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ABSTRACT. In this article, we study the perturbation analysis for the (skew)
Hermitian matrix least squares problem (LSP). Suppose that S and S are
two sets of solutions to the (skew) Hermitian matrix least squares problem
AXAH = B and the perturbed Hermitian matrix least squares problem
AX AH = §, respectively. For any given X € S, we derive general expressions
of the least squares solutions X € & that are closest to X , and we present the
corresponding distances between them under appropriate norms. Perturbation
bounds for the nearest least squares solutions are further derived.

1. Introduction

The application of a numerical algorithm to the solution of the linear least
squares problem (LSP) inevitably generates round-off errors that result from data
or computer processing operations. This highlights the importance of perform-
ing perturbation analysis of LSPs (see [8]). Ding and Huang [4] presented some
perturbation analysis results for least squares solutions to the operator equation
Tx = y in Hilbert spaces. A componentwise perturbation bound for the linear
system Az = b was deduced in [14] in cases where the coefficient matrix A is rank
deficient. For linear systems with multiple right-hand sides AX = B, the com-
ponentwise backward error and componentwise condition number under Holder

p-norms, as well as a perturbation bound for the minimum p-norm solutions, were

Copyright 2018 by the Tusi Mathematical Research Group.

Received Jul. 17, 2017; Accepted Oct. 10, 2017.

First published online Apr. 4, 2018.

*Corresponding author.

2010 Mathematics Subject Classification. Primary 15A24; Secondary 15A09, 47A55.

Keywords. Hermitian least squares solution, perturbation bound, contraction matrix, norm-
preserving dilation, nearest solution.

435


https://doi.org/10.1215/20088752-2017-0059
http://projecteuclid.org/afa

436 S.-T. LING, R.-R. WANG, and Q.-B. LIU

derived in [6], and normwise, mixed, and componentwise condition numbers were
derived in [16].

In [9], the perturbation analysis for the matrix least squares problem AX B = C'
was studied by an alternative method. According to the theory of generalized
inverses and the classical norm-preserving dilation theorem (see [3]), perturbation
bounds for the least squares solutions were deduced. If the coefficient matrices
are required to satisfy B = A and C' = £C¥ | then the perturbation analysis is
converted to the (skew) Hermitian matrix LSP

AXA" =B (1.1)

with B = £BH.

There are a number of investigations focused on analyzing and computing solu-
tions to (1.1) with some special requirements from differing points of view. For
example, symmetric, positive semidefinite, and positive definite real solutions
(see [2]), antisymmetric orthosymmetric solutions (see [15]), general nonnegative
definite solutions (see [7]), possible minimal rank nonnegative definite solutions
(see [5]), rank-constrained Hermitian nonnegative definite solutions (see [17]),
and rank-constrained least square Hermitian nonnegative definite solutions under
Frobenius norm (see [13]) were considered through the generalized inverses or the
singular value decomposition (SVD) of matrices. By applying the norm-preserving
dilation theorem (see [18]) and the Hermitian-type (skew Hermitian-type) gen-
eralized singular value decomposition (HGSVD, SHGSVD) technique, minimum
rank (skew) Hermitian solutions to the matrix approximation problem under
spectral norm were investigated (see [10]). More generally, the admissible inertias
and ranks of the expressions A — BXB? — CYCH with unknowns X and Y were
studied in [1].

Suppose that A € C™" B = +B7 ¢ C™™ are given matrices. We con-
sider the (skew) Hermitian matrix LSP (1.1) and the perturbed (skew) Hermitian
matrix least squares problem

AXAT = B, (1.2)
where A = A + AA,E = B+ AB, AA,AB are small perturbation matrices

and B = +BH. For any given least squares solution X of (1.1), we characterize

general formulas of the least squares solutions X of (1.2) that are closest to X,
and present the corresponding distances between them under appropriate norms.
Perturbation bounds for the nearest least squares solutions are further derived.
The rest of the article is organized as follows. In Section 2, we briefly review
some results on special cases of norm-preserving dilations for further discussions.
In Section 3, we study the perturbation analysis for the Hermitian matrix LSP. We
first specify a general formula of the solution X of the perturbed Hermitian matrix
LSP (1.2) that is closest to any given solution X of (1.1) under appropriate norms.
Applying the derived nearest solutions, we deduce the perturbation bounds for
solutions of the Hermitian matrix LSP by adding some appropriate restrictions.
Similar results for the skew Hermitian matrix LSP are stated in Section 4 without

