21]) may be
used successfully instead of Talagrand-type inequalities from [4,23]. This is the main result of this paper stated in
Theorem 5.4. Whereas we focused on the percolation setting, the argument is fairly general and we present also an
abstract exponential concentration result, Theorem 4.2, which is very likely to have applications outside the setting of
percolation.

This article is organized as follows. In Section 2, we extend the modified Poincaré inequalities of Falik and
Samorodnitsky [9] to non-Bernoulli and countable settings where logarithmic Sobolev inequalities are available, no-
tably to a countable product of Gaussian measures. Section 3 is devoted to the obtention of similar inequalities for
other continuous measures by a simple mean of change of variable. In Section 4, we show how to deduce new general
exponential concentration bounds from the modified Poincaré inequalities of Section 2. This allows us to obtain in
Section 5 an exponential version of the bound of Benjamini et al. in some continuous and discrete settings.

Notation. Given a probability space (X, X, ) and a real valued measurable function f defined on X we let

1/p
I fllp,= (/Ifl”du> € [0, o],

and LP(w) denote the set of f such that || f | p,. < 00. The mean of f € L' (w) is denoted

B, (f) = / fdu,
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the variance of f € L?(w) is

Var,(f) = | f = Eu(H]3,.

and the entropy of any positive measurable function f is

Entu(f)=/f10gfdu—/fdulogffdu~

When the choice of w is unambiguous we may write || f|, (respectively L?, E(f), Var(f) and Ent(f)) for || fllp,u
(respectively LP (), E, (), Var, (f) and Ent, (f)).

2. Logarithmic Sobolev and modified Poincaré inequalities on R

The relevance of a “modified Poincaré inequality” due to Talagrand [23] in the context of first passage percolation
was shown by Benjamini, Kalai and Schramm [5]. Let us explain this point a little bit more. A classical Poincaré
inequality has the following form:

Var, (f) <CEL(S),

where C is a constant, and £, (f) is an “energy” of f, that is, usually, the mean against p of the square of some kind of
gradient. There is a good theory for this in the context of Markov semi-groups (see [1,3], for instance). By “modified
Poincaré inequality,” we mean a functional inequality which improves upon the classical Poincaré inequality for a
certain class of functions f. This is usually achieved through a hypercontrativity property (see [4] and [19]).

In this section, we will show how to build a modified Poincaré inequality on a product of probability spaces each of
which satisfies a Sobolev logarithmic inequality. This approach was initiated independently by Rossignol [21], Falik
and Samorodnitsky [9] in the Bernoulli setting.

We shall need some notation for tensorisation. Suppose that we are given a countable collection of probability
spaces (X;, X;, ui)ies- If i belongs to 1, and x 1 is an element of ]_[jelyj# X, then for every x; in X;, we denote by
(x7*, x;) the element x of [, X. For every function f from [, X; to R, every j € I, and every x 7 in [],,; X,
we denote by f,-; the function from X; to R obtained from f by keeping x~/ fixed:

Vx;eXj,  fi-ilxj) = f(x).

Now, suppose that we are given a collection (A4;);e; of linear subspaces, A; C LZ(Xi, i), containing the constant
functions. Then, we introduce

Al = {f € Lz(nxi,®m> st.Vjel, f,-j € A for ®ui—a.e.x_j}.
iel iel i)

An operator R; from A; to L>(X}, 11;) is naturally extended on A/, “acting only on coordinate j:

VieAl Vxe HX,', R;(f)(x) == R;j(fr-1)(x)).

iel

Proposition 2.1. Let (X;, X;, ii)ier, be a sequence of probability spaces. Let (A;)ic; be a collection of sets such
that for every i, A; is a linear subspace of L*(X;, ;) which contains the constant functions. Suppose that for every i
in I, u; satisfies a logarithmic Sobolev inequality of the following form:

VieA, Ent,(f?) <Ey,(Ri(H?),
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where R; is a linear operator from A; to L*(jv;) with value zero on any constant function. Furthermore, suppose that
the following commutation property holds:

Vi,vfeAl, ffd@M]eA, and R</fd®uj) /Ri(f)d®uj.
J#i j#i j#i

Then, u' = e i satisfies the following modified Poincaré inequality:

Var, i1 (f)
VieAY, Varu(Hlog ——5— <Y Eu(Ri()?)
! w)loe Diel ||Aif||i1’1 ; /

where A; is the following operator on L*(u!):
VieL*(u')., Aif=f- f fdui.

Proof. To shorten the notations, we shall write j instead of u/.
First, suppose that [ is finite, / = {1, ..., n}. The tensorisation property of the entropy (see [1] or [17], Proposi-
tion 5.6, page 98, for instance) states that for every positive measurable function g,

Ent,(g) < Z E, (Enty, (8)).
i=1

Thus, the logarithmic Sobolev inequalities for each ; imply that:
Vge A", Ent,(g ZIE (Ri(9)?) 2)

Now, let f be a function in .A". Following Rossignol [21], Falik and Samorodnitsky [9], we write f —E,(f) as a
sum of martingale increments, and apply the logarithmic Sobolev inequality (2) to each increment:

ZEntM ZZE (R:(V)?) ()

j=li=l1

where

f=Bu(H)=D_Vj,

j=1

and
Vj:/fd/“@n-@d,uj_l—/fd,LL]®-~-®dujzfAjfdM1®~-~®de_1.

The following inequality, which is a clever application of Jensen’s inequality, is shown in [9] and is cleaner than the
corresponding one in [21]:

Var
Z Ent,, (V?) > Var,(f) log %
pe 147
Jensen’s inequality implies that:
Var, (f)

Z Ent,, (V7) > Var,(f)log ()

YNV
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On the other hand, for every i, the term E,, (R; (2)?) in (2) is called an “energy” for g, and we claim that the sum of
the energies of the increments of f equals the energy of f:

Vie{l,...n), Y Eu(Ri(V)?)=Eu(Ri(f)>). Q)

Indeed, since R; is linear, using the commutation hypothesis, and the fact that R; ( f) is zero on any function f which
is constant on coordinate i, we get:

Vi<j, Ri(V;)=0,
Ri(Vi)=/Ri(f)dpL1®-~®d,ui—l,
and
vie o RV)=[RDAn @ - [ R e o

Therefore,

i—1

D Eu(Ri(V)?) = 3 Eu(Ri(V))?) + By (Ri(Vi)?) = Ep(Ri(f)?).
j=1

j=1

Now, claim (5) is proved and the result follows from (3), (4) and (5), at least when [ is finite.