proofs, because the techniques are analogous to those of the Hermitian matrix
LSP.
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We use the following notation throughout this article:
(i) C™*™ is the set of all m x n matrices with complex entries;
(ii) C{™ is the set of all n x n Hermitian matrices with complex entries;
(iii) C"X" is the set of all n x n skew-Hermitian matrices with complex entries;
(iv) rank( ), R(A), N(A), A% denote rank, range, null space, and conjugate

transpose of A, respectively;
(v) AT is the Moore-Penrose inverse of the matrix A that uniquely exists;

(vi) || - [[r and || - ||2 represent the matrix Frobenius norm and the spectral
norm, respectively; || - || stands for the matrix Frobenius norm or spectral
norm.

2. Preliminaries

In this section, we list some lemmas which we will use. Let the sets of least
squares solutions to the matrix LSPs (1.1) and (1.2) be & and S, respectively.
Then the least squares solutions to (1.1) are characterized by the following results.

Lemma 2.1 ([11, Lemma 1.3]). Suppose that A € C"™*", B € C{*™. Then the
matriz equation (1.1) has a Hermitian solution if and only if R(B) C R(A). In
this case, the general Hermitian solution is

X = A'B(ANYY + (1, — ATA)Z + Z" (1, — ATA)

for arbitrary Z € C™, among which X1g = ATB(AN) is the smallest under
Frobenius norm. The Hermitian solution to (1.1) is unique if and only if ATA =
I,,, that is, rank(A) = n.

Denote the four orthogonal projections related to a complex matrix A by
P, = AAT, Pi =1, — AAT, Pur = ATA, Piw =1, — ATA.

Then the perturbation analysis on the Moore—Penrose inverse yields the following
results.

Lemma 2.2 (see [12]). Suppose that A, A € C™*" A = A+ E. Then
Al — AT = —ATEAT + ATPy — P3, AT
= —~A'PiEPu At + ATP; P} — PE, Py Al
— —A'P;EPm At 4 (EHE)TEHPA + PL, BT (AAM,

We refer to a matrix as a contraction if its spectral norm is less than or equal
to 1. The following lemma is a special case of the Davis—Kahan—Weinberger solu-
tions of norm-preserving dilations (see [3]).

Lemma 2.3 ([9, Lemma 2.3]). For a given matriz A € C™*" with ||A||2 = u, let

Q= (121, — ATA):, Q.= (1P, — AAT):.
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Then
(1) there exists a matriz B € C*™ such that

g

where B has the form B = KQ with K € C*™ an arbitrary contraction;
(2) there exists a matriz C € C™* such that

min [[[4, C]], =

where C' has the form C = Q,L with L € C™ ¥ an arbitrary contraction.

min = U,
BeCixn

2

Norm-preserving dilations of Hermitian-type matrices were studied by Zheng
[18], described as follows.

Lemma 2.4 ([10, Lemma 2.1}). Suppose that A € C{*™, B € C™*" satisfy

Ifa B, = .
Then there ezists D € C{{*" such that

EN

Moreover, a general form of D with this property is

D=—-KAK" 4 u(I, - KK™27(I, - KKz,

2

where
KH — [(,szm _ Az)%}TB,
and Z € C{*" is an arbitrary Hermitian contraction matriz.

As a continuation, another special case of norm-preserving dilation theorem for
skew-Hermitian-type matrices is the following, which can be found in Lemma 4.1
of [10], but we modify it here slightly.