Now, suppose that 7 is strictly countable, let us say I = N, and let F,, be the o-algebra generated by the first n
coordinate functions in RY. Let f € AN and f, = E(f|F,) be the conditional expectation of f with respect to F,.
Then, the commutation property tells us that f;, belongs to AN and R;( fn) =E(R; (f)|Fn). Therefore, we can apply
the first part of Proposition 2.1, the one that we just proved:

Var "(fn)
Var,»(f,,) lo “—_ E E R n
o tmloe s 1A ful2ey — & (*

This may be written as:

Var, n(fn)
i= tinliyn ] i=1

Obviously, 4; f, =E(A;(f)|F,). Therefore, Jensen’s inequality implies:

Var, v (fn) _ZE R (f) )

Var, v (fu) log ——————
S S R T

Of course, f;, converges to f in L>(uY), and we may let n tend to infinity in the last inequality to get the desired
result. ]

Remark 1. Actually, a logarithmic Sobolev inequality associated to a probability measure j1; which is reversible with
respect to an operator L may always be written in the form of Proposition 2.1. Indeed, such an inequality may be
written as:

VfeA, Ent,(f?) <cEy,(—fLf),
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where ¢ is a positive constant. Since L is a self-adjoint operator in L*(w;), it admits a spectral representation (see

[27], page 313). It is easy to show that its eigenvalues are nonnegative (see, for instance [3], page 7). The spectral
decomposition of —L may, therefore, be written as:

o0
-L= / AdE (L),
0
and a suitable candidate for R; may be deduced from it

R; = wac_AdE(k). (6)
0

Nevertheless, in the applications which follow, it is essential that the operator R; is nice enough to allow the quantity
S Ri(f )2 to be easily controlled, and the one given in (6) may not be appropriate for this. Another candidate,
which we shall see to be the right one for certain continuous probability measures, is the square root of the “carré du
champ” operator ' (f, f), where:

1
r'(f.g)=7Lfg— fLg—gLf).

But in the discrete case, this is not the most natural choice. Therefore, we prefer not to try to generalize any longer,
and rather give some examples.

2.1. Examples
Not surprisingly, we start to illustrate Proposition 2.1 with the Bernoulli and Gaussian cases. Our choice to present
them “mixed” might look a little weird at first sight, but this will prove to be useful in the percolation context (see
Section 5).
Example 1 (The Bernoulli and Gaussian cases). We let

Bp = (1 —=p)do + pd

be the Bernoulli measure with parameter p on {0, 1}. If p belongs to 10, 1[, B, (see, for instance [22], Theorem 2.2.8,
page 336, or [1]) satisfies the following logarithmic Sobolev inequality: for any function f from {0, 1} to R,

Entg, (/?) < cLs(p)Eg, ((A1)?),

where
crs(p) = ogp —loed = p)
p—{U—-p)
and
Af=f- / fdb,.

If S is a countable set, for any s in S, let X5 be a copy of {0, 1}, As be the set of functions from X; to R, and Ry be
the operator A acting on Ag. We denote also a product measure ki on {0, 1}5: Ai = ﬂf?s.
Now we introduce the Gaussian setting. Let

y(dy) =

1
e—y2/2 dy
Bl
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denote the standard Gaussian measure on R. A map f is said to be weakly differentiable provided there exists a
locally integrable function denoted f'(x) such that

/f’(x)g(x)dx=—/g’(x)f(x)dy

for every smooth function g:R > R with compact support. The weighted Sobolev space le(y) is defined to be the
space of weakly differentiable functions f on R such that

£ = 1713+ 7] < oc.

It is well known that y (see, for instance [18], Theorem 5.1, page 92) satisfies the following logarithmic Sobolev
inequality: for any function f in le W),

Ent, (£2) <2E, ((£'(0)).

Forany i in N, let X; be a copy of R, A; a copy of le(y) and R; the derivation operator on A;. We let yN = V®N
denote the standard Gaussian measure on RN,
The set ASYN thus defined is the so-called weighted Sobolev space le(kf, ® yN), which contains the functions

fe LZ()»;?7 ® ¥y verifying the following condition. For all i € N, there exists a function h; in Lz()\lsj ® yN) such that

—/Rg/(yi)f(x,y)dyi=/Rg(yi)hi(x,y)dyi, ey as.

for every smooth function g : R »—> R having compact support. The function h; is called the partial derivative of f with
respect to y;, and is denoted by 3
Thus, we deduce from Proposmon 2.1 the following result.

Corollary 2.2. Forany p €10, 1[, and any f € le()»i ®yM),

s ((3£))
Vi 1 < ) E((As +2 E .
Ao = e AT cus(p) 2 E(A)?) +22 B 5

seS ieN

Example 2 (The gamma case (associated to the Laguerre generator)). We let

a

I"(a)

Va,b(d)’) = ya_le_byjly>0 dy

denote the gamma probability measure with parameters a and b. This measure is the invariant distribution of the
Laguerre semi-group, with generator:

Lob f(x) = bxf"(bx) — (a — bx) f' (bx).
When a > 1/2 and b = 1, it can be easily seen that this generator satisfies the C D(p, 00) curvature inequality:
1
RN = Ef(f)

This implies that v, p, satisfies the following logarithmic Sobolev inequality (see Definition 3.1, page 28 and Theo-
rem 3.2, page 29 in [3], see also [1]). For any weakly differentiable function f € Lz(va,b), ifa>1/2,

4
Entva,h (fz) S ZEUa,b((ﬁf/(x))z)'

Therefore, we deduce the following result from Proposition 2.1.
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Corollary 2.3. Suppose thata > 1/2,b > 0, and let RIN be equipped with the product measure vgf p- For any weakly
differentiable function f in Lz(vﬁb), define

a
Virw =" m
xi
Suppose that,
VieN, VifeL*(v),).

Then,

Var(f) 4 22
Var( f) log ST = %E((V,f) ).

Remark that when a €10, 1/2[, v, still satisfies a logarithmic Sobolev inequality with a positive constant Cq p
instead of 4/b, but the precise value of Cq p is not known; see [20]. This gives the analogue of Corollary 2.3 for
a €10, 1/2[, with C, p instead of 4/b.

Example 3 (The uniform case). We let
Aldy) = To<y<i1 dy
denote the uniform probability measure on [0, 1]. It is known that A satisfies the following logarithmic Sobolev inequal-

ity (it is a direct consequence of the logarithmic Sobolev inequality on the circle [8]). For any weakly differentiable
function f in L>()),

2 2
Ent (%) = SE((F'@)7).
Corollary 2.4. Let [0, 11N be equipped with the product measure XN. Suppose that,

vien, ¢ L*(AM).
axi

For any weakly differentiable function f in L*(\Y),

Var(f) 2 o\
Var(f)logm =2 ZE<<§> )
ie L ieN !

We shall see in Section 3 that A satisfies another logarithmic Sobolev inequality with an energy whose form “looks
like” the energy appearing in the gamma case.

3. Extension from the Gaussian case to other measures

As usual, we can deduce from Corollary 2.2 other inequalities by mean of change of variables. To make this precise,
let £2 be a measurable space and ¥: RN - 2 a measurable isomorphism (meaning that ¥ is one to one with ¥ and
w1 measurables). Let ¥*yN denote the image of yN by ¥. That is, *yN(A) = yNW~1(A)). Forg: S x 2 +— R
such that go (Id, V) € le(k ® yY), one obviously has

Var, gy, (g) = Var, g, n(g o ¥)
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and
dgoWw
8' * = N
19i,w 8l ,ws H i lpym
where 0; y g is defined as
d(x o) _
a,-,wg(x,w)=a—y_(q,w "(w)).
1

Hence inequality in Corollary 2.2 for f = g o (Id, ¥) transfers to the same inequality for g provided % is replaced
by d;,wg.