Lemma 2.5. Suppose that A € CF*™, B € C™*" satisfy
If4 B, = »
Then there ezists D € Ci*" such that

5 5

Moreover, a general form of D with this property is

D= KAK" + u(I, - KK™3Z(I, — KK™)3,

min =
DeCp ™

2

where
KT = [(4°, + A%)7]'B,

and Z € C*" is an arbitrary skew-Hermitian contraction matriz.
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3. Perturbation analysis for the Hermitian matrix LSP

In this section, we consider the Hermitian matrix least squares problem
AX AT = B, (3.1)

where A € C™*", B = BY ¢ C™*™ are given matrices. Its perturbed Hermitian
matrix least squares problem is stated to be

NN A~

AX AT = B, (3.2)

where A = A + AA, B=B+AB , AA, AB are small perturbation matrices and
B = BH. We first specify the explicit formula of the Hermitian least squares
solution of the perturbed matrix LSP (3.2) that is closest to any given Hermitian
least squares solution of the matrix LSP (3.1).

Theorem 3.1. Suppose that A,/Al = A+ AA € C™, B,E = B+ AB €
CH™™ are given matrices. For any given Hermitian solution X of the Hermitian
matriz least squares problem (3.1), there ezists a unique solution of the perturbed
Hermitian matriz least squares problem (5.2) with the form

X = ATB(ANT + X — ATAXATA (3.3)

such that

(3.4)

F?

min | X — X[ = | X, — X||p = |ATB(ANT — ATAX A4
XeSy

where Sy is the set of Hermitian solutions of (5.2).

Proof. For any Hermitian least squares solution X of (3.2), from Lemma 2.1, we
have the splitting

X = ATB(ANY 4 (1, — ATA)Z + Z"(1,, — AT A)
= ATB(ANE 4 (I, — ATA)ZATA + ATAZM (1, — AT A)
+ (I, — AYA)(Z + Z")(1, — ATA), (3.5)

where Z € C™™ is arbitrary. Therefore,
X — X = ATB(ANT 4+ (1, — AVA)ZATA + At AZH (1, — AT A)

+ (I, — AYAY(Z + ZM)(1, — ATA) — [ATAXATA + (1, — ATA) X ATA

+ AAX (1, — ATA) + (1, — ATA) X (I, — ATA)]

+ ATA(ZT — X)(I, — ATA)

+ (I, — AYA)(Z + Z" — X)(1, — AT A). (3.6)
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Taking Frobenius norms on both sides of (3.6), we have

AN N N N A~

AN AN N AN AN

It is clear that the last inequality becomes an equality if and only if

(I, — ATA)ZATA = (1, — ATA)X A 4,

(I, — ATA)(Z + Z™)(I,, — ATA) = (I, — ATA)X (I, — ATA). (31)
Substituting the equalities in (3.7) into (3.5), we obtain
X,, = AIB(ANT 4 (I, — ATA)XATA + ATAX (I, — ATA)
+ (I, — ATA)X (I, — AT A)
= ATB(ANT 4 X — ATAX ATA,
which is exactly the expression of X,, in (3.3). O]

From Theorem 3.1, we see that, for a given Hermitian least squares solution
X of the Hermitian matrix LSP (3.1), the nearest Hermitian least squares solu-

tion X, is unique under the matrix Frobenius norm. However, X,, may not be
unique under spectral norm. To prove this, we first introduce the singular value

decomposition (SVD) of the coefficient matrix A. Suppose that A € Cr with
rank(A) = r. Let

A= [0y, Un)diag (S5, 0)[1h, W)" =080 (3.8)
be the SVD of A, where (7{1(71 = 171H171 = I, and f]g > ( is a diagonal matrix.
Then we have the following two orthogonal projectors:

ATA=VVI L —ATA=TV,Vf
Theorem 3.2. Suppose that A, A=A+ AAc cm . B, B=B+ABe€ cE ™

are given matrices. For any given Hermitian solution X of the Hermitian matrix

least squares problem (5.1), there exist Hermitian solutions )?m of the Hermitian
matriz least squares problem (3.2) such that

win |8 X[ = X0 — X[ = |[ABAY - AAXAA, (39
XeSy

and a general form of )?m S
%, = ABAN 4 X - AAXATA
— (I, — ATA)KATAAATAK (1, — AT A)
+ (I, — AVAY LT ATA(u?1, — A%)7 ATA
+ ATA(uT, — A2z ATAL(I, — AT A)
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+ (L, — ATA) (I, — KK™)2(I, — ATA)
x Z(I, — ATA)(I, — KK™)2(1, — At 4),
where = ||All2 and
A=ATBANT — ATAXATA,
B = ATA(uI, — A%z ATAL(I, — ATA),
K" = AT A[(21, — A?)7) ATAB(1, — ATA),

441

(3.10)

in which L € C™™ s an arbitrary contraction, and Z e CE™ is an arbitrary

Hermaitian contraction.

Proof. From the expression of X — X in (3.6) and the SVD of Ain (3.8), we have

IX — Xl = [, W)" (X -X) [V, W],

=|[a I,

where
Ay = VH[ATBANYT — XV, By =VH(Z" — X)Vs,
Dy = VH(Z + 7" — X)Vs.
Let
A= VAV = ATB(AYY — ATAXATA,
B=WBVS,  D=UD U,
and let
=l B,
From Lemma 2.3, we observe that
juin = min [[[A, B,

= | Ai]lz = V1AV |2 = | All2
_ | ATB(AY — AAXATA|, =
with the choice
By = (1’1, — A%): L,

in which L € C™(") is an arbitrary contraction. From (3.11) we have

B=ViBV) = AtA(Z" — X)(I, — ATA)
= V(4L — A2 LVf
= ATA(2I, — A2 ATAL(I, — ATA),

(3.11)
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in which L = ‘A/IZYA/QH is also a contraction. Thus,
ATAZH(1, — ATA)
= AVAX (1, — ATA) + AT A(u’1, — A?)2 ATAL(I, — At A). (3.12)
From Lemma 2.4, we know that
min IX — Xl = u = |ATB(ANT — ATAXATA|,
with the choice
D, =VI(Z+ 27 — X)Vs
— K AKE 4 (I, — K KE) Z(1,, — KK,
where
K = (121, — A2)2]'B, e C70v), (3.13)

and Z € CI"7*") s an arbitrary Hermitian contraction.
It is easy to verify that

(I, — ATAY(Z + Z" — X)(I, — ATA)
= VD, V!
= VK AKIVE + ) Vo(Ley — KA KT Z(1,y — KoKV
= —(I, - AVA)KATAAATAK (1, — At A)
+ (L, — ATA) (I, — KK™)2 (I, — ATA)
x Z(I, — ATA)(I, — KK™)2 (I, — At A),
where Z = V3,2 VQH € C{*" is also an arbitrary Hermitian contraction, and
K = VK Vi e ¢, (3.14)
Therefore,
(I, — ATA)(Z + Z™)(1, — At A)
= (I, — ATA)X (I, — ATA) — (I, — ATA)KATAAATAKY (I, — AT A)
+ (L, — ATA) (I, — KK™)2(I, — ATA)
x Z(I, — ATA) (I, — KK")2(I, — A A). (3.15)
Furthermore, by (3.11), (3.13), and (3.14), we have
KT = Vi [(11, — A)2] B
— ATA[(p1, — A%)2)" AT AB(L, — ATA).
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Combining (3.12) and (3.15) with the explicit formula of X in (3.5), we obtain
X = AIB(ANT 1 (1, — AVA)XATA + (I, — AT ALY ATA(41, — A%)2 ATA
+ ATAX(I, — ATA) + ATA(121, — A%z ATAL(I, — ATA)
+ (I, — ATA)X (I, — ATA) — (I, — ATA) K ATAAATAKY (1, — AT A)
+ (I, — ATA) (I, — KK™)2(I, — ATA)
x Z(I, — ATA)(I, — KK™)2(I, — At 4)
= ATB(ANY + X — ATAXATA — (I, — ATA)KATAAATAKY (I, — AT A)
+ (I, — ATA) LY AT A(u2L, — A?)2 ATA
+ ATA(WPI, — A2)2ATAL(IL, — AT A)
+ (I, — ATA) (I, — KK™)2(I, — AT A)
x Z(I, — ATA)(I, — KK™)2(1, — At A).
This completes the proof. O

Note that the Hermitian least squares solution X, of the form in (3.3) is a

special case of (3.10) with L = 0 and Z = 0. To derive perturbation bounds
for the Hermitian least squares solutions of the Hermitian matrix LSP (3.1), we
assume that perturbations for the coefficient matrix A keep rank invariant. Using
the results obtained in Theorems 3.1-3.2, we now present the following main
results of this section.