Example 4. Let k > 2 be an integer, Sk=1 c R¥ the unit k — 1 dimensional sphere, 2 = (R: X Sk_l)N, and let

E = (Ri)N. A typical point in 2 will be written as (p,0) = (p',0") and a typical point in E as y = (y/). Now
consider the change of variables W : E +— §2 given by ¥ (y) = (W (y)’) with

iZ yj )
Iy

= yN by W is the product measure 7~ where 7 is the probability measure on R} x Sk=1 defined

v/ = (|7
The image of (y*)N
by

1
7(dt dv) = a<e—’/2z’</2—11t>0 dt dv.

Here 1y = fooo e 1/2¢k12=1dt, and dv stands for the uniform probability measure on S*~1. For g:{0,1}% x 2 — R
with g o (Id, W) € HX (. ® y™), let

a
(%(X, p,0), Vg_/g(x, ,0,9)) cR x TgiSk_l CRx Rk

denote the partial gradient of g with respect to the variable (p', 0"), where Ty Sk=1 < R¥ stands for the tangent space
of S~V at 0;. It is not hard to verify that for alli e N and j € {1, ..., k},

9 - 1
0,j,wgx, p,0)= 2a_,i(x’ 0, 9)\/;9} + —[Vaig(x, p, 9)]j, )

\/ﬁ

As a consequence, we may recover in this way Corollary 2.3 when the parameter a equals k/2 — 1, with k an integer.
Indeed, this follows from (7) applied to the map (x, p,0) — g(%). Concentrating on the angular part instead of the
radial one, we obtain the following modified Poincaré inequality on the sphere.

Corollary 3.1 (Uniform distribution on S"). Let dv, denote the normalized Riemannian probability measure on
S" c R For g € H21 (dvy) andi=1,...,n+ 1 let V;g(0) denote the ith component of Vg(0) in R"! (we see
TpS" as the vector space of R"! consisting of vector that are orthogonal to 0). Then, for n > 2,

Var(g) 1 2
Var(g) log < > E((Vig)?). ®)
S g} 15 ( )

Proof. follows from (7) applied to the map (x, p, 8) — g(6). Details are left to the reader. U



Modified Poincaré inequalities & FPP 553

Example 5. If one wants to get a result similar to Corollary 2.2 with y replaced by another probability measure v,
one may of course perform the usual change of variables through inverse of repartition function. In the sequel, we
denote by

1 2
—x“/2 9
g(x)— —¢C ()

the density of the normalized Gaussian distribution, and by

G(x) =/x g(u)du (10)

—0o0

its repartition function. For any function ¢ from R to R, we shall note ¢ the function from RN to RN such that

(X)) = (x)).

Corollary 3.2 (Unidimensional change of variables). Let v be a probability on Rt absolutely continuous with
respect to the Lebesgue measure, with density h and repartition function

t
H(t) =/ h(u)du.
0

Let {0, 1}S x R be equipped with the probability measure kf, Q v®N. Then, for every function f on {0, 1}5 x R" such

—_—~

that f o (Id, H~' 0 G) € HZ (5 ® y™),

V
ar(/) < eus(p) Y E((Af)) +2 ) E((Vi)?).

Var(f)log
ZSES ||Asf||% + ZieN ”Alf”% ses ieN

where for every integer i,
af
Vifx,y)= lﬂ(yi)a—y_(x, ¥,
l

and  is defined on I = {t > 0 s.t. h(t) > 0}:

goGTI(H®)

Viel, y()= )

e~

Proof. It is a straightforward consequence of Corollary 2.2, applied to f o (Id, H~! 0 G). ([

4. A general exponential concentration inequality

In this section, we show how one can deduce from Proposition 2.1 an exponential concentration inequality for a
function F of independent variables. We shall prove in Section 5, in the context of first passage percolation, that
this new general concentration inequality may in certain cases improve on the ones due to Talagrand [24-26], or
Boucheron et al. [7]. The reason why we can get stronger results is that Proposition 2.1 is generally stronger than
a simple Poincaré inequality, and it is well known (see [17], Corollary 3.2, page 49 and Theorem 3.3, page 50) that
a Poincaré inequality for a measure © implies an exponential concentration inequality for any Lipschitz function of a
random variable with distribution p. This can be achieved through applying the Poincaré inequality to exp(6f), and
then performing some recurrence. This last step is essentially contained in the following simple version, adapted to
our case, of Corollary 3.2, page 49 in [17].
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Lemma 4.1. Let ' be a measurable real function on a probability space (X, X, i), and K a positive constant.

Suppose that for any real number 6 < ﬁ, the function x — %™ s in L'(w), and:

Var(e?//?) < K62 (e).

Then,
Vi >0, u(f—/fd,u>t\/?) <4e!
and

Vi >0, u(f—/fd,u<—t\/E)§4e_’.

Now, we can state our general concentration inequality. For any function F on a product space (X;, X;, i)ies, we
define the following quantities, which play an important role in Theorem 4.2 (the notation is that of Section 2).

Wiost) = [[(F(30) = FO0), dia 0,
where hy = sup{h, 0}.

We@) =3 Wi

iel

Remark that similar quantities are involved in the work of Boucheron et al. [6,7].

Theorem 4.2. Let (X;, X;, wi)ier, (Ai)ier and (R;)icr be as in Proposition 2.1, and satisfying all the hypotheses
therein. Let F be a function in LZ(H:’EI Xi). Define

r= sup,/E(Wer),

iel

s:,/E(Wi).

Define, for every real number K > ers:

K
I(K)= .
log(K /(rslog(K/(rs))))
Suppose that there exists a real number K > ers such that, for every 6 such that 0| < 5 J;(T)’ e@/DF pelongs to A’
and:
S E(R (9/27)) < KO2E(F). (11)
iel

Then, denoting = Q¢ Ii, for every t > 0:

w(F —E(F) > t/I(K)) <4e”",
p(F —E(F) < —ty/I(K)) <4e™".
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Proof. For any function f in L'([,c; X;),anyi € I, x € [[;; X; and y; € X;,
2= [ ' [ (760 = £l a0 dco)
< [ 15 = 6 ) dneo o0
=2 [ [ (10 = 67 30)) dmo) a0

= 2[/(f(x) — F( i) - dpe (o) dpi (),
where h_ = sup{—#h, 0}. On the other hand,

(eCrIFET0) _ @IF()) = oO/DF ) (oO/D(FG 30=F() _ )

< @/DFW (Q(F(x_i, yi)(@x) — F(x)))
2 +

_ %%wpwaxp@—gﬁ)_pu»+ if 0 >0,
Ble@/DF™(F(x—, y;) — F(x))_ if0 <0.

Therefore,

P . .
(e(G/Z)F(x*",yi) _ e(g/z)p(x)) < %6(9/2)F(x)_§F(X L yi) - F(X?)+ if 0 >0,
+ = %e(G/Z)F(x vyi)(F(x) _ F(x_’, )’i))+ if 6 <0.

Since F(x) and F(x~", y;) have the same distribution under u ® u;, we get, for any real number 6,

| Aie® 2], <6l / / (F(x~ ) = F(0),, dui 0)e® P du ).

And, using Cauchy—Schwarz inequality,
DA, < 101 E(WR)E(eF).
iel

But we also have, again using Cauchy—Schwarz inequality,

”AieeF/2 ”1 = |9|\/ E(Wi%+)E(e(9F).

Therefore,

ZH A,-E:GF/2 ”? < ersE(eeF).

iel

Inequality (12), the Poincaré inequality for e’/ (Proposition 2.1) and hypothesis (11) imply that:

1 Var(e®/2F)
V|6 < , Var(ePF)1log ——~ < K0’E ().
0= 57 ar(e™/77) log 02rsE(ePF) (™)

Therefore, we are left in front of the following alternative:

: OF/2 2__K OF
o either Var(e?F/?) <6 mE(e )s

555

12)

13)
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e or Var(e?F/?) > 92 mﬂﬁl(e” ). But in this case, plugging this minoration into the logarithm of inequality (13)
leads to:

K E(e’ f).

Var(eeF/z) <6?
log(K /(rslog(K/(rs))))

In any case, for any |0] <

1
2/I(K)’
Var(e?F/2) < 021(K)E (/).
The result follows from Lemma 4.1. O

Remark 2. It is well known, through Herbst’s argument (see, e.g., [18], Theorem 5.3, page 95), that condition (11)
implies a subexponential concentration inequality of the form:

u(|F —E(F)| = 2tVK) < 2¢~".

In the applications to follow, K /(rs) is big, and therefore [(K) is small compared to K. Therefore, at the price of
trading the sub-Gaussian behavior against a subexponential one, Theorem 4.2 shows that when K /(rs) is big; the
fluctuations of F are lower than J/I(K), which is small compared to /K .

Let us give a closer look at the case where for every i, p; is the invariant measure of a diffusion process with carré
du champ ;. Naturally associated with this diffusion process, a Sobolev logarithmic inequality for u; has the form
(if it exists):

Enty, (%) < ey (T (f. ),
where ¢; is a positive constant. Furthermore, we have the following property:
Li(®(f),8) =2 (NTi(f. 8),

which leads to:
2 62
Ri(€®/PT)? = ¢ I (e@/2T /27 = CiIegFFi(F, F).

Therefore, condition (11) becomes:

E(e(e/z)F ZCiE(F: F)) <4KE(e'T).

iel

The main work to satisfy condition (11) is to bound from below, and somewhat independently from e®/?¥ | the
quantity » ;, I (F, F). In some particular cases, and notably percolation, this quantity is upperbounded by F itself.
And it is possible to show, following Boucheron et al. [7], that, at least for small 6, E(F e?Fy is upper bounded by a
constant times E(F)E(e’F). More generally, one can state the following result.

Corollary 4.3. Let (X;, X, wi)ier, (A)ier and (R;)ieq be as in Proposition 2.1, and satisfying all the hypotheses
therein. Let F be a function in Lz(niel Xi). Define

r= sup1/E(Wi?+),

iel

s=,/IE(W3_).
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Define, for every real number K > ers:

K
log(K /(rslog(K/(rs))))’

Suppose that there exists two constants C and D such that, denoting:

1(K) =

2
Acp =4CE(F) +D<1 + E),

we have

(i) C =VI(Acp),
(ii) Acp4CE(F)+ D(1+ 2) > ers,

1 OF I .

(iii) for every 0 such that 0| < A © belongs to A, and:
D E(R;(e®/PF)) < CO’E(Fe') + DOE(eF). (14)
iel

Then, denoting i = Q);<; Ii, for every t > 0:

w(F —E(F) > 1/I(Acp)) <4e™,
w(F —E(F) < —1{/I(Acp)) <4e™".
Proof. The only thing to prove is that condition (11) holds with K =4CE(F) 4+ D(1 + %). This will follow from

condition (14) and a variation on the theme of Herbst’s argument due to Boucheron et al. [7]. Indeed, recall that using
the tensorisation of entropy, the logarithmic Sobolev inequalities for each p; imply that:

vee Al Enty(g?) =D Eu(Ri(2)?).

iel
Let us apply this inequality to g = e®/?F and use condition (14). For every 6 such that |0| < W«/%’
Ent, (eeF) < CGZE(FeeF).
This may be written as:
OE(Fe'T) —E(e?T)1ogE(e”F) < CO’E(Fe’T) + DO*E(e"F). (15)

First, suppose that 6 is positive. The proof of Theorem 5 in [7] shows that, for every 8 < %,

2

< LE(F) +D

oF
logB(e™) = ¢ 1—6C’

and Eq. (15) implies that, for every 6 < é

_E@)+ Do

E(FCQF) = m (CGF).

0

If 6 is negative, e’ is decreasing in F, and it follows from Chebyshev’s association inequality that (see, e.g., [11],

page 43):

E(Fe?F) <E(F)E(eF).
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Now, we gather the case where 6 is positive and the case where it is negative. Condition (i) implies that % >
1 , and therefore, for every 6 such that |0]| < 5

1
2/I(4CE(F)) VI(ACE(F))’
2
> E(R;(e“PF)) < COPE(FF) + DO’E(F) < (4CIE(F) + D(l + E>>92E(e6F),
iel
and the result follows from Theorem 4.2. O

The main lesson that we can remember from Corollary 4.2 is the following (very) informal statement.

If F is a Lipschitz function of a large number of variables, each of which contributes at most to an amount §, then
F has fluctuations of order O(,/[E(F)/log %), and there is an exponential control for these fluctuations.

5. Application to first passage percolation
5.1. Continuous edge-times distributions

It turns out that Corollary 4.3 is particularly well suited to adapt the argument of Benjamini, Kalai and Schramm [5]
to show that the passage time from the origin to a vertex v satisfies an exponential concentration inequality at the
rate O(4/|v|/log|v]|) when the edges have a I"(a, b) distribution with @ > 1/2. This includes the important case of
exponential distribution, for which first passage percolation becomes equivalent to a version of Eden growth model
(see for instance [15], page 130). We do not want to restrict ourselves to those distributions. Nevertheless, due to the
particular strategy that we adopt, we can only prove our result for some continuous edge times distributions which
behave roughly like a gamma distribution. Please note that the definition given below differs (one assumption is
removed) from the definition of a nearly gamma distribution that was stated in the preliminary paper [4].