Theorem 3.3. Suppose that A, A=A+AAc Cm=r B, B=B+ABe¢ Cyp ™
are given matrices with rank(A) = rank(A) and || AT||2||AAll2 < 1. Then

(1) for the Hermitian least squares solution Xyg = A'B(ANH with the mini-
mum Frobenius norm, we have the estimate

AN AN N AN A

< 2] A [o|| A" B(AN™ ||| PAAAPully + 21| A3 A BI|I| P AAPa

+ 1AM AT PAABPal2 + O(IIAA + [|AB]3), (3.16)
where || - || is either the matriz Frobenius norm or spectral norm;
(2) for any given Hermitian least squares solution X € Sy of the form
X = ATB(ANYT (I, — AYA)Z + 721 (1, — ATA) (3.17)

with Z € C™™ ) let )A(m be the same as in Theorem 5.1 or Theorem 5.2.
Then we have the estimate

1Xm — X]|
S2mﬂh<HAU%AUHWU%AAPsz+HAWﬂVUBMU%AAPuwz
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+ SIATIPAABPAls + 1| P ZPan || PADAPfu )
+O(IAAI3 + I1ABIR), (3.13)
where || - || is either the matriz Frobenius norm or spectral norm.
Proof. (1) For A\TB\(A\T)H — ATB(A")H | we have the following decomposition:
ATB(ANT — AtB(ANH
= (AT — ANB(ANT + AT(B — B)(ANY 4 ATB(AT — AN
Furthermore, from Lemma 2.2, we have
= [|ATA[ATB(ANT — ATB(ANH] ATA||
= ||~ ATAAATB(ANT + ANANH (AA) (1, — AAT)B(AT)H
+ AtAAtAB(ANY
— ATAATB(AYH(AA) T (ANT + ATAATB(I,, — AAD)AAAT (AN |
< Ao AT B |1 P3 A APl + | AT BCAN ||| PEAAP
A AT PAAB Pl + | AT AT BAN? || P3AAP
+ I ATBIAT B PEAAP
= AT | AT B(AT) ||| PAAAP i[5 + 2 AT |2 AT B PHAAP )
+ (1AM | AT | PAABPal2 + O(AA|3 + |ABJ3),

where || - || is either the matrix Frobenius norm or spectral norm. In the last
equality, we have used the fact that
LA™l n IAT]]2
< AT < , (3.19)
1+ [[Af]|o[[ A Al 1 —[[At]]2]| Al

which holds by applying the conditions of the theorem. Then we yield the estimate
n (3.16).
(2) By applying the assertion (3.16), we have from (3.17), (3.4), and (3.9) that
| X — X
= [|ATA(ANT — ATAX A(ATH||
= ||ATA[ATB(ANT — ATB(ANT — (I, — ATA)Z — 2" (1, — ATA)| AT 4|
= [|ATA[ATB(ANT — ATB(ANH] ATA
— ATAA(]n — ATA) ZATA — ATAZH(I — ATA)(AA AT HH
< 2| AT|lo||ATB(AN Y ||| PAAAPsx |2 + 2| AT|SIIATB|| | Py AAP s ||
T AN A PAA B> + 2] Al | (1, — A" A)ZA A||[| Pz AAP s

+O([AA]z + 1AB]3)
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= 204" [ ([| AT BN ||| PAAAPs 2 + | AT | A B P4 AAPs

1
+ 51 ATIPAABPAl2 + HPiHZPAHHHPAAAPXHHz)
+O([AA]z + [ABI3).

Note that in the last equality, we used the inequalities in (3.19) once again. Hence
the estimate in (3.18) follows. O

If the Hermitian linear system (3.1) is consistent, we have the following con-
clusion.