Definition 5.1. Let v be a probability on RY absolutely continuous with respect to the Lebesgue measure, with
density h and repartition function

t
H(t):/ h(u)du.
0
Define:
1= {t > 0 such that h(t) > 0},
and  : I — R the map:

goG I (H(®))
h(y) '

Let A be a positive real number. The probability measure v will be said to be nearly gamma provided it satisfies the
following set of conditions:

Y(y)=

(1) I is an interval,
(ii) h restricted to I is continuous,
(iii) There exists a positive real number A such that

Vyel, ¥y =AYy

If we want to emphasize the dependance on A in the above definition, we shall say that v is nearly gamma with
bound A. In Definition 5.1, Condition (iii) is of course the most tedious to check. A simple sufficient condition for
a probability measure to be nearly gamma will be given in Lemma 5.3, the proof of which relies on the following
asymptotics for the Gaussian repartition function G.
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Lemma 5.2. As x tends to —o0,

1 1
G(x) =g(X)(— +0<—)>,
|x| X

and as x tends to +00,

1 1
Gx)=1-— g(x)(; +o<;>>.

Consequently,

_ y—0
goG7'(y) ~ yy/—2logy,

and

g0 G711 2 (1 = y)y/—2log — .

Proof. A simple change of variable u =x — ¢ in G gives:
+o00 2
G(x)= g(x)/ e /2 g
0

Integrating by parts, we get:

+00
Gx) = g(x)(—% 2 /0 et/ dt> - g(x)<|% +0<%))

as x goes to —oo. Since G(—x) =1 — G(x), we get that, as x goes to +o00:

1 1
Gx)=1-— g(x)(; +0<;>>.

Let us turn to the asymptotic of g o G~!(y) as y tends to zero. Let x = G~ (y), so that “y tends to zero” is equivalent
to “x tends to —o0.” One has therefore,

G(x) = @(1 +o(1)).

x|
¥2
log G(x) =logg(x) —log|x| 4+ o(l) = -3~ log |x| 4+ O(1),

2
logG(x) = —7(1 +o(D)),

[x] =+/—2log G(x).

Since g(x) = |x|G(x)(1 4+ o(1)),

g(x) =G(x)y/—2log G(x)(1 +o()),

and therefore,
g0 G™'(y) = yy/—2logy(1 +o(1)),

as y tends to zero. The asymptotic of g o G~ (y) as y tends to 1 is derived in the same way. (]
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Given two functions r and [, we write /(x) = @ (r(x)) as x goes to x* provided there exist positive constants
C1 < C, such that

)

) <limsup _r(x) < C,.

Ci <liminf <
X—> X% l(x)

x—xx [(x

Lemma 5.3. Assume that conditions (i) and (ii) of Definition 5.1 hold. Let 0 < v <V < 00 denote the endpoints of 1.
Assume furthermore condition (iii) is replaced by conditions (iv) and (v) below.

(iv) There exists o > —1 such that as x goes to v,
h(x) = O((x — 1)),

(V) V < oo and there exists 8 > —1 such that as x goes to v,
h(x)=0(@—x)P),

orv =00 and
o0

JA >y, V> A, Clh(t)ff h(u)du < Crh(1),
t

where C1 and C; are positive constants.

Then, v is nearly gamma.

Proof. Since & is a continuous function on ]y, V[, it attains its minimum on every compact set included in Jv, V[. The
minimum of % on [a, b] is, therefore, strictly positive as soon as v <a < b < V. In order to show that condition (iii)
holds, we thus have to concentrate on the behaviour of the function ¥ near v and v. Condition (iv) implies that, as x
goes to v,

Hx) =0(x - (16)
This, via Lemma 5.2, leads to

¥ () = O((x —ny/~log(x —v)), a7
as x goes to v. Similarly, if V < oo, condition (v) implies that, as x goes to v,

H(x)=0(v-x)F*), (18)
which leads via Lemma 5.2 to

Y (x) = O((V —x)y/—log(V — x)), (19)

as x goes to v. Therefore, if v < 0o, condition (iii) holds.
Now, suppose that v = co. Condition (v) implies:

1 h(t) _ 1

Vi>A, —<-——"—du< .
C2 ™ [T hu) Ci

Integrating this inequality between A and y leads to the existence of three positive constants B, C| and C} such that:

Vy=>B, Ciy<log C'2y.

1
- <
1—-H(y) —
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Thus,
Vy>B, Ci1,/Cly=<v¥(y)<Ca/Chy. (20)
This, combined with Eq. (17) proves that condition (iii) holds and concludes the proof of Lemma 5.3. O

Remark 3. With the help of Lemma 5.3, it is easy to check that most usual distributions are nearly gamma. This
includes all gamma and beta distributions, as well as any probability measure whose density is bounded away from 0
on its support, and notably the uniform distribution on [a, b], with 0 < a < b. Nevertheless, remark that some distrib-
utions which have a sub-exponential upper tail may not satisfy the assumptions of Lemma 5.3, and be nearly gamma,
though. For example, this is the case of the distribution of |N|, where N is a standard Gaussian random variable.

Now, we can state the main result of this article.

Theorem 5.4. Let v be a nearly gamma probability measure with an exponential moment, i.e. we suppose that there
exists 6 > 0 such that:

/e’S)‘ dv(x) < o0.

Let y denote the measure Vv®E  Then, there exist two positive constants C1 and C3 such that, for any |v| > 2, and any

positive real number t < |v|,
v
M >t bl < Cie .
log |v|

Proof. What we present here borrows many ideas from Kesten [16] and of course Benjamini et al. [5]. We would

dx(0,v) — /dx(O, v) dya(x)

like to apply Corollary 4.3 to the function e?/v, for § < %. In fact, we will be able to use Corollary 4.3, but not
exactly for f, and not exactly for any nearly gamma distribution. The first step is indeed to work with a version of v
with bounded support. Precisely, we shall use the following lemma which is an easy adaptation of Kesten’s Lemma 1,

page 309 in [16].

Lemma 5.5. Let v be a nearly gamma distribution with bound A. Suppose that v admits an exponential moment, that
is, there exists 5 > O such that:

/e‘sx dv(x) < o0.

Then there exists a sequence of probability measures (vi)k>2, positive constants C3, C4, Cs and a positive integer k,
with the following properties:

(i) For every k, the support of v is included in [0, Cs5logk].
(i) Ifk = ky, vk is a nearly gamma distribution with bound A.

log |v|
v >

(iii) If k =|v| and k > 2, for every t greater than 2C3

[v]
l)<|dx(07 v) — ]Eu(dx(o, U))| >t ]og|v|>

t
<3e 3l 4 e r/®1VIvl/logll +fz(|dx(0, v) — E;(d: (0, v))| > 2 /1 |”|| |).
oglv

@(v) Ifk = 2, v is stochastically smaller than viy1 and v.
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Proof. Kesten’s argument in [16] is simply to consider the truncated edge times at Cslog|v|. We cannot use this
directly because we have to deal with continuous distribution. Instead, we can repatriate the mass beyond 2Cs log |v|,
and spread it continuously over [Cslog |v|, 2C5log |v|]. This mass is small, of course. Precisely, thanks to the expo-
nential moment assumption, for every positive number c,

1
|U|5C'

v([clogv], +00[) §/e‘sxdv(x)

Let u be a continuous density on the real line with support included in [0, 1] and Cs a positive constant to be fixed
later. We define vg to be the continuous distribution on the real line with density:

VxR, hi(x) = (h(x) n M(x —Cs 10gk> v([2C5logk, 4+00[)