Theorem 3.4. Under the assumptions of Theorem 3.3, furthermore suppose that
the Hermitian linear system (3.1) is consistent. Then

(1) for the minimum Frobenius norm Hermitian solution Xps = ATB(AT)H,
we have the estimate

AN AN N AN A

< 2 AT || AT B(ANYH || PAA AP ul» + [|A[5| AT[[| PAA B Pl
+O(JAAIR+ 1ABIR), (3.20)

where || - || is either the matriz Frobenius norm or spectral norm;

(2) for any given Hermitian solution X € Sy of the form (3.17), let X, be
as in Theorem 5.1 or Theorem 3.2. Then we have the estimate

1X,n — X|
< 2| ATl ([|ATBAN || PAAAP ||z + || Py Z Pan || PAA APy |2)
+ AT AT PaAABPal2 + O(|AA|S + [AB]3), (3.21)
where || - || is either the matrixz Frobenius norm or spectral norm.

Proof. (1) The consistency of the linear system (3.1) implies that B = AATBAAT.
Therefore,

1 X — Xusl|
= ||~ ATAAATB(ANT + ANANH (AA) (1, — AAT)B(ATH
+ ATAATAB(ANY
— ATAATB(ANT(AA)T(ANT + ATAATB(I,, — AAT) AAAT(ANT|
= ||~ ATAAATB(ANT + AT(AN (AA)H (1, — AAN)AB(AT)!
+ ATAATAB(ANT — ATAATB(ANT (AA)H (ANH||
< 2[|AT||o|| ATB(AN) ||| PAA AP |2 + | ATl | AT[[|| PAA B Pall2
+O([[AA]3 + [|AB3)-
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Note that in the last inequality, we used the inequalities in (3.19) to get the
estimate in (3.20).
(2) By applying the assertion in (3.20), we have from (3.4) and (3.9) that

[ X — X||

N SN N AN AN

N SN N AN N

— ATAA(L, — ATA)ZATA — ATAZ(1, — ATA)(AA)H (ANH||
< 2[|AT||o| | ATB(AN) ||| PAAAPu |2 + | ATl | AT|[ || PAA B Pall2
+ 2] ATl || (I, — ATA)ZATA | P;AAPu | + O(IAA|3 + | AB]J3)
= 2|| A"l (|| ATB(AN ||| PAAAPs || + || Py Z Pan ||| PAA AP ||2)
+ [ AM[o[[AT[[[| PAA BPalls + O (|AA]5 + [|ABII3).

Note that in the last equality, we used the inequalities in (3.19) once again. Hence
the estimate in (3.21) follows. O

4. Perturbation analysis for the skew-Hermitian matrix LSP

Since the perturbation analysis for the skew-Hermitian matrix least squares
problem can be treated using the same technique as in the preceding section, we
only state the main results without proofs here.

For the skew-Hermitian matrix least squares problem

AX A = B, (4.1)

where A € C™*", B = —Bf ¢ C™*™ are given matrices, its perturbed Hermitian
matrix least squares problem is described to be

AX AT = B, (4.2)
where A = A + AA, B=B+AB , AA, AB are small perturbation matrices and
B = —BH. The general solutions of (4.1) are given by the following lemma.

Lemma 4.1 ([11, Lemma 1.5]). Suppose that A € C"™*", B € CZ*™. Then the
matriz equation (4.1) has a skew-Hermitian solution if and only if R(B) C R(A).
In this case, the general skew-Hermitian solution is

X = A'B(AN? 4 (1, — ATA)Z — ZH (1, — ATA)

for arbitrary Z € C"". The skew-Hermitian solution to (}.1) is unique if and
only if ATA = I,,; that is, rank(A) = n.

According to Lemma 4.1 and applying the same proof as Theorem 3.1, we have
the following result.
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Theorem 4.2. Suppose that A,/Al = A+ AA € C™, B,E = B+ AB €
CE™™ are given matrices. For any given skew-Hermitian solution X of the skew-
Hermitian matriz LSP (}.1) there exists a unique solution of the perturbed skew-
Hermitian matriz LSP (/}.2) with the form

X = ATB(ANY + x — ATAX ATA (4.3)
such that
min | X — X|r = || X, — X||p = || ATB(ANT — ATAXATA||,

XeSk
where Sk is the set of skew-Hermitian solutions of (/.2).

If the distances are measured by the spectral norm, according to Lemmas 2.5
and 4.1, we have the following result.