1 .
Cslogk Cslogk ) ¥=2Cs logk

Statements (i) and (iv) are obvious. To see that (ii) holds, let Hy be the repartition function of v;. Obviously,

Vx < Csloglv|,  hi(x) = h(x),
Vx <2Cslog|v|, hi(x) > h(x),
Vx > Csclog|v|, hi(x)=0,
and therefore,
Vx < Cslog|vl,  Hk(x) = H(x),
Vx € R, Hi(x) = H(x),
Vx >2Cslog|v|, Hi(x)=1.
Observe now that g o G —1ig decreasing on [1/2, 1], and that

1

Vi > Cslogk, Hi(x)> H(x) > 1 —/e‘”‘ o) 25z

Therefore, let k,, = |'(2fe5x dv(x))/ECs)7,

G YH
VK > ky Vx <2Cslogk, 520 @) o
hi(x)

This implies that the distributions (vx)k>«, are all nearly gamma with the same bound A.
It remains to prove (iv). We define the following coupling ;. of (v, vi):

/g(x,y>dnk(x,y>=/g(x,H,:1(H<x)))dv(x>.

Denote by y = y(x) the (UE’E a.s. unique) x-geodesic from 0 to v. The following inequalities hold for z-almost
every (x, X).

0=<de(0,0) —dx(0,v) <Y xp— > Ko <Y Xelly,>Cslogk-

ecy ecy ecy

Now, if k = |v|, we choose to take Cs5 = %, and the end of the proof follows exactly Kesten’s Lemma 1, page 309
in [16]. U

Now, we suppose that k = |v| > k,, and we shall work with v, whose support is included in [0, 2C5log|v|]. Let
us define puy = v,‘?E . In the whole proof, Y shall denote a random variable with distribution v. Remark that, thanks to
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part (iv) of Lemma 5.5

/e’S)‘ dvg(x) < /e‘sx dv(x) = E(e‘sy),
and, for any positive real number «,

/x"‘ dvp(x) < /xo‘ dv(x) = E(Y“).

A crucial idea in the work of Benjamini Kalai and Schramm is to work with a randomised version of f; in order to
take a full benefit of Corollary 3.2. This randomisation trick relies on the following lemma:

. . . 2
Lemma 5.6. There exists a constant ¢ > 0, such that, for every m € N*, there exists a function g, from {0, 1}"*" to
{0, ..., m} such that:

c
yeg{){?%m}k(x 5.t gm(x) = y) < ’
and
Vq € {1, ...,mz}, Vygm €10, 1},
where

Vegx)=g(x1, ..., xg—1, L, xga1, .00, Xp2) — g1, o0, Xg—1, 0, Xg 41, ..o, X,2).
Since Benjamini et al. do not give a full proof for this lemma, we offer the following one.

Proof. From Stirling’s formula,

< m? >i1;°#
\m?/2] ) om? NS

and this implies that the following supremum is finite:

m? m %
c1 _sup{2<|_m2/2]).27 st.meN }

Notice also that ¢; > 1. Now, let < denote the alphabetical order {0, 1}’"2, and let us list the elements in {0, l}m2 as
follows:

(O,O,...,O):xljxl5---§x2m2=(1,1,...,1).

For any m in N*, we define the following integer:

om?
m

and the following function on {0, 1}’"2:
2 i
viell,...,.2"}, g,n(xi):{mj.

Remark that g,,(x,,2) <m/cy < 1. Therefore, g is a function from {0, 1}’”2 to {0, ..., m}. Now, suppose that x; and

om
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x; differ from exactly one coordinate. Then,

2 2 2 om?
Ii—llf("; >+<”§ )sz(Lm@/zj)5c175k<m).

Consequently,

l [
gn(x;) — gm(x)) < \‘m + IJ — \‘@J =1,

which implies that V, g, € {0, 1}. Finally, for any y € {0, ..., m}, g takes the value y at most k(m) times, and

k 1 2
Ax st gm(x)=y) < (m) <9y <

2m2 “m 2m2 m
So the lemma holds with ¢ = 2c¢;. O
Now, we define our randomised version of f, as follows. Let m be a positive integer, to be fixed later, and S =
{1,...,d} x{1,..., m2}. Let ¢ > 0 and g, be as in Lemma 5.6. As in [5], for any a = (a;, ), j)es € {0, 1}5, let
d
z=z(a)= ng(ai,l» e b )
i=1

where (ey,...,e;) denotes the standard basis of Z?. We now equip the space {0, 1}5 x Rf with the probability
measure A ® g, where A := AIS 12 is the uniform measure on {0, 1}5 , and we define the following function f on
{0,1}5 x RE:

V(a,x) € (0,1} xRE,  f(a,x) =d.(z(a), v+ z(a)).
When m is not too big, f and f are not too far apart.

Lemma 5.7. For any positive real number t,
we(lf —E(H|>1) < Mk(|f_ E(f)| > %) L e EAm ()

Proof. Let «(a) be a path from O to z(a), such that |a(a)| = |z(a)| (here, |«| is the number of edges in «). Let 8(a)
denote a path disjoint from «(a), which goes from v to v + z(a). Then,

|fa.x) = f@)| <de(0.2(@) +d(v.v+2@) < Y xet+ Y X

eca(a) ecB(a)

which is stochastically dominated by a sum of 2m independent variables Y 1sens Y5, with distribution v. Remark that,
due to the translation invariance of the distribution of f under ug, f and f have the same mean against A ® 1tx. Thus,
using |z| < m, we have:

(| f —EH)|>1) §x®uk(|f—E<f>| > %) +x®uk(|f—f| > %)

Now, by Markov’s inequality, we get that for any positive real number ¢,

t 2m ¢ 5 2 St
A —fl=z) <[> V> )=P(=> Vi> —
onr=11-5) <x(xn-5)==(55 v~ 5)

< e—at/(4m)E(e(a/(zm))Y)Zm < e—St/(4m)]E(e(3Y)'
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This concludes the proof of this lemma. (]

It remains to bound A ® (] f —E(f)| > t). To this end, we will use an adaptation of Corollary 4.3, applied to

F = f. Denote, for any s in S and any e in E,

Wy = / (F(x™. ) = F))., dB1a (),

and
Ws 4 = Z Wi+,
sesS
We = /(F(x’e, Ye) = F(x)), dvi(ye),
and

WE .+ = Z We, +.

ecE

Applying Corollary 3.2 with p = 1/2 (note that ¢ 5(1/2) = 2), we can get the following minor adaptation of Corol-
lary 4.3. The notations are those of Corollary 3.2 and Definition 5.1.

Proposition 5.8. Let v be a probability on RT absolutely continuous with respect to the Lebesgue measure, with
density h and repartition function

t
H(t) :/ h(u)du.
0

Let {0, 1}5 x R" be equipped with the probability measure ki Q@ v®N. Let F be a function from {0, 1}5 x R" to R.
Define

rsg = sup‘/]E(WSZA_),

seS

and
Kgs =rsss +resg.

Define, for every real number K > eKpgs:

K

I(K) = .
) = foa(K/(Krs 102(K /K 55))

Suppose that there exists three positive real numbers C, D and Acp such that:

@ C=vI(Acp),
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(i) Acp > sup{eKps, 4CE(F)+ D(1 + 2)},
(iii) for every 0 such that || < =1 e o (Id, H-' 0 G) € H2(5 @ yV) and:

ZM’
dolAs )3 = DO*E() @n
sEeS
and
DoV (OPF)|; = COPE(FT), 22)
ecE

where for every e in E,

af
Vef(x,y)=1//(ye)a—y1(x,y),

and  is defined on I = {t > 0 s.t. h(t) > 0}:

go G (H®)

Viel, ¥(t)= "o

Then, denoting ;1 = ,s ® y £, for every t > 0:

u(F —E(F) = 1y/I(Acp)) <4e™",
1(F —E(F) < —1y/I(Acp)) < 4e".

—_~—

First, we need to prove that o (Id, H=' o G) belongs to le(k ® yY) when v is nearly gamma. This is the aim
of the following lemma.

Lemma 5.9. If v is nearly gamma, and has bounded support, for any positive number 0, the function e/ o H=1 0 G

belongs to le(yN), el o (Id, H=' o G) belongs to le(k ® ¥N). Furthermore, conditionally to z, there is almost
surely only one x-geodesic from 7 to z + v, denoted by y,(z2), and:

af
8_xe(a» x) = Leey, (z(a))-

—_~—

Proof. The fact that e?v o H=10 G and ¢/ o (Id, H=! o G) are in L? is obvious since v has bounded support. We
shall prove that e?/v o H=! o G satisfies the integration by part formula (a) of the definition of H. The similar result

for 7 is obtained in the same way. Now, we fix x~¢ in (R1)£ (ZH\e}, We denote by g. the function defined on R™
by:

g = fo(x7%,y).
We will show that there is a nonnegative real number y, such that:

Vy <¥oo, &(»)=g0)+y and
{Vy>yoo, 8(y) =8(oo)- (23)

For any n > |v|, let us denote by I, the set of paths from 0 to v whose number of edges is not greater than n. We have:

g(y)= inf g,(y),
n>|v|
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The functions g, form a nonincreasing sequence of nondecreasing functions:

Vn> v, ¥y eRT VY >y, gu1(0) <8n(d) < g (y)-

In particular, this implies that for every y in R™,
g(y)= lim g,(y).
n—0o0
Now, we claim that, for every n > |v| 4 3, there exists y, € R such that:

{Vyfyn, () =gn,(0)+y and 4
Yy >yn,  &u(y) =8n(¥n),

and furthermore,
the sequence (¥, )n>|v|+3 1S nonincreasing. (25)

Indeed, since I}, is a finite set, the infimum in the definition of g, is attained. Let us call a path which attains this
infimum an (n, y)-geodesic and let I(n, v, e) be the set of (n, y)-geodesics which contain the edge e. Remark that
as soon as n > |v| + 3, there exists a real number A such that e does not belong to any (n, A)-geodesic: it is enough
to take A greater than the sum of the length of three edges forming a path between the end-points of the edge e.
Therefore, the following supremum is finite:

Vp = sup{y eR"st. I'(n,y,e) # Q)}.

Now, if e belongs to an (n, y)-geodesic y, for any y’ <y, y is an (n, y')-geodesic to which e belongs, and g, (y) —
gn(y) =y — . If I'(n, y,e) is empty, then for any y’ > y, e does not belong to any (n, y')-geodesic, and g, (y) =
g (¥"). This proves that:

Yy < yn, gn(y)=gn(0) +y,
vy, Y >y, ga(¥) =2gn(Y).

Since g, is continuous, we have proved claim (24). Now remark that if e does not belong to any (n, y)-geodesic, then
e does not belong to any (n + 1, y)-geodesic, since I, C I;+1. Therefore, y,+1 < y,, and this proves claim (25).
Since (yn)n>[v|+3 1S nonnegative, it converges to a nonnegative number ys, as n tends to infinity. Now, let n be a
integer greater than |v| 4- 3:

V=N, VY, Y > yu,  gn(y) =gn(y)-
Since y, < yn.,

Vn=N,Vy,y' >yn., &) =2gn(y).
Letting n tend to infinity in the last equation, we get:

YN = [v|+3,Vy, Y > yv, g =g().
Therefore,

vy, Y > Yoo, () =g().
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On the other side,
Vn= vl +3,Vy <yn, & (y)=28n(0)+y.

Since y; > Voo,

Vn>v|+3,Vy < yoo, &u(y)=g,(0)+y.

Letting n tend to infinity in the last expression, we get:

Vy < Yoo, &()=g(0)+y.

Finally, g is continuous. Indeed, the convergent sequence (g,) is uniformly equicontinuous, since all these functions
are 1-Lipschitz, and the continuity of g follows from Arzel-Ascoli theorem. We have proved claim (23). Remark that

Yoo = Yoo (x ~¢) depends on x ~¢. We define, for any x ¢,

—e 1 ifxefyoo(x_e),
o™ xe) = {O if xe > Yoo (x7¢).

It is easy to see that, for any smooth function F :R — R having compact support, for any x ¢,

_/ F/(xe)eefv(x*é’,xe) dx, = 9/ F(xe)he(x_e, xe)egftv(x*ﬂ)cg) dx,. (26)
R R

It is known that there is almost surely a geodesic from 0 to v (see [12] for instance), that is, the infimum in the
definition of f;, is attained with probability 1. Furthermore, in this setting, where the distribution of the lengths is
continuous, there is almost surely only one unique x-geodesic from O to v. For any x, we shall denote by y, (0) the
unique x-geodesics from 0 to 0 4 v. Then, with v-probability 1, one can see from the definitions of y, and y that:

he (xie, xe) =Tecy, (0)- (27

—_—~—

Performing the change of variable x — H~! o G in Eq. (26), one gets the integration by parts formula (a) for e?/v o

—_~—

H~! o G, with the following partial derivative with respect to x.:
X > 09 (x)he(H™' 0 G(x))er,
The expression of %(a, x) is derived in the same way than (27). U

Now, we want to apply Proposition 5.8 to F = f.