Theorem 4.3. Suppose that AJA=A+ANA € Cmxn B,E = B+ AB €
CR™™ are given matrices. For any given skew-Hermitian solution X of the skew-

Hermitian matriz LSP (/.1) there exist skew-Hermitian solutions X of the skew-
Hermitian matriz LSP (/.2) such that

min [|X — X[y = | X, — X|» = [|ATB(ANT — ATAX ATA]|,,

XeSk
and a general form of )?m is
X = ATB(ANT + X — ATAXAYA 4 (I, — ATA)K AT AAATAKT (1, — AT A)
— (I, — ATA)LH AT A(p*T, + A2)2 ATA
+ ATA(2L, + A?)2 ATAL(L, — AT A)
+ (L, — ATA) (I, — KK™)2(I, — ATA)
x Z(I, — ATA)(I, — KK™)2(1, — At 4), (4.4)
where p = || A|l2 and
A=ATBANT — ATAXATA,
B = ATA(21, + A% ATAL(L, — ATA),
K™ = ATA[(21, + A%)2]) AT AB(1, — ATA),
in which L € C™" is an arbitrary contraction and A= Cy™ is an arbitrary
skew-Hermaitian contraction.

Analogous to the case of the Hermitian LSP, from Theorem 4.2 we see that, for
a given skew-Hermitian least squares solution X of the skew-Hermitian matrix
LSP (4.1), the nearest skew-Hermitian least squares solution X, is unique under
the matrix Frobenius norm. However, )A(m may not be unique under spectral norm.
Moreover, the skew-Hermitian least squares solution X,, of the form in (1.3) is a
special case of (4.4) with L=0and Z =0.
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Perturbation bounds for the skew-Hermitian least square solutions of (4.1)
are presented according to the results derived in Theorems 4.2-4.3, by adding a
restriction that the perturbations of the coefficient matrix A keep rank-invariant.
Theorem 4.4. Suppose that A, A = A + AAeC™n B B=B+ABe€ cgxm
are given matrices with rank(A) = rank(A) and ||Af|s|AAl|ls < 1. Then

(1) for the skew-Hermitian least squares solution X1s = ATB(AN)H with the
minimum Frobenius norm, we have the estimate

= [|ATA[ATB(ANT — ATB(ANH] AT A|
< 2||AT[o || ATB(AN) ||| PAA AP ||2 + 2| AT5]| AT B[ Py AAPx |2
+ | AT AT | PAABPAl2 + O(J|AA[S + [[AB]3),

where || - || is either the matriz Frobenius norm or spectral norm;
(2) for any given skew-Hermitian least squares solution X € Sk of the form
X = A B(AN? 4 (1, — ATA)Z — ZH(I,, — ATA) (4.5)

with Z € C™", let )/(\'m be the same as i Theorem /.2 or Theorem /.5.
Then we have the estimate

1 X — X]| < 2||ATH2(||ATB(AT)HH 1PAAAPa ||z + [|ATo]| AT B[ Py AAP |2

1
+ S IATII PAABPAs + | P ZPan ||| PAA AP 2
+O([AA]; + [AB3).
where || - || is either the matriz Frobenius norm or spectral norm.

If the skew-Hermitian linear system (4.1) is consistent, we have the following
conclusion.

Theorem 4.5. Under the assumptions of Theorem 4./, furthermore suppose that
the skew-Hermitian linear system (/.1) is consistent. Then

(1) for the minimum Frobenius norm skew-Hermitian solution Xps =
ATB(ANE | we have the estimate

AN SN N AN~

X, — Xis|| = || ATA[ATB(AT) — ATB(AT)H] AT A
< 2||ATlo || ATB(AN) ||| PAA AP ||2 + [|AT]|a| AT[[[| PAA B Pall,
+O([|AA]l; + [ABI3),

where || - || is either the matrixz Frobenius norm or spectral norm;

(2) for any given skew-Hermitian solution X € Sk of the form (/.5), let Xon
be as in Theorem /.2 or Theorem /.5. Then we have the estimate

1 X = X < 20| AT (|| A BN [ PAAAPi |5 + || Py Z Pan ||| PAA AP |12)
+ | AT | AT PAABPallz + O (| AAI; + [|ABIL),

where || - || is either the matriz Frobenius norm or spectral norm.
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