Bound on ) ¢ || As (e@/DF) ||%. Here, we can perform a quite rough upper bound, since there are not many ele-
ments in S. For any a € {0, 1}%, and any ¢ in S, denote by 74a the element of {0, 1}5 obtained from a by flipping the
coordinate g. Then, for any function g on {0, 1}5,

” Aqeeg/z ”i = % Z |e(9/2)g(a) — e(e/z)g(fq“>|p)\(a)

aef{0,1}%

_! S PR (1 /D@ (o)

a: 0g(a)>0g(zqa)

617
= D DI OB (Tl

a: 0g(a)>0g(rga)
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>, PO g(a) — g(zga)|" 1)
ae{0,1}S

1017 1 6g/2 P
= e 24480,
According to Lemma 5.6, for any ¢ € {0, 1}’"2, V48m € {0, 1}. Therefore, for any s = (i,g) € S,

-1
[As fI < E(X(z,z-'rel) + X(z+v,z+v+ep)-

Therefore, we get the following bounds:

S 1422 <6 Camlog 1) E(e). 28)
seS
Bound on rg.
re <2,/E(Y?). (29)
Bound on sg.

rs <2m. 30)

Bound on ), p |V, (eW/DF )||%. Let A be as in Definition 5.1. Since v is nearly gamma with bound A (see
Lemma 5.5),

D[V f; < AE(Fe).

ecE

Bound on sg. Remark that:
(F(x7 ye) = F ), < Yeleey, o),
and y, (z) is independent from y,. Therefore,
0< W+ <E(Y)Leey, ), (€20)
which leads to:

0<Wg4 <E)|y(2)

)

and

st <EOWE(y @)

Now, following Kesten [16], page 308, we claim that there exists some constant Cg, depending only on v (and not
on k) such that:

By (|7 )]*) < Colv . (32)
Indeed, for any a > 0 and y > 0,
1 (v @] = ylvl)

< Uk (fv > ay|v|) + Wk <EI a self-avoiding path r starting at O of at least y|v| steps but with er < ay|v|>.

ecr
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Proposition 5.8 of [15] shows that for a suitable a > 0, the second term in the right-hand side of the above inequality
is at most Ce~ €Yl for some constants C and C’. Further more, a, C and C’ do not depend on k: it suffices to
choose them for vg,, and the same constants work for any k > k,, (see part (iv) of Lemma 5.5 and the remark of

[16], page 309). On the other hand, f, is dominated by the sum of |v| independent variables with distribution v,
X1,..., X}y Thus,

E(|r@[*) = E|y:2)*)
|v|/ (ly: @) > ylv?) dy

[v] 00
< vl / <<§ x) >ay|v|2) +|v|2Cf e~ VIl gy
0
| [v] 2 ©
= a—zE E X,’ +2C/(; te dl

< Cslvl*.
This proves claim (32). Therefore,

sE < v/CeE(Y)|vl.

Bound on rg. From inequality (31), we get:

re <EY) [supP(e € yx(2)).
eckE

Now, we use the fact that for any fixed z, u is invariant under translation by z.

]P(e € Vx(Z)) = EA(Eu(ﬂ-e—zeyx(O))) = ]E,u< Z Ek(le—z:e’)> = E,u( Z Py, (Z =e€— e/))

e’ ey, (0) e'eyx(0)
< supP(z = 20)E, (|yx(0) N Qe|) < supP(z =z0)E,. (| ¥« ),
20 20

where Q, = {¢' € E(Z?) st. P(z=e¢ —¢€') > 0} C B, = e 4+ B(0, dm). Using Lemma 5.6,

d
supP(z = 70) < (%) .

20

Now, we claim that
Eu ([ (0 NB.|) < Crm?". (33)
We proceed as we did to obtain (32). Indeed, for any a > 0 and y > 0,

1k (|yx(0) N Be| = ym)

< Mk( Y xe= aylvl)

e'€yy (O)QBe

+ Z Wk <EI a self-avoiding path r starting at w of at least ym steps but with Z Xe < aym).

wedBB, eer
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We use again the constants a, C and C’ arising from Proposition 5.8 of [15], and which depend on v, but not on k.
Remark that there are at most (dm)?~! vertices in 53,. On the other hand, let r be a deterministic path going through
every vertex of the surface of the ball B,, and such that there is a constant C” (depending only on d) such that
|r| < C"m?~!. From the definition of a geodesic, we get:

fo < er~

eer

Thus,

E(|y(0)NB.|) = m/O i (|ye(©0) N Be| > ym)dy

o o0
<m / i (er > aym) +m(dm)*! / e dy
0 eer 0
1 2€ a1 [T e
= ZEM <Zx) + F(dm) /O re=Cldr
eer
< Cymd!
This proves claim (33). Therefore:
e \4
re <E() (-) Cyma—1,
m
C
rE<—15- (34)
m

End of the proof. Now, we choose m = Mv]'/*]. Define C = A, D = C52m (log |v|)2. The bounds obtained before
lead to:

Kgs=0(lv|"?),

and:
2
ACE(F) + D(l + E) = O(|v]).

So we can choose Acp = C4|v|, with C4 a positive constant, such that (ii) of Proposition 5.8 applied to F = f is
satisfied. It is clear that, for |v| large enough, conditions (i) and (iii) are also satisfied. Remark also that:

AT
[(Acp)=0 i .
og [v]

Therefore, there exists a constant Cy; such that for every ¢ > 0:

" (f CE(H > ) < 4e=Crat (35)
log [v]
and
Mk(f—E(f)<—t o] )54e—cl2’. (36)
log [v]

Lemmas 5.7 and 5.5 conclude the proof of Theorem 5.4. U
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Remark 4. Inequalities (35), (36) and Lemma 5.7 imply, after integration, that the variance of f, is of order
O(|v|/log|v]). Of course, we do not need the assumption that v has a bounded support to obtain such a result.
Instead, we just need v to have a second moment. The proof mimics [5], and the ideas presented here. Details may be
found in [4], which is a preliminary version of the present paper.

5.2. Bernoulli distributions

The method developed in Section 5.1 applies also to the case where the edge-times are distributed according to a
Bernoulli law v = (1 — p)d, + pdp, and a is strictly positive. The proof follows exactly the same pattern as the proof
of the nearly gamma case, except that:

(1) one does not need Lemma 5.5, since v has bounded support,
(2) the geodesic is not almost surely unique anymore,

(3) the energy > ecr E(Re e/ 2)/"')2) is different.

Point (1) is just good news. Point (2) is not a problem: the bounds on sg, ss, g and rg remain valid if we choose for
vx(2) one geodesic among all the possible ones. So we shall only show how to circumvent point (3), that is, how one

can bound ) E(Re(e(g/z)f)z), where

eckE

R.(f)=+crs(p)Acf.

First, imitating the proof of Theorem 4.2, we write:

2

9 ~
3 E(Re (/) )<cLs(p)zE(vE,+e"f),
ecE
where:
2
vE+—Z/ o) = F0)3 dv(ye).
ecE
Now,
2 —a)? -
Ves <Y [ (0= a)Tecy, o dv(ye) = (b — )1 ()], < f
ecE
Therefore,
92 b— 2 -
Z]E Wz)f ) < CLS(P)_—( i E(fef). @7
a
ecE

The bound (37) allows us to obtain the following equivalent of Theorem 5.4 in the case of Bernoulli distributions.

Proposition 5.10. Let a and b be two real numbers such that 0 < a < b. We define v = (1—p)d,+ pd, and p = vOE,
Then, there exist two positive constants C1 and Cy such that, for any |v| > 2, and any positive real number t,

M ﬂ <C16_C2t.
logfv| ) —

Remark 5. When a = 0, the previous argument does not work, and it is hard to compare Vg 4 to f itself. Although
the quantity Vg 4 may be controlled when 1 — p < p, (Z%) via Kesten’s work (see Proposition 5.8 in [15]), we do not
know how to adapt the entire proof to this case.

d;(0,v) — /dx(O, v)ydu(x)| >t
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